ON A HYPERCYCLE SYSTEM WITH NONLINEAR RATE

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We study a (N + 1)—hypercyclical reaction-diffusion system
with nonlinear reaction rate n. It is shown that there exists a critical
threshold Ny such that for N < Ny the system is stable while for N > Ny
it becomes unstable. It is also shown that for large reaction rate n,
Ny remains a constant: in fact for n > ng ~ 3.35, Ng = 5 and for
n < ng ~ 3.35, Ny = 4. Some more general reaction-diffusion systems of
N + 1 equations are also considered.

1. INTRODUCTION

In this paper, we are concerned with the following reaction-diffusion sys-

tem:

0 = Dx 0% — gx Xi + M YN kyX;XP, i=1,2,...,N, z€R,

Ox2

O — Dy ZM 4 kpy — guM — LM YN ky X, X?, 1z €R, (11)
where X; denotes the concentration of the polymers, and M is the concen-
tration of activated monomers. N is the number of different polymer species.
The replication of each polymer X; is catalysed by each X; at a constant
rate k;;. Linear (non-catalytic) growth terms are neglected. The activated
monomers are produced at a constant rate, ky;; gx and g are decay rate
constants. L is the number of monomers in each polymer, and Dx and Dy,

are constant diffusion coefficients. The exponent n is a positive number.
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We assume that the coefficients k;; are represented by a hypercyclical
N x N matrix,

0 0 0 ko
ko 0 0 0

(ks;) 0 k 0 0 ko> 0.
0 0 0
0 0 ko 0

NxN
When n # 1, we call (1.1) is a hypercycle system with nonlinear rate. The

reason is the following: at each X, the kinetic reaction rate is given by

N

j=1
When n = 1, we have a linear growth rate for I'; and the system is called
classical hypercycle system. When n < 1, the growth rate is sublinear and
n > 1 the growth rate is superlinear.

Such nonlinear reaction rates were also introduced and studied in the
one component case, i.e., N = 1, by many authors, see [32], [33], [34] and
the references therein. In these papers the reaction-diffusion systems are
obtained as a model of a reactant whose concentration grows by autocatalysis
with arbitrary reaction rate plus decay of the autocatalyst with arbitrary
rate. System (1.1) is a generalization of autocatalysis to N reactants (the
polymers X;) and one autocatalyst (the activated monomer M).

The classical hypercycle system (n = 1) arises as a spatial model concern-
ing the origin of life similar to the one introduced by Eigen and Schuster
[18]. A number of RNA-like polymers (“components”) catalyse the replica-
tion of each other in a cyclic way. Examples in nature include Krebs and
Bethe-Weizsicker cycles. Eigen and Schuster argue that the hypercycle sat-
isfies important criteria of natural selection: 1. Selective stability of each
component due to favorable competition with error copies, 2. Cooperative
behavior of the components integrated into the hypercycle, and 3. Favorable
competition of the hypercycle unit with other less efficient systems.

Nonlinear rates are interesting to model different coupling strength of the

various components, where a higher rate n corresponds to stronger coupling.
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We consider stationary cluster-like solutions of (1.1). A cluster may loosely
be defined as a region of high concentration 3> | X; of the polymers and low
concentration of the monomer, as monomers are consumed by the replication
of polymers. (If the region shrinks to a point, this phenomenon is called
point-condensation.)

Cluster solutions for (1.1) have been studied by numerous authors. For
numerical aspects of clusters, see [5], [8], [9], [10] and the references therein.
In [59], we first made a rigorous study on the existence and stability of
cluster solutions of hypercycle system with linear rate (n = 1) in R?: it was
shown that for N < 4, cluster solutions are stable while for large N, cluster
solutions become unstable. In [59], we analyzed the cluster solutions in R
for n = 1 and we found the exact threshold for N. More precise statements
of the results of [59] will be stated later.

Let us first reduce the system (1.1) to standard form. Dividing by gx and

g, respectively, gives

1 Dx MX
—0X; = X, — X+ — Y kyXiX!, z€R,
ax gx gx =1
1 Dy vk LM X
— QM = =M+ M M- == > kX, XD, € R.
9m 9m gm gm ji,=1

Rescaling M = (kur/ga)M, X; = (gar /L)Y ™ X, we get

J S Dx ~5n 4 1 ky o~ N A
9x 9x 9x 9m L j=1

1 ~ DM ~ 1 ~ ~ N ~ A
am am ij=1

Rescaling space variables x and time variable ¢:
D 1 .
=i t=—,

Im gm

kv o gu\ = 5 Dxgm _9x
— —_— n+17 = —_-—, T = —
gxgm L Dy gx gm

renaming constants:
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and dropping the hats, we finally arrive at the following standard form

8tXl‘ = GQXZ{, — XZ + AM Zz]il ]{?Z]XZXjn, T € R,
TatM:M”—I—l—M—MZN kZJXlXjn, r € R.

ij=1

(1.3)

We shall study (1.3) on the real line R for ¢ > 0 small. Since existence and
stability of solutions might depend on A we will treat it as a parameter. We
look for solutions of (1.3) which are even:
X; = X;(|z|) e HY(R), i=1,... N,
1—M(z)=1- M(z|) € H'(R).
The stationary equation corresponding to (1.3) becomes
EX] = Xi+ AM YN kX X =0, i=1,..,N, z€R,
M' +1-M-M¥Y, k;X; X} =0, zeR (1.4)

i=1,j

We first construct cluster solutions to (1.4). To this end, we need to
introduce some assumptions and notations.
Let

p=n+1>1 (1.5)

and w be the unique solution of the following problem

w —w+w’=0,w>0 in R, (1.6)
w(0) = maxyer w(y), w(y) — 0 as |y| — +oo. '
Put
N
Loim ———e [ (wly)dy. (17)
2A1+%k0; R
If lim.gL. < Ly := (n%rl)%ni“, then the following equation has two
solutions:
1
ne(1—mn) = Le. (1.8)

We denote the smaller one by n°, where 0 < n® < n%rl and the larger one by
7', where 1> 7' > .
We now state the existence result. In fact, this is quite easy. We search

for solutions of the following type

X=Xy, i=1,... ,N. (1.9)
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Substituting (1.9) into (1.4), we see that (X, M) satisfies

2X" — X+ AMEoX? =
{ € 0 0 + 030 Oa S Rv (110)

M +1—-M—-MENXY =0, z€R.

