ASYMMETRIC SPOTTY PATTERNS FOR THE
GRAY-SCOTT MODEL IN R?

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. In this paper, we rigorously prove the existence and stability
of asymmetric spotty patterns for the Gray-Scott model in a bounded
two dimensional domain. We show that given any two positive integers
k1, ko, there are asymmetric solutions with k; large spots (type A) and
ko small spots (type B). We also give conditions for their location and
calculate their heights. Most of these asymmetric solutions are shown
to be unstable. However, in a narrow range of parameters, asymmetric
solutions may be stable.

1. INTRODUCTION: THE GRAY-SCOTT MODEL

In this paper, we continue our study ([39]) of the Gray-Scott model in
a bounded two-dimensional domain and rigorously prove existence and sta-
bility of asymmetric spotty patterns. These are the first results about
asymmetric solutions for the Gray-Scott model.

Let us first recall the classical, irreversible Gray-Scott model [10], [11]
which describes the kinetics of a simple autocatalytic reaction in an unstirred
flow reactor. There is a substance V' whose concentration is kept fixed outside
the reactor and which is supplied through the walls into the reactor with rate
F'. The product P of the reaction is removed from the reactor with the same
rate. Inside the reactor V' undergoes a reaction involving an intermediate
substance U. Furthermore, V' reacts at the rate k to change into P. Both
reactions are irreversible, so P is an inert product. These reactions are
summarized as follows:

U+2V — 3V
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V - P

The equations of chemical kinetics which describe the spatiotemporal changes

of the concentrations of U and V' in the reactor are given in in dimensionless

units by
V;=DyAV — (F+k)V +UV? inQ,
U =DyAU+F(1-U)-UV? inQ, (1.1)
%—(5:%:0 on 0f).

The unknowns U = U(z,t) and V = V(z,t) represent the concentrations of
the two biochemicals at a point z € Q C R? and at a time ¢ > 0, respectively;
A = Z?:l %2]2_ is the Laplace operator in R?; ) is a bounded and smooth
domain in R?; v(x) is the outer normal at x € 9Q; Dy, Dy are the diffusion
coefficients of U and V', respectively.

Now we rewrite the system (1.1) in standard form. Dividing the first

equation in (1.1) by F' + k and dividing the second equation in (1.1) by F

we obtain
Vi = BEAV =V + UV in Q,
+U =5YAU +1-U - £UV? in Q, (1.2)
U =9 =0 on 0Q.

Setting V = VFV gives

V= 2EAV -V + YEUV? in Q,

LU, =BeAU+1-U~-UV? inQ, (1.3)
U _ oV _
T ou 0 on 0.
Rescaling time t = F%rk and introducing the variables A = Fifk, T = % > 1

we can rewrite

Vi= 2o AV -V +AUV2 in Q,

= Ftk A
TU; =N U+1-U—-UV? inQ, (1.4)
%—g = %—‘lf =0 on 99

Letting €2 = (}?Xk) , D= % and dropping the hats we get

v, = 2Av — v + Auv?  in Q,
Tus = DAu+1—u —uv? in Q, (1.5)

Ou __ Ov __
@—8,}—0 On&Q.
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2. THE MAIN RESULTS: SPOTTY PATTERNS FOR THE GRAY-SCOTT
MODEL

In [39], we proved the existence and stability of symmetric K —spotty
solutions in a two-dimensional domain. More precisely, we considered the

stationary Gray-Scott model
eEAv —v+ Auv®> =0 in Q,

DAu+1—u—uw?*=0 in Q, (2.6)
%:%:O on 0f)

for e << 1 and D = D(e), where € and D do not depend on z €  and
Q) C R? is a bounded and smooth domain.

A K —spotty solution (v, u.) of (2.6) is assumed to take the following form:

51 x — Pf

Ve ~ Z ASij(

J=1

)7 ue(PjE) ~ 56&7 (27)

€
where Pf,j =1,..., K are the locations of the K spots, {; is the height of

the spot placed at Pf, and w is the unique solution of the problem

{ Aw—w+w?=0, w>0 in R?

w(0) = maxyerz w(y), w(y) — 0as |y| — oo. (2.8)

(For existence and uniqueness of the solutions of (2.8) we refer to [9] and

[17].)
Now we introduce the two most important parameters
_ 9 log V €] I € [pe w® (2.9)
TeTorp 8T e T A2|Q| '

Note that n. and L. are invariant under scaling of the domain.
In [39], we assumed that the K —spotty solution is asymptotically sym-

metric, i.e., as € — 0, the heights of different spots are asymptotically equal,

hm§i:L ji=2,...K (2.10)
€0 56,1
and showed the existence of symmetric K —spotty solutions which concen-
trate at nondegenerate critical points of a functional which is related to

Green’s function, provided that the following condition is satisfied

lim4(ne + K)Le < 1. (2.11)
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Concerning stability we studied the “large” eigenvalues of order O(1) and the
“small” eigenvalues of order o(1) separately. We showed that the large eigen-
values are related to a nonlocal eigenvalue problem and the small eigenvalues
are related to the second derivatives of the functional mentioned above. Sup-
pose these small eigenvalues have negative real parts (compare Remark 2.1
below). Then for symmetric K —spotty solutions the following result holds
true: if

E%QWXKV@<1 (2.12)

then K-spotty solutions are stable for 7 large or small. On the other hand,
if
20, + K)?
lim Cne K,y (2.13)
“ Te

then K —spotty solutions are unstable for all 7 > 0.
Naturally, the following questions arise:

Question: Do asymmetric K-spotty solutions exist? If yes, when are they

stable? Can we characterize all asymmetric solutions?

In this paper we answer these questions. We first show that the heights
(€, ..., e i) must satisfy certain nonlinear algebraic equations which can be
solved explicitly (Section 5). As a result, we show that asymmetric patterns

can exist only if
lim 7e = 1 € (0,400). (2.14)

In other words, D ~ C'log %

Furthermore, the heights for the asymmetric solutions are generated by
exactly two kinds of spots — called type A and type B, respectively. Type A
and type B spots have different heights. Fix any two integers k; > 1,k > 1
such that k; + ks = K > 2. We show that if

liné L.=Ly < o

= Ao + k1) (o + k2) (2.15)
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then there are asymmetric K —spotty solutions with k; type A spots and ks
type B spots.

Let K > 2 be a positive integer and let ki, ks > 1 be two integers such
that

by + by = K. (2.16)

To introduce the heights of the K —spots, we need to define four num-
bers. Set

_mo+ Vi — A(ky + o) (k2 + 10)0 L

P+

2(k2 + o) 7
Mo~ \/778 — 4(k1 + m0) (k2 + no)noLo. (2.17)
) 2(ks + 10 ’ '
o — /mg — 4(ks + ) (k2 + mo)mo Lo
N+ 2(]{71 +7]0) )
Mo+ \/7]3 — 4(k1 4 no) (k2 + no)noLo (2.18)
a 2(k’1 + 770) . .
Note that
P40+ = MoLo,  p-n- = noLo. (2.19)

From now on, let either (p,n) = (py,ns) or (p,n) = (p—,n-) and we drop
the indices “4” or “—” if there is no confusion.
Let the heights of the K—spots (&1,... ,&x) € RE be such that

& = por & =n, and the number of p’s in (&,... ,&k) is k.
(2.20)

Then there are ky n's in (&1, ... ,&k).
Concerning the locations of the K—spots, let P € Qf, where P is

arranged such that
P = (Pl,PQ,... ,PK)7 with -Pz = (-Pz',17pi,2> for i = 172,... ,K.
For the rest of the paper, we assume that P € A, where for § > 0 we define

A={(P,Py,...,Pg)€ QX |P—Pj| >4 fori#j

and d(P,,00) > 45 for i =1,2...  K}. (2.21)
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Let Go(z,€) be the Green’s function
AGo(fB,g) - ﬁ +5($ _5) =0 IE,S S Q7

/QGo(ﬂf,ff) dx =0, (2.22)
G
9Go(@. &) _ v e EEn
ov,
and let . .
H, =—1 -G
O(J"’g) or 0g |x_§‘ 0(x7§)
be the regular part of Gy(z,§).
For P € A, we define
X 1 1
Fy(P) = ZHO(Pk,Pk)*Q - Z GO(P,-,Pj)f
k=1 &k ig=1,... K, itj §i&j (2.23)
and
Mo(P) = V3 Fy(P) 224)
Here M (P) is a (2K)x(2K) matrix with components ;Légzl, Lk=1.,K,jl=
1,2, (recall that P;; is the j-th component of P;).
Note that Fy(P) € C*(A).
To summarize, throughout the paper, we assume that
e<<1, 7>0, (2.25)
o € (0,4+00), Lo < o , (2.26)
A(no + k1) (1o + k2)
and that the following technical condition holds
(T1) Lo# —1 (2.27)

(2m0 + K)*

Furthermore, let C' > 0 be a generic constant which is independent of ¢ and
D and may change from line to line and ¢ is a very small but fixed constant.
We always assume that P,P° € A, where A was defined in (2.21) and that
|P —P°| < 45. To simplify our notation, we use e.s.t. to denote exponentially
small terms in the corresponding norms, more precisely, e.s.t. = O(e=9/¢).
The notation A(e) ~ B(e) means that lim._ % = 1> 0, for some positive
number cg.

