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Abstract

Elliptic PDE systems of the second order with coefficients from L., or Holder-Lipschitz spaces are consid-
ered in the paper. Continuity of the operators in corresponding Sobolev spaces is stated and the internal
(local) solution regularity theorems are generalized to the non-smooth coefficient case. For functions
from the Sobolev space H?*(f2), % < s < %7 definitions of non-unique generalized and unique canonical
co-normal derivative are considered, which are related to possible extensions of a partial differential op-
erator and the PDE right hand side from the domain €2 to its boundary. It is proved that the canonical
co-normal derivatives coincide with the classical ones when both exist. A generalization of the boundary
value problem settings, which makes them insensitive to the co-normal derivative inherent non-uniqueness
is given.

Keywords. Partial differential equation systems; Non-smooth coefficients; Sobolev spaces; Solution
regularity; Classical, generalized and canonical co-normal derivatives; Weak BVP settings.

1 Introduction

It is well known that for a function from the Sobolev space H*((2), 2 < s < 3, the strong co-normal derivative
defined on the boundary in the trace sense, does not generally exist. Instead, if the function satisfies a second
order partial differential equation (or a system of such equations) with a right-hand side from H*72(Q), a
generalized co-normal derivative operator can be defined by the first Green’s identity, cf. e.g. [10, Lemma
4.3] for s = 1. However this definition is related to an extension of the PDE operator and its right hand
side from the domain 2, where they are prescribed, to the domain boundary, where they are not. Since
the extensions are non-unique, the generalized co-normal derivative operator appears to be non-unique and
non-linear unless a linear relation between the PDE solution and the extension of its right hand side is
enforced. This leads to a revision of the boundary value problem settings, to make them insensitive to the
co-normal derivative inherent non-uniqueness. For functions u from a subspace of H*(2), % <s< %, which

can be mapped by the (extended) PDE operator into the space ]flt(Q), t> —%, one can define a canonical
co-normal derivative (cf. [6, Theorem 1.5.3.10] and [5, Lemma 3.2] for s = 1, ¢ = 0), which is unique, linear
in u, and coincides with the co-normal derivative in the trace sense if the latter does exist. These notions
were developed, to some extent, in [12] for a PDE with an infinitely smooth coefficient on a domain with
an infinitely smooth boundary. In [14] the analysis was generalized to the co-normal derivative operators
for some elliptic PDE systems with infinitely smooth coefficients and the right hand side from H*~2((Q),
% <s < %, on a Lipschitz domain.

In this paper, we extend the previous results to solutions of elliptic second order PDE systems on interior
or exterior Lipschitz domains with compact boundaries and Lo, or Holder-Lipschitz coefficients. To show
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that the canonical co-normal derivatives coincide with the classical ones, some new facts about solution
regularity of PDEs with non-smooth coefficients are also proved in the paper.

The paper is arranged as follows. Section 2 provides a number of auxiliary facts on Sobolev (Bessel
potential) spaces. In Section 3, we describe some Lo,—based Sobolev-Slobodetski spaces that essentially
coincide with the Holder-Lipschitz spaces, to use them for PDE coefficients, and prove boundedness of PDE
operators with such coefficients in appropriate Sobolev spaces. In Section 4 we generalize the well know result
about the local solution regularity of elliptic PDE systems to the case of relaxed smoothness of the PDE
coefficients. In addition to the differentiation argument employed usually in the solution regularity analysis,
we use for our proof also the Bessel potential operator that appeared to be more suitable for Hélder-smooth
coefficients. The solution regularity theorems are implemented then in Section 6. In Section 5 all results
of [14] about the generalized co-normal derivatives for PDE systems with smooth coefficients are extended
to non-smooth coefficients. Particularly, we introduce and analyse the generalized co-normal derivatives
on interior and exterior Lipschitz domains (with compact boundaries), associated with elliptic systems of
second order PDEs with the right hand side from H*~2(), % < s < % The weak settings of Dirichlet,
Neumann and mixed problems (revised versions for the latter two) are considered and it is shown that they
are well posed in spite of the inherent non-uniqueness of the generalized co-normal derivatives. In Section 6
we introduce and analyse the canonical co-normal derivative operator uniquely defined on some subspaces
H*5'(Q; A) of the usual Sobolev spaces H*(2), % < s < %, —% < t, generalizing the corresponding results
of [14] to the case of non-smooth coefficients of the PDE operator. It is proved that for elliptic systems the
canonical co-normal derivative coincides with the classical (strong) one for the cases when both exist. Some
auxiliary estimates and necessary assertions from [14] are provided in two Appendices.

The present paper updates and complements the preliminary results from [13].

2 Some function spaces

2.1 Sobolev spaces

Unless stated otherwise, we suppose that = Q7T is an interior or exterior open domain of R", which
boundary 9f2 is a compact, Lipschitz, (n—1)—dimensional set. Let 2 denote the closure of Q and Q= = R™\Q

its complement. In what follows D(€2) = CgF,,,(€2) denotes the space of Schwartz test functions, D(2) :=
{¢ = ¢la, ¢ € D(R™)}, while D*(Q2) denotes the space of Schwartz distributions; H*(R"™) = H$(R"),
H?(0Q) = H5(09) are the Sobolev (Bessel potential) spaces, where s € R is a number (see, e.g., [9]).

We denote by H*() the closure of D(2) in H*(R™), which can be characterized as H5(Q) = {g: g €
H*(R™), supp g C Q}, see e.g. [10, Theorem 3.29]. The space H*(2) consists of restrictions on Q2 of
distributions from H*(R"), H*(R) := {g|, : g € H*(R™)}, and H{(Q?) is the closure of D(2) in H*(£2). We
recall that H*(€2) coincide with the Sobolev-Slobodetski spaces W3 (€2) for any non-negative s. We denote
HE () :={g: pg € H5(Q) Vo € D(Q)}. We will use also the notation H{ (Q) := {g: ¢g € H*(Q) Vo €
D(Q)} and note that H (Q) = H*(Q2) for interior domains but not for the exterior ones.

Note that distributions from H*(€2) and Hj(2) are defined only in , while distributions from H*(Q) are
defined in R™ and include the distributions supported only on the boundary 9€2. For s > 0, we can identify
H3() with the subset of functions from H*(£2), whose extensions by zero outside  belong to H*(R™),
cf. [10, Theorem 3.33], i.c., identify functions v € H*() with their restrictions, u|q € H*(2). However
generally we will distinguish distributions u € H*(€) and u|q € H*(Q), especially for s < -3

We denote by H; the subspace of H*(R") (and of H*(12)), whose elements are supported on 99, i.c.,
HY :={g: g€ H(R"), supp g C 9Q}. A characterization of this space is provided in Theorem B.1 in
Appendix B. To simplify notations for vector-valued functions, u : Q@ — C™, we will often write u € H*({2)
instead of u € H*(Q)™ = H*(Q;C™), etc.

As usual (see e.g. [9, 10]), for two elements from dual complex Sobolev spaces the bilinear dual product
() associated with the sesquilinear inner product (-, )q = (-, )1, (@) in L2(f) is defined as

(u,vV)gn = /n[}"lu](f)[}"v](f)df =: (Fu, Fv)gn =: (4,v)rn, we H*R"), ve H *(R"), (2.1)
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(u, ) = (u,V)gn =: (@, 0)q if u e H*(R"), ve H3(Q), v=V]|q with V € H*(R"), (2.2)
(u,0)q = (U,v)grn = (@,v)q if u € H*(R"), v € H*(Q), u=Ulqg with U € H*(R") (2.3)

for s € R, where g is the complex conjugate of g, while 7 and F~! are the distributional Fourier transform
operator and its inverse, respectively, that for integrable functions take form

36) = 1Fal(e) = [ ePmebqaldn, gla) = F Gl i= [ meeq)ds

n

For vector-valued elements u € H*(R™)™, v € H*(R™)™, s € R, definition (2.1) should be understood as

(e = [ a(e)-0(€dg = [ O To()E = @0 = (@)
where -0 =4"0 = Zzlzl 0k is the product of two m—dimensional vectors.

Let J° be the Bessel potential operator defined as

[T°g)(z) = F L A+ [€17)*%a(6)}- (2.4)
The inner product in H*(2), s € R, is defined as follows,

(u,v) ga(rr) = (T "u, T 0)Rn = / (1+&)%a(&)o(&)dé = (u, T*v)g, , w,v € H(R"),

n

(w.0) =0y = (I = PYU,(I = P)V) oy, u=Ula, v="Vla, U,V €HR").

Here P : H5(R™) — H*(R™\Q) is the orthogonal projector, see e.g. [10, p. 77].

3 Elliptic PDE systems with non-smooth coefficients

3.1 Some Sobolev-Slobodetski and Holder-Lipschitz spaces
For an open set ) let W& (2), u > 0, be the Sobolev-Slobodetski space equipped with the norm

lgllwe @y = > 0%l () <o
0<|a|<p
for integer u, and with the norm
— 0%(y)
|gj — y|ﬂ (1]

lgllwe ) = gl ) + 19w @) < 005 lglwe @) Z

la|= Lo (22%xQ)

for non-integer p, where |p] is the integer part of pu. Evidently WSO(Q) = Lo (), while (possibly after
adjusting functions on zero measure sets, cf. [20, Ch. V, §4, Proposition 6]) W4 (Q2) is the usual Holder
space CH(Q) = CO#(Q) for 0 < p < 1, W& (Q) = clr=Lrl(Q) for non-integer 1 > 1, and WE () is the
Lipschitz space C*~11(Q) for integer u > 1.

Let R (s) be the set of all non-negative numbers if s is integer and of all positive numbers otherwise.

DEFINITION 3.1. For an open set Q and pu > 0 let CH(Q) be the set of restrictions on ) of all functions
from WL (R™), equipped with the norm 9]l en@) = Infe)o=g 1Gllwe mn)-

The set C!(Q) is defined as C*(Q) for integer non-negative y and as Upsp C¥(Q) for non-integer non-
negative . Fvidently g € C“( ) if and only if g € CH€(Q) for some e € Ry (p).