Existence of solutions to (1.10) can be shown as in the case p = 2: the
standard Gray-Scott model. Similar to the proof of Theorem 2.1 of [56], we

can obtain the following existence theorem:

Theorem 1.1. Assume that
e<<1 (1.11)
and
€ << L, llﬂ% L. < Ly. (1.12)

Then problem (1.4) admits two solutions (X7, M?) = (XZ,..., Xy, M?)
and (XL, Ml) = (X!, ..., X!y, M}) with the following properties:
(1) all components are even functions.
S 71 m ) — ) )
(2) X2, YT (14+o(1)w(F),i=1,...,N, where w is the unique
solution of (1.6).

(3) M:(z) — 1, Ml(x) — 1 for all x # 0 and M?(0), M'(0) satisfy
M(0) ~n®,  M{(0) ~ 1,

0 < M?(0) < ML0) < 1. (1.13)
(4) There exist a > 0,b > 0 such that
1— Mi(z) < Ce~l#l, 1 — M!(z) < Ce~all,
Xilo) < Car e M) S O

Finally, if lim._o L. > Lo , then there are no single-cluster solutions.

We note that existence of single-pulse solution has also been studied in
[14].

The main goal of this paper is to study the stability and instability of the
cluster solution constructed in Theorem 1.1. To this end, we first linearize

the equations (1.4) around (X2, M?) or (X!, M!), respectively. From now
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on we omit the superscripts s or [ where this is possible without confusing

the reader. The linearized operator is as follows:

" Ehe; = bei + AM YL kij(0ei XDy + e X i X7

£e = " +A,¢6 Zé\f:l]{{f:’b‘jXQZng ]
1/}6 1/}6N_ ¢e - we Zi,j:l kl]XEﬂX::] . (115)
— M, Zi,j:1 kij (¢6,iX2j + ngbf:jXﬁ,ngj )
where ¢ = 1,... , N. The eigenvalue problem becomes

£(¢) = ( Acde ),¢:1,...,N. (1.16)
Pe TAY.

We consider £, in the Sobolev space (H?(R))®H?(R) and equip (H?(R))N®
H?(R) with the following norm

(X, U)”%H?(R))N@H?(R) = HX(y)H%H?(R))N + ’|u($)|’12£12(R)'

Certainly 0 is an eigenvalue of L.. The criterion for linearized stability of
a cluster solution is that the spectrum o(L.) of L. (except for 0) lies in a
left half plane {\ € C: Re (\) < —c¢p} where ¢g > 0, and that 0 is a simple
eigenvalue, where C denotes the set of complex numbers.

In [60], the linear case n =1 is studied and the following result is proved.
Theorem A: Let n =1. Assume that

1
e<<l1, e<<lL, lin%Le <1 (1.17)

Let (X2, M?) and (X!, X!) be the solutions constructed in Theorem 1.1.
Then for e << 1, we have the following.

(1) (stability) Assume that N < 4 and 7 << 1. Then (X7, M?) is linearly
stable.

(2) (Instability) Assume that N > 4. Then (X7, M?) is linearly unstable.

(3) (Instability) (X!, M!) is linearly unstable.

A natural question is the following: what is the effect of n on the stability of
cluster solutions? What is the relation between n and the critical threshold?
Will large n increase the critical threshold? We shall answer these questions

affirmatively in this paper and prove the following theorem.
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Theorem 1.2. Assume that
e<<l1, e<<L, lir%LE < Ly. (1.18)
€E—>

Let (X2, M?) and (X!, X!) be the solutions constructed in Theorem 1.1.
Let

4,n < ny~3.35

Ny:={ =0 ’ (1.19)
9,m > ng ~ 3.35,

where ng satisfies
2m 2m 9 2m
(cos E)(Al(no +2) cos = +no 4+ 4)°((ng + 2) cos = +2)
2 (ein 2T 2
— (np + 2)ng(sin €> = 0. (1.20)

Then for e << 1, we have the following.

(1) (stability) Assume that N < Ng and T << 1. Then (X2, M?) is linearly
stable.

(2) (Instability) Assume that N > Ny. Then (X2, M?) is linearly unstable.

(3) (Instability) (X!, M?) is linearly unstable.

Remarks: 1. As we see from the theorem, if p increases, the critical thresh-
old can only grow by at most 1. This means that stability is only very
marginally influenced by growing interaction strength which is a new and
surprising fact as one would think that stronger interaction would improve
stability.

2. As in [59], we may generalize the results in this paper to the case of
a general matrix (k;;). We will mention the results in the last section and
present some examples.

It is interesting and important to know the exact threshold also to verify
the validity of our model by and experiment: It can now be studied if the
thresholds given by theory and the one determined by experiments are the
same. Furthermore, the agreement between theoretical values and numer-
ically calculated ones for related models play an important role in finding
which model to choose preferably. (We refer to the works quoted at the end

of the introduction for related numerical investigations, in particular to [8],
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where among others multi-cluster states in one space dimension have been
computed numerically).

Let us conclude this introduction by mentioning some related results.

In [9] the parameter dependence of stability of clusters and spirals against
parasites (i.e., rival polymers which receive catalytic support from the hyper-
cycle but do not contribute to the catalysis of any other polymer) is studied
numerically. A parasite may or may not destroy the hypercycle depending on
the rate constants. In [10] clusters (for N = 5) are established numerically
for the elementary N-hypercycle system,

In [8] for a closely related reaction-diffusion model the dependence of clus-
ter states on diffusivities is shown numerically including the cluster size, their
shape, and the distance between different clusters.

The effect of faulty replication on the hypercycle has been studied by an
analysis of the geometry of bifurcations around steady states and numerical
computations in the framework of an ODE reaction model [1].

