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Abstract

In this thesis finite difference methods are used to obtain numerical solutions
for a class of high-order ordinary differential equations with applications to
eigenvalue problems.

Two families of numerical methods are developed for tenth-order boundary-
value problems and global extrapolations on two and three grids are considered
for the special problem.

Special nonlinear tenth-order boundary-value problems are solved using a
family of direct finite difference methods which are adapted to solve a gen-
eral linear and nonlinear boundary-value problem. These methods convert the
ordinary differential equation into a set of algebraic equations. If the orig-
inal ordinary differential equations are linear, the finite difference equations
will give linear algebraic equations. If the ordinary differential equation are
nonlinear, the resulting finite difference equations will be nonlinear algebraic
equations. These nonlinear equations are first linearized by Newton’s method.
The methods developed are of orders two, four, six, eight, ten and twelve. The
error analyses are discussed. A generalized form is given to solve a class of
high-order boundary-value problems by converting the differential equation to
a system of first-order equations. The method based on using a Padé rational
approximant to the exponential function for general boundary-value problems
is applied to a tenth-order eigenvalue problem associated with instability in
a Bénard layer and numerical results are compared with asymtotic estimates
appearing in the literature. This method may be implemented on a parallel
computer. The method is extended to a twelfth-order eigenvalue problem in an
appendix. The algorithms developed are tested on a variety of problems from
the literature. The REDUCE package is used to obtain the parameters in the
numerical methods and all computations are carried out on a Sun Workstation

at Brunel University using Fortran 77 with double precision arithmetic.
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Chapter 1

INTRODUCTION

1.1 SUMMARY

Finite-difference methods are developed and analysed for the solution of linear

and non-linear tenth-order boundary-value problems (BVPs).

1.2 INTRODUCTION

Boundary-value problems are manifest in many branches of science. These
differential equations arise frequently in a wide variety of applications and can
also be found in many engineering studies. Descriptions of some high-order

boundary-value problems now follow.

1.2.1 Fourth-order problems

In the theory of vibrations, for instance, a fourth-order boundary-value prob-

7 arises. With some given

lem called ” The Euler-Bernoulli Beamm Equation
end conditions on both sides of the beam, this equation governs the vibration
of a non-uniform beam. In real life this beam can be a bridge, a ship hull, an

aeroplane wing, a structure of a building, etc.
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The Euler-Bernoulli beam equation is defined as follows:
the free undamped infinitesimal tranverse vibrations, of frequency w , of a
thin straight beam of length [, are governed by the Euler-Bernoulli ordinary
differential equation (ODE)

d? d?y(t)
@(El(t) dt?

) =p W?A(t) y(t), 0<t <. (1.1)

Here E is the Young’s modulus and p is the density, both assumed constant.
A(t) is the cross-sectional area at section t, and I(t) is the second moment of
this area about the axis through the centriod at right angles to the plane of

vibration (the neutral axis).

I(X) S‘(X) _ [A(to)p14w2]
I(to)” A(to)’ (EL(to))

where to i1s a chosen point in [0, 1], then equation (1.1) becomes,

Let t =1x,y(x) = y(t),p(x) =

!

[p(x) ¥ (0] = A s(x) y(x) =0, 0<x<L.

Both p(x) and s(x) should be twice continuously differentiable and positive

functions.

For a beam the most common end conditions are

clamped y=0=1y; (1.2)
pinned y=0=y; (1.3)
sliding y=0=y; (1.4)
free y =0=y . (1.5)

The boundary conditions are a combination of the conditions (1.2)—(1.5) on
the boundaries x = 0, x = 1. There are boundary conditions that have been
widely utilized in the literature and involve only the shape of the beam deflec-
tion curve at its boundaries. These are

1) free-free beams.

1" i 1" Hi

y (0)=y (0)=0 and y (1)=yv (1) =0.
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ii) clamped-free beams.

! H 1

y(0)=y(0)=0 and y (1) =y (1) =0.

ii1) clamped-clamped beams.

/ !

y(0) =y (0) =0 and y(1) =y (1) =0.

iv) simple-simple beams.

" g

y(0)=y (0) =0 and y(1) =y (1) =0.

v) clamped-simple beams.

vi) simple-free beams.

1" " 1t

y(0)=y (0) =0 and y (1) =y (1)=0.

See Gorman (1975) and Thomson (1981) for more details.

The beam will have movements as a rigid-body under some boundary con-
ditions. These possible movements are called rigid body modes. They are
eigenmodes of the equation (1.1).

The Euler-Bernoulli Beam Equation (1.1) with end conditions is self-adjoint.
This ensures that the eigenvalues are real; in particular , the eigenvalues of (1.1)
are non-negative, and are positive if and only if the system is positive. See
Theorem 10.1.2 in Gladwell (1985).

A ship’s hull is regarded as a free-free beam the section of which does not
distort when it bends or twists (see Bishop and Price (1979)). If the thickness
of the slice 1s Az and the shearing force and bending moment applied to 1t
are V and M respectively then the upward force Z(x,t) per unit length applied

to the slice includes contributions from weight, buoyancy and all other forces.
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Motion of the slice of the beam in the vertical direction is governed by the

equation
D*w(x,t)
otz

where p(x) is the mass per unit length of the beam and w(x,t) is the upward

Vi = Vo4 Z(x,t)Ax = p(x)Ax

deflection. Hence

oV D?w(x,t)
—+7Z = — X
dx + (X? t) /l(X) é)tz (1 6)
If rotatory inertia of the beam is neglected, M; — My + VAx = 0,
so that V = ——%—I\f.

According to elementary beam theory

D*w(x, t)

93
M = El(x)—5 5 + p 2t t)

ox20t
where EI(X) is the flexural rigidity and #(x) represents viscous structural

damping. It follows that

0 d*w(x,t), 0 PPw(x, t)

V:_&[EI(X) ox? ]ax[j(x) 0x20t )

Denoting the partial differentiation with respect to x by a prime (/) and partial
differentiation with respect to t by a dot (-), the equation of flexural motion

may be written as

"

u(x) ©(x,t) + [EL(x) w0 (x,8)]" + [B(x) & (x, 1)) = Z(x, ).

This is the equation of vertical symmetric bending of the dry hull.
In free vibration of the undamped dry beam, Z(x,t) = 0 = f(x) for all

positions x on the beam and at all times t so that the trial solution
w(x,t) = f(x) sinwt

requires that

—pu(x) () + [EI(0)F(x))" = 0,
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where the prime now represents a total derivative with respect to x. The
function {(x) has also to satisfy the boundary conditions 7(0) = /(1) = 0.
The values of w, say wy,ws,ws,wy, ... are the natural frequencies of the beam.
This sequence of principal modes for the free-free non-uniform beam will have

different shapes like cargo ship and a small warship etc.

1.2.2  Sixth-order problems

Sixth-order boundary-value problems are found to have applications in astro-
physics, as A-type stars. Chandrasekhar (1961) and Baldwin (1987) noted that
if the level of the temperature gradient at which the instability occurs is not

at a boundary, then the motion may be modelled by the eigenvalue problem
(D* —a%)” y(x) + Ra’(1 — x*) y(x) = 0, (1.7)

with

y(x)— 0 as x— + oo. (1.8)

In this problem D = ad;, X is a dimensionless boundary layer coordinate, y =
y(x) is a dimensionless vertical velocity, a is horizontal wave number and R is

a Rayleigh number.

1.2.3 Eighth- and tenth-order problems

Chandrasekhar (1961) also noted that the effect of both rotation and a mag-
netic field impart to the fluid a certain rigidity while at the same time they
impart to it certain properties of elasticity that enable it to transmit distur-
bances by new modes of wave propagation. These effects can be represented by

eighth-order and tenth-order equations. The eighth-order ODE has the form

(D? — a? — po)[(D? — a% — 0)%(D? — a?) 4+ TD?]y(x)

(1.9)
= —R(D? —a? —o)y(x), 0<x<1,
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with free-free boundary conditions

y(0) = D*y(0) = D*y(0)
y(1) = D?y(1) = D*y(1)

Dy (0)

1.10
Dey(1) o

0,
0.

Il

In (1.9), y(x) is the vertical flow of a fluid heated below and under the effect

of rotation.

The tenth-order equation is given by

(D~ a?)[(D? — a%)? — QD)2 + TD*(D? - a2)y(x)

- (1.11)
— Ra[(D* — a2) — QDy(x); 0<x <1,
with free-free boundary conditions
y(0) = D*(0) = D*y(0) = D°(0) = D*y(0) = 0, (1.12)
y(1) = D?y(1) = Dy(1) = D (1) = D®(0) = 0

1.2.4 Literature survey

Whereas the qualitative theory of differential equtions, in former years, mostly
occupied itself with systems of the second-order and their solution trajectories,
attention of late is more and more focussed on systems of a higher order. In
this thesis a brief survey will be given of some of the results which have been
achieved in the meantime. In addition, numerous papers on the behaviour of
the solutions of more or less special systems of non-linear differential equa-
tions or the properties of general dynamical systems have appeared in various
periodicals or Academy publications.

In short, several methods are currently used for the numerical solution of
boundary-value problems and the literature associated with each mehod is
abundant. Some references related to these methods are now listed.

Finite difference methods :

Boutayeb (1990), Boutayeb and Twizell (1991,1992,1993), Chawla and Katti
(1979), Collatz (1966, 1986), Keller (1968), Djidjeli et al. (1993), Fox (1962).
Collatz (1966, 1986), Keller (1968), Twizell and Boutayeb (1990), Twizell
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(1988a,b), Twizell et al. (1994), Usmani (1978, 1981).
Finite element methods :
Davies (1980) and Wait and Mitchell (1986).
Shooting methods :
Keller (1968) and Twizell (1988a).
Collocation methods :
Russel and Shampine (1977).
Quasilinearization methods :
Bellman and Kalaba (1966), Lee (1968) and Agarwal (1986).
Orthonormalization methods :
Godunove (1961) and Scott and Watts (1977).
Variational methods :
Bailey et al. (1968).
Repeated integration methods :
Froberg (1985).
Other methods :
Keller (1975) has written a survey paper, covering a general outline of these
techniques. Aktas and Stetter (1977) gave a classification and survey of nu-
merical methods for BVPs. Also, Daniel, in Childs et al. (1978), wrote a "road
map” of methods for approximating solutions of two-point BVPs.
In fact, most of the authors cited above deal with more than one method
and most of them give detailed bibliographies on boundary-value problems.
However, when they treat high-order equations, the majority of the authors
concentrate on the fourth-order. The numerical analysis literature on higher-
order boundary-value problems remains sparse, although such problems are
contained implicity in some papers and, as noted by Keller (1968), high-order
differential equations can always be converted to a system of first-order equa-
tions for which well known numerical methods may be applied.

A second-order convergent method is outlined in Twizell (1988h) for sixth-
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order problems. Scott and Watts (1977) treated a linear eighth-order problem.

One method of solving a general-order boundary-value problem is to con-
vert the differential equation y® = f(x,y); a < x < b, with boundary condi-
tions specified, to a system of first-order equations and then to use appropri-
ate methods for this kind of problem (see, for example, Keller (1968), Matar
(1990)). This technique will be followed in Chapters 4, 5 and 6.

Twizell and Tirmizi (1986) developed a sixth-order multiderivative method
for the numerical solution of fourth-order boundary-value problems. The
method 1s derived from a five-point recurrence relation involving exponen-
tial terms, the multiderivatives being obtained by replacing the exponentials
by Padé approximants. The method is adopted from the numerical solution of

the problem of bending a simply-supported beam.

1.3 PADE APPROXIMANTS

Padé approximants are defined as follows:
Let f(z), z € C, be an analytic function in a region of the complex plane
containing the origion z=0. A Padé approximant R, .(z) to the function f(z)

is then defined by

where P*.(z) and Q%(z) are polynomials of degree « and g, respectively with
leading coefficient unity.
For the function f(z)=exp(z), Varga (1962), the polynomials P~ and

Q*,(z) are given explicitly as

o (p+ e =) :
P*.(z) = XL . —(2),
®) = Bt it - 1)
(1 + £ —])p!

Q",(2) = X,

Tt G-
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and if
P*,.(z)

Q~,.(2)

then the remainder T, .(z) is given by

exp(z) =

+ Tu,r:(z)a

(_ 1 )f:+l Z(u+r:+l
(n+£)!1Q",(2)

For p = 0,1,2,3,4 and « = 0,1,2,3,4 the first fifteen entries of the Padé

)l
T,n(z)= /0 exp(z)(1 — u)u®(1 — u)*du.

approximants for f(z)=exp(z) are given in Tirmizi (1984).

Twizell (1978 and 1980) has used Padé approximants and has developed
various finite difference methods which cover wide areas in ordinary and partial
differential equations for both initial- and boundary-value problems. More
about the use of Padé approximants is contained in Khaliq (1983) and Tirmizi

(1984).

1.4 GENERAL PADE-BASED NUMERICAL SCHEMES

FOR LINEAR BOUNDARY-VALUE PROBLEMS
The general n-th order linear boundary-value problem consists of the ODE
y(x) + 2 Py0(x) =1(x), a < x< b, (1.13)
with the boundary conditions
B. Y(a) + B, Y(b) =c, (1.14)

where Y(a) = [y 1(a), y®=2(a),y®=3(a),..., y'(a),y (a),y(a)]T,
Y(b) = [y(““l)(b),y(“_z)(b),y(“‘3)(b), .. .,y"(b),y/(b),y(b)]T, c is a constant
n-dimensional vector and B, By, are constant matrices of order n X n.

This differential equation can be written as a system of n first-order differen-

tial equations. Introducing the variables yo = yo(x), y1 = y1(x),y2 = y2(x),- .-
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and yn—1 = yn-1(x), these are defined by

Yo = yo(x), y1 = yl(x% 2 = y"(x), ya =y (x);eeen and yy-1 = y® I (x), it
follows that y, = y1, y; = y2, Vo = V3, Vo = Vayor.... ,

Yao1 = —(Po(x¥)yo + P1(x)y1 + Pa(x)y2 + ... + Pus1 (X)yn1) + r(x).

The n first-order linear boundary-value problems can be written as
DY(x) =Q(x)Y(x) + P(x), a < x < b, (1.15)

with boundary conditions (1.14) in which D= diag{s-} is a digonal matrix of
order n X n, Q is an n X n matrix with entries q;; given by qiy1; =1 [1 = 1,2,3,

4,5,...,(n=1)], q13=—Pus; (j =1,2,3,...,n) and the other entries are zero,

that is
"_Pn—l _Pn—Z _Pn—B . . . _P‘Z '—Pl _PO W
1 0
1 0
1 0

0

1 0
L d

Y and P are defined respectively as Y(X) = [Yu—1, Yu—2, Yn=3y -+ -»+- -1 Y2, Y1, yo] T

P(x) = [r(x),0,0,0,...,0,0,0]".

9

Consider the grid
II; : a=x0 <X] <Xy <x3<...<XN <XN+1 Zb,

obtained by discretizing the interval [a,b] into N+1 subintervals each of width

—a

1)

h = (11\’] where N 1s a positive integer.
The solution y(x) will be computed at the points xi where xi = a +kh (k =0,
1,2,3,...,N + 1) of II;. Inparticular the values of the n x 1 vectors yx (k = 1,2,

3,...,N) will be computed, and also the vector yny1 will be computed where
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"

this last vector consists of all unknown values of y and its derivatives y', y", yl ,

y(i"), ... ,y(“_l) at both boundaries x = a and x = . Define the unknown vector

YN+ = [ylva>y3ay47"'7'"vyN]T

Y

where its set of elements yq,y2,y3,V4,...,...,yn will be a subset of

! " 1

[y(a),y(),¥ (a),y (b),y" (a),y" (), ...y, y ™ D(a), y D (b)]T.

Then, the total number of unknowns that will be approximated is n(N+1),
where n is the order of the differential equation.
Applying the (4, £) Padé approximant to the exponential term in y(xj + h)

= [exp(hD)]y(xx), the result will be

Q. (hD)yx+: = PL(hD)yi + O(h#Hett), (1.16)

Yk

where the operator functions Q¥ and P} are defined as

e I i
*(LD) = £* VR _ypy,
Qu(hD) *%ﬂ+@W@~ﬂ“ D)
and
— ) el .
Pr(hD) = £ AT E IRy

(1 + k) (ke —J)!

Equation (1.16) can be rewritten in a more explicit form by

[I — a;hD 4+ ay(hD)? — a3(hD)? + ... + (=1)*a,(hD)*]yks1

= [[+ $hD + B2(hD)? + B3(hD)? + ... + B.(hD)*]yx + O(h#t++1)]
(1.17)

where
oo =l (p k)R
Rl PR T TR Bk s T o
To find the jth derivative of the vector Y, DY (x), equation (1.15) will be

used first of all. Rename Q™ and P by Q; and Py, respectively. Then

DY = Q,Y + Py,
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where Q, = [DQy + Q%] and P, = [Q,P; + DP4).

Therefore,

D'Y = QY + P, (1.18)

where Q; = DQ;_1 + Qj—1 Q1 and P; = Q1P + DPj_y, j=2,3,4,....
Secondly, substitute equation (1.18) into (1.17) to give

Axt1 Y41 + BiYy = Eyyq + Fy, (1.19)
where
At = T+ B (~ 1) oyl (1.20)
and
By = -1 - S, B1Q;, (1.21)

and also the right side is
Erq = =52 (=1) o 'P; and Fy = S P;.
Denote the right side of (1.19) by gk41, then
gk+1 = Exqr + Fy,
and the final form of (1.19) is

A1 Y41 + Bryx = 841

This vector-matrix equation is to be applied to the discrete points xg, X1, X2, . . ., XN.
The result will be a of the form system of linear equations with n(N + n) equa-

tions with n(N + n) unknowns

AY

I
Q
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which can be written in a block vector-matrix form as
A4 Bo Y1 g1
B, A, Y2 82
Bg Ag NE g3
B; Ay Y4 g4
. (1.22)
¥N gN
I By Antr | | yne | gN+1 |

The vector Yng1 will contain all the unknown elements on the two boundaries
x = a and x = b. (See Matar (1990).) This approach of transforming a high-
order problem into a system of first-order problems will be utilized in Chapter

4 for linear tenth-order problems, where a parallel algorithm will be developed.

1.5 GENERAL PADE-BASED NUMERICAL SCHEMES
FOR

NON-LINEAR BOUNDARY-VALUE PROBLEMS

The general n-th order non linear boundary-value problem has the form

y(n)(x) = f(x,y(x),y',y”(x), e ,y(“_l)(x)), a < x< b, (1.23)
with the boundary conditions
B, Y(a) + By, Y(b) =, (1.24)

Ly (a),y (a), y(a)]T,

vy (), (b),y(b)]T, ¢ is a constant

where Y (a) = [y®V(a), y=3(a),y®=3)(a), ..
Y(b) = [y* D(b),y®=D(b), y®=I(b), ...
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n-dimensional vector and B,, By, are constant matrices of order n x 1.

Let Vo = y(x)’ Vi =Y (x), Yo = y”(X), y3 = ym(X), ...... and Yn-1) = y(“_l)(X),
then the n-th order boundary-value problem can be written as a system of first-

order differential equations
DY(x) =Q(x)Y(x) +P(x,Y),a < x < b (1.25)

with boundary conditions (1.24). Again, D= diag{%} is a matrix of order
n X n, Qis an n X n matrix with entries q; given by qiu1;=1[i=1,2,3,...,

(n — 1)] and the other entries are zero, i.e.

o000 . . . 0 00

10
1 0
1 0

0
1 0

Y and P are defined, respectively, as Y = [Vu_1, Yue2, Y3y - - o5+ - -5 Y2, V1, Vo] ©
and P = [f(X, 50, ¥1,¥2, Y3y -5+ s ¥n-1),0,.++,...,0,0,0]T.

Applying the (p, k) Padé approximant in the same steps as in the linear
case an equation similar to (1.17) will be produced, but with the jth derivative

of the vector Y written in a different manner; in this nonlinear case DQ = 0

and
Df—ﬁ—k of n of 4 of N 4 of Lt of
- Ox . dyo 7 dy1 y dy: T Oyn—2 ‘d}’n—l'

Therefore, using (1.26), DY = QY + P, then D*Y = Q* + QP + DP
and finally
D'Y = QY + 2 Q7ID'P j=2,3.4,. ...

1=0
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Substituting (1.26) into equation (1.17) the result will be

A1 i1 4 BiYi = Expa(x, Yigr) + Fu(x, Yy, (1.26)
where
Arpy =T+ 38 (1) eyhi QF, (1.27)
and
Bi = —1 - S, 81 Q. (1.28)

The nonlinear part of the right side of (1.26) is
Exn = — 3L (-1 oW QI (EI5,Q77 ' DP)

and

Fi = 32,40 (S5Q7'D'P).

Define the non-linear right side of (1.26) by ® 4, then &4 = Ex+1 + Fx
and the final form of (1.26) is

Axt1 Yig1 + Be Y = &y

The elements of the matrices Axyq and By are given by

0 11 < 0 1<
a5 = 1 :1=j | and by = —1 1=
(—l)i_ja';_jhi—j 11> ] —ﬂi_jhi_j P12 ]

respectively.
The vector-matrix equation (1.26) is to be applied to the discrete points
X0, X1, X2, X3, X4, - - - , XN. Lhe result will be a system of n(N+1) non-linear equa-

tions with n(N+1) unknowns, which can be written as
AY + ¢(Y) =0, (1.29)

where A is a block bi-diagonal matrix, except for the first row, similar in

structure to (1.22), ®(Y) is an n(N + I)-dimension non-linear vector defined
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by

E: + Fo
E, + Iy
Es +F,
Es+Fs
Es + Fy4

Enci + Fn
En + Fnoy
| Engr +Fn

This approach will be used in Chapter 5 where a parallel algorithm will be

developed for the solution of a nonlinear tenth-order boundary-value problem.

1.6 NEWTON’S METHOD

The best-known and the most popular method for solving non-linear algebraic

equations is Newton’s method. Let
F(Y) =AY + ¢(Y) =0,

F = [Fy,Fy, Fa, .., Fungy)t. To solve this system of n(N 4 1) non-linear

equations, the Jacobian matrix of F(Y) should be defined. The Jacobian

matrix J(Y) which can alternatively be denoted by gg, will be a block matrix
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similar to the block matrix A in equation (1.22), i.e.

Ay Bo
B, A,
B, As
By Ay
J(Y) = o . (1.30)

By Ant

The above Jacobian (1.30) consists of non-zero n x n matrices A, (k = 1,2, 3,
..., N+1) and By (k=0,1,2,...,N). The (i,j)th elements of the matrices
Ax (k=1,2,3,...), Bx (k=1,2,...,N) are

ak.,i,j —

7 kaia.] -

aF(k—l)n+i
()Y11Jk

(r)F(k—l)n—{-i

GYij
respectively. Correspondingly, the elements of the two matrices Ayy; and By
are

o _ OFuNgi b OF;
+l)i’j - s Y O’i»j - ?
dy; dy;

y; 3 =1,2,3,...,n) are elements of the vector yn;;.
Let Y be some initial value of the vector. It can be determined by

P . . . . ' _
giving starting values to the unknown y and its derivatives y ,y L,y

at the discrete points xx = a + %, (k=0,1,2,...,N+1). Assume £ is the

iteration number. The solution Z(® of the linear system
J(YNZEO = _F(Y©®), (1.31)

can be solved in the same manner as in the linear case. After Z() is computed,

Y €41 {5 easily computed from

YD = y© 4 70 (¢ =0.1.2,..). (1.32)
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The process (1.31) and (1.32) will be repeated for a few iterations until
convergence occurs. In general, the iteratons of Newton’s method cannot be
guaranteed to converge, but it is usually successful if the system has a solution,
the system is not seriously unstable for step-by-step solution, and a good initial
estimate can be found for the unknown values of vector Y. It may be
necessary to simplify the problem and perform some preliminary calculations
in order to get suitable starting values.

The Newton-Raphson method will be adapted for use in Chapter 5.



Chapter 2

SPECIAL NONLINEAR
TENTH-ORDER
BOUNDARY-VALUE
PROBLEMS

2.1 A FAMILY OF NUMERICAL METHODS
Consider the problem
y(x)(x) =f(x,y), a<x<b;jabxeR, (2.1)

y@)(a) = Ay, y@ =By (1=0,1,2,3,4). (2.2)

It is assumed that f(x,y) is as many times differentiable as required, is real and
that Ay, By (i =0,1,2,3,4) are real finite constants.

Consider first the mesh Gy, obtained by discretizing the interval a <x <'b

into N+1 subintervals each of width h = t-3) where N > 9 is an integer. The

N+1
solution y(x) will be computed at the mesh points x,, = Xl(,l) = a4+ nh
(n=1,2,3,4, ...... ,N) of mesh Gi; and the notation y, = yl(ll) will be adopted

19
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to denote the solution of an approximating difference scheme at the grid point

xW. 1t is clear that, according to (2.2),

yél) = Ay and yﬁ}ll = B,.
A general family of symmetric numerical methods is given by

Vo5 — 10yn_g4 + 45y,_3 — 120y,,_» + 210y,,_1 — 252y,
+210yu41 — 120yu42 + 45ynt3 — 10ynta + Yusrs

= h'%ady_s + Blaca + yues + 8fuy +efuy + > 1
Fefutr + Shurz + vhuts + Bluga + aduys),

a, 3,7, 0, ¢ are parameters chosen to ensure consistency as a minimum require-

ment and Y =1—-2(a+8+v+85+¢).

2.2 A SECOND-ORDER METHOD

We note that a well-known second-order central-difference approximation to

the tenth derivative y(®)(x,) is given by

y(x)(xn) = 11_10[}711—5 - 10}’11—4 + 45}’11—3 - 120}711—2
+21OY11—1 - 252}’1\ + 21O}ﬁl—}-l - 1ZOYI1+2 (24)
+4SYI1+3 - 1()}711-}-4 + Y11+5] + O(hz)

Given the ordinary differential equation y®) = f(x,y), at point n of the dis-

cretization xi,Xy,X3, ...,Xn, we have

Yn—s — 10yn_g + 45yu—3 — 120yn—2 + 210yn_1 — 252y
+210yu+1 — 120yy42 + 45Ynt3 — 10yuga + Yuss (2.5)

= hlofna

which is the simplest example of (2.3), having a = =y =6 =¢ =0 and

> =1
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This is written as

—Yu-5 + 10}’11—4 - 45}’11—3 + l20}711—2 - 210}’11—1 + 252}/11
_210yn+1 + 120y11+'2 - 4‘5}’11+3 - 1OYI1+4 - yn+5 + thfn (26)
=0, for n=5,6,7,... N—5 N —4.

Note: This is equivalent to writing the ODE as —y®™ 4 f(x, y) = 0.
The local truncation error (l.t.e.) of this numerical method at any point is

given by

Liy(x);h] = —y(x —5h) + 10y(x — 4h) — 45y(n — 3) + 120y(x — 2h)
—210y(x — h) 4 252y(x) — 210y(x + h) + 120y(x + 2h)  (2.7)
—45y(x + 3h) — 10y(x + 4h) — y(x + 5h) + h1%y®)(x).

Writing (2.7) as a Taylor series about y(x) gives

12 " 31,3 4 N A v
Liy(x);h] = —[y — 5hy' + 52 1 — SRy 541| yv) _ & 1 20y (9)
) 10,10 (o
+5(2'1 y( " - /' y(v“) + 561'1 y(v“l) - 5911 y( )+ 51(13! .Y( )
—llh“ xi —5121112 xii 513013 (xiii 514hit (xiv
_511! O) 12! yt )_T( )+Ty( )

535H15  (xv 516116 (yvi 517HhI7  (xvii 518h18  (xviii
T 1s! yO) + 16! yt) — 17! Gvii) 18! y O
5191119 :‘201120

SUNE () 4 8PN (o)
+10[y — by’ + 455y — G 4 Ay () — ()

3! 5!
+4‘;1'1 y(vx) _ 471'1 y(vu) + 48 1'1 y(wii) . 491'1 y( x) n %y(x)
_4_1_1111% (xi) o %y(xu) — %y(xm) + %y(xiv)
_% (xv) + %y(xvi) _ #y(xvii) + %y(xviii)
_% (xix) + % (xx) __ - ]

_4r[y . nly 4 32112 "o 3?31!13},”’ + '3411 y(xv) '3511 y(v)

36 ; 371 ; 38 l 39 11 ix 3101110 X
L () 7_;y(\u) G (i) 2 G) g 2000 ()

3ULIL (g 312112 (i 313,13 (Xlll) 3ld4p e (xiv)
T 09 12! y( )_ 13 Y + 1 Y

3h15  (xv 31Kl (xvi 3'Th17 ., (xvii 318L18  (xviii)
— T yOY) 4+ 16! y o) — 17! y i) 4 s Y

-3191119 v320h20

~ Yol O 4 355 yO) — ]
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+120[y — hy' 4+ 22 112 QRN 200 ) _ 20 () 4 gﬁ%y(vi) _ 20 (vii)

3! 7!
1 ix x 1 1ll X1 2121312 (i 213h13 (xiii

11! 12! 13!

210ah1

2141114 (x1v) 2’51115 (xv) 219018 (xvi) _ 2'ThYT(xvii) L 218W1B  (xviii)
+50 Ty 4 Sy = By ey
14! 15! 16! 17! 18!
2191119 xix 220120 (xx
SRS )+ Byt — ]

—210y —hy' + By" — Ly" 4 BlyGv) _ 20y () 4 Do) By (vi) b o (vii)
|y(,x) + b h!0 y(x) > ,y( ) 4 %;y(xii) _ %y(xiii) + %y(xiv) _ %y(xv)

4 he b2 () y(xvu) +0 y(xvm) l;iTg!y(xix) 4 %y(xx) B

+252y(x)

—210[y + hy’ + l;,y + Ly + %y(iv) + %y(v) 4 %y(vi) 4 l;_Ty(vii)

+h_y(vm) 4 h_y(lx) + Wy(x) + %y(xi) + %y(xii) + %y(xiii) + 14’y(mv)

_+_15'y(xv) + lls'y(xw) + 17|y(xvii) + %y(xviii) + %y(xix) + %y(xx _—

+120[y + 2hy' + 202 h "y 2331!13y”’ n 2411 200 (v) | 2 h 20 (v) 4 gy(vi)

_*_%y(vu) 1 ay(vm) 4 %y(ix) + L“)ﬂy(x) 4 ﬂy(m)

3 m

10! 11!
_{_%y(xii) + gjfilz#y(xin) + %y(xiv) + %5%15_},(”) + gf(lTl!liy(xvi)
+2117’171'17 (xvil) | 28118 218],18 (xvm) + %y(xix) + %y(xx) — ..
_4)[ . Shy + 32112 "o 33{3],13}’”/ + %y(iv) . i_l‘lsy(v) + '3‘;_1'16y(v1)
3711 y(vu) 4 38 311 (vm) _ 391'1 y( x) 4 31;’(1)1!10},()() 311111'“},()“) + %y(xii)
_%y(xm) + %y(xw) _ %y(‘(‘,) + %y(xw) _ '31;%17 (xvii)
31121'18 (xviii) __ %iy(xix) 32;)%20_ (xx) __ . ]

3113 1

1 iv 1 h
+10[y+4hy+421'\y+ +4ly()+41 )+46'y()

21,12 -
+47h y(vu) + 4818 y(vm) R 4°n°% h Jx) + 41011|10 (x) + 411111‘“y xi) + 42; y(xn)
8! 10! y !
7 .
13,18 414p! 4151115 xv 41616 (xv1) 417 (xvii)
+4 1;1' G + 141' Gdv) + 15! Y ( ) + 16! 17! y
41818 419019 (xix) 420020 (xx) _
Ay OV 4 A5y O 4 ey ]

3 ///

5°h ht (v 1 56 h vi
—[y + 5hy’ +521.‘} + 55y + Sy ) 4 By () 4 Sy ()
+&y(vu) + &y(vm) + #Y(l\) + 510010 () + 5“1)11y(x1) 4+ 5121112y(xii)

o - Tor Y 11! 12!
e N 5 XV 16 116 xvi 5171117 xvii
_{_5113;1'13 (x1u)+ 51:}11'14y(x1v)+ 5115’1)|1 y( )+ Slé! Y( )+ 2 y( )
+51f1131'18y(xvm) + 511951)1119. (xix) + "2;(1)1'20 (xx) _ . ] + thy( )
O 11 1 i 43 5. (xvi a0
= —i—lllzy(x")(x) — WMy (x) = "y () — (2.8)

12 12 4032
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The local truncation error t{) at the point x{ is then given by

tl(ll) _ Cllhlly(xi)(xl(ll)) + C121112y(xii)(xl(11)) + CIBhIBY(xiii)(XI()l)) 09)
+C14hl4y(Xiv)(Xl(11)) + o o

in (2.9) the ¢11, ¢12,¢13,¢14, ... are constants with ¢1; = ¢13 = ¢15 = ¢17 = ¢4
=cCy1= ... ......=0 because of symmetry.

Equation (2.3) is applicable only to the N-8 mesh points x (n=15,6,7,8,
9,10,..., N—6, N -5, N —4) of G;. In order to be able to implement
global extrapolation procedures special formulae are needed for the other mesh
points n=1,2,3,4 and n = N—-3,N — 2, N — 1, N which must also have local
truncation error with principal part Th'?y(#(x) in (2.8). These formulae
will be assumed to be consistent.

It will be covenient in the convergence analysis on grid Gy to introduce the

matrix J; of order N given by i.e.

2 -1
-1 2 -1
-1 2 -1
-1 2 =1
-1 2 -1
-1 2
for which it is known that
_ N+ 1) ‘
), = S 2.11)

In order to use the powers of the matrix J; , these special end-point formulae
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will be assumed to be of the forms (2.12)—(2.19), as follows

132y, — 165y, + 110y3 — 44y4 + 10y5 — ys + aoyo + agh?y, !
+agh?y ™ 4 agh®y{? 4 aghsy (i)

+h%aofo + arfy + aofy + qafsy + aufy + ... + aqaf12] (2.12)
=0,
—165y1 + 242y, — 209y3 + 120y4 — 45y5 + 10ys — y7 + boyo
+byh?y, + b4h4y0 + beh®yy (Vi) | bghsyé"m) (2.13)
+h'°[Bofo + Bifi + Bofa + Bafs + Bafs + ... + Braf1a)
=0,
110y — 209y, + 252y3 — 210y4 + 1‘?Oy5 — 45y + 10y7 — ys
+coyo + ah?yg + cahy$Y + ghy 5™ 4 cgh®y§ (2.14)
+h'%volo + 71y + Yofy + yafs +yafs + ... + Y12f12]
=0,

—44y, 4+ 120y, — 210y3 + 25 2y4 — 210ys5 + 120y — 45y7 + 10ys

—¥o + doyo + dzh? Yo + dgh? yo ) 4+ dsh yé + dsh Yovm (2.15)

+h'[Sofo + 6111 + Gofy + 83fs + 84fs + ... + 810f14]

= 0.

At the other end of the array, the special end-point formulae are as follows

—yN-8 + 10yn—7 — 45yn-c + 120yNn-5 — 210yN—4 + 252yN-3

—210yN_y + 120yN-1 — 44yN + doyng1 + dyh? yN+1 + d4h? yN+1
—}-d()h(’yN+1 + dghgyr(\;':’l) (2.16)
+h1%80fNg1 + d1fn + dafnoy + Sz + dafns + .o+ 1afn-11]

—0,
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—yYN-7 + 10yn_¢ — 45yNn_5 + 120yN_4 — 210yn_3 + 252yNn_2

—209yN—1 + 110yN + coyng1 + czhzyNJrl + c4h? yN+1

+cgh® yN+1 + cgh yNer“l) (2.17)
+h o1 + 1fn + Yofnor + Ysinee + Yalnos + o4 yiafno1]

=0,

—¥YN-¢ + 10yn_5 — 45yn_a + 120yn_3 — 209yN_y + 242yN_1

—165yN + boynia + bah? yN+1 + byh? yNJrl + beh® yN+1

+hgh®y (WY (2.18)
+h'[Bofngr + Bifn + Bafnt + Bafncz + Bafnos + oo+ Brafno1a]

=0,

—yN—s + 10yN—g — 44yn_3 + 110yNn—2 — 165yNn_1 + 132yN

+aoyng1 + agh? yN+1 + <14h4y1(\}:_)1 + aGhGyI(\IVi)l + aghgyl(\lvj:ll)
[CYofN+1 + anfn + aofnoy + asfnes + cufns + -+ aqafneid]
= 0.
(2.19)

The a;, b;, ¢, d; 1=0,2,4,6,8)and o, Fi, i, & (1 =0,1,2,3,...,12) are pa-
rameters which must be chosen so that the local truncation errors of (2.12)—
(2.19) are identical with the (2.9) to the order required in sections 2.4, 2.5.

Note: n=5 and n=N — 4 do not need special formulae, though these do use

boundary values.