Obviously |lglwe @) = 9llo@) = 19]l. (@) Lo COQ) = WE(Q) = Loo (), and |lgllwe ) < 19llan @)
CH(Q) C W& (Q) for > 0. The space C*(Q) for 1 > 0 is similar to the space oLl (Q) for non-integer
p and to the space C5~ L 1(Q) for integer u, used in [6, p.21], except that functions from C*(2) may not
have a compact support in R™ assumed for functions from ck Q).
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THEOREM 3.2. Let Q be an open set, s € R, g € CH(Q), u— |s| € Ry(s). Then gv € H*(Q) for every
v e H(Q), and [|gv]lys) < Cllgllon@llvllms (), where C is independent of g, v or €.

Proof. Note that the theorem is close to the statement given in [6, Theorem 1.4.1.1] without proof.

Let first Q = R"™. The case s = 0 is evident. For s > 0 the estimate can be obtained from [21, Theorem
2(b)] with parameters s; = p, so = s, p1 = 00, 1 = p2 = g2 = p = q¢ = 2 there (see also [6, Theorem
1.4.4.2]). A simpler proof for all s € R is available in [3, §9, Theorems 11-13].

When Q # R", let V € H*(R") and G € W5 (R") be such that v = Vg, [|[V|gs@wn) = [[v[as @)
9= Gla, IGllwe wny < 2l9llgn(m)- Then GV € H*(R") by the previous paragraph and

lgvllas@) < 1GVIasmn) < ClIGllwe @IV Iz < 2C[gllang@)llvllas @

Note that the condition on ¢ in Theorem 3.2 is equivalent to the membership g € Cf‘(ﬁ).

3.2 PDE systems

Let us consider in an open set ) a system of m complex linear differential equations of the second order
with respect to m unknown functions {u;}", = u : Q@ — C™, which for sufficiently smooth v and f has the
following strong form,

= > Bilagj(@) Qju(a)] + ) bj(@) dju(@) + c(x)u(z) = f(z), =€, (3.1)
ij=1 j=1
where f : @ — C™, 9; :== 9/0z; (j = 1,2,...,n), a(z) = {aij(x)}ﬁjﬁ = {{ai (z )}kl 1},] 1, b(x) =
{{oF(x ) i=1tizy and c(z) = {cF(x z) =y L, alj,bz,c 1 — C"™™ for fixed indices i,j. If m = 1, then
(3.1)is a scalar equation. The PDE system formally adjoint to (3.1) is given in the strong form as

= > ailaj(@) opo(a)] = Y 5[] ()v(x)] + & ()v(x) = f(x), zeQ. (32)
ij=1 j=1
DEFINITION 3.3. For 0 € R, we will say that the coefficients of equation (3.1) belong to the class
C7(Q), ie. {a,b,c} € CI(Q), ifa € CYNQ), be O @), (o) := max(0,|o — 3| - 1), ¢ € CH (@),
() = max(0, o] — 1) B -

For an open set 2, as usual, {a,b,c} € C7,,.(2) means that {a,b,c} € CL () for any ¥ C Q.

Note that if o1 < 0 < g9, then C7H(Q) N CT2(Q) C CL(Q) C CTH(Q) UCT2(Q).
Let u € H*(Q), {a,b,c} € Ci 1( ), f € H2(Q), s € R. Equation system (3.1) is understood in the
distributional sense as
(Au,v)q = (f,v)a Yv e D(Q),

where v : 2 — C™ and

(Au,v)q = E(u,v) Yo € D(Q), (3.3)
E(u,v) = Eq(u,v) := Z (aij0ju, Ojv)q + Z (bjoju,v)q + (cu,v)q . (3.4)
ij=1 j=1
Let us denote
s—1 ifs<1 5 ifs<0
sp(s) =40 if1<s<2, se(s) =140 ifo0<s<2 (3.5)
s—2 if2<s s—2 if2<s

Taking into account that (s — 1) = [sp(s)| and pe(s — 1) = |sc(s)|, Theorem 3.2 implies that a;;0;u €
H(Q), bjoju € H*®)(Q), cu € H*)(Q). Thus bilinear form (3.4) is well defined for any v € D(Q)
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and moreover, the bilinear functional € : {H*(€), H2~*(Q)} — C is bounded for any s € R. Since the set
D(Q) is dense in H27(€2), expression (3.3) defines then a bounded linear operator A : H(€) — H*2(Q) =
[H25(Q)]*, s € R, B

(Au,v)q := E(u,v) Yo € H*5(Q). (3.6)

Similar to the operator A, the weak form of the operator A* for any v € H>%(Q), s € R, is
(A*v,u)g = E*(v,u) Yu € H*(Q), (3.7)

where £*(v,u) = £(a, ) is the bilinear form and so defined operator A* : H27¢(Q) — H~5(Q) = [H*(Q)]*
is bounded for any s € R.
The above paragraph can be summarized as the following assertion.

THEOREM 3.4. If s € R and {a,b,c} € C5'(Q), then bilinear form (3.4), & : {H3(Q), H>*(Q)} — C
is bounded, while expressions (3.6) and (3.7) define bounded linear operators A : H5(Q) — H*72(Q) and
A* H?75(Q) — H~*%(Q), respectively

Note that for the particular important case s = 1, the conditions on the coefficients in Theorem 3.4
mean a, b, c € Lo ().

4 Local regularity of solutions to elliptic systems with Holder-Lipschitz
coefficients

In this section we extend the well known result about the local regularity of elliptic PDE solutions, to the
case of relaxed smoothness of the PDE coefficients. This will be used then to prove counterparts of [14,
Theorems 3.12 and 3.16] in Section 6.2.

The local regularity of solutions to elliptic PDEs (3.1) and (3.2) for the case of infinitely smooth coef-
ficients is well known (see e.g. [19, 1, 9]). For non-infinitely smooth coefficients, the case a,b,c € C*(Q),
s = 1, sy = k with integer k¥ > 0 can be found in [10, Theorem 4.16], and the case a € C%'(), b = 0,
¢ = const, sy € (—3/2,—1/2) in [18, Theorem 4], extended in [4] to general elliptic systems with all co-
efficients from C%!(Q). In Theorems 4.3 and 4.4 below we prove the local regularity results for arbitrary
Holder coefficients and wider ranges of the Sobolev space indices s; and so.

Let us define the matrix function A(z, §) 1= 2, ;_; aij()&§; for £ € R™. The partial differential operator
A is elliptic in the sense of Petrovsky at a point z, where the coefficients af;(:):) are defined, if det A(z,£) # 0
for any non-zero ¢ € R" (see e.g. [15, Section 55]), evidently implying | det A(x, &)| > C(z)|€*™ for all € € R™
with some positive C(x), which in turn gives the following estimate for the matrix norm | - | of the inverse
matrix A~ (z, €),

AN (2, 6) < Co(@)lg] 2 VEER (4.1)

with some Cy(x) > 0. We say that the operator A is elliptic in a domain if it is elliptic at each point of the
domain.

Note that we will need the ellipticity in this paper only in proving solution regularity in Theorems 4.3
and 4.4, which will be then used only to prove equivalence of the strong and canonical co-normal derivatives
in Section 6.2.

Differentiation or Nirenberg difference quotient arguments are employed usually in the solution regularity
analysis in [17, 19, 1, 9], but we will also need for our proof some powers of the Bessel potential operator J
to deal with the Holder-smooth coefficients along with the solution and the right hand side in some range
of Sobolev spaces and have to prove first Lemma 4.1 and Corollary 4.2 about commutators.

LEMMA 4.1. Let s be real, k be integer, w € H*(R™)™, g € WZH(R™)™, 0 = }5 —k+ %’ + [k] + % and
cc R+(O’). Then, ij(gw) o gj%w c Hs—2k+1(Rn)m and

Hij(gw) _ gj2kw“Hg_2k+1(Rn)m S C’k‘ Hg”wgo+5(]Rn)mHU}”HS(Rn)m (42)
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Proof. The proof below is given for m = 1, generalization to the vector case, m > 1, is evident. For &k =0
the lemma is trivial. Let now k > 0. Denoting the Fourier convolution by * we have due to(2.4),

K(&) == F[T*(gw) — gT*w] (&) = (1 + [¢[*)F (@ * @) (&) — (g » F[T*w])(€) =
/n[(l +1EAF — (1 + 1€ = n*)Kgm) @& — n)dn = /Rn[(n &4 (€=M fr(& € —mG)DE —n)dn

271. V() - (€ + € —n) ful&, € — n)D(E — n)dn,
7T7z Rn
where
- (L4 IE2)F = L+ 1E =" PO =P E—1) < sy er 21y
Jl&C=m =" e e T PO —pe =) ‘jzlp TP =)

and p(¢) := (14 [¢|?)"/2. This implies

R"

k
= 5 P [5- /]R Nyt VE =@ —mydn+ | Vgl) (€= mp0I(E —m@E —n)dny
j:l

WZ PEDOF [V {(V) T2V} + Vg 72070V (©).