For a cellular automata model it was shown numerically that a spiral wave
structure may be stable against parasites [5]. The chaotic dynamics for this
type of model has been investigated numerically in [31], [44].

There are a number of recent results on the special case N =1, n =1 of
our model, which is then also called Gray-Scott system [20], [21]. We would
like to recall them here. In [14], by using Mel’'nikov method, Doelman, Kaper
and Zegeling constructed single and multiple pulse solutions for (1.1) in the
one-dimensional case with Dy; = 1, Dx = 6> << 1, where X; = X. In their
paper [14], it is assumed that ky = gas ~ 02, 9x ~ 0?3 kyy =1, L = 1,
where o € [0,2). In this case, they showed that M = O(6%), X = O(675).
Later the stability of single and multiple pulse solutions in 1-D are obtained
in [12], [13]. (The techniques are extended to other reaction-diffusion equa-
tions in [15].) Some related results on the existence and stability of solutions
to the Gray-Scott model in 1-D can be found in [16], [26], [27], [41] and [45].

In R? and R?, Muratov and Osipov [35] have given some formal asymptotic
analysis on the construction and stability of spiky solution. In [55], the

system (1.1) for N = 1 is studied on the real axis in the shadow system
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case, namely, Dy >> 1, Dy << 1 and ky = gpy = O(1),9x = O(1), ki1 =
1, L = 1. The shadow system can be reduced to a single equation. For spike
solutions of single equations and other systems, we refer to [3], [4], [6], [11],
[19], [22], [24], [25], [29], [30], [43], [37], [38], [39], [40], [42], [48], [50], [49],
[51], [52], [53], [54], [57], [58], and the references therein.

In the two-dimensional case rigorous existence and stability results on
the Gray-Scott system have been established in [56]. The existence of one-
spike solutions is proved. Their stability is established and rests upon the
derivation and analysis of a related NLEP (nonlocal eigenvalue problem).

The structure of the paper is as follows:

In Section 2, we separate the eigenvalue problem into two cases: small
eigenvalues and large eigenvalues. The small eigenvalue is shown to be 0
with dimension 1. The case of large eigenvalues is then reduced to a system
of nonlocal eigenvalue problems (NLEP).

In Section 3, we analyze the system of NLEP and show that it can be
reduced to two eigenvalue problem-one is local but with complex coefficients,
another one is a NLEP.

In Section 4, we study the two eigenvalue problems and thus finish the
proof of Theorem 1.3.

In Section 5, we make we drop the condition that the system is a classical
hypercycle and make some remarks about the general matrix case.

Finally, in Section 6, we discuss our results.

Throughout this paper, the letter C' will always denote various generic
constants which are independent of ¢, for e sufficiently small. The notation
A ~ B means that lim. o4 = 1 and A = O(B) is defined as |A4] < C|B].

2. REDUCTION TO A SYSTEM OF NLEP

Let (X, M,) be one of the two solutions constructed in Section 1. We now

study the eigenvalue problem associated with (X, M,). We assume that

€ << L, lir% L. < Ly.
€—
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We need to analyze the following eigenvalue problem (letting = = ey)

Aybei — Pei + AM SN kij (XD bei + nope; Xei XI5

+AY SN ki X XD = A, y € R,

quvz)e - we - we Zﬁ?;:l kl]XE,ngj

MY ki (XD b + X X0 0eg) = A, w € R, (21)
A €C.

We assume that (¢1, ..., o, %) € (H*(R))N & H*(R).

Since Xe,i = X(), n=p-— 1, kij = kokij = k06i,j+1 modulo N, problem (21)

becomes

Ay¢e,i - ¢e,i + AkOMeXgilkO Zé\[:l ]%ij (¢€,i + n¢e,j)
+AkO¢EX(I)) = >\e¢e7i>

(2.2)
Awe - ¢e - Nkoqu)e)(%)
—Mcko S0 hij(dei + ndey) X0 = TAe.
Let us first formally derive the limiting eigenvalue problems.
Since (Xo, M,) satisfies (1.10), we have
1 :
Xo(y) ~ (AM(0)ko) 7 Tw(y) in H'(R) (2.3)
and
L Nk
M (0)(1 — M.(0 Nngzipe/w Py, 2.4
(0)( (0)) 2 k) I (y)"dy (2.4)

The eigenvalue problem is changed into

Aypei — Pei + Zé\[:1pl%ij(¢e,i + (p— e j)w?™!
+Ak0(AM€(O)kO)7pj¢Ewp ~ /\Egbe,ia

Athe = 1be = Nko(AM(0)ko) 7T thw? (2.5)
— M. ko(AM(0)ko) ™! Z%’:l kij(wP b + (p — DwP ™ dej) ~ TAe.

From the equation for v, we formally have (setting 3% = 1+ 7))
1 p
0ul0) = 55 e BoN(AM.(O)hy) P u?
26 Jr
N ~
—Mcko(AM(0)ko) ™" D kij(w” ' dei + (p — DwP e ;)
ij=1

~ %e[—wG(O)kON(AMe(O)ko)_P& /R w”(y) dy
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— M,(0)ko N (AM, (0) ko)~ /R P(Y besyu™" dy.

By (1.8), we have

1 L, ) -
Ye(0) ~ — (1 + %koN(AME(O)kO) P*le/Rw )

(;ﬂMe(O)koN(AME(O)ko)_IE( /R wp‘lp(; cbe,z-)))

~—(1+ M)—l (;ﬁME(O)kON(AME(O)ko)_IE(/R w”‘lp(z1 szﬁe,z-)))

Substituting this relation into the equation for ¢;, we obtain the following

nonlocal eigenvalue problem (NLEP):
N ~
A¢€,’i - ¢€,i + wp71¢6,l' + (p - 1) Z kij(be,jwpil (26)
=1

o =M0) L fper Y b
BM(0) + 1 — M.(0) N Jwp

Although we have formally obtained (2.7), however we can rigorously prove

~ >\e¢e,i'

the following separation of eigenvalues.

Theorem 2.1. Let A\, be an eigenvalue of (2.2).
(1) Suppose that \c — 0 as € — 0. Then we have A\ = 0 if € is small

enough and
(¢e; e) € span {(X,, M,)}.