Clearly, the family of numerical methods is described by the set of equations

{(2.12),(2.13),(2.14),(2.15), (2.16), (2.17),(2.18),(2.19) } and the solution vec-
tor YU = [y§ ), ygz), yg ),y§4), ey yl(\ll)] , T denoting transpose, is obtained by

solving a non-linear algebraic system of order N which has the form

YD 4+ 11OM, O (x, YO) — b = 0, (2.:20)

the vector £V of order N has the form
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£(1) — [f§1),f§2)’f(3) £(4) £(5)

3 34 5 -5 IN

the constant vector b(") is of order N and is given by

[ a0Ao+ aph?A, + agh? Ay + agh®Ag + agh®As + agoh'y Y
boAg + bsh?A, 4 byh*Ag + bgh®Ag + bghBAg + byoh10yld
coAo + 20%A; + cah?Ay + c6h®Ag + cshPAg + c1oh10y X
doAo + dyh?Ay + dyh?*A, + dgh®Ag + dghBAg + dlohloyo
—Ao + hloaoyt()x)
0
0
0

b — : (2.21)

0
0
0
~Bo + hloaoyl(\;:)Ll
doBo + dh2B, + dyh*By + dsh®Bg + dgh®Bs + dyob 0y,
coBo + ¢2h?B,y 4 c,h*By + cch®Bg + csh®Bg + clohwyl(wl
boBo + byh?By + byh4B, + bgh®Bs + bsh®Bs + biohy (),

aoBo + a3h?By + a4h'By + agh®Bg + agh®Bg + a101110}’1\14-1 ]

and 0 is the zerocolumn vector of order N. The matrix M; in (2.20), of order
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N, is given by

xq

A1

The exact solution vector y() = [y(x]"), y(x;

satisfies

107))

B

a pf v 6
@ [ v
a f

Y12 Y11 Yo Ve
Bz Bin Pio Do

Q1 (x11 Qg Qg

Qg

s
78

78
s

g

(g

Bo

Yo

3

9570

Bio
Y10

€ 2
o €
87 6
Y1 e
Bz Be
a7 g
),y (57

11

B
711

s
Bs

Qs

Q32
B2
Y12
12
«
¥y B
o v
€ )
by 03
Y4 U3
By Ps
4 a3
Ly ()"

J?y(l) 4 hOM, f(l)(x7y(1)) —_p® M) = 0(1)’

27
Y
62 61
Y2 N
B2 P
Gy
(2.22)
(2.23)

where, t() = [tﬁ”, t.gl), tgl), e tl(\})]T is the vector of local truncation errors .

2.3 CONVERGENCE ANALYSIS OF THE

SECOND-ORDER METHOD

For the convergence analysis we must obtain a bound on ||z()]]

o0

where z( =y — Y@ | For this purpose, the following lemma is used. ( It
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will be assumed throughout the thesis that the norm used is the infinity norm.

)
Lemma 2.1  If A is a square matrix of order N and l|Al| < 1, then (I - A)~!

exists , where I is the identity matrix of order N and

1
I-A) Y < ———. y
=471 < = (2.24)
Equations (2.20) and (2.23) give

[J3 — h'°M; Fy] 2V — t() = o) (2.25)

. (1)

where, F; = diag (g—;‘(‘%) and for which Lemma 2.1 can be applied to obtain
[120]]

(ra)t® (2.26)

S 3‘2768—(1)-—a)10M*F* [|C1‘2“]2V]2 + |Cl4]h4vl4 + 1616“16\/16 + . '])

where
P
Vi = max |- y(X)|
a<x<b  dx!
and
of
F* = max [—L—|,
a<x<b dy(X)
provided
32768
F*
< b = a)1oM~

and the parameters in (2.12)—(2.19) are chosen to ensure that c;; = ¢y3 = 0.
The order of convergence of the numerical method is p if cp410 1s the first

non-vanishing constant on the right-hand side of (2.9).

2.4 GLOBAL EXTRAPOLATION ON TWO GRIDS

Suppose, now, that the interval a < x <b is subdivided into 2N+2 subinter-
vals each of width %h giving a finer grid G, of interior points called x§2), x.(f)’

ng)’xgz), e ,x.%)“. (‘learly, the points Xg) of the fine grid G, coincide with
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the points Xi(l) of the coarse grid Gy (1=1,2,3,4...,N).

The finite difference formulae (2.12), (2.13), (2.14), (2.15), (2.3), (2.16),
(2.17), (2.18), (2.19) are modified for use on G, by replacing h with 2. They

may be written in matrix-vector form as

. h\ ™ . ‘ . ‘
J5Y® — (-S—) M, f@(x, Y®) - b® = 0, (2.27)
in which J, and My are matrices of order 2N+1 which may be written down
immadiately from (2.10) and (2.22). All vectors in (2.27) have 2N+1 elements;
b® is obtained from b(*) by replacing h with %‘,Yu) and £ follow in an ob-

vious way from Y1) and W, as do y® from y and z® from 2.

In the convergence analysis on Gy, [|2(?)]| satisfies

‘ (b—a)!®
||Z(2)” < 32768—(b—a)!OM*F* (228)

[|012|(%)2V12 + |C14|(%)4V14 + |CIG|(%)6V16 + - ]

(it should be noted that M* = ||M,|| = ||[My]} ) .

Introduce, now, an extrapolation vector z(E) of order N defined by
z(B) = qll%‘hz(z) + (1 —q)zV

where Il}l is a fine-to-coarse grid restriction operator with
> 1

. . . v T
11%1112(2) — [Zgz), sz), z((f), zgz), . ,z.g'])‘\?]
and
T
\ . - : 2) (2 2
I‘%hY(Z) = [yﬁz),yﬁz),yé Ly, ,y&\” :

It is easy to see from (2.26) and (2.28) that

a2+ (1 = g)ll27| = O(1")
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provided

9P
1= (2.29)

> —1)
where p is the order of convergence of the numerical method (clearly p=2 for

the method given in (2.6)).

Now from the inequalities
[Hlall =1l | < [la=b|| < |[a]| + ||b]]
and using
”Il%th =1,
it follows that
allz?]] 4+ (1 = )zl < [12®]] < [q]llz@]] + 1 — qf[]zD)]
(Boutayeb,1990) and that one of the two possibilities must hold

12| < WPV, 1y 4+ O(hPH)

or

P2V g + O(WP) < 2P| < hPV, 4, + O(BP?)

provided q takes the value given by (2.29). The order of convergence of the

global extrapolation vector
Y® = qil, YO 4 (1 - )y (2.30)

can be either four or between two and four in the case of the method in (2.6).

2.5 GLOBAL EXTRAPOLATION ON THREE GRIDS

Consider, next, a third grid Gj of step size %h. The interval a < x<Db 1s

thus divided into 3N+3 subintervals and the interior points of Gz are named
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x§3),x§3),x§3),x§3), . ,xg‘?\}“. Clearly, the points xg) of the third grid G5 co-

incide with the points xj(l) of the original grid Gy(i=1,2,3,4...,N). The
solution vector

3 3 3 3
YO = [y® y Py 8T

9

on Gz is obtained from the non-linear algebraic system
10
JEY® — (%‘) Ms &) (x, Y®) - b®) = 0O (2.31)

in which J3, M3, f® and b® are obtained in an obvious way as section 2.4.

In the convergence analysis on (i3, 23 satisfies
|12]]

< 32768—(](01:2)10M*F* [|C1‘21(%)2V12 + ICI4|(I§I)4V14 + ‘016|(1§1)6V16 + .. ]

(2.32)
( it should be noted that M* = ||M3]| ).
The extrapolation formula
z® = rIlg;hz(B) + sII%‘hZ(Q) + (1 —r—s)z",
in which the fine-to-coarse grid restriction operator Ilih 1s such that
3
b L3 = [0 6 6,6 QIR
I%hz‘ = [z3 AN AN AN/ N]
and
. T
Y = [Y.(‘”, v ys g ,y;(f{\?} :
satisfies
121 < Ielliz®]] + [sl 121+ 11— — sz,
From (2.26), (2.28) and (2.32) it can be shown that
|2+ 5122 + (1= ¢ = 5)][21]] = O(bP*+).
provided
Jp+3 _2p+5 .
r = 3 and s = (2.33)

(5 + Ip+3 2])+5) (5 + 3p+3 2p+5)
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and, thus,
5
(5 + 3p+3 — 2p+5)’

clearly p=2 for the method in (2.6). However, in contrast to the global extrap-

l—r—5=

olation on two grids, we are unable to prove that ||z(®)|| is at most O(hrt?)
although the numerical results reported by Boutayeb (1990) for sixth- and

eight-order boundary-value problems show that the global extrapolation algo-

rithm

YO =l YO 46l YO 4 (1 -1 —5) YD (2.34)

is likely to be of order p+4, where p is the order of convergence of the numerical

method, provided r and s take the values indicated by (2.33).

2.6 CONSTRUCTION OF A SECOND-ORDER METHOD

Writing o = 8 =7 =06 =€ = 0in (2.3) gives as has already been seen,

—5 —

R

Cl2 = ——,C14 = —— (235)

12 12

in (2.9), thus verifying that (2.3) is a second-order method. To be able to
implement global extrapolation on two and three grids the parameters in the
special end-point formulae (2.12)—(2.19) must be chosen so that ¢;; = ¢;3 =0
in (2.9) and so that ¢;; and ¢q4 in (2.9), withn =1,2,3,4, N-3,N—-2,N -1,
or N agree with (2.35).

Using the method of undetermined coefficients reveals that, for the point
x = 1 this is achieved provided

93 9217 —809
de == ——_ adq = ,
6 %7 1807 "% T 1440

(2.36)

ag = —42,21,2 = 14,&4 =

together with parameters ag, a1, az, ..., aq; calculated from the local trunca-



Ch 2: The special non-linear tenth-order boundary-value problems 33

tion error of (2.12) which is

Lly(x1);h] =

132y(x) = 165y (x + h) + 110y (x + 2h) — ddy(x + 3h) 7
+10y(x 4+ 4h) — y(x + 5h) — 42y(x — h) + 14h2y"(x — h)

— Bty (x —h) + + 216y (i (x — 1)

— o8y (x — 1) + h'%agy )(x — h)

+ery ™ (x) + ay®(x + h) + asy®(x + 2h)

+a4y(x)(x + 3h) + a5y(")(x + 4h) + aGy(")(x + 5h)

+azy™(x + 6h) + asy ™) (x 4 Th) + agy®™(x + 8h)

+a10y ™ (x + 9h) 4 a1 y™) (x + 10h) + anpy™(x 4+ 11h) + .. ]. J
(2.37)

Expanding the function terms and their derivatives in (2.37) by the Taylor

expansion gives, at the point x = xq,

Ly(x

1);h] =

132y(x)

—165[y + hy’ + Z'y + "y 1;|y( v) 4 Ey(v) 4+ lé_‘;y(vi)
+h y(vii) 4 b y(vm) 1 Ey( ix) 4 1110'},( ) 4 1111'Y(Xi)
+ﬁy(““) + ﬁy(xm) 4 lﬁi‘y(xiv) + %y(xv) + %y(xvi)
+111;77'y(xvii) + %y(xvm) + 19|y(\1x) + %y(xx) +..]
+110[y + Zhy + 22 11 "y %YW + 221!16y(iv) + gih_sy(v)
_*_ay(\]) n 2_1‘1 y(vu) n gy(viii) 4 %l;jy(;x) n zloah‘
_i_%_%}!il_y(m) + __1_2!_y(xii) + y(xiii) + w
+¥y(xv) + 21;5_(1;!1Ey(xvi) + g%ﬂy(xvn) + ‘Z—If-;‘;f—sy
+wy(xix) + My(xx) + ..

19! 20!

y

2121]12

213,13 (le)
1

(xviii)

3 m

TS ) B

_44[y_+_ ﬂly + 321,‘231” + 3311
1010 (o
+36116 (vi) 4 37 h y(vu) + %y(vm) 4 3° h y(1x) 4+ 31(1)' (x)

6!
3111111 3121112 3141114

: xi xli 3!13p!8 (Xlll) (xiv)
+oary 0 ey Y 4 Syt 4 Sy
315115 1oh !¢ 317h17 (xvii) | 3'%hME  (xviii
+‘31:lsl' yo + 313: T AR e o A e y i
3191119 32011-0

RERNTT R ] y& 4]
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+10[y+4hy + 421'12y” + 43113 " + 4441'\ y( )+ 4‘5511 (v) 4 & 4518 h vi)
_*_%y(vu) 44 48 h y(vm 4 £ 4° h y(Jx) 4 ah 4101110 (x) + 4111}1!“y(x1)

4121 12 xii 413h13 i 4141 14 v 151115 xv 16 116 vi

+ 0 y 0 13! y(m)"_ T yt )+415! yt )+41<13! y
179,17 i 418],18 viii 19,19 (oo 20},20

_ 4 o ,y(xw )] + 4 15131 y(x iii) + 4 1{1)1! y( ) 4 4 22)! y(xx) + .. ]

—[y + ohy 4 8202 11 "y 5_311iy”' + i‘lﬁy(iv) + %y(") + %y("i)

3! 4!
_i_& (vii) 4+ 5811 y(vui) 4 59 h y(w) 4 5101110y(x) 5“11“y(xi)

10! 11!
51212 (xu) 513h13 (‘(lll) 51401 (xiv) 515015 (xv) 518016 (xvi)
+ + LA vT A e v e A M e R
r'17hl7 xvii 5181118 xviii 5191119 Xix 5201120 XX
+oy )+TY( ) Sy O+ Sy e 4

113 "

~42[y —hy' + By = By + By - Ly () g My ()
D (vii) 4 b8 y(vm) 9|y< S|t Eoi'y(x) Ly G) 4 2 i
13|y(x1u) + y(xw) ,.y (xv) 4 16|y (xvi) _ %y(xvii) + 18'y(xvm)
hwy(xvu)+ g_oTy(xx)+.'.]

19!
+14h? [ hy + z'y “:’y(v) + %‘:_y(vi) _ %y(vii) + %y(viii)
_uy(ix) + jy(x) . ay(xl) + %y(xii) _ %y(xiii) + %y(xjv) . %y(xv)
+ Ly (xv1) y(xvn) + %y(xviii) _ %y(xix) + %y(xx) + .. ]
_26_3}1 [y(lv) — hy(v + gy(vi) — g_::y(vii) 4+ %‘t_y(viii) _ 1_15_},(ix) + gy(X)
_gy(xi) + gy(xii) _ %T_y(xiii) + %y(xiv) _ %y(xv) + 111*22'y(xvi)
ls'y(xvu) + ﬁy(xvm) _ %y(xix) + %y(xx) + ]

2 (ix o (x r" xi 8 (xii

Xiii 18 (xiv XV h10 xXvi bl (xvii xviii
113 (xix 1t (xx
_%y( )+1_4_'y( )_}_”.]
viii) h? (x h®  (xi h? _ (xii) _ b5 (xiii L8 _ (xiv)
184049011 [ hy 2'y( ) _ _aTy( ) + 4!y( ) 5,y( ) 4 Ly

M (xix XX
‘(V) + giy (xvi) __ 1? y(xvu) + y(\vm) l]Ty( )+ 12;}’( )+ ]
vi) _ (vu)

h? " 113 Hi

_+_hloao[y —hy' + Wy Wy 4|y(w) _ lg_fy(v) + 6|y(
_I_g_fy(viii) - Ey(iX) + Tay(X) 11' y () 4 h),'Y (xii) _ 13'y(mu) 4+ ﬁy(xiV)
15'y(xv) + llxl(jy (xvi) _ %y(xvu) + lib' ,\,(\vm) 19' \1\) + 1;20' (xx) 4 ]
+h"0qy ™
R

, p iv 18 (vi Vo (vii
+h10%fy 4+ hy + By 4 " By O Ry O 4 By
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h® _ (viii W (ix b 1 xii 1 xiii 1 i
+§y( )+ _y( ) 4 10'3’( ) 4 1|y( xi) 4 %y( ) + %y( i) 4 gy(x“’)

14!

h Xv h xvi xvii X Viii) 119 (xix XX
FEEy 0+ gy 4 By i Wy (i) 10 (i) W ()]

+h1%y[y + 2hy’ + 221:2}," 4o 23113 " 211'1 yv) 4 22 h 2 (v) 4 & ()

+2 h7 (vu) + 28 h y(vm) + 2° h y(nx) 4 27 2101110 (x) 4+ 2 h 2“11“ (xn) + 21121112 (xu)]

11!

_}_2113“131'13 (Xlll)+ 2141114 (xxv)+ 2151115 (xv)+ 21;311'16 (xv1)+ 2171117 (xvu)]
+21:;18y(xv1u)+ 2119é1'19y(x1x)+ 2201120 (xx)_+_ ]
_I__} 10a4[y + 3hy G 32 h + %l:_ay”’ + '3411 y(lv) 4 b 3°h® 11 (v) 4 3 3L 1) (v1)

+&y(vu) 4 & vm) 4 3 3° 11 v() + 31;(1)1'10y(x) + S_I%il'iy(m)

+3121112 (Xll) + 3131113y(x1“) + 3141114y(x1V) + 3151115y(xv) + 3161116y(xvi)

12! 13! 14! 15! 16!
317h17 (xvn) 318,18 (xviii) 319,19 (x1x) 329120 (xx
+ 17t + 18! y + 19! + 20! ( ) + vt ]

3113 1"

+h'%asly + by’ + TPy" + LIy 4 LI () () 4 40 ()

_}_471'1 y(vu) + 4 h vm) + 491|1 y( )+ 4101110y(x) + 4llhlly(xi) + 412,12 (xu)

11! 12!

+%iy(xm) + %y(xw) + f‘.l_f;_lsy(xv) + %f_ey(xvi) + 4_117%7},(“”)
+54_%'1_8y(xvui) + %y(xix) + 423(1)1|20 CON

+ha4y + Shy’ + ° 1‘ "t —331}—3y”' 4 54‘; y(v) 4 %Y(v) + 566—1!‘6y(vi)
Sy + 5 Y(V“') + Sy @) Sy ) 4 By () 4 STy )
S ) %y‘*”) ST () 4 SUMIE (avi) y ST (i

5181118

+ - y(xv111)+ 511951)1| y(xix)+ Szz(gl'?oy(xx)+..-]

+h 10a7[y + 6hy un 621'1 y' 4 & ()3113 " + 6 h y(lv) + (75;)_1'15y(v) 4+ (i%sy(vi)
+-@—y("“) + Q#_ (viii) 4+ _(ﬂ_y(lx) + (3101110
+6131113 (‘<1u)+ 6Mhlt (xiv)+ 615h!% (xv)_*_ 615h'6 (xv1)+ 6171117y(xvu)

13! 14! 15! 16!
61910 201,20

T19t (“Y) + o (‘x) +..]
TRy + Thy + 7221:2},” + 73113 "y m (iv) 4 7_551!1_5y(v) 4 761'1 y ()

11! 12!

4+ 618118 y(xvm) +

18!

1 : 12p12 (o
+ZZ71!L_Y(V“) + & (viii) 4+ &)7(1)() + 710]110 (x) 4 7111 y(x‘) n 712} y( )

10! 11! 12!

+7131113y(xiii)+ 71411 (\1v)+ e Sl ( )+ 7161116 (‘(v1)_+_ l’11” (xvii)
13! 151

7181 18 7191119 X 7201120 XX
+ lbl' (XVlll)+ T (Yl\)+ Ty( )_I__]

]3K3 816

1009[}, + bhy 4 87 8 11 y + Shy 4 6413 y(lv) + §?'_15y(v) + - y( i)

812112 (xii)

87h7 8818 _ (viii 8917 g10H10 (x S L(x1)
+5y (0 4 Sy ’+ Sy + Sy ™+ Syt + By
137,13 147,14 , 151,15 (. QI6},16 (s ]ITHI? -
+8 'h' y(xm)_*_ 8 11' y(xx\)+ 8 '11' y(xx)+ 8 1‘1' },(xv1)+ \1711 y(xvu)
13! 14! 15! 16!
g19],19 820],20

By (i) By () Sy 0 ]

627 o (x) 4 61hM () 4 6121112y(xii)

3F
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+h"0ayoly + Ohy' + ZLoy" 4 2y OhEy () | 9y (v) 4 9y ()

3! 6!
N ii 8h8 _ (viii 1 ix 10 110 x 9 °h Xi h xii
_+_97_!1y(v )+%y( H)+ 9%h? y( ) 49 1 O (x) 4 Jlll}'“ ( )+%y( )]
9131113 xiii 9141114 iv (10]115 XV 161116 xvi 17 117 xvii
NRERS )+Ty(x)+%y—y()+%y( )+ Syt
18 118 xviii 19 119 xix 201,20 XX
_|_91é' ( )+91 y )+92(!)1' ( )+-.-]

+hloa“[y+ 10hy 4 10;112},"_'_ 103113 "4 104'11 y( v) 4 0;'11 y()
_{_10(:!116y(vi) + 10 11 y(vu) + 10 h (vm) + 10 h y(Jx) + 011(:)1!110y(x) + 1011111!111y(xi)

10!2h!2 _ (xii) 10131113 (xiii) 4 10'*h!* (xw) 10'%h!® (xv) 108116 (xvi)
Ty Ty +14' + s + “qe Y

1017h7 _ (xvii 1018L18  (xviii 101901% _ (x 10201120
+_.T( )+_18'_y( 1)_|__l_9'_y(lx)_+_ - (“).}. ]

+1 10 a12[y + 11}1y _+_ 112'112y“ + 113113 m _+_ 114'11 y( ) + 11511 y(V)
6 16 A2} 7 1 Vii 1 viil 1 1X 10 110 X
+1161 ()+1”y()+1”y( )+111y()+1101! y()

8! 9!
_{__11111111 (x1)+ 1112112 (xu)_+_ 11131313 (xlu)+ 111411“y(xiv)_+_ 1111551!115y(xv)

11! 12! 13! 14!
1116h!¢ (xv1) 1117 (xvii) 1118118 (xviii) 1119119 (x1x)
16! T Ty RIS RET

FUIR g0 4]
(2.38)

Considering (2.38) and on equating the coefficients of the derivatives y("), y("i),

y (i) -y (i) (V) 6 those in (2.8) gives, respectively,

ap+ a1+ g+ az+ag = ggiigg, (2.39)

g + ay + 203 + 3ay = %, (2.40)

7 ot 22 o 2% B 1217;73580947090 N % (2.41)
_ 7 Yoy + 2822 o 33%‘ - %ﬁ% (2.42)
T 131904163 1 (2.43)

41~ 3113510400 12°

Solving this system we get the parameters of the first end-point formula
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(i.e. x =x;) for the second-order method. Thus

(o —  _ 1586842547 )
0 — 3736212480
oy — 1683367717
1 = 1167566400°
_ 306653299
Q2 = 622702080 : (2‘44)
_ 2886847
X3 = 11675664°
a — _ 927622183
4= 186810624007 )

and it is noted that the parameters o; (i = 5,6,7,...,12) may then be arbi-
trarily given the value zero.

Using the method of undetermined coefficients reveals that for the point
X = X3 the first two non-vanishing terms in the local truncation error have the

values given in (2.8) provided

17 —67 —809
bo = 48 bz = ——14 b4 = - b(, —,bs = @,

2.45
180 (245)

together with parameters 8; (i =1,2,...,12) calculated from the expression

L[y(xz); h] = —160y(x — L) 4 242y(x) — 209y (x + h) + 120y (x + 2b) |
5y(x + 3h) + 10y(x + 4h) — y(x + 5h)
+48y(x — 2h) — 14h%y" (x — 2h) 4+ Fh*y(V)(x — 2h)
— SRSy (x — 2h) — 289 1,8y (Vi) (x — 2h)
+h'[Boy ™) (x — 2h) + By (x — h) + By (x) .
+A3y 0 (x + h) + Bay®(x + 2h) + Bsy ™) (x + 3h)
+Bsy @ (x + 4h) + Bry®(x + 5h) + Bey ™ (x 4 6h)
+Boy ™) (x+ 7h) + ﬂloy(x)(x +8h) + By ™ (x + 9h)
x)

+ B2y ™ (x + 10h) + .. .].

Expanding (2.46) as Taylor series gives, at the point x = x;

" 1]3 1"

W= Ty — @ (v) _ B8 () 4 B (v
L[y(x'z)’h] - [y hy + 2|y '3ly + 4ly y 6! y
_%y(vn) + gy(vm) o #y(n) + 10|y(X) 11 y(x1)
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xii xiii h Xiv XV 116 (xvi h xvii h xviij
119 xix h XX
)
+242y(x)

1‘3 Ht

—209[ + hy + 2|y —+— 3' + Ey(iv) + %T.y(v) + Ey(Vl) + E_y(vii) + Ey(viii)
h® _ (ix h X h Xi xii 113 (xdii xiv 1 XV xvi
+§y( )+ —1—0'-y( )+ 1 ( )+ 12'y( +11?y( )_*,_ 14'}/( )+15 y( )_+_ 16'y( )
217 (xvii 1 xviil 1 xix XX
Uy (i) 4 By )+1 Fy O 180 ]
+120[y 4 211y 4 2221'12 y// n 23113 " 4 228 2411 (]V) + 25 h y(v) 4w 2 h (vi) u %y(vii)

+2 h® y(vm) + 2° h y(lx) 4 2 °h 2101110 (x) + 211111'“}/()(1) + 21]2;12}7()(“) T 2113'131'13y(xiij)
2141114 (xw) 2151115 (xv) 2161116 (xvi QUTHIT (v Q18|18 (o
T T o T e )+ Ty( )+ S8l i)

2191119

ST )y EE )y
—45[y+ 3hy + 321', y + 33113 ” n g%gy(iv) + 351: y( )+ 36 11 y(v,) + Bziy(vii)

71

+3 (vm) + 39 11 (1x) + 3101110 (x) 4 3111;1|Hy(x1) 4 1211|12 (xu) + 3”1113 (xiii)
3141114 Xiv 3101115 XV 3161116 xvi 3171117 XV i 3181‘18 3191119 R
BRI (i) | 3 )+ BT (o) | BT Guvi) 31000 (xvm) J S (o)

320]120

e A ]

+10[y +4hy + 4 h2 " + %y”’ + 4‘;1'1 y( )+ 451'1 y(v) 4o 41 h vi) 4+ 4?7_1!17y(vii)
h viii 1 ix 10,10 ¢y HRpL 121412 (xii 131313 (xiii

900 ) St 0

414K (yiy 415015 (xy 416,16 1 41ThT  (xvii 418118 (xviii 41919 (xix
Iy 4 Ay () Ay ) Ay () ARy () 4 Ay G

20h20 XX
+igy 0+

5212 1 313 e Gy 5h5 (v 61,8 (vi "W (vii
—[y +5hy' + Zy" 4 By g S (v) Sy () g SAC () STy (vil)
gthlO 5121112 5131113

\ viii 1 E X HRpIY (i xii
+55y )+591' y®) + Sy ®) 4 ey 0+ By 0 4 2y

5141114 . rl5hl5 5161116 . 5171117 e 5181118 xviil
+Ty(x1v) + —15—1_y(XV) + Ty(xv1) + Ty(xvu) + ___i_s_'_y( )

(xiii)

5191119 5201120

+ o y )+ 20/ yON 4]

+48[y — Zhy 4 2w zzhz no 2'?31!13}//// 4 ‘244_1'16y(jv) 251: y( ) 4 ‘2_fiy(vj) 2_1'1 y(wi)
viii 1 ix 10,10 (x HRI (g 1212 (xii 213113 (xiii

+8'y( )_._291' y( )+ZlTy()—211' y( )+21 ( ) Ty( )

gl4,14 2151115 v 2161116 xvi 21TRIT  (xvii 2181318 (yviii
2B i) 2L () g 21 ) 2T o)y 2100 (i)

_ 219hm19 (yix 220020 (yx
19t ( )+ 20! ( )+ ]

y 0 2°h3 _ (vii 1 viil

—14h2 [y __th + 2221: yiv — 231'1 y( ) 4 2441!14},(\ ) 251! y( ) 4 261' y( )
P 7 . Bx 91 xi 10 110 xii 911 111 xiii 912 112 Xiv
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9l8h18  (yviii 91919 (xix 20120 (xx
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18! 19!
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(2.47)

Considering (2.47) and on equating the coefficients of the derivatives y(x), y ()

y i)y (i) o (xiv) £ those in (2.8) gives

Bo+ P14+ P2+ Ps+ By = ?;(8)—;/5‘%, (2.48)

— 280 — 1+ B3+ 20, = 55;‘;220”?& (2.49)
RS S o 1 O
_‘{? %+%+3§?:%%% (2.51)
4{13? + iu T iT - 3119103%58160640070 - % (252

Solving this system, we get the parameters of the second end-point formula

(i.e. x = z, ) for the second-order method. It is noted that the parameters f;

(i=5,6,7,...,12 ) may then be arbitrarily given the value zero. Thus
Bp= — 123315019 )
0 — 3736212480
By = 4243927
1= 233513280’
g, = 27359163 - (2.53)
283046400
By = 5827189
3 7 583783200
By= — 7410451
4 3736212480°

Using the method of undetermined coefficients reveals that for the point
X = x3 the first two non-vanishing terms in the local truncation error have the
values given in (2.8) provided

-1 B -3 _ —41
9 0T 90T 3360

cop = —27,¢cy =0,c4y =
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together with parameters v (i =0,1,2,.

L[y (

Expanding the terms in (2.5!

X = X3,

Liy(

x3);h] =

x3); h] =

A

110y(x — 2h) ~ 209y (x — h) 4 252y(x) — 210y(x + h)
+120y(x + 2h) — 45y(x + 3h) + 10y(x + 4h) — y(x + 5h)
—27y(x — 3h) + 6h2%y" (x — 3h) — Shty()(x — 3h)

—Zh8y () (x — 3h) — —e=h8y (Vi) (y — 3h)

42

.., 12) calculated from the expression

+h'%[y0y ™) (x — 3h) + 41y™) (x — 2h) + 7y (x — h) &

+737%(x) + 74y (x + h) + 75y (x + 2h)

6y X (x + 3h) 4 77y ™) (x 4 4h) + v5y®)(x + 5h)

79y X (x + 6h) + 310y ™ (x + Th) + 11y (x + 8h)

+y127 3 (x 4 9h) + .. ). )
(2.55)

110[}’ o ‘)hy 4 X 22112 "o 2_:33}:_3y”’ 4 2411 y(1v) 5 y( v)

" 1010 (o
_}_2(;1'1 y(v1) . 271'1 y(vu) 1+ 281'1 y(vm) . _2__91_'1_y(1x) 4 21(1)! y( )

i1t 212112 913),13 P IC RTINS
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ST 12t 13!
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" N v 1 (vi
—210[y + hy' + 1;,y + Y4 4,y("’) +l v+ gy ™
+l_1_y (vii) + %Ty("") + h_y(”\) + 2 T_ ( ) + ll'y(XJ)

+111122:y(\(11)+ 1113' ‘(111)+ 14'y ‘uv)+ 15'y(xv)_i__ ﬁy(xw)]

+l7'y(xvu)+lll_§'_y(xvm)+ lgly(xn()_*_ Wy(XX)+ ]

3 n/ K8 (v 1
+1‘)0[y+ Zhy + 221,‘ v (o ERy" oy ZAE ) 4 2y ()
2101110

y viil 9n° _ (ix (x

5) about y(x) and its derivatives gives, at the point
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Consider (2.56) and equate the coefficients of the derivatives
y (&) y i)y () -y i)y (xiv) 6 those in (2.8). This gives
+rntr2t st = 02231 (2.57)
Yo T Y1 T V2T Y3IT V4= 302400 .
, , 169 .
=3 —2n—mt+u= (2.58)

100800’
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5510311 5
32’70 ) + 7_4: D) _ .
2! 2"Jr 21 7 13305600 12’ (2:59)
. 11381
3370 32___ Y2 Y4 _

3 31 31 31T 4435200° (2.60)

591141643 1
40 4'_+ 4'_+ 41 7264857600 12 (2.61)

Solving this system, we get the parameters of the third end-point formula
(i.ex = x3) for the second-order method. It is noted that the parameters

%(1=75,6,7,...,12) may then be arbitrarily given the value zero. Thus

160883

Y0 = T 28a176640°
_ 27127
M = 181621440°
132647
72 = 307206400 ' (2.62)
14190326
V3= Ta189175
_ 46537
T = 2905943040

Using the method of undetermined coefficients reveals that for the point
X = X4 the first two nonvanishing terms in the local truncation error have the

values given in (2.8) provided

1 1 —1
do=8,d, = —1,dy do = 35004 = 5760

2.63
12 ( )

together with parameters ¢; (i =0,1,2...,12) calculated from the expression

Lly(x4);h] = —44y(x — 3h) + 120y(x — 2h) — 210y(x — h)

+252y(x) — 210y(x + h) + 120y(x + 2h)

—45y(x + 3h) 4 10y(x + 4h) — y(x + 5h)

+8y(x — 4h) — h%y" (x — 4h) — £h*y)(x — 4h)
— 08y (M(x — 4h) — 55h By (viil) (x — 4h)

+h10[6oy ™) (x — 4h) + 6y (x — 3h)

+6,y3)(x — 2h) + 63y (x — h) + 84yM(x)

+685y)(x 4+ h) + 86y (x + 2h) + &7y (x + 3h)

+85y ) (x 4 4h) 4 oy (x + 5h) + 10y (x + 6h)

+611y X (x 4 Th) + 815y (x 4+ 8h) + .. ].

. (2.64)
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Expanding the terms in (2.64) about y(x) and its derivatives gives, at the point

X = X4,
L[y(x4);h] = —44[y — 3hy’ + 321‘2 ! 33:’3*1!13},”’ + 3‘;_1!14 (iv) _ 355_1'15y(v)
+36h y(v1) 7! (vu) + %y(viii) . 3911 (lx) n 31;:(1;' y(")
_%y(m) + %y(xii) _ %y(xiii) 1 31:1114 (xiv)
_%y(xv) + 3116(1;'16},(“1) g;?_!”y(xvu) + B (evii)
319119

— ey i) 4 SRRy 000 )
+120[ _ Zhy i 22h? 112 7 23113y~/ + 2‘11'1 y( v) _ 28 h y(v) + 26 h y( i)

3!
2711 (vii) 28 h (vm) ix 210,10 2“1 1
Dyt 4 2l y ) 4 By () — ke ()
212,12 (xu) 2131113 (xiii) 2“1114 Xiv 21515 216,16 i
55 BT A Ty( M= Sy Ay )
_ 2177 (xvu) 21818 (xviii) 219019 yix 2201,20
17! BT T ( )+ 20t Y y&) ]

" 113 1"

—210[y — hy u 2|y — 2y + IY(IV) — ‘—y( ) + 11_y(vi) _ %y(vii)
+1.y(vm) _ y(1\) n 10'y(v) llili!y(xi) 4 12'y(xu) _ ﬁy(xiii)
+114'y(x1v) _ ?y(xv) + FSTy(xvi) _ %y(xvu) + lg'y(xvm) %*:_y(xix)
+55 201y yO 4. -]+ 252y(x)

—210[y + hy' + By" 4+ L2y" 4 Wy () 4 5.y( ) Moy () 4 Ly (viD
+1§Ty(vm) 4 1(:‘_!y(l><) + WY(X) 4+ %y(“) 4 h by y (i) ﬁy(xm)
_}_lll_z_y(xiv) + lTI;y(xv) + lllb'y(xvl) + 11_7!},(xvu) + %sily(xviii) + %y(xix)
5y )+ ]

+120[y + 2hy’ + Zy" 4 + ELy(v) f 202y (v) | 200 (i)
+2_7l!1_y(vu) 428 11 200 o (viii) 4 29 2911 y(ix) 4 20t 21010 y() 4 2t 21111“ 3 ()

10!

23 113 1"

21212 (i 2131113 Xiil 2141114 X1v 2151115 XV 216116 (xvi
+Ty( ) + T ( i) ¢ 27°h ( ) 4 y( ) + 1—6!y( )
2181118 2191119

190

2201120

(xix) + 2 (xx) + .. ]
—45[y 4 3hy' 4 Ty 4 T 341,‘ y () 4 By () 4 STy ()
+.3 h7 y(vu) + 381: y(vm) + 3_911_ (ix) + wy(x) + 3_1_111_”}/(’“)

10! 11!

+2171117y(xvii) + (‘<vm) +

17! T

[
315h1% (xv)+3161116 (xvi)
T1sl 16!

3201120

y(xn() + Ty(XX) + .. ]

(l\

+10[y + 4hy’ + £y 4 Ly L0 4 0y 1)y S0y ()

+4_771;_7y(vii) + fg}’,(viii) + _‘%y(ix) + 41;)(1)1!10y(x) + 411111!“},(.“) + 4112;12),(“;)

3121 12 xii 31"] 13 3 ere 3141 14
+ 121! y(\n) + 131! y(‘(m) 4+ 141' (xiv) +
+317hl7y(xvii) + 3181118y(xviii) 4+ 31919

17t . 18! 19!
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+4131113 (x111)_+_ 41h1 y(xiv)+ 4151115y(xv)+ 4161116y(xvi)__ 417hi7 (xvii)

13 14 15! 16! 17!
+41:;18 (xv111)+ 4191119 (XJX + 42;(1)1' y(xx)_*_”_]
[y +5hy" + 521323’" + 5y By ) 4 EEy() S () ST (i)
+5;_1'18y(viii) 4 50 h ylix) 4 5°h0 5101110 vy 4 rlllil'lly Xl) + 5‘12_11'12 (xii) 4 51;’_;1!1{y(xin)
+51:}11'14 (xiv) 4 5151115 (xv)+ 516116 (xv1)_+_ 5”11 (xv.,)+gf£+8y(xvm)
S o 4 )

212 " e 1 v 1 v 1 vi 1 vil
+8[y — 4hy’ +‘“ -4 y AR ) () a0 (i) A (i)

10h llhll xi 12 112 xii 13 113 xiii
4 y(x) ! y( )+ 4 1 y( ) %r_y( )

+48h y(vuj) 4° 11 y(Jx) +

4141114 xiv 4151115 XV 4161116 xVi 4171117 XV 4181118 ee
T3 yt) — 1_5!y( )+ Ty( ) T yt “) + 1= y i)
4191119 4201120

— Ty ) by () )
_h2[ _ 3hy I 4211 iv 4331'1 y( )+ 44l|1 y(vx) 4° h y(vu) + 4° h y(vm)

7 "
__ilLy(lx) + 4811 y(x) _ 45%19}’(“) + 4101110y(xu) _ 4“11“y(xm) + 4112;1!12y(x1v)

7! 10! 11!

