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Abstract The viscosity of nanofluids is studied by molecular dynamics method. It is considered the model 
nanofluids based on liquid argon with aluminum and lithium nanoparticles. The nanoparticle size ranges 
from 1 to 4 nm. The volume concentration of nanoparticles is varied from 1% to 12%. It is shown that the 
viscosity of the nanofluid increases with decreasing nanoparticle size. Potential contribution to viscosity of 
nanofluid considerably exceeds the kinetic one. Therefore parameters of molecule-molecule and 
nanoparticle-molecule potentials make the considerable impact on viscosity of nanofluids which, thus, 
depends on material of nanoparticles.  
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1. Introduction 
 
   Since nearly all applications of nanofluids 
are related to channel flows, viscosity is a 
determining factor in their use. It has been 
well established that the viscosity of 
nanofluids is much higher than the viscosity of 
conventional dispersions at equal volume 
concentrations of dispersed particles and is not 
described by any classical theory of the 
viscosity of these fluids (Einstein, Batchelor, 
Mooney, Krieger, etc.) (see reviews [1–3]). It 
has been found that the effective viscosity of 
nanofluids depends not only on the 
concentration of nanoparticles, but also on 
their size. It is shown that the viscosity of the 
nanofluid increases with decreasing 
nanoparticle size. Evidence for this has been 
provided by molecular dynamics simulations 
for the hard-sphere potential [4, 5] as well as 
by experiments [3, 6–8]. However, opposite 
data have also been reported [9, 10]. In [3], it 
is noted that the viscosity of nanofluids may 
also depend on the nanoparticle material. This 
correlates with the data of the kinetic theory of 
gas nanosuspensions where this dependence 
has been well established [11, 12]. The first 
MD calculations have confirmed the existence 
of this dependence [13]. Obtaining systematic 
data that would give an unambiguous answer 
to the question of the dependence of the 
viscosity of nanofluids on the nanoparticle size 

and their material is the objective of this paper. 
We studied the viscosity of model nanofluids 
in which the carrier fluid was argon of density 
ρ = 0.707 and temperature  T = 300 K. The 
dispersed component was lithium and 
aluminum nanoparticles with a diameter from 
one to four nanometers.  The volume 
concentration of nanoparticles was varied from 
1% to 12%. 
 
2. Simulation technique 
 
   The standard molecular dynamics method 
was used (see, e.g., [14–15]). A cubic cell and 
periodic boundary conditions were 
used. Interaction between the molecules of the 
carrier fluid was described by the Lennard-
Jones potential  

     ( ) ( )[ ]612 //4)( rrrLJ σσε −=Φ , (1) 

where σ is the effective diameter of the fluid 
molecules, ε is the depth of the potential well, 

and jir rr −=  is the distance between 

molecules i and j.  
Interaction between carrier fluid molecules 
and a nanoparticle was described by the 
Rudyak–Krasnolutskii (RK) potential [16, 17] 
        )()()( 39 rrr Ψ−Ψ=Ψ ,  (2) 
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ppp mV ρ=− Here pρ  is the density of the 

nanoparticle material, pm  is the mass of the 

atom (molecule) of the nanoparticle, R is the 
radius of the nanoparticle, ijij εσ ,  are the 

parameters of the interaction potential (1) 
between a carrier fluid molecule and a 
molecule of the nanoparticle. 
As the nanoparticle interaction potential we 
use a specially constructed potential [18], 
which for monodisperse nanoparticles has the 
form 
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Here R  is the radius of the nanoparticles, 
ε~ and σ~  are the parameters of the Lennard-
Jones (1) interaction potential of the 
nanoparticle atoms. 
Potentials (2) and (3) were constructed under 
the assumption that the interaction between the 
carrier-fluid molecules and nanoparticle atoms 
and the interaction of the nanoparticle atoms 
are described by potential (1), respectively, 
with the parameters 12σ , 12ε  and σ~ , ε~ . The 
simulation was performed as follows. Carrier-
fluid molecules and nanoparticles were 
uniformly placed in the simulation cell 
according to the specified values of the density 
of the carrier fluid and the volume 

concentration of nanoparticles. The density of 
the pure fluid was determined by the 
parameters: VN 3σρ = and ,/ 0VV=α  here 