(2) Suppose that \e — \g # 0. Then X\g is an eigenvalue of the following
NLEP

N
Apy — ¢y + WP+ (p— 1) kijpyuP™? (2.7)
j=1

_ p(l—mn) wpr w Y ¢
Bon+1-—n N [wP

where n = lim._o M.(0), 8o = V1 + T\o.

- )\qui,i - 1, ceey N
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Proof:

(2) follows from asymptotic analysis.

To prove (1), we can proceed exactly as in Section 6 of [56], where stability
of a single cluster state is studied. Let us denote the linear operator on the
left hand side of (2.7) as £, where £ : (H?(R))Y — (L*(R))". The key

point is to prove the following lemma:

Lemma 2.2. (1). Let ¢ be an eigenfunction of (2.7) with \g = 0. Then we

have
¢ € Ko := span {w' (y)@},
where €y = (1,... ,1)7. (This implies that Ker(L) = Kg.)
(2). The operator L is an invertible operator if restricted as follows

L1 1,2
E . ICO — ICO y

where

Ko = {ue (H(R)Y] [ ww'(y)é =0},
Ko = {ue (L*(R)N] [ ww'(y)e; = 0}.

The proof of Lemma 2.2 is technical and thus left to appendix A.
The rest of the proof is exactly the same as in Section 6 of [55]. For the

sake of limited space, we omit the details here.

3. ANALYSIS OF SYSTEM OF NLEP

In this section we analyze the nonlinear eigenvalue problem (NLEP) which
we have obtained in Section 2. To this end, we introduce two eigenvalue prob-
lems: the first is the following eigenvalue problem with complex coefficients

A =6 +urlo+ (p— our 1o = Ao (3.1)
oc=op+—log=¢" 0¢c (—m x|, ¢ec H(R), '
where w is defined by (1.6).
The second is a nonlocal eigenvalue problem (NLEP):

=) fpwro L
WIrmari—y Lo 0 @SR

A¢p— ¢+ puwP o —
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where
0<n<1,7>20,A€C,A=Ag+1iA[,Ag >0

and we take principal branch for /1 + 7.

We show that the study of NLEP (2.7) can be reduced to the study of
(3.1) and (3.2). We say an eigenvalue problem is stable if there exists a
constant ¢y > 0 such that all eigenvalues A we have Re(\) < —¢o. We say it
is unstable if there exists an eigenvalue A with Re(\) > 0.

We then have the following

Lemma 3.1. Suppose that (3.2) with n = lim._o M(0) has no Hopf bifurca-
tion (as given in Lemma 4.6 below). Then (2.7) is stable if and only if both
(3.1) (with o = e j = 1,..,N —1) and (3.2) (with n = lim._o M.(0))

are stable.

Proof:
(1) Suppose (3.1) and (3.2) are stable. We now show that (2.7) is stable,
too: Assuming that there exists A\g > 0 such that (2.7) holds we show that

gbi:(), 221,,N

We first take care of the nonlocal terms. Adding all equations for ¢ =
1,...,N, we get

N N N

AR ¢i) = Qo di) +puw"™ (D i)
i=1 i=1 i=1
p 1—n  [p(ZE di)uw"!

Sn+l—n  Jpuw?
Since (3.2) is stable and we have no Hopf bifurcation, we have

w? = X\o@;.

ﬁj@ = 0. (3.3)

Suppose (3.3) holds so the nonlocal terms in (NLEP) all vanish. We end
up with the following:

N
Apy — ¢ + WP g+ (p — 1) D kijpywP ™ = Aoghs. (3.4)
=1
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After diagonalizing l%ij (keeping the notation for ¢;) we get
Ay = i+ (L4 (p = D™ V)Pl = Aogh, (3.5)

Since (3.1) is stable, we have ¢; = 0. Therefore (2.7) is stable.

(2) Suppose (3.2) is unstable. Then there exists an eigenfunction ¢g # 0
with an eigenvalue g to (3.2) such that Re(\g) > 0. Now we take ¢ = ... =
ON = ¢ in (2.7) and we see that (2.7) also admits the eigenvalue \g. So
(2.7) is unstable.

On the other hand, suppose (3.2) is not unstable and (3.1) is not stable.
Since (3.2) has no Hopf bifurcations, (3.2) is stable. Then similar to (1), we

must have
N
S oi=0
i=1

and so all the nonlocal terms vanish. We are left with the following local

eigenvalue problem

N N

Agi — di +wP g+ (p— 1) Y kijw o = Aoy, Y ¢ = 0.
j=1 i=1 (3.6)

It is easy to see that (3.6) is not stable because (3.1) is not stable.

Lemma 3.1 is thus proved.

4. STUDY OF THE TWO EIGENVALUE PROBLEMS

In this section, we study two eigenvalue problems (3.1) and (3.2) derived
from Section 3. The analysis presented in this section is the key estimate for
this paper.

To study (3.1) and (3.2), we first collect some important properties asso-

ciated with the function w. We first study some local eigenvalue problems.

Lemma 4.1. (1) The linear operator

Logp :=¢ — ¢+ puP~'e,
¢ € H'(R)

has the kernel

!

Ker (Lo) = span {w (y)}
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(2) The eigenvalue problem (EVP)

925” - ¢ + wa_1¢ = 07

(EVP) { 5 HI(R)

admits the following set of eigenvalues
w1 =1, v1 = span {w},
ta = p, vo = Ker (Lyg),
M3 > p.
(8) If ur > 0, then the following eigenvalue problem

¢ — ¢+ w o+ ppwto = Ao,
MR > 07 Qb € Hl(‘R)

admits a positive (principal) eigenvalue Ay such that
_ Jr(¢)? +¢° — (1 + pp)wP™'¢”
= inf
peH (R)\{0} Jr¢*
4) Let ¢ (complex-valued) satisfy the following eigenvalue problem
( y g €ig

¢ —d+uw o+ (p— Dowr o= Ao
Re(o) <0, ¢ € HY(R), X#0.

< 0.

Then
Re()\) < —¢y < 0.