We shall frequently consult and use the results of the paper [37].



GRAY-SCOTT MODEL 7

Our first result is on the existence of asymmetric K-spotty patterns.

Theorem 2.1. (Eristence of asymmetric solutions). Assume that e << 1

and that
el el
lim 5 — log =—— =10 € (0, 00),

€ Jre wQ(y) dy
A2|Q
Mo
Lo < ,
*= 4o + k) (o + ko)

To
(T1) Lo # W-

Let (&1,...,&k) be given by (2.20) and Py = (P),P),... ,PY) € A be a
nondegenerate critical point of Fy(P) (defined by (2.23)). Then problem
(2.6) has a stationary solution (v, u.) with the following properties:

(1) ve(z) = X5, fm(u}(mfepj) + O(loéé)) uniformly for x € Q, where
E; — & and & is defined by (2.20).

(2) w(P}) = €.4(1+ O).

(3) Pf —PYase—0forj=1,. K.

J

11_1’)I01L6 = = LOv

Several remarks are in the order.

Remark 2.1. The condition on the locations of Py is not so severe. For
any bounded smooth domain €, the functional Fy(P) always admits a global
maximum at some Py € A. In fact, this can be seen very easily: if |P,— P;| —
0 or d(F;,,000) — 0, then Fy(P) — —oo. (Note that as d(FP;,00) — 0,
Hy(P;, P;) — —00.) This point Py is a critical point of Fy(P). If Py is also
a nondegenerate critical point of Fy(P), then the matrix My(Py) has only
negative eigenvalues. (It is an interesting question to numerically compute
the critical points of Fy(P). Some interesting results on Fy(P) are contained
in a recent work [16].)

Remark 2.2. Note that if

"o
Lo< — 1
" (2m + K)?
then (2.26) holds for any k; + ko = K. Thus there will be 25! choices of

(&1,..,€K). So if the matrix My(Pp) is nondegenerate, we will have 25!
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asymmetric solutions. If Ly = m, then there will be 252 asym-
metric solutions.

Next we study the stability and instability of the asymmetric K-spotty
solutions constructed in Theorem 2.1.

Linearizing (1.5) around the equilibrium states (v, u.)

{ U= Vet ¢6€Aet7

U = U + Y e,

and substituting the result into (1.5) we deduce the following eigenvalue

problem

r ¢E _ €2A¢e - gbe + 2Aue¢e + AU?¢€7 =\ Cbe
€ . (DAY — e — 2ucde — v20) \ e ) (2.28)

We say that (v, u) is linearly stable if the spectrum o(L,) of L, lies in
the left half plane {A € C: Re (\) < 0}. (v, u,) is called linearly unstable
if there exists an eigenvalue A\ of £, with Re (A.) > 0. (From now on, we

use the notations linearly stable and linearly unstable as defined above.)

Theorem 2.2. (Stability of asymmetric solutions). Let the assumptions of
Theorem 2.1 be satisfied. Let Py be a nondegenerate critical point of Fy(P)
and let (ve, ue) be the asymmetric K —spotty solutions constructed in Theorem
2.1 for € sufficiently small, whose spots are located near Py € A.

(a) (Stability )

Assume that

Mo Mo

— < [ <
(2m0 + K)? = 4o + k1) (no + ko)

(2.29)

and

ki > ko, (p,m) = (p4.14)

(compare (2.20).
Suppose that Mo(Py) has only negative eigenvalues. Then for T small

enough, (ve,u.) is linearly stable.

(b) (Instability )
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Assume that either

7o
Ly < ——
° (@2n + K)?
or
7 18 large enough
or

kl > k27 (p7 7]) - (p—77]—)'

Then (v, u.) is linearly unstable.

Remark 2.3. By the Remark 2.1, if the global maximum point Pg of Fy(P)
is nondegenerate, then the matrix My(Py) has only negative eigenvalues.

We believe that for other types of critical points of Fy(P), such as saddle
points, the solution constructed in Theorem 2.1 should be linearly unstable.
We are not able to prove this at the moment, since the operator L, is not
self-adjoint.

The proof of our main results will be organized as follows:

In Section 4, we study the properties of w as well as some nonlocal eigen-
value problems (NLEPs). This section provides the key steps in the deriva-
tion of the critical thresholds for stability.

In Section 5, we formally compute the algebraic equations for the heights
of the spots and then we solve them up to o(1).

Sections 4 and 5 both provide some preliminary analysis which uses only
the leading-order asymptotics for the steady state. Therefore this is done
first.

From Section 6 to Section 8, we rigorously prove the existence result, The-
orem 2.1, by the Liapunov-Schmidt reduction procedure: Section 6 contains
the construction of good approximate functions, in Section 7 we perform the
reduction process (the proofs of Proposition 7.1 and Proposition 7.2 have
been moved to Appendix A) , and finally, in Section 8, we solve the reduced
problem by Brouwer’s fixed point theorem.

Section 9 provides the crucial part of the stability analysis which deals
with large eigenvalues.

The analysis of the small eigenvalues including rigorous error estimates is
similar to [37]. Therefore this is done in Appendix B. We will see that the
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asymptotic behavior of small eigenvalues can be characterized in terms of
the matrix My(Py).
We conclude the paper with a short section (Section 10) in which we

summarize our results.

3. DISCUSSION: PATTERNS FOR TURING SYSTEMS

Let us compare our results with previous work on pattern formation for
Turing systems, first for the Gray-Scott model, at the end of the section also
for other Turing systems.

One of the most interesting phenomena related to the Gray-Scott model
is the so-called “self-replicating” pattern which has been observed and ex-
plained in a number of studies. First, in 1993, Pearson [23] presented some
numerical simulations on the Gray-Scott model in a square of size 2.5 in R?
with periodic boundary conditions. By choosing Dy = 2 x 107%, Dy = 107°
and varying the parameters F' and k, several interesting patterns were discov-
ered. It was shown that spots may replicate in a self-sustaining fashion and
develop into a variety of time-dependent and time-independent asymptotic
states. Lin, McCormick, Pearson and Swinney [18] reported their chemical
experiments in a ferro-cyanide-iodate-sulfite reaction which showed strong
qualitative agreement with the self-replication regimes in simulations of [23].
Moreover, those same experiments led to the discovery of other new pat-
terns, such as annular patterns emerging from circular spots. See [19] for
more details on the set-up.

In 1-D, numerical simulations were done by Reynolds, Pearson and Ponce-
Dawson [25], [26], independently by Petrov, Scott and Showalter [24] and
again self-replication phenomena were observed. However, in 1-D, self-replication
patterns were observed when Dy = 1, Dy = §% = 0.01. Some formal asymp-
totics and dynamics in 1-D are contained in [25] and [24]. Recent numerical
simulations of [6] in 1-D and [22], [20] in 2-D show that the single spot may
be stable in some very narrow parameter regimes.