V  is the volume of the system (cell), 

2/3
0 σNV =  is the volume of close packing 

of N molecules. The volume of the simulation 
cell for the nanofluid was given by the relation 

3/42/ 3
2

3
1 RNkNV Vπσα += , where 1N  

and 2N  are the number of molecules and 
nanoparticles, respectively. With the addition 
of nanoparticles, the coefficient kV was chosen 
so that the nanofluid pressure was equal to the 
pressure of pure argon of the given density. 
The initial velocities of molecules were 
specified according to the Maxwell 
distribution at the given temperature, and those 
of nanoparticles were set equal to zero. The 
calculation was started after an initial 
relaxation period, during which the whole 
system had come to equilibrium. The Newton's 
equations were integrated using Schofield’s 
scheme [19]. 
Since the potentials used here have an infinite 
range, they should be truncated during the 
simulation. For potential (1), the truncation 
radius was σ5.2 , and for potential (2), it was  

)( 12σbR + . The value of b was chosen so that 
at the truncation radius for potential (2), the 
force exerted on a molecule by a nanoparticle 
was equal to the force of interaction between 
two molecules at the truncation radius for 
potential (1). The quantity b depends on the 
nanoparticle radius, material and the properties 
of the carrier-fluid molecules. In particular, for 
Li nanoparticles (for the diameter of the 
nanoparticles was 2 nm) in Ar, b was equal to 
3.78, and for Al nanoparticles, it was 4.02. The 
nanoparticle interaction potential was 
truncated at a distance at which the interaction 
force between nanoparticles was zero, i.e., the 
so-called soft-sphere potential was used.  
It should be noted that the simulation of the 
evolution of nanofluids imposes more severe 
restrictions on the size of the simulation cell as 
compared with homogeneous fluids. Since a 
nanoparticle should not interact with itself, the 
side length of the cubic cell L  should be 
much greater than the range of the potential, 
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RL
~>> . In practice, the distance should be, at 

least, several times greater to avoid the 
corresponding correlations. 
The parameters of the interaction potential of 
argon molecules were as follows: σ = 3.405 Å 
and ε/kB = 119.8 K [20]. The parameters of 
potentials (2) and (3) were calculated using the 
following parameters of potential (1): for 
lithium, σ  = 3.95 Å and Bk/ε  = 500 К [21], 

and for aluminum, σ  = 2.551 Å and Bk/ε = 
857.6 К. The latter parameters were obtained 
from data on Young’s modulus and the 
structure of the crystal lattice (face-centered 
cubic) using a method similar to that described 
in [22]. The parameters 12σ and 12ε  
were determined using the simple 

combinational relations: σσσ ~
12 =  and 

εεε ~
12 = . 

 
3 Behavior of the correlation functions 
 
Shear viscosity coefficient was calculated 
from the Green–Kubo formula [23] 
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where the xy component of the stress tensor for 
a binary mixture has the form 

   



++= 

≠== =

1

,1
,

2

1 1 2

11 N

ji
ijijx

N

i
iixy yFyxm

V
J

αα
α

α



 



++ 

= =≠=

1 22

1 1
,

,2
,2

1 N

i

N

j
ijijx

N

ji
ijijx yFyF

α
.  (5) 

Here subscript 1=α refers to molecules, 
subscript 2 to nanoparticles, im  is the mass of 

a particle (molecule or nanoparticle), V is the 
volume of the system, T is the temperature of 
the medium, τ is the time to reach a plateau 
value [24], F is the force acting on a molecule 
or nanoparticle, x and y are the coordinates of 
the molecule or nanoparticle, and N1 and N2 
are the numbers of molecules and 
nanoparticles, respectively. The angular 
brackets in (4) demote an ensemble average. 
Equations (4) were obtained in [23] for 
molecular systems, but in a book of one of the 

authors [25], it is shown that they have the 
same form for disperse systems, in particular, 
for nanofluids. 
Fluctuation-dissipative theorem (4) gives the 
connection between the viscosity coefficient of 
the nanofluid and velocity correlation 
functions (the functions in the angular 
brackets). Therefore the value of the viscosity 
coefficient will be determined by the evolution 
of the appropriate correlation functions.     
According to (4), (5), the nanofluid viscosity 
coefficient contains several different 
contributions 
          kppk ηηηη ++= ,  (6) 

where the first term describes the kinetic 
contribution 
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the second term describes the potential 
contribution 
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and the third describes the cross effects 
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In the fig. 1 the typical example of correlation 
functions ,iχ  entering into expressions (7)-