Proof: For (1) and (2) please see Lemma 4.1 of [49].
(3) follows by the variational characterization of the eigenvalues:
N2 42 p—1 42
s i An@PH S = (i
¢ H'(R),60 Jr @*
since by the last inequality for ¢ = w

fR wp+1

Jrw?P

—M < —ur <0.

To prove (4) note that
o=op+V—lo, ¢ =0r+ V=191, A\=Ar+ V1N
and write the eigenvalue problem for real and imaginary parts separately:

Or — Or + (1 + o)W ‘o — orwP " dr = A\rdr — Ao, (4.1)
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&1 — 61+ (L + 0p)w? ' or + opw? 1o = Apdr + Ardr. (4.2)

Multiplying (4.1) by ¢g, (4.2) by ¢y, integrating over R, and adding up, we
get

S0 = on+ (1 ompur 61+ [ (1601 = 6+ (1 -+ onpr o]
= AR/I%¢?%+¢%

Since in the last equation 1.h.s.< 0 we also get r.h.s.< 0. Therefore Ag < 0.
Now assume that Az = 0. Then by (2) we get ¢op = crw, ¢; = cow (with
c1,02 € R) and o = 0. But this implies A\; = 0, oy = 0 and we get A = 0,
contrary to what we assumed. Therefore Ag can not be zero and we conclude
Re(\) < —¢p < 0.
0
We are ready to study the first eigenvalue problem (3.1). We consider 6 as
a parameter. By Lemma 4.1 (3) and a perturbation argument, for || small,
there is an unstable eigenvalue A for problem (3.1), i.e. A = Ag + i\; where
Agr > 0. On the other hand, by Lemma 4.1 (4), for |§] > 7, problem (3.1)
has only stable eigenvalues, i.e. A = Ag +iA; where \g < 0. Now if we vary
0, then there must be a point 6" such that for # = 6", problem (3.1) has a

Hopf bifurcation, i.e. there is an eigenvalue A = i\;. Let us now compute
0". That is

Lemma 4.2. Let ¢ (complex-valued) satisfy the eigenvalue problem (5.1).
Then there exists some 0" with 0" = arccosor, where or is the unique zero

with 0 < or < 1 of the following polynomial

9(0) ==or((p+ Vor+p+3)°(p+1)or+2)— (p+1)(p—1)*(1 — 07)

(4.3)
such that (1) If
0] > 6",
then
Re(M\) < —¢y < 0.
(2) If

0] < 0",
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then there exists an eigenvalue X\ with Re(\) > 0.

(3) If 0] = 0", then there exists an eigenvalue \ with X\ = i\;.

Proof: We are looking for a Hopf bifurcation for problem (3.1). Therefore

we have to solve
Ap— ¢+ (1+(p—Do)u’ ¢ = (4.4)
with
A= V=1)

(i.e. the real part Ag of A vanishes) and

oc=or+vV—1lo;, |o*=o0%+0r=1.

Let

y=VItAp=1+(p—1)o,¢=u"F

Then F' satisfies

” wl ’ 2
F' +2y—F - ——y(y = 1)) w"'F =0. 4.5
+2y - F +(u (v+p+1v(v ))w (4.5)
Next we introduce the following new variable
1 w'
=—(1——). 4.6
2=501-2) (4.6)
Then
w' dz
——-1-9 p—1 _ 9 Dz(1 — — =(p—1)z(1 - 2).
L 2w =2+ 1)e(1 - 2), = (0= (1 2)

This yields the following equation for F' as function of z

21— 2)F +(c—(a+b+1)2)F —abF =0, (4.7)
where
4 —1) —(u— 1
a+b+1:2—|—77,ab:22fY(fy ) = (u 27)(]0—1— ),c:l—i-i.
p—1 (p—1) p _(h.S)

The solutions to (4.7) are standard hypergeometric functions. See [47] for

more details. Now there are two solutions to (4.7):

F(a,b;c;2), 2" “Fla—c+1,b—c+1;2 —¢; 2).
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Since by our construction, F' is regular at z = 0. At z = 1, F(a,b;¢; z) has
a singularity
I(e)'(a+b—c)
['(a)I'(b)
where c —a — b = —%. Note that since A = /1 + i\, the real part of v is

positive. So a solution that is regular at both z = 0 and z = 1 can only exist

lirr%(l —2) T Fa, by ey 2) =

if I'(x) has a pole at a or b, respectively. In other words, a =0, —1, -2, ... or
b=0,-1,-2, ..
From (4.8), we compute that

2y
a=——-«
p—1
or )
b= Q,
p—1
where « satisfies
2(p+1)
2
a“+a———pn=0. (4.9)
(p—1)?
By symmetry we may assume that a = 1%71 —a = -l >0and a =

ag + v —1lag. So we have to solve the system

0% +an — af = 21+ (p— og) = 0,

27 (4.10)
o ik l.
p —
Since we take the principal branch for v = /1 4 Ay, it follows that
a > .
Moreover we have A
o = (o= = o
which implies that
2
>+ — 4.11
ap 2 L+ p— 1 ( )
On the other hand, we have
4
=17 = (ap —1)> —aj = a% — a3 — 2lag + I?
2(p+1
= -2+ 1Var+1*+ M(l + (p—1)og).

(p—1)
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So we obtain

2 oAp+1
N (p+1)

p—l p—l O'R).

aR

By (4.11), we have

1
= (]?
LR

2 2 1
N @+)O
p—1 p—1

which is impossible unless [ = 0 or [ = 1. For [ = 1 we just recover the case
A = 0 with the eigenfunction w’ given by Lemma 4.1 (1). This clearly does
not correspond to Hopf bifurcation.

For Hopf bifurcation to occur we must have a = 0 or b = 0. In this case,

we have

2 2(p+1) B 2(p+1)

AR = , oar =
o1 =1 7 YT =D ar+ 1)

or.

Substituting this relation into (4.10) we obtain that o must be a zero of
the polynomial g defined by (4.3).