13},13 Rt (xvi 518 (xvii 16,16 (xviii ITh17  (xix
ey (xv)+uy< ) DI (el y 5B (i) 47T (i
_*_4181118 (xx) + . ]

1 (vi 1 vii *ht  (viii 510 _ (ix

1 h [ 4hy(") + 407 42 1 i) _ 431| y( ) + %y( ) _ %y( )

6 il ill 10L10  (xiv Hp1l vy
+%y( x) _ _y(XI) + 4_1_1y(>\ ) _ %y(x ) 4 %y( ) %y( )

41212 i 41313 414}14 415h1%  (xix 416116 (xx
Ty(xw) 2 y(xvu)+ = y(xvm) Ty( )+ __l_6_|__y( )+]

— L BS[y() — 4hy (D) 4 4213 y (Vi) _ 431'1 y(0) 4 4‘*11 £y (x) _ £ h y(xn)

_‘_is(;l;‘y(xu) _ %y(xiii) + %y(xiv) 421'1 y( v) 4 #y(xw) _ g#y(xvii)
+f£12;_1'12_y(xviii) _ %y(xix) + 41;}11'14 (xx) 4 | ]

2016011 [y(vw 4hy (%) 4 %Y(X) — 431'1 y () 4 at 11 AL o (i) y(xm)
+ﬂy(x1v) _ ﬂy(xv) + g%y(xvi) _ 4911 (xvu) + 41;’(1)1'10 (xvm)

4111ill“ (xix) 4 41h12 4121112 g 4]
+h 1050[y 4hy 4 42 42‘112 " 42_1!13},'“ + é%y(iv) _ %y( v) 4 461\ y(vx)
_fil;_y(vu) + iél_!l_y(vm) — %y(ix) n %y(x) — ii%y(xi) 4+ %iy(xii)
_w (xiii) 4 g;ill_“ (xiv) __ %‘j (xv) ills(ls_l!lsy(xvi) _ 41174: (xvii)
+4_1I*‘_§;8y(xvni) _ %'_ljy(xix) + 42;(1)1!20 (xx) 4 ]
+h106, [y _ 311y 4 322 321{2 "o 321!13},"' + 3:1'1 ‘\( v) _ 32_1!15},( )+ 3611 y(w)

. . . 123,12 .
37h7 38L8 viil 39,9 v(1){) 310},10 (x) _ 3111 (XJ) 3'“h ‘,(xu)
T yO 4 ) y )_ TR T TR 11! 120 2
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137,13 . ‘ ‘
_3 1;1! y(xm) + S_‘i& (xJV) — 3_1;’;1,_15y(xv) + %fy(xw) _ B”iy(xvii)

17!
318N'8  (xviii) 3191119 Xix 320120
180 Y 19t ( )+ 207 (xx)'*'"‘]

2n2 v Bp3 1 iv I v 1 vi
+h'%,[y — 2hy + Ty —Ly + ZhyGv) 20t ZU0 () 4 2000y ()

3! 4!

_ 27h7 (vii) 2811 (viii ix 2103,10 2“1 11 21212 il
= y + =y ) y( ) + o (x) — 1*11'}/(’“) + lﬁg!y(x”)
2131113 (XIU) 2141114 (XIV) 2151115 XV 2161116 . 2171117 .

13 + 15! yt) 16! yt) — 17! (Govi)
2181418 (viii 2191119 xix 220],20
2hoy y (xviii) y! )+_T_y(XX)+'“]

113 1"

+h1%[y — hy' + Ly" — ;y + my(iv) P AL %?y("” — blyid

118 viii Lo (ix h! xi 12 (xii xiii h xiv

Xv xvi L7 (xvii XVili 119 (xix XX
15ly( )+ lG'y( )——Wy( )+Wy( )_llgly )+ 20| ( )+]
+th54y(x)

113 "

+h1%5[y + hy' + Ly" + Loy 4 By g By 4 %y‘Vi’ + Ly (i)
18 (vii 1 ix 1! X ki 1 xii xiil h 14 (xiv
1% (xv (xvi 17 (xvii Xviil Xix XX
+115'y )+16'y )+117y( )+18' )+19'y( )+zo'y( ]

23113 "

+h196, [y + Zhy + 22h? h -I— Zhoy™ 4 2411 (,v) + 2° h ( v) 4 2611 y(w)
+z L’ y(vu) 4 25n° 288 h vm) + 2° h y(,x) + %gy(x) + %y(xi) + Z_Ifg'i%y(xii)
+2113:1;'13 (xiii) 4. 21;;1'14 (x;v)+ %ﬂxv)%_zlf%wy(xvi)_l_ _2117+1!17y(xvii)
+21fé1.18 (xviii) 211951)1'19y(x1x)+ g?%l)ﬁ?_y(xx)+__.]

+h 1057[y 4 3hy + 321'1 y + 33113 " + 3:1: y(w) 4 3k 3°h% h )+ ¥y(vi)

1 121312 (i
+37h (vii) 4 &b 3%h8 h vm) + §_11_y( )+ 31;)(1)1'10y(x) 4+ 311111'l y(x1) + 3151! y(xu)

313,13 3141 14 . 315,15 3161116 U7 (vii
_+_1_31'_y(x1u)+ 1—4‘|Y(XW)+~—1—5|_ (xv)+ (xv1)+ 1 y( )

18 118 \Vll] 19 119 ‘(l)\ 20 120 XX
+31é' )+3151)' )+32c1)' ( )+"']
+111058[ + 4hy 4 4202 42h? h "4 &3_1!1},('“) + 441'1 y( v) 4 %l!xiy(v) + 4° h y(v1)

+4_1_7’_711:/_y(vu) + fl__l_)__y(vm) + il_gs)_l'liy(ix) + 4101110y(x) + 4“11“y(xi)

10! 11!

412112 4131 13 o FICIR T 415115 416116 ((ui
+ 121' (xu)+ 1 y(xul)+1—41!y(‘<1v)+ _15_'_y(xv)_+_ Ty( )

8 191,19 (i 201,20 (o
+4117}1'17 (xvii) + 413111 y(xvm) + 4—13)1—}’( x) -+ %y( ) + .. ]

+th(§9[y 4 5hy + 5 11 y + 53113 " + 541'1 y( )+ 5_51ﬁy(v) + 5661'1 y( vi)

L ¢ S 2 L

5121 12 51'1]113 xiii r14]114 (xiv) 515hl5 (xv) 5161116 (xvi)
+ y (i) 4 13! Sy ) 4 Tar Y + iy e Y
17,17 ol :,IB] 18 519111‘] X 5201120 XX
_+_5 ]—}'1! y(x\u) + lb\' L (xviii) 4+ L (\1\) + - y( ) + .. ]
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30

10 112 7 33 \ iv L
+h 610[ +61]y —+—6 +61 y —}-644_1'4};( )+651' y()+6h y(vn)

3!
_*_ﬂ (vu)+ %y(v111)+ b_gl!ljy(ix)_*_ 61010 (x)+ 6“11“y(x1)

10! 11!

+612hl2 (xii) + 6131113y(xiii) + 6141114y(xw) + 6151115y(xv) + 6161116y(xvi)

12! 13! 14! 15! 16!

+617h”y(xvu) n 6181118y(xviii) + L"hﬁy(xix) + my(xx) + .. ]

17! 18! 19! 20!

+h1%6 [y + Thy' + Ty + Ty 4 Ty 4 Ty () T

3!

_*_%_y(vu) + 7_81!1_y(v1u) + %y(ix) + 71;%1!10}/()() 4+ 7Hp y(xi)

11!

+712hl2y(xii) + 7131113y(xiii) + 714lll4y(xiv) un 711551;1|15y(xv) + 7161116y(xvi)

12!
TITHT  (xvii 718h18  (xviii 7191,19 i
+ oy & + Sy ”)+‘—ﬁr‘y“m)*'

13! 14! 16!

7201120

ory™ 4.

vi)

10512[}/ + 8hy + 821I1 y + 833 113 1 + 8441'1 y( v) n ﬁy(v) n 8611 y(w)

5!
BT () éﬁ_Y(W“)+_§iLy( )+.&%gﬂy<n_+é£%§iyuﬂ
+slf;1'12 (xu) + 813]113
8201120

81717 (xvii 181 18 (xviii 9K19  (xix XX
8 b (ovil) y Bh o +%( )+WY( )_|___.].

17! 18!

Consider (2.65) and equate the coefficients of the derivatives

y ) y) y (i) (i) -y () ¢ those in (2.8). This gives the system

1814399
1814400’
122753
9979200’

85 14255849 5
9l T 34214400 12’
b 43t _‘3§£__§§::__ 68891

31 3 31 3l 9922393600’
IR 8, 8 3632171087 1

34 .)4 e e

o 41 T4 T4 T 43589145600 12

S0+ 61+ 6+ 83+ 65 =

—450 - 351 - 252 = —

LIBCLIEY
SRR AR

— 432

x“l) + 8141114 (XiV) + Slshlsy(xv) + 8161116y(xvi)
y 15! 16!

(2.69)

(2.70)

the solution of which gives the parameters of the fourth end-point formula

(i.e. x = x4) for the second-order method. It is noted that the parameters
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6 (1=5,6,7,...,12) may then be arbitrarily given the value zero . Thus

)

S — _ 185681143
0 52306974720
5. — 608520391
1 = 32691859200°
_ 70958431
b2 = 1743565824 - (2'71)
5. — 88068867
3 = 1307674368’
§, — 254624963293
4™ 261534873600

The special end point formulae for the points xn_s, XN_2, XN_1, XN may
then be written down from those for x4,z3,zy, 1, respectively (because of
symmetry).

The set of parameter values in (2.36), (2.44), (2.45), (2.53), (2.54), (2.62),
(2.63) and (2.71) give ¢;3 as the first non-zero constant in (2.9). Global ex-
trapolation on two grids, with p=2 in (2.29), and on three grids, with p=2 in

(2.33), gives the numerical methods

43 o |
YE = §Iléth(” - §Y“). (2.72)
243 sy 128 y D
B — 22m y@) 1% (@) 1) :
Y = T Y — ol YO 4 oy, (2.73)

2.7 CONSTRUCTION OF A FOURTH-ORDER METHOD

Choosing o = # = v = § = 0 as before and writing € = 5 in (2.3) gives a

fourth-order method. The first two non-zero constants in (2.9) then become

C14 = ;Til’ C16 = %1)7, (2-74)
with ¢yy = ¢ci13 = ¢y5 = ... = 0, because of symmetry. Taking the parame-
ters aj, b;,ci,d;j(i =0,2,4,6,8) as given in section 2.6 with the parameters
&, B, 1, & (i= 0,1,2,3,4,5) calculated as follows, ensures the same first non-

zero constants in (2.9) is obtained for the end-point formulae (2.12)—(2.19)

associated with the fourth-order method.
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For the point x = x4, consider (2.37). Then equating the coefficients of the

derivatives y(®), y(xi) y (i) (i) o (xiv) §;) (2.38) gives the system

655177

ao+a1+a2+a3+a4+a5=m, (2.75)

— g + oy + 203 + 3ovg + 4oy = %3—32%, (2.76)
B T L R UL ACY O
% * % * 24% * 34%4 - 44% N 311311:550140146(;30 - 124’ (2.79)

Solving this system, we get the parameters of the first end-point formula
(i.e. x = x7) for the fourth-order method. It is noted that the parameters o4

(i=6,7,8,...,12) may then be arbitrarily given the value zero. Thus

v —  =40637579 W
0= 691891200

(i = 1150015783

1 — 1334361600

o, — 1674003

*2 — 98744003 L (2 81)

v — 234778903 '
3 = 311351040

v, = 5661511673
4 = 18681062400

e — 43035359

5 T 849139200° )

It can be shown using the method of undetermined coeflicients for the point
X = X3, that, taking the parameter values bg, by, by, be, bg in (2.45) together
with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.
Equating the coefficients of the derivatives y ™) y () |y (xii) y (i) -y (xiv)
y¥) in (2.47) gives the system
882773

2.82
907200’ (2:82)

Bo+ B+ Po+ Ba+ Pat Bs =
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=280 — B+ B3+ 284+ 385 = 42;346.2070, (2.83)
PR e (9
—a#§—§$+%44”?+T{f=;%$§% (2.85)

ﬂo it ii * % +2 i? +3 ZT N '311910::58160640070 N 114’ (2.86)
—2€?+%+€?+f%+w£?—££§g%w (2.87)

the solution of which give the parameters of the second end-point formula

(i.e. x =x, ) for the fourth-order method.

B (i=6,1,8,...

Bo =
B =
By =
B3 =
By =
Bs =

,12) may then be arbitrarily given the value zero

—-24163651
691891200

118607251
2668723207
91527613
7185024007

1556755200
3736212480

17921741
9340531200°

It is noted that the parameters

. Thus

. (2.88)

/

Next, it can be shown using the method of undetermined coefficients for the

point z = z3, that, taking the parameter values cq, ¢2, ¢4, Cs, s given in (2.54),

together with the parameters calculated below, guarantees the same first non-

zero constant in the local error associated with this point.

Equating the coefficients of the derivatives y(®), y )y (xi) y (i) g (xiv)

y) in (2.56) gives

Yo+ +r+Vtrat+ =

=3 =2 —rtrat2n=

2'71 72

210
3 5] + 2 + o7 Y
_337_0_23l

3!

302231 2.0
302400
169 (2.90)
100800
v s 5510311 Vol
t ?,4-2 51 = 13305600 (2:91)
__+ a5 LI3sI 2.92)

31 4435200’
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091141643 )
347°+g471+:7_+ﬁ gtds _ 9 9 .
4! 4! 4! 4! + 4! 7264857600 12’ (2.93)
Yo 1Y Y4 .55 14645899
35 25 _ __"F 14 20___ — e
5! 5! 5! 5! + 5! 12108096000° (2.94)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the fourth-order method; they are

—1007339

0= 1614412800°
46537
M= 2075673607
232672519
72 = 5588352007 (2 95)
202081057 '
73 = 1210809600°
1210545577
T4 = 29505943040°
_ 108743
75 = T264857600° |

It is noted that the parameters v (1 =6,7,...,12) may be arbitrarily as-
signed the value zero.

Finally, it can be shown using the method of undetermined coefficients for
the point x = x4 that, taking the parameter values do, ds, dy, ds, dg in (2.63),
together with the parameters calculated below, yields the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y() y i)y (xi) -y (i) yOiv),
y(Y), in (2.65) gives

1814399

50+51+52+53+54+65:m, (2.96)
— 48y — 361 — 26, — b3+ 65 = 61%%36 (2.97)
—
—455—0—356—1—2561—6—3+§: 413849 (2.101)

5! 5! 50 5! 5! 326913592000
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Solving this system we get the parameters of the fourth end-point formula
(i.e. x =1xy4 ) for the fourth-order method. It is noted that the parameters

6(1=16,7,...,12) may then be arbitrarily given the value zero. Thus

S — _—4206679

0 7925299200’

§. — 230059147

1 = 65383718400

§, — 274791157

2 = 26153487360° ? (2 102)
§. — 5689027 ' :
37 129729607

5, — 4062716183

4 = 26134873600

5. — 27045819673

57  65383718400° J

Because of symmetry, the special end-point fomulae for the points xy, xn-1,
XN-2, XN—3 may be written down directly from those for xy,xs, X3, X4,
respectively.

The set of parameter values in (2.36), (2.81), (2.45), (2.88), (2.54), (2.95),
(2.63) and (2.102) give c14 as the first non-zero constant and c;5 = 0 in (2.9).
Global extrapolation on two grids, with p=4 in (2.29), gives the numerical
method.

y® = poyer Ly (2.103)

1
15 2h 15

2.8 CONSTRUCTION OF A SIXTH-ORDER METHOD

Choosing o = f = v = 0 as before and writing € = ?—), 6= 1—‘7;1- so that 1 —2a—

26 — 2y — 286 — 2¢ = 3+ in (2.3) gives a sixth-order method. The first non-zero

constant in (2.9) then becomes

—17 ‘
C16 = T5han” (2-104)
12096
with ¢y = ¢35 = ¢35 = ... = 0,because of symmetry. Taking the parameters

a;i, by, ci, di (i=0,2,4,6,8) as given in section 2.6 with the parameters o, 3;, ¥,

& (i=0,1,...,7) calculated as follows, ensures that the same first non-zero
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constant in (2.9) is obtained for the end-point formulae (2.12)—(2.19) associ-

ated with the sixth-order method.

For the point x = x4, consider (2.37). Then equating the coefficients of the

derivatives y(®), y(xi) yGdi) o0 Ly in (2.38) gives the system
ao+a1+az+a3+a4+as+a6+a7=%, (2.105)
— g+ a3 + 203 + 3ay + das + Sag + 67 = %, (2.106)
§-+a 2 + 2= 3+322,+42 5+” f+6zzf—%, (2.107)
3, +oz2+233 +336;;‘+433—,5+'33f+63§,7:%§%, (2.108)
—+—+Z4Z?+34~—4+44—5+’42?+64Z,7 —%3—1% (2.109)
B 5v T 5! P+ 25 5 Tt 35% +40? +5° f? +65§!7 - 4233522237)0 (2.110)
SCHMBCHPE AP NI i
M L (e +67a7 . (2112)

7 O T T o T T T T 5230697472000
Solving this system, we get the parameters of the first end-point formula

(i.e. x =x; ) for the sixth-order method. It is noted that the parameters

a; (1 = 8,9,10,11,12) may then be arbitrarily given the value zero. Thus

\

v = 121680539023
0 7 3923023104000’
ry — B25553878671
1 ™ 1743565824000
o, — 49899207233
t2 = 871782912000’
vy = 180529065817
Y3 = omemaroae s .
627683696640 . ( 911 3)
g = —2140697491
4 77 43589145600 °
o — 194540768657
5 =7 1743565824000
(e — 261610352587
6 — 7846046208000 °
o = 192774481
7 T 44706816000 " )

It can be shown using the method of undetermined coefficients for the point

X = x3, that, taking the parameter values bg, by, by, bg. bs in (2.45) together
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with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.
Equating the coefficients of the derivatives y( y&i) (i) y (xvii)

......

gives the system

Bot B+ Bat Bt But Bt ot B = ol (1)

=200 — P14+ Bs+ 284+ 385 + 4P+ 567 = 4%4%’ (2.115)

225? * % * g? * 22@1 * 32{; +4 Zﬂe Pt ﬂﬁT - 1413927050040090’ (2:116)
—25/53‘,’ +—§}—+%+25ﬁ4 + 3" +45ﬂ6 +! 5? = 2—%%, (2.119)
26§?+§:+§?+ 6/()3T+36/35 46/63(') “rG/éT - oi‘;gzé;ﬁzggo_l;@?gfs’ (2.120)
- 275? + % * /73? + 27/75? + 37/7; * 47/73? * 7/;7 B 23372775986;9275690700’ (2.121)

the solution of which give the parameters of the second end-point formula
(i.e. x =xy ) for the sixth-order method. It is noted that the parameters

B; (i = 8,9,10,11,12) may then be arbitrarily given the value zero. Thus

)

B = 121680539023
0 — 3923023104000’
By = 82555387871
1 = 1743565824000
By = 49899297233
72 7 871782912000’
By = 180529065817
3 = 627683696640’ \ (2 122)
By = c9140697491
47 43589145600
Bs = 194540768657
5 = 1743565824000
B = —261610352587
6 = 7784604628000 °
By = 192774481
7 = 44706816000° )

Next, it can be shown using the method of undetermined coefficients for

the point x = x3, that, taking the parameter values cg, Cz, 4, Cg, Cx 10 (2.54)
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together with parameters calculated as follows, ensures the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y(), y0d) yGai) = - ,y (Vi)
(2.56) gives

’)’0+’71+72+73+74+75+76+77:28;%, (2.123)

— 370 — 271 — Y2+ Va4 + 275 + 3y + 4y = ﬁ(%)@, (2.124)
Sl T Myl e 0Tl DB g
BT L T D et %, (2.127)
—3 g - 2 - %7' tat 2 g = 1211406840598690900’ (2.128)
R R R R Vo 4= 58116128081(;309800900' (2.130)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the sixth-order method; they are

_ _21838081
Y0 = 33530112000°
M = 37675648000°
7149219919
Y2 = 3988256000°
o = 160167409321
3 — N b <
3487131648007 | (2.131)
27501631
Y4 = 124185600°
9490656173
Y5 = 193729536000
_ _—13324169
Y6 =  124540416000°
__2smion
V7 = 193729536000° )

It is noted that the parameters 3 (1 =8,9,10,11,12) may be arbitrarily

assigned the value zero.
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Finally, it can be shown using the method of undetermined coefficients for
the point x = x4 that, taking the parameter values do, dy, d4, dg, ds in (2.63)
together with parameters calculated below, yields the same first non-zero con-
stant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®), y(x) y(xii)

(2.65) gives

; 1814399
S0+ 6148+ 63484+ 65465+ 6 = ——" .
0 1 2 3+ 04 + 05 + 0g + 07 1314400° (2 132)
‘ ‘ ) 122753 A
"—460—351 —262 —63+65+266+557 = m)o—o, (2133)
8o 81 Sy b3 65 s 8- 14255849
42 + 32 22 22 6 32_7 bt 1
TR TR TR ol T 34214400’ (2.134)
50 51 52 55 & 56 5x 68891
— 332 2 _ 3 9328 4 33 v .
3' 31 3' TR TR TR TR 299393600 (2.135)
8 B S, 83 6 6 5 363217187
444? T 34 1 2 42' T 4_? TR 4? + 3 T = 43589145600’ (2.136)
60 61 52 53 55 N 66 57 413849
Sy S, LA ST LTI S 2.
s s T n T e T TS = seoisso000 (2180
8o 81 Sy, 63 65 56 §- 10139471581 17
460 4 3671 4 9672 9670 4 3677 _ — 2.1
st T e e e e T G 951035904000 12096’ (2.138)
8 8 6, 65 6 5 s 154643851
—4T S 3T T2 - S T 8T = 0164385 (2.139)

7! 7! T 7! 7! 88921857024000°

Solving this system we get the parameters of the fourth end-point formula
(i.e. x =x4 ) for the sixth-order method. It is noted that the parameters

6 (1=28,9,10,11,12) may then be arbitrarily given the value zero . Thus

5o = 19195006261
0 =  266765571072000°
5 = 118864463057
1 = 177843714048000°
5, — 337681410533
2 7 7410154752000
5. = 996423583781
3 77 4268249137152 (2 140)
5. = 8106735502457
4 = 177843714048000°
5. — 12744987460013
5 T 59281238016000°
5o — 0622887628141
6 7™ 133382785536000°
5, — — 17280181267
7 T 177843714048000°
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Because of symmetry, the special end-point formulae for the points Xy, XN_1,
XN-2, XN-3 may be written down directly from those for X1, X2, X3, X4, Tespec-
tively.

The set of parameter values in (2.36), (2.113), (2.45), (2.122), (2.54),
(2.131), (2.63) and (2.140) give cy6 as the first non-zero constant and c;7 = 0
n (2.9). Global extrapolation on two grids, with p=6 in (2.29), gives the

numerical method.

64 .
¥y - Ly (2.141)

Y (E) —
63 2h 63

2.9 CONSTRUCTION OF AN EIGHTH-ORDER METHOD

Writing @ = 8 = 0 as before v = iz, 6§ = 50,6 = 192 50 that > =

1 —2a—28— 2y — 25 —2¢ = 2% in (2.3) gives an eighth-order method. The

3024

first non-zero constant in (2.9) then becomes

—1
362880’

Cig =

(2.142)

with cipir=ci3=ci5 = ...... = 0, because of symmetry. Taking the param-
eters aj, bi,ci,d; (1 =0,2,4,6,8) as given in section 2.6 with the parameters
a;, i, vi, 6 (1=0,1,...,9) calculated as follows, ensures that the same non-
zero constant in (2.9) is obtained for the end-point formulae (2.12)—(2.19)
associated with the eighth-order method.

For the point x = x1, consider (2.37). Then equating the coefficients of the

derivatives y®, y(i) y0ai) -0 ,y¥%) in (2.38) gives the system
655177 o
o+ o +aytaz+ag+as + o+ ar + ag + g = 907200 (2.143)
- ] 252023
— g + oy + 2a3 + 3ay + 4das + Sag + 6ar + Tag + 8ag = 307200 (2.144)
5 QU e ,2a5 206 | 207 ~z__ 2 Qg 27438979
Eﬁ’*’ 2 2 B R 6 T 8T = e

(2.145)
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_ 00y 42093 0 505 L a6 | 307 | a8 3@ 11368009

3! 3! 3! 3! 3! 3! 3! 31 119750400’
(2.146)
(8 4y (5] 4053 40{4 4CY5 40’-6 4 Q7 (g (g 131904163
T Hr A i R e My A L i Skl
TR I TR T TR T T AT E T Tr e v T yrort
(2.147)
(64 (6 5)] 5 (3 5 (Yy4 5 (s 5 (g 5 Q7 Qg Qg 723798697
S Rl SV AN LR W il — AT L - BT L i
st T e Ty e T O s T s S = Teramse000°
(2.148)
Qg Qg g a3 g (¥4 g 5 6 6 e a7 6 8 g (Y9 2541132023
42 36 2 80 560 g6 — — =
o T T e T e T T et T e T8 T i7msi7952000°
(2.149)

(0'7y) Qg 703 oYy 7 (5 - (g 7 Q7 7 (g 7 (g 8768652467
S B ST, Y (N, (Y L Y
o7 7! + 7! + 7! + 7! o 7! 7 7! 8 7! 5230697472000’

(2.150)

Qg Oy 8 (¥3 g (4 g (5 8 (¥g 8 Q7 g (¥g g (g 14042390777 1

R R T T T s T T R B T 0858202547200 362880
(2.151)

Qg (i gQ3 g0y g Q5 g &6 9 7 g (¥ g &g 2762162653

— 2299 8 g0 L 9T 5970 L g9 T 4 798 g9 .

or Tor T2 gr T g T gt G O g TG YT = So520428544000

(2.152)
Solving this system, we get the parameters of the first end-point formula
(i.e. x =x; ) for the eighth-order method. It is noted that the parameters

a; (1=10,11,12) may then be arbitrarily given the value zero. Thus

o = 20992458112397

0 = 640237370572800°
= 33157191139

1 =™ 199874304000°
v, — -I35619884037

t2 T 12312257126400°
(v — 4063603106641

3 7 12312257126400°
(= 520840519849037

4 7 1600593426432000 ° (2 153)
e — A1785406610919

15 77 160059342643200°
(o = —115840187113411

6 =™  800296713216000 °*
v, — 1699033289519

7 7 320118685286407
(ve — —T421743667363

18 T 340237370572800°
- 915081921001

9 =  §00296713216000°

It can be shown using the method of undetermined coefficients for the point
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X = X3, that, taking the parameter values bo, by, by, bg, bs in (2.45) together
with parameters calculated as follows, ensures the same first non-zero constant

in the local truncation error associated with this point.

gives the system

88277
ﬁo-i-ﬂl+ﬁ2+ﬂ3+/34+/35+/36+ﬁ7+/38+/39= 3, (2.154)
907200
N 24497
- 50—-ﬂ14—53%—2ﬂ44—3ﬂ54—4ﬂ6+—5ﬂ74-6ﬂ8%-7ﬁ9::4r3600, (2.155)
()(
Bo B1 B3 ..Bs B P /7 B f 43202009
22 + + +22 +32 42 2 (2 8 72 9 — ¢ =
2! 2! R T R TR A VU1 0400° (2.156)
3 ! 23¢

3' 331 3' 30 3' 3' 3070 31T 59875 200
gibo | B ﬂg_kz4ﬂ4_F34/5_F44ﬂb_k,4ﬂ7_kﬁ4ﬂb JaBo _ 190486607

@+_+~ 4! 41 41~ 3113510400’
2.158
ol By Bl ol il gl ——2332(2‘;350),
(2.159)
B G B oD By oo P
(2.160)
R L T b P
(2.161)
8%+§:+§?+ZS §7+38§7+48§?+r8ﬁ7+68ﬂ5+78§? N 1633;;332222300_3621880’
(2.162)
R
(2.163)

the solution of which give the parameters of the second end-point formula

(i.e. x = xy ) for the eighth-order method. It is noted that the parameters
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Bi (i=10,11,12) may then be arbitrarily given the value zero . Thus

Bo =
=
By =
B3 =
B4 =
Bs =
Pe =
By =
Bs =
Bo =

7750281368173
640237370572800°

95833355799
3637712332800

304812120880213
800296713216000°

259595936667337
800296713216000°

—3403568201269
64023737057280

1120702421821

14550849331200°

—616046074277
14550849331200°

12513016249567
800296713216000°

—10991111981903
3201186852864000°

54435448549
160059342643200°

A

J

(2.164)

Next, it can be shown using the method of undetermined coefficients for

the point x = x3, that, taking the parameter values cg, cy, cq, cg, cg in (2.54)

together with parameters calculated as follows, ensures the same first non-zero

constant in the local truncation error associated with this point.

Equating the coeflicients of the derivatives y®) y&i) y

(2.56) gives

Yot+tn+tr+rntrutrst+trst+trt+rstry = o0,

— 37 — 271 —vo F Y4+ 295 + 36 + 47 + 5y + 679 =

27 271
3 +2 o 2'

3! 3t 3! 3! 3!

370 53N T4 53705 3706 307, 378 379
-3 —==2 —~—+ +2° = +3 44" —+5 3,+6

3470+2471+ + +2475+34’76 4477‘{“’478""‘6479 —

o5 70 o5 ‘5'70 57
-yrh-rl + R
670 () 12_ )(‘»
36'+26'+6!+6'+ 6!

4—%2

*_ 30'70 -F 46

|+12 +r2%+6279 _

3! 3!

6!

_*_45’)/ +r578 +6

+ r‘()

(2.165)

169

100800’
5510311
13305600’
11381
4435200’
591141643
7264857600’

(2.166)
(2.167)
(2.168)

(2.169)
14645899

= 12108096000’

(2.170)
1346510087

= 134120448000

(2.171)
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LR W S TR

7! T 7!

387_0+ 8 875

pARUNC L L L

8! gl 8! 8l 8! 8!

_9900 591 Y2 Y4 595
T TR TR TR

+

43728 L7058

Yo 162013909

7! 7! 7! 7! 581188608000’
19405166329 (2:172)
Y7 878, .80 ) 1
+4° =455 =468 0 = —
8! 8! 8! 22230464256000 362880°
16304(2.173)
5976 Y7 Y8 97Y9 3046441
392 440 L 5908 L g9 8 .
o TH T T T OO T 1934374144000
(2.174)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the eighth-order method; they are

Yo
T
72
BE
V4
Vs
Vs
Y7
8
Y9

51893722057
71137485619200°

2355227971
577414656007

21493633966657
88921857024000°

38495892458893
88921857024000°

8541426756427
35568742809600°

760794282539
17784371404800°

—165940141
2540624486400

48667536763
88921857024000°
—-6143191781
50812489728000°
1222783

101624979456 °

/

' (2.175)

It is noted that the parameters v (i = 10,11,12) may be arbitrarily as-

signed the value zero.

Finally, it can be shown using the method of undetermined coefficients for

the point x = x4 that, taking the parameter values do, dy, d4, dg, ds in (2.63)

together with parameters calculated below, yields the same first non-zero con-

stant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®), y (i) i) - ,y(9%) i

(2.65) gives

So+ 61+ 62+ 83484485+ b6+ b7+ s+ b9 =

1814399

S (2.176)
1814400
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122753

— 460 — 367 — 26, — 634 65 + 286 + 367 + 465 + 58 = 9979900 (2.177)
b0 o261 262 Ba 85 Bs 61 L8e | 6s 142538
42 = +32 +22__+ 5 2 298 | 29 0849
2'6 2'5 ZAEA A 2 P 2! T AT 34214400’ (2.178)
5y 6 5 § .81 .65 6o 68891
__4 33 23 2 3 5 23 6 3 308 r3 _ _Yoodl
448 ¥ § TR T TRETRA T 3|+4 3177731 = 2323036000 (&1
0 401 46 b 85 pifo a6r 4 6 _ 363217187
NTRETRES TR TRT] + +34 +44 = .
4'5 ¢ 4 501~ 13589145600" (> 180)
5, .6 5 5 5 5 s 5 413849
__45 _35 _25_2__3+ +25 +30___ 45 8 =5 9:
51 5 51 51 T TR T 326918592000
08 0b b 8 8 b obr b | b _ 10139 N
10139471581
+36 1 +26 2(’ 36 68 5629 _
et o T Tt e T e T e T 6 T 951035904000
(2.182)
So 61 8 8 & 6 .6 65 .6 154643851
Sy e Y. Lt Y g JRREINTS Lh L (e
n T T S Tt T P Y 2 = SRosiss 024000
So 81 8y 85 65 6s 61 65 .6 3141960 (2183)
3141960414959 ]
e i 9828 1 3877 L 4878 1 5809 °__
TR TR T +8'+ T T R T R T 3201186852864000  362880°
S0 o6 6 s 6 60 6 6 8 416r1f83§§'184)
49203901 _goT2 8 06 4 o707 L 3907 | 4908 49909 A —
TR TR TR TR T m+ ot oY 91 T 10137091700736000
(2.185)

Solving this system we get the parameters of the fourth end-point formula
l.e. x =x4 ) for the eighth-order method. It is noted that the parameters
g p

& (1=10,11,12) may then be arbitrarily given the value zero. Thus

)

5 = 499069556333
0 = 24329020081766400°
5. = 9104056156831
1 = 5529322745856000°
5, — 235407175152137
2 7™ 6082255020441600°
5. — 305584340173897
3 ™ 1216451004088320°
8, = 154635757309157
—  3577797070848000° g
357779707084800 ] (2186)
§. — 7146722126679
5 7 116966442700800°
5. — 120382318113107
6 ™  2764661372928000°
5. = 2770984913471
7 T 6082255020441600°
S = 47446323377
8 T 267351869030400°
S = —12443580337
9 T TS000:3219408000°
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Because of symmetry, the special end-point formulae for the points XN, XN—_1,
XN-2,XN-3 may be written down directly from those for xy, X3, X3, X4, respec-
tively.

The set of parameter values in (2.36), (2.153), (2.45), (2.164), (2.54),
(2.175), (2.63) and (2.186) give cig as the first non-zero constant and ci9 = 0
in (2.9). Global extrapolation on two grids, with p=8 in (2.29), gives the

numerical method.

256 1
= Z0p y® oy, (2.187)

‘ 1
255 2h 255

Y (E)

2.10 CONSTRUCTION OF A TENTH-ORDER METHOD

Equation (2.3) attains tenth-order accuracy by writing & = 0 as before and

251 5 — 913 and € — 44117

] j— 3 L
362880"° Y= 1814407 32680 181440 SO thdt

then by choosing 8 =

So=1-2(a+B+7+8+¢) = L2 The first non-zero constant in (2.9) then

36288°

becomes as
—1

- (2.188)
47900160

C20

withcyi =cis=ci5=...... = 0, because of symmetry. Choosing the param-
eters a;, b;,ci,d; (1=0,2,4,6,8) as given in section 2.6 with the parameters
a, B, 7,6 (i=0,1,...,10) calculated as follows, ensures that the same is ob-
tained for the end-point formulae (2.12)—(2.19) associated with the tenth-
order method.

