ON THE TWO DIMENSIONAL GIERER-MEINHARDT SYSTEM WITH
STRONG COUPLING

JUNCHENG WEI * AND MATTHIAS WINTER 1

Abstract. We construct solutions with a single interior condensation point for the two-dimensional
Gierer-Meinhardt system with strong coupling. The condensation point is located at a nondegenerate critical
point of the diagonal part of the regular part of the Green’s function for —A+1 under the Neumann boundary
condition. Our method is based on Liapunov-Schmidt reduction for a system of elliptic equations.
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1. Introduction. We study the Gierer-Meinhardt system (see [14]) which models bi-
ological pattern formation and can be written as follows (already suitably scaled)

Ay=AA—A+4., A>0 inQ,

(GM) THy=DAH-H+ 4., H>0 inQ,

0A _ OH __
m—ay—o on 0f).

Here, the unknowns A = A(x,t) and H = H(x,t) represent the concentrations at a point
x € Q C RN and at time ¢ of the biochemicals called activator and inhibitor, respectively;

o, . 2 . . .
€, 7, D are positive constants; A := Zjvzl % is the Laplace operator in RY; Q is a smooth
j

bounded domain in RY; v(z) is the outer normal at # € 9Q. The exponents p,q,r,s are
assumed to satisfy the conditions

N+2 p—1 r
A) 1 —_— > d —
(A) <p<<N_2>+,q>0,r>0,s_0,an 0< . <S_~_1

where (£2), = JE2if N > 3; = 400 if N = 1,2.

In numerical simulations of the activator-inhibitor system (GM), it is observed that,
when the ratio €2/D is small, (GM) seems to have stable stationary solutions with the
property that the activator concentration is localized around a finite number of points in Q.
Moreover, as € — 0 the pattern exhibits a “point condensation phenomenon”. By this we
mean that the activator concentration is localized in narrower and narrower regions around
some points and eventually shrinks to a certain set of points as € — 0. Hereby the maximum
value of the inhibitor concentration diverges to +oc.
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2 J. WEI AND M. WINTER
The stationary equation for (GM) is the following system of elliptic equations:

EAA-A+4.=0, A>0 inQ,

(1.1) DAH-H+4:=0, H>0 inQ,

0A _ 0H __
W_W_O OnaQ.

Generally speaking system (1.1) is quite difficult to solve since it does neither have a
variational structure nor a priori estimates. One way to study (1.1) is to examine the so-
called shadow system. Namely, we let D — +oo first. It is known (see [23], [31], [34], [39])
that the study of the shadow system amounts to the study of the following single equation:

EAu—u+uP =0, u>0 inQ,
(1.2)
gu =0 on 0Q.

Equation (1.2) has a variational struture and has been studied by numerous authors. It
is known that equation (1.2) has both boundary spike solutions and interior spike solutions.
For boundary spike solutions, see [5], [9], [15], [17], [22], [29], [30], [31], [39], [44], [46], and
the references therein. (When p = %, N > 3, boundary spike solutions of (1.2) have been
studied in [1], [2], [3], [12], [13], [27], etc.) For interior spike solutions, please see [4], [6], [18],
[21], [40], [41], [45]. For stability of spike solutions, please see [7], [19], [32], [42] and [43].

In the case when D is finite and not large (this is the so-called strong coupling case),
there are only very few results available. For N = 1, one can construct spike solutions for all
D > 1. See [37]. In higher dimensions, as far as we know, there are no results, yet. (See [8],
[28], and [34] for the study of related systems.) In this paper, we consider the case N = 2
since it has a particular asymptotic behavior.

Remark. Our approach does not work for dimensions N > 3 due to a different asymptotic
behavior of the Green’s function of —A + 1 with the Neumann boundary condition.

From now on we suppose that N = 2. For simplicity we let D = 1.

We construct solutions with a single interior condensation point. It turns out that the
condensation points in this case are different from those in the shadow system. We need to
introduce some notation. Let G(P, z) be the Green’s function of —A+1 under the Neumann
condition, i.e., G satisfies

—AG+G=0p inQ

)

%—5:0 on 0f)

where dp is the Dirac delta distribution at point P. It is also known that
G(P,z) = K(|Jxt — P|) — H(P,x)

where K (|z|) is the fundamental solution of —A + 1 in R? with singularity at 0 and H (P, z)
is C2 in Q. It is known that

(1.3) K(r)=—logr — u+ O(r) for r small.
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We call h(P) := H(P, P) the diagonal part of H(P,z).