In summary, Hopf bifurcation can occur only at the point o such that
g(o®) = 0. Since such a point is unique, we conclude that for |§| < 6" =
arccos o, there is unstable eigenvalues and for |0] > 6", all eigenvalues are
stable.

O
Let us now analyze the polynomial g(og) for o = ¥ . We note that as

p — 400, the zeroes of g approach the zeroes of
go(or) = o%(dop + 1) — (1 — o). (4.12)

The zero of gg is approximately 0.3726. Thus as p becomes large, N, iica-the
critical threshold- can not exceed 6. In fact, one can compute explicitly that
in the case p > ng + 1, where ng is given by (1.20), we have g(cos(3F)) < 0
for N < 5 and g(cos(2%)) > 0 for N > 6. In the case p < ng + 1, we have
g(cos(37) < 0 for N < 4 and g(cos(%)) > 0 for N > 5. That is we have the

following corollary
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Corollary 4.3. For N < Ny, the problem (3.1) is stable, while for N > Ny,
problem (3.1) is unstable, where

5 ifp=po
and py ~ 4.35.

We next study the NLEP (3.2). We first recall the following lemma

Lemma 4.4. [61] Consider the following eigenvalue problem

Ap—¢+pw ' —~(p— 1)Ww2 = \p, ¢ € H*(R).
R (4.13)

Then if v < p, we have Re(\) < —¢y < 0 for some ¢; > 0.
From Lemma (4.4), it follows immediately we have the following

Lemma 4.5. Consider the eigenvalue problem (3.2).

(1) IfT<<1land0<n< %D. Let Ao # 0 be an eigenvalue of (3.2). Then
we have Re(\g) < —cy for some ¢; > 0.

(2) Suppose that % <mn < 1, then problem (3.2) admits a real eigenvalue
Ao with A\g > ¢o > 0 for some co > 0.

Proof:
(1). When 7 = 0, we have
p(1—mn)

=p(l—n)>p—-1
nW1l+71A+1—n (1=m)
if0<n< %. By Lemma 4.4, we must have that Az < —c; < 0. The case

7 << 1 follows from a perturbation argument.
g (2). Assume that % < n < 1. By Lemma 4.1 (3), Ly has a positive

eigenvalue p; > 0. Consider the following function

h(a) = /R (Lo — o) P~ w? .

It is easy to see that

H(@) = [ (Lo—a) 2w ™ = [ [(Lo—a) w '] > 0
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and

(}LIE h(a) = 4o0.

Next we consider the function

o) = Y 1;(1”_;)1 o1 () (). (4.14)
Note that
p(0) = — 150
p(1—mn)

since % < n < 1. On the other hand,

lim p(\) = —oc.

P

Hence there must exist an Ay € (0, 1) such that p(Ag) = 0.

It is easy to see that this \g > 0 is an eigenvalue of (3.2).

OJ

In the general case 7 > 0,0 < n < %, there are no analytic results for
problem (3.2). Fortunately, we can use hypergeometric functions and gen-
eralized hypergeometric functions to reduce problem (3.2) to a computable
problem. Such an idea has already been used in [12]. However, here we
propose a different transformation so that the eigenvalue problem becomes
computable more easily. We recall that by Lemma 4.3 (2) for 7 = 0, all
eigenvalues are stable. So if we vary 7, either we obtain stability or Hopf
bifurcation. All we need is to compute when Hopf bifurcation occurs.

Let us first introduce the so-called generalized Gauss function. Let a,as, ..., a4

and by, by, ..., b be two sequences of numbers. Consider the following series

amag..as 2 | (an+1)(ag +1)...(aa +1) 2*

1+ — 4+ .. 4.15
biby. b 1 (br + 1)(bs + 1)...(bp + 1) 21 (4.15)
ai, G2, ..., Ga |
= 4F5 z
bl, bg, . bB 3

AF'g is called generalized Gauss function or generalized hypergeometric func-
tion. For more details on such functions, we refer to [47].
Now we have the following lemma, whose proof is technical and thus de-

layed to Appendix B.
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Lemma 4.6. Let A = +/—1\; be an eigenvalue of problem (3.2). Then X is

a solution of the following algebraic equation

Bp—1)@P*=1=XNn/1+7A+1—-1n

p(p?—1) p(1—mn)
1 2 .
17 29 prl7 1% + 1 3
= 4F3 1
EVAESY VIFA 3 . .
pVLEX g pRIEA g P4 3 (4.16)

By Lemma (4.6), problem (3.2) can be solved by using Mathematica. We
will not produce any numerical results here. The readers can refer to [12] for

some numerical results.

5. GENERAL MATRIX CASE

Theorems 1.1 and 1.3 can be extended to more general matrices (k;;).

Let us consider system (1.3):
{ 0.X, = X — X, + AMYN  ky X, X", z€R,

TOM =M +1-M-MYN_k;X;X" x€R,

i7j:

(5.1)

where (k;;) is a general matrix. To ensure existence, we put the following

symmetric condition

ivj kij = kij = ko. (5.2)

Then Theorem 1.1 holds true without any change.
The main problem is the stability. To this end, we need to put an extra
assumption
(H1) [l +spec(B)] Nspec(EVP) = {p}, (5.3)

~

where B = (k;;) and the EVP is defined in Lemma 4.1.

The following is our main result on stability.

Theorem 5.1. Assume that

e<<1, e<<L, lin%LE < Ly, (5.4)
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and that assumption (H1) holds. Let (X2, M?) and (X!, X!) be the solutions
given in Theorem 1.1.

Let 0 = o +v/—1o; be an eigenvalue of (l%”) and let the polynomial g be
defined as in (4.3).

Then for e << 1, we have the following.

(1) (stability) Suppose that T << 1. Assume that o = 1 is a simple
eigenvalue and that for all o with or > 0, we have g(o) < 0. Then (X7, M?)
18 linearly stable.

(2) (Instability) Assume that either o = 1 is not simple or there ezists
o # 1 with og > 0 such that g(o) > 0. Then (X2, M?) is linearly unstable.

(3) (Instability) (X!, M!) is linearly unstable.