For the point x = x;, consider (2.37). Then equating the coefficients of the

derivatives y®), y(I y&i) 0 Ly in (2.38) gives the system
ap + ap + s+ az + ag + a5 + as + ar + as + a9 + o (2.189)
655177 )
= 907200°
—o + s + 203 + 3ag + 4as + Hag + 6oz + Tag + 8ag + Yo (2.190)

__ 252023
T 9072007
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+a +22 +32 +42a:+r203 +62 +72 +82

2010 _ 27438979
+9 T 119750400°

—ar e+ PR 4305 435 + 57 4670 4 7Pan 4 gl

3a10 11368009
+9 T 1197504000

T FAURAG +41% 5t petar 7 g gl

4C¥10 131904163
+9 T 31135104007

FHH TR PR LGN + PG + PO

5010 _ 723798697
+9 51 T 46702656000

B E 20 +30G +4°% +5%% 6591 4 702 4 g

6 ajg 2541132023
+9 ! 475517952000

WA BRI AT 5T 67 477 8T

+97 Otlo . _ 8768652467
5230697472000

FHH TR IR LG AR HEF TR+

+()8 ajo — _ 14042390777
- 28582025472000°

ot G H2R I G+ G + TG+ 8%

_|_99 010 — 2762162653
20520428544000°

10 « 10 vy 10 @ rlO Qg 10 « 10
10'+10'+2 10‘_*_3 10'—|_4 10'+ 10'%_6 10'_+_7 10'

10 ag 10 a1 __ 3522018283439 _ 1
+8 10! + 9 O T 101370917007360000 47900160°

67

(2.191)

(2.192)

(2.193)

(2.194)

(2.195)

(2.196)

(2.197)

(2.198)

(2.199)

Solving this system we get the parameters of the first end-point formula

(i.,e. x =x; ) for the tenth-order method. It is noted that the parameters
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o; (i =11,12) may then be arbitrarily given the value zero . Thus

o — 116040349955470841
0 3649353012264960000
i —  157203913980739

1 330258191155200°
o = 40179841536173

2 2673518690304000°
- 5622449804159

3 12509779968000

u —  —B67092203321867
4 1621934672117760 °
e = 1558230209576339
5 304112751022080000°
(e =  —2874137423864459
6 — 8109673360588800 °
o = 5261248047297509
7 30411275102208000°
(e —  01252013974567247
8 T 22117290983424000°
o = 814229640791783
9 72987060245299200°
(1 = _=281299064581543
*10 == 80719462481920000°

68

(2.200)

It can be shown using the method of undetermined coefficients for the point

X = Xg, that, taking the parameter values by, by, by, be, bg in (2.45) together

with parameters calculated as follows, ensures the same first non-zero constant

in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®), y(i) i) -

gives the system

Bo+ B1+ Ba+ Bs+ Bs+ Bs + Bs + Br+ B+ PBo+ Pio = 333;33,

—2B0— 1+ B3+ 284+ 3P5 + 456 + 587 + 68s + TPs + 8P1o

24427
~ 453600°

: 92 P4 g 2B 2 Py
22ﬂ0+ﬁ1+%+222 +32 +42 _|_r2 7+6 _’_72?

2!

2010 — 43202009
+8 T 119750400°

_23ﬁ0 ﬁl + +23 +33 +43 +[”3ﬁ7 +63ﬁ8+13ﬂ9

‘3ﬁ10 _ 2394839
+8 T 59875200

24&__*_ + .‘?_{_«)4.34 +34ﬁ‘> +44 r4ﬂ7 +64ﬁ8+74€_§:_

4[310 190486607
+8 ~ 3113510400

(2.201)

(2.202)

(2.203)

(2.204)
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2560+ + +25 _}_30& +45 +55 +65 +75
+8°5 = “ﬁé‘éii‘éﬁﬁo,

26ﬁ0+[é}+%+26%+36 +46 +r6ﬁ7 +66 +76
+86%) = 53‘;3?33;:33830’
2T B B T 3T T 57O T 77
+875¢ = a%

R T T i T AL AL L)
+855¢ = wiﬁééiiiéiii‘éoo,
_29@% + + 29/34 4 39 + 49 ¢+ 5 r9ﬂ7 -+ 69 + 79
ol — i

8
21018' + 10| + 10| + Zlolﬁ(‘)" + 31010' + 49 o! + rVlolﬁ(;' + 61010' + 7910'

7404524487683

1

_{_810,8;0 —

10! 202741834014720000

479001607

(2.206)

(2.207)

(2.208)

(2.209)

(2.210)

(2.211)

the solution of which give the parameters of the second end-point formula

(i.e.

X = Xy ) for the tenth-order method.

Bi (i = 11,12) may then be arbitrarily given the value zero. Thus

Bo =
pr =
B =
B3 =
Pa =
/35 =
s =
pr =
Ps =
By =
Bro =

43096055908784881
3649353012264960000°

96572492798993699
364935301226496000°

17879555117626619
48658040163532800°

87652728055181
243290200817664°

—4711287655743611
40548366802944000 ?

46489634142652499 )
304112751022030000°

—4286488815953951
40548366302944000 ’

315901599466553

608225020441600?
—830947903694617
48650163532800 ?
94832253888503
28071946248192000°
0158673972225317

521336144609280000° )

It is noted that the parameters

(2.212)
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Next, it can be shown using the method of undetermined coefficients for

the point x = x3, that, taking the parameter values Co, C2, C4, Cg, Cg 10 (2.54)

together with parameters calculated as follows, ensures the same first non-zero

constant in the local truncation error associated with this point.
Equating the coefficients of the derivatives y®), y(&i) (i)
(2.56) gives

Yo+ +veH s+ a5+ v+ v+ v e+ o = 282

=37 — 271 — Y2 + Y4 + 275 + 376 + 4y7 + 58 + 699 + T10

_ 169
~ 100800°

32%:_*_22’71_'_ + +Z'Z%+32'¥G +42 _l_r2"rs -’;—62
2 __ 5510311

+7 o= 13305600°

_33’% _ 23’% _ ”);__2'_ "% +23’% + 33’76 +43 + r3’78 +63

3710 11381
+17 T 4435200

34%_1_24%_{__%_{_’&_’_2475 +34 +44 _+_(["4’YB +64

4!

4’710 — 591141643
+7 T 72648576000

_35%_25%_’%+7_4+2575+35 +45 +r5’¥8 +65

5!

Sy o _la045809
+7 T 121080960007

36’70 +26 + + _}_96'75 +3(>’76 +46 +(r6’78 +66

+76 Jio _ 1346510087
134120448000

_37’% _ 27”77_1' + + 27 + 3716 + 47 _+_ (r7’¥s + 67

+77m _ 162013909
581188608000

38’7’0 + 28 + + + 28 + 38 + 48 + rS’Ys + 68

+78m 19405166329
T 22230464256000°
. y X 97 96 9y rS)’Ys 979
—30% 99U 2y T 9% 390 H AT 59T + 6
9’)’10 _ 1630464141
+7 T 4234374144000°

(2.213)

(2.214)

(2.215)

(2.216)

(2.217)

(2.218)

(2.219)
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31070'+210’Y1 + 10|+ _1__210'70'_*_ 310’76|+410'Y7 +r10’78 +6101

10!

+710’710 — 5800069899419 _ 1
10! 101370917007360000 4700960 °

% (2.223)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the tenth-order method; they are

— 2061298229437523
Yo 2838385676206080000 *
_ 11589154862126857
B! 2838385676206080000 *
_ 9139422280088273
V2= 3784514234914400°
_ 683712457758821
V3= 1576880931225600°
_ 3228137601455083
V4= 13516122267648000°
_ 1503276660462431
75 = 33790305669120000°
_ _—21616099543697
V6 = 13516122267643000°
_ 5080973291
V7 = 3135470438400°
_ —3695100594191
8 = 7569028469882880°
_ 27537990586177
9 = 2838385676206080000°
_ —1915764666829
710 = 318337359708160000°

(2.224)

It is noted that the parameters v (i = 11,12) may be arbitrarily assigned

the value zero.

Finally, it can be shown using the method of undetermined coefficients for

the point x = x4 that, taking the parameter values do,d;, d4, ds,ds in (2.63)

together with parameters calculated below, yields the same first non-zero con-

stant in the local truncation error associated with this point.
Equating the coefficients of the derivatives y )y () ()
(2.65) gives

1814399

bo+ 61+ 62+ 63+ 64 + 65+ b6 + 07 + s + b9 + d10 = Tg1g1007
—489 — 381 — 285 — 83 + 85 + 285 + 367 + 465 + Hdg + Gd1p =

4_220 +32 +22 _+_ + +‘)2 +32 +42 +r2§'

2810 _ 14255849
+6°%" = 342144000

(2.225)

122753

9979200°
(2.226)

—~
[N
S
(S
-1

~—
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_432(: 3351 23%%__ _+_ +23:53_6!+3357 +4_3

3 8190 68891
+6 ! 222393600

e R R R R EE AL

4619 __ 363217187
+6 ! T 435891456000

_.4550 3561 25%2_'_ _ %3'_ + % + 2566 + 3557 +45

5810 413849
+6 T 326918592000

465_0'+3651 _'_ZG + + +26%+3657 +4G

+665]0 — 10139471581
6! 951035904000

_47%% _377_1 2752 . + +27% + 3767 +47

46780 — _ 154643851
88921857024000

PE+IE 28+ S+ 54280 1388 458

+68—0 — 3141960414959
8! 3201186852864000°
13 Q9 8,
_49__07__399_29?9_'___}_ +29 _1_39 +49
+6961o _ 4165158373

7T 10137091700736000

36
 + 5%

z46
-+ 54l

6
- +5%%

+ {'659

=769
+ 9

86
588

r96

10 4 Q1061 910 10 10 10 4,
4 18'+3 +2 10'+10'+10'+2 10'_*_3 10'_1-4 10'

_I__t'lO b9 + 61051_0 _ 28108982850101 _ 1
10! ! 405483668029440000 47900160°

(2.228)

(2.229)

(2.230)

(2.231)

(2.232)

(2.233)

(2.234)

(2.235)

Solving this system we get the parameters of the fourth end-point formula

(i.e. x =x4 ) for the tenth-order method. It is noted that the parameters
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& (i = 11,12) may then be arbitrarily given the value zero. Thus

50— —504886766892491
0 51090942171709440000 °
5 — 1579429435112527
1 1021818843434188800°
5y — 705680560899513
2 179266463760384000
§. —  106486449327610741
3 425757851430912000
S, —  414123969848707
4™ 954079218892800°

_ 12714726728652943
b5 = 55293227458560000° (- (2‘236)
S = 4196107713185
6 —  92681981263872°
5, = —217783613195039
7T 425757851430912000°
o — 1820951439198607
8 —  340662811447296000°
§o = —19314059878021
9 7™ 2043637686837760°
S1 = 236686094 77577
10 = 3005349539512320000°

Because of symmetry, the special end-point formulae for the points xn, XN_1,
XN-2,XN—3 may be written down directly from those for xy, x4, X3, X4, Tespec-
tively.

The set of parameter values in (2.36), (2.200), (2.45), (2.212), (2.54),
(2.224), (2.63) and (2.236) give cyo as the first non-zero constant in (2.9).
Global extrapolation on two grids, with p=10 in (2.29), gives the numerical
method.

1024 . 1
v (E hoy(2 v 9 o

2.11 CONSTRUCTION OF A TWELFTH-ORDER

METHOD
" 1 61 22103 11477 _ 215687
Writing & = 7556160 B = Z3s00850 7 = TE966730° 6 = 3g5120 and € 887040
‘ N 1718069 . (0 9\ -
sothat > =1 —-2(a—f8—7—68 —€) = Fgieap> 10 (2.3), gives the unique

twelfth-order method of the family (2.3) for n =1,2,3,4, N=3, N -2, N -1,
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or N. The first non-zero constant in (2.9) then becomes as

Cop = 691 2.238

22 93775897600 (2.238)
withcis=cs=cir=cig=coy=...... = 0, because of symmetry.

One can obtain the same values of ¢; (i =11,12,13,...... ,22) for the

end points n = 1,2,3,4,N — 3)N — 2,N — 1,N by choosing the parameters
aj, by, ¢i,dj (i=10,2,4,6,8) as given in section 2.6 and assigning the remaining
parameters in (2.12)—(2.19) as follows.

For the point x = xy, consider the scheme (2.37). Then equating the co-
efficients of the derivatives y&) yOi) i) o0 L,y in (2.38) gives the

system

oot og o+ a3+ ay+as+ as+ar+ ag+ ag 4 age

‘ (2.239)
+ag1 + a2 = S%%g,
—ap + ag + 2a3 + 3oy + das + Hag + 6ar + Tas + 8ag (2.240)
+9a10 + 10ay1 + 11y, = 333%&
Db+ 275 4375 4 479 £ 5728 46251 4+ 725 %% (2.241)
+9758 + 102921% + 112% - £21247:3580947090’
_%gz + oy + 23% + 33% + 43%?_ + 533_(!; + ()3%} + 7393_?_ + 83%—? (2242)
+93gél!‘q + 103%1!—1 +11° S = 111193765800400%’
BHR VGG IOGAIGAOGITRESG
FOUS 4+ 10'5 + 11157 = U
R PHEP TG ORATEHOGLTR IS
+9° 5 + 10°54- + 11°eg = 42?852223(7)0’
0 oz 4 9faa 4 3044 44008 4 5008 4605 + 705 +8°GF (2.245)
+99%e +10°% + 1199 = 255755000°
—0 22 49798 43T L 4TS L 5T 6T + T+ 8T (2.246)

7 107 a1t Tayy _ _BTG8652467
+9 7!o +10 7! + 11 7Y T 5230697472000
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[ )

TR TEG G G 4559 165 4 T8 g8

oo . (2.247)
+() o 4 108a11 + 11822 — M
) 28582025472000 7
_ oo (o2} 9a3 9« 9« Qa 9« 9o
o T +27°53 + 375 +4 o+ 0 T +TR +8999—? (2.248
+99a10 n 109 1t 119 @2 2762162653 -248)
20520428544000°
10« 10 @
10'+ '+2 '_'_3 '_*_410 |_+_ 10a6'+610 +710
g10@s | gl0aig 10a;, 1005, _ _ 3522018283439 o
+38 o t+ or T 107055 + 11738 101370917007360000
11« 1« 11«
11'+11'+2 '+3 '+4 '+r11asl+6ll +711_8
11! 117 11! 11! 11! 11 (2.250)
11 2 11 ago 11ay; 11 __ 368462718776 -
+8 9 H 1009 + 117 9% = Siiiesirat0000°
_ g 12« 12« 12 as. 12 ag 12 & 12 ag
12! 1z'+2 12'_4_’{ 1z'+4 21 T 9 12'_"6 1z'+7 12!
gi2as 12 a10 120, 12 2z 30689602988243 691
+8 551 + 975 + 10755 + 115 = m55imars10133490000 T 23775897600°
(2.251)

Solving this system, we get the parameters of the first end-point formula

(i.e. x = xq ) for the twelfth-order method. They are

)

o —  B971246575268812433
+0 1983530697813120000 °
(i —  3663586639878490261
At 739741630115840000 °
o, —  A4440754776771707783
2 = 51090942171709440000 °
(U —  5923300186040234237
3 = 766364132576416000
=  —927652722807756367
4 — 756902846988000 °
P 3318929166936347
5 =  2128789257154560000°
_ —5498940528394228543 9 959
Q6 = T3649353012264960000 ° ' (2.252)
v, —  2345698766262862649
Y7 = 2128789257154560000°
e =  —454409573522939351
8 — 75690284698828000 °
e — 1812148033564250279
9 7 7663641325756416000°
e = —3253745190725366999
Y10 = 571090942171709440000 °
_ _1475894306383821109
Q11 = 140500090972200960000 °
_ _2701027397950574263
(12 = 337002183332823040000°

It can be shown using the method of undetermined coefficients for the point

X = X,, that, taking the parameter values bg, by, by, bg, bs in (2.45) together
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with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.
Equating the coefficients of the derivatives y® y () (i) , y i)

......

gives the system

50-*-/31+52+/33+ﬂ4+55+/56+/37+/38+/39+ﬂ10

+B11 + Bra = Sornee, o
20— Buk Bot 2at B+ Ao 4 5B+ OBt T 80
+9689 + 1061, = 2427

220 Oy fo 92l g g2l g 200y 2l 2B 2l (2.255)
+8280 4 92811 4 10282 = 43202009
—PR - G G PR PE P P 600+ S (2.256)
+8°50 + i G 10°8 = 2R

2480 4 Bu g Bs 4 oals 4 348e 4 yile | 5abr y galy | el (2.257)
+gtie 4 9““ + 10742 = Jsomer

—2%8 By Bo g gofe g 300e 4 g88e 4 5ol 4 ol 4 sl (2.258)
18592 4 95‘*“ +10°4¢ = S5m0

2600 1 Bu oy fo 4 96Bs | 360s 4 f60s | 5601 4 GO0 4 7600 (2.259)
86810 4 96’3“ +10°8 = e
978 By Be oy oTB 378 4 T 57O 4 g7 4 T (2.260)
4878 4 97AL 4 1078 = ﬁg%aa

9880 4 Or g fo g oosbe g 380 4 g3 4 580 4 620 4 TR (2.261)
_{_88%% + 93£1u ﬂ” + 103822 /312 = 16?)?’3&1)2;3;:;;800’
_os _ By Ba g ol 4 390 4 g0l 4 590t 90 4 790 (2.262)

~9 B1o 9[311 Qﬁn 2542651289
+3 9 +9 + 10 = 20520-128544000°
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910 158' + 10' + 1ﬁ§' 4+ 21010' 4+ 310 ﬁs' + 4101[93' + rlofg' + 61010, 710%
' (2.263)
10 B10 10 811 10812 __ 7404524487683 (
+8 10! +9 10! + 10 10! 7 202741834014720000°
11 Bo 118 11 8 11 8
—2 1 11' + 11' +2 11' +3 11' +4 11' + 51 lﬁl./' + 61111' + 71111'
11 B10 11 811 11812 __ 2496498203783
+8 11! +9 11! + 10 11! 7 304112751022080000°
(2.264)
12 6 :
_9 13' _ + 12' + 21212' 4 312 ﬂs' + 412 ﬁe' + 512 th + 612 ﬁs' + 71212'
12 B1g. 12@ 12812 __ 20863491928843 691
+38 12! +9 12! + 10 12! 7 10407414146088960000 + 23775897600
(2.265)

the solution of which give the parameters of the second end-point formula (i.e.

X = Xg) for the twelfth-order method. Writing

By =  -2024769378051802429 )
0 259384783333294080000
By = 38040711402263632871
1 =  140500090972200960000
By = 17131080986560697393
2 = 51090942171709440000°
By = 3543210612727803301
3 7 7663641325756416000°
By = —50614268634731051
4 — 151380569397657600 *
Bs = 1029422989100344339
5 =  2128789257154560000°
B = —1715619364831808327 > (‘2.266)
6 — 3649353012264960000 *
By = 736404847800877441
7 = 2128789257154560000°
Bs = —2514334152940439
8 — 13278997315584000 °
o = 114714019591716851
9 —  1532728265151283200°
Bro = —~1032751839311789983
10 = 51090942171709440000 °
By = 469520364080093981
11 —  14050090972200960000°
Brg = —860878599673483007
12 —  3372002183332823040000°

Next, it can be shown using the method of undetermined coefficients for

: : s
the point x = x3, that, taking the parameter values Cg,C2,C4,Ce, Cg 10 (2.54)
together with parameters calculated as follows, ensures the same first non-zero

constant in the local truncation error associated with this pomt.

Equating the coefficients of the derivatives y () ) G Ly i) i
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(2.56) gives

Yo + T +’72+’)’3+’74+’75+’)’6+77+’78+’)’9+’710+711 + 712
302231 (2.267)

302400

=37 — 271 — v2 + va+ 295 + 3v6 + 4y7 + 5ys + 679 + 7710

(2.268)
811 + 912 = 101068900’
32’)’0 _+_22 + + +22 + 32 +42 +F’2’Ys +62 _
+72’710 _+_82’711 +()2712 __ 56510311 (2269)
= 13305600°
___33’;_(; _ 23% + + 23 + 33’}’0 +43 rB’Ys _+_ 63 N
FTRBL 4 UL 4 gAMoL (2.270)
+9 T T 4435200°
S R A i v o i A TR ER A I Sh S (2.271)
4 4 4 _ 591141643 )
+7 ’Ylo +8 ’Yll +9 ’712 = s
CER-CR-FAUALRARRLE TR O
+702 S 8° 5+ 9° = 1‘211406840598690900’
P L RGN AP AT HIT T (2.273)
6 6 612 _ 1346510087 e
+7°5r + 85 + 9% = Biioaaso0s
=378 —2TB B4 W T 3TN L 4T 578 6T (2.274)
+TTR 8T+ 9”” =
PR TR R AR AR PR OEHTR O (2.275)
19405166329 o
+78710 + 887“ + 98%2 = 2223046425600
PR VY- BB ALRAFFHEF O[T
9’27)1‘0 99’;11 ()9’712J — 163046441 (2'276)
+7 + 8 + = 1234374144000°
‘ 10 v 10 10 7 10 1010
310;78| + 210’71 ;’g' + 2 ]0' + 3 10' + 4 10' +0 5 13' + 6 1100! (2 277)
5800069899419
471018 g0 4 910% ~ 101370917007360000
PIm 2 2 B RO
347167156811 '
7 48T+ O = Sriasisuness40000°
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312;}’{)' + 211]’)’21' + 12' + 12' _+_ 212 'Ys' + 312")’6 + 412 '77' + 512 ’Yg' _+_ 612 Yo

12! 12!
712710 812111 ()12’712 — 8172140843813 691
+ 12! + 12! 12! 2754903744552960000 + 23775897600
(2.279)

Solving this system we get the parameters of the third end-point formula

(i-e. x = x3 ) for the tenth-order method; they are

Yo = 20464729968383761 )
0 28820531481477120000 °
. 2634978111642113
M = §4243297198080000°
__ 151708742486039533
V2= 630752372490240000
 1779153894068441
V3= 4074237812736000°
_ 35151347430156497
74 = 151380569397657600°
 12903409227110351
V5 = 236532139683840000 °
_ —5151286358526083 9
76 = 105483668029440000° - (“‘280)
_ 2472096523139189
V7= 336532139683840000°
 _4355674222843283
8 = 756902846983288000°
_ 15571578934727
9= G812125622894592°
L —1172953595222249
V10 = 1892257117470720000°
. 535052750986283
M1 = 5303707073044480000°
_ _2951463594930203
Y12 = 374666909259202560000° )

Finally, it can be shown using the method of undetermined coefficients for
the point x = x4 that, taking the parameter values dy, dy, d4, ds, ds in (2.63)
together with parameters calculated below, yields the same first non-zero con-
stant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®) y&i) i) ,y (i) iy

(2.65) gives

8o + 81 + 62 + 63+ b4 + 65 + b6 + 87 + 85 + b9 + b10 + 611 + 612

(2.281)
__ 1814399
1814400
—48p — 36 — 26; — b3 + b5 + 206 + 367 + 4bg + 59 + 6010 ) 289)

0 _ 122753
+7611 + 8012 = 5379200
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PRHPFH28 48454028 320 26 26

21
62810 2@ 281 _ 14255849
+6°5, + 7 T 2! 34214400

+63 +73511 +83_2 _ 68891
3!

222393600

PRAIGHAG G2 3 40 4505

4610 4611 481, 363217187
+6 +1 + 8 4! T 43589145600

405_0_355_1'_25552'____1_ +25 +3557 +45 +555_9
+6°51° +75511 +855—12—: 413849
51

3269185920007

46%+36%+2652+ + +26%+3657 +46 r659

6!
+6651_:3_+_ 7681 | 6812 _ 10139471581
6! ! 6t

6! 951035904000 °
76 Q78 978 76 76
—AT 3T 0Tl fa g By oTIL 4 370 g gTh 570
7810 7511 7812 _ 154643851
+6 7! + 7 + 8 71T 88921857024000°

4860 +38 +2852+ + +28 +38 +48 +(r859

8510 8611 8512 3141960414959
+6 + 7 +38 T 3201186852864000°

_495_(:_395_1'__295_2'__5_3_|_ +2957 +39 +49 +59

9!

9510 9511 9512 _ 4165158373
+6 + 7 + 8 T 10137091700736000°

10 o 10 10 65 910 10 106
476 3 10""2 10'+1o'+1o'+ 1o'+3 10'+4 101

=10 59 10 510 10 511 210 __2 28108982850101
+ 10! + 6 10! + 7 10! + b 10! 405483668029440000°

411 50' + 311 51' + 211 52' + 11| + _li + 211%_! + 311 57' + 4111_8_

K11 89 11850 11811 11 _6_2_ 259687418609
+o o Tt 67 341 + Tt 8 T 4257578514309120000°

Il

412 50 + 312 _|_ 212 6o
12!

12! 12!

+ 12' + —;_' + 212% + 31212' + 41212'

12 59 12610 1261 | Q12812 _ __ 4984415723143 691
+5 55 07T+ TIOR8 5 = Trastra42378240000 | 33775897600°

80

(2.283)

(2.284)

(2.285)

(2.286)

(2.287)

(2.288)

(2.289)

(2.290)

(2.291)

(2.292)

(2.293)
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Solving this system we get the parameters of the fourth end-point formula
(i-e. x = x4 ) for the twelfth-order method. They are

3

S = —20111634850897253

0 6744004366665646080000 7
5. — 10850134190213011

1 7397416301115840000 °
5, = 577222659467368697

2 14597412049059840000°
§o —  112174364942641021

3 450802430926848000°
5, — 60105119162462761

4 137618699452416000°
5 = 480950075796503597

5 T 2128789257154560000°

_ 27866487234499003 9

bs = 561438924963840000° & (2'25)4)
5, — —8432973933516631

7T T 2128789257154560000°
S = 1267316084752801

8 = 504601897992192000°
S = —978231278605993

9 7 1094805903679488000
§.0 —  _22859871055603727

10 = 7021818843418880000*
- —4904760768458891

11 = 140500090972200960000
5uo = 17185081040673019

12 = §744004366665646080000°

Because of symmetry, the special end-point formulae for the points xn, xn-1,
XN-2, XN—3 may be written down directly from those for xi, xs, X3, x4, respec-
tively.

The set of parameter values in (2.36), (2.252), (2.45), (2.266), (2.54),
(2.280), (2.63) and (2.294) give cy, as the first non-zero constant in (2.9).
Global extrapolation on two grids, with p=12 in (2.29), gives the numerical
method.

4096

. l
(B) = 0 h () _ v 2.295
Y 4095 2t 4095 ( )

2.12 NUMERICAL RESULTS

To compare the accuracy of the methods developed in this chapter, they were

tested on the following problem.
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In the computer program a one-point iteration function, analogous to the
Gauss-Seidel method for solving linear algebraic systems, was used to obtain

the solution vector.

PROBLEM.

70900 = () = 9171~ 2(91)(1 4 x)7°,0 < x < b — 1,
with boundary conditions

Y(O) = Oa Y(e% - 1) = %7 y(Zi)(O) = _'(21 - 1)'
and (2.296)
y@(e? — 1) = yO)(0)e), i=1,2,3,4.

The theoretical solution is given by
y(x) = In(1 + x). (2.297)

The interval 0 < x < ez — 1 for the problem was divided into N+1 equal subin-
tervals each of width h = 2‘i(e% ~ 1) for i =4, 5, 6. The corresponding values
of N are then given by N = 2! — 1.

The value of ||y — Y||o, where Y is some numerical solution, was computed
for each value of N. The results for the second-, fourth-, sixth-, eighth- and
twelfth-order methods are given in Table 2.1. Table 2.2 includes results for
the extrapolation on two grids and the extrapolation on three grids (for the
second-order method only).

It is evident from Table 2.2 that extrapolation on two and three grids
does not improve accuracy. Overall, there is evidence in Tables 2.1 and 2.2
that decreasing the grid-size does not necessarily produce the desired effect of a
considerable improvement in accuracy when using a higher order-method. This
is due to the small value of h, raised to a large power, having little bearing

on the calculation. This observation is also applicable to the extrapolation

procedures which use fine grids.



Table 2.1: Error norms
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__ N—>
Methods]

31

63

Second-order

0.3109D-01

0.3113D-01

0.3114D-01

Fourth-order

0.3109D-01

0.3113D-01

0.3114D-01

Sixth-order

0.3109D-01

0.3113D-01

0.3114D-01

Eighth-order

0.3109D-01

0.3113D-01

0.3114D-01

Tenth-order

0.3109D-01

0.3113D-01

0.3114D-01

Twelfth-order

0.3109D-01

0.3113D-01

0.3114D-01

83
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Table 2.2: Error norms for the extrapolation on two and three grids

Extrapolation— G
Methods] 1

Two grids | Three grids

Second-order | 0.3109D-01 | 0.3108D-01 | 0.3109D-01

Fourth-order | 0.3109D-01 | 0.3108D-01 -

Sixth-order | 0.3109D-01 | 0.3108D-01 -

Eighth-order | 0.3109D-01 | 0.3108D-01 -

Tenth-order | 0.3109D-01 | 0.3108D-01 -

Twelfth-order | 0.3109D-01 | 0.3108D-01 -




Chapter 3

SPECIAL LINEAR
TENTH-ORDER
BOUNDARY-VALUE
PROBLEMS

3.1 A FAMILY OF NUMERICAL METHODS
Consider the problem
YO0 = q(y(x) 1), a<x < by (3.1)

y(a)®) = Ay, y@®)(b) =By (1=0,1,2,3,4). (3.2)

It is assumed that the functions q(x) and r(x) are continuous on [a,b] and that

Agi, By (i=0,1,2,3,4) are real finite constants; it will further be assumed
that q(x), r(x) and y(x) are sufficiently-often differentiable on [a,b].

Consider first the mesh G, obtained by descretizing the interval a < x < b

into N+1 subintervals each of width h = %}\%;2 where N > 9 is an integer. The

solution y(x) will be computed at the mesh pomts x, = a + nh (n=1,2,3.4

oo
(@]
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5,6, ...... ,N) of mesh G and the notation y, will be adopted to denote the

solution of an approximating difference scheme at the grid point x,. It is clear

that, according to (3.2),

yo=Ao and yny; = Bo.

A general family of symmetric numerical methods using is given by equation
(2.3) of Chapter 2. Noting that y(")(xn) = QuYn + I'n, Where q, = q(x,) and
I, =1(x,) forn =0,1,2,... ,N,N+ 1 it is easy to show that

Y5 — 10yn—4 + 45yn_3 — 120y,—2 + 210y,_1 — 252y,
+210yn41 — 120yy42 + 45yn+3 — 10ynsa + Yuas

= h'(qu-5Yn-5 + n-5) + A(du-aYn-1 + ra—a) + Y(dn-3Yu-3 + In-3)
+6(dn—2Yn-2 + tn2) + €(qu-1¥n-1+ Taz1) + 2 (qu¥n + n)
+e(@nt1Ynt1 + Tug1) + 6(Ant2ynt2 + Turz) + 7(Ans3Ynts + tnts)

+/8(q11+4Y11+4 + I'11—1-4) + a((hl+5yn+5 + rn+5>]7
(3.3)

in which «, f, 7, 4, € are parameters chosen to ensure consistency as a

minimum requirement and Y =1 —2(a+ 4+ v+ 8 +¢).

3.2 SECOND-ORDER METHOD

Consider the second-order approximation

y®) = h71y,_s — 10yn_4 + 45yn-3 — 120y,_;
+210yn—1 - 252}’11 + 210yn+1 - 120yn+2 (34)
+45ynt3 — 10ynta + Yuss] + O(h?).
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Given the ordinary differential equation y® = f(x,y) = q(x)y(x) + r(x), at point

n of the discretization xi,x,,x3, ... , Xn, We have

Yn-5 — 10yn—4 + 45yn—3 - 120}’11—2 + 210}’11—1 - 252YI1
+210yn+1 - 120yn+2 + 45yn+3 - 1Oyn-}-4 + Yn+5 (35)
= h'%%, = h'%quy, + ).

Equation (3.5) may be written as

~Yu-5 + 1()}’11—4 - 45}’11—3 + IQOYH—Z - 210}’11—1 + 252}’11
"‘210yn+1 + 120}’11+‘2 - 4SY11+3 - 1OY11+4 — ¥n+s5 + hlofn (36)
=0,for n=5,6,7, ..., N—5N—4,

The local truncation error (l.t.e.) of this numerical method is given by
Lly(x);h] = —y(x — 5h) 4 10y(x — 4h) — 45y(x — 3h) + 120y(x — 2h)
—210y(x — h) + 252y(x) — 210y(x + h) + 120y(x 4 2h)
—45y(x + 3h) — 10y(x + 4h) — y(x + 5h) + h1% ®)(x).

(3.7)
Writing (3.7) as a Taylor series about y(x) gives
Lly(x)ih] = —&hi2yt(x) — ShMyI (x) - hioyili) . (38)
The local truncation error t, at the point x,, is then given by
tn = Cllhlly(Xi)(Xn) + C121112y(xn)(xll) + ClShlsy(xm)(Xn) (3 9)
e Myti(x) + L :
in (3.9) the c11, 19, ¢13,C14, ... are constants with ci; = cy3 = ¢15 = ¢17 = 19
= CU T e e = 0 because of symmetry.

Equation (3.3) is applicable only to the N-8 mesh points x,, (n =5,6,7,8,
9,10,...,N—6,N —5,N —4) of G. In order to be able to implement global
extrapolation procedures special formulae are needed for the other mesh points
n=1,2,3,4 and n = N —3,N — 2,N — 1, N which also have local truncation er-

ror with principal part ;—,zshny(x“)(x) in (3.8). These formulae will be assumed

to be consistent.
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It will be convenient in the convergence analysis on grid G again to intro-

duce the matrix J of order N given by

2 -1
-1 2 =1
-1 2 -1
J= . , (3.10)
-1 2 =1
-1 2 -1
-1 2
for which it is known that
_ (N+1)? ,
o, = S )

In order to use the powers of the matrix J, these special end-point formulae

will be assumed to be of the forms (3.12)—(3.19), as follows

132y1 — 165y2 + 110Y3 — 44y4 + 10y5 — ¥s + agyo + a2112yg
+a4h4ygv) + aGhGyO + agh yov“]
+h'[ao(qoyo + 10) + @1(qiy1 +11) + aa(quys +12) + ... + a12(qu2y12 + 112)]

=0,
(3.12)

_165y1 + 242}/2 — 209y3 + 120y4 — 45y5 + 1Oy6 —y7+ bo}’o
+b2h yO + b4h yO + thG (vi) + b }8 (vm
+h'°[Bo(qoyo + To) + Si(aiyr + 11) + Fa(qzyz +12) + ...+ Bra(qr2y1e + r12)]

= ()7
(3.13)

110Y1 —QOQYZ-l'Z 2y3—210y4—*—120y5_—40y6+1Oy7_y8
+C0}’0 + C2h yO + (‘4h yO (iv) + C()h yO + Cs hs (vii1)
+h'%v0(qoyo + To) + 1 (qryr + 1) + v2(deye +12) + - F 2(dive + )]

=0,
(3.14)
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—44yy + 120y, — 210y3 + 252y4 — 210y5 + 120yg — 45y~ + 10ys
—y9 + doyo + doh%y, + d4h4y(()iv) + 616116}’0 + dsgh®y (vm)
+h[6o(qoyo + ro) + 1 (ary1 +11) + 2(qeyz +12) + ..+ S12(quayiz + 112)]
=0.
(3.15)

At the other end of the array, the special end-point formula are as follows

—yN-8 + 10yN—7 — 45yNn-6 + 120yN_5 — 210yN_gq + 252yN_3 — 210yN—2
+120yN-_1 — 44yN + doyn41 + doh? yN+1 + d4h? yN+1 + dGhGy](\}:Ll + dghsy](\}'ill
+h'[So(qNs1yn+1 + Ing1) + S1(anyn + on) + S2(qno1yN-1 + In-1) +
+612(qN-11YN-11 + IN-11)]

=0,

(3.16)
—yN—7 + 10yN_6 — 45yNn—s + 120yNn_4 — 210yN—3 + 252yNn_2 — 209yN-1
+110yN + coyn+1 + c2h2yN+1 + c4h? yN+1 + cgh® yN+1 + cgh yI(\JV:'l
+h[yo(qu41yN+1 + Ing1) + Y1 (anyN + N) + Y2 (an-1yn-1 FIN-1) F
+712(qN-11YN-11 + I'N-11)]

=0,
(3.17)

—ynog + 10yN_5s — 45yN-4 + 120yn_3 — 209yN—2 + 242yN—1 — 165yN

+boyn+1 + bah YI(\?J)A + bsh* YN+1 + bgh® YN+1 + bsh SYI(\JV:?

h'°[Bo(qNs1yN+1 + Ing1) + Bilanyn 4+ on) + Ba(an-1yn-1 + N_1) +
+B12(qN-11YN-11 + I'N=11)]

=0,
(3.18)

—yNos + 10yN_s — 44yn—3 + 110yn_2 — 160yNn-1 + 132yn

+agyn41 + agh? yN+1 + a4h? yN+1 + agh® yN+)1 + agh vaill)
+h"ao(que1yN+1 + INg1) + ar(guyn + rN) + c2(qN-1YN-1 + IN-1) +
+a12(qn-11YN-11 F IN-11)]

= 0.
(3.19)
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The aj,bi,ci,d; (i =0,2,4,6,8) and «;, 4, %6 (1=0,1,2,3,...,12) are pa-

rameters which must be chosen so that the local truncation errors of (3.12)—

(3.19) are identical with the (3.9) to the order required in sections 3.3, 3.4,

Clearly, the family of numerical methods is described by the set of equations

{(3.12),(3.13), (3.14), (3.15), (3.16), (3.17), (3.18), (3.19)} and the solution vec-
tor Y = [y1,¥2,¥3,¥4,...,¥n]T, T denoting transpose, is obtained by solving

a linear algebraic system of order N which has the form

(J° +1'°MQ)Y = b — h'°Mr.