Taking into account Theorem 3.2, we obtain,

|7 (gw) — 9T w|| re—2isr gy = Ip° K| 1, )
1|1 . . ,
== Zp3+1—23f [v . {(Vg)jQ(J_l)w} +Vg- j2(1—1)vw}
=1 La(R)

< Z v {(va)72 P} 4 w5 7205

Hs+172j (Rn)

k
< Cl Z |:||g||WlZ+2_2j‘+1+51 (R™) + ‘|g‘|W£+l_2j|+1+51(Rn):| ||w”HS(Rn)
j=1
for any €1 € R4 (s). That is,

172 (g) — 9T ™l ge-sv11 gy < Crk(llgllypisiriver gy + 19l 1s-2terierser gy Ml s gm)- (4.3)

Let now k < 0. If we denote v = J?*w € H*~2¥(R™), then by inequality (4.3), where 2k is replaced with
—2k and s — 2k with s, we obtain,

|7 (gw) = g T wl| ga-anrr gy = [T [9T "0 =T (g0l ge-2is1(mny = 19T 0 =T " (g0) | a1y
< CulkIlgly 2151 gy + I8l g 01725

= Cilkl(lgllyys—zmiereer oy + 19l rriren oy 0l Es (me)-

Inequality (4.2) follows for both positive and negative k if we remark that

s|+1, [s—2k+1]+1), k>0
max(|]s —2k|+1, [s+1|4+1) k<0’

> max(

1 1
8—k+2’+|]€|+2—{
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Let us denote by Ag the principal divergence part of the operator A from (3.1), i.e

Aou(z) == Zaam (z)]. (4.4)

3,j=1

Bearing in mind that the Bessel potential operators J2¥ commutate with differentiation, Lemma 4.1
implies the following assertion.

COROLLARY 4.2. Let s be real, k be integer, u € H*(R")™, a;; € WZFER™)™ ™, o = |s—k — §| +
k| + 3, e € Ry (o). Then J*(Aou) — Ao T**u € H72~1(R")™ and

HjZk‘(AOu) _ Aoj2ku||H572k71(Rn)m S C|2k" Ha‘|Wgo+5(]Rn)m ||’LLHH5(Rn)m

If © is an open set while a set € is such that € C Q, we will denote this as Q' € Q.
Now we are in a position to prove the following local regularity theorem.

THEOREM 4.3. Let Q be an open set in R", sy € R, m > 1, w € HJ' ()™, f € H? ()™, s3> 51 — 2.
If u satisfies either

(a) elliptic (in the sense of Petrovsky) system (3.1), Au = f, in Q with {a,b,c} € Cillgcl( )ﬂCfljcl( ) o

(b) elliptic (in the sense of Petrovsky) system (3.2), A*u = f, in Q with {a,b,c} € Ciloscl( YNCn o( )

then u € H2 P (Q)™

loc

Proof. Note that the theorem hypothesis so > s1 — 2 implies that either s; # 1 or so # —1 and thus
a € C’{:)C(Q) for some p > 0 and particularly, a € C(€2) (maybe after adjusting a on a zero measure set, that
we will assume to be done). We give a proof only for part (a) of the theorem, organized in several steps, for
part (b) it is similar.

Step (0) As usual, cf. e.g. [9, Chapter 2, Theorem 3.1 ], let us first consider the case a = const, b =0
c =0 and 2 = R". Suppose a functlon U satisfies equation (3. 1) Application of the Fourier transform
reduces this equation to (27) Q.AQ =f (5) Resolving it for U and applying ellipticity estimate (4.1),
we obtain (14 |¢[2)|U (¢ )] < Ch|f(&)] —|— \U( )| with C; = (27)2C), implying

|Ugs+2@ny < Crllfllas ey + 1Ulgsrny Vs € R. (4.5)

Step (i) Let now the coefficients {a,b,c} € Cillgcl( )ﬂCfl:Cl( ) be not generally constant, {2 be not
generally R", and u € H; ! (). Let B, = B, , C ' € Q be an open ball of radius p centered at a point
y €. Let a, b, cand u be extended outside Q' to {a®,b%,c°} € CI'™ L(R™) ﬂ682+1(Rn) and u® € H*'(R"),
and we will further drop the superscript e for brevity.

Let n € D(B,) be a cut-off function such that n(z) = 1 in B,j;. Then Uy,(x) := n(z)u(x) belongs to

H*1(R"), is compactly supported in B, and satisfies equation
AoyUy =nf + Ayu — Ag U, in R". (4.6)

Here Ay, is the principal part of the operator with the coefficient matrix a(y), thus constant in z, i.e.,

AoyUn = - Z aij(y)aiaj(]n, (4.7)
ij=1
Ay = — Z (0im)a;j05u — Z 0;[(0jm)as;u] anjaju — neu, (4.8)
‘7.]'_1 2,J=1 7j=1
AyU, = — Za a;;0;Uy) (4.9)

1,j=1
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S2
(iv)
-2 -1 0 1 2
s
V) 1
$,>8, -1 -1 0 5,584-2
-2
(i)
13
(iii)
Figure 1: Regions of parameters s1, so.
and a”(x) := a(x) — a(y). Let
So+1< 51 <5942, (4.10)

see Fig. 1. Then by Theorem 3.2,

Al 2 ey < Co [ (V) Vel sreaqany + V)l ea 1 ey + [0Vl ey + el s o |
< CC [Vl -11+ex g 109l 113 ey + 7004 g 1 e

+ 1171l 152 1+22 gy 10V 2| 122 () + HUHWLQQHSQ(RH)||CUHH52(RTL)} < Cs(n)|ull g1 gy, (4.11)

03(77) = CCC |:HV77HW(|)21*1\+61(R71)”auwgglfllﬁl(Rn) + ‘|V77|’W£2+1\+82(Rn)|’a”W£2+l\+62(Rn)
RSN P IEORESON 2 BRSO B (412)
py = min{|s|:sy <5 < 51— 1} = max{sy, 1 — 51,0} = max{u(s; — 1), up(s2 + 1)},
pd = min{|s| : sy < s < 51} = max{sy, —s1,0} = max{uc(s; — 1), pe(s2 4+ 1)},

by Definition 3.3 and condition (4.10), while by the theorem hypothesis there exist ¢; € Ry (s1), €2 € R4 (s2),
e) € Ry (1)), €2 € Ry (p) such that the norms of the coefficients a, b, ¢ are bounded in (4.12).
Let us assume the condition
o+ 1] <1 (4.13)
in addition to condition (4.10), which correspond to region (i) in Fig. 1.
a (z), z € B,

Let us define ag (x) := ¢ "
a”(zp/lz]), =& B,

Then it is easy to see that
||aaHW£2+1|+52(]Rn) = llag llisat1ivez gy = la” [l crsp114e2 (g, for some 3 such that

Eg € R+(82), ‘82 + 1‘ +e9 < 1. (4.14)

Thus, since supp U, C B, we have from (4.9) by Theorem 3.2,
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[Ag Unllmrs2 (mey < Calla™ VU] grsa+1(mny = Callag VU || groa+1(mny

VUl rsot1 ey < CCulla” lgrsatri+earam,) Cs | Unllrsar2 ey - (4.15)

g CC4||0“5HW£2+1|+52/2 Rn

Applying estimate (4.5) to equation (4.6) and taking into account estimates (4.11) and (4.15), we then
have under conditions (4.10) and (4.14),

Co(ONUnll earomny < Crfllmo2(5,) + Cs)llullgo1(s,), (4.16)

Co(p) =1 = CLCCCsla” |l gisp+ii+earz(,)y: C7(n) == CLClNllglsat+ea(5,)> Cs(n) := C1C3(n) + C7(n).

The parameter C7(n) and, due to the theorem hypotheses, also C3(n) and thus Cg(n) are finite for any
€ (0,00). We will prove that Cg(p) is positive for sufficiently small p under conditions (4.10), (4.13).

Let first s9 = —1, and consider estimate (4.16) with eo = 0. Since ¢~ (y) = 0 and @~ is continuous in
By, for any sufficiently small p > 0, the norm [|a™[|¢isy+11422/2(5,) = la” ll¢(p,) becomes small enough for
Cs(p) in (4.16) to be positive.

Let now 0 < [sy + 1| < 1. Due to the theorem hypothesis, there exists e2 € (0,1 — [s2 + 1|) such that
a~ € Cls2H1+22(B ) which implies the following estimate,

- - - 2
la HC|52+1|+52/2(BP) = la HC(BP) + ’a‘clsz+1\+62/2(3p) <la ”C(B,,) + (2P)E2/ ’a‘0|52+1\+62(3p)7
|a|c\sz+1l+sz B = su lafe) — a(@)] \a|c\sz+1\+ag qny < 00.
(By) 22/€B, |1; _x/||52+1\+€2 - (€

Thus again for any sufficiently small p > 0, the norm |[a™ || sjsy+11+ 12(B,) becomes small enough for Cg(p)
in (4.16) to be positive.

This means U,, € H**2(R") implying u € H52+2(By’p(y)/2) for arbitrary point y € Q under conditions
(4.10), (4.13). Thus any compact subdomain €2 of the open domain € has an open cover by the balls
By (y)/2 such that u € H52+2(By’p(y)/2). Due to the compactness of (', there exists a finite subset of the
balls, B := By pyiy/2 § = 1,2,...,J, still covering Q. Let {p;(z) € D(BY) 3-]:1 be a partition of unity,
Z}]:1 @j(x) = 1 for any x € ' and U; € H*2T2(R") be such that U; = u on B’ and HUj||H52+2(]Rn) =
[/l grs2+2(psy- Then by Theorem 3.2,

J
[l prozv2(0ry = IIZsOJUI!Hsz+2 o) = IIZ%U o2 t2(r) < Z 03U | rea+2 ey

7=1 7=1 7=1
J A J
< CZ H‘Pj”wgg(Rn)HU]HHSQH(W) = CZ H‘PJ'HW&(]R”)HUHHW”(BJ')?
j=1 j=1

for any p > |so +2|. Thus u € H*2+2(Q') for any compact Q' C Q, implying u € H;%"(Q2) under conditions
(4.10), (4.13).

