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Abstract

A number of diffraction problems which have practical applications are examined
using the Wiener-Hopf-Hilbert technique. Each problem is formulated as a matrix
»Wiener-Hvop_f equation, thr_e solution of which requires the factorisation of a matrix
kernel. Since the determinant of the matrix kernel has poles in the cut plane, the
Wiener-Hopf-Hilbert technique is modified to allow the usual arguments to follow
through. In each case an explicit matrix factorisation is carried out and asymptotic
expressions for the field scattered to infinity are obtained.

The first problem solved is that of diffraction by a semi-infinite plane with different
face impedances. The solution includes the case of an incident surface wave as well
as an incident plane wave for an arbitrary angle of incidence. Graphs of the far-field
are provided for various values of the half-plane impedance parameters. The second
problem examined is diffraction by a half-plane in a moving fluid. This is solved
without restriction on the impedance parameters of the half-plane and includes both
the leading edge and trailing edge situations. The final problem is of radiation from
an inductive wave-guide. Expressions are obtained for the field radiated at the wave-

guide mouth and the field reflected in the duct region.
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Chapter 1

Introduction

1.1 The Wiener-Hopf Technique

This work concerns the scattering of acoustic and electromagnetic waves for impedance
half-plane type boundary value problems. There are two basic analytical methods used
for the solution of diffraction problems of this type. The Maliuzhinets [20] method
introduced in 1958 was used to obtain a complete solution to the problem of diffraction
of a plane wave by an impedance wedge. On setting the Wedgé angle to be zero this
gives a solution to the problem of the diffraction of a plane wave by a half-plane with
different face impedances.

The matrix Wiener-Hopf method employed in this work is a generalization of
the Wiener-Hopf [33] technique introduced in 1931. This method is useful for solving
boundary value problems on semi-infinite geometries; Noble [27] gives a comprehensive
guide to the technique. The matrix method involves the solution of a matrix Wiener-
Hopf equation which is defined in a strip (or on a line) 7 of the complex a-plane and

takes the form

G(a)l(e) = u(a) + P(a), (1.1)
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where G(a) is a known square matrix and P(«) is a known vector. The unknowns
u(a) and I(a) have elements that are analytic in an upper (7) and lower (7_) halves
of the complex plane respectively. G(a) and P(«) are analytic in the strip (or on the
line) 7 = 74 N 7—. The solution of such an equation requires the factorisation of the

matrix kernel G(o) such that
G(a) = G+ (a) G_(a), (12

where G4 and G_ and their inverses are regular and analytic in 7, and 7_ respectively,
and their elements have algebraic behaviour at infinity. In the scalar case this can
be done by taking logarithms and sum splifting the kernel using Cauchy’s theorem.
However, in the case of matrices this does not apply due to the non-commutativity of
the matrices involved, or the exponential behaviour of the matrix elements at infinity.
This is the main obstacle in solving matrix Wiener-Hopf problems and three main
methods of factorisation have been developed. Following is a summary to these three
techniques, a comprehensive guide with worked examples can be found in [7].

The weak factorisation method was developed independently by Idemen and Abra-
hams. Although this method does not require the non-singularity of G4 and G_ it does
require the solution of an infinite system of linear algebraic equations. This method
has been applied to several half-plane problems, including scattering of acoustic waves
by Abrahams and Wickham [1], [2] and [3].

The Daniele/Khrapkov methodb is based on a basic idea by Heins [10]. It was
developed independently by Khrapkov [17] and later by Daniele [5] who overcame the

problems with exponential growth of the split matrices. More recently, work has been
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carried out by Meister and Speck [22] based on factorizations of this form. Formulating
the problems in a Sobolev space setting, their work includes the impedance problem
and a general problem involving second order boundary conditions.

The method adopted in this work is the Wiener-Hopf-Hilbert method introduced
by Hurd in 1976 [11]. A criterion for the range of applicability of this method was
given by Hurd and includes that of Rawlins and Williams [30]. Examples of problems
solved using the Wiener-Hopf-Hilbert method include Hurd and Przezdziecki [13],
[14] and Lineburg and Hurd [18]. The gist of this method is to reduce the matrix
Wiener-Hopf equation to a pair of coupled Hilbert equations. The matrix in this case
is considerably simpler and can be solved using Muskhelishvili’s theory [26]. It will
be seen that the determinants of the matrices in the problems considered have poles
in the cut plane. The Wiener-Hopf-Hilbert technique is therefore modified to allow

the usual arguments to follow through.
1.2 Structure of the Thesis

The structure of each of the following chapters follows the same basic pattern. In
each case the boundary value problem is set up and from this a matrix Wiener-Hopf
equation is derived. The matrix kernel is then factorised and an expression for the
far-field is established. A discussion is then given of any graphical results obtained.
In Chapter 2 the problem of the diffraction of a plane acoustic wave incident on
a semi-infinite plane is solved. The upper and lower surfaces of the half-plane are

lined with materials with different absorbing properties and the solution given is valid
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for an arbitrary angle of incidence. Expressions are obtained for the reflected and
diffracted fields as well as arising surface waves. Graphs of the far-field are given for
a range of values of the angle of incidence and specific admittance of the half-plane
surfaces. It is shown that this solution is valid for an incident surface wave. Graphs
of a diffracted ‘lobe’ are obtained and the reflected and transmitted surface waves are
examined. This problem generalizes that solved by Trenev {32] for an electromagnetic
application.

A more general boundary condition is considered in Chapter 3. This is equivalent
to the problem of the diffraction of sound by a half-plane in a moving fluid and the
solution reduces, in a special situation, to that given by Rawlins [29]. The solution
given includes both the leading edge and trailing edge situation, where a Kutta-
Joukowski edge condition is imposed. Graphs of the far-field are plotted for both
absorbent and wave-bearing half-planes. It can be seen that special cases of this
solution agree with results from Chapter 2.

In Chapter 4 the problem of electromagnetic radiation from an inductive wave-
guide is solved. An exact closed form solution is obtained for the problem of a radi-
ating parallel plate waveguide when the inside walls are inductively loaded and the
outside walls are capacitively loaded. This mathematical problem serves as a model
for an inductively loaded horn antenna. Expressions are computed for the reflection
coefficient at the waveguide mouth and the radiation diégrams of the far-field.

At the end of each chapter, conclusions are drawn from the results obtained in

solving these problems. Suggestions are also made as to possible further developments
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in the use of the Wiener—Hopf—Hilbert technique to solve diffraction problems.
Appendix A gives an alternative expression for the diffracted field to give uniform
asympotics across the geometrical optics boundaries. Appendix B gives an analysis
of the incident field used in the wave-guide problem (Chapter 4). A selection of the
Mathematica programs used to obtain the graphical plots are given in Appendix C.

Finally, in Appendices D and E, contour integrations are carried out that are required

in Chapters 2-4.



Chapter 2

Diffraction by a Half-Plane with
Different Face Impedances

2.1 Introduction

The problem of diffraction of a plane wave by a semi-infinite plane with different
impedance boundary conditions on each face was first solved by Maliuzhinets [20]
using a Sommerfeld integral representation for the field. It is also possible to formulate
the problem as a pair of simultaneous Wiener-Hopf equations that were thought to
be insoluble until Hurd [11] introduced the powerful Wiener-Hopf-Hilbert technique.
This method involves transforming the Wiener-Hopf equations into pair of coupled
Hilbert equations, which can be solved using Muskhelishvili’s theory [26]. The crux of
this rﬁethod requires that the determinant of the Wiener-Hopf kernel does not vanish
in the cut plane. In the case where the impedance parameters are such that the
half—pldne is absorbent, the determinant of the matrix kernel is non-zero. Rawlins
[31] obtained explicit expressions for the diffracted and geometrical acoustic field for
the diffraction of waves from a line source by an impedance half-plane. However,

for wave bearing surfaces, where the impedance parameter can be purely imaginary,
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the determinant of the matrix kernel has zeros in the cut plane. Here the Wiener-
Hopf-Hilbert approach is generalised to deal with both wave-bearing and absorbent
surfaces.

The present work has applications in acoustics and electromagnetics. The half-
plane problem with absorbing boundary conditions forms a mathematical model for
a noise barrier lined with different materials on its upper and lower surfaces. Such
barriers can be used to reduce noise levels from airports or motorways. Only the field
radiated from fhe edge of the barrier affects a receiver in the shadow region of such a
barrier. This can be reduced by lining the barrier with different acoustically absorbent
materials. In thé casé where the impedance parameters are purely imaginary, the
half-plane can be considered as a directional wave launcher. The present work also
has applications in electromagnetism where a thin dielectric layer above a perfectly
conducting half-plane acts as a waveguide launcher.

In Section 2.2 the mathematical boundary value problem is formulated. The prob-
lem is then solved in Section 2.3 by an application of complex Fourier transforms, this
results in a pair of Wiener-Hopf equations. The important step in any Wiener-Hopf
problem is the factorisation of the Wiener-Hopf matrix kernel, this is carried out in
Section 2.4. Although the determinant of the matrix kernel contains singularities,
by performing the factorisation on a matrix K(a) with a constant determinant, the
problem of factorisation of the matrix kernel can be reduced to pair of coupled Hilbert
equations in the usual way. In Section 2.5 asymptotic approximations for the far-field

are obtained. Explicit expressions are given for the diffracted and geometrical acous-
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tic field and graphs of the far-field are plotted. Graphical results for various angles of
incidence and impedance values are given in Section 2.6. These results are followed
by an examination of some special cases that are of particular interest. The special
case of a rigid half-plane is examined in detail in Section 2.7. The expressions for the
far-field simplify considerably in this case and are clearly in agreement with earlier
work done on this problem. Section 2.8 looks at the case of a semi-rigid half-plane,
that is a half-plane with one zero and one none zero impedance parameter. How
such a barrier could be best used to reduce the sound intensity between a source and
receiver is discussed.

Surface waves are examined in Section 2.9. In the particular case where the specific
admittance of the half-plane surfaces is wholly imaginary, it is shown that surface
waves arise. Moreover, the solution given in Section 2.5 is valid for complex values
of the incident wave angle (i.e. the problem of an incident surface wave). Diffracted
lobes are obtained and the reflected and transmitted surface waves are examined. Two
special caseé are then examined for the case of a surface wave incident upon a half-
plane. In Section 2.10 an inductive half-plane with the same impedance parameters
on its upper and lower surfaces is considered. In Section 2.11 is examined a half-plane
whose impedance parameters vary only in sign. It will be seen that the radiated lobes
are identical in these two cases, though the reflected and transmitted surface waves

are not. Conclusions are drawn and further work discussed in Section 2.12.
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2.2 Formulation of the Boundary Value Problem

To begin with, the basic equations governing propagation through a homogeneous
medium are introduced. The density field, p and velocity field, u satisfy the continuity
equation

Op

=+ V() = 0. (2.1)

An equation of state, which describes the compressibility properties of the medium,
is also required. It will be assumed that the pressure, p depends only on the local

density
p = p(p). (2.2)

When the medium is inviscid and in the absence of external forces, the Navier-Stokes

equation of motion reduces to Euler’s equation

ou 1
iy —- __ 2.
5 + (u.V)u pr. (2.3)

These three equations are linearised by regarding as small all perturbations from a
state in which the medium is at rest and has uniform density p, and pressure p. By

retaining only first order terms the following linearised equations are formed

= _ 2.4
at va'u? ( )

ou 1

- _ = 2.5
at povp? ( )
Op _ ,0p 2.6
ot (2:6)

where c is the speed of sound. By taking the curl of equation (2.5) it can be seen that

the vorticity £ = V A u is independent of time. Thus, for an initially irrotational
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flow, = 0 for all time and there exists a velocity potential ¥ (x,t) such that
u = V. (2.7)
Eliminating p and p from equations (2.4)-(2.6) gives the wave equation

0" _ 2o
W—CV;{). (28)

Writing ¥(z,y,t) =Re{¢(z,y)e~™'} and suppressing the time factor e~*** throughout

results in the Helmholtz equation
(V2 + k?) (z,) = 0. (2.9)

The acoustic wave number k is related to the angular frequency w by the identity

w = kec.

Figure 2.1: A plane wave incident on a half-plane.

It is assumed that the half-plane occupies the region z > 0, y = 0 (see Figure 2.1)

and the surfaces are lined with materials such that 8; and S, are the complex specific
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admittances of the upper and lower surfaces of the half-plane respectively. It is noted

that for Re ;2 > 0 the surface is absorbent. For Re 81, = 0 the surface no longer

absorbs energy and can support surface waves provided f1, = —1X; 2, X72 > 0. The

problem is one of solving the Helmholtz equation

b 0 o,
5;}3+5y—2+k¢—0,

subject to the boundary conditions (see [24])

g—fu,oﬂ +ikprp(2,01) =0, z>0,
9

By (2,07) — 2tkByyp(2,07) =0, z>0.

The potential ¥ must also satisfy the continuity conditions

(a0 = 2

Oy Oy
P(z,07) = ¥(z,07), =z <0,

(z,07), z <0,

and the edge condition

9 _

Y = 0(1), 3y O(z7?), as z — 0.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Combined with the condition that the diffracted field is outgoing at infinity, these

conditions ensure that the boundary value problem has a unique solution.