The matrix M in (3.20), of order N, is given by

(071

P

7
6

the vector r of order N has the form

85
B
Y2
62

~y

a3

Bs

x4

B
Y4
b4

€

)

Y12
B2

ag2

g

Ps

r= [rla T2, I3,T4,I5,...,

Qg

Bs

vy

B

84

Bs

8
b8

bs

78
Bs

ag

875]

Bo

Yo
d9

p

b7

Y
B

(044

I'N

a1

P11
71

13
Pz
Y12
12

73
B3

(3

(3.20)
Y

&y 6
Y2 N
B B
ay g
(3.21)
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Q = diag{qa} is a diagonal matrix of order N, and the constant vector b of

order N is given by

a0Ao + azh?Ag + aghtA, + aghSAq + agh®Ag + aroh?%y () |
boAo + bah?Ag + beh?A, + bgh®Ag + bgh®Ag + byohCy!
coAo + c2h?A, + csh®Ay + c6h®Ag + cgh®Ag + c1oh 0y (Y
doAo + dzh?Ay + deh®Ag + dgh®Ag + dgh®Ag + dyoh10y %)
—Ao + h'a0(qoAo + 1o)

0
b— : . (3.22)

0

—Bo + h'"ag(qn4+1Bo + rng1)

doBo + dzh?B, + dsh*By + dgh®Bg + dsh®Bs + dyoh0y (),
coBo + coh?By + c4h*By + csh®Bg + csh®Bs + ClothyI(\J.f.l
boBo + byh?Bj + byh*By + bh®Bg + bgh®Bg + bioh'%y()

a,oBO -+ a,zh BZ + a4h B4 + d(;h BG + a,gh Bg + alohloyl(\J_H ]

The exact solution vector y = [y(x1),y(x2), ..., y(xn)]T satisfies the equation
(J° +hMQ)y =b —h'"Mr + t (3.23)

where, t = [t1,t,ts,...,tn]T is the vector of local truncation errors.

3.3 CONVERGENCE ANALYSIS OF THE
SECOND-ORDER METHOD

For the convergence analysis we must obtain a bound on ||z}, where

z =y — Y. Equations (3.20) and (3.23) give

(.]5 + thMQ)Z = t, (3.24)
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from which it follows (see Chapter 2) that

|||
(b—a)lo 2 4 6 (325)
< 32768—(b—a) OM* Q* [le12|b®Via + |cig[h* Vg + lc16/h®Vie + .. ]
where
di
Vi = max | Y(X)I, M* = [IM||o,
a<x<b ' dxd
and
Q" = max |qy|,
provided
. 32768
R TV

and the parameters in (3.12)—(3.19) are chosen to ensure that ¢;; = ¢y3 = 0.
The order of convergence of a numerical method is p if ¢, 410 is the first non-

vanishing constant on the right-hand side of (3.9).

3.4 THE PARAMETERS OF THE SECOND-ORDER

METHOD

Writing « = f =+ =6 = € = 0 in (3.3) gives, as has already been seen,

-5 -1

_- S 3.26
12 » C14 12 ( )

C12 =

in (3.9), thus verifying that (3.3) is a second-order method. To be able to
implement global extrapolation on two and three grids the parameters in the
special end-point formulae (3.12)—(3.19) must be chosen so that ¢;1 = c13 =0
in (3.9) and so that c;, and cy4 in (3.9), withn =1,2,3,4,N -3, N—-2, N -1,
or N agree with (3.26).

Using the method of undetermined coefficients reveals that, for the point
X = x; this is achieved provided

—23 217 —3809
A6 & 7oL, a8 &

— (3.27)
6 180 1440

ag = —42,&2 = 14,&4 =



Ch 3: The special linear tenth-order boundary-value problems 93

together with parameters «g, g, 0, ...,y calculated from the local trunca-

tion error (3.12) which, with x = x;, becomes

Lly(x);h] = 132y(x) — 165y(x + h) + 110y(x + 2h) — 44y(x + 3h)
+10y(x + 4h) — y(x 4 5h) — 42y(x — h) + 14h?y"(x — h)
—26—‘3114y(iv)(x —h) + %lley(Vi)(x —h)
— 8988y () (x — 1) + 1y ®)(x — b)
+ary ™ (x) 4+ apy® (x + h) + azy™(x + 2h)
+asy ™ (x + 3h) + asy®(x + 4h) + agy® (x + 5h)
+azy®(x + 6h) + agy™(x + Th) + aey™(x + 8h)

Fa10y™(x + 9h) + ag1y M (x + 10h) + a2y ™ (x + 11h)] )
(3.28)

Expanding the function terms and their derivatives in (3.28) by the Taylor

expansion gives, at the point x = xy,

o+ o1 + oy + « —{-a—m 3.29
0 1 2 3 4 = 907200 (3.29)
252023

«g + oy + 2&3 + 3(14 = m, (330)
27438979 5

— 22 gl _ 2170017 — 3.31

2' ot 2% T TioTs0400 12 (3:31)

(&7 Q3 (Y4 11368009

_ = 3 2 4y g3 2 T 3.32

3! ozt 3! + 3! 119750400’ ( )
131904163 1

- + + 24 + 34 - — (3.33)

41 3113510400 12
Solving this system we get the parameters of the first end-point formula
(i.e. x = xq) for the second-order method. They are

)

o = 1586842547
0— 3736212480°
oy = 1683367717

1 = 1167566400’

306653299 3.34
Q= 622702080 ¢ ( )
(ra — 2880847

3 7™ 11675664’
= 927622183
4 = 18681062400° )
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and it is noted that the parameters o; (1 = 5,6,7, ..., 12 ) may then be
arbitrarily given the value zero.

Using the method of undetermined coefficients reveals that for the point
X = X the first two non-vanishing terms in the local truncation error have the

values given in (3.8) provided

17 —67 —809
bo = 48,by = —14,by = — bg = —— bg = —
0 2 . 6 8~ 1440

6 180 (3:35)

together with parameters #; (1= 1,2,...,12) calculated from the expression

Lly(x);h] = —165y(x —h) + 242y(x) — 209y(x + h) 4+ 120y(x + 2h) W
—45y(x + 3h) + 10y(x + 4h) — y(x + 5h)
+48y(x — 2h) — 14h%y" (x — 2h) + Lhiy¥)(x — 2h)
— 15y D (x — 2h) — £EEhSy () (x — 2h)
+h1°[Boy ™ (x — 2h) + Bry™(x — h) + By (x)
+B3y I (x + h) + Bay™(x + 2h) + Fsy ™ (x + 3h)
+Bey ™ (x + 4h) + Bry™)(x + 5h) + sy (x + 6h)
+Boy™(x + Th) + Broy™(x + 8h) + By ™ (x + 9h)

(3.36)
in which x = x;.

Expanding the function terms and their derivatives in (3.36), and equating
the coefficients of the derivatives y®), y®, yii), y(i) -y () gives

882773

- = — 3.37
Bo+ P+ B2+ B+ Ba 907200 (3.37)
24497 N
—2B0— P14+ P+ 2Ps = 153600 (3.38)
. 43202009 5 N
22@+{3—1+£ﬁ ‘2:@32 —aorraann 19 (3.39)
21 2! 2! 2! 119750400 12
pfo B Pa, ofs _ 2304839 (3.40)
I TR TRT 31 59875200’

o B Ps | aPa_ 190486607 1 -
2E+Zrhu+2m_3n%mwo 12 (341)
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Solving this system, we get the parameters of the second end-point formula
(i.e. x = x3) for the second-order method. It is noted that the parameters

B (1=5,6,7,...,12) may then be arbitrarily given the value zero. Thus

Bo= — 123315019
0 3736212480
8 = 4243927
1= 233513280’
277359163 g
fr = 283046400 (3‘42)
B = 5827189
3 =  583783200°
Ba= — 7410451
4 3736212480°

Using the method of undetermined coefficients reveals that for the point
x = x3 the first two non-vanishing terms in the local truncation error have the
values given in (3.8) provided

—1 -3 —41

Co = —27,C2 :6,C4 = —2_)C6: 5(_)—’(:8: m7

(3.43)

together with parameters ; (i =0,1,2,...,12) calculated from the expression

Lly(x);h] = 110y(x — 2h) — 209y(x — h) 4 252y(x) — 210y(x + h) \
+120y(x + 2h) ~ 45y(x + 3h) + 10y(x + 4h) — y(x + 5h)
—27y(x — 3h) + 6h%y" (x ~ 3h) — Lhy¥)(x — 3h)
—%hey("i)(x — 3h) — %ﬁhgy(vm)(x — 3h)
010y ™ (x — 3h) + 11y (x — 2h) + 7y™(x — h) "
+y3y (%) + 7y ™ (x 4+ h) + 5y>)(x + 2h)
+76y ™ (x + 3h) + 77y (x + 4h) + 48y (x + 5h)
Fyoy ™) (x + 6h) + 710y ™) (x + Th) + 711y (x + 8h)
+y12y N (x + 9h) + .. ] )

(3.44)

in which x = xs.

Expanding the terms in (3.44) about y(x) and its derivatives, at the point

x = x3 and then equating the coefficients of the derivatives y(x), y(’d), y(XH),
y(xiii)’ y(xiv) giVGS
_ 302231 (3.45)
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169

— 37 — 21 — Y2+ 274 = 100800° (3.46)
32;‘,’ +22’;1, + 2 +7—‘,*= %—% (3.47)
P - 3231 -3+ 3= om0 (349
R i + ot % B 7;6141§ l7664030 112' (3.49)

Solving this system, we get the parameters of the third end-point formula
(i.e. x =x3 ) for the second-order method. It is noted that the parameters

v (1=5,6,7,...,12) may then be arbitrarily given the value zero. Thus

_ 160883 )
Yo = 264176640
27127
M = 181621440°
132647 .
V2 = 807206400° $ (3.50)
14190326
V3 = 14189175
48537
74 = T 3905943040° J

Using the method of undetermined coefficients reveals that for the point
X = x4 the first two nonvanishing terms in the local truncation error have the

values given in (3.8) provided

—1 —1 —1
do =8, » g 1277573607 ° 20160’

together with parameters & (i = 0,1,2...,12) calculated from the expression
\

(3.51)

Lly(x);h] = —44y(x — 3h) + 120y(x — 2h) — 210y(x — h)

+252y(x) — 210y(x + h) + 120y(x + 2h)

—45y(x + 3h) + 10y(x + 4h) — y(x + 5h)

+8y(x — 4h) — h2y"(x — 4h) — {5h*y®™)(x — 4h)
—5esh®y (M) (x — 4h) — 2O}GOhBy("m)(x — 4h)

+h10[86y ™) (x — 4h) + 51y (x — 3h)

+52y(")(x —2h) + 53y(“)(x —h)+ 64y M (x)

+85y®(x +h) + Sy™ (x + 2h) + 62y (x + 3h)

+85y ™) (x + 4h) + 8oy (x + 5h) + 610y ¥ (x + 6h)

+811y O (x 4 Th) + 812y (x + 8h) + .. ] )

L (3.52)
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in which x = x4.
Expanding the terms in (3.52) about y(x) and its derivatives, at the point
x = x4 and then equating the coefficients of the derivatives y(), y(xi) (xii)

y(xiii)7 y("iv) gives the system

bo+ 61+ 62+ 83464 = 12—112%%, (3.53)
— 485 — 36, — 26, = —5%2%50% (3.54)
et lEE L
23‘2“: 5= o 0%
i' 34 % -7 iz' % - 433653829117415068070 B 11_2 (3:57)

the solution of which gives the parameters of the fourth end-point formula
(i.e. x = x4 ) for the second-order method. It is noted that the parameters

6 (i=15,6,7,...,12) may then be arbitrarily given the value zero . Thus

5o — _ 185681143
0= 52306974720
5, — 608520391

1 — 32691859200’
5, — _ 70958431 (3.58)
2 = 1743565824
5. — 08068867

3 = 1307674368
54 = 254624963293

4 7 261534873600

The special end point formulae for the points Xn-3,XN-2,XN-1,XN may
then be written down from those for x4,xs,Xs,x;, respectively (because of
symmetry).

The set of parameter values in (3.27), (3.34), (3.35), (3.42), (3.43), (3.50),
(3.51) and (3.58) give c;; as the first non-zero constant in (3.9). Global ex-
trapolation on two grids, with p=2 in (2.29), and on three grids, with p=21n

(2.33), gives, using the notation of Chapter 2, the numerical methods

Y = —IlllY @ 1§Y<1> (3.59)
3 ah :
243 1 o R .
(E) (3) _ vy g =y, 3.60
Y® = oI Y 1201 WY+ s (3.60)
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3.5 CONSTRUCTION OF A FOURTH-ORDER METHOD

Choosing a = = v = 6 = 0 as before and writing ¢ = = 2 in (3.3) gives a

fourth-order method. The first non-zero constant in (3.9) then becomes

-7
Ci4 = m, (361)
with ¢;1 =ciz=c15=... =0, because of symmetry. Taking the parame-

ters aj, bj,ci,d; (1 =0,2,4,6,8) as given in section 3.4 with the parammeters
&, Bi, 7, 6 (i= 0,1,2,3,4,5) calculated as follows, ensures that the same leading
non-zero constant in (3.9) is obtained for the end-point formulae (3.12)—(3.19)
associated with the fourth-order method.

For the point x = xy, consider (3.28). Then equating the coefficients of the

derivatives y("),y("i),y("ii),y("iii),y("i"),y("") gives the system

655177 ‘

o+ ap +ay +az+ oy + o5 = 907200 (3.62)

— o+ @y + 203 + 3oy + das = ?)33%’ (3.63)

§+ z+222' +32C;‘+ ngz%, (3.64)
EERREE EER R 1111937(?580040090’ (3.65)
% + Z + 24 v it ¥ 4;1 +4° 4'5 - 3113113950140146830 B 114’ (3.66)
SpeSerRerteel o L e

Solving this system, we get the parameters of the first end-point formula
(i.e. x =x;) for the fourth-order method. It is noted that the parameters

o (1=6,7,8,...,12) may then be arbitrarily given the value zero. Thus

_ _40637579
Q0 = 591891200
1150015783
1 = 1334361600°
1674003
2 = 38744003 (3.68)
234778903
43 = 311351040
5661511673
Q4 = 13681062400 °
e = 43035359
5 =7 849139200° )
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It can be shown using the method of undetermined coefficients for the point
X = Xy, that, taking the parameter values bg, by, by, be, bg in (3.35) together
with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y(x), y(d) y(xi) y (i) -y (xiv) |y (xv)
n (3.36) gives the system

PotBri+ B+ fPs+Pa+ fs= 223233 (3.69)

~ 260 = P+ B+ 200+ 35 = o (3.70)
”f—ﬁﬂ—— @)
2 i(') * % * % + 457 +3 ii B 3119103458160640070 B 14714’ (3.13)
25§?+&+§?+25ﬂ4+35€f:%—22—233—0, (3.74)

the solution of which give the parameters of the second end-point formula (i.e.
X = X3) for the fourth-order method. It is noted that the parameters 3;

(1=6,7,8,...,12) may then be arbitrarily given the value zero . Thus

ﬂ _ —24163651
0= 691891200
ﬂ 118607251
1 — 2668723200
ﬂ' 91527613
27 718502400° ? (3.75)
ﬁ' 694056739
3 = 1556755200’
By = —43253933
4 —  3736212480°
/3 17921741
5 7 9340531200 J

Next, it can be shown using the method of undetermined coefficients for
the point x = x3, that, taking the parameter values co, ¢y, c4,Cs, Cs gIVED 1N
(3.43), together with the parameters calculated below, guarantees the same

first non-zero constant in the local error associated with this point.
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Equating the coefficients of the derivatives y(®) y(i) y(xi) y (i) g (xiv)
y&) in (3.44) gives

Yo+t ve+vt+yvatys = gg—;iﬁ—é, (3.76)

=3 = 2Mm -ty t 2y = %, (3.77)
y§+T%+§+g+?§:§£$¢ (3.78)
P R Y R = e O
R R R TR I v I L
N 35% N 25%% N jzj' * :?" * 25}:—? N 1211406;(;598690900' (3.81)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3) for the fourth-order method; they are

_1007339 |
Y0 = 1614412800°
46537
M1 = 207567360°
y = 232072519
- 2519
558835200\ (3.82)
202081057
73 = 1210809600°
_ 1210545577
Y4 = 39059430407
o 108743
V5 = 7264857600° )

It is noted that the parameters v (i = 6,7,...,12) may be arbitrarily as-
signed the value zero.

Finally, it can be shown using the method of undetermined coefficients
for the point x = x4 that, taking the parameters do, dz,ds, ds, ds given (3.51),
together with the parameters calculated below, yields the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y (), y (i) y (%38 y i)y (v),
y&) in (3.52) gives

1814399

Rl (3.83)
1814400

bo+ 61+ 6+ b5+ 64+ 85 =
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‘4%“3&_2&“5“+&:@§g§%’ (3.84)
42%+32%+22%+%+%:%, (3.85)
O R g = e O
_'452%'_ 35%%"'252%'“ g%'+ g%:: 326312?32000' (3.88)

Solving this system we get the parameters of the fourth end-point formula
(i.e. x =1x4 ) for the fourth-order method. It is noted that the parameters

6 (1=6,7,...,12) may then be arbitrarily given the value zero. Thus

§ — _=4206679
0 = 7925299200’
§, — 230059147
1 = 35383718400
§, — 274791157
2 = 26153487360’ > (.3 89)
§a — 5689027
3 7 129729607
5, — Aos2716183
4 = 26134873600°
§. = 27045819673
5 ™ 65383718400

Because of symmetry, the special end-point fomulae for the points xn, xn_1,
XN-2,XN—3 may be written down directly from those for xi, x3, X3, X4, respec-
tively.

The set of parameter values in (3.27), (3.68), (3.35), (3.75), (3.43), (3.82),
(3.51) and (3.89) give cy14 as the first non-zero constant in (3.9). Global extrap-
olation on two grids, with p=4 in (2.29), gives, using the notation of Chapter

2, the numerical method

160, v 1 v :
Y(E):I—SI%hY()—-EY : (3.90)

3.6 CONSTRUCTION OF A SIXTH-ORDER METHOD

" - T -
Choosing & = 8 = v = 0 as before and writing € = £, § = 157 so that 1

2(a+f+v+6+¢) = 1L in (3.3) gives a sixth-order method. The first non-zero
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constant in (3.9) then becomes

o —17 3
7 12096° (3.91)
with ¢ = ¢13 = ¢15 = ... = 0,because of symmetry. Taking the parameters

ai, by, i, di (i=0,2,4,6,8) as given in section 2.6 with the parameters o, 5, v,
& (1=0,1,...,7) calculated as follows, ensures that the same leading non-zero
constant in (3.9) is obtained for the end-point formulae (3.12)—(3.19) associ-

ated with the sixth-order method.

For the point x = x;, consider (3.36). Equating the coefficients of the

derivatives y) y(xi) yGai) 0 ,y&¥i) gives the system
CY0+011+C¥2+C¥3+014+O¢5+CY6+CY7=gg—?;%, (3.92)
— qg + @y + 2a3 + 3oy + dag + Sag + 6oy = (Z)Ojgig (3.93)
§+a2+222' +322;‘+42 % 52;‘;+62€;:%, (3.94)
B ? ot 25 3! + ¥ 3! +4 3'5 T 53(‘;_? +6 (;'7 B 11119376580040090’ (3.95)
41 + 41 + + 34 Pt 44 1 1o 5! 4? T 64% - 311:311.3?50140146630’ (3.96)
gt 031085 B o
- F i F * 277_? * 37_7% +4 7?5 o '(;_? i 67% N 52%37066896;1274260700' (3.99)

Solving this system, we get the parameters of the first end-point formula

(i.e. x =x; ) for the sixth-order method. It is noted that the parameters
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a; (i=28,9,10,11,12) may then be arbitrarily given the value zero. Thus

121680539023 )

3923023104000°

825553878671
1743565824000

49899297233
871782912000

180529065817
627683696640 >

—9140697491
43589145600

194540768657
1743565824000

—261610352587
7846046208000 ?

192774481
44706816000 * y

Qg =

q
g =
Qa3 =
(3.100)
g =
s =

g =

a7 =

It can be shown using the method of undetermined coefficients for the point
X = X2, that, taking the parameter values bg, by, by, bg, bg in (3.35) together
with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®) y0i) i) - , y (xvi)
n (3.36) gives the system

ﬂo+ﬁ1+ﬂ2+ﬂ3+ﬂ4+/@5+56+ﬂ7:S%? (3.101)

— 280 — 1 + Bs + 284 + 385 + 48s + 557 = 42;3462070, (3.102)
2§?+%+§f+22§‘,‘+32§, +4zgf+”§,7=%270—520%, (3.103)
43;) f} N if n z{;‘ + 34[*5 +44§$ +5 f, - % (3.105)
sﬂo N /53: LB ﬂs +25§"1 4 35/35 +4556 n 5% _ %—222—8%, (3.106)
6?%?: +§?+26f‘f+36§5+4"/66+‘ 6/27 - 5?2132(2)2%330_ 1210796" (3.107)
b BB, /34 o 37/ P 32962597 e

oot 7' 71 237758976000
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the soluion of which give the parameters of the second end-point formula
(i.e. x =x; ) for the sixth-order method. It is noted that the parameters

Bi (i=8,9,10,11,12) may then be arbitrarily given the value zero. Thus

3

Bo = 121680539023
0 3923023104000 *
By = 82555387871
1 1743565824000 °
By = 49899297233
2 — 871782912000
Bs = 180529065817
3 627683696640 ? (3 109)
B, = =9140697401 ' o
4 = 43589145600’
Bs = 194540768657
5 = 1743565824000°
Bs = —261610352587
6 784604628000 °
By = 192774481
7 T 44706816000" )

Next, it can be shown using the method of undetermined coefficients for
the point x = x3, that, taking the parameter values co, ¢y, c4, c6,cs in (3.43)
together with parameters calculated as follows, ensures the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®), y () Ol - ,y (xvil)
n (3.44) gives

302231

Yo + M +’)’2+’7’3+’74+')’5+’76+77:3024ooa (3'110)

‘ ‘ ‘ 169 ,
—370—271—72+74+275+376+477=m, (3.111)
2N g Yo | o2¥s , a2¥s | 277 5510311 3119
3 2'4'2 2'4‘2"TL 2'4‘2 2'+3 2'*‘4 21 13305600’ (3.112)
300 _ 931 2 30, g3 | 307 11381 3.113
— 3 =2 - 31*‘3"*2 St = e G
4 aMn Y4 475 4'76 407 _ M 3.114
) *’2 o 4"Jr T2 3w T4 T TeassTe00” ( )
‘570 5»71 2 4 5 5’)/5 5 5’77 _ 14645899 3115
gl et i et 5145 = T2rosovso00° 1)
620, o $Ys 6 077__ 1346510087 _ 17 ..«
; 6'+ C!*‘ﬁ'*" T+ 6'+3 C'+ 6! 134120448000 12096 ( )
g0 g P 7y 7T 162013909 (3.117)

7! o 7' 7! 71 T 581138608000



Ch 3: The special linear tenth-order boundary-value problems 105

Solving this system we get the parameters of the third end-point formula
(i.e. x = x3 ) for the sixth-order method; they are

)

—21838081
70 = 33530112000°
_ 1356454837
M = 37675648000°
7149219919
Y2 = 3288256000°
Y3 = 160167409321
3 = 348713164800’ L .
. (3.118)
27501631
Y4 = 124185600°
9490656173
75 = 193729536000
_ _—13324169
76 = 124540416000’
_ 2571931
77 = 193729536000° |

It is noted that the parameters 4; (i =8,9,10,11,12) may be arbitrarily
assigned the value zero.

Finally, it can be shown using the method of undetermined coefficients for
the point x = x4 that, taking the parameters do, ds, d4, dg, dg given (3.51), and
using the parameters calculated below, yields the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y{) y () (i) o , y (i)
in (2.52) gives

1814399

8o+ 61+ 83+ 83+ 64+ 65 + b6 + 67 = 1812400° (3.119)

46y — 38y — 26, — 63 + 65 + 265 + 367 = 9—18% (3.120)
42(;+32$+22§f+§+;+22;+32§:%, (3.121)
_43%_332_1!_233_%+%+23;+33‘;+ 2—2% (3.122)
iR B R = e (12

B 45% a 35%1! B 25% - % 5l 20'% 3 67 N 326;1:?32000’ (3.121)
465'+365 +265_+5 +5 L8 5 66 +3657 10139471581 17 (3.125)

6! 6! 6! 6! 6! 6! 6! — 951035904000 12096’
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So 16 8 8 & .6 .6 154643851
—4T =3 2T 2 9707 4 gr07 19
no At 7,-+ 7~ &s9a1857024000° O 120)

Solving this system we get the parameters of the fourth end-point formula

(i.e. x =xq ) for the sixth-order method. It is noted that the parameters

& (1=8,9,10,11,12) may then be arbitrarily given the value zero. Thus

S = 19195006261

Y 266765571072000°

5. — 118864463057

1 = 177843714048000°®
§, — 337681410533

2 = 7410154752000’
83 = 996423583781
T 4268249137152
. (3.127)

S, — 8106735502457

4 = 177843714048000°
§. — 12744987460013

5 = 59281238016000°
S — 6622887628141

6 —  133382785536000°
5 — —17289181267

7 =  177843714048000°

Because of symmetry, the special end-point formulae for the points xn, xn-1,
XN—2,XN-3 may be written down directly from those for x1, X3, x3, X4, respec-
tively.

The set of parameter values in (3.27), (3.100), (3.35), (3.109), (3.43),
(3.118), (3.51) and (3.127) give c¢i¢ as the first non-zero constant in (3.9).
Global extrapolation on two grids, with p=6 in (2.29), gives, using the nota-

tion of Chapter 2, the numerical method

64

(E) —
Y 63

Imwn—ﬁYU (3.128)

3.7 CONSTRUCTION OF AN EIGHTH-ORDER METHOD

" 17 — 9 _ 109 =
Writing « = 8 = 0 as before v = 7555, ¢ = 7;9€ = 145 5° that >

~2(a+B+v+8+¢) = 25 in (3.3) gives an eighth-order method. The first

3024

non-zero constant in (3.9) then becomes

1 (3.129)
362880

Ci1gs =
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with ¢j1 =cizs=ci5=...... = 0, because of symmetry. Taking the param-
eters aj, bj,ci,d; (1=0,2,4,6,8) as given in section 3.4 with the parameters
o, B, 7,6 (1=0,1,...,9) calculated as follows, ensures that the same leading
non-zero constant in (3.9) is obtained for the end-point formulae (3.12)—(3.19)

associated with the eighth-order method.

For the point x = x;, consider (3.28). Then equating the coefficients of the

derivatives y®), y(d) yCai) - , %) gives the system

+on g+ ast g f o+ gt ar+as - as = L (3130)
(87 0 (65) 3 4 (043 g 7 (873 Qg = 907200, .
252023

131
907200’ (3.131)

o 243 2 (4 42 9 06 9 Q7 e 209 27438979
W P a2t 2o F 3o+ 2 4_5 AT T 2"'119750400’

(3.132)

3 Qg 3 vy 35 r'3_6 3 Q7 38 39_9_ 11368009
_§T+a”+23'+33'+43'+ 3 PO TS 85 T Tioms0a00°
(3.133)

qe@ _ 131904163
41 ~ 3113510400’
(3.134)

a7 sas | s 123798697
st TR T 16702656000”
(3.135)

3 6 6 6 6 (Y7 ¢ (s 6a9 . 2541132023
o 3 6'+4 6'+r 6'4'6 o T e T8 6 T wss17952000°
(3.136)

7 (X3 7 0y » 5 - g 7_1 7&3, 7C¥9 _ 8768652467
—"?T*'7"F2 CIRE TR TR A T IR 8 T = 5530697472000°
(3.137)

14042390777 1
83 a8 | 805 8% | 87 o8 8(;@: - ,
5_*_8 2 8! it 8' 5 +5 8! st 8! T 8' 8! 28582025472000 362380
(3.138)

2762162653
(47, g (6 g QX7 gag gag . 276216265 -
'+39 +49 +r 9! g 1o 9! ot 9! 8 9! 20520428544000
(3.139)

— oo+ ay + 2a3 + 3as + 4as + Hag + 6ar + Tag + 8ag =

——+—+Ti+f4+¢5+”6+# +¢8+

Qs 56

5|

543 Qg 5
——+y+2 —r +3°+4

J.

+5 +65

6
6|+6|+2

—+ ,-+29

9'9 9!

Solving this system, we get the parameters of the first end-point formula

(i.e. x = x; ) for the eighth-order method. It is noted that the parameters q;
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(1=10,11,12 ) may then be arbitrarily given the value zero. Thus

o —  20992458112307 )

0 = 640237370572800°

o — 93157191139

*1 199874304000

o, — 135619884037

2 12312257126400°

(e — 4063603106641

3 12312257126400°

(la — T520840519849037

4 1600593426432000 ° > (3 1 40)
e —  A1785406610919 ' '
5 7 160059342643200°

e — —115840187113411

6 =™ T800296713216000 °

o, — 1699033280519

7 T 32011868528640°

. —  =T421743667363

8 =  $40237370572800°

o = 915081921001

*9 T 800296713216000°

[t can be shown using the method of undetermined coefficients for the point
X = X3, that, taking the parameter values bg, by, by, bg, bg in (3.35) together
with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y () y(d) yGai) .y (%) ip
(3.36) gives the system

882773 .
ﬁ0+/81+ﬁ2+53+ﬂ4+ﬂ5+ﬂ6+/87+ﬂ8+ﬂ9:9072007 (3.141)
24427

—-2ﬁo—-ﬂ1+-ﬂ3+-2ﬁu—+3ﬂ54—4ﬁ64-5ﬂ74-6ﬁ8+-7ﬂg::453600, (3.142)
2»30 B Bs B4 2/5 2/30 ,2ﬁ7 2 08 2@: 43202009 3 143
Pt g T G S O St T = 7504007 (3.143)
sﬂo Bi By 3Ba 3Ps 3/6 fr_ aBs aafo _ 23830
B TR TR TR TR TR TR T 317730 = 50875200° (3.144)

4ﬂo ﬁl Bs | gaBa | 4B 4/6 457 4ﬂb «Bo _ 190486607
atatatia it B r H O T T T 31135104007
('314))

Bo B ﬂs 5/4 5ﬂ5 5/36 B | 5P 5/392246949%
S A T T A I O + T = F15718000°

(3.146)
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6! 6! 6! 6! 6! 6! 6! 6! 6! ~ 5230697472000 12096’

(3.147)
B B By aBu gBs iBe aBr aBs oo 327962597

oo T 7! 7! 7! 7! 7! 7V 237758976000’

goBo B Bs oBu soBs 0B s s By _ 34992742333 17

(3.148)
Bo b1 B3 gPs1 555 Be 7 Bs By 881182516553 1
R A R A e MMy A -
st e e e e e s R T T600593426432000  362880°
(3.149)

Bo P B3 .oP4 Bs Bs  _oB1 oD B 2542651289
)L T ) ST S R A T (e
o “or b T g T gt gt g T o T o = Sos20428544000°
(3.150)

the solution of which give the parameters of the second end-point formula
(i.e. x = xz ) for the eighth-order method. It is noted that the parameters

B (i=10,11,12) may then be arbitrarily given the value zero. Thus

By = T750281368173 \
0 —  640237370572800°
8 = 95833355799
1 = 3637712332800’
By = 304812120880213
2 —  800296713216000°
By = 259595936667337
3 =  800296713216000°
By = —3403568201269
4 = 64023737057280° (3 151)
Bs = 1120702421821
5 = 14550849331200°
B = —616046074277
6 —  14550849331200°
By = 12513016249567
7 = 800296713216000°
B = —10991111981903
8 =  3201186852864000°
Bo = 54435448549
9 =  160059342643200° )

Next, it can be shown using the method of undetermined coefficients for
the point x = x3, that, taking the parameter values cg, ¢z, Ca, Cs, Cs 101 (3.43)
together with parameters calculated as follows, ensures the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y(®) |y i) (i) y (%) i

(2.44) gives

302231 (3.152)
Yo+n+rt+rtrtrstrtirtrstr= 50000 HLos
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169

100800’

Yo 21 V2 Y4 27 Yo 9 Y7 551031
R4y By Do 200 01 s el I
N T T T T g T g T gy Ty T o = e (3-154)

LR ARt S ORISR O SRS ORI R R L1

=37 =271 — 72+ 74+ 295 + 376 + 497 + 5y + 699 =

(3.153)

31 3 BT T g T g T g T O gy = gy (3:159)
Yo Y1 Y2 Ya Y5 Y6 Y7 591141643

3Ryt Dy T2 T4 a8y ga 0 gadl gal8 a0 DT RIOM gy
gttt g T gyt T ot 0 = Tosassreon (3196)

Yo 571 Y2 V4 Y5 . .56 Y7 14645899

—3P D gt D By By 98By g0 T e B e )0 o

5! 5B s R T s T s T 5 T s T 19108096000
(3.157)

9670 4 goJ1 | 72 T4 965 | 966 | 4607 L kD8 6o 1346510087
o e T e e T e T e T s T T 132120448000
(3.158)

Yo 71 Y2 Y4 | o757 Y6 Y7 s 162013909
Y (L YL SR LA L SR LA Oy g
71 T T Ty T gt S S 8 = SRTRs608000°
Yo . Ve 19405166329 (3:159)
PRy L T T s gs X0 3T 53 B 80 o o106329 1
g e g T T e T wr T e T et ST T 92230464256000 362880

(3.160)
~Yo Y1 Y2 Y4 Y5 Y6 Y7 8 Yo 163046441
390 _goll T2 T 9008 9000 4o T 50 8 690
o "o o T T T g T g T o MO = d3a3ataanoo

(3.161)
Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the eighth-order method; they are

51893722057

Yo = 71137485619200°
2355227971
M = 57741465600°
_ 21493633966657
Y2 = 88921857024000°
_ 38495892458893
73 = 88921857024000°
g = 8541426756427
- 742809600 . p
I5008 > (3.162)
760794282539
75 = 17784371404800°
_ —165940141
Y6 = 2540624486400°
48667536763
Y7 = 88921857024000°
6143191781
Y8 = 0812489728000’
_ 1222783
Y9 = 101624979456°
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It is noted that the parameters v (i = 10,11, 12) may be arbitrarily as-
signed the value zero.

Finally, it can be shown using the method of undetermined coefficients
for the point x = x4 that, taking the parameters do, ds, d, dg, dg given (3.51),
together with the parameters calculated below, yields the same first non-zero
constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y® y&i) yGai) = ,y &%) i
(3.52) gives

1814399
So+ 81+ 6+ 83468, +6s 46+ +8+8 = —
0 1 2 3 4 5 + 0g + 07 + 0 + 09 1814400 (3 163)
19275
8 8 Sy 65 65 66 .6, .6 6o 14255849
422—‘,’+3221, +2222,+ 5 +222, +322, +42;+522§’ - —3421’2400, (3.165)
S0 61 .6, 6 5 s s s § 68891
3 3 f32 3 5 396 , Q397 | 398 39_ a9 1e
-4 3'—3 FTR TR TR TR TR A TR TRl T sr T eyt (3.166)
3 § 6y 65 & 65 .6 bs 46 363217187
44—°+34 ‘+24 2+ R +z4 T3t st = arsorascog: (3-167)
9 <
S0 6 552 53 85 | 506 | 4507 558 6o 413849
_40__ o____< _e 2 2 ¢ 4 =5 —
58 E i e T T s T s T R TR T 326918592000°
(3.168)
000 L 08 o8 8 6 o obr | afs e 10139471581
s 4822 4 5822 ,
Tt a o ta a2 a T wT e T2 6 T 951035904000
(3.169)
8 § T R Y S 5 154643851
790 o791 4792 93 7 7 708 27_9:
Yor=3 72 7!+7'+2 7'+3 7'+4 714 T T 88921857024000°
(3.170)
§o .6 5, 6, 6 66 o0 S 8o 3141960414959 1
8 841 8 Y2 3 5 8 897 , 18 5829 _
1 8'+3 st atatat? “ gt 8'+ 31~ 3201186852864000 362880’
(3.171)
bo o8 by 65 65 6 81 o865 909 4165158373
9 9 92 3 7 9 9 9 . -
B TR TRt T 9'+2 q'“ o+ 9'+2 91 — 10137091700736000
(3.172)

Solving this system we get the parameters of the fourth end-point formula

(i.e. x =x4 ) for the eighth-order method. It is noted that the parameters
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& (i=10,11,12) may then be arbitrarily given the value zero. Thus

)

S — 499069556333

0 24329020081766400

5 = 9104056156831

1 = 5529322745856000°
§, — 235407175152137

2 6082255020441600°

§. — 305584340173897

3 7 1216451004088320°

5, — 154635757309157

4 = 3577797070848000° > (.3 17.3)
5. — 27146722126679 ' '
5 7 116966442700800

§. — 120382318113107

6 =  2764661372928000°
5, = 2770984913471

77 6082255020441600°

S = 47446323377

8 —  2G7351869030400°

S — —12443589337

9 T 789903249408000°

Because of symmetry, the special end-point formulae for the points xn, xn-1,
XN_2,XN_3 may be written down directly from those for xi,x;, x3, x4, respec-
tively.