Step (ii) Let us prove the theorem under conditions sy +1 < 51 < s2 +2, —3 < s9 < —2, that are
satisfied in region (ii) in Fig. 1. We proceed as in Step (i) but instead of estimate (4.15) for the term Ay U,
we split it into two parts

Ay Uy = Ag Uy + AUy, Ag Uy = E ai((ajai_j)Uﬁ)v AgpUp = — E , 9;0;(a;;Uy)
i,j=1 i,j=1
and estimate each of them as follows,

[ Ao Unll s (mmy < Call (Va7 )Unll oo 1y < Call(Va™) Uyl o )

< CCulla™ [l isiir+e1/2 gy 1Unllros rmy = CCalla™ [l tsi-a1+21 /2 gy 1 Ul o1 (e
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where we have taken into account that s; < 0 in region (ii), and
[ A02Unll o2 () < Clla™ Uyl proavzmny < CCullag Unllgoztz(mny < CCalla™ [l isaratsenrzg,) 1Unll ozt

Taking into account that ||Ay,U, || ms2(rn) can be made arbitrarily small by choosing sufficiently small ball
radius p, as in Step (i), since 0 < |sg 4 2| < 1, this proves the theorem for region (ii).

Step (iii) Let us prove the theorem under conditions
So+1<81 <8342, 8 <-3, (4.17)

that are satisfied in region (iii) in Fig. 1. For arbitrary ' € Q let n € C°°(2) with suppn € Q and n =1 in
V. Then the function U, = nu € H*' (R™) satisfies equation

AUy = fo, fo=nf+ Ay in R", (4.18)

where Ay is given by (4.4), A, by (4.8), while A,u € H%?(R") by estimate (4.11). This implies f,, € H*2(R").

-1 - 1
Let k = — { 5 SQJ = { ;SZ-‘ and let us denote v := ijUn. Then k < —1 by the second condition

in (4.17), while v € H*172*(R™). Acting by J2* on (4.18), we arrive at the following equation for v

Ao(v) = fy, inR", (4.19)

where f, = Jzkfn — [T?* Agu — AgT?u). To employ Corollary 4.2 with s = s;, we have for its parameter,

o =

1 1 1 1
s1 2‘+|+2 sitk+ g +lkl+ 3 51

1 1 _
since 0 < —k < 5 2 5 *1 due to the first condition in (4.17). Then by the theorem hypothesis on the

coefficients, the conditions of Corollary 4.2 are satisfied, which implies [J2* Agu — Ao J?*u] € HS~2F—1(R™).
Then taking into account the first condition in (4.17) again, we obtain f, € H*272%(R"). Denoting s} =
51 — 2k, sh = so — 2k, we arrive at equation (4.19) for v € H*1(R") with f, € H*(R"), where s, + 1 <
sh<sh+2, —3<sh, <1, and coefficients a € C_'Lflfl‘(ﬁ) ﬂéfﬁ”(ﬁ) C C_'Lflﬁl'(ﬁ) ﬂC_’féH'(ﬁ), which is
covered by Steps (i) and (i) implying v € H2+2(R") = H***2-2%(R"). Thus, U, := J v € H=T2(R").
This gives u € H*272(Q)), which implies the theorem claim in region (iii).

Step (iv) Let us prove the theorem under conditions sy + 1 < 51 < s9 +2, s9 > 0, that are satisfied in
region (iv) in Fig. 1. Let o be a multiindex such that |a| = |s2| + 1. Then (4.18) implies

AUy = 0 fy + 2, [ = Ad°Uyy — 0" AgUy. (4.20)

Since f,' is a commutator, we obtain that f;* € H51_|°‘|_1(R”) C g2 le (R™), where the theorem hypothesis
on smoothness of the coefficient matrix a and Theorem 3.2 were taken into account. Then 0°f, + f7 €
H#*~*(R"™) giving 0°U,, € Hifc_‘od”(Rn) by Step (i), which implies u € H22(Q), i.e. the theorem claim
for region (iv).

Step (v) Now we finally prove the theorem for sy > s; — 1, i.e. for region (v). Since f € H*2(Q) on
any open set ' € €, we have also f € H*17}()), i.e., we arrive at the situation covered by Steps (i)-(iv)
with sy = s1 — 1, which implies u € H*1* 1 (€'). If 51 < s, we iterate this procedure, obtaining at the end
u € H*2T2(QY), i.e. the theorem claim, if s — s1 is integer, or u € H****(Q'), where k = |so — 51 + 2],
otherwise. Recalling in the latter case that f € H*2(Q') we can apply the corresponding steps from (i)-(iv)
again, which finishes the proof for region (v). O
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Theorem 4.3 gives solution regularity on any sub-domain ' with compact closure ' C €. The following
theorem generalizes it to sub-domain €2’ with non-compact closure €2’ C © and particularly proves regularity
at infinity for exterior (unbounded) domains.

THEOREM 4.4. Let Q) be R™ or an open exterior or interior domain with a compact boundary in R™,
s1ER, s9>8 —2,ue H(Q)™ and f € H?2(2)™ on any open set Q' € Q, m > 1. Let u satisfy either
(a) elliptic (in the Petrovsky sense) system (3.1), Au= f, in Q with {a,b,c} € Cj_l_l(R”) ﬂCiQH(R") or
(b) elliptic (in the Petrovsky sense) system (3.2), A*u = f, in Q with {a,b,c} € C_li__s1 (R™) ﬂC_T_SQ_l(IR”),
and in the case of the infinite domain S there exist finite matrices a;j(00) := limy_00 aij(x) satisfying the

ellipticity condition det Zm-:l aij(00)&:&; # 0. Then u € H22(Q)™ on any Q' € Q.

Proof. The theorem claim for subdomains ' € Q with compact closure is implied by Theorem 4.3. To
complete the proof, we have to consider an infinite subdomain Q' € 2 of an infinite domain €. Note that
the theorem hypothesis sy > s; — 2 implies that either s; # 1 or s3 # —1 and thus a € C*() for any
' € Q for some p > 0 and particularly, a € C(Q2) (maybe after adjusting a on a zero measure set, that we
will assume to be done).

The proof follows the pattern of the proof of Theorem 4.3 and we will mostly refer to that proof instead
of repeating it whenever possible. We give only a proof for part (a) of the theorem; the proof for part (b)
is similar.

Step (i) Let the coefficients a,b, ¢ be not generally constant, Q2 be either R™ or an open exterior domain
with a compact boundary in R™. In the latter case let u be extended outside Q to u® € H'(R"™), and we
will further drop the superscript e for brevity. Let B, = By , be an open ball of radius p centred at zero. Let
p be sufficiently large, so that B, includes the boundary of € (if 2 # R™). Let us chose a cut-off function
n € C*°(R") such that n(x) = 1 in R"\ By, and n(x) = 0 in B,,. Denoting U, (z) := n(z)u(x) we obtain that
supp U, C R"\B, C €.

Then the function U,, satisfies equation

AoocUy =nf + Ayu — AU, in R". (4.21)

Here Apoo is the principal part of the operator with the constant coefficient matrix a(c0), i.e.,

AOoo = = Z au 8 0; Una (422)
t,j=1
= - Z 177 alja u— Z a ]77 azg - anjaju — ncu, (4'23)
i,j=1 i,j=1 j=1
AU, = _ZaaaU (4.24)
t,j=1

So+1< 51 <8594 2, (4.25)

see Fig. 1. Then by Theorem 3.2, we again, as in the proof of Theorem 4.3 arrive at estimate (4.11), where
C3(p) is defined by (4.12).

a” (x), x € R"\B,
Let us define as(z) = q 2| _ (4p _
70/ (m) , T €& Bp

Then evidently [las[|cmn) = lla”[|c@n\B,) — 0 as p — oo. Moreover, it is easy to check (see Appendix A)
that [laz|lcumny < 3lla”|lou@m\p,) for any p € [0,1] and sufficiently large p, and |las[|cumny — 0 as
p — oo if a= € CFTE(Q) for some € > 0.
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Thus, since supp U, C R™\B,,, we have from (4.24) by Theorem 3.2,

[ A Unll oz (rny < C4HQ_VUT7||H82+1(R") = C4||G<ZOVU77||HS2+1(1R")

< Clullagllgisatii+earzmmy IVUpll prsa+imny < CCallag |l cisastivers2mn)CslUnll mrsa+2mny - (4.26)

for any €9 such that
g9 € R+(82), ’82 + 1‘ +€2/2 < 1. (4.27)

Applying estimate (4.5) to equation (4.21) and taking into account estimates (4.11) and (4.26), we then
have under conditions (4.25) and (4.27),

Co(NUnllgsar2@ny < Cr(0f sz me\,) + Cs(o) |l g1 w1\ B,)- (4.28)

Cs(p) := 1 = C1OCKCslag [l crsatritearzmny: C(p) := CLCnll grsaiter rm\ 5,y Cs(p) := C1C3(p) + C7(p).

The parameter C7(p) and, due to the theorem hypotheses, also Cs(p) and thus Cg(p) are finite for any
p € (0,00).

Further in this step we prove that Cg(p) is positive for sufficiently large p under conditions sy +1 < 1 <
s2 + 2, |s2 + 1] < 1, which correspond to region (i) in Fig. 1.

Let first so = —1, and consider estimate (4.28) with sy +1 = €2 = 0. Since a™(c0) = 0, the norm
lasellcisatiitearzgmy = llacollomny for sufficiently large p < oo becomes small enough for Cg(p) in (4.28) to
be positive.

Let now 0 < |s2 + 1] < 1. Due to the theorem hypothesis, there exists e € (0,1 — |s2 + 1|) such that
a~ € Cl2H1+e2(R7\ B,), which implies lagollclsatiitez/2(gny — 0 as p = 0. Thus again for sufficiently large
p, the norm [lag || cisp+114<2/2(gny becomes small enough for Cg(p) in (4.16) to be positive.

This means that in the both cases U, € H*2T2(R") implying u € H*>T2(Q)'\ By,) for sufficiently large p.
Taking into account that u € H%2T2() N Bs,) for any p by Theorem 4.3, we arrive at the present theorem
claim in region (i).