The first rigorous result in constructing single spot (or pulse or spike)

solutions is due to Doelman, Kaper and Zegeling in 1997 [6]. Using the
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Mel'nikov method, they constructed single and multiple pulse solutions for
(1.1) in the case N = 1,Dy = 1, Dy = 62 << 1. In their paper [6], it is
assumed that F ~ C6* F + k ~ C§%/3, where o € [0,2). In this case,
they showed that U = O(6%), V = O(6~5). Later the stability of single and
multiple pulse solutions in 1-D are shown in [3], [4]. Hale, Peletier and Troy
studied the case Dy = Dy in 1-D and the existence of single and multiple
pulse solutions are established in [13], [14]. Nishiura and Ueyama proposed
a skeleton structure of self-replicating dynamics in [22]. Some related results
on the existence and stability of solutions to the Gray-Scott model in 1-D
can be found in [7], [8] and [25].

Muratov and Osipov have given some formal asymptotic analysis on the
construction and stability of spotty solutions in R? and R® citemo. In [32],
the system (1.1) in R? is studied for the shadow system case, namely, Dy >>
1,Dy << land F' = O(1),F + k = O(1). Note that the shadow system
can be reduced to a single equation. In [34], (1.1) is studied for in R? and
rigorous results on existence and stability of single spotty ground states are
established.

We now compare our results on K-spotty patterns for the Gray-Scott
system with results on similar patterns for other Turing systems. Similar

results have been obtained for the Gierer-Meinhardt system

A=AA-A+4 inQ,

TH, = DAH — H+ A?> in Q, (3.30)
%—f = %—Ij =0 on 0f).

We now describe these results in some detail. When Q = (—1,1) C R!,
I. Takagi [27] first showed the existence of symmetric K —spike solutions
with spikes distributed at equal distance. The stability of such symmetric
K —peaked solutions was completely characterized for 7 small in [15] by us-
ing matched asymptotic analysis. Later, the authors gave a rigorous proof
by using the Liapunov-Schmidt reduction method [40]. The case of finite 7
has been studied recently in [30]. When 2 = R!, Doelman, Gardner and
Kaper [2] studied the stability of single and multiple pulses for any 7 > 0.
For asymmetric patterns, M. Ward and the first author in [29] showed that
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for D < D = W[ﬁ])?’ problem (3.30) has asymmetric K —spike solu-
tions which are again generated by two types of spikes with different heights
which can be arranged in any given order. Also the stability of such asym-
metric K —spike solutions is studied in [29]. Numerical computations show
that in 1-D all the asymmetric spikes are unstable with respect to the small
eigenvalues. By using a different approach (geometric singular perturbation
method), Doelman, Kaper and van der Ploeg [5] also established the ex-
istence of asymmetric patterns for D sufficiently small (i.e., the domain is
sufficiently large). Also some other interesting asymmetric patterns such as
multiple clusters of spikes are discovered in [5].

When Q C R?, symmetric and asymmetric spotty solutions for (3.30) are
studied by the authors in [37], [38]. It is shown that symmetric K —spots

exist in a wide range of D >> 1 and these solutions are stable if and only if

Q 2]
D<DK:2|7TI|(10g el

In R? we can completely characterize the heights of the spots of asymmet-
ric patterns. For the Gierer-Meinhardt system we have obtained a similar
phenomenon as for the Gray-Scott model: Asymmetric patterns are gener-
ated by exactly two different heights. (The reason behind this is unclear.)
Furthermore, asymmetric patterns can be stable, even though the stability
region given in Theorem 2.2 is rather narrow. Finally, it is found that in R?
the stability of asymmetric patterns (in leading order) does not depend on
the locations.

To the authors’ knowledge, there are no results on the existence of asym-
metric patterns for the Gray-Scott model in R'. We believe that asymmetric
patterns in R! do exist.

Finally, we remark that the Gray-Scott model and Gierer-Meinhardt sys-
tem both belong to the so-called Turing systems, [28], [21]. However, they
have different behavior: the Gierer-Meinhardt system is an activator-inhibitor
system while the Gray-Scott model is an autocatalytic (feed-back) system,

[21]. We have shown that both systems admit symmetric and asymmetric
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patterns. More importantly, in both systems, asymmetric patterns are gen-
erated by exactly two patterns. An interesting open question is: Are all
asymmetric patterns in Turing systems generated by exactly two patterns?
If not, what are suitable (necessary and/or sufficient) conditions for this

behavior.

4. PRELIMINARIES I: SOME PROPERTIES OF w AND THE STUDY OF
NLEPs

Let w be the unique solution of (2.8). In this section, we study some
properties of w as well as some NLEPs. This section provide the key results
which are necessary for the proofs of Theorem 2.1 and Theorem 2.2.

Let

Lop = Ap — ¢ + 2wg, ¢ € H*(R?). (4.1)

We first recall the following well-known result:

Lemma 4.1. (Lemma 2.1 of [37].) The eigenvalue problem
Lop =v¢, ¢€ H*(R?), (4.2)
admits the following set of eigenvalues
v >0, 1rh=1v3=0, 1v,<0,... (4.3)

The eigenfunction ®q corresponding to v, can be made positive and radially

symmetric; the space of eigenfunctions corresponding to the eigenvalue O is
ow
Ky := span {,j = 1,2}. (4.4)
dy;
Next, we consider the following nonlocal eigenvalue problems (NLEPs)

I W 2 _ )66 € BR),

Iz (4.5)

Lo :=A¢p— ¢+ 2wp — f(TXo)

where w is the unique solution of (2.8), f(7Ao) is a continuous function in C
and f(t) € R for t € R.
We first have
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Lemma 4.2. If f(0) <1 and 0 < ¢ < f(«) for a > 0, then there exists a
positive eigenvalue of (4.5) for any T > 0.

Proof: The proof is similar to Lemma 2.3 of [37]. For the reader’s conve-
nience, we include a proof here.

First, we may assume that ¢ is a radially symmetric function, namely,
¢ € HX(R?) = {u € H*(R*|u = u(Jy|)}. Let Ly = A — 1+ 2w. Then
Ly is invertible in H2(R?). Let us denote the inverse as Ly'. On the other
hand, by Lemma 4.1, Ly has a unique positive eigenvalue, ;. Moreover
the corresponding eigenfunction is of constant sign. So we may assume that
F(0) # 0, Ao # 1.

Then ¢ > 0 is an eigenvalue of (4.5) if and only if it satisfies the following

algebraic equation:

/R w? = f(7)o) /R (Lo — X))l (4.6)

Equation (4.6) can be simplified further to the following
p(No) = (1= F(TAo)) /R w? — Ao f(Tho) /RQ[((LO — o) w)uw] = 0.
(4.7)
Note that p(0) = (1 — f(0)) [re w?® > 0. As \g — 11, 0 < A\g < vy, we have
Jr2((Lo — Xo) 'w)w — +o00 and hence po(Ag) — —oo. By continuity, there
exists an A9 € (0,v7) such that p(Ag) = 0. Such a positive Ay will be an

eigenvalue of L.

U

Similarly, we have

Lemma 4.3. If lim, . f(TA) = fro <1 and 0 < ¢ < f(a) for a > 0,

then there exists a positive eigenvalue of (4.5) for 7 > 0 large.

Proof: Using the same notation as in the proof of Lemma 4.2, we fix a

A1 € (0,11) so that Ao [r2[((Lo — Ao) rw)w] < (1 — fioo) [pe w?. For 7 large,

it is easy to see that p(A;) > 0. Now the rest follows from the proof of
Lemma 4.2.

0

Next we consider the case when f(0) > 1. To this end, we need the

following lemma:



GRAY-SCOTT MODEL 15

Lemma 4.4. Consider the eigenvalue problem

fR2 wo

fRQ w2

Ad— ¢+ 2wp — 2202 — N6 € H(RY), (4.8)

where w 1s the unique solution of (2.8) and ~y is real.

(1) If v > 1, then there exists a positive constant cy such that Re(Ag) < —cg
for any nonzero eigenvalue \g of (4.8).

(2) If v < 1, then there exists a positive eigenvalue \g of (4.8).