We have

THEOREM 1.1. Let Py € Q be a nondegenerate critical point of h(P). Then for €
sufficiently small, problem (1.1) has a solution (A., H.) with the following properties:

(1) Ac(z) = 3/@‘1)(11;(“7%1’6) + o(1)) uniformly for x € Q where & > 0 will be deter-
mined later, P. — Py as € — 0, and w is the unique solution of the problem

Aw—w+wP =0, w>0 inR?
(1.4)
w(0) = maxyepz w(y), w(y)— 0 as |yl — oo.

(2) Ho(z) =&(1+ O(@)) uniformly for x € Q.

(3) €77 = (14 o(1)log L [ w0
Remark. Tt is known that the solution w to (1.4) is radial, unique and decays exponentially.
(See [16], [24].)

We now outline the proof of Theorem 1.1.

Our method is based on Liapunov-Schmidt reduction which was used in [11], [35] and
[36] to study semi-classical solutions of the nonlinear Schrédinger equation

h2

(1.5) ?AU—(V—E)U—%U”:O
in RY where V is a potential function and E is a real constant. Namely, in [11], [35] and [36]
solutions of (1.4) are constructed near a nondegenerate critical point of V' provided that h is
sufficiently small. Later this method was used in [17], [18], [41], [44], [45], [46] to construct
spike solutions for (1.2).

Here we face a system of elliptic equations. Therefore the process is more complicated.
To lay down the basic idea of our proof, we let

Ae = 53/(”71)1‘19 He = fsf{e
where & is to be chosen later. It is easy to see that system (1.1) is equivalent to the following

eAA, — A+ AP/HI =0 in Q,

(1.6) AHE—FIE—kceA:/FIj =0 in €,
where
o —(s+1)
Cce = &L .

We fix a point P € ). We rescale
A(y) =A(P+ey), z=ey+P, yeQ.p:={ylP+eyecQ}

Then as e — 0, if we assume that H (P + ey) — 1 in L2, (R p), we have that A, — V(y)
where V satisfies

AV -V 4+VP=0, V>0 inR?

V(0) = max,ere V(y), V € HY(R?).
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By a uniqueness result it is known that V' (y) = w(y) where w is the unique solution of (1.4).
(See [16], [24].) Hence

Ac(y) ~w(y).

(Here and thereafter A ~ B means A = (14 0(1))B as € — 0 in the corresponding norm.)
To ensure that H.(P + ey) ~ 1, we note that

_ 2 —(s+1) AL (x
H.(P) :/QG(P,:U) e H'S((a:))dx

€

ar(s+1) AT(y)

:eQ/ G(P, P + ey)&l —
o ( y)€ T

(by (1.3), K(r) = —logr — p+ O(r) for r small)

AT _(s 1
€ JR2

This suggests that we take

AT __ (s 1
&t (H)ezlogf/ w"(y)dy ~ 1.
€ JR2

Hence we should look for solutions of (1.1) with the following properties

A=A Ady) = w(y) + 6cy),  de~0
where y = e P and |P. — Pyl =0(1) as € — 0,
€

He = geﬁea He(x) =1+ ¢e($)7 we ~ 07

and

qr

—(s 1
&t (H)teogf/ w"(y) dy ~ 1.
RZ

€

There are three main difficulties: First, w(x%Pe) does not satisfy the Neumann boundary
condition. Second, the linearized problem arising from (1.4) has the N-dimensional kernel
span{g—;‘i, cee %—I]"v}. Therefore, if we linearize system (1.6) at (w(£=£),1) the linearized
operator is not uniformly invertible with respect to e. Third, we have two scales: (log %)’1
and e. They are simply incomparable.

The first difficulty can be overcome by introducing the following projection: Let U C R?
be a smooth and open set. Suppose that W € H'(R?). The projection Py W is defined by

PuW =W — QuW where QuW satisfies

AQuW — QuW =0 in U,
(1.7)
QQuW _ IW o JUJ.

ov ov
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The second difficulty is overcome by first “solving” (1.6) module approximate kernel
and cokernel, respectively. Subsequently we use the nondegeneracy of the critical point of
h at Py to choose P. near Py such that the finite-dimensional part lying in the approximate
cokernel vanishes.

The third difficulty can be managed by choosing suitable approximate solutions.

From now on, we work with (1.6). The main points of the proof of Theorem 1.1 and the
organization of this paper can be described as follows:

A)-Choose good approximate solutions.