Step (ii) Let us prove the theorem under conditions sy +1 < 51 < s2 +2, —3 < s9 < —2, that are

satisfied in region (ii) in Fig. 1. We proceed as in Step (i) but instead of estimate (4.26) for the term AZ U,
we split it into two parts

AUy = A Un + AUy, A Uy = Z 8i((8jai_j)U77)v AUy = — Z 8i8j(ai_jU'f])
i,j=1 tj=1

and estimate each of them as follows,

[ A1 Unll sz gmy < Call(VaT)Up)l oo iy < Call(Va™)Unll o ()

< CC4lla™ ||y isusr+errz gy | Unll s gmy = CCalla™ |1 -1mver2 oy Ul s ey
where we took into account that s; < 0 in region (ii), and
[As2Unll 2y < Calla™Upll gav2(mny < CCullag Upllgrsa+2rny < CCulla™ [|isyraiterro (g, l1Unll mrso+2(mn)

Taking into account that [|A_,Uy | gs2(rn) can be made arbitrarily small by choosing sufficiently large p, as
in Step (i), since 0 < |sg + 2| < 1, this proves the theorem for region (ii).



JMAA, 2013, 400(1), 48-67 S.E.Mikhailov 13

Steps (iii)-(v) The proofs of the theorem under condition sy < —3 and under condition sp > 0, in
addition to condition (4.25) coincide word-for-word with the proof in Steps (iii) and (iv), respectively, of

Theorem 4.3, while for sy > s; — 1 with the proof in Step (v) of the same theorem.
O

REMARK 4.5. Conditions on the PDE coefficients in Theorem 4.4 can be evidently relaxed to the corre-
sponding conditions for all domains Q' € Q (implying that the coefficients are extendable from such Q' to
the whole R™ such that the conditions hold) supplemented with the continuity of the coefficient a at infinity
for the extensions.

REMARK 4.6. The Theorem 4.4 proof works also for domains Q with a non-compact boundary and for
an open set ' for which there exist another open set Q" such that ¥ @ Q" €@ Q and a cut-off function
n' € C®(R™) with sufficient number of bounded derivatives in R™ such that n'(z) =1 in Q' and n'(z) =0
in R™\ Q". In the first paragraph of Step (i) we can chose then a cut-off function n, € C*°(R") such that
np(z) =1 in R™\ Ba, and ny(x) = 0 in B,. Defining n(x) := n'(x)n,(x) we have n(xz) = 1 in Q' \ Ba,
and n(z) =0 in (R™\ Q") U B,. Then the support of Uy,(x) := n(z)u(z) belongs to U'\B, C Q and we can
follow the proof of Theorem 4.4 as before.

5 Extensions and generalized co-normal derivatives for PDE systems
with non-smooth coefficients

5.1 Extension of partial differential operators

Let 2 < s< 3 and {a,b,c} € C5H(Q) (which for the case s = 1 means a,b, ¢ € Loo(Q2)). In addition to the
operator A defined by (3.6), let us consider also the aggregate partial differential operator A, defined as,

(Au,v)q = E(u,v) Yo € H>5(Q), (5.1)
where
E(u,v) = Eq(u,v) == Z <E5_1(aij8ju),aiv>9 + '

1,j=1 J

<Esb(s)(bj8ju), U>Q + <ESC(S) (cu),v>9, (5.2)
1

Es~V: HYQ) — HS1(Q), B« H6)(Q) — H»O)(Q), E5©) : g56)(Q) — H*()(Q) are bounded
extension operators, which are unique by [14, Theorem 2.16] (Theorem B.3 in Appendix B) since —% <
s—1< 3 and —1 < s(s) <0, se(s) = 0 by (3.5). Then the bilinear form &(u,v) : H*(Q) x H>~%(Q) — C
is bounded by Theorem 3.2, implying that the operator A : H5(2) — H* 2(Q) = [H2~%(Q)]* is bounded,
for % <s< %

Note that by (2.2)-(2.3) one can rewrite (5.1) also as (Au, v)q := ®(u,v) Vv € H?>75(Q), where ®(u,v) =
&(u,v) is the sesquilinear form.

If s =1, ie u,v € H(Q), then evidently

n

E(u,v) = E(u,v) = / E (ai;05u) - Ojv + E (bjOju) -v+cu-v| dx.
i,j=1 j=1
3

For 1 < s < 2 and {a,b,c} € C51(Q) let us consider also the aggregate operator A* : H?>~5(Q) —

H#(Q) = [H*(Q)]*, defined as,

(A*v,u)q == E*(v,u) Yu e H*(Q), (5.3)
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£ (v,u) = E(a,0) = ®(@,v) = » <dij5ju>E1_83W>Q + i <5jajuj_5”(s)v>ﬂ + <éu,E‘Sc(5)v>Q

ij=1 j=1
(5.4)

by (5.2) since (EP)* = E~P for —3 < p < 3 by [14, Theorem 2.16] (Theorem B.3 in Appendix B).
Due to Theorem 3.2 and relations (5.3), (5.4) and (5.1), we have the following statement.

THEOREM 5.1. If £ < s < 3 and {a,b,c} € C'(Q), then bilinear form (5.2), £ : {H*(Q), H>*(Q)} —
C is bounded and expressions (5.1), (5.3) define bounded linear operators A H(Q) — H2(Q), A :
H?75(Q) — H~*(Q), and the aggregate second Green’s identity holds true in the following form,

. = 1
(Au, ) = (u, A*)q, w e H(Q), ve H*(Q), 5 <s< g (5.5)

For any u € H*(Q2), £ < s < 3, the functional Au belongs to H*"2(Q) and is an extension of the
functional Au € H5 2(Q) from the domain of definition H2 () to the domain of definition H?~*(Q2).
Similarly, for any v € H27%(Q2), 3 < s < 3, the distribution A*v belongs to H~*(Q2) and is an extension of
the functional A*v € H™*(Q) from the domain of definition H*(f2) to the domain of definition H*(£).

The distribution Awu is not the only possible extension of the functional Au, and any functional of the
form

Au+g, gc H5§2 (5.6)

gives another extension. On the other hand, any extension of the domain of definition of the functional Au
from H?75(Q) to H?>7*(f2) has evidently form (5.6). The existence of such extensions is provided by [14,
Theorem 2.16] (Theorem B.3 in Appendix B).

5.2 Generalized co-normal derivatives

Let v© : H5(Q) — H 87%(89) denote the trace operator, which is bounded on Lipschitz domains for
$<s<3. .
For uw € H*(Q), s > 3, and a € C(Q), the strong (classical) co-normal derivative operator

n

Tru(e) = 3 ay(e)y* ju(@)vi(e) (5.7)

3,j=1

is well defined on 9 in the sense of traces. Here v+ [9,u] € HS*%@Q) C Ly(9Q) if 3 < s < 3, while the
outward (to 2) unit normal vector v(z) at the point = € 92 belongs to Lo (992) for the Lipschitz boundary
99, implying T:Fu € Ly(99). Note that for Lipschitz domains, T."u does not generally belong to H*(99),
s > 0, even for infinitely smooth w.

A definition of the generalized co-normal derivative is given in [10, Lemma 4.3] for s = 1 (cf. also [8,
Lemma 2.2] for the generalized co-normal derivative on a manifold boundary) and in [14] for 3 < s < 3
and infinitely smooth coefficients. We can now extend the definition to the range of Sobolev spaces and

non-smooth coefficients.

DEFINITION 5.2. Let Q be a Lipschitz domain, 1 < s < 3, uw € H*(Q), {a,b,c} € CT(Q), and
Au = f|, € H*2(Q) in Q for some f € H2(Q). Let us define the generalized co-normal derivative
T*(f,u) e HS_%@Q) as

(T (Fow), w) = Ewyrw) = (Foy-w)e = (Au= firmw)e ¥ w e HI(00),

where y_1 : H%_S((‘?Q) — H?75(Q) is a bounded right inverse to the trace operator.
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THEOREM 5.3. Under the hypotheses of Definition 5.2, the generalized co-normal derivative T*(f, u)
is independent of the operator ~y_1, the estimate ||T"(f,u )HHsff(aﬁ) Crllull s () + C'2||f||HS 2(qy) takes
place, and the first Green’s identity holds in the following form,

(T*(fou), 7)) = E@v) = (fv)a = (Au— o) Ve H(Q). (5.8)

Proof. The proof of the theorem coincides word-for-word with the proof of its counterpart for infinitely
smooth coefficients, Theorem 3.2 in [14] . O

Because of the involvement of f , the generalized co-normal derivative T ( f ,u) is generally non-linear
in u. It becomes linear if a linear relation is imposed between v and f (including behaviour of the latter on
the boundary 0f2), thus fixing an extension of flo, = Au into H*"2(()). For example, f |, can be extended
as f := Au, which generally does not coincide with f. Then obviously, T H(f yu) =T +(Au, u) = 0, meaning
that the co-normal derivatives associated with any other possible extension f appear to be aggregated in f
as

(fov)a = (Fvda+ (T (fou), y7v)  Voe HZ(Q) (5.9)

due to (5.8). This justifies the term aggregate for the extension f, and thus for the operator Au.

As follows from Definition 5.2, the generalized co-normal derivative is still linear with respect to the
couple (f,u), i.e., Tt (o fi, ajuy)+T+ (v fo, agua) = T (ar fi 4o fa, oy ug +agusg) for any complex numbers
a1, .

In fact, for a given function u € H*(Q), % <s < %, any distribution 7 € H* 3 (0Q2) may be nominated as
a co-normal derivative of u, by an appropriate extension f of the distribution Au € H $72(Q)) into H S72(Q).
This extension is again given by the second Green’s identity (5.8) re-written as follows (cf. [2, Section 2.2,
item 4] for s = 1),

(f,v)q = E(u,v) — (T, ’y+v>aQ = (Au— "1 0)q YV ove H>5(Q). (5.10)

Here the operator y+* : H"2(9Q) — H*"2() is adjoint to the trace operator, ("7, v)q = (r,7 )9
for all T € H“%(E)Q) and v € H> (). Evidently, the distribution f defined by (5.10) belongs to H*~2(Q)
and is an extension of the distribution Au into H5~2(Q) since vtv = 0 for v € H25(0).