(3) If v # 1 and Ao = 0, then ¢ € span {37“1, gT/wQ :

(4) If y=1 and Xy = 0, then ¢ € span {w, 2, v

> Oy1? Oy I

Proof: (1), (3) and (4) have been proved in Theorem 5.1 of [33]. (2) follows

from Lemma 4.2. O

Lemma 4.5. Suppose that f(0) > 1 and |f(2)| < C for all z with Re(z) > 0.
Then for T small, there exists a positive constant ¢y such that Re(Ag) < —cg

for any nonzero eigenvalue \g of (4.5).

Proof: This follows from a standard perturbation result; for the reader’s
convenience we explain the details.

We apply the following inequality (Lemma 5.1 in [33]): for any (real-
valued) ¢ € H?(R?), we have

Jro W) [pr ¢ [ w?
1901+ 6 2wy 4 23 T v 20,

)

where equality holds if and only if ¢ is a multiple of w.
Now let ¢ = ¢ + /—1¢; satisfy (4.5). Then we have

Jrewo o

Lo¢ — f(TX0) [ 02 w” = Ao@. (4.10)

Multiplying (4.10) by ¢ — the conjugate function of ¢ — and integrating over
R?, we obtain that

SRz wo w2g5

2 2 2y 2
[ 1708 16 —2ulof?) = =20 [ 16F ~ Frx) g [ -
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Multiplying (4.10) by w and integrating over R?, we obtain that

Jp2 w®
[ w6 = 0o+ f(rh0) ) f w0 (4.12)
Hence
/ w?¢ = (N + f(T)\O)ﬁz w2) wqb (4.13)

Substituting (4.13) into (4.11), we have that

V6 + 16 = 2ulsf)

Jre w’ ) | e w¢|2

=—X /R2 61" = f(TX0) (Ao + f(7A >fR2w Jpw?® (4.14)

We just need to consider the real part of (4.14). Now applying the inequality
(4.9) and using (4.13) we arrive at

An 2 Rel(£(m0) o+ F(rA0) B ) — 2Re(Rg + f(rAa) ) 4 T
Sz w? Sz w? g w?
where \g is the real part of .
Assuming that A\g > 0, then we have
S |£(TA0) — 1]* + Re(Ao(f(TA0) — 1)) <0 (4.15)
[ 02 0 0 0 < 0. .

On the other hand, since |f(7Ag)| < C for some constant C' > 0, from
(4.14) see that |A\o| < C (independent of 7). Since f(7Ag) — f(0) as 7 — 0,
we see that, for 7 small, (4.15) can not hold, which implies that Az < ¢ < 0.

U

5. PRELIMINARIES II: CALCULATING THE HEIGHTS OF THE SPOTS

In this section we calculate the heights of the spots as needed in the
sections below. It is found that the heights depend on the number of spots
but not on their locations. This leading order asymptotic analysis is valid
for € — 0. A rigorous derivation of the heights & ; will be given in Lemma

6.1 below.
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Let
b= (51)
=75 :
By assumption (2.26), 3 ~ C’\/l—.
0g
Let Gg(x,€) be the Green’s function
AGﬂ(l‘,f) - 52G5(1’,£) + (5(.1‘ - 6) =0 z,£€Q,
M:o x €00, & €. (5.2)
ov,

The relation between G and Gp is given by the following lemma, whose

proof is simple and is given in Section 3 of [37].

Lemma 5.1. For § << 1, we have
-2
in the operator norm of L*(Q)) — H?*(Q). (Note that the embedding of H?(Q)

into L>(§2) is compact.)

We define cut-off functions as follows: Let rg = g > (0 and x be a smooth
cut-off function which is equal to 1 in B;(0) and equal to 0 in R?\ By(0).

Let us assume the following ansatz for (v, u,):

{ Ve ~ Zngl ﬁmw(:ﬂ_P;

uc(P5) ~ &,
where w is the unique solution of (2.8), (P, ..., Pg) € A, & ; is the height of
the spot at Pf, and

Xe,j(x) =X (
From the equation for u, in (2.6),

Al —u) — (1 —u.) + ﬁQUGUS =0,

)Xeyj(aj)’ (54)

x — P¢
]>, reQ, j=1,... K, (5.5)

To

we get by (5.3)
L= u(P) = 1= & = | GalPr )5 u()v3(€) d

B2 1 5 Ps
/(|Q|+Go( L€) +0(8%)3 (ZA2§ .

)§€]+est)u5d§
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L T
= [ iy *+ PG o+0w»(;A%J< >)@

€

Thus

K é_Pz‘e
= ZA%AW/ @+A%J¢/Go © E)w?( ) de

€

1
2 Go(Pr, Ps €2 y)d et
H3§2°@’”A%W / y+2;“§a/3) (5.6)

Using the expansion for Gy in (5.6) gives

K 1 62

—&ei = —_— w? y) dy
jzlmgw, Q] Jr2 )

1 1 1 — ps
b [ (5w g — 079wt e

€| €

*'E:_A2§Q7 (%)

2

K €
Z 5 m,WQwMy

A%Z g [ @+ZA%]5“) oD

Note that Hy € C?*(2 x Q).
Recall the definition of 7. and L, in (2.9). Then from (5.7) we get the
basic equation for the heights

KL,

1—551— Z 103 ), 1=1,..,K. (5.8)
fez éey j=1 56,]'
Assuming asymptotically that

lii%ge,j =&, j=1,..,K, (5.9)

we obtain the following system of algebraic equations

Ly &L

1og - 200 K (5.10)

fi j=1 fj ’



GRAY-SCOTT MODEL 19

Since we are studying asymmetric patterns, there must be at least one

t > 2 such that & # & . Without loss of generality, we may assume that
& # & . We now claim that for i > 2 we have & € {&,&}. To this end, let

noL

pt) =1—t— 12 (5.11)
Then we have
L
p&) =2 £ (5.12)
j=1Sj
Hence
p(&) = p(§;) for i . (5.13)
That is
1o Lo
=& _ =0. .14
G-e)(1- 28] 5.1
Hence for i # j we have
&—& =0 or && =mnolLo. (5.15)
Since & # &, we have
&1&2 = noLo. (5.16)

Let us calculate &, 7 =3, ..., K. If {; # &, then ;& = 1oLy, which implies
that & = &. Thus for j > 3, we have either & = &, or §; = &.

Let k; be the number of &’s in {&, . ..

{€, -
Now from (5.11) and (5.12) we have

-6 =

k L
(k1 + o) 0+

€k} and ko the number of &’s in

. &k }. Then this implies (2.16) with ky > 1, ko > 1.

/{32 L[)

&
and (5.16) implies

_ nolo
©=Tg

Substituting (5.18) into (5.17), we obtain

bma=Tg

ki +no)L
(1 770)0+

6 (5.17)
(5.18)

Fa,

Mo
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and therefore

(k2 +n0)&F — noés + (k1 + mo)noLo = 0. (5.19)

5.19) has a solution if and only if
( ) y
o = 4(k:1 + ng)(kg + 770)L0 (5.20)

which is ensured by (2.26). It is easy to see that the solutions to (5.19) are
given by (px,n+) (defined in (2.17) and (2.18)). Let

§1=p+, S =1+

We conclude that: if Ly < =i, there exist two solutions (&1,&9)
to (5.19). If Ly = T Gt there exists one solution (&1,&). If Ly >

m, there are no solutions.

Let us fix the height (&;,&, ... ,{k). We assume that there are k; p’'s and
ks n's where p,n satisfy (2.17), (2.18) respectively.
Remark 5.1. From equations (5.10), it is easy to see that if either 79 = 0

or 19 = +00, asymmetric patterns do not exist.

6. EXISTENCE PROOF [: APPROXIMATE SOLUTIONS

Let us start to prove Theorem 2.1. The first step is to choose a good ap-
proximate solution (Section 6). The second step is to use Liapunov-Schmidt
reduction process to reduce the problem into finite dimensional problem (Sec-
tion 8). The last step is to solve the reduced problem (Section 8). Such a
procedure has been used in the study of Gierer-Meinhardt system (both in
the strong coupling case [35], [36] and in the weak coupling case [37]). We
shall sketch it in the present context and leave the details to the reader.