2.3 Reduction to a Matrix Wiener-Hopf Equation

Define the complex Fourier transform zﬁ(a, y) by

Moy = o [ wlay)eode,

27T —00

(2.16)
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Applying this transform to the Helmholtz equation (2.10) gives
— + k*p = 0. (2.17)

The branch of k = (k? — a?)'/2 is chosen such that x = +% for a = 0. It can now be

seen that a solution to the boundary value problem is given by

Y =g+ / )e'est ) do, y > 0, (2.18)

_/ (0==r9) doy, y<0. . (2.19)

For convenience it is assumed that 1)y, consists of the incident plane wave and a

reflected wave thus

"/)go — e—ik(xc0590+ysin00) + Re—ik(xcoseo—ySineo), (220)
where |
sinf, — B,

— g, ) 2.21
R <Sm9 +ﬂ1>’ 0<b,<m (2.21)

Applying the continuity conditions (2.13) and (2.14) leads to

sin 6
_ —1 _ ° , 2.22
- A(a) — B(a)=(a) 7i(Br 4 sin0,)(c + ko) (2.22)
kB sin 0,

s(A() + B(a)) = ly(a) + prein (2.23)

Ti(B +sin b, ) (e + ko)’
where @ = —k, = —kcos 8, lies in the lower half of the a-plane (7 =Im(«) < 0) and
li(a) and Iy(a) are analytic in this region. The capture of the pole at & = —Fk, in the

lower half plane is shown in Figure 2.2. The boundary conditions (2.11) and (2.12)

lead to
(kB + k) A(a) =ui(a), (2.24)

(kB + k) B(a) = ug(a), (2.25)
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where u;(@) and ug(e) are analytic in the upper half of the a-plane (7, =Im(a) >

0, # —k,).

Figure 2.2: The complex plane.

Eliminating the unknowns A(«), B(a) gives

1 LY _ " sin b,(k + kB1)(1 — kB1/k)
(kB + x)3 (ll i n) = 2mi(By + sin 6, ) (a + ko)
1 ) sin0,(k + kB:2)(1 + kB1/k)
(kB2 + K)§ (—ll * —n;—) R 2mi(By +sinb,)(a + ko) (227)

(2.26)

which leads to the matrix Wiener-Hopf equation

G(a)l(a) = u(a) + G(a)(a st (2.28)
where
1 k+kB (k+EkB)/E
Gle) =3 (—n By (k4 kﬂz)/n) ) (2:29)

=) 1) = () e

Define D(a) such that

L (k + kb)) (k + kB2),

2%

D?*(a) = det G(a) =
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and define K(«) by

G(a) = D(a)K(a). (2.31)
Then
o) = K : k+ kB (k+kB)/k
K(e) {2(5 + kG )(k + kﬁ2)} (—(ﬂ +kB2) (k+ kﬂz)//ﬁ) ’ (2.32)
and

det K(a) = 1.

The factorisation of G(a) now follows directly from the factorisation of K(a) and

D(a).

2.4 Factorisation of the Matrix Kernel

Factorisation of K(«)

The required factorisation is K(a) = U(a)L™ () where L() is analytic everywhere
except k < a < 00, Im(a) = 0 and U(«) is analytic everywhere except —oco < a < —k,

Im(a) = 0. Then it can be seen that

KHE) = UNOL™NE |
I(‘(€)=U’(€)L‘1(€)} <f<oh (2:33)

since L is continuous across this region. Eliminating L™!(¢) gives
U*(€) = KHOIK (O] U (), (234)

where F'+ denotes values of F' on the upper side of the cut and F'~ denotes values of

F on the lower side of the cut. From equation (2.32) it follows that
ZIK)’ + k,Bl

ils) e

Kt(¢) = {2(z|/€| + k) (i]k| + k52)} —(ilk| + kp2) ﬂ“'l‘*'_____l]f& )

(2.35)
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o1 —i|x| 5 [ Zilsl+ BBy —ils| + kB,

Equation (2.34) then becomes

. ! 0 i) g e
ACR (e e M M sl L

This simplifies to

|~

232 1/2
0 —3 k ﬁ%+|ZI2
Ut(€) = s gt 12 (i) U= (). (2:37)
s (k ﬁz"H"l ) 0
k2 B3 +|x[?

It is apparent that the above equation necessitates the solution of the following coupled

Hilbert ptoblems

k? k|2
ot = —i (B g, 239

k24 2
056 = =i (B H) (2.39)
The substitutions V(§) = U1(§)Uz(€) and W(€) = 0 (5, upon multiplying and di-

viding the Hilbert equations, produce
VIE/vV=(€) = -1, (2.40)
+ - |6|* + k%67

log W(E)* + log W(E)” = log |75k . (241

By inspection, it can be seen that equation (2.40) has a particular solution
1
Vie)=(k+ a)”2. (2.42)

By using the result [\/& +¢&]* = *ilk + £|27, equation (2.41) can be written in the

form

[Lﬂ@} _ [l_g_vz@] LTy [I__Ltk_ﬂ_} S )
k+¢ k+¢ k+¢z - LIsl>+ 525
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This standard Hilbert problem has a solution (see Appendix E)

VETa [ [WMW} dt} 240

%% =
(@) eXp[ lk-}-t]z i ey s K

By manipulating the integrand, this reduces to

22 [ Lotk By (+)] Hoglt+£By (-]

W(a) = exp [

—log[t + kBy(+)] — log(t + kBa(-)] } t3(t +d2 + a)]

where By »(£) = 1+ /1 — #2,. Using the result (see Appendix D)

% log(t + 8) 2w
=2V gt =""1o +6), largy| <, |argd| <,
/O ey (v +V6), |argyl |argé|

enables a solution of (2.41) to be written as
Wia) - (VET a+kBi(+) ) (VEFa+/kBi(-) ) .46
(VE+a+/kBao(+) ) (VE+a+/kBa(-) )

Particular solutions of (2.38) and (2.39) are now given by

(2.45)

Ui(a) = —[V(a))2[W(a)]7,

=
M]H
.

Us(a) = =V (@)} [W(a)]”

A general solution can be obtained by following the method given by Rawlins [31].

This is done by imposing further conditions on the functions Ui() and Up(«a). First

it is required that

Ui(e) = O((k +)"), Un(e) = O((k +)"/*™), asa— —k,

for some n,m > —1. Secondly it is required that U;(«) and U(«a) have finite degree

at infinity. These conditions lead to
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where P;;(¢,7 = 1,2) are arbitrary polynomials and

: VEBEW@E V(@)
U ) = (—[V(a)]

ST
=
2
T
[V
A
=
2

To ensure that U is non-singular in the cut plane det U and hence det P must be
non-zero for all a. Since det P is a polynomial, it follows that det P= constant. For

simplicity, P is chosen to be the identity matrix. This gives a final expression of

U(a) = ('[“ o FHW(a)l2 - [k +afi[Wla)]2 ) (2.47)

Factorisation of D(«)

The function D(«) can be written as

Dlo) = LA RBN )

. K 1/2 K‘,-}-kﬂl 1/2 (l‘é+kﬁ2>l/2
B <§) ( K K .

Consider factorising the function d*(«) given by

(o) = ST (2.48)

K

Using calculations given in Rawlins [29] it is noted that

() = T_—‘—ﬁ/ B/k xo {E—?F—E[ﬂ‘h —8) - F(—/1- )]},

where

arccos(v/k) U — (1 — vz)_1/2 arccos v sin u du - (249)

F(v):—v/

/2 (v — cosu)
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It now follows that

Dy(a) =

{ i ; % & (o) di(a)}m. (2.50)

This completes the factorisation of D(a).

2.5 Asymptotic Expressions for the Far-Field

It is noted that

G(a)=D(a)K ()
— D, (a)D_ (o) ()L (a)
=Dy (a)U(a)D_(a) L7}«
=G4(a)G-(a)
With the .factorisation of G(a) complete, proceeding from equation (2.28) gives
P
G(a)i(e) = u(a) + Gle)
G (0)C-(@)l(6) =u(a) + G4(0)O-(2)
1 P
G— (a)l(a) = G+ (a)u(a) + G_(O.’) (O( + ko),
G_(a)l(a) — |G- (o) — G_(—k,) ( fko) =Gi N a)u(a) + G_(~ko)(&—§—lc—05.(2.51)

The left hand side of this expression is analytic in Im(a) < 0 and the right hand side
is analytic in Im(a) > 0,0 # —k,. Hence both sides of equation (2.51) are equal to

an entire function Q(«). From equations (2.42) and (2.46) it follows that
V(a) = O(c~}), W(a)=0(1), |al - .

This implies that

-5 1
%_ _1)’ Ial_%oo

1l « o o

Gy(a) =0 (1 “)  G_(a)=0 (“‘
Combining the edge condition (2.15) with (2.24) it can be shown that the terms of

u(a) are O(a~'/?) at worst. Using Liouville’s theorem it now follows that Q(«a) = 0.



Chapter 2: Diffraction by a half-plane 19

Thus
- P
(o) =|1— G (a)G_(~k,) CETSE (2.52)
P
u(a) =—G(a)G-_(—k,) CEYE (2.53)
Combining (2.53) with (2.24) and (2.18) gives
dloy)= [ m%“) e )da, y > 0. (2.54)
From (2.25) and (2.19) it can be seen that
Ys(z,y) = /_oo (TU—%(Z—;S el ) do 4 < 0. (2.55)

The path of integration is indented below at o = k£ and above at o« = —k, —k,, for
real k and 0 < 8, < 7. These integrals are of the type examined in Noble [27] and the
method described there is adopted by considering a shift of contour in the a-plane
given by

a = kcos(6 +1it), (—oo <t < o0). (2.56)
Expression (2.56) represents one half of a hyperbola. For 0 < § < 7 /2, this represents
thg half of the hyperbola in the right-hand half-plane (Figure 2.3), and for 7/2 < 0 <
7, the half in the left-hand half-plane (Figure 2.4). It can be seen that the pole at
a = —k, is captured for § > 7 — ,. Noting that u;(c) is given by expression (2.53)

and P is defined by (2.30), the contribution from the pole at o = —k, 1is

. . 4. ul(a) 1aT+ikY
—1,(r,8) = 21 a_l_l)r_x%co(a + ko)_——__(n o e :

1(/81 + sin 00)} e—ik(xcoseo—y sin 8,)

sinf,

sinf,

. B
= — 1 +sind,) —
(ﬂ1+sin90)2{(ﬁ +oinfe)

_ Ein_g_o_'—_@l e—ikrcos(@-{-eo)’ 0>n—40,. (257)
sin 6, + B

?
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-
—————— j_‘------"~
, 0<f<m/2
5 k
————/.\ m @ ieitieeeigend

~

Figure 2.3: The pole at —k, is not captured.

T/2<0<m

Figure 2.4: The pole at —k, is captured for § > 7 — 0,.

20
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This cancels the reflected wave in the region § > 7 — ,. As expected, the reflected
wave exists only in the region § < m —0,. On applying (2.56) to equation (2.54), the

scattered field becomes

[ —isin(f 4 2t)
¥s(r,0) = /—-oo By + sin(6 + it)

_ [ usin(f + 1)
— Jooo By — sin(6 + it)

ur [k cos(8 + it)]e* Rt 0 <<, (2.58)

gk cos(8 + it)]e* idt, —1 < 0 < 0. (2.59)

s is now of the form examined by Copson [4] using the method of stationary phase.

Following this method gives

' | . ] 0 . i
pa, (r,0) =20 27]:1“ (sinS;n+ 5 ) uykcos 0]e* T, 0 <0 <. (2.60)
1

Similarly, in the lower half-plane

[T sin 6 or 4 T
= — e — . 2.61
¢d',(r’ 6) 22 5 (—sinﬂ n [32) uslkcosfle™ e, —w < <0 (2.61)

Applying (2.56) to the incident plane wave gives

'(/)z'(r, 0) — e—'ikr coé(@—eo). (262)

Combining these expressions for the incident plane wave, the wave reflected from the

half-plane and the scattered field, the final expression for the far-field is

(1, 0) =i(r,0) + P (r,0) + ey (r, ), 0<f<m—0,  (2.63)
= i(r,0) + pay(r, 0), T—0,<f<m, (2.64)
=i(r,0) + Ya_(r,0), —r<f<b,—7, (2.65)

=pa-(r,0), b, —m<0<0,  (2.66)
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where

1)!)1_(7,, 9) — e—ilc'r'cos(t9—90)7

9

Sil’l (9 — ﬂl .
, g\ = 0 —1kr cos(6+0,)
t/) (T., ) (Sin00+ﬂl>e

T sin o

Yar(r,0) = 22\/2]” (61 n sin@) uy [k cos fle*r+%
' [T sin o
Va-(r0) = -2 2kr (ﬂz — sin 9) ualk cos f]e™ T

Reflected Wayve y

Incident Wave

N

Figure 2.5: Diffraction of waves by a half-plane.

Diffracted Wave

o
o

(2.67)

(2.68)
(2.69)

(2.70)

Expression (2.67) represents the incident plane wave. Along with (2.68), the re-

flected wave, this makes up the geometrical acoustic field. Terms (2.69) and (2.70)

represent the diffracted wave in the upper and lower halves of the plane respectively.

This wave radiates from the edge of the half-plane to all points in space. These three

waves are shown in Figure 2.5.
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2.6 Graphical Results

This section contains graphs of the far-field for various values of 8,, 3; and 3;. These
were obtained by using the expressions given for the far-field in the mathematics
software package Mathematica. In fact, the diffracted field given in expressions (2.69)
and (2.70) becomes infinite on the boundaries § = 7—6, and § = 740, so an alternate
expression has been used to give uniform asymptotics across these boundaries. These
expressions can be found in Appendix A by putting M = 0.