For u € C'(Q) C H'(Q2), one can take 7 equal to the strong co-normal derivative, T u € Lo (992), and
relation (5.10) can be considered as the classical extension of f = Au € H-1(Q) to f. € H1(2), which is
evidently linear.

For a sufficiently smooth function v and a,b € C(), let

n

Tho(e) = ) aj(2) v dju(@)vi(z) + ) b (@)y o(@)v;
=1

ij=1

be the strong (classical) modified co-normal derivative (it corresponds to B,v in [10]), associated with the
operator A*. ) o

Ifve H*5(Q), {a,b,c} €C571(Q), 3 < s <3, and A*v = f.|, in Q for some f, € H*(Q), we define the
generalized modified co-normal derivative T (f,,v) € H%_S(GQ), associated with the operator A*, similar
to Definition 5.2, as

<T*+(f*,v), w>aQ = E*(v,y_1w) — (fu,y1w)o Ywe HS*%((‘)Q).
As in Theorem 5.3, this leads to the following first Green’s identity for the function v,

<T*+(f*,v), 'y+u>8Q = E*(v,u) — (f*,u>g YV ue H*(Q), (5.11)
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which by (5.4) implies

<7 u, T (F., )> o= Ew) = (u, Fha ¥ ue H Q). (5.12)

If, in addition, Au = f]Q in Q with some f € ﬁS*Q(Q), then combining (5.12) and the first Green’s identity
(5.8) for u, we arrive at the following generalized second Green’s identity,

(Fooda = (. f)o = (vru T (fv)) = (TH(fw), 770) . (5.13)

o0
By (5.11), (5.3) and (5.8), (5.1), this, of course, leads to the aggregate second Green’s identity (5.5).

o0

5.3 Generalized weak settings of boundary value problems

Similar to the case of infinitely smooth coefficients in [14, Section 3.2], let us consider the generalized BVP
weak settings for PDE system (3.1) on an interior Lipschitz domain for % <s< % and {a,b,c} € Ci_l(Q).

The Dirichlet problem: for f € H*72(Q) and ¢g € Hsfé((‘)(l), find u € H*(2) such that

(Au,v)o = (fivda Yo e H> (), (5.14)
yfu = o on 9Q, (5.15)

where Au is defined by (3.6).
The Neumann problem: for f € H*72(Q), find u € H*(Q) such that

(Au,v)e = (fv)g Yo e HX5(Q), (5.16)

where Au is defined by (5.1).
The mized (Dirichlet-Neumann) problem: for f,, € [Hg *(,0pQ)]* and ¢o € Hs_%(GDQ), find u €
H#(£2) such that

</L9DQU,U>Q = <fm,v>Q VUEHg_S(Q,aDQ), (5.17)
vtu = ¢y on OpQ. (5.18)

Here Ay, q : H*(Q) — [HZ*(Q,0pQ)]* is the mizved aggregate operator defined as
(A au,v)q = (Au,v)q = E(u,v) Y v € HY *(Q,0p0).

where, respectively, the Dirichlet and Neumann parts of the boundary, 9pQ and OnQ = IN\IpS are
nonempty, open sub—manifolds of 9Q, and H§(2,0pQ) = {w € H5(Q) : v"w = 0 on 9pQ}. The operator
AaDQ is bounded by the same argument as the aggregate operator A. For any u € H*(f), the distribution
Agpqu belongs to [Ha (9, 0pQ)]* and is an extension of the functional Au € H*~2(Q) from the domain of
definition H25(2) = HZ5(Q) € H3*(Q,9pQ) to the domain of definition Hy *(Q,dp), and a restriction
of the functional Au € H*2(Q) from the domain of definition H2~%() > H27%(9,0pQ) to the domain of
definition H3™*(Q,dpQ).

Note that one can take v = w to make the settings (5.14)-(5.15), (5.16) and (5.17)-(5.18) in terms of the
sesquilinear inner product and look more like the usual variational formulations, cf. e.g. [9].

The Dirichlet problem setting (5.14)-(5.15) coincides with the usual one, c.f. [10], (i.e., does not need
a generalization), and the co-normal derivative does not evidently partlclpate in it. The Neumann and
mixed problems are formulated in terms of the aggregate right hand sides f and f,,, respectively, prescribed
on their own, i.e., without necessary splitting them into the given right hand side of the PDE inside the
domain €2 and the part related with the co-normal derivative prescribed on the boundary. If, however, a
PDE right hand side extension f and an associated non-zero generalized co-normal derivative T ( f Ju) =T
are prescribed instead, then f can be expressed through it by relation (5.9) and fim by relation

(frms ) = (f,v)q + <7‘, 7+v>aNQ =(f+yT*rv)a Vuve Hg_s(Q,ODQ),
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also obtained from (5.9), where it is taken into account that the trace vtv belongs to H S_%(GNQ) for
v € HY *(Q,0pQ) and 4 : HS_%(ONQ) — [HY*(Q,0pN)]* is a continuous operator adjoint to the
operator .

Thus the co-normal derivative does not enter, in fact, the generalized weak settings of the Dirichlet,
Neumann or mixed problem, implying that the non-uniqueness of 7" ( 1, u) for a given function u € H*(Q),
% <s< %, does not influence the BVP weak settings, (cf. [2,vSectiorv1 2.2, item 4] for s = 1). On the other
hand, for a given u € H*({2) the aggregate right hand sides f and f,, are uniquely determined by u from
(5.16), (5.17), as are, of course, f and ¢g by (5.14), (5.15)/(5.18).

Remark also that the formulation of the Neumann and mixed BVPs in terms of the aggregate right
hand side can be also illustrated by a physical interpretation. For the Neumann problem, for example,
if A is a partial differential operator of the Lamé system of linear elasticity in a body © C R? for the
displacement vector u € H'(2), then f € H~(Q) is the distributed volume force vector acting on the
body and T (f,u) =1 € Hfé((?Q) is the prescribed traction vector on the boundary. Then 7 € H*%(E)Q)
from the mechanical point of view is indistinguishable from the corresponding volume force y™*7 € H~1(Q)
concentrated on the boundary surface and thus can be summed up with f to produce the aggregate right
hand side f.

6 Canonical co-normal derivative for PDE systems with non-smooth
coefficients

6.1 Canonical operator extension and co-normal derivative

As we have seen above, for an arbitrary u € H*(Q2), % <s< %, the co-normal derivative T ( 1, u) is generally
non-uniquely determined by u. An exception is T*(flu, u) = 0, which was in fact implemented in the revised
weak setting of the boundary value problems in Section 5.3. But such zero co-normal derivative evidently
differs from the strong co-normal derivative 7. u, given by (5.7) for sufficiently smooth u. Another one way
of making the generalized co-normal derivative unique for u € H*(£2) was presented in [7, Lemma 5.1.1] and
is in fact associated with an extension of Au € H~'(Q) to f € H~ (), such that f is orthogonal in H~(R")
to Hyy C H~'(R™). However it appears (see [14, Lemma A.1]), that even for infinitely smooth functions f
such extension f does not generally belong to Lo (RR™), which implies that the so-defined co-normal derivative
operator from [7, Lemma 5.1.1] is not a bounded extension of the strong co-normal derivative operator.

Nevertheless, we can point out some subspaces of H*(), % <s < %, where a unique definition of the
co-normal derivative by w is still possible and leads to the strong co-normal derivative for sufficiently smooth
u. Following [14], we define below one such sufficiently wide subspace.

DEFINITION 6.1. Let s € R and A, : H*(Q) — D*(2) be a linear operator. For t > —3, we introduce

a space H¥'(Q; A,) == {g : g € H(Q), Augla = fola, fo € HY(Q)} equipped with the graphic norm,
||9||%1s,t(g;,4*) = ||9||2 5(Q) + Hng%t(Q)-

If 57 < s9 and t; < to, then we have the embedding, H*2:'2(Q; A,) C H!1(Q; A,). Some other properties
of the space H*!(2; A,) studied in [14, Section 3.2] are provided in Appendix B.

We will further use the space H*'(Q; A) for the case when the operator A, is the operator A from (3.3)
or the formally adjoint operator A* from (3.7).

DEFINITION 6.2. Lets € R, t > —%. The operator A mapping functions u € H%'(Q; A) to the extension
of the distribution Au € H'(Q) to H'(Q2) will be called the canonical extension of the operator A.

REMARK 6.3. Ifsc R, ¢t > —%, then Hflu”gt(m < |ullgrs.t(;4) by the definition of the space HSH(Q; A),

i.e., the linear operator A : HS'(Q; A) — H'(Q) is continuous. Moreover, if —3 <t < i then by

Theorem B.3 and uniqueness of the extension of H'(Y) to H'(S), we have the representation A := E'A.
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REMARK 6.4. Note that in the case of non-smooth coefficients of the operator A, the inclusion u € H*(S2),
s > 3/2, does not generally imply that u € H>'(Q2; A) for some t > —%, unlike the case of infinitely (or at
least suﬁ‘icz’enjly) smooth coefficients. Particularly, even u € D(Q) does not generally belong to Hl’_%(Q; A)
unless a € CH(Q) for some pu > 1/2 (and b,c € Ly()) by Theorem 3.2, i.e., the usual assumption

a € Loo(Q) is not generally sufficient for this.

As in [13, Definition 3] for scalar PDEs, let us define the canonical co-normal derivative operator. This
extends [6, Theorem 1.5.3.10] and [5, Lemma 3.2] where co-normal derivative operators acting on functions
from H;70(Q; A) and H'0(Q; A), respectively, were defined.

DEFINITION 6.5. For u € HS’_%(Q;A), {a,b,c} € Cfl(ﬁ), % < s < %, we define the canonical co-
normal derivative as THu := T+ (Au,u) € H*"3(99), i.c.,

(T, w) gy = &, y-1w) — (Au,yowho = (Au— Auyqw)o ¥ we H3(90),

where y_1 : HS_%((?Q) — H*(Q) is a bounded right inverse to the trace operator.