(9) and defining coefficient of viscosity of the 
nanofluid Ar-Al with particles of diameter 
2 nm is given. Volume concentration of 
nanoparticles equals 10% in this example. 
Pressure of the nanofluid equals to pressure of 
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pure Ar at density ρ = 0.707 and temperature 
T = 300 K. Correlation functions iχ are 

normalized on ( ) VTkNN B21 + , time is 

normalized on 1,vTσ , where 1,vT  – thermal 

velocity of molecules of carrying media. 
Function 1χ  on the fig. 1 (dotted line) 
corresponds to the kinetic contribution to 
coefficient of viscosity (see (7)), function 2χ  
(dash-dotted line) corresponds to the potential 
one (the formula (8)), function 3χ  (dashed 

line) corresponds to the potential-kinetic one 
(the formula (9)). At last the solid line 
corresponds to the total correlation function 

.321 χχχχ ++=  

 

 
 
Fig. 1. The normalized kinetic, potential, potential-
kinetic and total correlation functions for 
coefficient of viscosity of nanofluid 
 
Analysis of the fig. 1 shows that function χ  

is mainly determined by the function 2χ  
defining the potential contribution to transport 
of impulse. It considerably exceeds the kinetic 

1χ  and potential-kinetic 3χ  functions. The 

consequence of this is that parameters of 
potentials (1), (2) make the considerable 
impact on value of coefficient of shift 
viscosity of nanofluids. Therefore it should 
depend on material of nanoparticles. This 
point of view is confirmed with the data of 

modeling too. 
 
Table. Contributions of different components to 
the viscosity of nanofluids (μPa·s) 
 Ar  Al-Ar Li-Ar 
η 117.4  169.8 182.9  
ηk  13.4  11.6 11.0  
ηp  88.0 138.5 153.0  
ηkp  16.1  19.7  18.9 
ηp1,1  88.0  81.7  83.0 
ηp12   34.7 44.0 
(ηp1,p12 + 
ηp12,p1)  

 22.1 25.9 

 
This table shows a comparison of each of the 
contributions for argon and the two nanofluids 
considered. In both cases, the concentration of 
nanoparticles was equal to φ = 0.097, and the 
diameter of the nanoparticles was 2 nm. The 
pressure of all three fluids was the same and 
equal to the pressure of pure Ar at a density ρ 
= 0.707 and a temperature  T = 300 K. The 
sixth row of the table shows the potential 
contribution to the viscosity due to the 
interaction of argon molecules, the seventh 
row shows the potential contribution due to the 
correlation between the intermolecular forces 
and the interaction forces of the molecules 
with the particle (the third term in formula 
(8)). Finally, the last row shows the 
contribution due to the last term in (8). From 
an analysis of the Table’s data, it appears that, 
first, although the overall viscosity of 
nanofluids is significantly higher than the 
viscosity of the carrier fluid, the kinetic 
contributions ηk are lower. This decrease is 
due to a reduction in the number density of 
molecules in the nanofluid compared to the 
carrier fluid. On the other hand, the kinetic 
contribution of nanoparticles is small since the 
volume (and mass) of a nanoparticle is much 
higher than the volume (mass) of the molecule, 
with the conservation of the average kinetic 
energy of the molecules and nanoparticles. It 
should also be emphasized that since the fluid 
is dense, the contribution of the kinetic 
processes to the transfer of the momentum 
(viscosity) is small: for argon, it is about 11%, 
and for the nanofluids, 6–7%. 
The potential contribution of the 
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molecules  1,1pη  (sixth row of in the Table) in 

the nanofluids is also slightly reduced. The 
role of the cross terms kpη  (fifth row in the 

table) is small and is about ten percent. In all 
our calculations, the potential contribution of 
the particle interaction was almost equal to 
zero. Thus, the increase in the viscosity is due 
mainly to nanoparticle–molecule interactions 
and the correlations between molecule–
molecule and molecule–nanoparticle 
interactions. Dependence of value of these 
contributions on a size of the dispersed 
particles is easy for qualitative estimating. Let 
there are particles with radiuses R1 and R2, for 
definiteness we will consider that 12 RR > . At 
the given volume concentration numbers of 
those and other particles in a unit volume are 
in inverse proportion to cubes of their 
radiuses: 3