Figures 2.6-2.8 show the modulus of the total far-field for a wave-bearing half-plane
(81 = B2 '.-: —1) and Figures 2.9-2.11 show the far-field for an absorbing half-plane
(By = By = 1/2 —14). In both cases the angle of incidence is taken to be 7/2, 7/3
and 7 /4. There are apparent differences between the two sets of graphs in the region
0 < 6 < /2. The modulus of the reflection coeflicient is given by expression (2.68),
when f = By = —i, |¥.|=1 and when B, = B2 = 1/2 — 1, |¢,]=0.62. It can be seen
that in the region 0 < 0 < 7/2 the oscillations about the incident wave magnitude
of unity are of the order [t,|. The field in this region is due primarily to interference
between the incident plane wave and the wave reflected from the half-plane. When
B1=1 the reflection coefficient is zero thus minimising the intensity of sound in this
region. In Figure 2.12 (81 = B2 = 1) and Figure 2.13 (81 = 1,8, = —1) it can be
seen that there is only a slight deviation about the incident field magnitude of unity
in this region (this deviation is due to the diffracted field). These are equivalent to

half-planes that absorb all of the sound energy and reflect none.
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Figure 2.6: 0, = 7 /2, 1 = B2 = —t.

Figure 2.7: 0, = 7/3, f1 = B2 = —1.
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o
(S]]

-0.5¢

Figure 2.8: 6, = /4, 51 = By = —i.

Figure 2.9: 0, =7/2, 1 = B2 = % — 1.
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Figure 2.10: 0, =7/3, 1 =B = — 1.

Figure 2.11: 0, =7/4, 1 = B2 = 5 — 1.
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o
|

Figure 2.12: 0, = 7/2, f1 = B2 = 1.

Figure 2.13: 0, =7 /2, 1 = 1,02 = —1.
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2.7 A Rigid Half-Plane.

[\
08}

In this section the results from Section 2.5 are used to look at the special case of a

rigid half-plane (8; = B2 = 0). As well as being of physical interest, this will also

provide a useful check for the results to the general problem. For the problem of

a plane wave incident on a rigid half-plane the expressions for the far-field simplify

considerably. The matrix kernel reduces to

sw=3(% 1)

The split functions can be written as

Gila) = (j _(fkicg;/;) , G-(o) = % ((k —Oa)1/2 —01> !

and equations (2.54) and (2.55) for the scattered field are

sz, y) = /_ U1,ia‘) et da, y >0,
S /oo u2(a) 6i(a$—ﬂy)da’ y < 0.
o K

Using the kernel split functions givén above this simplifies to

00 6i(a:c+ny)

(k + k,)/? / p
= - ’ > 07
¢s(x7y) A1 oo (k. _ a)1/2(a + ko) a y
(k + ko) /°° elos—m)
= , < 0.
271 —o0 (]C — 01)1/2<a + ko) “ Y

(2.71)

(2.72)

(2.73)

(2.74)

This is clearly consistent with Equation 2.32a in Noble [27] obtained by Jones’ method.
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The far-field components are

¢i(r’ 9) — e—ik'rcos(e—@o), (275)

"br('r, 0) — 6—ikrcos(9+90)’ (276)

[ 1 (14 cos8,)?(1 + cos 0)i/2 ier g |
Var(r,0) = 2rkr (cos 8 + cos 8,) ‘ ’ (2.77)

1 (14+cosB)2(1 +cos )2 n
Va-(r6) = - 2rkr (cos @ + cosb,) ¢ ' (278)

Figure 2.14 shows the far-field for a plane wave incident on a rigid half-plane with

6, = 7 /2. The numerical results in the previous section tend to this result as #1,2 — 0.
It can be 'seen that the field in the region 0 < 6 < 7/2 varies between 0 and 2 since
|| = 1, thus all of the energy is reflected and none is absorbed. A large amount of
energy is diffracted into the shadow region in this case. It can be seen that the field

does not tend to zero as § — 0 from below.

Figure 2.14: 0, = 7/2,0, = 2 = 0.
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2.8 A Semi-Rigid Half-Plane.

In this section the problem of a fixed source and a receiver separated by a semi-rigid
half-plane (a half-plane with one rigid and one absorbent surface) is examined. The
receiver is assumed to be in the shadow region so that the half-plane acts as a noise
barrier. It is to be ascertained whether the barrier is more effective with the rigid
surface facing the source (Case 1) or facing the receiver (Case 2). These two situations
are shown in Figure 2.15.

Figure 2.17 shows the far-field for a plane wave incident at an angle §, = 7/4 on
a ha,lf-pla'ne with 81 = 0 and B, = 1.5 (Case 1). Figure 2.18 shows the far-field for a
half-plane with the admittances reversed, that is 8; = 1.5 and #; = 0 (Case 2). The
diffracted field in the shadow region (—37/4 < 6 < 0) is shown in Figure 2.16.

The amount of energy radiated from the edge into the shadow region is the same
in both cases when § = —7 /4 due to the symmetry of the problems and from the reci-
procity theorem, which states that the ratio of pressure amplitude to source strength
remains the same if the locations of the source and receiver are interchanged. For a
receiver in the region —37/4 < 8 < —x /4 it can be seen from Figure 2.16 that Case 2
produces the least amount of noise. However a half-plane with admittances as defined
in Case 1 is preferable if the receiver is situated in the region —n/4 < § < 0. In both

cases the noise level is reduced as the receiver moves closer to the barrier.
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Case 1

o Rigid y
T Absorbent
N\ Case 2
Source : Source

Regeiver

Receiver

Figure 2.15: A source and receiver separated by a semi-rigid half-plane.

|44]
0.4}
0.3
0.2
Case 1
0.1
Case 2
0 : ' ——
-2 -1.5 -1 -0.5
—7/4

Figure 2.16: Modulus of the diffracted field in the shadow region.

31
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Figure 2.17: 8, = 7 /4, 1 = 0,3; = 1.5 (Case 1).

Figure 2.18: 0, = /4, f1 = 1.5, 8, = 0 (Case 2).
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2.9 An Incident Surface Wave

Let 81 = —1X; and f; = —1X,, where the parameters X;, X; > 0. In this case the

poles at a = ky/1 + X{ and a = ky/1 + X2 are captured in the integrals (2.54) and

(2.55), giving

2r X : 3
¢surf(37,0+) = —73;2 ul[k\/1+X12]e”°V 1+X1x—kX1y, z >0, (2.79)
1 + X
- 2m X ‘ ik 1+ X2o+k X2y
Yourf(2,07) = _X_2 Uz[k/14X2 |e€ 2 oz >0. (2.80)
14+ X5

These represent surface waves on the upper and lower surfaces of the half-plane re-
spectively.

Now consider an incident wave of the form

4 = e—ik{,/1+X12x—iX1y}. (2.81)

This is equivalent to an angle of incidence satisfying cos 8, = /1 + X? and sinf, =

—1X;. Substituting these into the expressions for the total far-field gives

¢p(r,0) = 21/ 22 (ﬂ ins?n0>ul[k cos 0]6“"'*’%, 0<f<m, (2.82)
r 1

. in 0 ikr4 22
= %5; (ﬂzsinsina)w[kms@]e“*, r<0<0. (283)

The arising surface waves are given by

or(z,0%) = ——Q—iul[k\/uxf] gV 1+ Xfe—kXay g 5 (), (2.84)
1+ X?
2m Xo [ky/14X2 |V LHXjotkXay -z < 0. (2.85)

¢T((E, 0_) = \/.——’——'U,Q
1+ X2

In the case of an incident surface wave the far-field consists only of a wave diffracted

from the edge of the half-plane (2.82) and (2.83). Expression (2.84) represents the
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T VAU

________________

Figure 2.19: A surface wave incident on a half-plane.

reflected wave and takes the form of a surface wave on the upper face of the half-plane.
The transmitted wave (2.85) is a surface wave on the lower face of the half-plane
(Figure 2.19).

Expressions (2.82)-(2.85) were used to obtain a selection of graphs representing the
radiated field and the reflected and transmitted surface waves. Figures 2.20-2.22 were
obtained by plotting the function kr|@p(r,8)|* and have been normalised for clarity.
These graphs represent the energy radiated by the diffracted field for a surface wave
incident on the upper face of the half-plane with X; = 1 and X, varying. These have
the form of a lobe oriented toward § = 7. When X; > X; (X1 > X3) the size of the
lobe in the region 0 < < 7/2 is greater than (less than) the size of the lobe in the
region —7/2 < 8 < 0.

In applying the problem to act as a waveguide launcher it is of interest to maximise
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the magnitude of the diffracted field when a surface wave is incident on the half-
plane. Figures 2.23, 2.24 and 2.25 show the magnitude of the reflection coefficient,
transmission coefficient and the diffracted field for a range of values of X, with X; =1
(thus fixing the incident surface wave). |¢g| and |¢7| were obtained from expressions
(2.84) and (2.85), with |¢p| calculated using the fact that |¢gr|* + |é7]|*> + |ép|* = 1.
It can be seen that the magnitude of the diffracted field is greatest when X; = 0.
Intuitively, this comes from the fact that there is no transmitted wave on the lower
face of the half-plane (|¢r| = 0) and therefore more energy is diffracted from the
edge. It can also be seen that when X; = Xj the reflection coefficient is minimised
and is equal to the transmission coefficient. It is also noted that as X — co: |¢7| —
d, |¢r| — RV2 and |¢p| — D where R and D are the values of |¢r| and |¢p| when
X, = X;.

Figures 2.26, 2.27 and 2.28 show the magnitude of the reflection coefficient, trans-
mission coefficient and the diffracted field for a range of values of X; (thus varying

the incident surface wave) with X; = 1.
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Figure 2.20: Radiation diagram for an incident surface wave, X; =1,X,; = %

Figure 2.21: Radiation diagram for an incident surface wave, Xi=1,X,=3.

Figure 2.22: Radiation diagram for an incident surface wave, X; = 1, X, = 10.
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|pr|

0.405¢

0.395¢}

0.385}

Figure 2.23: Coeflicient of reflection for an incident surface wave X; = 1.

|é7|

- i . .X2

1 2 3 4 5

Figure 2.24: Transmission coefficient for an incident surface wave X; = 1.

|$p|

0.91

Figure 2.25: Diffracted field for an incident surface wave X; = 1.
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|dr|

— . le

1 2 3 4 5

Figure 2.26: Coefficient of reflection of an incident surface wave X, = 1.

o7

0.395¢

0.385¢

Figure 2.27: Transmission coefficient for an incident surface wave X, = 1.

|6

0.65¢}

Figure 2.28: Diffracted field for an incident surface wave X, = 1.
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2.10 A Surface Wave Incident on an Inductive Half-
Plane.

In this section, the specific case of a surface wave incident on a half-plane with the
same impedance on its upper and lower surfaces (Figure 2.29) is considered. The

results that follow agree with those of Trenev [32].

Yy

¢i

X
X

Figure 2.29: A surface wave incident on a half-plane with equal impedance parameters.

In the particular case X; = X3 = X, the split functions U(e) and L™ () simplify

considerably to

v = (Zh e )

L_l(a) = 7§ k+ a)1/4 0

Upon making the substitution A = +/1 + X? then, after much algebra (2.84) and

(2.85) simplify to give

h—1
|| = l¢7] = T
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Figures 2.30 and 2.31 shows the dependence of the coefficients of reflection and
transmission on impedance for an incident surface wave. With the same impedance
on the upper and lower surfaces of the half-plane, the reflection coefficient is equal to
the transmission coefficient and approaches 1/4/2 as X increases. This implies that
|#p| — 0 as X — oo which is in agreement with Figure 2.32 which shows the modulus
of the diffracted field.

Figures 2.35-2.33 show the diffracted field for various values of X. It can be seen
that the radiated lobes for this problem are symmetrical and that the lobes narrow as
the impedance decreases. However, it can be seen from Figure 2.32 that the modulus
of the diffracted field increases as X decreases. Thus, for a waveguide launcher with
equal impedance parameters on its upper and lower surfaces the amount of energy
diffracted is maximised by minimising the impedance, moreover the diffracted lobe is

stretched in the forward direction.
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|9r|

— X

2 2 6 8 10

Figure 2.30: Dependence of the reflection coefficient on impedance X; = X; = X.

|é7]

—_

2 g 6 8 10

Figure 2.31: Depéﬁde’nce of the transmission coefficient on impedance X; = X; = X.

|¢f|

2 4 6 8 10

Figure 2.32: Dependence of the diffracted field on impedance X; = X; = X.
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Figure 2.33: Radiation diagram for an incident surface wave, X; = X, = 3.

4f

Figure 2.34: Radiation diagram for an incident surface wave, X; = X; = 1.

Figure 2.35: Radiation diagram for an incident surface wave, X; = X, = %
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2.11 An Inductive/Reactive Half-Plane.

Although this special case is difficult to resolve from our previous solution it is readily
solved as a scalar problem. Upon making the substitutions §; = —iX and 8, = i X,

equations (2.26) and (2.27) read

. 1 l2 K)2 -+ k2X2

—kX)= |1+ =] = .

(k1 )2 ( tt K,) “ 2ri(a + k, )2’ (2.86)
. 1 lg K,2 + k2X2

EX) - —lL+ =) =uy — . .