The set of parameter values in (3.27), (3.140), (3.35), (3.151), (3.43),
(3.162), (3.51) and (3.173) give cis as the first non-zero constant in (3.9).
Global extrapolation on two grids, with p=8 in (2.29), gives, using the nota-

tion of Chapter 2, the numerical method

_ 2560 oy Ly (3.174)

1
255 zh 255

vy (E)

3.8 CONSTRUCTION OF A TENTH-ORDER METHOD

Equation (3.3) attains tenth-order accuracy by writing a = 0 as before and

. 1 _ 251 _ 913 — AT o that
then by choosing 8 = 3555, ¥ = m,(s = 32680 and € 181440
— ) = 15619 ' -zero constant in (3.9) then
S =1-2(a+B+v+86+€) = 55,5 The first non-zer (3.9)
becomes as
—1

o (3.175)
20 = 47900160’
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withcji=cis=ci5=...... = 0 because of symmetry. Choosing the param-
eters a;, b;, ¢, dj (1=0,2,4,6,8) as given in section 3.4 with the parameters
&, B 7,6 (1=0,...,10) calculated as follows, ensures that the same leading
non-zero constant is obtained for the end-point formulae (3.12)—(3.19) asso-
ciated with the tenth-order method.

For the point x = x;, consider (3.28). Equating the coefficients of the

derivatives y(®), y(i) oG 0 ,y**) gives the system

oo+ oy +axt+az+ay+ a5+ ag+ ar+ ag + ag + aqg

(3.176)

_ 655177

907200
—ao + oy + 203 + 3oy + das + Sas + 6a7 + Tag + 8ag + Yo 3177
__ 252023 (3.177)
~ 907200°
ST+ 20R 4325 + 428 + 578 + 625 + TPL + 82 (3.178)
ay 274: ‘
+922— = 11;73580947090’
FHo+ PG+ PG+ LR PG+ + T +8G (3.179)
ajg _ 11368009
+933_'0 = 11197500400’
pr T A T At S T ST T S R T T s (3.180)
+94‘J_ = 3113113?50140146030’

[ 5 5« 5« 5 5 5ag

—90 4 2 4 95q8 4 354 4 450 4 55s 4 G591 4 7598 4 gOas (3.181)
ajo _ 723798697
+9° %2 = F502656000"

ST EALFAIGHOGHOGAOTHTRIER g

+9G% -

o o o7 oz Q7 ay 7 oy ag 7a7 7 as Tag
—90 92 4 9748 | 3T 4 479 5T L 6T 4+ T + 87 (3.183)
+97% = 528326689675427‘%260700’

a0y ooz yooSan 4 g8ag 4 480 4 gBae 4 GBar 4 78ce | g8 (3.184)

+()8 JQ — 14042390777
28582025472000°
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%*_ +29 +39 +49cr: +59 +69a7 +79a8 +89a9

o : (3.185)
10 « 0y o
o 36+ 275G + 300 Tof T 41010' T 51010' + 610107' + 71010' (3.186)

+810 o9 + 910 @10 3522018283439 _ 1
0! O 101370917007360000 47900160°

Solving this system we get the parameters of the first end-point formula
(i.e. x =x; ) for the tenth-order method. It is noted that the parameters
o; (1=11,12) may then be arbitrarily given the value zero. Thus

)

o 116040349955470841
0 3649353012264960000 °
. —  157203913989739

1 = 330258191155200°
vy — 40179841536173

2 =™  2673518690304000°
= 5622449804159

3 ™ 12509779968000°

o, —  =867092203321867

4 = 1621934672117760 °

_ 1558230209576339 3.187

Q5 = 304112751022080000° : (3.187)
(e —  —2874137423864459

*6 T "8109673360588800
v = 5261248047297509

7 = 30411275102208000°
e —  01252013974567247

8 =™  22117290983424000°
o = 814229640791783

9 =™  72987060245299200°
(i —  =281299064581543

10 =  580719462481920000° )

It can be shown using the method of undetermined coefficients for the point
X = X3, that, taking the parameter values bg, by, by, bs, bg in (3.35) together
with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y), y(i) y&i) - , yO%)in

(3.36) gives the system

Bo+ Br+ Po+ Bs+ Ba+ s + Bo + Br + Bs + fo + Pro = Giia:  (3188)

_2ﬂ0 - /81 + ﬁ3 + 2/34 + 3/7’5 + 4/3() + 5/37 + 6/33 + 7/39 + 8ﬂ10

_ 24427
T 453600’

(3.189)
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22&4_/;1' + _'_22[34 +32ﬁ;+42g€:+52€7+62ﬁ8 __*_72%

2010 — 43202009 (3.190)
+8 T 119750400

_3@_ 38 3Bs g : 8
PR -G+ T2 4L Ll 30 @0 ph

3[3 __ 2394839 (3-191)
+8°5¢ = 59875200
24%+%+%+24%+34%+4“ + 510 4 G1le | el -
4810 __ 190486607 ’
+8 % " 3113510400°
—PR A+ G2 R 433G 78 455 650 4 T (3.193)
oﬁ 21489493 Mt
+8 5 = 2122848000
26ﬁ0+€1 +%+26%+:36%+46%+r6ﬁ7 +66 +76 |
+86ﬁm _ 34992742353 (3.194)
5230697472000
—27le Gy Doy ol 3T L TR 5TO 6T L T (3,195
3.195
7810 __ 327962597
+8'5¢ = 237758976000 °
28ﬁ0 + g% + + 28 + 38 + 48 + r'8ﬁ7 + 68 + 78 3 196
+88ﬁlo __ 881182516553 ( ) )
T 1600593426432000°
_29@1 . + + 29 + 39 + 49,@6 +5 r9[37 + ()9 + 79 (3 197)
9/8 2542651289 '
+8°5¢ = 20520428544000
10 B 010 B Bs 9 8 10 B 10 8 9 B
2 18' + 10' + 10! +2 1(;' + 310101 +4 13' +9 10' +6 18' + 7 10' (3.198)
+810ﬁm __ _ 7404524487683 1
10! T 202741834014720000 479001607

the solution of which give the parameters of the second end-point formula (i.e

X = x; ) for the tenth-order method. It is noted that the parameters f; (1=



Ch 3: The special linear tenth-order boundary-value problems

11,12 ) may then be arbitrarily given the value zero. Thus

Bp = 43096055008784881 )
0 3649353012264960000°
By = 96572492798993699
1 364935301226496000 °
By = 17879555117626619

2 48658040163532800°
By = 87652728055181

3 243290200817664

By = —4711287655743611
4 = 40548366802944000 ’
Bs = 46489634142652499
5 304112751022080000°
B = —4286488815953951
6 — 40548366802944000 °
By = 315901599466553
7T 608225020441600°

B = —830947903694617

8 — 48650163532800 °
Bo = 94832253888503

9 28071946248192000°

Bro = 0158673972225317
10 = 521336144609280000° )

116

(3.199)

Next, it can be shown using the method of undetermined coefficients for

the point x = x3, that, taking the parameter values cg, c2, cq, g, cg In (3.43),

together with parameters calculated as follows, ensures the same first non-zero

constant in the local truncation error associated with this point.

Equating the coefficients of the derivatives y(x) g (6) (i)

(3.44) gives

Yo+ +rvtvt+tratvst+rvxtyr+t e+ + Y0 = 33333(1),

—39 — 271 — Y2 + Y4 + 275 + 376 + 497 + 578 + 679 + 7710

— 169
100800

32’Yo+ 2’71 _+_ _*_%4!__*_22’_:72._5!_}_32'76 +42 _}_52’78 -{-62

2710 — 5510311
+17 — 13305600°
. 37 r'378 3
—33L 23U L Wy 3% 4 PR L PT R 465
‘3’710 11381
+7  4435200°

3470 +24 + + +s)4% + 34 +44 +54'71§ +641—?

4710 _ 591141643
+7 T 7264857600°

(3.200)

(3.201)

(3.202)

(3.203)

(3.201)
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35’;? _25’71 + +25155T+35’76 +45 +55’Ys +65

5 _ 14645899 (3205)
+7 L= 12108096000°
36')’0 + 26'71 + + + ‘)G’Ys + 36 + 46 + 56 + 66 l
+76m — 1346510087 (3206)
134120448000’
_37%(:_ . 27% + _+_ 27'75 _+_ ‘37 + 47 + 57 + 67 (‘3 207)
710 __ _ 162013909 b
+7 ’710 T 581188608000
38’)’0 +28 + + _+_28’75 +‘38 +48 + r8’78 +68
47820 _ 19405166329 (3'208)
22230464256000°
_39’% _ 29% + + 29 _+_ 3976 _+_ 49 + r9’Ys + 69 ‘
4790 _ 163046441 (3.209)
4234374144000°
310 ’Yo' + 210;1' + ' + s + 210;705| + 310;73' + 410 - + 510’78 + 61010, 391
4710210 _ 5800069899419 1 (3.210)
10! ~ 101370917007360000 4700960 °

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the tenth-order method; they are

2061298229437523
70 = 28338385676206080000°
__11589154862126857
T = 2838385676206080000°
__ 9139422280088273
72 = 3784514234914400°
_ 683712457758821
73 = 1576880931225600°
_ 3228137601455083
Y4 = 13516122267648000°
_ 1503276660462431 _ (3.211)
75 = 33790305669120000°
_ —21616099543697
Y6 = 13516122267648000°
_ 5080973291
77 = 3435470438400°
_ —3695100594191
V8 = 7569028469882880°
_ 7537990586177
79 = 3838385676206080000°
1915764666829
Y10 = 318337359708160000° )

It is noted that the parameters v (i = 11,12) may be arbitrarily assigned

the value zero.
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Finally, it can be shown using the method of undetermined coefficients for

the point x = x4 that, taking the parameters do, do, d4, dg, dg given (3.51), and

using the parameters calculated below, yields the same first non-zero constant

in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®) y(xi) y(xii)

(3.52) gives

50+51+52+53+54+55+56+57+58+59+510:

—460 —_ 361 - 252 — 63 + 65 + 266 + 357 + 468 + 569 + 6510 =

4250 +32J_+2252_‘_3%+ _{_2266 +3257 +42§{:+5 2_9

2610 __ 14255849
+6°5F = 34214400

380 368 938
—43% _33h 93k _

68891
2223936007

+63%p =

%_*_234_2366 +3357 +4353 _{_53%

PERHIF 2+ a2 13 a5l

+6400 = J63NTIET
43589145600°

_45%_35 1 2552_

5!

5610 _ __ 413849
6”3 = 3350185920007

+3557 +455g+ =559

51

L+ % 258

[ $ [
PR +3°G + 202 + &4 b 1208 1350 4 400 +5°%

6610 _ 10139471581
+6 6! T 951035904000
76 746 97 &2 83 55 76 *75_7_ 7_5_8 r‘7£9_
B A A il ek TR Tl e M i T AR ¢
7510 _ 154643851
+6 71 T 88921857024000°
86 86
480 4 380 4 8% 4 By by 980 L 38T 445 +5°8
+68__o _ _ 3141960414959
8! 3201186852864000°
. 998 § 967 | 296 9 bs 969
—4%% 398 _99% _ &y bs g 990 4 390 4492 + 57

4165158373

946
+69%0 =

T 10137091700736000°

1814399
1814400°

(3.212)

122753
9979200°

(3.213)

(3.214)

(3.215)

(3.216)

(3.217)

(3.218)

(3.219)
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410 50' + 310 o + 210 2 + 10' + 10' + 210 57' + 310 15(7)' + 410 fgl

(3.222)

+510 + 610 810 — 28108982850101 _ 1
10! 10! 405483668029440000 47900160

Solving this system we get the parameters of the fourth end-point formula
(i.e. x =x4 ) for the tenth-order method. It is noted that the parameters

& (i =11,12) may then be arbitrarily given the value zero. Thus

S = ~504886766892491
0 = 51090942171709440000°
5 = 1579429435112527
I = 1021818843434188800°
5 = 705680560899513
2™ 179266463760384000°
5. —  106486449327610741
3 = 425757851430912000°
S, —  414123960848707
4 = 954079218892800°
_ 12714726728652943 99
05 = 55293227458560000° : (3' 3)
S — 4196107713185
6 7" 92681981263872°
5, — —217783613195039
7 T 425757851430912000°
S — 1820951439198607
8 7 340662811447296000°
o = —19314059878021
9 7 2043637686837760°
Suo = 23668609477577
10 = 3005349539512320000°

Because of symmetry, the special end-point formulae for the points N, 2n_1,
IN_2,TN—3 may be written down directly from those for xi, x,, X3, X4, respec-
tively.

The set of parameter values in (3.27), (3.187), (3.35), (3.199), (3.43),
(3.211), (3.51) and (3.223) give cy as the first non-zero constant in (3.9).
Global extrapolation on two grids, with p=10 in (2.29), gives, using the nota-

tion of Chapter 2, the numerical method

10245y - L yo, (3.224)

(E) _
Y 1023 1023

3.9 CONSTRUCTION OF A TWELFTH-ORDER METHOD

Writing o =

X o 215687
1 ﬂ — 61 — 22103 § = 11477 and € = ==22¢
47900160° 2

239500800 | — Ts9667200 ¢ T 285120 = 887040
‘ _ 1718069 o (9 9) g e
so that 3, =1 —=2(a+ B +~v+8+€) = 355650 1 (3.3), gives the unique
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twelfth-order method of the family (3.3) for n #1,2,3,4,N-3 N—2 N—1,

or N. The first non-zero constant in (3.9) then becomes as

691 $ 995
C = : . <
2 T 93775897600 (3.225)
withcis=cis =cir=cig=cyy =...... = 0, because of symmetry.
One can obtain the same values of ¢; (i = 11,12,13,...... ,22) for the end

pointsn =1,2,3,4,N - 3,N — 2, N — 1, N by choosing the parameters a;, b, c;,
di (1=0,2,4,6,8) as given in section 3.4 and assigning the remaining param-
eters in (3.12)—(3.19) respectively, in the following way.

For the point x = x;, consider the scheme (3.28). Equating the coefficients

of the derivatives y(), y(d) (i) = , vy gives the system

o+ +ar+ a3+ ag+ a5 + as + a7+ ag + ag + agg

b + o = ST )
—ag + ag + 2a3 + Jay + 4as + Sas + 6ar + Tag + 8ag (3.297)
+9ai0 + 10a11 + 1y = 323%3»
By 4279 4379 4429 4 5290 4 6297 4 7248 4 g2 (3.998)
+92Of2;!0 + 102“2;'1 + 11202;'2 = 121794’?580947090’
—20 oy + 238 3% 4 432 4 580 4 6397 4 7% B30 (3.229)
+93a3% + 103%% + 113% = 11115;3765800400%’
WG EPGABGILGIIG OGRS
+9%5 4+ 10% 28 4+ 11792 = JPUE00,
—90 4 22 498G 4 35 4 450 4 55Ge 4 GRET 4 TOSE 8048 (3.231)
FO'S 1 10°5 4 11°5 = ST
R G AOG IR FLORLEORHEOF TR+ (3.232)
+OO 10° 5 + 1179 = RS
“HEGHTRATR TG IR ACOF TR AT

7 g Tay Tayy . _ BTGRG52167
+9°%, + 1075 + 11757 = 5230697472000
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BTSN +ER LR +5N +6°L 780 4 gt

_|_98a10 + 108 _+_ 118 _ _ 14042390777 (3'234)
28582025472000
_ o 9o 9a 9a 9«
o T H25 G5 + 575 4 6°90 4 7028 4 892
D ) E
199 am L 109 Ly 119&]2 _ 2762162653 (3'23‘))
20520428544000°
10 « 10 & 5
10' + 10' + 2 3' _|_ 3 4I +410a' + rlOlozg' + 61010, + 71010' 3
3.236
18108 4 9100 4 110y 4 11102 _ _ 3522018283439 ( )
10! 10! 10! 10!~ 101370917007360000°
11 & 11« 11
—in T It 2 3T AT ST 6T+ T
11 11! 11! 11! 11' 11 (3 237)
g 11 ag0 11& 1oy, _ _ 368462718776 -
+8 mT 9 T+ 10 it 11 11! — 4344467817440000°
12 o 12 1205 | K120 12 oz 12 as
12"*'12'4'2 12'"'“‘3 12'+4 z+ 12'+6 ﬁ+7 12!
12 ag. 12 aj0 1205 12a1p _ _ 30689602988243 691
+8 121 9 Tor T+ 10 2 T 1 120 = T5611121219133440000 T 23775897600
(3.‘238)

Solving this system, we get the parameters of the first end-point formula

(i.e. x = x1 ) for the twelfth-order method. They are

)

o =  5971246575268812433
0 —  1983530697813120000 *
o —  3063586639878490261
1= 739741630115840000 °
o, —  —4440754776771707783
*2 = 51090942171709440000
(va =  5923300186040234237
3 766364132576416000 ?
=  T927652722807756367
4 756902846988000
- 3318929166936347
5 =  32128789257154560000°
e —  =5498940528394228543 - (3_239)
6 — 3649353012264960000 *
v —  2345698766262862649
7 T 2128789257154560000°
(e —  =454409573522930351
8 — 75690284698828000
_ 1812148033564250279
M9 = 7563641325756416000°
_ ~3253745190725366999
10 = 57090942171709440000 °
_ ~1475894306383821109
11 = 140500090972200960000 °
_ _2701027397950574263
12 = 3372002183332823040000°

It can be shown using the method of undetermined coefficients for the point

X = Xo, that, taking the parameter values bg, by, by, bg, bs in (3.35) together
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[N
o

with parameters calculated as follows, ensures the same first non-zero constant
in the local truncation error associated with this point.

Equating the coefficients of the derivatives y®, y(xi) y(xi) , y (i)
n (3.36) gives the system

,30+ﬂ1+ﬂ2+/53+ﬁ4+ﬁ5+/36+/37+/33+/39+/310

B + Py = B2 (3.240)
—2B0 — P14 Bs + 2064 + 3Ps + 48s + 567 + 685 + TBs + 8510 |
198 + 108, = 24827 (3.241)
22ﬁo 4 f ﬁl + g:: _'_22&_{_32/8) +42ﬁ6 45 r2ﬂ7 +6zﬁs +72ﬁ9
g2 g 2l | g2 _ onomen (3.242)
_23ﬂo ﬂ1 i ﬁs 4+ 23;84 + 33ﬁs + 43/86 +5 r3/37 + 63ﬁs 1 7369
+83ﬁm + Jsﬁu + 103[312 _ 525;389;15%3090, (3.243)
2100 + 0L Lo 0t8 4 310 4 440e 4 50 4 Gi0 4 7ele N
bt 4 0184 4 1070 = e .
QOL?O + ﬁl + +25ﬁ4 +35ﬁ5 +45 +55ﬁ7 +65ﬁs + 75[39
bl ¢ oo 4 10t = s .
Zeﬁo + L & +26ﬁ4 + 36& +4<> +rbﬂ7 +6658 _*_76% (3.246)
(568 4 0108 4 (1018 = e |
—o7be By By oT8 4 378 g7 57O 6T 47T (3.247)
+878 + 978 + 107ﬁ12 = 22;372775%69275690700’
288b 1 By fo g 980 4 380 4 g8l 4 580 L 30 4 O (3.248)
'H’B% + 98% + 108%!2 = 16323‘3&1)23233;;800’
_29%?_ _ ﬁ_x + Qs; + 29ﬁ_4 + 39/39 + 49/86 +5 r9ﬁ7 - 69%% + 79%% (3.240)

29 B1o0 gﬁu sﬁlz 2542651289
+8 9! +9 + 10 T 20520428544000°
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210%+ by 1138'+21010'+310 |+410ﬂ6 +r10ﬁ7'+610ﬂ5'+710ﬂ9

10! 10!
® (r
1810810 | 10 4 110812 _ _ 7404524487683 (3.250)
100 T To 10! — 202741834014720000°

2111ﬁlo' %+ 11,-{—2“11,+3“11,+4“11,+5“11,+6” ﬁ5'+711 Bs

11!

—{—8“ 11‘ + 911@ 4+ 1011@ — 2496498203783

11! 11! 7 304112751022080000°
(3.251)
12 8
9 12' —I— +212%+312 ﬁ5| +412 ﬂs' 45 =12 ﬁ7 +6”12, +71212'
12 810 12 ﬁA 12812 _ 20863491928843 691
+38 12! +9 12! + 10 12! 77 10407414146088960000 + 237758976007
(3.252)

the solution of which give the parameters of the second end-point formula (i.e.

X = X3) for the twelfth-order method. They are

B = 2924769378051802429 )
0 259384783333294080000
By = 38040711402263632871
1 140500090972200960000
By = 17131080986560697393
2 —  51090942171709440000°
By = 3543210612727803301
3 7 7663641325756416000°
By = —50614268634731051
4= 151380569397657600 ?
Bs = 1029422989100344339
5 — 2128789257154560000 °
Bs = —1715619364831808327 ] (3'25g3)
6 — 364935301 2264960000 * f
By = 736404847800877441
7 2128789257154560000°
Bs = —2514334152940439
8 — 13278997315584000 °
Bo = 114714019591716851
9 —  1532728265151283200°
Bro = —1032751839311789983
10 =  '51090942171709440000
B = 469520364080093981
11 = 14050090972200960000°
Bua = —860878599673483007
12 —  3372002183332823040000° )

Next, it can be shown using the method of undetermined coefficients for the
point x = x3, that, taking the parameter values co, ¢3, ¢4, C6, C8 given in (3.43)
together with parameters calculated as follows, ensures the same first non-zero
constant in the local truncation error associated with this point.

Equating the coeflicients of the derivatives y(x)’ }’(Xi), y("“),
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(3.44) gives

Yo + M1 +’)’2+’}’3+’)’4+’75+76+’)’7+’78+’)’9+’710+’)’11 + Y12

302231

302400°

=37 — 271 — Y2 + Vs + 295 + 3v6 + 47 + 598 + 670 + Tvio

+8v11 + 97912 =

_33% _

32 ’Yo + 22

231 _

169
1008007

+ + +22’Y§ +32 +42 _}_(’2’)’8 +62
_+_72’YIO +82’711 +()2’712 — 5510311

133056007

L+ 2%

+73’Y1o +83’711 +() '73_: 11381

57
—35 _

34 ’Yo + 24

5M
257 _

44352007

33’76 _+_43 _*_‘['3'78 +63

A THR i A v o Bl S ST MR I S

+74’Ylo +84'Yll _}_()4712 __ 591141643

T 72648576007

%_*_ + 5’75 +35'YG +45 +55

+75’)’10 _|_85’711 _*_95712 — 14645899

12108096000

+

5 v9
6”31

36'YO + 26 + + + 26 + 36 + 46 + FG’YS + 66
1346510087

+76710 + 867“ + Qem = 134;128}148000’

_377_0_27’71 ’72 _‘_2775 +37 +47 _*_(!"7’78 +67

+7”w + 8”“ 4+ q?m — _162013909

581188608000

3PL 428U 22y 2y 98T 4 38T 4 43U LS + 65

s
10!

8’710 8’)’11 8’712 _ 19405166329
+7 + 8 + 9 T 22230464256000°
29 9 97, 9% 97
=39 290 B L WL P PR+
9’710 9’711 97712 __ 163046441
+7 + b + () 9! T 4234374144000’
10 Yo 1071 2 10 10 10 v rlO
3 '+2 +10'+ +2 10'+3 10'+4 10'+
10710 10711 10712 5800069899419
+7 10! + 8 10! + 9 10! T 101370917007360000°
11 Yo 11 ¥2 11 11 7y 11 y7. =118
3 11'_'—2 11'+11'+ '+2 11|+3 11'+4 11! RERETY
11210 1171 1172 _ 847167156811
+7 11! + 8 11! + 9 11! 7 236532139683840000°

{9’78 + 69’7_?

10!

+6111

1!

124

(3.254)

(3.255)

(3.256)

(3.257)

(3.258)

(3.259)

(3.260)

(3.261)

(3.262)

(3.263)

(3.264)

(3.265)
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25
12 0 o9l1 71 2 4 912 95 Q12! ve 12 7 =12 7 :1
3 11! +2 12r 1 191 + T2 12!+3 21 T4 12t 1_:§S!+61217-—§!
1210 12711 12712 8172140843813 691
+7 12! + 8 12! + 9 12! 7 2754903744552960000 + 23775897600 °
(3.266)

Solving this system we get the parameters of the third end-point formula

(i.e. x = x3 ) for the tenth-order method; they are

_ 20464729968383761
Yo 28820531481477120000
_ 2634978111642113
M = 54243297198080000°
_ __ 151708742486039533
72 = 630752372490240000°
_ 1779153894068441
73 = 1074237812736000°
_ 35151347430156497
4= 151380569397657600"
_ 12903409227110351
75 = 336532139683840000°
_ —5151286358526083 .
76 = 105483668029440000° ‘ (3.267)
_ 2472096523139189
V7= 236532139683840000°
_ —4355674222843283
8 = 756902846988288000°
_ 15571578934727
Y9 = §812125622894592°
_ —1172953595222249
Y10 = 1892257117470720000°
N 535052750986283
Y1 = 5303707073044480000°
o —2951463594930203
Y12 = 374666909259202560000° )

Finally, it can be shown using the method of undetermined coefficients for
the point x = x4 that, taking the parameters do, d,, d4, de, ds, given in (3.51),
calculated below, yields the same first non-zero constant in the local truncation

error associated with this point.

Equating the coefficients of the derivatives y (), () (D) ,y i) in
(3.52) gives
ot 6k Sk Bt bs ot Bt Bt bt bt but b 0
_ 1814399
1814400°
By — 36— 2y = 8y By + 200 4 36+ 4B A S0+ G0

+7611 + 881y = 22208

9979200
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4250_+_32 +22 + _+_ _}_22{3_(?_{_3257 +4268+‘
268 26 . .
_+_6 210 + 7 1_'1 + 822;'2 — 14255849

2! 2! 34214400°

Gt EPAL R B P N R EL L
+63510 +73 +833_2= 68891

222393600

PRAFTHE S+ 8421 13t g 1l b

4810 45“ 45,2 __ 363217187
+6 4! + 7 + 8 T 43589145600

56 Q56 956 8: [ 9586
—F -G - PE -G+ S+ 2B+ 3D 4458 550
4654 610 4 758 611 + 8 5812 413849

5! 326918592000

45% +3°0 260 4 By By 96ke 4 360 4 46k | 560

[

6510 6611 6812 _ 10139471581
+6 s + 7 s T8 ~ 951035904000 °

7! 7!
7510 75 751_2 __ 154643851
+6 + 7 + 8 7! T 88921857024000°
86 ]
P+ +HIZ G+ E 208 +3T + 488 158
8510 8611 8512 _ 3141960414959
+6 + 7 +8 T 3201186852864000°

—4%% 398 _99% _ bo 4 ba g 998 4 308 4 498 4 5ob

9810 9611 9812 __ 4165158373
+675F + 7 + 8757 = Tot37001700736006"

410158' + 31010' + 210158| + 10- + 10| + 21010| + 31010| + 410101

10 6 106 106 28108982850101
+5 9'+6 1100"*'7 1]ol'+ 0&z

II

10! 405483668029440000°

) & ¢ §
411 +3 11_11!_+_211 2|+11|+1_5+211117|+311 '_*_411_1_8_!

_9 11610 1161 118612 _ 259687418609
+5' i T 60T + T3 + 873 = J3evsasiasooraoo0n

412_1 _+_ 31212' + 21212| + 12' + _5_; + 212% _+_ 31212' + 41212'

12!
+512 b + 61261_0 + 712_61_1 + 812—¥1 — 4984415723143 + 691

12! 12! 12! T 1274377242378240000

23775897600 "

126

(3.270)

(3.271)

(3.272)

(3.273)

(3.274)

(3.275)

(3.276)

(3.277)

(3.278)

(3.279)

(3.280)
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Solving this system we get the parameters of the fourth end-point formula

(i.e. x = x4 ) for the tenth-order method.They are

S = —20111634850897253

0 6744004366665646080000
50 = 10850134190213011

1 7397416301115840000°
50 = 577222659467368697

2 14597412049059840000°
§. —  112174364942641021

3 7 450802430926848000°
50 = 60105119162462761

4 7™ 137618699452416000°
5 = 480950075796503597

5 T 2128789257154560000°

_ 27866487234499003 3 981

bg = 561438924963840000° ) (3'28 }
5, = —8432973933516631

7T 2128789257154560000°
S = 1267316084752801

8 =  504601897992192000°
S = —978231278605993

97 1094805903679488000
51 = _22859871055603727

10 = 71021818843418880000°
§ir = —4904760768458891

11 = 7140500090972200960000’
1o = 17185081040673019

12 = §744004366665646080000

Because of symmetry, the special end-point formulae for the points xn, xn-1,
XN_2,XN—3 may be written down directly from those for xy, x3, X3, x4, respec-
tively.

The set of parameter values in (3.27), (3.239), (3.35), (3.253), (3.43),
(3.267), (3.51) and (3.281) give cyy as the first non-zero constant in (3.9).
Global extrapolation on two grids, with p=12 in (2.29), gives, using the nota-
tion of Chapter 2, the numerical method

4096

YE = I

= o YW, (3.282)
J

@) _
%hY 4095

3.10 NUMERICAL RESULTS

To compare the accuracy of the methods developed in this chapter, they were

tested on the following problem.
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In the computer programs the Gauss-Elimination method with full pivoting
for solving linear algebraic systems, was used to obtain the solution vector.

Problem.

yO(x) = y(x) — (80 + 20x)e*,0 < x < 1,

with boundary conditions

y(0)=0, y"(0)=0, y@)(0)= -8,
y(0) = —24, y i (0) = —48

and > (3.283)
y(1) =0, y()(1) = —4e, yiI(1) = —16,
yO)(1) = —36e, yi(1) = —6de.

)

The interval 0 < x <1 for the problem was divided in to N+1 equal subin-
tervals each of width h = 2’j(e% — 1) for i = 4,5,6. The corresponding values
of N are then given by N = 2! — 1.

The values of ||y — Y|| were computed for each value of N. The results
for the second-, fourth-, sixth-, eighth-, tenth-, and twelfth-order methods are
given in Table 3.1. Table 3.2 includes results for the global extrapolation on
two grids for all the methods, and on three grids for the second-order method,
with N = 15. Table 3.2 shows more improvement after using the extrapolation
methods on two grids with N = 15. The global extrapolation on three grids
has produced a disappointing result. This is due to small value of h, raised to

a large power, having little bearing on the calculation.
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Table 3.1: Error norms

Viethod] 15 31 63
Second-order | 0.3331D-04 | 0.9686D-05 | 0.3420D-01
Fourth-order | 0.3281D-04 | 0.9942D-05 | 0.3420D-01

Sixth-order | 0.3148D-04 | 0.9119D-05 | 0.3420D-01
Eighth-order | 0.3162D-04 | 0.9568d-05 | 0.3420D-01
Tenth-order | 0.3159D-04 | 0.8836d-05 | 0.3420D-01
Twelfth-order | 0.3282D-04 | 0.4898D-04 | 0.3420D-01

129
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Table 3.2: Error norms for the extrapolation on two and three grids

MeI:'1_‘;¢g T G4 Two grids | Three grids

Second-order | 0.3331D-04 | 0.1811D-05 | 0.6925D-01

Fourth-order | 0.3281D-04 | 0.8418D-05 -

Sixth-order | 0.3148D-04 | 0.8764D-05 -

Eighth-order | 0.3162D-04 | 0.9481D-05 -

Tenth-order | 0.3159D-04 | 0.8814D-05 —

Twelfth-order | 0.3282D-04 | 0.4899D-04 —




Chapter 4

GENERAL TENTH-ORDER
LINEAR BOUNDARY-VALUE
PROBLEMS

4.1 INTRODUCTION

The general tenth-order two-point boundary-value problems consists of the
differential equation
yO(x) = 1(x,y(x),y (%), y" (%), 5" (%), y ™),y (%),
y (), y 9 (x), y 1 (), y ) (x)),

which holds in some interval a < x < b, together with conditions imposed on

(4.1)

the dependent variable at the two points x = a and x = b. The linear boundary

conditions can be written in vector-matrix form as
B. Y(a) + B, Y(b) = C, (4.2)
where B, and By, are two matrices of order 10 x 10, Y(a) andY (b) are 10 x

1 vectors defined as

Y(a) = [0, y"(a), 0,y (a). 0,y (a). 0,y" (a), 0,y ()],

131



Ch 4: General Tenth-Order Linear Boundary-Value Problems 132

Y (b) = [0,y (b), 0,y (1), 0,y (b),0,y" (b), 0,y (b)),
and C is a 10 x 1 constant vector.
The general boundary-value problem (4.1), (4.2) is linear if f is a linear
function of y(x) and its derivatives and is nonlinear otherwise. The linear

general problem will be solved in this chapter and the nonlinear problem will

be solved in Chapter 5.

4.2 LINEAR TENTH-ORDER BOUNDARY-VALUE PROB-

LEMS

The general linear tenth-order boundary-value problem consists of the ODE

y®(x) = ao(x)y(x) + a1 (x)y'(x) + ea(x)y" (x) + aa(x)y" (x)
+aa () y M () + as(x)y V(%) + s (x)y D (x) + ar(x)y D (x) - (43)
Fas(x)y I (x) + ag(x)y ™) (x) + aro(x); a < x <D,

with linear boundary conditions
y(a) = Ao,  y(b) = Bo,
y'(a)=As ¥ (b) =By
y®™(a) = Ay, y"(b) =Bu,
y(a) = As,  y"(b) =B,
yOi) (2) = Ag, y (i (h) = Bs.

Let w® = y(x), w) =y'(x), w® = Y (X) yeenen . w® = y(x). Using
this notation, the value of y and its derivatives at the typical mesh point Xy,

are given by

\V(2) v \\'(9).
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The single, tenth-order ODE will be transformed to a system of 10 first-
order ordinary differential equations; the associated tenth-order boundary-

value problem then becomes the following boundary-value problem system

(of the first order)

W) =y =wl a<x<b; wO()=Aq wO(b) =B,
(W) =y" =w®, a<x<b;

) a<x<b; w®a)=A,, w®b)=B,,

(w(s)) =y =w®, a<x<b;

V) = w®, a<x<b;

(vil) w(7), a<x<b; w(G)(a) = Ag, W(‘Z)(b) = By,

)
) =y
(w®) =y
(w) =yt = w® a4 <x < b
(w®) =y =w® a<x<b; w®(a) = Ag, wB(b) = Bs,
(w®) =y

) = —apw©® — agw® — apw® — aaw® — aw® — azw(®

These can be written in system form as

w = Aw + C, (4.4)
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where

0 1 0 0o 0o 0 o0 o o o]

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

A 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1
] —&y —Qp —Qp; —Q@3 —Q4 —Q5 —Qg —Q7 —Qg _CYQ_J

T
CZI:O, O, 0, O, 0, O, 07 07 0? —Qlo] ’

After transfoming to a first-order system, any numerical method will deter-
mine, at every point xi, X2, Xz, -..... , xn of the grid not only the value of y
but also its first nine derivatives so, a total of ten bits of information will be
calculated at each mesh point xq,x5,X3,...... , XN-

Note also that at the boundary x=a and at the boundary x=b vy y™M,
y (Vi) |y (ix) ( a total of 10 ) are not given. The numerical method will find these
bits of information also ( these are w(l)(a) = w((f), w®(a) = W(()s), w)(a) =
W(()f’)’ w((a) = w((,7), w¥(a) = w(()g); WI(\IIL, W(BJ)rp WI(\qu)Lv WI(\J7+)-I? WI(\i)Ll )-

Hence, the total number of bits of information to be found is

54 10N +5=10(N+1).

We apply the system of ten first-order ordinary differential equations to

the points X, X1, X2, --.... , xn of the grid. Thus, ten ordinary differen-
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tial equations are applied to N+1 mesh points; this total of 10(N+1) bits of
information will give the 10(N+1) bits of information required.

Let w(x) = [wO(x) , w(x) , w(x)
(4.1) is of the form

ye e ,wO())T. Then, the system

!

Dw(x) =w (x) = Aw(x) + C. (4.5)

This may be solved using the recurrence relation

w(x +h) = exp(hD)w(x). (4.6)
In (4.5) and (4.6)
_ N .
dx
d
dx
d
dx
d
dx
d
= d
— dx = diag{ —
D i la’g{dx ?
dx
d
dx
d
dx
d
dx
d
| % ]

1s a matrix of order 10.

4.3 NUMERICAL METHODS

To obtain the solution w, recurrence relation (4.6) is applied to the (N+1)

mesh points xo , X1, X2, «..... , XN-

Suppose that exp(hD) in (4.6) is replaced by its (1,1) Padé approximant
(I- %hD)_l(I + %hD) where I is the identity matrix of order 10. This gives
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-1

w(x+h)=(I— %hD) (14 %hD)w(x)

1.e.