The proof of Theorem 5.1 is the same as that of Theorem 1.2. We omit the
details. Note that the analysis in Sections 2 - 4 deals with general matrices
ki; and is not restricted to merely the hypercycle case k;j = d; 41 modulo
N. Let us now apply Theorem 5.1 to some interesting examples.

Our first example is the following cyclical bi-diagonal matrix

l1—« o 0 0
0 11—« «Q 0
(kw):kro 0 0 l—« 0 , ko> 0.
. a (5.5)
o 0 0 1—« NN

It is easy to calculate that the eigenvalues are 0 = 1 — (1 — ezﬂjﬁ/N), j=
1,..., N and are all simple.

We substitute ¢ into the polynomial and compute the critical threshold
Neriticar- 1t turns out that N depends on both a and p: Nepipicar Will
increase of the order «v as «v increases but N,,.;;.q increases only slowly in p.
In fact, let us fix a and consider the case p — +o0o. Then as p — 400, the

zeroes of f approach the zeroes of the polynomial

go(o) := 012%(403 +1)% — o7
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which was defined in (4.12) above. Substituting og =1 — a4+ acos(f), o =
asin(f) into (4.12), we obtain the following

p(0,0) = (1 —a+acos(h)*(5 — 4a + 4cos(6))? — (1 — cos?(A)) = 0.

(5.6)
Note that for a large and af = O(1)
5
0~ —
a
which by 6 = 27 /Ny implies that
2m
Ng ~ EOK
On the other hand for p = 2 we get under the same assumptions
2
N, 2TV3.
175
In both cases the critical threshold Ny grows linearly in alpha but it is

bigger by the factor \}—115 ~ 4.39 in the first case. Thus in this case large p

changes quantitative but not the qualitative behavior of Ny. This shows a
more striking change of behavior than in the hypercycle case.

Our second example is a system with (N — 1) interactions.

0 1 1 1
1 0 1 .. 1
1 1 ... 1 0 NN

~

The eigenvalues of (k;;) are 0 = 1 (which is simple) and ¢ = 0. The small
cluster state is stable for all N independent of the rate p.

From all the previous examples, we see as a general trend that if the system
is not too much dominated by diagonal terms we have stability. Otherwise,
a parasite emerges. This means that cooperative behavior in contrast with
self-enhancement is needed to stabilize the cluster.

For large p stability in increased somewhat. We point to the second exam-
ple where the stability threshold Ny for large o grows linearly in « and large p
can improve Ny by a constant factor of about 4.39. In the case aw > 1 (which

means that the diagonal becomes negative and the off-diagonal elements are
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positive and bigger than the diagonal), this describes self-inhibition coupled

with cooperative enhancement and leads to particularly good stability.
Furthermore, the second and the third example indicate that coupling

between more and more different components X; also improves stability.

Note that in the last example the system can be arbitrarily large.

6. DISCUSSION

We have studied a general system of N +1 equations with nonlinear rate n
describing the interaction of N polymer species which catalyse each other in
a hypercyclic way and are all composed of the same type of monomer. In the
special case N = 1, n = 1 the system reduces to the well-known Gray-Scott
System.

We study the case of single-cluster solutions in the whole 1-D space. These
are in some sense the simplest concentrated solutions in 1-D. This case ap-
pears to be relevant if the early biochemical reactions take place in very thin
lines for example on the edges of rocks.

Besides the existence proof we provide the first rigorous results on stability
for cluster states of a hypercyclic system with nonlinear rate. Namely, we
establish the exact threshold between stability and instability in terms of
the system size and the nonlinear rate n. It is shown that as n < 3.35,
the stability regimes extends exactly in the range N = 1,2,3,4. If n >
3.35, the stability regime extends to N = 1,2,3,4,5. This shows that the
maximum critical threshold for hypercycle system with nonlinear rate is 5.
This result might be important for making predictions about the outcome of
experiments in biological applications and also for the testing of the validity
of the models used. Furthermore, now a comparison of this theoretical result
with numerical computations becomes possible.

We have also studied reaction-diffusion systems with nonlinear rate and
general connection matrix (k;;). There we have observed that the nonlinear
rate can help increase the critical threshold N,i;icq; When there is large self-
inhibition (Example 1, Section 5). We show that large self-inhibition and to

some lesser extent large n can help stabilize large reaction system.
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So how can very large systems be stabilized?

One possibility is to increase self-inhibition and the nonlinear rate, as in
Example 1, Section 5.

Another possibility which is frequently observed in nature is by the forma-
tion of a block-diagonal structure. Then, since the spectra of different blocks
are independent, they can for example be chosen as small hypercycles which
are stable up to size 5. On the other hand, by assembling a large number of
blocks the system can become arbitrarily large and still be stable.

In fact, it is much simpler to create systems which display block-diagonal
structure with only a few interactions than systems with many components
catalysing each other. Therefore block-diagonal structures are frequently
observed and are very important for natural phenomena.

Finally, let us recall attention to the point made in the introduction nu-
merically it is known that parasites may destroy stable cluster states. Our
results complement the picture by the rigorously proved fact that even pure
cluster states may turn unstable if they become two large. This implies that
the hypercycle although it has some very preferable properties (see the be-
ginning of the introduction) on the other hand it has an inherent instability
behavior which may be an obstruction to the evolution of large biological
systems.
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Grant from RGC of Hong Kong. MW thanks the Department of Mathemat-
ics at The Chinese University of Hong Kong for their kind hospitality.

7. APPENDIX A: PROOF OF LEMMA 2.2

We prove Lemma 2.2 in this appendix.

(1). Recall that Ly = A — 1 + pwP~'. It is easy to check that w'ey €
Ker (£). All we need to show is that the dimension of Ker (£) is at most 1.
To this end, let ¢ € Ker (£). We first show that the nonlocal term vanishes.
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In fact, summing all the equations together, we obtain

N p—l
A p1 p(1—n) Jrw (X = 1¢J) WP — 0.
S;qb] Z(b’ o le% Bon+1-n Jpw?
That is
N
Zgb]—cw Z F— cw) —I—pwplng]—cw)—o
j=1 j=1 (7.1)
where

) w5 0)
Bon+1-=1n Jpw?
By Lemma 4.1 of [49]

N
> ¢; — cw € Ker (Ly).
j=1

So we have

/wp 1Z¢J—cw ) =0.