We first study the solution (A (), He (), ce,p) of the following problem

2 AP _ 2
€AA—A+W—O, xER,
AT
(1.8) AH — H+ Ceu THG) =) = 0, ze€R?

H(0) =14 O0(:-11 4 p)

log ¢

where p is small.
Next we choose p := p.(P) so that

(1.9) i = Qa(He (- — P))(P).

Set

Acp(x) :=A. . (py(x—P), Hep(x):=H., px—P),

)

5 —(s+1 -
Ce = &P T ( )7 Ce,P = Ce,pu (P)-

We now choose our approximate solutions:
(110) Ae,P(y) = PQe,PAe,P(P + ey), He,P(l') = PSZI—:’E,P(:E)'

Set

¢ep(y) = Acp(y) — Acp(y), ep(x):=He p(z)— Hep(z).
It will be proved that o p(y) = O(e~“PID/¢) for ae. y € Q. p and ¥ p = é(H(P, z)+
0(1)) uniformly with respect to x € Q. ’
We will analyze A. p and H, p in Section 2 and Section 3.
B)-The idea now is to look for a solution of (1.6) of the form

Ae(P + Ey) = AE,P(y) + ¢(y)7 ﬁe(‘r) = HE,P('CI’.) + 1/’(55)

We will show that, provided P is properly chosen, ¢ and 1 are expected to be insignificantly
small.

We now write system (1.6) in operator form.

For any smooth and open set U C R2, let

W U) = {u e W“(Uﬂa—z =0on dU}, H%(U)=Wg*U).

0
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For A(y) € H%(Qc.p), H(z) € WJ%,t(Q) where 1 < ¢ < 1.1. (We need ¢ > 1 so that the
Sobolev embedding W2*(Q) C L*°(Q) is continuous.) Set

g A B S1(A, H)
‘\m So(A, H)
where S1(A, H) =AyA— A+ AP/H?, Sy(AH)=A,H—-H+c pA"/H".
Then solving equation (1.6) is equivalent to

A 2 2t
(1.11) S| o, | =0 Ae H2(Qep), HeWZ(Q).

We now substitute A = A, p(y) + ¢(y), H = Hp(x)+¢(z) into (1.11). The system
determining ¢ and i can be written as

1 2 2
Acp ¢ n E; p n Olll9l72(q, py + 1917 @)

Se
Hep (4 EZp 01911720, 0y + Y12, ()

where E! p,i = 1,2 denote the error terms and E! p = S1(Ac,p, He p), E? p = S2(Ac.p, He p).
We will estimate the error terms in Section 3.
It is then natural to try to solve the equations for (¢, ) by a contraction mapping argu-

e, P

He,P

ment. The problem is that the linearized operator S’ is not uniformly invertible

with respect to e.
Thererefore, we now replace the above equation with

o Aep ¢ N El!p N 0191172 (. py + %117 () _ [ ver
H.p P Elp (||¢HL2(Q€p + 19017, ) 0

(1.12)

where v, p lies in an appropriately chosen approximate cokernel of the linear operator

r—1
qr fQE,P AE,P :

r €,P’
s+1 er,P Al p

Loi=A,—1 erAfy}lH;IZ -

Lc: H*(Qcp) — L*(Qc.p)

and ¢ is orthogonal in L?(Qc p) to the corresponding approximate kernel of L.

C)-We solve (1.12) for (¢,1) module the approximate kernel. To this end, we need a
detailed analysis of the operators L. and S;. This together with the contraction mapping
argument is done in Section 4.

D)-In the last step, we study a vector field P — W (P) such that W.(P) = 0 implies
ve,p = 0 (and hence solutions of the system (1.6) can be found). To discuss the zeros of
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P — W, (P) we need very good estimates for the error terms EE1 p and EE p- Much of Section
3 is devoted to this analysis. With a good estimate of Eg p,1 = 1,2, we discover that under
the geometric condition described in Theorem 1.1 there is a point P, in a small neighborhood
of Py € Q such that W(P,) = 0. This will complete the proof of Theorem 1.1 and is done
in Section 5.

Finally, we remark that the stability of the solutions constructed in Theorem 1.1 should
be related to the matrix (V;V;h(Fy)). This will be studied in a forthcoming paper.

Throughout this paper, we always assume that P € B,.(Fp) for some fixed small number
r > 0. We shall frequently use the following technical lemma.