(k3 )2 ( tt n) "2 27i(a + k,)2k (287)
Adding these equations gives

lz - Zlel = U3 + Us. (288)

The left hand side of equation (2.88) is analytic in the lower half plane and the right
hand side is analytic in the lower half plane thus both are equal to a constant. Since

u1(a) and uy(a) are O(a~Y/?) at worst it follows that this constant must be zero. It

now follows that

Uy + ug = O, l2 = Z]CXll (289)

Substituting back into (2.86) gives

| ik X1 k% + k2 X?
(r - ZkX)E (ll * ) = 2ri(a + ko )2k

This can be written as

(o k) 1 {(a—m k, } VETa k,

= ui+ - .
2\/k—all+27ri(a+ko) 2\/k—a+\/k+ko (a+ ko) ! 2ri(a + ko)Vk + ko
(2.90)
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Using the usual Wiener-Hopf argument, both sides of this equation must be equal to

zero giving
orivk + avk + k,

Uy

The scattered field can now be written as

¢s = /oo ke eHamtsy) 4oy
—o0 2mivk + avk + k(& — 1k X) ’
oo ko

- /—oo 2rivk + avk + k,(k + 1kX)

y >0, (2.91)

e'@*="da, y <. (2.92)

Using the method of stationary phase as before, the diffracted field becomes

ok - .
- (7r ) VE—kcosl pinps g _p o , (2.93)

%0 =\ 3%r i+ FE ) ksinf—ikX ’

_ 7 ko Vk — kcosf eikr+im/d o 9 <0, (2.94)
2kr \nvE+ k, ) ksinf + ikX ’

There are also pole contributions from expression (2.91). When a = k, the contribu-
tion is

ELESC > 0. (2.95)

¢R:k+k‘o ’

This represents the reflected surface wave on the upper side of the half-plane. The

contribution from the pole at o = —k, is

g —emRm 3 <), (2.96)

This term cancels the incident surface wave in the region z < 0, y = 0. There are

no pole contributions from the integral (2.92) thus no transmitted wave exists on the

lower surface of the half-plane.
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Figure 2.36 shows the magnitude of the reflection coefficient as a function of X.
It can be seen that |¢r| — 1 as X increases. The diffracted lobes (Figures 2.40-2.38)

are 1dentical to those in the case of equal impedance parameters.
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X

2 a 6 8 10

Figure 2.36: Dependence of the reflection coeflicient on impedance X; = —X,; = X.

X

2 4 6 8 10

Figure 2.37: Dependence of the diffracted field on impedance X; = —X; = X.
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Figure 2.38: Radiation diagram for an incident surface wave, X; = —X; = 3.

Figure 2.39: Radiation diagram for an incident surface wave, Xi=-X,=1.

Figure 2.40: Radiation diagram for an incident surface wave, X, =-X,=1.
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0

2.12 Conclusions and Further Work

The problem of a plane wave incident on a half-plane with different impedance bound-
ary conditions on each face was examined using the Wiener-Hopf-Hilbert technique.
This was done without restriction on the absorbing properties of the faces of the
half-plane, thus the solution is valid for both wave-bearing and absorbent half-planes.
Explicit expressions were obtained for the total far-field and arising surface waves for
an arbitrary angle of incidence. It was shown that the solution given was valid for an
incident surface wave in which case the diffracted field takes the form of a lobe. This
solution generalises the problem solved by Trenev [32].

An obvious source of further work would be a study of further values of the admit-
tance parameters on either side of the half-plane. Since the problem has been solved
without restriction on 3; and B; many cases of physical interest can be examined. The
methods employed here can also be extended for more complicated boundary value
problems. For exam.ple,. the problem of the diffraction of sound from a line source
by an absorbent half-plane considered by Rawlins [31] can be solved with arbitrary
impedance parameter values.

The situation where a finite region near the end of the half-plane was lined with
absorbent material could also be considered. This has the advantage of being easier
and cheaper to construct than a half-plane with faces entirely coated in absorbent
materials. Since the half-plane problem is governed by the conditions at the diffracting
edge, it is only necessary to consider an absorbent coating in the vicinity of the edge.

The work of the present chapter would act as a first order approximation when the
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length of the absorbent tip is large.

More complicated first order boundary conditions on the half-plane can also be
dealt with. Such problems arise in acoustics with flow where the Sommerfeld integral
method [20] is no longer suitable because of the anisotropic nature of the boundary

value problem. This problem is solved in the following chapter.



Chapter 3

Diffraction by a half-plane in a
moving fluid

3.1 Introduction

The problem examined in this chapter is more complex than that solved in Chapter 2
in that the half-plane is emersed in a moving fluid. Expressions for the total far-field
are derived for both the leading edge and trailing edge situations. In the trailing edge
situation (M > 0) the problem has the added complication of a trailing vortex sheet
or wake. Hence a Kutta-Joukowski edge condition is imposed to ensure that the fluid
velocity is finite at lthe edge and to obtain a unique solution to the problem.

As in the previous problem, in the case where the impedance parameters are such
that the half-plane is absorbent, the determinant of the matrix kernel is non-zero.
Rawlins [29] obtained explicit expressions for the diffracted and geometrical acoustic
field for the diffraction of cylindrica,l waves from a line source by an absorbing half-
plane in the presence of a subsonic flow. However, for wave bearing surfaces, where
the impedance parameter can be purely imaginary, the determinant of the matrix

kernel has zeros in the cut plane. The solution given here generalises the Wiener-

50
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Hopf-Hilbert approach to deal with both wave-bearing and non-wave-bearing surfaces
in the presence of fluid flow and allows different impedance parameters on the upper
and lower surfaces of the half-plane.

In Section 3.2 the mathematical boundary value problem is formulated using a
generalised boundary condition that arises from the combination of fluid flow and
absorbent surfaces. The problem is then reduced to a pair of simultaneous Wiener-
Hopf equations in Section 3.3. An explicit factorisation of the Wiener-Hopf kernel is
carried out in Section 3.4. In Section 3.5 asymptotic approximations for the far-field
are obtained and graphical plots of the modulus of the far-field for various values of
the impedance and fluid flow parameters are given in Section 3.7. In the particular
case of a still fluid (M = 0) and the case where the admittances of the upper and
lower faces of the half-plane are equal, it is shown that the results agree with Rawlins

[29]. Conclusions are drawn in Section 3.8.

3.2 TFormulation of the Boundary Value Problem

To begin with, an introduction is given to the basic equations governing propagation

through a homogeneous medium. The density field, p, and velocity field, u, satisfy

the continuity equation

Dp
=£ = 0. 3.1
oy T V-(pu) =0 (3.1)

When the medium is inviscid and in the absence of external forces, the Navier-Stokes

equation of motion reduces to Euler’s equation

Du

- _Vp. 3.2)
Dt P (

1
p
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An equation of state that describes the incompressibility properties of the medium

is also required. It is to be assumed that the pressure, p depends only on the local
density

p = p(p). (3.3)

These three equations are linearised by regarding as small all perturbations from a
state in which the medium has uniform velocity U in the z direction and has uniform

density p,. Retaining only first order terms forms the linearised equations

0 0
9 _uvl),=_,v. 3.4
(5’15 U@w) P poV U, (34)
o 9 1
9 _uypfllu=_1 3.5
(3t Uax) " pon’ (3:9)
dp _ ,0p
== 3.6
ot~ ¢ ot (3.6)

In the current context, c is the speed of sound. Upon eliminating u it can be seen

that

o o\
Taking the curl of equation (3.5) shows that the vorticity 2 = VAu s independent

of time. Thus, for an initially irrotational flow, £ = 0 for all time and there exists a

velocity potential ¥(x, t) such that u = V. The velocity potential therefore satisfies

oy Py (10 2)2 _ 3.8
8—$5+5y—2-( w2 y=o, (3.8)

where the Mach number M = U/c and the wave number k = w/c. If a time har-

monic variation ¥(z,y,1) =Re{y(z,y)e ™'} is assumed and suppressed henceforth
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the convective wave equation is formed

O O %

2
( M)83:2 82 a

+ k%) = 0.

In Chapter 2 the field in the region y = 0,z < 0 was subject to the continuity

conditions

9 9
(.;'yb( ,01) = . 815(2: 07), z<0, (3.9)
¥(z,0%) = 9(z,07), <0 | (3.10)

However, in the case where a wake exists (3.10) does not hold. The continuity condi-

tion in this situation is derived as follows. Assuming z < 0 throughout:

i+ Uge) (4(2,0%) ~ p(a,07) =0
(5+ ) (a0~ w0 =0,
o (1 (2, 0%) (2, 07) =0,

The problem to be considered is of a plane wave incident on a half-plane in a moving
fluid occupying the region z > 0, y = 0 (see Figure 3.1). The surfaces are lined
with materials such that 3; and 8, are the complex specific admittances of the upper

and lower surfaces of the half-plane respectively. It is noted that for Re £;,2 > 0 the
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M positve

Figure 3.1: A plane wave incident on a half-plane.

surface is absorbent. For Re f; 2 = 0 the surface no longer absorbs energy and can
support surface waves provided f; ; = —tXj,2, X;2 > 0. The problem is one of solving

the convective wave equation

o o D
(1 —M2)a—;f+5£—2zw%+k2¢:o, (3.11)

subject to the boundary conditions

(-?— + ﬂ1-M2 + Zkﬂl) P(z,07) =0, >0, (3.12)
Oy Oz
(5% - 52M% - ikﬁz) ¥(z,07) =0, z>0, (3.13)
(z,07) — (z,07) = 2riCexp(—ikz /M), z <0, (3.14)
i _%% 0 3.15
ay(:zc,OJ“)—ay( ,07), z<0. (3.15)

A factor of 27 has been introduced to equation (3.14) for convenience later on in

the solution. The constant C' in this formula will be determined by the requirement
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that the velocity at the trailing edge should be finite. This requires the imposition of
the Kutta-Joukowski edge condition. Combined with the condition that the field be
outgoing at infinity, these conditions ensure that the boundary value problem has a

unique solution.
3.3 Solution of the Boundary Value Problem

. In the presence of subsonic flow (=1 < M < 1) the following real substitutions can

be made
_VITIEX, y=Y, k=VIZIEK, 8=+I—iB;

which together with

P(z,y) = U(X,Y)e M (3.16)
reduces the problem to
v 0%V 5
U= 3.17
X2 + EYE +K 0, (3.17)

subject to the boundary conditions

0 0 +
— = 3.18
(8Y+Bl aX—l-leBl) U(X,07)=0, X >0, (3.18)
9 15’2Mi — KB, | ¥(X,07)=0, X>0 (3.19)
Y 0X ’ ’ ’
U(X,07) — ¥(X,07) = 2miCexp(—iKX/M), X <0, (3.20)
ov -
- == 3.21
8Y(X 07) aY(X 07)=0, X<0. (3.21)

The complex Fourier transform U(a,Y) is defined by

U(a,Y) = él—/oo (X, Y)e " ¥dX. (3.22)

T J—o00
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Applying this transform to the wave equation (3.17) gives

AT
Ty HEY=0. (3.23)

The branch of £ = (K? — a?)'/2 is chosen such that x = +K for o = 0. A solution of
the boundary value problem can now be written as

U=+ [ Z A(a)ef(aﬂﬂ”) da, Y >0, (3.24)

= /_ Z B(a)eeX=Y) g Y <0. . (3.25)

For convenience it shall I;e assumed that W, consists of the incident plane wave and

a reflected wave thus

\I;go(X; Y) — e—iIC(X cos ©o+Y sin ©,) + Re—i}C(X cos©@,-Y sin@o)’ (326)

where

R_ <sin@o+31Mcos®o—Bl)
~ \sin®, —ByMcos®, + B,/

Applying the conditions (3.20) and (3.21) leads to

sin O, N C
B Ti(a+ Ko)(sin®, — BiM cos ©, + By)  (a+K/M)’
KBisin©,(1 — M cos 0,)
mi(a+ K,)(sin®, — B M cos O, + B;)’

A(a) — B(a)=l(a)

k(A(a) + B(@)) =) +
where a = —K/M and a = =K, = —K cos O, lie in the lower half of the complex

plane (7- = Im a < 0) and /;(«) and l3(a) are analytic in this region. The capture

of the poles at « = —K, and @ = —K /M is shown in Figure 3.2. By adding and

subtracting these equations it can be seen that

1 lh() sin ©,{KB1(1 — M cos ©,)/x — 1} C }
Ala) =3 {ll(o‘) i 2& ~ wi(a+K,)(sin ®, — ByM cos ©, + By) T v Knn
(3.27)
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-1

Ot

Figure 3.2: The complex plane.

B(a) = l{—ll(a) N L) sin @o{ICB}(l —Mcos©,)/s+1} C .
2 K mi(a + K,)(sin®@, — BiM cos ©, + B1) (a+K/M)
(3.28)
Applying the boundary conditions (3.18) and (3.19) leads to
(KB + &+ BiMa)A(a) = ui(a), (3.29)
(KBgy + £ + BoMa)B(a) = us(a), (3.30)

where u;(a) and uy() are analytic in the upper half-plane, 7: Im o > 0,a #

| —K,,a # —K /M. Substituting (3.27) and (3.28) into these equations eliminates the

unknowns A(a), B(a) and leads to the matrix Wiener-Hopf equation

where

Gl C
G(a) l(a) = u(a) + G(a) (a -fICO) o +(IC)M) (0), (3.31)
1{ k+BMa+KB, (k+BiMa+KBy)/«
Gla) =3 (—/c _ByMa — KBy (k+ ByMa + /CBZ)/K) ) (3-32)

p_ sin O, 1 )
~ 7i(sin®, — BiM cos O, + B1) \=KBi(1 — M cos ©,) ’

() = (2) u(@) = (Z:)
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The problem of factorising the matrix G(«) is addressed in a manner similar to that

in Chapter 2. Firstly, define D(«) such that
| 1
D?*(a) = det G(a) = %(n + BiMa + KBy)(k + B:Ma + KB,),

and define K(a) by

G(e) = D(a)K (). (3.33)

Then

(n+BlMa+ICBl)1/2 l</~:+BlMa+ICBl>1/2
I((O{)Z\/E K-}-BzMO[-]-ICBQ K Ii-f—BgMQ/-{-}CBQ

V2 _<n+BQMa+ICBQ>1/2 1</€+32MC¥+/CBQ>1/2
k+BiMa+ KB, k+ B Mo+ KB,

o (3.34)

K
and

det K (a) = 1.
The factorisation of G(«) now follows directly from the factorisation of K(a) and

D(a).
3.4 Factorisation of the Wiener-Hopf Kernel
Factorisation of K («)

It is required that K (o) = U(a)L™!(e) where L(a) is analytic everywhere except
along the line K < a < oo, Im(a) = 0 and U() is analytic everywhere except along

—00 < @ < —K, Im(a) = 0. Then it can be written that

UHOL™MO _ o g o - |
it | o< e <K (3:39)

K*(¢)
K=(¢)

. . . . . . . . -1 .
since L is continuous across this region. Eliminating L™ () gives

UHE) = KK U(6). (3.36)
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where F't denotes values of F' on the upper side of the cut and F~ denotes values of

F on the lower side of the cut. From equation (3.34) it follows that

(z’|n|—BlM|§|+ICBl)1/2 1 (x| — ByM|¢| + KB\

is] il — BoM|¢| + KB, i[5 (im —32M|§|+1c132>

2 _(i|ﬂ|—32M|§|+mz>”2 1 [i|s| — BoM|E|+ KB\ |
ik — BiM|¢| + KB, il ilml—BlMlﬁHlCBl)

K™(§) =

(-1 (_im — ByMIE| + K82)1/2 1 (—ilnl — B M|¢] + /czal)l”
K=(6)] = ___7’|_"°'| 1]k “Z:I’fl —BiM¢| + KBy ls|\ —i|s| — BaM|¢| + KB2
2 <_Z|m| — By M| + 1<:zs’;,)1/2 (—i|ﬁ| — BiM|¢| + 1c31>1/2
—i|k| — BiM¢| + KB, —i|&| — BoM|€| + KBz

Substituting these into equation (3.36) gives

0 _; {(’C131—131M|€|)2+|'<|2 }5
Ut(¢) = . (KB2—Ba MIg])* +|x[? U~ (6). (3.37)
- {(’C52—32M15|)2+|ﬂl2 }5 0
(KBy—B1 M[¢])2+]x[?