Motivated by the results in Section 2, we rescale

o(y) = Av(ey), vy € Q= {yley € Q}. (6.1)

Then an equilibrium solution (v, u) has to solve the following rescaled

Gray-Scott model:

{ Ay —d+0u=0, yeQ.,

Agu+ %1 —u) — i—zﬁQu: 0, =€,

(6.2)
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where

e Hy(Q) ={uc HQ(QG)ISS =0 on 082},

€

ou
e 0 on 00 }.

(Here the index N represents Neumann boundary condition. v, v are the

e HY(Q) = {uec H*(Q)|

corresponding boundary normal derivatives of €2, 2, respectively.)

For a function v € H%(£2,), let T'[v] be the unique solution of the following

problem
3 o 9Tl
AT[v] + 3*(1 — T]) — =5v*T[v] = 0 in Q, =0 on 09.
A2 61/ (63)
In other words, we have
_ _ B2
L= T(w) = [ Galw,€) 50 CPTRI(E) de. (6.4)

System (6.2) is equivalent to the following equation in operator form:

S (6, u) = ( E:E:Z; ) — 0, (6.5)

where
Si(0,u) = Ayd — 0+ 0%u,  Hx(Q) — L*(),
. X N
So(D,u) = At + (1 — @) — EUQU, H%(Q) — L*(Q).
Let P € A and (&, ..., €x) be the vector which satisfies (2.20).
We now determine a good approximate function. Therefore will choose

suitable (&1, ..., & k) such that | ; — &;| < do for dp small and set

1 <ey—P- ey — P;

be,j(y) =g wl 2)x( -
67‘7

), Y€ Qe (6.6)

Note that the & ; are undetermined. Then we will choose the following

approximate solutions:
K
Us,P(y) = Z @e,j (y)v ue,P(x) = T[U67P]<x) (67)
j=1

for
r1€Q, yeQ ={ye ReycQ}
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Note that u,p satisfies
ﬁQ
Auﬂp + 62(1 — U€7p> — Pvzpue,p

= Aucp + (1 — ucp) — AQZU Uep + €.5.1.
Let §EJ—UEP(P) Then we have
1—55,2‘: /Gﬁ ( Jucpdé +est., i=1,.., K.

Similar to the computations in Section 5, we obtain

K ~ ~ K 9 ~
o Le’fe,' neLege,i ﬁ Lege,' .
1—&i=) 52+ 2400 —), i=1,.,K.
j=1 Sej €, j=1 €,J (6.8)

Now we have

Lemma 6.1. Let (&1, ...,Ex) be given in (2.20). Then for € sufficiently small,

there exists a unique solution (&1, ...,& k) such that
fj=Cjr j=1,....K, (6.9)
and & j =&+ O(5?).

Proof: Let £ = (&, ...,¢x), & = (€1, .y Eexc) and & = (Eci, ..., € ). Note

that {1 is a function of . We write (6.8) as a functional equation

G(€a§6>€6) = Oa ||€ - 55” < 507 (610)
where
G(e,6, &) = rh.s. of (6.8) — Lh.s. of (6.8)

and the norm is the vector norm. Note that G(0, €, €)|€:é:(& ) = 0. Now
we claim that VéG(O, &, é)|£:é:(£17---7£1{) is nonsingular. Once this is proved,
then the implicit function theorem gives the result.

Now it follows that
Lono Lo ... Lo
1+ 2

o
_VEG(O’§’§)|§:£:(€17---,§K) - Tl '
1+ L0770 %13 .. éLT;(;

Since V¢G(0, ¢, £)| e—i—(e1... ¢ 15 strictly negative definite it is nonsingular.



GRAY-SCOTT MODEL 23

U

The following lemma shows that the functions in (6.7) are good approxi-

mations to K-spots is since they solve (6.5) reasonably well. We substitute

(6.7) into (6.5) and calculate
SQ(UE,P7UG7P) = 07 (611)

2
Sl (UE,P7 ue,P) = Ay'UE,P — Ue,P + U@Pue,P
GO |

=3 Ay ) —wly— )]

K1 P .
"l Ol )
A P; .
+ Z Tw2(y - ?])(Ue,P@) — &) Fest

=3 g vy~ er(e)) — wer(B) + 00

by Lemma 6.1.
On the other hand, from (2.23) and (5.3), we calculate for i = 1, ..., K and

r=PF +ez
Uep () — uep(P) = uep (P + ez) — U p(F)

2
0 /(Gﬁ(Puf) Gp(P; + €2,€)) Z uep £)d¢ + e.s.t.

AQ
2
= [(Ca(Pae) — (P +ez,a>>ﬁ3,i<f>ue,p<§>ds
2
ﬁQ/(Gﬂ(Pz,g) Go(P+ e2,€) S 02 i Yo p(€)dE + e.5.t.
J#i

_ ymﬁ?Lege,i(e}vﬂFom) 2+ 0(e2|8Y)

(2157 Le lz—¢|
i fraw? oo o QA +O(5"), (6.12)
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where the last line is radially symmetric in z. (Recall the definition of Fy in
(2.23).)

Therefore we have the following key estimate

Lemma 6.2. For x = P, + €z, |ez| < §, we have

S1(vep,uep) = S11+ S12, (6.13)
where
S1a(z) = IQlﬁgLeiwz(Z)(GVaFo(P) -2 4 O(e|2] %))
(6.14)
and
Q8L w? 2
S lo d¢(1+ 0
172( ) 552[]«22 w2 / g |C| (g) <:< + <ﬁ )), (615)

where Sy 2(2) is radially symmetric in z. Furthermore, Sy(vep,ucp) = €.s.t.
for|lzx—PF;| >6,j=1,2,.. K.

7. EXISTENCE PROOF II: REDUCTION TO FINITE DIMENSIONS

In this section, we use the Liapunov-Schmidt method to reduce the prob-
lem of finding an equilibrium state to a finite-dimensional problem.

We first study the linearized operator defined by

~ Ve P
o €,
Lep:=S5. ,

Ue P

Lep : H3(Q0) x H3(Q) — L) x L*(Q),
where € > 0 is small and P € A.

Similar to [37], we define the approximate kernel and cokernel as follows:

K.p LK 1=1,2} C Hy(Q0)

6P

and

VK, 1=1,2} € L*(9Q,),

Cep := span 8 P

Kep = K.p ® {0} C H3(Q) x H(Q),
CE,P = CE,P @D {0} C LZ(QE) X Lz(Q)
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We then define
K?,P = KEL,P ® H3(Q) C HY(Q) x HY(Q),

Clp == Clp ® L*(Q) C L*(Q) x L*(),

where C p and K. p denote the orthogonal complement with the scalar prod-
uct of L?(Q,) in H%(S,) and L?(Q.), respectively.

Let mp denote the projection in L?(€) x L*(Q) onto Clp. (Here the
second component of the projection is the identity map.) We are going to

show that the equation

€ q)e
Tep O Se Ue,P + P -0
Ue P + \I/e,P

(I)E,P (y)
\DE,P<£IZ'>
That is equivalent to the following equation

has the unique solution ¥.p = ) € ICéP if € is small enough.

S1(vep + Pep, T[vep + Pepl) € Cop, Pep € K.'p. (7.1)

The following two propositions show the invertibility of the corresponding

linearized operator.

Proposition 7.1. Suppose that (2.27) holds. Let L.p = Tep © Ee,p. There

exist positive constants €,C' such that for all e € (0,€),
[ LcpXllL2oxr2) = ClEl| a2 00 < m2(0) (7.2)

for arbitrary P € A, ¥ € /Cefp.

Proposition 7.2. Suppose (2.27) holds. There exist positive constant € such
that for all € € (0,€) the map

T . 1L 1
£67P = 7T€,P o LQP : ’CG,P - CE,P

is surjective for arbitrary P € A.

Similarly by using Contraction Mapping Principle, we get
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Lemma 7.3. There exist € > 0,C > 0 such that for every pair (¢, P) with
0 < e <€ P € A there exists a unique (®ep,Vep) € /CGL’P satisfying

U6P+(I)6P
Se ’ ’ € C. d
(i ) ecsm

1
log

[(Pep, Ver)|lm2(0)xm20) < C

More refined estimates for @, p are needed. Recall that in Lemma (6.2) we
have found a decomposition of S; into two parts, S 1,512, where S;; is an
odd function in y and S 2 is a radially symmetric function in y for |ey| < 6.