Substituting this into (7.1) we get

N
/ wp_l Z ¢j =0,
R e

since
1—
Bom+1—mn
Thus the nonlocal term vanishes and we obtain the following system of
equations
N
Agy — ¢ +wP 1, + Z wP g =0, i=1,.. N,

After diagonalizing l%ij, we obtain

Agi — ¢ +wP g + (p— V)ow? 1 = 0 (7.2)

2mjv/—1
where c =e~~ 7 =1,...,N.

Consider the following eigenvalue problem

. gb + wailgb = 07

¢ € H'(R). (7.3)

(EVP) { ¢
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It is known (see Lemma 4.1 of [49]) that (7.3) admits the following set of

eigenvalues
=1, po = p, pz > p.

Since o is complex for j = 1,..., N —1 , this implies ¢; = 0,i = 1,..., N — 1.
Together with the fact that Zfil ¢; = 0, we conclude that ¢; = 0,2 =1, ..., N.

In conclusion, we have proved that except for one ¢ € {1,... , N}, where
¢; € Ker (Ly), for all other ¢ € {1,... N}, ¢; = 0. This implies that the
dimension of L is at most 1.

This finishes the proof of (1).

(2). To show that L is invertible from Kot — Ky?, we just need to show
that the conjugate operator of £ — denoted by L£* — has the kernel Ky. In
fact, let ¢ € ker(L*). Then we have

N
Api — ¢ +wP i+ (p = D™ Y ki
j=1
B p(1—mn)  Jgpuw? >N i1 "‘Z )wp_1
N(Bon+1—n) Jrw?
Summing all the equation together, we have

N N
A . — b p—1 - p(l—n) [puw” Y b Wl —0
§¢ it izz1¢ Pon+1—n  Jpw? (7.4)

Multiplying (7.4) by w and then integrating over R, we obtain

(1— p(li_ /wpz¢z—0

Bon+1—n

Since % # 1, we have that

N
/pr;(b,-:().

That is the nonlocal term vanishes. The rest of the proof of Theorem 2.1 is
similar to (1) since spec(l;‘ij) = spec(l%ji).
0
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8. APPENDIX B: PROOF OF LEMMA 4.6

In this appendix, we show how problem (3.2) can be reduced to (4.16).
Let 4Fp be defined by (4.15). An important property of 4Fp is the fol-

lowing integral property, whose proof can be found in [47]:

ai, G2, ..., G4, C,
A+1FB+1 z (81)

bl; bZa tety va d ;

ay, Qag, ..., Aa ;|
I'(d) /1 -1 d—c—1
S T tz bt
L'(e)l(d —c¢) Jo b by by
Let
2(1 —mn)

f()\):nm—i-l—n

and w be the unique solution of (1.6). It is easy to see that

/ 2
w:—\/w2— wP + 1.
p+1

Let us first solve the problem

Apo — do + pwP g = wP + Ao, o € H*(R). (8.2)

Since w is an even function, we may assume that ¢ is an even function as
well. Let us denote the variable by ¢. Note that ¢ is unique.
Set
P=vV1+)\,
where we take the principal branch of v/1 + .
Then it is easy to see that problem (3.2) becomes

1 - wap,1¢0 - f0+oo’wpil¢odt

= = 8.3
T w  ewd &
Let us first set
qbo = wPG.
Then by some simple computations, GG satisfies
d? ’ P
7G+2P£§—l—(p— —— (1 +2P)w G = w. (8.4)

dt? w dt p+1
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Next we perform the following change of variables

z=——wlh (8.5)

Note that w(0) = (pTH)P%l and so z is a homeomorphism from [0, 4+00] to
0, 1].

(We remark that here we take a different transformation as in [12]. Our
transformation can be considered as a quadratic transformation for hyper-
geometric functions.)

By some lengthy computations, we obtain the following equation for G(z):

1 (p+1)%2%,1

2(1=2)G" 4 (c—(a+b+1)2)G —abG =

(p—1)2" 2 (8.6)
where
P 200 — 1 2P
a:j7 :M7 C:1+7. (8'7)
p—1 2(p—1) p—1
To solve (8.6), we take a power series
+oo
G(z) =2°> 2"
k=0
and substitute it into (8.6). We obtain that
+oo
e s+ k) (s+k—1+c¢)
k=0
io s+ k+a)(s+k+b) Lt lyesf et
— ) (s a)(s = A
k=1 (p - 1)2 2
So
P —« 1 p+1 p-p
1= 1 Cl4e) = =
s o . cos(s +c) (p—1)2( 5 )PT,
cR(s+k)(s+k—14c¢c)=cha(s+k—14a)(s+k—1+D).
By regrouping the coefficients, we have that
1. L 2p_
1 + 1. p-P p-p T p-1 ,
G(z) = P Pg(p 5 )Pz T3y z
-p +P
P, 24 (8.8)
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Now we can compute

+o0 1
/ wP g :/ wP PGt
0

0

p+1 /1 p—14+P—p+1 _1
=—— G(z)(1—2)"2d
S0 —1) w (2)(1 — 2)"2dz
_ (p+1) (p+ 1)17%1
- 00— P 2
2 .
1, N 1’ %’ p—pl )
></ 21 (1 — z)723F, z pdz.
0
PT L ML
By (8.1), we obtain that
+o0
/ wedt
0
p+1 (p+1) plF(Z%‘i‘l)F(%)
20— (P> - P?)" 2 L2 +3)
2 :
17 %7 p_p17 p%l +1 )
x o Fy 1Yy (8.9)

—P +P
P+l B+l B+

N

On the other hand, it is easy to compute that

—+00 p+1 1 _ 1
vt = S [ (1 )
/0 w S —1) v (1 —2)"2dz

_p+1l p+1 %1*1F(1%)F(%)
T 2(p— 1)( 9 )P m. (8.10)
By (8.9), (8.10) and (8.3), we obtain (4.16).
]
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