2
3
112 // RRNN = . On the other 

hand, total cross-sections of scattering of 
molecules of a carrying fluid with those and 
with other particles are accordingly equal 

2
111 RNS π=  and 2

222 RNS π= . Therefore the 
ratio of these cross-sections which determine 
value of considered potential contributions, 
appears to be inversely proportional to their 
radiuses: .// 2112 RRSS = These simple 
estimations show that with growth of particle 
sizes the relative value of these contributions 
will decrease.  
 
4 Simulation results 
 
   Since all the nanofluids studied had a 
relatively low concentration of nanoparticles, 
it might be expected that the resulting 
viscosity would be described by a quadratic 
dependence on the volume concentration of 
nanoparticles ϕ  

       2
210 1/ ϕϕηηη aar ++== . (9) 

where η0 is the viscosity of pure argon. Our 
calculations have shown that it is indeed 
so. The dependence of the dimensionless 
viscosity rη  on the volume concentration of 
nanoparticles is shown in Fig. 2. Here the 
density of the carrier fluid was ρ = 0.707, and 
the temperature T = 300 K; circles represent 

data for the nanofluid with Li particles, and 
triangles represent data for the nanofluid with 
Al particles. In all cases, the diameter of the 
nanoparticles was 2 nm. As a result, for the 
nanofluid with lithium nanoparticles, in 
formula (9) we obtained  3.201 =a  and 

25.382 =a  (dash-dot line number 1 in Fig. 2), 
and for the nanofluid with aluminum 
nanoparticles, 3.251 =a  and =2a 13.06 
(dotted line number 2 in Fig. 2.) In all cases, 
the viscosity of two considered nanofluids is 
substantially higher than that for conventional 
dispersions. Thus, even at low particle 
concentrations, the effective viscosity of 
nanofluids is not described by Einstein's 
theory, which gives 2.51 =a . The dashed line 
number 3 in Fig. 2 shows the dependence 
obtained by Batchelor [26] taking into account 
the hydrodynamic interaction of dispersed 
particles and their Brownian motion. The 
Batchelor formula provides a good fit to 
various experimental data for conventional 
disperse systems, but the values given by this 
formula are significantly smaller than those for 
nanofluids (see Fig.2). 
 

 
 
Fig. 2. Dependence of the dimensionless viscosity 
of a nanofluid on a volume concentration of 
nanoparticles which are made of different materials 

 
The second important point is that the 
viscosities of the nanofluids with aluminum 
and lithium nanoparticles are significantly 
different. Thus, the viscosity of nanofluids 
indeed depends on the nanoparticle material. 
To answer the question of how nanofluid 
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viscosity depends on the nanoparticle size, we 
performed calculations for nanofluids with 
lithium nanoparticles of diameter 1, 2, and 4 
nm at volume concentrations of nanoparticles 
φ = 2% and 4%. The results can be 
approximated, e.g., by the following 
exponential dependence on the nanoparticle 
diameter with precision about 5% 

( ) ( )dDBr 0.208exp40.945.25 2 −++= ϕϕηη ,(10) 
where D is the diameter of the nanoparticles 
and d is the diameter of the molecules. In the 
limit 1>>dD  the formula (10) coincides 
with Batchelor formula.  