This requires the solution of the following coupled Hilbert problems

_ (KB = BMIE s F

_ [ (KB = BaMIE|) + |
V(e =i {uczsl — BuME])? + |~

}E Uy (€). (3.39)

If V(€) = U1 (€)U(€) and W(¢E) = g:—g% then multiplying and dividing the Hilbert

equations produces

VHE/V(6) = -1, (3.40)

K 2 K:Bl - BlM 2
[log W(f)]+ + [log W(€)]™ = log :Kl2 i E/CBZ _ Bleng ‘

(3.41)

By inspection, it can be seen that equation (3.40) has a particular solution

V(a) = (K +a)7. (3.42)
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Equation (3.41) can be written as

[logW@)F_PogW(é)J": - [IKIQ+(IC31—BIM|§|)2
VE+¢ VE+E] Tt e 8 |m|2+(/c32—32M|§|)2J' (3.43)

The solution of this equation (see Appendix E) is given by

W(a) = exp [_\/IC + /—’C 1 log [|/~c|2 + (KB, — BiM|t))*] dt
2 —0o0 I}C-{—t'% |:‘§l2+(K:Bg—B-2A’I|t|)2 (t—a) .
(3.44)
Now,
1 & 1 k| + (KB — BiM|t|)? dt
I(a):———/ llog}:l |2 (KB, — B ||)2 ,
.27'(' —00 I}C—‘,—tlz |I€I -Jr(ICBz—Blet') (t—a)
_ 1 /°° log(t 4+ KB;") + log(t + KBy) — log(t + KBj) —log(t+ KBy) "
27 Jo t7(t 4+ K + )
1 14 BIM?\ foo dt
—og [ —— 2177
T or 08 (1 + B2M? /0 2t + K +a)’
where
B, M £./1+BZ,M?— B}
B =1- 22 V 2 22 (3.45)
’ 1+ B}, M?
Using the following results (see Appendix D)
© log(t + ¢) 2
————=dt = “—log(,/7 + V), |argy| < , |argd] < =, (3.46)
/0 t2(t+v) VY V1

L, (1+Bi /oo dt N S (1 +BfM2>1/2
o 08 1+ BiM?2) Jo t'2(t+K+a) VK fa & 1+ BZM? ’
equation (3.44) reduces to

W(a) = (_1 +‘———312M2‘>1/2 (VK+¥a+/KBi(+)) (mﬂ/’wl(“)). (3.47)
VE\THBM) (Kra+ KBa1)) (VETa+ KB )

Particular solutions of (3.38) and (3.39) are now given by

Ui(e)

Ua(a) = — V(@) }[W(a)] .
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61
A general solution can be obtained by following the method given by Rawlins [31].

This is done by imposing further conditions on the functions U;(a) and U;(a). First
it is required that

Ui(e) = O((k + a)"), Ux(a) = O((k + a)'/**™)

, asa — —k,

for some n,m > —1. The second requirement is that U;(a) and Us(a) have finite
degree at infinity. These conditions lead to

To ensure that U is non-singular in the cut plane det U and hence det P must be
non-zero for all a. The fact that det P is a polynomial implies that det P= constant.

For simplicity, P is chosen to be the identity matrix. This gives a final expression of

). e

[k
-

The matrix L(a) can be found from the expression

+ aliW(a)}t
+ o] H{W ()"

N =

L(a) = K Y(a)U(a).
Factorisation of D(«)

(K) + BlMa + KBl)(KZ + BQMCY + ’CBl)
D(e) =

2K
K

( )1/2 (n + B Ma + ICBl>1/2 (
2

)

K

K

K+ By Ma + }C32>1/2
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Consider the factorisation of the function d"(«) given by

k+B,Moa+ KB,

K

d*(a) = (3.49)

This function has been factorised explicitly in Rawlins [29]. The upper split function

1s

1+ B, B
RSN N S S R
T (K cos©) \/mexp 277\/1—B§+M2Bg F(v)) = F(vy)|p, 00 <,
| (3.50)
where
F( Iy © u— P21 sinudu .
v) = —(M+v) /7r/2 (v—cosu) (3:51)
and
—MB2 + /1 - B2 + M*B? —~MB2 — /1 — B2 + M?B? ;59
Ul— 1+B§M2 7v2— 1+B?LM2 " (' )

The upper split function, D, (a), can now be written as

Do) = { | S et @@} (3.5

3.5 Asymptotic Expressions for the Far-Field

With the factorisation of G(a) complete, the procedure from equation (3.31) is as

follows
a C
Glel(e) =u(a) + Gla) (@ fICo) e f(lC}M) (0)
Gla C
G+ (@)G-(@l(@) =ule) + GO ~ 73 s ( 0),

G_(a) (C
G- (a)l(@) =G5 (@u(a) + G—(a)mp—@ ) (‘&I’éﬁ <0>
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This can be written in the form

G- (@)i(e) = [0-(0) = G-(~K0)] - ok [G-(aga _+%;A}I)C/M)]( )

P G_(=K/M)(C
(a+K,)  (a+K/M) (o)
(3.54)

= G7 (a)u(e) + G_(-K,)

The left hand side of this expression is analytic in 7_ and the right hand side is
analytic in 7,. Hence both sides of equation (3.54) are equal to an entire function

Q(«a). From equations (3.42) and (3.47) it follows that

G+(a)=0(1 a) G_(a)=o<“ 1_1), la| — co. (3.55)

1
az  «
Combining the edge condition (2.15) with (2.24) it can be shown that the terms of

u(a) are O(a~1/2) at worst. Using an extension of Liouville’s theorem it now follows

that Q(a) = 0. Thus

l(a) = 6@ G- (K /M) - ] (C>—[G:1(a)G_(—ICo)—I] P (356)

(a+K/M) 0 (a+Ko)
Gi(a) GL(=K/M) (C P
ula) ==+ (@ 1 /) (0) — G+(O)G—(—}Co)m- (3.57)
Combining (3.57) with (3.24) and (3.29) gives
v(x¥)= [ <+ Bfﬁf}ffl gy ¢ e v>0 (3.58)

As was seen in Chapter 2, the procedure from here is to consider a shift of contour in

the a-plane given by

a = Kcos(0 +1t), (—oo <t < o00).
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On applying this to equation (3.58), the scattered field becomes

*  —isin(0 + it) us[K cos(O + it)]
—o0 By + B1M cos(© + it) 4 sin(© + 1t)

7,(R,0) = eXReosht gy 0 <@ < 7.
(3.60)

On applying the method of stationary phase, the final expression for the far-field is

¥(R,0)=Y,(R,0)+ V,(R, 0) + V4 (R,0), 0<O<7-0,,03.61)
=U;(R,0) + Y4y (R, 0), | T—-0,<0 <7 (3.62)

=U;(R,0) + ¥;_(R,0), -7 <0 <0, —m,3.63)

=V, (R,0), O, -1 <0O<0, (3.64)

where
\I&(R, @) — 6—ilCRcos(@—@o)7 (365)
B sin G)o + BlM COS @0 - Bl —iCRcos(©+86,)
¥.(k,0) = (sin O, BiMcosO, + Bl)e ’ (3.66)

) ™ Sin@ KR4It
=9 K cos © T, (3.67
Ve, (R, 0) = 2i\/ 75 (81 + BiMcos O + sin@)ul[ cos Ole (3.67)

T sin © : i
= —9;.] K cos ©le™™*F+ ¥ (3.68
Va_(£,0) 2 2KR <Bz + ByM cos ©® — sin @)uz[ cos Ole ( )

and

cos 0 1 — M?sin%0 1/
COS@_(l—-MQSinZH)l/?’R_r( Y ) )

3.6 The Kutta-Joukowski Condition
In the trailing edge situation (M > 0) the unknown C is calculated by applying

the Kutta-Joukowski edge condition. In the absence of a wake C' = 0. The Kutta-

Joukowski condition requires that the velocity be finite at the origin which means that
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the terms in U that are O(r~?/2) must vanish. This in turn implies that the terms of

O(e™%/?) in u; (@) and uy(e) must also vanish. From expression (3.57) it can be seen

that

C{Gi(a)e + Gy(a
ua(e) = &1 (i J)r ’;r/M)( )9} ; iko) [Gl(a){aPl+bP2}+G2(a){cP1+dP2}J,
where

o= (3. 0-00= (1) .comn = (1), = (2)

From (3.55) it can be seen that Gy and G3 are O(1) whilst G; and G4 are O(a'/?) as

|a| = oco. Setting the term that is O(a™/2) to zero in u;(a) gives

CP1 +dP2 —gCZO,

o= htdh) (3.69)

g

3.7 Graphical Results

The diffracted field given by expressions (3.67) and (3.68) becomes infinite on the
boundaries @ = 7 — O, and ® = 7 + ©, so an alternate expression has been used to
give the graphical plots of the modulus of the far-field. See Appendix A for further
details.

Figures 3.4-3.7 show the modulus of the far-field for a half-plane with impedance
parameters 3; = B, = 2/3 (fibrous sheet), the angle of incidence is taken to be /2
and the Mach number, M, takes the values -0.9, 0 and 0.9. As explained in the

previous chapter, the field in the region 0 < 6 < 7/2 is due primarily to interference
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between the incident and reflected waves. The modulus of the reflection coefficient is
given by expression (3.66) and |¥,|=1. It can be seen that in the region 0 < 6 < 7/2
the oscillations about the incident wave magnitude of unity are of the order |¥,|. In
the trailing edge situation graphs have been obtained in the case where a wake is
present (Figure 3.6) and by putting C = 0 the case where no wake is present (Figure
3.7). These graphs differ significantly in the region 7/2 < § < 37r/2. When no wake
is.present the oscillations about the incident field magnitude of unity are greater in
the region 7/2 < 8 < 7 but less in the region 7 < § < 37 /4 compared to the case
where a wake is present. The diffracted field in the shadow region —7/2 < 8 < 0
varies according to the Mach number. This field is larger in the leading edge situation
(Figure 3.4) than in Athe trailing edge situation, where the fluid flow carries the sound
away from the shadow region.

Figures 3.8-3.11 were obtained using 81 = 8, = 1/(0.5+ 1) (perforated steel). The
trends are the same as those given above and the graphs shown are identical to those
in Rawlins [29] (except the half-plane in that work occupies y = 0, ¢ < 0). It is also
noted that Figures 2 and 4 in Rawlins [29] have been transposed.

Figures 3.12-3.15 show the far-field when 0, = 7/2 and f; = B; = 0.5 — 1. Figure
3.13 is identical to Figure 2.9 as expected. The modulus of the diffracted field in the
shadow region in this case is shown in Figure 3.3. It can be seen that the noise in
this region is reduced by the presence of a fluid flow. This is due to the fact that the
effective admittance of the half-plane B = §(1 — M?)~1/2 increases as | M| increases.

In effect, the half-plane becomes softer as |M| increases. The equivalent graphs for
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other values of f;; are omitted due to there similarity to Figure 3.3.

Figures 3.16- 3.19 show the far-field when 6, = 7 /2 for a surface wave bearing
half—plane p1 = B2 = —1. Figure 3.17 is for the case of a still fluid and is identical to
Figure 2.6 . In the trailing edge situation there is no apparent difference between the
case where a wake is present (Figure 3.18) and the case where no wake is assumed
(Figure 3.19). This is due to the fact that for these parameter values the value of C
is small.

The semi-rigid half-plane problem is re-examined in Figures 3.20-3.27, this time
in the presence of fluid flow. Figures 3.20-3.23 are for an angle of incidence 6, = 7/2
and in Figures 3.24-3.27 it has been assumed that 8, = 7 /4. For these latter graphs
the interference between the incident wave and the reflected wave is extended to the
region 0 < 6 < 3n/4. It is also noted that for given values of B;, B2 and 8, the
magnitude of the oscillations in this region of interference have until now shown little
dependence on M. However, in Figures 3.24 and 3.25 this is clearly not the case.
These oscillations about the incident wave magnitude of unity are of the order |¥,|
which is given by (3.66). Therefore, the reason for this behaviour is that in Figure
3.24, |¥,| = 0.20 but in Figure 3.25, |¥,| = 0.88.