LEMMA 1.2. Let u be a solution of

Au—u+ f=0 1in €, %:O on 0f).
Suppose
F@)] < me ™5

for some a > 0. Then if € > 0 is small enough we have

1
(1.13) lu(P)| < Cine*log o
and
- P
(1.14) |u(P) — u(z)| < Cone?log (|x| + 1)
€

where C1 > 0,Co > 0 are generic constants (which are independent of € > 0 and > 0).
Proof. By the representation formula we calculate

u(x)z/QG(x,z)f(z)dz
and

w(P) = /Q GRSz =€ [ GP.P+enf(P+ ey

1
< 017762 log —.
€

Similarly we can obtain (1.14).
O

2. Study of the Approximate Solutions. In this section, we define a good approx-
imate solution and study its properties. We will use the implicit function theorem and
perturbation arguments. To this end, it is essential that we have the following important
lemma.

LEmMmA 2.1.

The operator

r—1,
qar fR2 w w?

L:=A-1 =l _
+ pw s+1 fszr
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with w defined in (1.4) is an invertible map from H2(R?) to L2(R?), where H2(R?) (L2(R?))
is the subset of those functions of H*(R?) (L2(R?) which are radially symmetric.
Proof. We just need to prove that

kernel(L) N H2(R?) = {0}, kernel(L*) N H2(R?) = {0}

where L* is the conjugate operator of L.
In fact, let Lo = 0 for ¢ € H2(R?). Then we have

qr fRz ’U}T_l(b
p—1)(s+1) [pw"

Lo(¢ — w) =0

g r—1
where Lo := A—1+pwP~!. By Lemma 4.2 of [30], ¢— CESeEsY) w0y, — Multiplying

.[RQ w”

this equation by w"~! and integrating over R? we see that

/ w g =0.
R2
Since C

=13 > 1 we conclude ¢ = 0.
Next we claim that kernel(L*) N H2(R?) = {0}. Let ¢ € H2(R?) be such that L*¢ = 0.
Namely we have

qr [ wPe .,

= 0.
s+1 [pow”

(2.1) Lo¢ —

Multiplying (2.1) by w and integrating over R?, we obtain

qr
—1— Pih— )
(p 3+1)/1%2w¢

qr
s+1

Since p — 1 — < 0 we get

/ wP¢ = 0.
R2

Hence Ly¢p =0 and ¢ = 0.
O

We now study the following system
2 AP _ 2
GAA—A—F(H_QQW—O, .IER,
A
(22) AH — H+CE’PW = 0, x € R2,

H(P) =1+ O(551)-
We have
THEOREM 2.2. For e << 1, there exists a unique solution (flgp(:r),HE,p(x),cE,p) of
(2.2) with the following properties:
(1) A p(x) and He p(z) depend on |z — P| only;
(2) Acp = (14 o(1))w(2E);
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(3) Hep(0) = 1+ O3k

(4) H.p(z) = i K(lo = Pl) + gexJer(lv = Pl) for |a] > & where op = 1+
o(1), Jep(lx—P|), Videp(lz—Pl)=0(1).
Proof of Theorem 2.2. The proof is divided into the following steps:

STEP 1. We first look for radially symmetric solutions (A, He u, ¢c ) of the following

parametrized equation

Ap
EZAA7A+WZO, :ZZGRz,

(2.3) AH - H+copis =0, ©€R?,
A(z) = A(lz]), H(z) = H(jz]), H(0)=1+O0(T +n)

log <

for 0 < p << 1.
Problem (2.3) can be solved by the contraction mapping principle. We first need suitable
approximate solutions. We note that the problem

AyA—A+ 25 =0, ye R,

2.4 -
(2:4) AgH — H+ cepoioms =0, x € R?,

x = ey, Aly) = A(lyl), H(z) = H(|z|), H(0) =1

has a unique solution (A¢ ,,0(y), He,p,0(2), cep0) for 0 < p << 1. In fact, it is well-known
that (for given p small) the first equation has the unique positive solution Ac, o(y) =
(1 — p)?/ @Dy (y) with maximum at 0 and decaying to 0 at infinity (compare equation
(1.4)). Tt is also easy to see that for given p and A € H?(R?), the second equation has a
unique solution H , o(z) € H*(R?) (note that the nonlinearity is concave). To ensure that
H ,.0(0) = 1, we just need to choose c 0. In fact, by the standard representation formula

- —s r(?
Hepole) = [ Kll=2l)cepun (1 = 0 70D 0oy = 0" (2)

Taking z = 0, we obtain

1 z -1
— (1 _ ,,\s—ra/(p—1) - r(z
Ceno=(1— 1) ([ 5b+ O +myer (2) a:)

€

-1
=1 —p) /el (62(1 +O((log %)‘1 + 1) /Rz K (ley)w” (y) dy)

—(1 —M)S*’“q/(p*”m (/Rz o (3) dy)_l Lo <m>
as € — 0.