 
5 Discussion of Results 
 
   The data presented in the previous section 
suggest that the effective viscosity of 
nanofluids increases with increasing 
concentration of nanoparticles. At moderate 
volume concentrations of particles, the 
dependence of the viscosity on the 
concentration of nanoparticles can be 
described by the quadratic function (9), as for 
conventional dispersed fluids. At the same 
time, the viscosity of nanofluids at a given 
particle concentration is substantially higher 
than that for conventional dispersed 
fluids. This is consistent with virtually all 
existing experimental data (see [1–3]). In 
addition, the viscosity of a nanofluid cannot be 
described by existing classical theories 
because it depends not only on the 
concentration of nanoparticles, but also on 
their size. For the model nanofluids considered 
in this paper, this dependence is given by 
relation (10), which is in qualitative agreement 
with the data of [3, 6–8]. The viscosity of 
nanofluids decreases with increasing particle 
size. Physically, this is a reasonable result 
since as the particle size tends to the size of 
conventional macroscopic particles, relation 
(10) should reduce to the classical formulas for 
the viscosity of nanofluids, e.g., in Batchelor 
formula. 
Another important feature that distinguishes 
the viscosity of nanofluids from that of 
conventional dispersions is its dependence on 
the nanoparticle material. This dependence 
should disappear with increasing nanoparticle 

size. However, if the particles are sufficiently 
small, accounting for this dependence is 
important and one cannot hope to obtain a 
universal formula for the viscosity. It can be 
expected that this dependence can be neglected 
even for nanofluids with a characteristic 
particle size of more than ten 
nanometers. Indirect evidence for this is 
provided by kinetic theory [11, 12] and 
molecular dynamics simulations of the 
diffusion of nanoparticles [27]. It should also 
be noted that the appearance of the 
dependence on the nanoparticle material is not 
due to the choice of a particular interaction 
potential; it has also been recorded for the 
hard-sphere potential [4, 5]. The appearance of 
this dependence is due to taking into account 
the individual characteristics of nanoparticles 
(in particular, their masses and interaction 
potential parameters) in their interaction with 
carrier fluid molecules and with each other, as 
is the case in conventional molecular fluids,. 
To see this, it is necessary to analyze the 
simulation process of nanofluids from a 
molecular-kinetic point of view. 
The last interesting question is following, why 
do the viscosity coefficients of nanofluid and 
course dispersed fluid with low particle 
concentration differ?  
A simple explanation of this may be found in 
the following consideration. In a suspension 
with macroscopic particles at volume 
concentrations less than or of the order of 

310~ −ϕ , the distances between the particles 
are large enough, so that their interaction can 
be neglected. Indeed, suppose that the 
dispersed particle size is 410~ −D cm. Then, at 
the specified volume concentration of these 
particles, the average distance between them is 

3~ −
p

p
m nl , where )/(6 3Dnp πϕ= is the number 

density of the particles. For these 
data, 9102~ ⋅pn and 310~ −p

ml cm. In this case 

the mutual influence of particles on the 
perturbations induced by these particles in the 
carrier fluid velocity field can be neglected. 
Therefore the viscosity coefficient of the 
suspension can be described by Einstein's 
formula ϕη 2.51+=B . 
In nanofluids, the particle size is of the order 
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of 710−⋅β cm, where the parameter β  takes 

values of 1 to 210 . At the same volume 
concentration ( 310~ −ϕ ), the average distance 
between nanoparticles in the fluid is 

3~ −
np

np
m nl . The number density of nanoparticles 

in this case is of the order of 31910~ −βnpn  

and varies from 19102 ⋅  to 13102 ⋅ , depending 
on the size of the particles. Accordingly, the 
distance between the particles varies from 

7104 −⋅  to 5104 −⋅ cm. In all cases the distance 
between the nanoparticles are of the order of 
their size. Therefore we need to take into 
account the hydrodynamic interaction of the 
particles even at these low concentrations.  
 
6 Conclusion 
 
 In conclusion, two things must be pointed 
out. In this paper, we considered nanofluids 
based on a very dense gas. Argon becomes a 
liquid at much lower temperatures and then the 
relative viscosity is even much higher. This, in 
particular, is due to the fact that in liquids, the 
role of the potential contributions is even 
greater. In particular, in nanofluid Ar-Al at 
carrying media density ρ = 0.707, volume 
concentration φ = 9.91% of aluminum 
particles of diameter 2 nm, at temperature 
T = 140 K the relative coefficient of viscosity 
is rη  = 1.900 while at T = 300 K it is 

rη  = 1.450.  
And second, the choice of pressure is a 
necessary condition for correct comparison of 
the transport coefficients of the carrier fluid 
and nanofluid. This is consistent with 
experimental practice. 
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