It is of interest to consider the half-plane as a noise barrier and thus to examine the
effects of flow to the sound in the shadow region. It can be seen that the magnitude
of the sound diffracted into the shadow region is reduced by the presence of flow in
comparison to Figures 2.17 and 2.18. A‘gain, the trailing edge situation is the most

efficient at minimising the noise in this region.
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Figure 3.3: The shadow region of a half-plane in a moving fluid, /1 = B2 = 0.5 — 1.
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0.5 1

Figure 3.4: 0, =7 /2, f1 = B =2/3, M = —0.9.

Figure 3.5: 0, = n/2, 1 = f2 =2/3, M =0.
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Figure 3.6: 0, = 7/2, f1 = 2 =2/3, M = 0.9.

Figure 3.7: §,=7/2, 1= 2 =2/3, M =0.9,C = 0.
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Figure 3.8: 0, = /2, B = B2 = 1/(0.5 +14), M = —0.9.

Figure 3.9: 0, = /2, B = B2 =1/(0.5+1), M = 0.
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Figure 3.10: 6, = /2, B = B = 1/(0.5+1), M = 0.9.

N

Bigume A0, =5 /2, 8 = B; = 1/(0.5+1), M = 3.9.C = U
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Bigure'3.12: 0, =7/2, 01 = B2 =05 — 3, M = —0.9.

Figure 3.13: 8, =7/2, 1 =8.=05—1¢, M =0.
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Figure 3.14: 6, =7/2, f1 = B2 =0.5 —¢, M = 0.9.

Figure 3.15: 0, = 7/2, f1 = B2 = 0.5 —1, M = 0.9, =4
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Figure'3.16: 0, = ©/2, B1= b2 = —1, M'=—0.9.

Figure 3.17: 6, = 7/2, p1 = fy = —i, M = 0.
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Figure 3.18: 6, = 7/2, 1 = B2 = —t, M = 0.9.

Figure 3.19: 6, = 7/2, By = B2 = —¢, M = 0.9, C =1
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Figure 3.20: 4, = 7/2, i =15, 8; =0, M =0.9,C = 0.

Figure 3.21: 8, = /2, f1 = 1.5,8: =0, M = —0.9.
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Bignre 3.22: 0, =45/2, 1 =0,8 =15, M =0.9,C = 0.

31

Figure 3.23: 0, = 7/2, f1 = 0,5, = 1.5, M = —0.9.

)
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Figure 3.24: 8, =7 /4, f1 =15, =0, M =0.9,C = 0.

Figure 3.25: 0, = /4, /1 = 1.5,0, =0, M = —0.9.

79
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Figure 3.26: 6, =7 /4, $1 =0,82 =15, M =0.9,C = 0.

Figure 3.27: 0, = 7/4, f1 = 0,8, = 1.5, M = —0.9.

30
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3.8 Conclusions

The problem of a plane wave incident on a half-plane in a moving fluid has been solved
without restriction on the impedance parameters of the half-plane. In particular, both
absorbent and inductive half-planes can be considered with incident plane or surface
waves. Moreover, the solution is valid for subsonic values of the Mach number M,
and taking M = 0 reduces the solution to that of a half-plane in a still fluid.

The solution contains an explicit factorisation of the matrb% kernel using the
Wiener-Hopf-Hilberf technique. Asymptotic expressions for the far-field were ob-
tained leading to graphical results, which agree with Rawlins [29], and results from
Chapter 2.

The half-plane in a movirig fluid problem has been solved without restriction on /4
and ;. Further work could be done theréfore on an inductive half-plane in a moving
fluid. An examination could be carried out on the surface waves arising on the upper
and lower surfaces of the half-plane similar to those in Chapter 2. Moreover, results
for an incident surface wave can be obtained from the work in Chapter 3. A more
complicated fluid problem is one where the fluid speed differs in the different halves of
the plane. This problem is not solvable by the Maliuzhinets method, which assumes
a Sommerfeld integral represeﬁtation of the field throughout the entire plane.

A problem with more practical applications is one of a strip with an absorbent tip
in a moving fluid. This would be a model for an aeroplane wing and has the advantage
~of being cheaper to construct than a strip with faces entirely coated in absorbent

materials. Since the problem is governed by the conditions at the diffracting edge,
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one needs only to consider an absorbent coating in the vicinity of the edge. The work
of the present chapter would act as a first order al;proximation when the length of
the absorbent tip is large.

The results obtained here could also be applied to the problem of the radiation of
high frequency sound from a circular cylinder in a moving fluid (see Munt {25]). This
is of practical importance as a model of a jet engine in motion. One could investigate
noise shielding by examining the effects of lining the cylinder with absorbent materials.
To high frequency sound}, the edge of the cylinder is locally plane and an application
of Keller’s geometrical theory of diffraction would give an approximate answer to a

mathematically insoluble problem.



Chapter 4

Radiation from an inductive
wave-guide

4.1 Introduction

The problem considered here is of an electromagnetically radiating parallel plate
waveguide where the inside walls are inductively loaded and the outside walls are
capacitively loaded. This mathematical problem serves as a model for an inductively
loaded horn antenna. Expressions are obﬁained for the reflection coefficient at the
waveguide mouth and far-field radiation diagrams.

Useful information about the properties of various radiating structures can often
be obtained from exact solutions of simple canonical problems. A canonical problem
for an interesting antenna is the impedance-walled structure shown in Figure 4.1.
The incident field is taken to be lowest order TM wave, proceeding to the left in the
waveguide region, with the parameters a, 8, and B, chosen so that only this TM wave
propagates. When £, and f, are purely inductive, that is 81 and 3, purely imaginary,
éo that a surface wave can propagate along the inside walls of the duct a model for

an impedance horn is obtained. The imposition of the £ impedance condition on

83
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each waveguide half plane means that one surface of each half plane will then support
a surface wave (inductive condition), whilst the other cannot (capacitive condition).
Thus the investigation is that of an inductively loaded open waveguide.

In Section 4.2 the mathematical boundary value problem is formulated. The prob-
lem is then reduced to a matrix Wiener-Hopf equation in Section 4.3. The factorisation
of the Wiener-Hopf matrix kernel is carried out in Section 4.4 by the Wiener-Hopf-
Hilbert method. It was thought that the Wiener-Hopf-Hilbert method would be
inapplicable due to the poles contained in the matrix kernel. These poles correspond
to the modes that propagate in the duct region. However, this problem is overcome
to obtain an explicit factorisation of the matrix. In Section 4.5 expressions are ob-
tained for the field in the different regions. These are simplified in Section 4.6 where
the special case of a rigid wave-guide is examined. Conclusions are drawn and future

work discussed in Section 4.7.

4.2 Formulation of the Boundary Value Problem

The configuration to be considered is shown in Figure 4.1. A TM wave is incident
from z = oo in the parallel plate region, and the problem is to find the radiated and
reflected fields. A time dependence of e ™ is assumed and suppressed henceforth.
Although it is clear that 1, = 1X;2 where X35 > 0, so that surface waves can
propagate on the inner walls of the duct, this notation shall be introduced later on in

the solution for convenience.

To begin with, a brief reminder of the equations governing electromagnetic wave
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(4]
Ot

B

Figure 4.1: An impedance loaded wave-guide.

propagation is given. A comprehensive guide can be found in Jones [16]. The magnetic

intensity H and electric intensity E can be represented by Maxwell’s equations
curlE = 1p,wH, curlH = —ie,wE,

where ¢, is the dielectric constant and p, is the permeability. If a transverse magnetic
(TM) polarisation is assumed, so that the magnetic field has no component in the

direction of propagation, then only three field components (E,, F, and H;) are non-

zero. They satisfy

v OH —1i O0H
= d = z 4.1
Es we, Oy’ E, we, Oz’ (4.1
0*H, O0°H

+

5ur gy TEH =0 k= e
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At y = a the fields satisfy the impedance boundary condition

= Zl.

=[5

Using (4.1) this can be written in the form

0H,
dy

(z,a4) + 1kB1H,(z,az) = 0,

where kB, = we,Z1. At y = —a the fields satisfy

Writing kfB; = we,Z, and using (4.1) allows this to be written in the form

0H,

3y (z,—ay) —ikfBoH,(z,—as) = 0.

The problem can be written as the solution of the Helmholtz equation

0*H, 0°H,
+

Oz? dy? +k*H, =0, (4.2)

subject to the boundary conditions

88];52 (:v,ai) + ikﬂlHZ(IE,ai) =0, z>0, (43)
aaHz(:v, —ay) —ikPeH,(z,—ax) =0, z>0. (4.4)
)

The field must also satisfy the continuity conditions

8—[_—]5(33, tay) = Qgi(x,:i:a_), z <0, (4.5)

dy dy
H,(z,+a;) = H,(z,+a_), z<0, (4.6)
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and the edge condition
H,=0(), VH,=0@r"%Y?%, as r—0. (4.7)

Combined with the condition that the diffracted field be outgoing at infinity, these

conditions ensure that the boundary value problem has a unique solution.
4.3 Reduction to a Matrix Wiener-Hopf Equation

As before, the Fourier transform is applied to the wave equation (4.2) to give

d&’H,

dy? + "Gzﬁz = 0. (4.8)

The branch of x = (k* — a?)'/? is chosen such that x = +k for & = 0. The incident

field is written as

H; = ¢,(y, no)e—ia"x, (4.9)

where

tkfy sin k(y — a), (4.10)

Boly, K) = cos iy —a) -

and a, is chosen so that only the dominant order TM wave propagates. A discussion

of the incident field is given in Appendix B. A solution of the boundary value problem

can now be written as

H, = / " A(a)eTtire) da, y >, (4.11)

= H; + /00 B(a)ei(”"'”y) + C(a)ei(ax—“y) da, —a<y<a, (+12)

_ /oo D(a)eiax-—z’n(y+a) da’ Yy S —a. (413)
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Applying the boundary conditions (4.3) and (4.4) leads to
(1 + B1) () = va(a), (4.14)

(k + kB2)D(a) = uz(a), (4.15)

where u; () and uy(e) are analytic in the upper half of the a-plane, Im(«) > 0. Now,
from (4.3)-(4.6) it can be seen that 0H,/0y + kf1H, and O0H,/0y — kB, H, must be
continuous across ¥y = a and y = —a respectively for all z. Applying this to the

scattered field gives
A(Q)(k + kB1) = B(a)(k + kB1)e™™ + C(a)(—k + kB )e™, (4.16)
D(a)(k + kB2) = B(a)(—k + kBy)e™ + C(a)(k + kBz)e™™. (4.17)

These can be written as

A(a) = B(a)e™ + (—7:—_:_%%'?) Cla)e™™, (4.18)
D(a) = (%) B(a)e " 4+ C(a)e™. (4.19)

Applying the continuity condition (4.6) leads to

#o(3, o) (4.20)

—A(a) + B(a)e*® + C(a)e™* = () + Srila+ ag)’

¢0(_a7 KO)
omi(a + o)’ (4.21)

— D(a) + B(a)e™™* + C(a)e™ = h(a) +
where [;(a) and ly(e) are analytic in the lower half of the complex plane, Im(a) < 0.
It is also noted that o = —a, lies in the lower half plane (Figure 4.2). Eliminating
A(a) and D(a) from equations (4.18)-(4.21) gives

—ika —K + kB Cika _ $o(a, ko)
Claje a (W) Claje = fa(a) + 2o + )
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Figure 4.2: The complex plane.

—iKa —K + k/@Z —ika | __ ¢0(—a7 EO)
.KZ {B(O[)@ — (m—) B(a)e } = ll(O{) + m.

These can be written in the form

C(Od) _ elna(/iz;: kﬂl) 12(0’) n ema(/‘;: k‘ﬂl) 27:52((;:620) (4'22)
B(a) = em(’;: i) h(a) + 61&11('“2: bfe) 2;1((&1';"3) (4.23)

Combining these with (4.14) and (4.15) and writing ¢ = e"** leads to the matrix

Wiener-Hopf equation

(4.24)

where

L (et BBt b 8-
= ( k262 — (5 + kB1)(x + kﬂz)W) )

P () o= o) o= (3
Define D(a) such that

46 + kB K + kBy)? — (K282 — ?) (K263 — £7)




Chapter 4: Radiation from an inductive wave-guide 90

and define K(a) by

G(a) = D(e)K (). 429
Then |
o) = (& + kB1) (% + kB2)p? 1 (%%_—D 2
o= (A (o BT)
and

det K (a) = 1.
The factorisation of G(a) now follows difectly from the factorisation of K(a) and

D(a).