Thus, unlike the generalized co-normal derivative, the canonical co-normal derivative is uniquely defined
by the function uw and the operator A only, uniquely fixing an extension of the latter on the boundary, and
is linear in u.

Theorem 5.3 for the generalized co-normal derivative and Definition 6.1 imply the following assertion.
THEOREM 6.6. Under hypotheses of Definition 6.5, the canonical co-normal derivative TV u is indepen-
dent of the operator v_1, the operator T : Hs’fé(Q;A) — Hsfg(aQ) is continuous, and the first Green’s
identity holds in the following form,

<T+u, 'y+v>6£2 = <T+(121u,u) , 7+v> = &(u,v) — ([lu, v)g = (Au — flu,vm Voe H2_S(Q).

o2

Definitions 5.2 and 6.5 imply that the generalized co-normal derivative of u € H 5’_%(9; A), % <s<3

27
for any other extension f € H5~2(Q) of the distribution Au|q € H _%(Q) can be expressed as

<T+(f,u), w> = <T+u, w>aQ + </~lu —f, yoiw)g YwE H%_s(aQ).

I}

Note that the distributions Au — f, Au — Au and A — f belong to H;és since flu, flu, f belong to
H275(9), while Au|g = Aulq = flo = Aulq € H2(Q).

Since by Theorem 6.6 the canonical co-normal derivative does not depend on the extension operator v_1,
the latter can be always chosen such that yv_jw has a support only near the boundary, which means that
the co-normal derivative T u is determined by the behaviour of u near the boundary. We can formalize
this in the following statement.

THEIOREM 6.7. Let 1Q and Q' C Q be interior or exterior open Lipschitz domains, 02 C OY, u €
H 2(Q;A), w € H " 2(V; A), {a,b,c} € C5'(Q), 3 < s < 3, while TTu and T' u be the canonical
co-normal derivatives on 9Q and 0Q' respectively. Then T u =r, T u.

Proof. The proof is word-for-word the proof of the counterpart for infinitely smooth coefficients, Theo-
rem 3.10 in [14] O

Theorem 6.7 can be considered as an alternative definition of the canonical co-normal derivative on 0f2,
where the domain €2’ can be chosen arbitrarily small, and particularly can be taken interior when 2 is
exterior (with compact boundary). Note that a similar reasoning holds also for the generalized co-normal
derivative.
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If$ <s< 3 {ab,c}e Csfl(ﬁ) and v € H2_$’_%(Q A*), then similar to Definitions 6.2 and 6.5 we can
mtroduce the canonical ewtenswn A* of the operator A*, and the canonical modified co-normal derivative
THv := TH(A*,v) € Hz™ %(09), i.e

(TFv, w) g = E" (v, y-1w) — (A*v, y_1w)g VwEHS_%(E?Q).

Then the first Green’s identity (5.12) becomes,

<fy u, T v > (u, D) — (u, A*0)q YV u € H(Q).

For v € H*™% _’(Q A*) and u € H5(Q), Au = f|,, in Q, where f € H52(Q), the second Green’s identity
(5.13) takes form,

<f~7’l_)>Q - <ua AJ*/U>
This form was a starting point in formulation and analysis of the extended boundary-domain integral
equations in [11].

= (y*u, o) — (T (f,u),7Tv) . (6.1)
( ).~ )

Q o2

If, moreover, u € H Sﬁ%(Q;A), we obtain from (6.1) the second Green’s identity for the canonical
extensions and canonical co-normal derivatives,

<f~lu,17>ﬂ — <u,ﬁ*v>Q = <’y+u,ﬁ>m — <T+u, 'yTv>aQ . (6.2)

Particularly, if u € HY0(; A), v € HYO(Q; A%), with a,b, ¢ € Loo(2), then (6.2) takes the familiar form, cf.
[5, Lemma 3.4],

/Q[v(x)Au(w) —u(x)A*v(x) |dx = <7+U,E>m — <T+u, W>m .

6.2 Classical verses canonical co-normal derivatives

In this section we generalize to the case when the PDE coefficients are not infinitely smooth, the results
of [14] on conditions when the canonical co-normal derivative T u coincides with the strong co-normal
derivative T u, if the latter does exist in the trace sense. To do this, we will need higher smoothness of the
coefficients than necessary for continuity of the PDEs in Theorems 3.4 and 5.1. First of all, we make the
following observation, c.f. Remark 6.4.

REMARK 6.8. Theorem 3.2 and Definition 3.3 imply that if {a,b,c} € Cfl(ﬁ), t > —%, then D(Q) C
H*Y(Q; A) (and moreover, D(Q) C H®'™¢(Q; A) for some € € Ry (t)) for any s € R.

Now we are in the position to generalize the density theorem from [14, Theorem 3.12] to non-smooth
coefficients and exterior domains.

THEOREM 6.9. Let Q) be an interior or exterior Lipschitz domain and s € R, —% <t< % Let
{a,b,c} € CSHQNCHH(Q), the operator A be elliptic (in the sense of Petrovsky) on Q and, if Q is
exterior, theTe exists a finite a(0o) 1= lim,_,o a(x), which also satisfies the ellipticity condition. Then D(Q)

is dense in H'(Q; A).

Proof. We adopt here for the non-smooth coefficients and exterior domains the proof from [14, Theorem
3.12).

For every continuous linear functional [ on H**(Q; A) there exist distributions h € H~5(Q) and g €
H=(Q) such that [(u) = (h,u)q + (g, Au)q V¥ u e H'(Q; A).

Remark 6.8 and the theorem hypothesis on the coefficients imply that D(Q2) C H*!(; A). To prove the
lemma claim, it suffices to show that any [, which vanishes on D(€2), will vanish on any u € H**(Q; A).

If I(¢) = 0 for any ¢ € D(Q), then

(h, 9)a + (9, Ad)a = 0. (6.3)
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Let us consider the case —% <t < % first and extend g outside 2 to g = E*tg € ﬁ*t(Q), cf. Theorem B.3.
Let €' D Q be some domain, where the operator A is still elliptic. Such domain exists since the coefficients
a(x) are continuous and and the ellipticity condition holds in the closed domain 2. Then equation (6.3)
gives

(h, d)er + (3, Ad)ey = (h, d)a + (3, Ad)a = (h, d)a + (E~"g, Ap)q
= (h,®)q + (9, E'Ap)q = (h, d)a + (9. Ad)a =0 (6.4)

for any ¢ € D('). This means )
AG=—h nQ (6.5)

in the sense of distributions, where A* is the operator formally adjoint to A. If ¢ < s — 2, then evidently
§e H*5(Q). If t > s — 2, then (6.5) and the local regularity Theorem 4.4(b) implies § € H25(Q") for any
Q" such that Q € Q" € ' and consequently § € H2 ().
—%, one can extend g € H%(Q) outside Q by zero to § € ﬁ%_€(Q), 0 < €, and prove as
in the previous paragraph that g € ]?12_3(9).

If -2 <t<Zor[t=—3,s<3] then for any u € H*'(Q; A), we have,

In the case t =

l(u) = <_A*§7U>Q + <97AU>Q = _<§aAu>Q + <§7Au>ﬂ =0.

Thus [ is identically zero.

On the other hand, if ¢t = —%, s > %, let {gr} € D(2) be a sequence converging, as k — 0o, to g in

1 ~
Hi(Q) = H%(Q), cf. Theorem B.2, and thus to § in H?>~%(2). Then for any u € HS’%(Q; A), we have,

l(u) = (—=A*g, u)q + (g, Auyg = Jim {<_A*§kau>9 + <§k7AU>Q} = lim {—(gy, Au)q + (g, Au)a} =0,
which completes the proof. O

Let us prove an analogue of Lemma 3.13 from [14].

1
LEMMA 6.10. Let Q be a Lipschitz domain, 3 < s < 3, {a,b,c} € CZ(Q), u € Hs’fé(Q;A), and
{ur} € D(Q) be a sequence such that

llur — ul| —0 ask — oc. (6.6)

HS ™% (Q:A)

Then | T up — T u| —0 as k — 0.

1Y)

Proof. By the lemma hypothesis on the coefficients, there exists € € (0,s — 3) such that > oy aigOjuy €

H%“(Q). Then for any v_jw € H* 5(Q) and uj, € D(Q) there exist sequences {W,,}52,, {Uy}e2; € D(Q)
such that

n
Jin [[y-1w = Wyllgrz-e(e) =0, lim | Zlaijajuk ~Usill gy4egy =0
]:

and we have

3

n

& (up, y-1w) = » <Esb(s)(bjajuk)a%1w>ﬂ - <ES°(S) (Cuk)7%1w> =) <ES_1(aijajUk:)7ai%1w>Q

j=1 i,7=1
n n

= 1 ESU, oW,) = 1 UyiviW,, dU — | (8;U, )W, dQ
p’qlgloo;< q p>Q p7q1£>noo;{/8g qiVi¥p /Q( i )Wp }

= Z {/ (aij8juk)uiw dl’ — <E—%+68i(aij8juk),7_1w> }
[2)9] Q

1,j=1
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n

= <Tc+uk>w>8Q + <Auk77—lw>9 - Z <E8b(8) (bjajuk>77—1w>9 - <ESC(S) (Cuk)77—1w> )

J=1
that is, the first Green’s identity holds for the classical co-normal derivative,

E(up, y—1w) = (T up, w)gq + (Aug,y-1w)q. Thus we have for any w € H%_S((?Q),

‘<T+u—TC+uk,w>m’ = [|wl|

E(u— up,y-10) = (Al =), y-1w)a| < Cllu— ug

"534 T HE = (90)

which implies ||T:uy — T+u||HS < Cllu — ugl| —0 as k— oo. O

-3 (00) H* 3 (034)

Note that a sequence satisfying (6.6) does always exist for Lipschitz domains by Theorem 6.9 since
1 _
Definition 3.3 implies C? () C C57'(Q) if § < s < 3.
The following statement gives the equivalence of the classical co-normal derivative (in the trace sense)
and the canonical co-normal derivative, for functions from H*(Q), s > 3.