Similarly, we can decompose P, p:

Lemma 7.4. Let ®.p be defined as in Lemma 7.3. Then for x = P; + ez,

lez| < d, we have
®€7P - (Dip + @ZP, (74)
where @fvp 1s a radially symmetric function in z and
12¢p a2 = O(e6?). (7.5)
Proof: Let S[v] := Sy (v, T[v]). Then we first solve
S[UE’P + (I)S,P] — S[?}QP] + Z 5172(y — J) € CQP, (I)ip S KEJ:P.
j=1 € (7.6)
Then we solve

K
P
Slvep + q’?,p + (I)i,P] — Slvep + (I)?,P] + E :Sl,l(y - ?J) €Cep
=1 (7.7)

for ®!p € K'p. Using the same proof as in Lemma 7.3, both equations (7.7)
and (7.6) have unique solutions for e << 1. By uniqueness, ®.p = ®!p +
®?p. Since Sy = S + Sij, where |5} || g2, = O(e4?) and S} € Clp, it
follows that ®!p and ®?p have the required properties. O
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8. EXISTENCE PROOF III: THE REDUCED PROBLEM

In this section, we solve the reduced problem and prove our main theorem
on the existence of asymmetric solutions, Theorem 2.1.

Let P° be a nondegenerate critical point of Fy(P) .

By Lemma 7.3, for each P € Bs(P?), there exists a unique solution
(Pe.p, Yep) € Klp such that

vep + P p €e,P
Se ’ ’ = ’ € Cep.
( Ue, P + \Ijg,P ) ( 0 ) o
Our idea is to find P = P¢ € B;(P?) such that

€ @C
S€< Vep 1 Pep ) 1 C.p.

Ue, P + \Ije,P
Let
252, ov P
W6’iP ::767]/ S € (I)e y We \IJE = 5
4i(P) A Qe( 1(vep + Pep, Uep + ,P)an’i)

We(P) := (Wer1(P), ..., We k2(P)),

where & ; is given by Lemma 6.1. Recall that P;; denotes the 7-th component
of the j-th point. Then W,.(P) is a map which is continuous in P and our
problem is reduced to finding a zero of the vector field W,(P).

To simplify our computation, we let Gep = ucp + ¥ep = T[vep + O p)

and
Qep, = {2]ez + P; € Q}. (8.1)
We calculate
Gvep
S € (b6 7~E —
/Qe 1(Vep + P p u’P)ﬁPM
S (vep + Dop, il (P))a”ﬁp
== Ve e,P; Ue j
o, 1(Ve,P Py Uep (L7 ap,,
b [ (e + @ep)2p () — e () e
o P e,P e,P e,P\Lj 8PJ71

= Il + ]27
where I; and I, are defined by the last equality.
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For I;, we have

1 ow
b= A Cep)— o ®. )2 (0 p(P)](——
1 64}@}}[ (Ue,P+ e,P) (UE,P+ e,P)_‘_(UE,P‘i_ e,P) (U€7P( j)]( €e7j azz)dz
_e/ (vep + Bep)(@ep(P)) — 20(vep + . p)](— 1 Ow Vo4 et
— Qe p. &P e, P e,P\17j e, P e,P é'ej azz
- 1 ow
_. /Q Eypj(cbf,p)%ue,p(Pj))(—gmaZ) Qs+ est

= 0(e3)
by Lemma 7.4.

For I, we have similar to the computation in (6.12):

fep(Py +¢2) — e (Py) = Q18 Lées(e Vi, Fo(P) - 2 + O(el215))

P [ 1o =Sl a1 + 0(52),

Se,j fRQ w? JR2 |C|
where the last line is a function, which is rotationally symmetric in z. Hence

+

= 8L [, (g ) (Vi () -2+ O (5 +0(5)
_ |Q|§£L€ [/ gZZZ»LVP JFo(P) +0(3%). (8.2)

Combining I; and I, we obtain
W (P) = coVpFy(P) + o(1),

where

5 Ow 1 3
w 2z = = w
Rz 0z 3 JR2

and o(1) is a continuous function of P which goes to 0 as € — 0.

Co = —

Since we assume that Py is a nondegenerate critical point of Fy(P), we
have VpFy(Py) = 0,det(VpVp(Fy(Py)) # 0. Thus, since W, is continuous
in P, and for €, # small enough maps balls Bs(Py) into (possibly larger)
balls, the standard Brouwer fixed point theorem implies that for ¢ << 1
there exists P¢ € Bs(Pyg) such that W, (P¢) = 0 and P¢ — P,.

Thus we have proved the following proposition.

Proposition 8.1. For € sufficiently small, there exist points P with P¢ —
Py such that W.(P¢) = 0.
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Finally, we prove Theorem 2.1.
Proof of Theorem 2.1: By Proposition 8.1, there exists P¢ — P, such
that W.(P€¢) = 0. In other words, Si(vepe+Pc pe, e pe + Ve pe) = 0. Let v, =
%(UQPE + @ pe), ue = U pe + U pe. It is easy to see that u, = & ;(1+ O(3?))
and hence v, > 0. By the Maximum Principle, v, > 0. Therefore (v, u,)
satisfies Theorem 2.1.
O

9. STABILITY PROOF: LARGE EIGENVALUES

In this section, we study the eigenvalue problem (2.28) for the solutions
which we have rigorously constructed in Sections 6-8. Let v, = v.pe +
O, pe, 0 = Ave,u. = T[0.]. (2.28) is equivalent to the following eigenvalue

problem

Aygbe - Qbe + 2ﬁeue¢e + @?¢e = )\sﬁéea Yy e Qm
LA — e — Bbucpe — 0% =AY, T EQ, ©.1)

where A\, € C and

¢ € Hy(Qe),  ve € Hy(Q).
We study two cases separately: \. — Ao # 0 (large eigenvalues) and
Ae — 0 (small eigenvalues). In this section, we study the large eigenvalue
case. The small eigenvalues will be considered in Appendix B.

Note that since the operator is not self-adjoint, A\g may be complex. We
will see that in leading order the large eigenvalues are independent of the
locations Pj,j =1,..., K.

We assume that |\ > ¢ > 0 for € small. If Re(\.) < —c¢, we are
done. (Then A, is a stable large eigenvalue.) Therefore we may assume
that Re(A¢) > —c. Let \c — A\g # 0 as e — 0.

The second equation in (9.1) is equivalent to

23 B

A:che — 52(1 + T)\E)”Lpe — Fue@e(be - EUG

We introduce the following

/6>\e = ﬂ\/ I+ T)\e (93)

e = 0. (9.2)
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where in /1 + 7). we take the principal part. (This means that the real
part of \/1 4 7\, is positive, which is possible because Re(1 + 7A,) > %)
Let us assume that

[Pell 20y =1

We cut off ¢, as follows: Introduce

Ps
iy = ) = de(y)xey (@),
where x. ;(z) was introduced in (5.5).
From (9.1) using the fact that Re(\.) > —c and the exponential decay of
w it follows that

K
= ¢;+est. in H*(Q).
=1

Then by a standard procedure we extend ¢ ; to a function defined on R?
such that
10eillmz(rey < Clloejlluzy,  7=1,... K.
Then ||¢c ;| m2@.) < C. By taking a subsequence of ¢, we may also assume
that ¢.; — ¢; ase — 0in H'(R*) forj=1,... K.
We have by (9.2)

@) = =0 [ Gy, (2, (200 ) + 0u(€)92(E)) de.