4.4 Factorisation of the Matrix Kernel

Factorisation of K(«)

The requirement is that K(a) = U(a)L™'(a) where L(a) is analytic everywhere
except k < a < oo, Im(a) = 0 and U(«) is analytic everywhere except —oo < o < —k,

Im(a) = 0. Then it is not difficult to see that

K+ (&) =UOL™MO | _ _ .
K=(§) = U-(é)L-l(f)} <Lk )

since L is continuous across this region. Eliminating L™(¢) gives
Ut (&) = KT (OIETHOITU(©); (4.29)

where F'* denotes values of F on the upper side of the cut and F'~ denotes values of

F on the lower side of the cut. From equation (4.27) it follows that

() < (BT (EB, st (( () 62'”"’) (430)

kfBr—1 2
Dt (e) ) e !
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o (BB = ] (BB, — i]])elee L ()
(K7 = . Wi ROz —iln]
D (CY) — <mj|;{.> e 2|k|a 1 ’
(4.31)
Equation (4.29) then becomes
k2 2 K,2 k2 2 52
Ut (€)= ( ﬁ1+D+)§)_ﬁ2+ ) "
1—ilK 2|x|a kB1+i|s| —2|k|a
. 0 , (kﬁ2+i|n|> e?lrle — (kﬁg—ﬂn[) e~ ?Irl U-
(kﬂz—z.lnl) o2lla _ (kﬁ2+z nl) oIl 0 (£).
k61 FilAl kA1 —ilx]

Simplifying leads to

1 % 0 —z'(k2,82 + |/€|2) _
UT(¢) = . 1
() {(kzﬂf + |[2) (k282 + |n|2)} (—z(k2ﬂ22 + |6[2) 0 U=(¢).
This further simplifies to give
UO=| | U@ (432
—1 k—21312+l"]2 O

This equation was solved in Chapter 2 and has the following solution.

where

Wia) - (VEFa+kBi(+) ) (VE+a+/kBi(-) ) | 430
(VEFa+kBa(+) ) (VE+a+\/kBa(-) )

and Bys(+) =1+,/1 — B?,. The matrix L(a) can be found from the expression

Factorisation of D(«)

The function D(«) can be written as

Dla) — (kB + kB {(zcﬂl —w)(kBr—K) _ }/ (135)

2k (kB + £)(kf2 + &)
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Now, in Chapter 2 a factorisation was given for the function d"(a) given by

K+ kfn

K

d"(a) =

(4.36)

Thus it remains only to factorise

_ (kﬂl _ K’)(le2 B K’) 4ika
Ala) = (kﬁ1+/c)(kﬁg—|—fc)_e : (4.37)

Now, A(a) — 1 as |a| — co. Applying Theorem C from Noble [27] produces

Ayle) = Ale) 2 exp { - log A(g)dg} (4.38)

211

It now follows that the upper split function can be written in the form

Di(a) = /222 41 () @ ()4 () V2 (439)

This completes the factorisation of D(c).

4.5 The Field in Different Regions

Having factorised the matrix kernel, the usual Wiener-Hopf arguments lead to

P
l(a): I»—- G:l(a)G_(—ao) m, (440)
P
U<Ol) = _G+(a)G—(_—ao) (O! + a’o) . (441)
The scattered field now reduces to
_ (@) ieernr-a)g y>a, (4.42)
Hz(x,y)—/ooﬁ:‘i‘kﬁle &, —
_ /oo K+ k',Bl O_’) _ ¢f3(a7 K’O) ei(az—n(y—a))da
21i(a + a,)

© g+ kﬂ2 1 i(az+ﬂ(y+a))da a < 4.43
_ , —a<y<a, (443)
* / 2% {Zl(a) omi(a + ) } ’
_ /oo. U2(a) ei(ozx—n(y+a))da’ y's a. (4.44)
- K+ kf3

—00
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As in Chapters 2 and 3, the method of stationary phase is applied to the above

integrals. The total far-field can now be written as

T sin @ : ;
Hz 70 == 2 zkr-{-%
(r,0) iy / S (,81 n sin@) u1[k cosf]e , Y>> a, (4.45)

™ sin @ : '
— _2 'Lk’r-}-%’-
Z”Zkr (,32 — sinﬁ) uz[k cos fle , ¥y <a. (4.46)

The field in the duct region is now considered. Using (4.18) and (4.19), the field in

this region can be expressed in terms of the functions u; and u, thus

00 _ul(a)gb(kﬂz + K,) Uz(a)ﬂ)_l(kﬂl - ":) ei(ax-{-ny) o
H(z,y) = / { f(a) T f(a) } d

P! kﬂz — K) _ uz(@)P(kpr + &) et (am=rY) 7, a
<[ { (@) (e } o e A

In the above expression it has been assumed that

fla) = (kB — £)(kB2 — &)Y ™% — (kB + k) (kB2 + K>,

For 2 > 0 the contour of integration is closed in the upper half of the complex
plane. The singularities in this region come from the zeros of f(«a) which are denoted

as an,n = 0,1,2... The residues at these poles give the waveguide modes that can

propagate in the duct region.

R =2m Z ?’TZ;;S{ — ul(an)gbn(kﬂg + Kln) + u2(an)¢;1(kﬂ1 - /Cn)
Fun(an ) (kBa — i) — tz(cn) b (kB + nn)}, yl<a  (448)

The terms in this expression represent the reflected field modes in the waveguide. The

dominant surface wave reflected mode Ry is given by

271

Ry = f,(ao){ — ir (0 )o(kBa + o) + tn(ao) 5 (k1 — o).

s (kB — 5a) — ualen)olkBs + o) [ (4:49)
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The dominant mode is of particular interest since this mode transports most of the
acoustic energy down the wave-guide. The power that is transmitted out of the duct

will be proportional to 1—|R|?> when only the dominant surface wave mode propagates

in the semi-infinite duct.

4.6 A Rigid Duct

Y
Hard
a
Hard
e —ikx
T
Hard
—da —
Hard

Figure 4.3: A rigid wave-guide.

In this section, the special case of a rigid duct is examined, as shown in Figure 4.3.
By writing B; = B2 = 0 the coupled Wiener-Hopf equations simplify to

K

w(e) = 5(W*h(e) ~ h(e) + o (1=,

(=L () + $2la(a)) + (1 = %7).

uz(e) = g‘ 4mi(a + k)
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Upon making the substitutions uz = uy + ug, uy = uy — ugls=1li+1land I, = I, — I,
1t becomes clear that us(a) and us(a) are analytic in the upper half plane whilst I3(a)
and l4(a) are analytic in the lower half plane. Adding and subtracting the above

equations yields

ua(a) = (e (2 — k(L —1?)
s(@) = Is( )2(¢ +m, (4.50)
ug(ar) = 14(a)g-(¢2 +1). (4.51)

Applying Liouville’s theorem to (4.51) gives
uz = uyg = 0.
This implies that u; = uz and l; = ;. Substituting back into (4.50) produces
G(a)li(e) = ui(a) + G(e) P(),
where

Gla) = =1 o) = 277(5117)

This equation is now rearranged in the usual manner and Liouville’s theorem is ap-

plied. The functions u;(«) and /() can be written as
u1(0) = — G4 ()G—(~k)P(a),
L(a) =[1—- G a)G_(—k)|P(a).
In the case of a rigid wave-guide, the far-field takes the form

HZ(Ta 0) = 27/’\/ ‘2%7—‘?-61[](5 COS 9]6ikr+{i, Yy Z a, (4.52)

=~y 2—7127"2[16 cos ]t %, y <a. (+.53)



Chapter 4: Radiation from an inductive wave-guide 96

The field reflected at the wave-guide mouth reduces to

X 2
B=2 Fan)

{ul(an)wnﬁn + u2(an)¢;1/€n + ul(an)wglﬁn + u2(an)'¢'nﬁn}7 |y| < a,
(4.54)
where
fla) = w2y~ — k22,
The terms in this expression represent the reflected field modes in the waveguide. The

dominant reflected wave mode Ry is given by

—2T1K,

Ry =
f'(e)

(w1 (o) + ua(ao)) (o + ;). (4.55)
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4.7 Conclusions

A new diffraction problem has been solved by means of the Wiener-Hopf-Hilbert
Technique. The solution generalises that of Rulf and Hurd [12]. It was thought that
the Wiener-Hopf-Hilbert method was not applicable due to the pole singularities in
the matrix kernel. However, it has been shown that an explicit factorisation can be
carried out.

The wave-guide problem solved here can be extended in several ways. A problem
involving higher order modes in the wave-guide region provides a natural extension
to this work. The situation could also be considered where the inner walls of the duct
are capacitive and the outer walls inductive. This would simply require a change of
sign in 3, in the current solution.

A plane wave incident on a wave-guide can be solved using the Wiener-Hopf-
Hﬂbert method (to be published by Rawlins). The solution to this problem closely
follows the solution in tﬂe éurfént chapter.

Tt would be of interest to consider more complicated boundary conditions on the
faces of the waveguide. In particular, the techniques used in this work could be used in
the case of a wave-guide in a moving fluid. The problém of a cylindrical semi-infinite

waveguide with an inductive inner surface and capacitive outer surface might also be

examined.



Appendix A

An Alternative Expression for the
Diffracted Field

The diffracted field given by expressions (3.67) and (3.68) becomes infinite on the
boundaries ® = 7 — 0, and © = 7 + O, so an alternate expression has been used to
give the graphical plots of the modulus of the far-field. It is noted that Noble [27]

gives the following result

. © % §in = (@ + Zt) iKRcosht ' |
N ! 2 dt:_2H®—®o 2H®+®o7
A 228111( 2 >[—oo COS(®+Zt)‘|‘COS@o tH( ) + 2 ( )

where
\ rie-TF [V2KR cos()\/Q)],e““CRws’\, cos(A/2) > 0,
H(\) = —rie T F \/QICRCOS()\/Z)] g=ikReosA ' cos(A/2) <0,
and

This result, combined with (3.58) gives the following expression for the diffracted field
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in the upper half of the plane.
cos(©/2)uy[K cos ©]{cos © + cos ©,}

U . (R,0)=
+(£,0) (By — B1 M cos © + sin ©)sin(0,/2) “" 0<O<r -0,
_cos(0/2)uq[K cos O]{cos © + cos O,} J
B (B1 — B1M cos © + sin ©)sin(0,/2) 2 T—0, <0<,
Where

tv

Jl — in%e—%(e—i}CRcos(G-i-@o)f[ /3K R cos %(@-’r@o)] _ e—iK:RCOS(e—@o)f[ /2K 7 cos %(@_@O)D’

J2 — Jl . QFie—i}CRCOS(GH_GO)

In the case of Chapter 2, Section 2.6, the alternate expressions are obtained by putting

M = 0 in the above results.



Appendix B
The Incident TM Wave

Here a discussion is given concerning the derivation of the incident wave (4.9) in
Chapter 4. The incident wave is required to be the lowest order TM wave. A wave of

the form

H; = (Acos ky + Bsin ky)e™ ", (B.1)

satisfies (4.2). Applying the boundary conditions (4.3) and (4.4) gives

A= B (ncos ka — kX1 sin /ca) ’ (B.2)

K sin ka + kX1 cos ka

and

kX, sin ka — K cos na) . (B.3)

kX, cos ka + Kk sin ka

a-5

Eliminating A and B and simplifying gives

( k*X1 X,
K —

K

) sin 2ka + k(X1 + X3) cos 2ka = 0. (B.4)

Equation (B.4) has an in.ﬁnit'e number of roots. The only case of interest is where a

Under

single imaginary root exists, corresponding to the lowest propagating mode.

the restriction a < (X; + X3)/X1 Xz (Rulf and Hurd [12]), (B.4) possesses a single
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imaginary root x, given by
Ko = 105, = (k? + 02)/2, (B.5)

where

k(Xl + XZ)UO

tanh 20,0 =
anh 20,a 71 X, X,

(B.6)

Also, substituting (B.2) into (B.1) allows the incident field to be written as

Hi = ¢o(y7 K’o)e_iaoza

where

kX
bo(y, k) = cos k(y — a) + —m—lsin k(y — a).



Appendix C

Mathematica Programs

The following programs were used in Mathematica to produce the graphical results
within this .WOI'k. Whﬂst Mathematica version 2.2 was used to plot the graphs, the
programs have been converted to Mathematica version 3 for clarity.

Program 1 is an example of a program used to plot a radiated lobe for an incident
surface wave. Program 2 gives the far-field plot for a half-plane in a moving fluid.
The Kutta-Joukowski condition was used in Program 3, which is used for a half-plane

in a moving fluid with a trailing vortex sheet.
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«* PROGRAM 1 : Radiated lobe for an incident surface wave x

thetao := AxcSin[betal]

k:=
r:=10x
betal := -I

beta2 :=-.51I

-yvix] Vwx] Vv[x] YVw[x] Vk+x

uly_] := oo _ NG Ve
Vwix] Vwix]
vix_] :=
k+x

(m «/kkm) (m\/?km)

wix_] :=
(‘Vk+x 4-'\/k+1*:'V1.-1:>et:a.22 J {‘Vk-:-x +'\/k—k‘\l:l.-bet:a.z2 ]
cCol[,:_] a- Sin(a] ArcCos[y]
int{[x_, yv_] := 1yt da
y - Cos[a]

L E

]

1+b e [_b (int[x, m] +int[x, -W])

Xp
= 2

k

lplus{x_, b_] :=

Iminus[x_, b_] := rawl[x, b] /1plus[x, b)

rawl[x_, b_] :=1+ (kb/Sqrt[k*2-x42])

kappa (%] +k betal \
ppa(x]+ ta2

kappa[x] +k betal
+ kappa [x] \/ Xappa [x] +k bata2 Vkappa(x]

kappa [x] +k beta2
PPa(x]+ tal

-\/ﬁ— kappa [x] +k beta2
\ - appa [ ] kappa[x] +k betal ‘\/k_lp_P_l_[:]-

(

matrixk([x_ ] :=

1
V2

kappa[x_] := -I Abs[«,/k2 - x2 |

gplus[x_] := dplus[x] u[x]

gminus[x_] := dminus[x] Inverse[u[x]] . matrixk [x]

k-x

4/1minus [x, betal] Y/ lminus[x, beta2]

dminus[x_] :=
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k+x
dplus[x_] := -5 v1lplus([x, betal] +/1plus[x, beta2]

Sin[thetao] (gplus[x] . gminus[-k Cos[thetao]]) .p

tri ] 1= -
matrisux_] (7 I) (betal +Sin[thetao]) (x + Cos[thetao])

SN
P:% | _petal

uli{x_] :=matrixu[x][1]

u2[x_] :=matrixu[x][2]

2 :w/ 57— Sin[t] Exp[Ikr+ 2] ul[kCos[t]]

si3(t s=
P (e Sin[t] +betal

n In
21—\/ %o Sin[t] Exp[Ikr+ =~]u2[kCos[t]]
-8in{t] + beta2

psid[t_] := -

<< "Graphics‘Graphics*"
r5 := PolarPlot [Abs [psi3[x]? /psi3[3.14]%], (x, 0, 3.14}]
r6 := PolarPlot [Abs[ psid[x]® /psid[-3.14]%], (x, -3.14, 0}]

Show[x5, r6]
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* PROGRAM 2 : Far - field for a plane wave incident on a half - Plane in amoving fluid s
Off [General::"spell™]

Off [General::"spelll"]

thetao := bt [ %]

1
k:=
1-m?
m:=0.9
1
betal :=
(.5+I) V1i-m?
1 .
beta2 :=
(.5+I)V1-m?
-vVvix] Vwlx] Vvix] Vw[x] Vk+x
uly_] == _ A~ NI Ve
V=] Vwix]
vix_] :=

1 +b2 m2

' kb2m+kV1+b2m?-b2
bplus[b_] := 4/ k-

kb2m-kV1+b2m?2-b2

1+b? m?

bminus[b_] := 4/ k -

1+betal? m? ( ( k +x +bplus[betal] ) (‘V k + x + bminus[betal] ) )

T+betaz? m3

B (Vk+x +bplus [betaZ]) (Vi + x + bminus [beta2])

cCol[-}:-] a- Sin[a] ArcCos[y]
int :=N[-(m+y) A dal
e x y - Cos[a]
T
1+b b (int[x, v1[b]] - int[x, v2 [b]1])
lplus{x_, b_] := . [ ]
1+—k- 2n¢\/1_b2+(bm)2

Iminus[x_, b_] := 1plus[-x, b]
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-mb? +\f1-b= + (mb)?

vith1 1+ (bm)?