1 1 -
(I- §hD)W(X +h)=(1+ -2—11D)W(X). (4.7)

The use of this Padé approximant, which is a second-order replacement of the
exponential function exp(hD), gives rise to a second-order method for solving

the boundary-value problem. Now
Dw(x) = Aw(x) + C

and so

Dw(x +h) = Aw(x+h)+C

Let us now generalize and suppose that ag , 01 , 0,3 , 04,05 , 006 , 07 , g, Q,

o are all functions of x. Then

Dw(x) = Aw(x) + C(x)

and

Dw(x +h) = Aw(x+h)+ C(x + h)

This gives, in (4.7),

Iw(x+h) — %h[A(x +h)w(x + h) + C(x + h)] = Iw(x) + %h[A(X)W(X) + C(x)]

<

which implies that

[1— %hA(x +h)w(x+h)=[1+ %hA(x)]w(x +h) + %h[C(X +h) + C(x)]
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l.e.
1
P(x + h)w(x +h) — 511[()()( +h) + C(x)] = Q(x)w(x)
or
| 1
Q(x)w(x) + EhC(X) = P(x+ h)w(x+h) — §hC(x + h),
with x=x¢, x1, X2,... ,... ,xn. In (4.8)
1
P(x+h)=1- ghA(x + h).
and
_ 1
Qx)=1+ §hA(x)
so that
[ 1 —%h
1 —%h
1 —%h
1 —%h
1 —%h
P(x+h) =
1 —%h
1 —%h
1 —%h
1
a b ¢ d e f g ] k
with

a = ;hao(x+h), b= Thay(x+h), ¢

thay(x+h), d = Thag(x 4+ h).

137

(4.8)
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138

e = thas(x+h), f= Thas(x+h), g = shag(x +h), j = Thar(x + h),
k =thas(x+h), t =1+ “hag(x +h) and
w(x+h)=| wO(x+h), wh(x+h), wB(x+h), ... ., wOx+ h) ! :

Similarly

1 %h ]
1 %h
1 %h
1 %h
1 1n
Qx) = i
1 %h
1 %h
1 %h
1 %h
i 1(0 k] 1(2 1(;3 1(4 1(5 k(; 1(7 1(8 J kg
where

kg = —Zhao(x +h), ki = they(x +h), ky = —thay(x +h), ks = Jhas(x 4+ h),

ky = —%hcu(x +h), ks = %hadx +h), k¢ = —%has(x +h), ks = thas(x + h),

L]

kg = —%hag(x +h), ke=1-— %hag(x +h) and

wix) = [ wO(x), wil(x), Wi, ... ..., wO)

Consider (4.8) at x = xp; it becomes
1 1
Q(xo0)w(x0) + §hC(x0) = P(xq + h)w(x; +h) — ;Z—hC(xl + h). (4.9)
We rename this equation as follows

Qowo + ro = Pywy — 1y, (4.10)

which gives
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L

—

1 =z
1 =z

ko 1(1 1(2 1(3 1(4 1(5

ke

dg d] d3 dy ds dg

(12

with

Ao
W(l)(Xo)
Ay
W(B)(XO)
Ay

w(5)(x0)

ks kg 1 —kg

139

v
2 9 o o o o o o o o

L

o O O o o o o o o

le

7 = %h, ko = —%hao(xo), ky = —%hal(xo), ko = —%hag(Xo), kg = —%hag(Xo),

ky = —%ha4(xo), ks = —%ha5(x0), ke = —%hae(xo), ks = —%hcw(xo),

kg
d;
ds

(19

%ha](xl), d, =
)

1 —
511(!5(X1 5 d(; =

_%has(xo), kg =1— %110’9()(0)7
thay(xq), d3 =

%hag(x]), dr =

%hag(Xl), d4 %ha‘;(xl),

%hcw(xl), ds %hag(xl),

1+ %hag(xl), dig = —%halo(xl).

klO = —%110[10(}(0); do = %hao(xl),
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For the point x = x,, (withn = 1,2, 3,

comes

.....

. N —1) equation (4.8) be-

Q)W () + %hC(xn) = P(xa+ h)w(xs + 1) — %hC(xn LB (4

We write this equation as follows

which gives

1 =z
1
€ €1
( 1 —=z
1
Co ¢
with

C2

Quwn + 1, = Pyupiway — rag, (4.12)
1T wO(x,) 1 [ o]
wl(x,) 0
z w(?(x,) 0
1 =z w®)(x,) 0
1 z w(")(xn) 0
1 =z w®)(x,) ’ 0 B
1 2z w)(x,) 0
1 =z wm(xn) 0
1 z w®)(x,) 0
€3 €4 €5 eg e ey € | | w®(x,) ] | e1o |
11 W(O)(XD_H) ] | 0 ]
w (x,41) 0
—Z w® (xu41) 0
1 —z W (xy41) 0
I —z w (x441) 0
1 -z w®) (x41) 0
I -z w® (xu41) 0
1 -z W (Xy41) 0
1 —z w0 (xu41) 0
C3 €4 €5 G C7r € Cg9 | | wO(x41) | | €10 ]
z=3h, eg = —thag(xn), €1 = —3hai(xa), €2 = —shay(xa). e3 = — thas(xy),
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€4 = —%hoa;(xn
eg = —%hag(xn
Co = %hao(an
cs = zhay(Xapr),

1
Cg = ihag(xnﬂ N

)
)
)
)
)

which we rewrite as

141
€5 = _%hQS(Xn)’ €g = —%hCYG(Xn), e; = —%how(xn),
eg =1 — Thas(xu), e = —2hao(xy);
C1 = %hal(xn+l)a Cy = %haz(xnﬂ), C3 = %hQB(Xn+1))
Cs = %ha5(xn+1), Cg = %hae(xnﬂ), cr = %11a—,-(xn+1),
Co =1+ %hag(xnﬂ), Cio = —%}1C¥10(Xn+1)
Finally for the point x = xn equation (4.8) becomes as
1 1 _
Q(XN)W(XN) + illC(XN) = P(XN+1 )W(XN-H) — EhC(XN_H), (4.13)
QNwWN + N = PnjiWNgr — Iy, (4.14)

giving

ag

a

a2

o O O o o o o o o

azg a4 a5 ag 4ary ag ag

a
L 10
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1 -z 17 Bo ] | 0 ]
1 —=z w )(XN+1) 0
1 -z B, 0
1 -z w® (xng1) 0
1 —z B, 0
1 —z w0 (xng1) - 0 |
1 —z Bs 0
1 —z w (xnp1) 0
1 —z Bs 0
| bo by by by by by bg by bg by N w (xng1) b1o
with
z = 3h, ag = —lhag(xn), a; = —shay(xn), ay = —lhas(xn),
ag = —%1103(XN), ag = —%hcm(xN), as = —%hag,(XN), ag = —-%h()l(;(XN),
ay = ——%ha7(xN), ag = —%has(xN), ag = 1 — Thar(xn), a0 = —3hao(xn);

bO = %IIO!O(XN-{J), b1 = %ha](XNH), b2 = %haz(XN_H)’ b3 = %hQB(XN-}-l),
b4 = %hazl(XI\H-l), b5 = %1](!5(XN+1), b6 = %llaG(XN+l), b7 — %1107(XN+1),
b8 = %haS(XN-}-l), bg =1 + %hag(XN_}_])’ blO = —Jg_halO(XN-{—l)

Recalling
P(x +h)w(x + h) — r(x + h) = Q(x)w(x) + r(x)

1.e.

-
Pm-{-lwm-}-l — Im+1 = Qmwm + T, (41‘))

gives

Pyw; —r1 = Qowo + ro, (4.16)

for m=0 so that

1 1
Wgo) — ;hwgl) = Ao+ ghw((,l) (4.17)

<~
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M _ L ,o_ o, ]
Wy — §hw1 = W((, ) 4+ §hA2 (4.18)
wi? lhw(g) = A, + ll )
1 9 1 2 5 1wy (419)
1 1
wig) — §hw§4) = w(()3) + 511A4 (4.20)
1 1
W§4) — §hw§5) = Aq+ §hwc()5) (4.21)
5 1 1
1 1
wgﬁ) - ;Z-hwg) = As + Ehw((f) (4.23)
1 1
wi? — §1lw§8> = wi + hAs (4.24)
@ _ L, o L w®

%hao(xl)wgo) + %hal(xl)wil) + %11&2(X1)W§2) + %hag(xl)wgs)

+%ha4(x1)w§4) + %ha,n;(x])wgs) + %has(xl)wge) + %ha7(x1)w§7)

+%hag(x1)w§8) +[1+ %hag(xl)]wgg) + Shavoe(x1)

(4.26)

= —2hao(x0)Ag — %hal(xo)wél) — Jhau(x0)Ay — %1]@3(X0)W83)

——12-hoz4(X0)A4 - %ha5(x0)w(()5) — %haG(XO)AG — %hcw(xo)wg)
—'%hag(X())Ag +[1 - %hag(Xo)]W(()g) — %alo(xo)

Now, using (4.17)—(4.26), we develop a vector as follows

S]W + U3
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where i ]
lh 00 0 0 0000
1 0 0 0 0 00O0O0O0O0
0 X 0 0 0 00000
0 1 0 0 0 000O0O0
Sl:00-12-110000000,
0 0 1 0 0 00O0CO0TO0
0 0 0 X 0 00000
6 0 0 1T 0 0O0O0O0O0
0O 0 0 0 %h 00000
i to t1 te tz3 ty 0 0 0 O OJ
[ w () ] [ A, |
w®) (o) 2hA2
w®)(x0) Ay
w(7)(xo) %hA4
— w(g)(xo) yo A, |
w (xn41) 2hAs
W(3)(XN+1) Ag
w®) (xn41) %hAB
W(7)(XN+1) As
_w(g)(xNH)J | ox
with
to = —1hay(xo), t1 = —jhas(xo), t1 = —has(xo), ts = —zher(xo),
t4:1~%ha9(xo) and
cx = —1hag(xo)Ag — Jhan(xe)Az — Thag(xo)Ag — Thag(xo)As

—has(x0)As — Fhao(xo).

Thus, now, (4.16) for m=0 reduces

P1W1 -—S]W:r1+U (4‘27)
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1.e.

- lel + SIW = —U —I.

For the point x=N the formula is

which gives

— %hao(xN)w
—hay(xn)w

— %hag(XN)W

(0)
N

(8)
N

Qn

1 1
WI(\?) + Ehwl(\}) = By — —hwl(\,l)

WN + N = PnpiWNgt — g,

2 i

1y , 1

' 1
wy' + §hw1(\f) = WI(\Illl — EhBQ

' 1 1
W](\f) + _—hwl(\?) =B, - —hwl(\J
2 2
w

1
WI(\?) + §hw1(\]5) =By — §hw(5)

w

5 1 1
WI(\?) + ;hwl(\f) = B¢ — Ehwl(\l

w

3)
+1

1 - 1

1(\13) + §hwl(\f) = WI(\fJ)rl — §hB4
1

N+1

1. 5 1
I(\Is) + ;Z—hWI(\I) = wl(\lll — §}1B6

7)
+1

1 1
1(\17) + ghwl(\?) = Wl(\174)~1 — §th

1 1
I(\,g) + ;hwl(\]g) = Bg — 511""1(\19711

(1) (2) 1

XN)WyN ' — %haZ(XN)wN — shas(xn)

(5) 6) 1

(
5(XN)WN - %h(.YG(XN)WN - §ha7(XN)
1

211()’9(XN)]W](\?) — %halo(xN)

(4.28)

(3)
= %hao(xNH)Bo + %ha](xNH)wl(\IlJ)rl + %llaz(XN+1)B2 + %ha3($N+l)wN+1

(7)
+%lla4(XN+1)B4 + %hCY5(XN+1 )WI(\?j-l + %IICYG(XN_H)BG + %hcw(a:NH)wNH

+Jhas(xny1)Bs + [1 4 %h“s(XNH)]W](\?_)H + Jaro(XN41)

(4.39)
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Using (4.27)—(4.36), we develop a vector as follows

SNyt W+ V
where ]
00000 - 0 0 0 o
00000 1 0 0 0 0
0000O0 O -%h 0 0 0
0 00O0O0 O 1 0 0 0
Sy = 000 0O0 O 0 ——%h 0 0 |
00000 O 0 1 0 0
00 00O0 O 0 0 —%h 0
0 00O0O0C O 0 0 1 0
0 00O0O0 O 0 0 0 ——%h
(00000 Jo J1 J2 s s |

T
V=B, —IbAs, B, —lhAs, By —ihAs Bs, ~3hAs Bs k| .

with

jo = —Eha(xo), j1 = —has(xa), 2 = —Hhas(xo), s = —has(xo),
ja=1+ %hag;

ke = Jhao (o) + Shaa(x0) + Fhau(x) + Yaws(xo) + 3hats(xo) + (o)

and W is already defined. Remember that
1 T
r= [O, 0, 0, 0, 0, 0, 0, 0, 0, —;h(Ylo(Xl)] :
For the general mesh points m=1,2,3,... ... ,N—1.

Qmwm - P111+1Wm+1 = —TIm — I'm+1 ) (440)

with

1 T
_rlll_r111+1:[0, 0, O, O, 0, 0, 0, 0, O, —;Z—h{alo(xm)+a10(xm+1)}]
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147
Lastly, for m=N
QNWN - SN+1W =-rn+ V. (4.41)
Recall,
P17P27 ------ )PmaPnH-la-'- aPN; Qlle) ------ -)QmaQnH-l,--- ,QN; Sl, SN+1
are all 10 X 10 matrices and the vectors wy, wy, ws ,... ... ,2WN, W; U, V;
ry, To,.ov... ry are all 10 x 1 vectors.

Using (4.12), (4.15), (4.28), (4.40), (4.41) and on rearranging we have the

block matrix-vector product

-

—Py S1
Q1 —P
Q: —Ps
Qs —Py

Qm Pm-{-l

QN —Sn41 |

W1 bl

Wy b‘Z

W3 b'3

_ 4.42

Wm - bm K ( )
W41 blll+1

WN bN

A% bn41
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where

| by

The system (4.42) may be rearranged into the form

-

—U — I
—Ir —Iry
—I; —I3
—I'3 — Iy

S I'm+1

—IN-1 —IN

L ~I‘N—V

_Pm+1

—Pxn

148

(4.43)
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- l - - . -
Wo g2
W3 g3
Wi = gm ) (4.44)
W1 gm+1
WN gN
L W . gN+1 J
using the following algorithm -
Algorithm
Si =5
S, = QmP;llgm_l . m=2,3,4,... ... ,N
SNyt = —SN+41 + QNPIGlSN ;
g1 = by, and
gm = by + Q111_1P,_n1_1gm-1 cm=2,3,4,... ... N+ 1;

The solution may then be computed on an architecture with N processors as
follows.
Solve the system SNHW = gn41 to find W,

then solve the systems

A

_'mem + Smw = 8m ( m = 1, 2, 3, ...... y N )

to find each wy,, (m=1,2,3,... ... , N ), using N processors, each of which

solves a linear system of order 10.

4.4 NUMERICAL RESULTS

The numerical methods in sections (4.1) were tested on the following problems.
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Equation (4.42) was solved using an LU-decomposition routine because a
multi-processor architecture was not available.

PROBLEM 4.1.

U+ (L4 + (4 + 2y 0 = (24 3x2)y®) — (34 x2)y @)
+(x> = Dy® — (1 = 3®)y®) 4 (1 +x* = 1)y©® — (44 x4)y
+x°y®) 4 (1 — 2x%)y®)

= e*(x" + 20x% + 92x® + 40x* + 59x3 + Tx% + 22x — 11), —-1<x<1,
y(=1)=0, y®(-1)=2e7", yW(-1)= —ge!
yO(=1) = 187!, y®)(~1) = —40e"!

Y

and
y(1) =0, y®@(1)=—6e, yW(1)= —20e,
yO(1) = —42e, y®(1) = —72e.
(4.45)

The theoretical solution is given by
y(x) = x(1 — x)e". (4.46)

The interval —1 < x <1 was divided into N+41 equal subintervals each of width
h = g\?—f{%. The corresponding values of N are then given by N = 2! — 1; the
values i=4,5,6 were used in the calculations. The value of ||y — Y| was

computed for each value of N and these are given in Table 4.1.



Table 4.1: Error norms
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yM N =15 N =31 N =63
A=01] 0.2298D-02 | 0.3349D-02 | 0.3611D-02
A=11 0.1231D-01 | 0.1170D-01 | 0.1164D-01
=2 | 0.3918D-01 | 0.3718D-01 | 0.3667D-01
A=310.1256D400 | 0.1171D+00 | 0.1149D+00
A =4|0.3481D+00 | 0.3572D400 | 0.3594D00
A=50.1128D400 | 0.1147D401 | 0.1153D+01
A =6 |0.3523D+01 | 0.3545D401 | 0.3549D+01
A=710.1177D+02 | 0.1208D+02 | 0.1216D+02
A =8| 0.3508D+402 | 0.3527D+02 | 0.3529D+02
A=910.1516D403 | 0.1657D+03 | 0.1722D+03

151

PROBLEM 4.2.
y(lo) +y+ y(l) + y(2) + y(3) + y(4) 4+ y( ) 1 y ) 4 y ) 4 y(8) n y(9)
= sinx(10x + 54) + cosx(x? + 12x — 41).

subject to the boundary conditions

y(=1) =0, y@(=1) = —4cos(—1) 4 2sin(—1),
y@(=1) = 8cos(—1) — 12sin(-1), y©(=1) = —12cos(—1) + 30sin(-1),
y®(=1) = 16 cos(—1) — 56 sin(—1);
and
y(1) =0, y®(1)=4cos(l)+ 2sin(1), y@(1) = —8cos(1) — 12sin(1),
y©(=1) = 12 cos(1) + 30sin(1), y®(1) = —16cos(1) — 56sin(1).
(4.47)
The theoretical solution is given by
y(x) = (x* — 1)sinx. (4.148)
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The interval —1 < x < 1 was divided into N+1 equal subintervals each of width

h = (b—a)

= (NF1)" The corresponding values of N are then given by N = 2 — 1; the

values 1=4,5,6 were used in the calculations. The value of lly — Y| was
o0

computed for each value of N and these are given in Table 4.2,

Table 4.2: Error norms

y) N=15 N =31 N =63

A=01 0.9967D-02 | 0.9892D-02 | 0.9879D-02
A=1] 0.6516D-01 | 0.7120D-01 | 0.7448D-01
A =210.3310D400 | 0.3405D+00 | 0.3452D+00
A =3 |0.5780D+00 | 0.5799D+00 | 0.5803D+00
A =410.3323D+00 | 0.3411D+00 | 0.3455D+00
A=510.6034D+00 | 0.6081D+00 | 0.6090D+00
A =6 0.3818D+00 | 0.3834D+400 | 0.3827D+00
A =1710.1220D401 | 0.1246D401 | 0.1249D+01
A =2810.3636D+01 | 0.3747D+00 | 0.3760D4-01
A =90.2435D402 | 0.2702D402 | 0.2856D+02

Tables 4.1 and 4.2 contain the error norms for these values of N for y
and its first nine derivatives. It is noted that the maximum errors in y are
small, but that, for any value of N, the errors gradually increase as the higher-
order derivatives are considered. It is also seen that, with a small number of
exceptions, the error norms for y and its derivatives increase as N increases
(or as h gets smaller). This is due to the conditioning of the block matrix in
(4.42) being affected by the mesh refinement and to the build-up of round-off
errors associated with a large increase in the number of arithmetic operations.

This is a common phenomenon as reported by Twizell et al. (1994).



Chapter 5

GENERAL TENTH-ORDER
NON-LINEAR
BOUNDARY-VALUE
PROBLEMS

Consider the general tenth-order non-linear two-point boundary-value problem
yO) = f(x,y(x),y %),y (%),y" %),y (x),y"(x), (5.1)
yO(x), y¢(x), y( i (x), y™(x)), & < x< b

with the boundary conditions

y(a) = Ao, y(b) = Bo,
y'(a) = Ay, y"(b) = Ba,
y™W(a) = A, y(iv)(b) = Ba,
Y(Vi)(a) = Ag, y(vi)(b) = Bs,
yMi () = Ag, y(viii)(b) = Bs.
Now suppose that
0
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) =y = =y
y(vii)(x) Y = /\’ — y(viii) =4,
y ) =p s =y™ =g

and

vy =€ = =yD=1(xp,q1,5t0,v,X,4,¢)

Let w=[p, q, 1, s,t, u, v, A, g, €T then the system is

(00100000000 ] [ 0
0010000000 0
0001000000 0
0000100000 0
dw _| 0000010000/ 0
dx 0000O0O0TLO0O0O 0
0000000100 0
000000O0O0OTIDO 0
000000O0O0GO0O0 1 0
0000000000 RETXSERARRNRIN
) (5.2)
The the system of equations (5.2) is of the form
Dw(x) = dW—Mw(x)+c(x,w(x)), a<x<b. (5.3)

dx
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it

Note: p=p(x), q=q(x), r =1(x), s = s(x), t = t(x),
u=u(x), v=v(x), A= A(x), = p(x), £ =£(x) and so c=c(x,w(x)).

The associated boundary conditions are

b) = By, (5.4)

System (5.3) will be solved by using the recurrence relation
w(x + h) = [exp(hD)]w(x), (5.5)

where D = diag{(f—x} 1s a matrix of order 10 defined in section 4.2. Suppose that
exp(hD) in (5.4) is replaced by the (1,1) Padé approximant (I — 2hD)='(I+ ;hD)

where [ is the identity matrix of order 10. This gives, to second order,
1 4 1 .
w(x+h)=(I- ihD) (I+ :ihD)W(x)’ (5.6)

that is

- %hD)w(x Lh) = (14 %hD)w(x). (5.7)
Then
w(x+h) — %h[M(x +h)w(x +h) + c(x,w(x+h))] = w(x) + %h[Mw(x) + c(x, w(x))],
giving
2 2

(I- th)W(X +h) — —;—hc(x +h,wkx+h)=>0+ ‘th)w(x) + %hc(x,w(x)).
(

This is of the form

Pw(x + h) — %hc(x +h,w(x+1h)) =Qw(x)+ %C(X»W(X))’ (5.10)
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where the constant matrix P, the constant matrix Q, and ¢ are given by

(1 -1, 0 0 0o 0 0o 0o o o
01 - 0 0o 0 0 0 o0 o0
00 1 -l 0o o 0 o0 o0 o0
00 0 1 - 0o 0o 0o 0 o0
P 0 0 0 0 1 —ih 0 0 0 0
o0 o0 o o 1 =% o o o |
60 0 0 0 0 0 1 - 0o o
00 0 0 0 0 0 1 -lh o0
00 0 0 0 0 0 0 ~1h
o0 0 0o 0 0 0 0 0 1
(11,0 0 0 0 0 0 0 0]
0 1 M 0 0 0 0 0 0 0
00 1 X 0o 0 0 0 0 0
00 0 1 M o o0 0 0 0
g |00 0 0 lh 0 0 0 0
00 0 0 0 1 X 0 0 0
00 0 0 0 0 1 1 0 0
00 0 0 0 0 0 1 ih 0
00 0 0 0 0 0 0 1 1In
00 0 0 0 0 0 0 0 1|
and

T
¢ = 0’ 07 07 0’ 07 0’ O’ 0) 0? f(x?p’q)r7s7t7u’V?A?l’t7€)

Note that P and Q are upper bidiagonal matrices. Recall the mesh points are

Xm =a+mh (m=0,1,2,...,N,N+1).
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~1

5.1 NOTATION

The notation used in Chapter 4 will be retained, so that

pe) | [ b | [w©]
q(%m) (i Wi
r(Xm) I'm Wl(z)
5(Xm) Sm wl)
Wi = Wom) | e | i , (5.11)
(%) i, wiy
v(Xm) Vi wiy)
A(%m) A wiy)
() Hm wiy
| ECw) | |G ] | WY
withm=1,2,3,...,N;
_ W - - N .
ng) do
w(()Z) A,
w(()3) S0
wo = W‘E’: _ | M (5.12)
Wy Ug
W(()G) As
w(()7) Ao
wég) As
W(()g) ] i €o ]
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_ WI(\§)4)-1 - - Bo -
WI(\IlJ)rl AN+1
WI@Ll B,
WI(\134)-1 SN+1
(4)
WN+1 = ::Ejl = uB4 , (5.13)
+1 N+1
WI(\164)-1 Be
Wl(\l?q AN+
Wl(\igll Bs
i WI(\i)Ll ] i ENt1 |

T
Cm = |:O, O, O) 07 07 07 07 0) 07 f(xnnpm,(Im’rmysmatnnumaVm)/\m,,um)ém) J )

(5.14)
Co = [0, 0,0,0,0,0,0, 0, 0, f(a, Ao, qo0, A2, 80, A4, U0, Ag, Ao, As, &o) ]T7
(5.15)
and
T
CN41 = [ 00 ... f(b, Bo, qn+1, B2, SN41, B4, ung1, Bs, Anj41, Bsy Eng1)
(5.16)

5.2 NUMERICAL METHOD

Applying the numerical method to the general mesh point x,, (m =0,1,2,

1 1
me - Pwm+l + §hc(xmawm) + §hC(Xm+1,Wm+1) = 0’ (517)

which is of the form

Fm = F(W1117W111+1) = 07 (518)

in (5.18) Fy, is a vector of order 10.
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Consider the point x = xg; then equation (5.17) becomes

1 1
QWO - PW1 + :Z-hC(Xo,Wo) + '2—}10(X1,W1) =0 (519)
or
1 1
PW1 - §hC(X1,W1) = QWO + §hC(X0,W0). (520)
This gives
= Ao 1
P1 — 5hdr = Ao+ 5hdo (5.21)
Ly = o+ hA (5.22)
Q1 2111—(10+21 2 5.
L = Ag + <hs (5.23)
I'1 5 1S1 = A2 9 150 Q. Le
1 1
S1 — Ehtl = Sp + :2'11A4 (524)
b — Ly = Ay o1 (5.25)
1—21111— 4 21110 ) A
1 1 3
uy; — =hvy = ug + =hAg (5.26)
2 2
1 1 y
Vi — —1]/\1 = AG + Tll/\O (027)
2 2
1 1 ‘
)\1 — —h/.ll = )\0 + —hAg (528)
2 2
1 1 3
K1 — 51161 = Ag + Ehfo (029)

&1 — %hf(xl,lh,(ll,1’1a81,t1,U1,V1,)\1,#1,51)

= 50 + %hf(aﬂ AO7 qO‘) A27 S0, A47 Ug, AG) )‘07 AB’ ‘fo)

(5.30)

Taking all terms to the left hand sides of (5.21)—(5.30) enables us to create

the vector

S1W

with

T
W = [qo, S0, Uo, Ao, &os AN415 SN+1, UN+T Ant1s Nt
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and

th 00 0 0 00000
1 0 0 0 0 00000
0 h 0 0 0 00000
0 1 0 0 0 00000
Sl:00§hooooooo
0 0 1 0 0 00000
0 0 0 X 0 00000
00 0 1 0 00000
00 0 0 M oooo0o
|00 0 0 1 00000

Consider, next, the general point x,, (m=1,2,3,...,N —1) then (5.17)

reduces and gives

Pm + %h(hn — Put1 + %hqmﬂ =0, (5.31)
Qum + %hrm — Qut1 + %hrmﬂ =0, (5.32)
Iy + %hsm — Tpt1 + %hsmH =0, (5.33)
by + %hum — tmg1 + %humﬂ =0, (5.34)
Uy + %hvm — U1 + %hvmﬂ =0, (5.35)
Vi + %h/\m — Vg1 + %h)\mﬂ =0, (5.36)
Am + %h/tm — A1 + %h/tmﬂ =0, (5.37)
fm + %hfm — fms1 %hfmﬂ = 0, (5.38)

ém - fm+1 + %hf(xnn Pms 9ms I'my Smy iy Umy Vin, )‘m, Han s fm)
+%hf(xm+1, Pm+1 m+1; Tm+15 Sm+1, tm+1, Um+41) Y+l )‘m+1 s Hm+1- €m+1)

= 0
(5.39)
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Consider, finally, the point xy; then (5.12) becomes

)

1 1
QWN - PWN+1 + §hC(XN, WN) + §1IC(XN+1,WN+1) =0

or

1 |
QWN + §hC(XN,WN) = PWN+1 — ‘—2-11C(XN+],WN+1).

This gives

1 1
PN + §th = By — §1qu+1 =0

1 1
qn + 5111‘1\1 = (N41 — QhB'Z =0
1 1
N + —2—hsN =B, — §hsN+1 =0
1 1
SN + §htN = SN41 — :—2—}1}34 =0
1 1
tN —+ 51111]\] = B4 - 511111\]_*.1 =0
1 1
uN + §th —un + 1 — EhBG =0
1 1
VN + 511/\]\] = BG — '2—11)\N+1 =0
1 1
)\N + "ZhIU,N = )\N+1 — Eth =0

1 1
KN + §ll£N = Bg — 511&\]4_1 =0

§N + %hf(XN)pNa qN, I'N, SN, tN7UN7VN7 AN) HN,&N)

= éng1 — shi(b, Bo, qni1, B2,y sng1, Ba, ungt, Be, ANt Bs, )

Equations (5.42)—(5.51) may be written in system form as follows
Qnwy = Sva W,

(It may be noted that W is already defined.)

161
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with )
000001 0 0 0 o]
00000 0 L 0 0 o
000000 -1 0 0 0
000000 0 1 0 o
SNg1=1{00000 0 0 -1 0 0
00000 0 0 0 b 0
000000 0 0 —1 0
00000 0 0 0 0 LIn
(000000 0 0 0 -1

The next aim is to find the block matrices. Return to the ten equations
(5.21)—(5.30) for the mesh point x = x¢ and let these equations be named
EO,I, E0’2, Eg,g, E0,4? Eg,s, EO,G, E0’7, Eo’g, E(),g, EO,lO respectively; they give the vec-

tor

Il
—~
<
ey §
oo
N

Eo

Eo,0

Eo,10
- -
For each general point x,,, (m=1,2,3,... ,N— 1) these are also ten equations.

Let these equations be named E,, 1, En 2, Em 3, Ema, Eis, Eme, Em7 Emgs Emos
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Em,10 respectively; they give the vector

Em,l
Em,2
Em,3
Em 4
Bne| ™| (5.54)
Em,6
Em,7
Em,8
Eing

Em,lO

Similarly for the last point xy there are also ten (non-linear) algebraic equa-
tions. These are given in equations (5.42)—(5.51) which will be renamed
Engi,Eng, Eng, Eng, Ens, Eng, En7, Ens, Eno, En1o respectively; collectively

these give
En
En,2

3

Ens
EnN 4
Ens

Ex=| . (5.
Eng
En,7
Ens

Eno

<t
It
ehn ]
g

EN 10

L -

The unknowns in (5.53)—(5.55) are qo, So, Uo, Aos &0, Pmy dmy m: Smy b
U, Vi, Amy fms Em(m=1,2,3, ... N), qn+1, SN+12 UN+I ANs1, Eni1. The
total number of unknowns is 5 + 10N+ 5 = 10(N +1). There are
10+10(N—1)+10= 10 ( N+ 1) non-linear algebraic equations in which
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the unknowns are qo, S0, Uo, Ao, €0, Pms Qs Tms Sms bms Ums Vins Amy M,

ém ( m = 1,273a "'aN)a gN+1y SN+1, UN+1, )‘N+17 €N+1-

5.3 THE NEWTON-RAPHSON METHOD

Consider the nonlinear algebraic system of M equations given by

F(x)=0 (5.56)
1.e.
Fi(x1,X2, X350+ .. ,xm) = 0,
Fo(x1,X2,X3, ... ... ,xm) =0,
Fa(x1, X2, X3, .. «.. ,xm) =0,
FM(Xl,X'z,X'g, ...... ,XM) =0

As was noted in Chapter 1, the Newton-Raphson method becomes
X0+ — Xk (3 XM TFEXY) s k=0,1,2,... (5.57)

with

0
Clearly k is the iteration number and we need to "guess” X(© so that the

Newton-Raphson method for a system will converge to a fixed point X*. Let

J&) — J(X(k)), (5.5%)
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be the Jacobian given by

3F, 8F, 9F, oF, |
X1 99Xy 89Xz ottt 3Xy
dFy aF, 3F, aF,
(k) — OXy 90Xy 98Xz ottt 3X
JO = | K X B Z (5.59)
OFy OFMm  9Fy 8F
| 90X, 90X, 9Xs " Xy |

Now, J® should be inverted to give [J®]=1; this is a major problem if M is

large. So, to avoid having to invert J*) let
Z® = —J[(XWN)TF(X M) (5.60)
then the above equation becomes
Jz0 = _p(x ), (5.61)

This is a linear system in Z(®) which can be solved using a suitable method

(e.g. LU-decomposition, or Gauss-Seidel).

Having found Z® by solving this linear system, the next iterate X (k+1) g

found from the simple equation
X 1) = X 4 7 (5.62)

The main aim is to get the linear system

JE 7z %) — —F(X(k)) (5.63)
into the blok form
[ _p® | 5
gk) _ng)
s/ Py 20 = —F(X¥)  (5.64)

k (k)
' %\1) -5N+1
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5.4 CLARIFYING THE NOTATION

At any iterate k =0, 1, 2,...

WN+1

where -
(k)

Pm

k
(h(n )

(k)

I'm

(k)

Sin

(k)

m

(k)

ulll
(k)

Vi

/\(k)

m

ufn
(k)

m
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m=0,1,2,... ,N+1. Clearly

F = p(x®) = : . (5.66)

k
E,
Ey

L .

: , . .  O9Em; OEmj OEm,
To form the Jacobian, we need to find the derivaties Lagf", Bt Sk
1 1 I

8Em)j aEln)j 8Em:] aEln)j aEm:) aE[nvj 8E[nrj . T — ;o ¢ . [=4
s Bt au avi A au ae for i=mm+1, j=1,2,3,4,5

and m=0,1,2,...,N — 1,N. There are 10(N+1) of these derivatives; this, of

course, is the order of the square matrix J which we aim to write in the above

block form.

5.5 NUMERICAL RESULTS

The numerical method in sections (5.3)—(5.5) for tenth-order non-linear two-

point boundary-value problems is tested on the following problem.

Problem 5.1.

y(X) — g(X) —y — yy' _ y" + y'“ _ y(iv) . y(v) . y(vi) . y(vii) _ y(vuJ) - y(lX)

where

subject to the boundary conditions

y(0) = v (0) = y(0) = y*(0) = y*(0) =
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and

The interval 0 < x <1 for the problem was divided in to N+1 equal subin-
tervals each of width h = %‘Ni:f% The corresponding values of N are then given
by N =21 — 1; the values i=4.5,6 were used in the calculations. The value of
||y — Y||oo was computed for each value of N. Because of the non-availablity
of multi-processor architecture, LU-decomposition was used to solve equation
(5.64) at each iterate.

Table 5.1 contains the error norms for these values of N for y and its first
nine derivatives. It is noted that the maximum errors in y are small, but that,
for any value of N, the errors gradually increase as the higher-order derivatives
are considered. It is also seen that, with a small number of exceptions, the error
norms for y and its derivatives increase as N increases (or as h gets smaller).
This is due to the conditioning of the block matrix in (5.64) being affected by
the mesh refinement and to the build-up of round-off errors associated with

a large increase in the number of arithmetic operations. This is a common

phenomenon as reported by Twizell et al. (1994).
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Table 5.1: Error norms

y() N=15 N =31 N =63
A=0] 0.2435D-04 | 0.1811D-04 | 0.2735D-04
A=1]| 02712D-03 | 0.1456D-03 | 0.1262D-03
A =21 0.3014D-03 | 0.2989D-03 | 0.2961D-03
A =31 09150D-03 | 0.1123D-02 | 0.1159D-02
A =41 0.2515D-02 | 0.2836D-02 | 0.2901D-02
A=5] 0.1047D-01 | 0.1141D-01 | 0.1154D-01
A =6 0.2483D-01 | 0.2703D-01 | 0.2748D-01
A =710.1046D400 | 0.11336D400 | 0.1158D+00
A =810.3436D+00 | 0.3762D+00 | 0.3964D+00
A=910.1197D401 | 0.1308D+01 | 0.1377D+01
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Chapter 6

TENTH-ORDER
EIGENVALUE PROBLEMS

6.1 INTRODUCTION

Consider a horizontal layer of fluid in which an adverse temperature gradient
is maintained by heating the underside. The fluid at the bottom will be lighter
than that the top and, in this situation, the layer will be potentially unstable.
The role played by viscosity is to inhibit a tendency on the part of the fluid
to redistribute itself. This réle is affected by an additional effect of rotation
and the rotation will introduce new factors into the ensuing thermal instability
(Chandrasekhar, 1961).

The ”top-heavy” state of the fluid gives rise to an eighth-order eigenvalue
problem, when instability sets in as overstability, consisting of the ordinary

differential equation (ODE)

(D2 — A2 — pyo)[(D? — A2 —0)*(D? — A%) + TD?jw(x)

(6.1)
= —RA*(D? — A? — o)w(x),
and the boundary conditions
w(x) — 0 asx — oo, (6.2)

170
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The variables, parameters and constants in (6.1) and (6.2) and the other terms

on which they depend are described below

A : wave number, 4 : magnetic permeability, H : uniform magnetic field.

1

N = G resistivity, D = 4

dx

p1 =& where v : kinetic viscosity and & : thermoconductivity ,

o : time costant (relative to dimensionless time and space coordinates),

T = 491}# = the Taylor number where 0 = angular velocity,

R = g% = the Rayleigh number where g = acceleration due to gravity,
a = coeflicient of volumetric expansion, = adverse temprature gradient,

x : dimensionless vertical coordinate, p, = 1, d : depthoflayeroffluid,

H24d?
(4mum)”

w= w(x) : vertical coordinate, Q = p

In solving (6.1) and (6.2), the minimum value of R (and A) is sought and
the corresponding value of o, which can be complex. It is apparent from (6.1)
that, for an arbitrary complex value value of o, R will be complex. However,
the physical meaning of R requires it to be real and so it will be assumed that
o 1s pure imaginary.