(9.4)
Atx=Pf,i=1,..., K, we calculate
€ 62 ﬁ € _2 €
0 ==L [ (B + e+ 00)
K _ Pe _ _ Pe 2
(Z e >+m<)1%56)>%+%;)
-1 €.J

1 22 K € [pew?
= 1—0—7')\5 (_Ale’ 2:: R w¢j Ale’ Zwe 52

P (B 1) ()

L. i pe wo;
14T <_2 [z w2 Z¢E 52)
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SRz W o 1
+Lene <—2 j,; 502 — (P, )§§> + o(L).
Let
1 . . . .
we(-P;)? = wfvj’ \ij - (w6,17 ceey we,K)' (95)

Then we have

2.7 L. ZJKZI Jr2 W U
. i = —2— — €.
& e, (L4 770) ( [ 02 j§1ﬁ¢,y

+Lene <—2 fi;::ii — 1@”> +o(L,).
Writing this system in matrix form, we obtain
Fr fixog} limy ¥ = ~2Lo <77°I+ 1T mf) ‘ﬁir‘fﬁ
where
& + Lomo
F = , (9.6)
& + Lomo
1 -+ 1
E=| 1 1 i, (9.7)
1 - 1

and Z is the identity matrix.
Thus, in the limit ¢ — 0, we obtain the following nonlocal eigenvalue

problem (NLEP):

¢1
A —drouwd ol P e | | e (H2(R))*,
Jre w? : (9.8)
0}
where
B= L (J—" 4 Lo 5)_1 <noz + 5) . (9.9)
1+ 7')\0 1+ ’7')\0

More precisely, we have the following statement:
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Theorem 9.1. Assume that (ve,ue) is a solution constructed in Theorem
2.1.

Let \. be an eigenvalue of (9.1) such that Re(\.) > —ag for some ag > 0.

(1) Suppose that (for suitable sequences €, — 0) we have A, — Ao # 0.
Then Ay is an eigenvalue of the problem (NLEP) given in (9.8).

(2) Let Ny # 0, Re(\g) > 0 be an eigenvalue of the (NLEP) problem given
in (9.8). Then for e sufficiently small, there is an eigenvalue A\, of (9.1) with

Ae — Xg as € — 0.

Proof:
(1) of Theorem 9.1 follows the asymptotic analysis at the beginning of this
section.
The proof of (2) is similar to that of Case 1 of Section 6 in [37]. We omit
the details here.
OJ
Therefore, the study of large eigenvalues can be reduced to the study of
the system of nonlocal eigenvalue problems (9.8). We can further reduce the

problem by computing the eigenvalues of B.

Let = (qu, ... ,qx)" be an eigenvector of B with eigenvalue . Then we
have
Bq = puq, (9.10)
which is equivalent to
1 1
Lo (0T 5) — (f' 1/5)
0(770 +1—|—7’)\0 =K +1—|—7’)\0 ¢ )4
pw—1
LoZ — nF Lo&
(noLo nF)q 1 T 7o 0cq.

Writing down the above equation in components, we obtain

(noLo — 1(& + Lomo))as Lo Z%a i=1,.., K

1 + 7‘)\
Hence characteristic equation is

— kL — koL
2<“ Jh1Lo 2(“ JkaLo +147X =0.
pp* + (= DnoLo — pm? + (n — L)noLo (9.11)
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Problem (9.11) is a quadratic equation and there are two roots u; = p1;(7 o), i
1,2. (The expression of yu; is complicated.)
Therefore, by the diagonalization, problem (9.8) is reduced to two NLEPs:

2
2 W (9.12)

Ap— ¢+ 2w — 2m<mo>ff’* WO R = b, i = 1,2, 6 € HA(R?),
which have been studied in Section 4.
Using the results of Section 4, we are now ready to finish the study of
(9.12).
Completion of the study of (9.12):
We first consider the case when 7 is large. If 7 = oo, then the eigenvalues

of B are
1y = noLo noLo
1= —FF— —_.
p* + moLo n* +moLo
Since pn = nyLg and if we assume p < n then we have n?> > nyLg and

and o =

therefore 215 < 1. Therefore we have instability for 7 large by Lemma 4.3.
When 7 = 0, by simple computations, (9.11) is equivalent to

KL L K
,ﬂ—<1+0>u+°(770+)=0. (9.13)
p+mn p+mn
It is easy to see that 2y > 1, 2us > 1 if and only if
p+n < (4no + 2K)Ly. (9.14)

Note that after some straightforward computations in (9.14) p,n can be

eliminated and we get

ki > ko, (p,n) = (p+.n+), (9.15)

and

(ky — k2)?(m0 — Lo(2n0 + K)?) > (20 + K)?(10 — Lo(2m0 + K)?).
(9.16)

If Ly < (2770”#)2, then we must have

(k’l — k’g)Q > (2770 + K)Q,

which is clearly impossible. Therefore, we must have

Mo

L > b)
O 7 (2 + K)?
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and then the condition
(k1 — k2)* < (20 + K)?

implies the validity of (9.16).

By Lemma 4.2, we conclude that for ny > Lo(2n, + K)? all asymmetric
patterns are unstable for all 7. If 5y < Lo(2no + K)? and 1y > 4Lo(no +
k1)(no + k2) and if we choose k1 > ko, (p,n) = (p+,n+), then the asymmetric
pattern is stable for 7 small enough by Lemma 4.5.

We note that to establish stability one also has to study the small eigen-
values. Since this analysis is mainly parallel to [37], we have moved it to
Appendix B.

Combining the results for the large eigenvalues in this section with the
result for the small eigenvalues in Appendix B, we have completed the proof

of our main stability theorem, Theorem 2.2.
O

10. CONCLUDING SECTION: SUMMARY OF OUR RESULTS

Combining the results for the symmetric ([39]) and asymmetric K-spotty
solutions, we summarize them as follows:

For the existence of symmetric K-spotty patterns, we need

1
L 10.17
"= A+ ) HO-D
For the stability of symmetric K-spotty patterns, we need
"o
Ly < ———————, 7 small or large. 10.18
0 (210 + K)? g ( )
For the existence of asymmetric K-spotty patterns, we need
Lo o (10.19)

<
= A(no + k1) (no + k2)
For the stability of asymmetric K-spotty patterns, we need

" o 7 small
(2n0 + K)2 1o + k1) (no + k)’ (10.20)

<Ly <
0_4(
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We observe a remarkable phenomenon: If symmetric K —spots are stable

then asymmetric ones are unstable and vice versa. Note also that because of

Mo(mo + K) < (no + k1)(1o + k2)

whenever k; > 1 or ks > 1 (and k; + k2 = K), the domain of existence for
symmetric patterns is strictly larger than for asymmetric patterns. On the
other hand, for 7 large all asymmetric solutions are unstable. We believe that
the asymmetric patterns which we obtained in this paper play an important
role in the study of “self-replicating” phenomena in R? as they may provide
the connecting orbits between symmetric K-spotty solutions. In fact, we
conjecture that an asymmetric (ky, k2)-spotty solution may provide the right
link between the symmetric (k; + kq)-spotty solution and symmetric k;- or

ko-spotty solutions.

11. APPENDIX A: PROOFS OF PROPOSITIONS 7.1 AND 7.2

In this appendix, we prove the two propositions 7.1 and 7.2. Since the
proofs are quite similar to that of Appendix A of [37] we shall be sketchy.

To obtain the asymptotic form of f)ﬁ,p, suppose

L.p ( f; ) = 0.

Similar to Section 9, we cut off ¢, as follows: Define

besly =) = bly)nes ().

where x. ;(z) was introduced in (5.5) and y € €. By taking a subsequence
of €, we may also assume that ¢. ; — ¢; ase — 0in H(R?) forj =1,... , K.
Similar to the estimate leading to (9.8), the asymptotic limit of IZQP is the

following system of linear operators

b
Iew® g | 2 | e@mmyr
Jrew : (11.1)

I

LD :=AD — D+ 20d — 28,
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where

and where F and £ are defined in Section 9. The eigenvalues p;,7 = 1,2 of
B, satisfy equation (9.13) with Ag = 0. Hence

KLy
20p1 +p2) =1+
( ) Py
We see that 2u; = 1 if and only if Ly = (2770’7+°K)2. In other words, if Ly #

(277077#)2, then 2/,1/1 7é 1,Z = 1,2
Now we have the following key lemma which reduces the infinite dimen-

sional problem to a finite dimensional one.

Lemma 11.1. Assume that assumption (2.27) holds. Then

Ker(L) = Ker(L*) = Xo® Xo @ - - - & X, (11.3)
where
ow oOw
Xo = span{ —, —
’ P {8% a?/Q}

and L* is the conjugate operator of L under the (L*(R?))X inner product.