-mb? -'\/1-b2 + (mb)?
1+ (bm)?

v2[b_] :

k
matrixk(x_] := (1/Sqrt[2]) {{ kappa %] appa[x] + betalmx + k betal )
kappa[x] + beta2mx + k beta2

kappa(x] +betalmx+k betal
kappa[x] +beta2 m x+k beta2

kappa[x] + beta2mx + k beta2
}, {-'\jkappa[x] ’
kappa[x] + betalmx + k betal

4/ kappa [x]

kappa[x] +bata2 m x+k beta2
kappa[x]+betalmx+k betal

Vkappa [x] 2

kappa[x_] {= Vk2 - x?

l[x_] :=Inverse[u[x]] . matrixk[x]

gminus[x_] := dminus[x] 1[x]

k-x

4 1minus[x, betal] 4/1minus[x, beta2]

dminus[x_] :=

’ k+x
dplusx_] := 3 /1plus[x, betal] +/1lplus[x, beta2]

gplus[x_] := dplus[x] u[x]

k
matrixulx_] := (gplus [x] . gminus|- ;]) . q[x]
P
x + k Cos[thetao]

- (gplus[x] . gminus[-k Cos[thetao]]) .

sin[thetao] {1, -k betal (1 -mCos[thetao])}
71 I (Sin[thetao] - betalmCos[thetao] +betal)

p:=

ul[x_] := matrixu[x] [1]
u2x_] :=matrixu[x] [2]

t - thet
i1[e_, r_] :=1Vn Exp[—IA—n] (-Exp[—Ieros[t—thetao]] £[Vakr Cos[————ze 1

h
'+Exp[-IkrCos[t+thetao]] f[m c':>!==s[—---—-—tszetElo ]])

£lt_] :=f Exp[IVv?] dv
t
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psil[t_, r_] :=Exp[-IkrCos[t - thetao]]

(betalmCos[thetao] + Sin[thetao] - betal) Exp[-Ikr Cos[t + thetao]]

psi2[t_, r_] :=
~-betal mCos[thetao] + Sin[thetao] +betal

(2 Cos[%]) ul[kCos[t]] (Cos[t] + Cos[thetao]) i1l[t, r]

psi5[t_, r_] :=

(betal + Sin[t] + betalmcCos[t]) Sin| Lheteo ]

2

(2Cos[+]) ul[kCos[t]] (Cos[t] +Cos[thetao])

psi7[t_, r ] 1= (i1[t, r] - InExp[-IrkCos[t + thetao]])

(betal + sin[t] + betalmCos[t]) Sin[ thetao ]

2

(2 COB[-E-]) u2[kCos[t]] (Cos[t] + Cos[thetao]) il[t, r]

psi6[t_, r_] := -

(beta2 - Sin[t] + beta2mCos[t]) Sin[ 2522 ]

2

(2 Cos[-:—]) u2[k Cos[t]] (Cos[t] + Cos[thetao])
(i1[t, r] + IxExp[-IrkCos[t - thetao]])

psi8t_, r_] := -

(beta2 - Sin[t] +beta2mCos[t]) Sin| Lhetso. ]

2
<< "Graphics‘Graphics'"

bt[x_] := ArcCos [ Coslx]

] .

\/1- (msin[x])?

2
brix_] :=107r\/1 (m Sin[x])

1-m?

rl := PolarPlot [Abs[psil[bt[x], br[x]] +psi2[bt [x], br[x]] + psis' [bt[x], br[x]]],
{x, 0, 3.14 - thetao}, PlotPoints -+ 50]

r2 := PolarPlot [Abs [psil [bt[x], br[x]] +psi? [bt[x], br[x]]],
{x, 3.14 - thetao, 3.14}, PlotPoints - 50]

r3 := PolarPlot [Abs[psil[-bt[x], br[x}] +psi8[-bt[x], br[x]]].,
{x, -3,14, -3.14 + thetao}, PlotPoints - 50]

r4 := polarPlot [Abs[psi6[-bt[x], br[x]]], {x, -3.14 + thetao, 0}, PlotPoints - 50]

Show[rl, r2, r3, r4]
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* PROGRAM 3 : Far - field for a plane wave incident on a half - plane in a moving fluid s

Off [General:: "spell"]
Off [General::"spelll"]

thetao := bt[-g-]

1

V1-m?
0.9

k:=
m:=

0.5-I

V1-m?

0.5-1I

V1-m?

betal :=

beta2 :=

kb2m+kV1+b2m?-b?
bplus([b_] := k-
, 1+b*m2

kb2m-k4V1+b2m? -b?
bminus{b_] := 4/ k-
1+b2 m?

vix_] :=
k+x
4/ -;'—:—:i-:-::——::::— (('\/k+x +bplus [betal]) ('\Jk+x +bminus[beta1]))
wlx_] := -
(‘\/k+x + bplus [betaZ]) (‘Vk+x + bminus [betaZ])
-yvix] Vwix] Vv[x] Vwlx] Vk+x
uly_] &= _ASEL _ AR Vs

Vwiz] Vwia]

cCos | .:_] a- Sin[a] AxrcCos[y]

Viy?
= - d
int[x_, y_] N[ (m+y) ] Y - Cos[a] a]
T
1+b b (int[x, vi{b]] - int[x, v2[b]])
lplus[x_, b_] := T EX‘P[ ’ ]
1+ 274/1-b% + (bm)?

Iminus[x_, b_] := lplus[-x, b]

-mb? +1-b? + (mb)?
1+ (bm)?

vi[b_] :=



Appendix C 109

-m b? --\[l-b2 + (mb)?
1+ (bm)?

r— k
matrisk(x_] := (1/Sqre[2]) {{ pr—— appa[x] + betalmx + k betal )
kappa[x] + beta2mx + k beta2

v2[b_] :=

kappa([x] +betal m x+Xk betal
kappa[x] +beta2 m x+k beta2

kappa[x] + beta2mx + k beta2
}+ {-Vkappa[x] ,

kappa[x] + betalmx + k betal

'\/ kappa [x]

kappa[x] +beta2 m x+k beta2
kappa(x] +betal m x+k batal

v kappa [x]
. kappa[x_] := Vk? - x2

1[x_] := Inverse[u[x]] . matrixk([x]

H

gminus[x_] := dminus[x] 1[x]

k-x

dminus[x_] := v Iminus[x, betal] 4/Iminus[x, beta2]

k+x
dplus([x_] := 1/ 4 / 3 v1plus([x, betal] 4/1plus[x, beta2]

gplus([x_] := dplus[x] ux]

k
matrixufx ] := (gplus [x] . gminus|- x_n-]) . q[%]
o
x + k Cos [thetao]
Sin[thetao] {1, ~kbetal (1 -mCos[thetao])}
n I (Sin[thetao] - betal mCos[thetao] + betal)

- (gplus[x] . gminus[-k Cos[thetao]l]) .

ul[x_] :=matrixu(x] [1]
u2{x_] :=matrixul[x] [2]

gminus [-k Cos [thetao]][2, 1] p[1] + gminua[-k Cos[thetao]][2, 2] p[2] ]

cform := N gminus[—é]ﬂ:z' 1]

cform {1, 0}
q[x___] HE "
X+ —
m

t - thetao

11

ilft_, r_] == I‘\/; Exp[—:r‘—ﬂ] (-Exp[-Ieros[t—thetao]] f[‘VZkr COS[

h
+Exp[-Ikr Cos[t + thetao]] f[m cos [ t+ tzetao ]])

Flt_] == rExp[IV’] dv
t

psil[t_, r_] :=N[Exp[-Ikr Cos[t - thetao]]]
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(betal mCos[thetao] + Sin[thetao] - betal) Exp[-I k r Cos [t + thetao]]

psi2[t_, r_] :
-betal mCos[thetao] + Sin[thetao] + betal

214/ 357 sin[t] Exp[Tkr+ ZX] ul[kCos[t]]
Sin(t] +betalmCos[t] + betal

psi3[t_, r_] :

2 11/ %= Sin[t] Exp[Ikzr+ 1] u2[kCos[t]]
-8in[t] +beta2mcCos|[t] + beta2

psid[t_, r_] :

(2Cos[+]) ul[kCos[t]] (Cos[t] +Cos[thetao]) il[t, r]
psisS[t_, r_] :

(betal + sin[t] +betalmcCos[t]) Sin| ____"“2‘“

(2 Cos[-%-]) ul[kCos[t]] (Cos{t] +Cos[thetao])
(i1[t, r] -IwExp[-IrkCos[t + thetao]])

pSi7 [t'—' r—] 3= thetao
(betal + Sin[t] + betalmCos|[t]) Sin[—-;—]

(2 cos[<]) u2[kCos[t]] (Cos[t] +Coa[thetao]) i1[t, r]

psi6[t_, r_] := -

(beta2 - Sin[t] +beta2mCos([t]) Sin[ 252 ]

2

(2Cos[+]) u2[kCos[t]] (Cos[t] + Cos[thetao])
(i1[t, r] + InExp[-IrkCos[t - thetao]])

psi8[t_, r_] :=-

(beta2 - Sin[t] + beta2mCos[t]) Sin[ thatao ]

2
<< "Graphics‘Graphics‘"

Cos [x]

]

bt[x_] := ArcCos|

\/1 - (msin[x])?

\/'71- (msin[x])2
br[x_] :=10x

1-m2

rl := PolarPlot [Abs[psil[bt[x], br[x]] + psi2[bt[x], br[x]] +psi5[bt[x], br[x]11.,

{x, 0, 3.14 - thetao}, PlotPoints -» 50]
r2 := PolarPlot [Abs[psil[bt{x], br[;:] 1+ psi7[bt[x], brix]]].,
{x, 3.14 - thetao, 3.14}, PlotPoints - 50]
r3 := PolarPlot[Abs[psil[-bt[x], br[x]] + psis8[-bt[x], bxr[x]]],
' {x, -3.14, -3.14 + thetao}, PlotPoints - 50]

r4 := PolarPlot [Abs[psi6[-bt[x], br[x]]], {x, -3.14 + thetao, 0}, PlotPoints - 50]

Show([rl, r2, r3, r4]
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Calculation of /(o) and J(a)

In this appendix a derivation is given for the integral

o) = [ log(t +6)
1()_:4 t4t+7)d. (D.1)

If it is assumed that v and § are real and positive then

() = [ By,
0 t2(t+7)

2/°°10g|u +6]
= o
/00 log |u? +6|
= —a T
/°° loglu—l—z\/—| +/°° loglu—z\/_|
u? + 7 —o  ul4 1y
o ] oo
22/ og|u+zx/_]d —ZR/ logu—l—u/—)
—o  u?47y u? +

Y

Now consider the integral

2/ log( z—l—zx/_
22+

where I is shown in Figure D.1. Using the fact that the contribution from the circular

arc is zero and capturing the simple pole at ¢, /7 yields

© log(u + 2\/_) . log(z +1iV06)
2/ du = 27 lim . ;
u? + v =miA Z 4T
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Throughout this work the following theorem is required. If F(%) is a holomorphic
function of z in —7 < arg(z+ k) < m; F(z) = O(z=%)(e > 0) as |z| > oo in —7 <

arg(z + k) < 7 and F(z) satisfies

FH(§) = F~(§) = g(¢), ~oo<&< -~k

where g(€) is a known function then

F(z)= ——1——/‘16 9(¢) d¢, —m<arg(z+k)<m.

S ot Jeo E— 2
The proof of this theorem is as follows. For I'; as shown in Figure E.1, Cauchy’s

theorem for z inside I'; states that

dt.

F
F(z) = 271m' r, € Egi

Since F(z) = O(27¢) as |z] — oo(e > 0) the contribution to the above integral from

the circular arc is zero. The branch cut contribution gives

Fo)= o [ gy L O

2 S E— 2 2mt J-k € — 2
_ L [RFE - F(§)

_ Lk g(§)

27 /_oo £ — zdé'
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Figure E.1: The contour I'; in the complex plane.
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2m
I(a) = ﬁlog(ﬁ—}- V8), 7,6 > 0. (D.2)

Analytic continuation is now invoked to extend the range of applicability of this result.

% log(t + 6) 27
/0 t1/2(t n 7) dt = ﬁlog(ﬁ+ \/5), ’a,rg’yl <, Iarg(5| S T. (D3)

Figure D.1: Pole capture in the complex plane.

In Section 3.4 it is also required that
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