It may be noted that, when instability sets in as ordinary convection, the
marginal state will be characterized by o = 0 and the ODE in (6.1) reduces to
a sixth-order equation (Chandrasekhar, 1961). This ODE was solved by Bald-
win (1987) who used global phase-integral methods, by Twizell and Boutayeb
(1990) and Boutayeb and Twizell (1991) using finite difference methods.

The effect of rotation on a horizontal layer of fluid heated from below is
known to be similar to the effect of a magnetic field acting under the same
conditions in that they both inhibit the onset of thermal instability (Chan-
drasekhar, 1961). A magnetic field imparts to the fluid certain aspects of vis-
cosity which facilitate the onset of instability when rotation is present. Acting
togather, rotation and magnetic field do not reinforce each other, however. In
fact, they exhibit conflicting tendencies when applied simultaneously.

In liquid metals such as mercury, instability sets mostly as overstability
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when rotation is present, but it sets in as convection under the influence of a
magnetic field (Chandrasekhar, 1961). Thus, it has always been illuminating to
study thermal instability under the combined effects of rotation and a magnetic
field.

Consider, therefore, an infinite horizontal layer of fluid of uniform thickness,
heated from below, in a state of uniform rotation subject to a uniform magnetic
field acting across the fluid in the same direction as gravity. Chandrasekhar
(1961) shows that, when it sets in as ordinary convection, instability may be

modelled by the tenth-order eigenvalue problem

(D? — A?)[{(D? — A?)? = QD?} + TD*(D* — A*)]w(x)

(6.3)
+RA2[(D? — A%)? — QD?w(x) = 0,

with boundary conditions given by (6.2); the terms in (6.4) are as described
above. When instability sets in as overstability, the model differential equation

is of order twelve and is given by

(D% — A% — pyo)[(D? - AH{(D? — A* — o)(D?* — A? — pyo) — QD?*}?
+TD?(D? — A? — pyo)*]w(x)

+RA?[(D? — A? — ¢)(D? — A? — pyo) — QD?|(D? — A? —pyo)w(x) =0,
(6.4)

with boundary conditions given by (6.2); the terms in (6.4) are as described
before.

The numerical analysis literature on the solution of eighth-, tenth-, and
twelfth-order boundary-value problem is extrely small. Such problems are con-
tained implicitly in the paper by Chawala and Katti (1979); however, the em-
phasis is on fourth-order problems in that paper. Agarwal (1986), in his book,
gives theorems which emphasize the conditions for existence and uniqueness of
solutions of such higher-order problems, but no numerical experiments are re-
ported therein. Numerical methods for the solution of higher-order boundary-

value problems are also considered by Acher et al. (198%). Doedal (1979).
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Esser (1980), Keller (1975), Kreiss (1972), Lynch and Rice (1980) and Os-

borne (1967). Boutayeb and Twizell (1991) have solved the special, nonlinear,

twelfth-order, boundary-value problem
w(x“)(x):f(x,w), a < x < b; abx R (6.5)

W(Qi)(a) = Ay, W(Qi)(b) =By, 1=0,1,...,5, (6.6)

in which w(x) and f(x,w) are real and as many times differentiable as required,
and Ag, By (i=0,1,...,5) are real and finite contants. The approach fol-
lowed involved the transformation of (6.5) into a system of six second-order
differential equations first of all. Thereafter, a well-known second-order finite
difference method was employed to obtain the solution and global extrapola-
tion on two grids was carried out to improve accuracy.

An alternative approach is to solve the problems {(6.1), (6.2)}, {(6.3), (6.2)}
and {(6.4),(6.2)} directly, as higher-order problems rather than reduce the
differential equations to lower-order systems. This approach was followed suc-
cessfully in Twizell et al. (1994) to compute critical values of R, a and ¢ in

(6.1), R and a in (6.3), and R, a and o1 = 35 in (6.4).

6.2 ROTATION AND A MAGNETIC FIELD:

INSTABILITY AS ORDINARY CONVECTION

Numerical methods for solving high-order eigenvalue problems directly may
suffer word-length problems due to the high condition numbers involved. This
was experienced in earlier chapters of this thesis. One way of minimizing such
difficulties is to transform the given differential equation into a system of lower-
order equations and then to use appropriate techniques for solving low-order

boundary-value problems.
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6.3 TENTH-ORDER EIGENVALUE PROBLEMS

Consider again the general tenth-order differential equation

(D* = A)[{(D* — A%)? — QD?} + TD(D? — A?)]w(x)

6.7
+RAZ(D? — A%)? — QDJw(x) = 0, 0
This 1s clearly a linear ODE which may be written in the form
(D' — kD8 4 k,D® — k3D* + k,D? — A% w(x) (6.9)
6.8

+RA?(D* — ksD? + A*)w(x) = 0,

with

ki =5A%+2Q, ky=10A"4+6AQ+ T + Q2
ks = 10A° + 6A*Q + 2A2T + A%Q?,
ka = 5A® 4+ 2A°Q + AT, ks =2A2+Q.

It will be assumed that, in (6.7), 0 < z < 1 and, following Chandrasekhar,

the free-free boundary conditions
w@0)=w®1)=0; 1=0,1,2,3,4, (6.9)

will be imposed and a first-order numerical method will be used to estimate
the critical values of R associated with the eigenvalue problem (6.7)—(6.9) for

the different values of A, T and Q.

6.4 FIRST-ORDER SYSTEM

Consider the linear eigenvalue problem (6.8) written in the form

D% = k;D8w — kyD®w + ksD*w — ksD?w + A%
—RA?D4w 4+ RA%k;D?w — RACw.

(6.10)
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Let

so that

W=D,
w(x) = q,
w (x)=r,
wo(x) =s,

W(V“)(X) = A,

wi) (x) =,

p =wW =4q,
’ "

q =W =T,
1 1

r = W :Q,

-1

it
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and

’

£ (x) =kin —kov + kst — kyr + A% + RA2(—t + kyr — AY).

Twizell et al. (1994) solve (6.8), (6.9) directly and by transforming the prob-
lem into an equivalent second-order system. The approach to be followed in
this chapter will enable eigenvalue problems with odd-order derivatives to be
solved, too. Let V.=1[p, q, r, s, t, u, v, A, 5, €T andletD = diag{+-}

be a matrix of order 10. Then the equivalent first-order system is

(o] [ o 1 0 000 0 00 o0]/[p]
q 0 0 1 000 0O 000 q
v 0 0 0 1 00 0 000 r
s 0o 0 0 01 0 0 00O s
t' 0o 0 0 001 0 0 0 0 t
u’:0000001000 u
v’ 0O 0 0 000 0 1 00 v
by 0O 0 0 000 0 0 1 0 A
n 0O 0 0 000 0 0 01 n
' LA10 0 —ks 0 ks 0 —ky 0 Ik 0_ K3

0 100 0 00000]]p]

0O 01 0 0 00000 q

0O 0 0 1 0 00000 r

O 00 0 1 000O0O0 s
L RA? O 00 0 0 10000 t (6.11)

0O 00 0 0 01000 u

0 00 0 0 00100 v

0 00 0 0 00010 A

0 00 0 000 1 Ul

~A* 0 ks 0 -1 0000 0] |¢)]
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which is of the form

DV = BV + RA*’CV (6.12)

6.5 NUMERICAL METHOD BASED ON THE (1,1) PADE

APPROXIMANT
Equation (6.12) may be solved using the recurrence relation
V(x + h) = [exp(hD)]V(x) (6.13)

Suppose that exp(hD) in (6.13) is replaced by the (1,1) Padé approximant
(I—hD)~ (I + ThD) where I is the identity matrix of order 10. This gives

1 1
Vix+h)=(1- ;Z—hD)—l(I + 511D)V(.’L’), (6.14)
l.e.
1 1
(I-— ;,):hD)V(X +h)=(1+ 511D)V(x). (6.15)
Since
DV(x) = BV(x) + RA?CV(x), (6.16)
it follows that
DV(x+h)=BV(x+h)+ RA2CV(x +h). (6.17)

Then, from (6.15),

1 2
V(x+h) - %h[BV(X +h) 4+ RA*CV(x+h)] = V(x) + ih[BV(x) + RACV(x)],
(6.18)
giving
(I—3hB)V(x+ h) — (I+ 3hB)V(x)
= RAZ[ILCV(x +h) + LhCV (%)),

(6.19)

This is of the form

PV(x+1h)—-QV(x) = RA%[SV(x+h) + SV(x)); (6.20)
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with x=0, h, 2h, 3h,

..., Nh, that is x = x¢, x;, xy, X3, ..

In (6.20), the matrices P, Q and § are given by

and

11. A 10
I —2hA

1 —%h
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0
| 1 h
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0
I %hAIO 0

0 0
— %h 0
1 — %h
0 1
0 0
0 0
0 0
0 0
0 0
%hk4 0
0 0
%h 0
1 sh
0 1
0 0
0 0
0 0
0 0
0 0
- %hk4 0

o o o O

1
Qhk3

0 0
0 0
0 0
0 0

—%h 0
1 —%h
0 1
0 0
0 0
0 %hkz

0 0

0 0

0 0

0 0

%h 0

1 %h

0 1

0 0

0 0

0 —%th

- »XN.

o O O o o O

—
—~1
o

o O O o o o o o
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L
i

0 0 0 0 0 00000
0 0 0 0 0 00000
0 0 0 0 0 00000
0 0 0 0 0 00000
«_| 0 0 0 0 0 00000
0 0 0 0 0 00000
0 0 0 0 0 00000
0 0 0 0 0 00000
0 0 0 0 0 00001
| —3hA* 0 Fhks 0 —1h 0 0 0 0 0]

6.6 NOTATION AND DETAILS AT THE MESH POINTS
Let
Vo=10, qo, 0, so, 0, uo, 0, Ao, 0, &7,
an:[pmy (hn, rma Slll7 tma uma Vnn /\ma 771117£III]T’ 111:1,2,3,...,N,
VN+1:[O, (qN+1, 07 SN41, Oa UN+1, Oa /\N+17 Oa §N+1]Ta

and

T
W =[qo, so, uo, Ao, &0, AN+1, SN41, UN+1, ANti, Enta]
Then (6.20), for the general point x,,, becomes

—QVu + PV =RA%(SVu 4+ SViy1) 3 m=1,2, ... ,N—-1. (6.21)

Recall the mesh points are x,y =a+mh (m=0,1,2, ..., N, N+1).

For x = xp equation (6.20) may be written
—QVo + PVy = RA*(SVo + 5Vy). (6.22)

This gives

1 1 .
0— ;hqo + P1— ;(11 = RAZ(O + O), (62{)
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—qo+0+q — %1‘1 = RA*(0 4+ 0), (6.24)
0— %hsa +1 - %Sl = RA%(0 +0), (6.25)
—s0+0+s; — %tl = RA?*(0 +0), (6.26)
0— %huo +t; — %ul = RA?%(0 +0), (6.27)
—up+ 0+ u; — %vl = RA*(0 +0), (6.28)
0— %h)\o +ty — é—)\l = RA?*(0 + 0), (6.29)
—Xo+0+ M — %m = RA*(0 + 0), (6.30)
0— %hfo +m - %gl = RA?(0 + 0), (6.31)

—&o — %hAlOpl + %111(41'1 — %hk;gh + %hkzvl — %111(1771 + &

, - 1 : (6.32)
= R,A (0 — EA Pa + 5111(51‘1 — Ehtl)

1.e.
(1 0 0 0 0 00000][ q |
1 0 0 0 0 00000 so
0 - 0 0 0 00000/ u
0o -1 0 0 0 00000 Mo
0 0 - 0 0 00000 O
0 0 -1 0 0 00000/ quea
0 0 0 -l 0 00000/ s
0 0 0 -1 0 0000 0]/ ung,
0 0 0 0 —1hb 00000/ A
0 0 0 0 1 00000 | &
l.e.
PV, + $;W = RA*SV,, (6.33)

For x = xn (6.21) then becomes

—QVN + PVN-H = RAZ(SVN + SVN.H). ((5.34)
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This gives

1 1 5
—PN — 511(1]\1 +0— EQN-H = RA (0 + 0),

1 .
—qgN — ghl‘N + qny1 — 0 = RA*(0 +0),

1 1 5
—IN — 51)81\1 +0— §SN+1 = RA (0 + O),

1 .
—SN — -?:htN +sny1 — 0 = RAZ(O + 0),

1 1 .
—tN - 51111]\] + 0— 511]\].*.1 = I{AZ(O + O),

1 .

—unN — ‘—Z-hVN +uny; — 0 = RA2(0 + 0),
1 1 )

—VN — -2-11)\1\] +0— 5)\N+1 = RA (O + O),
1

—AN — 5117]1\] + Ang1 — 0 = RA2(0 + 0),
1 1 )

—IN — ‘_Z—th + 0— §€N+1 = I{A (O + 0),

—%AIOPN + %hkﬂ'N — %kstN + %kZVN — %kﬂ?N — &N+ €N
= RA?[— %hA“pN + %hker — %htN]
Equations (6.34)—(6.44) may be written in the form

[ 0— %th+1
aqn+1 — 0
0— %hsNH
sNt1 — O
0— %huNH

_QVN + = RAZSVN,
UN41 — 0
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1.e.
0
0
0
0
—QVn+ !
0
0
0
0
| 0
1.e.

o O O o o o o o o o

o O O O O o o o o o

o O O o o o o o o o

o O O O o o o o o O

o O o o o o o o

0 0 0
0 0 0
0 0 0
0 0 0
—%h 0 0
1 0 0
0 —%h 0
0 1 0
0 o0 -t
0 0 1

— QVN + SN+1W = RAZSVN

6.7 IMPLEMENTATION

The next main aim is to form the block matrix

P

—Q P

—Q

P

—Q P
—Q Snp

—
—

Jo
So

Ug

éo
qN+1
SN+41
UN+4,
AN+1

Nt

Vi
Vs

Vlll
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= RAZSVN s

(6.46)
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S 0 ][ v, ]
S S V,
S S Vs
= RA? o L (6.47)
S S Vlll
S S AN
I S 0 w
This is of the form of the generalized eigenvalue problem
Lv = AZv, (6.48)
where A = RA? is "the eigenvalue”. This may be written in
(L-AZ)v =0, (6.49)

and the NAG routine FO02BJF may be used to obtain the eigenvalues. Of
course, only the smallest eigenvalue ( they should all be real and positive ) is

of interest. ( See Chandrasekhar (1961).)

6.8 NUMERICAL RESULTS

The eigenvalue problem (6.7)—(6.9) was solved using the block-formulation
(6.47 ) first of all. The number of interior points of the descretization of the
interval 0 < x < 1 was taken to be N = 50. To compare the computed
results with those in the literature, it is covenient to define Q; and T, by the

relationships

Q = Q & Ti= I (6.50)

Uw; )
Numerical results were obtained for T; = 1000 and T; = 10000 with a range of

values of Q;. The numerical values of Ry for the values of A used in'1 wizell et

al. (1994), were obtained using the NAG library package FO2BJIF and arc given
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in Tables 6.1 and 6.2 together with the corresponding results, R¢ and Rygp
of Chandrasekhar (1961) and Twizell et al. (1994) respectively. The values

of A reported by Chandrasekhar (1961) are almost identical to those used in
Twizell et al. (1994).

Table 6.1: Values of Ry and A for Ty = 1000 using the method (6.47)

Qu A R4 Re Rtep
10 | 7.90 | 2.017 x 10* | 2.016 x 10% | 2.016 x 104
50 | 4.50 | 1.605 x 10* | 1.605 x 10* | 1.604 x 10*
100 | 5.22 { 1.953 x 10* | 1.952 x 10* | 1.951 x 10*
500 | 7.46 | 6.384 x 10* | 6.380 x 10* | 6.377 x 10*
1000 | 8.52 | 1.192 x 10° | 1.192 x 10° | 1.192 x 10°

Table 6.2: Values of Ry and A for T; = 10000 using the method (6.47)

@1 A R; Re RreD
10 | 12.59 | 8.983 x 10* | 8.979 x 10* | 8.977 x 10
50 3.68 | 8.556 x 10% | 8.118 x 10* | 8.116 x 10*
50 3.68 | 8.148 x 10* | 8.118 x 10* | 8.116 X 104
100 | 3.91 |5.547 x 10* | 5.544 x 10* | 5.542 x 104
500 | 6.51 | 7.550 x 10* | 7.545 x 10* | 7.543 x 104
1000 | 7.98 | 1.267 x 10° | 1.267 x 10° | 1.267 x 10°

Tables 6.1 and 6.2 show that, for the values of Q; tested, the results ob-
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tained by transforming the tenth-order eigenvalue problem into a first-order
system are very similar to those reported by Chandrasekhar (1961) and Twizell
et al. (1994). This shows that the technique developed in this thesis is reliable

and may be adapted for other linear tenth-order eigenvalue problems.



Appendix A

TWELFTH-ORDER
EIGENVALUE PROBLEMS

A.1 SUMMARY

Numerical methods are developed for the solution of the twelfth-order eigen-
value problems arising in the modelling of instabilities associated with a rotat-
ing fluid heated from below which may also be subject to a uniform magnetic

field in the same direction as gravity (Chandrasekhar, 1961).

A.2 ROTATION AND A MAGNETIC FIELD:
INSTABILITY AS ORDINARY CONVECTION

Numerical methods for solving high-order eigenvalue problems directly may
suffer word-length problems due to the high condition numbers involved. This
was experienced in earlier chapters of this thesis. One way of minimizing such
difficulties is to transform the given differential equation into a system of lower-
order equations and then to use appropriate techniques for solving low-order

boundary-value problems.

136
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A.3 TWELFTH-ORDER EIGENVALUE PROBLEMS

Consider again the general twelfth-order differential equation

(D' — A% — po)[(D? — A2){(D? = A% — o)(D? — A = pyo) - QD?)?
+TD?(D? — A2 — pyo)?w(x) + RAZ[(D? — A? — 0)(D* — A? — pyo)
~QD?)(D? — A2 —pyo)w(x) =0, 0<x <L

(A.1)

This is clearly a linear ODE which may be written in the form

(D12 — 1D + k;D® — k;DC + kyD* — ks D2 + kg)w(x)
Hi(—kD'™ 4 kgD® — koDC + kyoD* — kit D? + kg)w(x)
+RA2(D® — kq3D* 4 kq14D? = kys)w(x) =0
+iRA?(—kisD* + k17D? — kig)w(x) =0, 0 <x <1

(A.2)

and with it will be associated the free-free boundary conditions
w(0) =w®(1)=0; 1=0,1,2,3,4,5. (A.3)

In (A.2), the coeflicients k; (i=1,2,...,18) are given by

k; = 6A% 4 2Q),
ky = 15A% + 8A2Q + Q% — [2p2 + 2p1 (1 +p2) + (1 + p2) it + T,
ks = 20A8 + 8A1Q — 4[2p; + 2p1(1 +p2) + (1 + p2)utA? + 3A*T
+2A%2Q% = 2(p1 + P2t p1P2) 1,
Ky = 15A% + 8ASQ — 6[2ps + 2p1 (1 +p2) + (1 + p2 )2 u? At + 3AT
FAYQ2 — 4(p1 + P2+ Prip2) AT+ (b2 + 2p1p2(1 + p2)l4*
—p2(2p1 +p2) 7T,
ks = 6A1° 4+ 2A8Q — 4[2p, + 2pi(1 + pa) + (1 + p2) it AS + AT
—2(py + 2 + pip2)u? A + 2[p3 + 2pripa(l + pa)JutA?
—p2(2p1 + p2) TH? A%,



Appendix A: Twelfth-Order Eigenvalue Problems 188

_ 12 . .
Ko =A™ = [2p2 +201(1 4 p2) + (1 + p2)2Ju? A + [p2 + 21 (1 + p2)]put At
kz = (2 + p1 4 2py)p,
ke = 2(1 +p1 +2p,)1Q + 5(2 + py + 2py) A2,

ko = 10(2 + p1 + 2py) A% + 6(1 + p1 + p2) QA2
~[2P1P2 + 2p2(1 + p3) + p1(1 + p2)*i® + 3(p1 + 2P2) Tp + pr Q2

kio = 10(2 4 p1 + 2p2)uA® + 6(1 + p1 + pa)uQA? + 2(p; + 2pg) TpA?
=3[2p1p2 + 2p2(1 4 pa) 4 pr(1 + p2) 2P A2 + py Q2 A2,

kig =5(2+p + 2p2 )uAS + 2(1 4 p1 + py)pQAS
=3[(2p1p2 4 2p2(1 4 p2) + pr (1 + p2) A
+(p1 + 2py ) TpAt + p1pai® — p1p2 T,

K1z = (24 p1 + 2p2)pA™ — [2p1p2 + 2p2(1 + p2) + pr(1 + pa)* |3 A°
+p1p2°utA?,
kiz = 3A% 4+ Q,
kia = 3AT + QA® — py(2 + p2) i,
kis = A% — pa(2 + p2)p’ A%,
kig = (1 + 2p2) 1,

kiz = 2(1 + 2pa)uA® + papsQ,

kis = (1 + 2p)uA” + pyu’.

A first-order numerical method will be used to estimate the critical values of
R associated with the eigenvalue problem (A.2), (A.3) for different values of
A, T and Q together with the corresponding value of 0 =iu. The variables,

parameters and constants in (A.1), and the other terms on which they depend

are described in Chapter 6.
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A.4 FIRST-ORDER SYSTEM

Consider the linear differential equation (A.2) written in the form

D2w = k;D%w — ky,D3w + k3D®w — kyD*w + ksD?w — kew
+ik7DlOW — inggw + ingGW - i1(10D4W + il\’]lD2W — ik]QW (A 4)
“RA2DSw + RA%k;3D*w — RA%k;D?w + RA%kjsw '

+iRA2k6D*w — iRA%k7D?*w + iRA%kjsw, 0 <x < 1.

Let
w = p,
w'(x) = q
W) =1,
W) =,
wiV(x) = t,
w(v)(x) = u,
w(x) = v,
wVi(x) = A,
wlid(x) =7,
wi9() = €,
w(x) = a,
wti(x) = 8,
so that
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S = W(iv) g t,

and
ﬂ’ = wi) = k o — kon 4 ksv — kgt + kst — kep + ikror — ikgn + ikgv — ikjot
+ikyir — ikyop — RA%v 4+ RA%2kqst — RA%kyqr + RA%kysp
+iRAZk 6t — iRA%kq7r + iIRA %k gp.

Twizell et al. (1994) solve (A.2), (A.3) directly and by transforming the prob-
lem into an equivalent second-order system. The approach to be followed in
this appendix will enable eigenvalue problems with odd-order derivatives to be
solved, too. Let V=1[p, q, 1, s, t, u, v, A, 71, & «, BT, and let,

now, D = diag{<} be a matrix of order 12. Then the equivalent first-order
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system is

—1(8 0 kT

0

0 1\’9

0 —kyo

0 k]]

—krz

+1
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(001 0 0000 00000][yp]
000 1 0000 000°00]|]|q
00 0 1 00 0 000°0°0]/]|:
000 0 0 1 00 000°0°0]/]/s
000 0 0 0 1 0 000°00]]t

+RA2000000100000 u
00 0 0 0 0 0 100°00]]v
0 0 0 0 0 0 0 01000]]A
00 0 00 00 00100]|]|n
00 0 0 0 0 0 000T10]]¢
00 0 0000 0000T1]]|a
[ kis 0 ki 0 ks 0 —1 0000 0|8 |
[ 001 0o 00 o0o000000]|][p]
00 1 00 0000000]]q
00 0 1 0 000000O0]]|r
00 0 0 1 0000000]]|s
00 0 0 0 100000GO0]]|¢

pia| 00 0 00 0100000 )
00 0 0 0 001000°G0]]|v
0 0 0 0 0 0001000/]|A
00 0 0 0 0000T100]]n
00 0 0 0 00000T10]|]|¢
00 0 0 0 000000T1]|]|a
| kis 0 —kir 0 kg 00 0 0 0 0 0] |f

which is of the form

DV = (V +iEV 4+ RA’FV +iRA*GV (A.6)
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A.5 NUMERICAL METHOD BASED ON THE (1,1) PADE

APPROXIMANT

Equation (A.6) may be solved using the recurrence relation
V(x + h) = [exp(hD)]V(x) (A.7)

Suppose that exp(hD) in (A.7) is replaced by the (1,1) Padé approximant
(I — ihD)~*(I+ 3hD) where I is the identity matrix of order 12. This gives

V(x+h)= (- -12-111))-1(1 + %hD)V(x), (A.8)
thus
- %hD)V(x +h) = (I+ %hD)V(x). (A.9)
Since
DV(x) = CV(x) +iEV(x) + RA’FV(x) + iRA’GV(x), (A.10)

it follows that
DV(x+h) = CV(x+h) +iEV(x+h) + RA2FV(x 4+ h) + iRA*GV (x + h).
(A.11)
Then, from (A.9),
V(x 4 h) — LB[CV(x + h) +iEV(x + h) + RA’FV(x + h) +iRAPGV(x + b))
= V(x) + [CV(x) +iEV(x) + RAZFV(x) +iRAZGV(x)],

(A.12)
giving
(I— 1hC —ilhE — IhRA’F — i;hRA*G)V(x + h) (A13)
= (I+ 1hC +i}hE + FhRA’F + ilhRA?G)V(x + h),
implies that
(1-1hC)V(x +h) = (1+ 3hC)V(x)
= i[lhEV(x +h) + hEV(x)] ()

+RAZ[IhFV(x + D) + LhFV(x)]
HRA2[LGV(x +h) + IhGV(x)],
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This 15 of the form

PV(x+h) - QV(x) =i[S;V(x +b) + S, V(x)] + RA%[S,V(x + ) + Sy V(x)]
+iRA?[S3V(x + h) 4 S5V (x)]

(A.15)

with x=0, h, 2h, 3L, ..., Nh, that is x = x, X1, X2, Xa, ..

. s XN.

In (A.15), the matrices P, Q, Sy, S, and S5 are given by

(1 4 000000000 0]
01 a 00 0 O0O0O0O0O0 O
0 01 a 00 0 O0O0O0O0 O
0 0001 a 00000 O0 0
0 0001 a0 O0O0TO0O0O0

P=1000020T1a0000 0
0 06000 01 a 0000
0 000 0 0O0T1Tado0U 0@
0 0000 0O0O0OT1 a 00
0 00 00 0 O0O0TO0CT1 a0
| a0 0 a5 0 a; 0 a3 0 a4 0 as 1_
with

a= —-12—11, ag = %ke, a; = —%k5, ay = %k4,

az = ‘lkg, ay = %1{2, as —%l{l,
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(1 b 0000000000 0]
01 b0 000O0GO0TGO0 0 0
001 bo020O0GO0TO0TGO0 0 0
0001 1L 0O0O0O0O0OO0 O
000071 0bLO0OO0O0 00
Q=10 000 01 b 000 0 0
000000 T10bL OO 0 0
00 0000O0T1DbL 00 0
00000000 T1TDbL 0 0
0000000 O0O0TI b 0
Do 0 by 0 by 0 by 0 by 0 by 1
with -
b= %h, bo = %kg, by = %kg,, by = — 1k,

by = %kg, by —%k.z, bs = %kl,
(000 000000O0GO0GO0O0 O]
0000 00O0O0O0O0O0 0
00 000O0GO0O0O0O0O0 0
00000000000 0
000000000000
‘ 000000000000 0
"= 000000000000
000000000000
00000000000 O
00000000000 O
0000000000 00
_000010c20c30c40(750_

with
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with

and

Co = ——1(12 cp = _k“ CH = _—'k Ca = —l
2 ) 9 y L2 9 10, €3 5 K9,

1 1
= —=kg, ¢5 = kv,

2 2

g
o
l

S2

I
o O 0O O 0 ©O O O O o ©
O OO0 o 0 o oo o o ©
o o O O o o o©o o o o o
o O O o O o o o o o o

o OO O O O o o o o o o ©
o O O O o o O O o o o o
oo O o 0 o oo o ©°o o oo o ©

oo O o o o o o o o o o ©
o O o o o o o o o o o ©
o O o 0O O o o ©o o o o ©
o O O o0 o O o o o o o o
o O O O o0 o o o o o o o

2
o.
™o

=9

d()

do = Skis, d1 = —;km, d, = 3k13, ds = _ih’

196
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J

o O O O o0 ©O O o o o o
o O O O O o o o o o o o

o O O O O o o o o o o
o O o O o o o o o o o o

o O O o o o o o o o o
o O O O O o o o o o o o
o O O O o o o o o o o ©o
o O O O o o o o o o o o
o O O o O o o o o o o o
o O O O O o o o o o o o
o O O O O o o o o o o o
o O o O O o O o o o o ©

)
=]

o]
—
D
[\]

L

with

1 1 1
€0 = §k18, €1 = —:)‘klh €y = T)‘k16~

s} Z

A.6 NOTATION AND DETAILS AT THE MESH POINTS

Let
VO:[()) o, Oa 50, 0) Ug, 07 )‘07 07 60) 07 /30]T,
T

Vlll - [plll) qlll b 1‘111 )] SlIl 9 tlll 3 u 1m» Vlll Y A111 9 77111 9 6111 9 alll 9 /3111]

m=1,2,3,...,N,

T
Vi = [0, ans1, 0, sng1, 0, unt, 00 Angr, 0, éngr, O NI

and

T
W =[qo, S0, Uo, Ao, &0, Boy aAN#1- SN41. UN41s ANg1e EN41 NI
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Then (A.15), for the general point x,,, becomes
_va + P‘/m+l = i(SIVm + SIVm-H) + R'A2(S‘2Vm + S‘ZVnH-l)
o ‘ (A.16)
+1R,A (S3Vm + 53V1n+1) y m = 1,2, e ,N — 1.
Recall the mesh points are x, = a + mh (m=0,1,2, .., N, N4+1).
For x = x¢ equation (A.16) may be written
-QVy+ PV, = 1(S1Vo+ S$1Vy) + RA%(S, Vg + 52 Vi) (A.17)
i

+iRA*(S3Vo + S3V)).

This gives

1 1 . .
0— 5hqo +p1 - o= i(0+0) + RA*(0 + 0) + iRA%(0 4 0), (A.1%)

1 : . :
—qo+0+q; — i1 = i(0 4+ 0) + RA%(0 + 0) +iRA%(0 + 0), (A.19)

1 1 . ‘
0— §hs0 +11 - gs = i(0+0) + RA*(0 4+ 0) + iRA%(0 4 0), (A.20)

1 . .
=50+ 0+ 81— 5t1 = i(0 + 0) + RA*(0 +0) + iRA*(0 4 0), (A.21)

1 | o
0— %huo +t — U1 = i(0 +0) + RA*(0 + 0) +iRA*(0 + 0), (A.22)

1 . o o
—uo+0+uy — gvi = i(0+ 0) + RA*(0 4 0) + iRA*(0 4 0), (A.23)

1 . ) .
0— %mo Fh— 2h =104 0) 4 RAY040) +RAN040),  (A24)

1 . N ]

0— %hgo b — %gl —i(040) + RA2(0 4 0) + iRAX0 +0),  (A.26)

o+ 0+ 6 — %al (04 0) 4 RAX(0+0) +iRA%040),  (A.27)

0— %hﬂo + a; — %/31 =1(0 4 0) + RA*(0 4+ 0) +iRA*(0 +0), (A.28)

—fBo + %hkgpl — %hkg,rl + %hlqtl — %111(3V1 + %hkg?h — %hklal + b
=i(0 — %hkupl + %hknn - %hkwtl) + %kgvl — %hl\’g?]] + hk-aq)
+RA2%(0 + %hklspl — %hkmrl + %111(13'5] — %\'1)
+iRAZ%(0 + %hklgpl — %111(171‘1 + %hl\'lﬁtl)
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l.e.
—3h 0 0 0 0 0 000000][ ¢ |
—1 0 0 0 0 0 000000 So
0 - 0 0 0 0 000000 ug
0 —1 0 0 0 O 00O0O0O0O Ao
0 0 —ih o0 0 0 000O0O0O o
0 0 -1 0 0 0 000000 Qo
+ PV,
0 0 0 = 0 0 00000 0]|]| qu
0 0 0 —1 0 0 000O0O0O0 SN+1
0 0 0 0 = 0 00000 0| unm,
0 0 0 0 —1 0O 000000 AN+1
0 0 0 0 0 - 00000 O0||ém
0 0 0 0 0 -1 00000 0| o]
= 181V1 + RA""S-;Vl + iRA'ZSng,
that is
PV + SoW =iS1V; + RA®S,V, +1RAS;V,, (A.30)
For x = xn (A.16) then becomes
—QVN + PVN.H = i(SlVN + 81VN+1) + RA2(S2VN + S‘ZVN+1) (A.Bl)

+iRA2(S;3VN + S3VN+1 )

This gives

A %th 40— %qNH =i(0+0) + RA%(0 +0) +iRA*(04+0), (A.32)

—qn — %hrN + quer — 0 =1(0 +0) + RA*(0 4 0) +iRA(0 +0),  (A.33)

1 , ‘ A2 N
—IN — %hsN +0— 5SN+1 = i(0+0) + RA%(0 +0) +iRA*(0 +0),  (A.34)

—sN — %htN +sng1 — 0 =1(0+0) + RA%(0 4 0) +iRA’(0+0).  (A.35)

—tN — %huN +0— %uNH = i(0+0) 4+ RA*(0+0) + iRAZ(0+0).  (A.36)
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1 , . .
—uy — §hVN Tuner —0=1(0+0) + RA*(0 4 0) +iRA%(0 4+ 0), (A.37)

1 1 , ) N
511)\1\1 +0— 5/\N+1 =i(0+0) + RA*(0 + 0) + iRA%(0 +0), (A.38)

1 4 ‘

—AN — 511711\1 + Ant1 = 0 =1i(0 4 0) + RA*(0 +0) +iRA%(0 + 0), (A.39)
1 1 : ‘

—NN — 511&\1 +0 = Svn =i(0+0) + RA%(0 +0) +iRA%(040), (A.40)
1 1 . .

—éN — ghon + 5éne1 =0 =i(0+0) + RA?(0 +0) +iRA%(0 4+ 0), (A.41)

TaN = %hﬂN +0 - %ﬂN+1 —0=1i(0+0) + RA%(0 4 0) +iRA*(0 + 0),
(A.42)
akepn — jhksrn + Jhatn — KoV 4 Skann — skian — By + v
= i[—‘%llkupN + %hknm — %hkth + %hkgVN — %h]{g'l]N + %111(701\1]
+RA?[Ihkyspn — shkparn + 2hkisty — Shvy]

+iRA?[Zhkigpn — thkyrrn + Jhkigtn]
(A.43)

Equations (A.32)—(A.43) may be written in the form

-

0— %hQN+1
qn4+1 — 0
0— %hSN+1
SN+1 — 0
0 — Zhuny
-0 . ‘
—Qvnt | T S VaH RATS,Vy +iRAS V(A1)
0— %h)\N_{_]
ANt1 — 0
0— %th-H
éng1 — 0
0— %h/j]\]_*_]

Bngr — 0
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that is
000000 - 0 0o 0 o o |[ q |
00 00O0O0O 1 0 0 0 0 0 So
000000 0 - o o 0o 0 Uo
0 00 00O o 1 0 0 0 0 Ao
0 00 00O O 0 —-lh o0 0 0 o
0000 O0O0O 0O 0 0 0 0 Bo
—QVn+
0 00O0O0O0O O 0 0 —%h 0 0 QN+1
0000 O0O0O 0O 0 0 1 0 0 SN41
000 0O0O0 0O 0 0 0 —%h 0 UN+,
000 0O0O0 O 0 0 0 1 0 AN+1
0 000 O0O0 o0 0 0 0 0 —%h ENy1
LO 0 00 00 0 0 0 0 0 1 ] _/3N+1
=151 VN + RA%S, Vy + iRAZS, VY,
that is
— QVN + SN+1W =15 VN + RA2S-ZVN + iRA283VN. (A.45)
A.7 IMPLEMENTATION
The next main aim is to form the block matrix
[ P So A4
_Q P V-z
—Q P Vs
'—Q P Vlll
~Q P VN
-Q Sy | | W
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S] 0 17T Vl T
Sl Sl V2
S] S] V3
=1
St 51 Vi,
! S1 0 W
Sz ol v, ]
S'z S'z “\/‘2
S') S‘Z V3
+RA?
Sy Sy Vi
Sy Sy Vi
Sy 0 W |
SB 0 11 V1 ]
Sg S V,
S3 SB V3
= iRA? - S (A.46)
Sz 53 Vi
S 93 Vi
Sz 0 ] A% |
That is
JV =iC, V + RA%C,V + iRA?C3V, (AAT)

which may be written as

(J —iC;)V = RA¥(C, +1C3)V. (AA3)
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This 1s of the form of the generalized eigenvalue problem
Lv = AZv, (A.49)
where A = RA? is "the eigenvalue”. It may be written in the form
(L—AZ)v =0, (A.50)

and the NAG routine FO02BJF may be used to obtain the eigenvalues. Of

course, only the smallest eigenvalue ( they should all be real and positive ) is

of interest. (See Chandrasekhar (1961).)
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