As a consequence, the operator
L. (H*(R?)" — (L*(R*)"
s an invertible operator if it is restricted as follows
L:(Xo®- @ Xo)" N(H(R))" = (Xo@ - @ Xo)™ N(LX(R*)".
Moreover, L' is bounded.
Proof: By (2.27) and the argument above, we see that 2u; # 1. If
L = 0, then by diagonalization, this can be reduced to (9.12) with Ay = 0.

By Lemma 4.4(3), ® € Xo® Xo® -+ ® X.
Next, let ¥ € Ker(L*). Then we have

2
AV 0420w — 282 g ?2 € (H(R))X,

Jro w? : (11.4)
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Multiplying the above equation by w (componentwise), we obtain
(T - 283)/ W = 0 (11.5)
R2

Since the matrix B has the same eigenvalues as By we know that Z — 213
is nonsingular. This implies that [, w?®¥ = 0. Thus all the nonlocal terms
vanish and ¥ € Xg & Xg P --- @ Xy. The rest follows from the Fredholm
Alternatives Theorem. O
The rest of the proof is as in Appendix A of [37]. We omit the details.

12. APPENDIX B: STUDY OF THE SMALL EIGENVALUES

It remains to study the small (o(1)) eigenvalues. Namely, we assume that
Ae — 0 as € — 0. We shall prove that the small eigenvalues are related to
the matrix My(P?) given in (2.24).

The analysis is the similar to that in [37]. To save space, we shall only
give a sketch.

Let us define

N P :
Oej(y = ) = Xey(@)icly), j=1 Ky e
where x.; was defined in (5.5).
Then it is easy to see that

o P -
Ue(y) = Z’Ue,j(y - ?) +est. inH (Qe)
j=1

We decompose ¢, as follows:

d 4 gt (12.1)

with real numbers aj,, where

¢+ L K, = span {%Ue’j\j— L,...,K, k= 1,2} C H ()
Yk

Accordingly, we put
K 2 .
be(r) =D > a5 tbesn + U0,

j=1k=1
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where 9 ;1 is the unique solution of the problem

1 2 . 00, 1 42 _ :
@A,@Z}e,j,k - ¢e,j,k - ﬁvsue aykj - ﬁvg ¢e,j,k =0 m Q;
e
La””“ =0 on 0X,
v

and ¢t satisfies

FAYE =Y — A%@euecbi — s =0 inQ
B on 99,
12
Suppose that ||¢c;||z2.,) = 1. Then [a5,| < C.
Our main idea consists of two steps: First, we show that the error ¢
is small in a suitable norm and thus can be neglected. Second, we derive
algebraic equations for a5, which are related to the matrix My(Py).

Substituting the decompositions of ¢, and 1) into (9.1) we have

SN e (2 Ou,
Z Z aj}k(”G,j) |:l/}6,j,k — Eamg]

j=1k=1

FA O — ¢+ 20cucdt + (D)2 — Nt

K ~
a3 Y, P (12.2)
€ ik 9 € )
j=1k=1 Yk
Set
K 2
du
I, = € (0o e iy — e—=
and

I = Ayg — &F + 20cucdt + (8)°0 — Aot
We divide our proof into two steps.

Step 1: Estimates for ¢
Since ¢ L K., then similar to the proof of Proposition 7.2 it follows that

162 | r200) < CllN 200 (12.3)

Let us now compute [;. The key is to estimate 1c;, — eggz near r €

By (FY)-

From the equation for 1, we obtain that

52 € ~ a{]e,' ~
Vegu(w) = = [ ColP QR0 i20es]. (124)
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Similar to Section 6, we have

Ve jk(Pf) = O(3 Lee) Z 2 ww k(Ps) — 7762[;%%;@(13;), l=1,. K
which implies that |
Ve jk(P) =O0(8%Lee), 1=1,..,K. (12.5)
For x = Pf + ez € B, (Ff) we calculate
Ve (P + €2) = Ve (F)

2 a~e j ~
ﬁz/(Gﬁ(Pz §) — Go(Pf + €2,8))[Deue ; L 02 ) dE
2 a~
= [ (CoB — CalBf+ 2 st o) 4 O Ll 3 sl B

=1
2 a~€J
— L [(GaFr.©) = Ga(Pf + e, )t 52 + OB L2,

If | # j, then we have
Vejk (P + €2) = e jn(FY)

3 oo 1 ow 4722
=~V VRGP, F)e g [ w5 e+ O3 L2 ),
21Q|L
RGO L) (120
€, !

For [ = j, similar calculations show that

€ . ) € __ﬁ2|Q|L€ 2 € € 4172 2
V(P + €2) = then(F) = 2% ¢ VpeVpeHo(Fj, Pf) + O(3"Leer|z])
o, |z — (] 87“)
+A256j6 /R2 log " w(()ack(od{. (12.7)
Next, we compute 68“5( ) for x = Pf + €z € B, (Ff):
du, 3 9]
o)== [ 5ol )(c02uc) de.
So
du, Que , 3 5 R
(@) = S PD) =~ [ oG, €) = Gl e eu) e
ﬁQ 2 | C' 212 2
et /210g z ac Y dc + o(B2L2 ) (12.8)
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since
VP;FO(PE) = O(].)
Combining (12.7) and (12.8), we obtain that

. oue , . . oue , .
[VeiaB +2) = (B + )] = [usal(BY) = g (FY)
21Q|L
= —WEQVP;vaFo(PG)Zk + 0(62L362|Z’). (129)
Hence we have
K 2
I 20 = o(B%€ D> a5,
j=1k=1
and
K 2
162 (| 2000 = 0(B%€* D> a5 ) (12.10)
j=1k=1

It is easy to show that
00 o, Ou, 00
| s = [ #(eot — Sl
E,P;

0T, 0T,

K 2
=o(B%* D> lajl)

j=1k=1
since

Oue
0%,
Step 2: Algebraic equations for a5

=0(p%) in Q.

Multiplying both sides of (12.2) by —gz;’l and integrating over () pe, we
obtain
K 2 - -
0V, ; OV l
r.h.s. = A as / S5
;1921 gk Q. pe 0z 0z
1 . ow\? 1
= SJ/\Ej?Zkaj’kéjlékm /R2 <aZI> dZ(l + O(lOg E))
1 ow '\ 1
= —Aal / Y)Y (14 0®log -
i [ (G2 ) (0 0fos )
and

K . ~ aug 866
l.h.s. = € Z Z aj,k/Q (Be;) [@be’j’k N Eaa:k} 0z :
. e,Pl6 m
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a'ljel
I d
+/§2€7Ple( 282m) ¢
K ou ov 1
— 2 € ~ )2 L € 6
=€ jzlkzzlajk/ggpf(vej) [zﬁeuk axk] 9z
K 2
+o(6%€2 YD fas ).
j=1k=1
Using (12.9), we obtain
ClO|FPL, &
l.h.s. = ZZ a5k
2§€l j=1k=1

R I T
o, s o arn I

K 2
+o(e262 D lagl)

j=1k=1
€2|Q|3? L. 2 1 0 0
= 7 e " ¢ | —————Fy(P€
2§e,l / aZ’rnZ Z y i f@j aplfm 8}’;,6 0( )
K
202 €
+o(e?6°) Z a5 i )-
j=1k=1
Note that
/ 5 Ow o 122,
_ w2 Zm
azm R? ||

Thus we have

e2Q| 3L, K o 0 .
l.h.s.—TEJ( LW w'|z]) )Y > as, {635}’ oPr, F(P)

j=1k=1

K 2
+o(e?B2 D D lasl).

j=1k=1
Combining the [.h.s. and 7.h.s, we have

2|Q|52L ! 9 9 €
SR S e (&]aﬂm%mm)
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. ow\?
= A\, /RZ <821> . (12.11)

We have shown that the small eigenvalues with A\, — 0 satisfy A\, ~ C'e?3?
with some C' # 0. Furthermore, (asymptotically) they are eigenvalues of the
matrix X Mo(Po)X !, where

&1
X =

€k

and the coefficients af; are the corresponding eigenvectors.

If the matrix My(Py) is strictly negative definite, as X' is strictly posi-
tive definite, it follows that Re(A.) < ¢ < 0, where ¢ is independent of e.
Therefore the small eigenvalues A, are stable if € is small enough.

OJ
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