1
COROLLARY 6.11. If ) is an interior or exterior Lipschitz domain, {a,b,c} € C; () and u € H*(L),
5 > %, then THu = T u.

Proof. The proof coincides with the proof of [14, Corollary 3.14] if we remark that y*[9;u] € HS_%@Q)
1

for %1< s < 2 and the condition {a,b,c} € C2(Q) implies that T."u € Ly(0f) and u € HS’*%(Q;A) C

HY72(Q; A). O

Similar to [16, page 85] we introduce the following definition.

DEFINITION 6.12. Let Q, Q be Lipschitz domains. We say that Qp — Q as k — oo if 0Q are

represented using the same system of covering charts w; as O for all sufficiently large k, and

limy o0 |Gk — <j‘co,1(wj) = 0, where (jr and (; are the corresponding Lipschitz functions for the boundary

representation.

LEMMA 6.13. Let Q and Qy € Q be Lipschitz domains such that Qi — Q as k — oo (c¢f. Definition 6.12).
1

If u € H(Q; A) for some s € (3,3) and t € (—3,1) and {a,b,c,} € C2(Q), then (TTu, v v)sn =

limy—y o0 (T, u, v 0) a0, for any v € H2>75(Q).

Proof. By Theorem 6.7 it suffices to consider only an interior domain 2. Let ) = Q' Q. be the layer

between 0f) and 0€);. By the solution regularity Theorem 4.3, u € Ht/”(Qk) for some ' > —%. On 09,

then THu = TFu € Ly(9Q) by Corollary 6.11. Then

(T, v v)on — (T u, v v)on, = (T u, v v)oa — (T u, v v)oq, = (T u, v v) o =

Eqr (u,0) — (Agru,v)qr = Eqr (u,0) = (Au, Bgy )y, (6.7)

k

where fl% u= E;z, ro; Au € H 1(©,) and oy = Eg_l,tr%v €eH ~1(Q,) are the unique extensions of ro; Au €
k k
HY () and rgqv € H?*=5(Q,) € H7'(,), respectively.
By (5.2) and Theorem B.3 we have for the first term on the right hand side of (6.7), for 3 < s <1 and
any € € Ry (s),

\SQ;C(%U)’ <C Z HainC\s—llJre(Q)Haj“”Hsfl(Q;C)HaiUHHlfs(Q) +
ij=1

C > Ibjll s @y 1050l =1 ) 10l m=s () + Cliell oo @ el oy 10l o0
j=1

<A{C1IVul|gs-1(qp) + Col|Vull gs-1ap) Hvl m2-s0) + Csllullmo@y)llvllmo@) — 0, k= o0 (6.8)
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by Lemma B.4 since the Lebesgue measure of ). tends to zero. For 1 < s < % similarly,
n
oy (u,0)] < C Y aijllre-sieey 10jull -1 (o) 1030 1) +
ij=1
CZ 151 Loc (@) 105ull = (@ [0l 115 (0p) + Cliel e 1ull =20 0] o0y

<A{CullVollgr-s(ay) + Csllvll goy Hiullms @) + Collull ga-1(@yllvll o) = 0, &k — oo

The norms of the coefficients a, b, ¢ in (6.8) and (6.9) are bounded due to the lemma hypothesis.
For the last term in (6.7) we have by Lemmas B.5 and B.4,

[{Au, 0oy oy | < 1 Aull ey 190y | -0y = CllAul @y vl a-1@) < CllAu]meqy [0l g2+ @) — 0,

if —% <t < 0. On the other hand, if 0 < t < %, then again by Lemmas B.5 and B.4,

k — oo,

\(AU,T)Q;)Q;J = |<AQ§€U7”>Q§€‘ < ||AQ;€UHI§75(Q;C)||UHH*’5(Q;€) < CHAu”Ht(Q)HUHH*f(Q;C) — 0, k — oo

O

Lemma 6.13 allows to show that the classical and canonical co-normal derivatives coincide also in another
case (apart from the one in Corollary 6.11). First note that C1(Q) ¢ H'(Q) for any interior domain (2
and C1(€Y) ¢ HY(Y) for any interior subdomain ' of exterior domain Q, but C'(f2) is not a subset of
HY"2(Q; A). For u € C1(Q), evidently, limy—yo0 (T, u, v 0) a0, = (T u, v v)gq for any v € HZ5(Q) if

_ _ 1
Qr — Qas k — 00, Q C Q. Then taking into account that C5'(Q) c C2(Q) for s = 1, Lemma 6.13

immediately implies the following assertion.

1
COROLLARY 6.14. If Q is a Lipschitz domain, {a,b,c} € C2(Q) and u € C*(Q Q)N HE (4 A) for some

loc

te(—3,3), thenTTu =T u.

APPENDICES

A Some estimates
We will prove here some estimates used in Step (i) of the proof of Theorem 4.4. Let 0 < p < 1 and
_ la (z") — ay (2
laolon(p,) == sup  —= (@)

1" /
@'z eBp |x - |M
I’#I/,

Let o’,2"” € B, and |2"| > |2/| for definiteness. Then

o () - 2o (1))
<A+B,

\m”—x/\“ - |1‘”—aﬁ/|“
z'p
[']

() - ()],
Ed 4 B_|m||xua,
L\ (@"\)WG(ﬁw’T)—“(ﬁ)! A 20 _aold]

|aco (") = aco ()] _

where

2"

p E
The term A can be expressed as

A=

”*I"|“ ’ T p|x”—x’|l‘
p T e
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Let A 1= T —£2 Then |A| > p > |A[/2if 2/ <0, while |A] > |A| [sin(#/, A)] > |A[sin(r/4) = |A|/vV2

|z'[*

if 2/ - 2” > 0. Thus in the both cases,

—ula= (e — g (e
A<2<m”>1“% QWO @ QMN

; NG <2[a”|cuoB,) < 2la” |oumms,) if pe(0,1].

On the other hand,

( 2| — |2/| )1*M
p

for p € [0,1] and p > 1. This implies |agllcns,) < 2lla”||cumn\B,) and considering also the case

B < la”llc@s,) < lla” lo@ms,)

' € R"\ B,, " € B, and the case 2/,2” € R" \ B,, we arrive at the desired estimate [la|lcumrn) <

3lla”[lcrmm\B,)-
If a= € C*"(R™) for some pq such that 0 < p < g < 1, then

1, _ _ _ _
slaccllenmn) < lla”lenmnp,) < lla”llowmns,) +la”lcuwn\5,)

- la”(2") —a” ()] la”(2") —a” (')
— ||CL HC(IRn\Bp) + lx/_w”?;l’) pat |$” _ x/|ﬂ + |x/il'1/)\>r |1,// — 33/|“
z/,z”E]R”\Bp z’,z”G]R"\Bp
_ _ la”(@") —a"(&")| , , _ -
<lla + pHTH su +2r " su a (x
ooz, O PN v cenbp, @ )

z/,z!" eR™\ Bp

< (A +2r ") la” lomms,) + " lla” [|ce @y -

Thus for any € > 0 we can chose sufficiently small r > 0 so that the last term on the right hand side is less
than /2 and then chose p sufficiently large so that the first term on the right hand side is less than /2
since a” () — 0 as © — oo. This means [lag,|lonwr) — 0 as p — oo.

B On Sobolev spaces characterization, traces and extensions

To make this paper more self-contained we provide here some assertions from [14] about Sobolev spaces
characterization, traces and extensions.

THEOREM B.1. [14, Theorem 2.10] Let Q2 be a Lipschitz domain in R™.

(i) If t > —5, then Hj, = {0}.

(ii) If—% <t< —%, then g € Hb, if and only if g = v*v, i.e., (g, W)rn = (0,YW)ao VW € HH(R"),
with v = v*,g9 € HH%((‘)Q), i.e., (v,wyea = (¢, 7—1wW)rn YV w € H_t_%(ﬁﬁ), where v is independent of
the choice of the non-unique operators y_1, v*, and the estimate HUHH”%(BQ) < Cllgll gt rny holds with C
independent of t.

THEOREM B.2. [1/, Theorem 2.12] Let  be a Lipschitz domain in R™ and s < 1. Then D(Q) is dense
in H%(Q), i.e., H*() = H{(Q).

THEOREM B.3. [14, Theorem 2.16] Let Q) be a Lipschitz domain and —% <s < %, s # —%. There
exists a bounded linear extension operator E° : H*(2) — H*(Q), such that E°glqg = g, V g € H*(2). For
—1 < s < 3 the extension operator is unique, (E*)* = E=° and HEnggs(Q) < Cllgllas (), where C depends
only on s and on the mazximum of the Lipschitz constants of the representation functions (; for the boundary
092, see Definition 6.12.

LEMMA B.4. [1, Lemma 2.17] Let Q and Q' C Q be open sets, and s < 0. If u € H*(Q), then
1wl sy — 0 as the Lebesgue measure of Q' tends to zero.
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LEMMA B.5. [14, Lemma 2.18] Let ), C Q be a sequence of Lipschitz domains converging to a Lipschitz
domain Q and —% < s < 1. Ifu € H*(Q) and 4, = E®ulq,, then there exists a constant C independent of
u and k such that H&kﬂﬁs(m) < Cllullgs(qy for all sufficiently large k.

REMARK B.6. [1/, Remark 3.14] If s € R, —3 <t < %, and A, : H*(Q) — H'(2) is a linear continuous
operator, then H*'(Q; A,) = H*(Q) by Theorem B.3.

LEMMA B.7. [14, Lemma 3.5] Let s € R. If a linear operator A, : H*(Q2) — D*(Q) is continuous, then
the space HS'(Q; A,) is complete for any t > —%.
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