(Here we have used the fact that (by Lemma 1.2)

1 x— P
Hepo(#) — Hepno(0)]) < O——log (B2 14
log = €

€
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for some generic constant C' > 0.)
Using the ansatz

Aeu(y) = Acpo(y) +acu(y),

He (@) = Hepuo(2) + he (),

and inserting it into (2.3) (with ¢, = ce ,0) gives us

p
Ae,;uO (A0 + acp)?
Ayey — ey = -

(1 - M)q (HE,N,O + he,y, - M)q,

AT A T
Azhe,u - he’u = ce’/i,()#’o — Ce,pu,0 ( e F ae”u) .
(H671L70 - :U‘)s i (HE,,U,,O + he,p, - ‘u)s

The first equation can be rewritten as follows:

1
A a —a + pAf,u,Oa’€7M _ qu,u,Ohva =e;
e ) L O L

where

(Ac0 + ac)? _ (A0 + e pn)?
(1+ he o — )1 (He 0 + he o — )4

e =

P p—1 P
(Aeyu,O + ae,u)p Aeyu,O pA€7#70a€7“ quyu,Ohev#

(Ithe,—p)?  (L—pe  (I-p?  (L—p)tt

[his implies
=0 (|a 2 + O (|| he () |2 +0 —1 +
||€1(y)||[2(R2) | Eyﬂ(y)H[Z([#) (Il e,,u( )H[ (Q)) (1 1 )

For a given a. ,, we can solve the second equation directly since the nonlinearity is concave.
Moreover, we have that h. , satisfies

r—1 r
TAQM,OG‘Q,U« SAe,u,0h€aM

Aghey —hey+cCep7—"""—" —Copr—"— 7
" g g (HE,;L,O — p)* : (He,u,O — p)stt

:e2

where

ey =c¢ szlho —c (AE,/L,O + ae,p.)T
M (Hepo — )" (Hepo — p)®

r—1 T
TA&,M,OG’EJ—L SAe,/L,OhEvM

+Ce,u (He,u,o - ,UJ)S - CE’M (HE7H7O - :U')s+1 '

This implies

leallz2(rz) = Ollaculiz(a2)) + OUlheullZoe o) AT 0 22 (r2))-
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Thus by Lemma 1.2

1

heu(x) = he ,(0) + O(@)

and

rA’ " q sAT oh
he ,(0) = K(z)|ce Lie’”’o on — Ce T epbTor + O(||lac,|1?
w0 = [ K@l oot — o o4 Ol )

1
= o [ P14 O +10)
R2 ge

e pshen(0 / A7 01+ 0 1+u»+om%ﬂm%m>

So

r fA:joae,u
s+1 [AT 0

he =
(0) Ol

1 2
T 1) + O(llac,ullz2(r2))-
€

Substituting this into the first equation, the equation for a. , becomes

—1
A a —a + pAe M, OaE B qrAe NTR) fR2 AZ,,LL,OCLEM
R TR e (s+ D)1= p)att [ AT L

1
= €1+ Ol +19)+ OllacslFars)

in L2(R?).
By Lemma 2.1 and a perturbation argument for e << 1,4 << 1, the equation for ac .
can be solved and the solution is unique. Thus we have obtained a solution to (2.3).

STEP 2. We choose p such that
(2.5) = Heu(0) = Po(He,u(- — P))(P).

To this end, we note that this is equivalent to

= [ (KD = GUPP ) e (Honte) =4, (2)

—S T Z
= | HP P e (Henle) = )AL ()

= (P Pleay | (Houl2) = )AL, ()i

z

+0(6) [ elec(Hep() = "4, G
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]
mapping principle, (1.9) has a unique solution p = p(P).
We further calculate

Since cey [ (He pu(2) —p) AL (2)dz = H;;(j), it is easy to see that by the contraction

as € — 0.
Let now

~ A

Acp(x)=Ac(x—P), Hep(x)=Hepu(vr—P), cep=cey

where p := u.(P) is given by (1.9).
It is easy to see that (1), (2) and (3) of Thorem 1.1 are satisfied. It remains to prove
(4). We have for |z| > ¢:

) @ Jrn Ko — P = ey) 2522 dy

7 S K (leyl) 7) dy

B 1;:1 [K(lz = Pl)+0(e)), op=1+0(1)

as € — 0.
This implies Theoreom 2.2. O

3. Estimates of the Error Terms. In this section, we give some preliminary esti-
mates. These will be used in the later sections.
Recall that we choose our approximate solution as follows:

Aep(y) =Po, pAcp, Hep(x)=PoH. p().
Note that in this case
p= QqH. p(P).
Also recall that
@e,p(y) = QQE,PAE,P =Acp—Acp, Yep(x)=QoH.p=H.p— H.p.
We note that ¢, p satisfies

Ay@e,P — Pe, P = 0 in Qe,Pa

0pe,p . aAe,P _ —d(P,09) /e
- O(e ) on 99 p.

Hence

(3.1) Ipe.pllm2@, ) = Oe™ PN/,
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By Theorem 2.2 we have

A:,P(Z/)
Jo.r G@ P+ ) (e e (P W

PoH, p(z) = =
f . K(ley]) #dy
R (He, p—pe(P))®

This implies

Ye,p(x) = Hep(x) = PaH. p(x — P) = W[H(%P) + O(e)]
or, equivalently,
(3.2) Yep(z) = 11+70(11)H(P, ) +0 (61) .
og = log =

By (3.1) and (3.2), we see that the term involving ¢, p can be neglected. This is what
we will do in the later sections.
The reason for choosing A, and H, p as we did lies in the two following estimates:

P

Ae P
Sl(A€7P, HE,P) = AyAe,P - Ae,P + sz
e, P

(AE,P - QPE,P)p N (AE,P)p
(IA{e,P - 1ﬁe,P)q (ﬁe,P - Qpe,P(P))q

= O(e™ "IV 4 (A p)P[(Hep — Yep) " = (Hep — e, p(P) 7] (by (3.1))

= 0 POV — Ao () = b (P) + O AL p)
for a.e. y € Q p. Similarly we have
SQ(AE,P7HG,P) = AIHE,P - HE P+ Ce, PHS
= O(e_d(RaQ)/E) - Sce7P(Ae,P)T(]:Ie,P)_S_1(we,P(x) - we,P(P)) + O(Ce P<1 og 1 )2A:,P)

for a.e. x € Q.
We have thus obtained
LEMMA 3.1. We have

Si(Aep, Hep) = O(e™ PO —g(Acp)? (Her) ™ (ep (@)= bep(P)+O((o 1P AL )
(3.3) ‘
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for a.e. y € Qe p.

SQ (Ae’p, Heyp) = O(e_d(P’aQ)/e)_SCG,P(AE,P)T(He,P)_S_l(we,P(‘r)_wE,P(P))—FO(Ce,P(éFA

1
(3.4)
for a.e. x €.
Hence

€

(3'5) ”Sl(AE,P,HE,P)||L2(QG,P) = 0(10 i )7
1 1

(3.6) 1S2(Ae.p, He p)ll Lt () = O ~H(—5)%)

log ¢

foranyl <t <1.1.
Proof. By direct computation. O

4. The Liapunov-Schmidt Reduction Method. This section is devoted to studying
the linearized operator defined by

Lep: H3(Qep) x W' (Q) — L¥(Qe. p) x L)

where 1 < ¢t < 1.1 is a fixed number.

Set

0Acp, .

K. p :=span { Ay =1,...,N} C H}(Qc p),
OP;

OAcp, .

Ce.p :=span { P j=1,...,N} C L*(Q.p),
f Ar—l'
Loi=A—14pAPtg—a 4" Mer7cl 4p
+p e,P "¢, P s+1 fQEPAQP e, P
and

R . 1 1
Lepi=mepoLle: Kip—Clp

where 7 p is the projection in L?(Qe p) onto C’G{-P.
We remark that since A, p(y) = (1 + O(@))w(y), it is easy to see that

lep:=mepo(A—1 —|—pAf;,1) : Kip — C’ép
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is a one-to-one and surjective map. For the proof please see the proof of Propositions 6.1-6.2
in [41].

The following proposition is the key estimate in applying the Liapunov-Schmidt reduc-
tion method.

PROPOSITION 4.1. For € sufficiently small, the map L p is a one-to-one and surjective
map. Moreover the inverse of L. p exists and is bounded uniformly with respect to e.
Proof. We will follow the method used in [11], [35], [36], [41] and [44]. We first show that
there exist constants C' > 0,€ > 0 such that for all € € (0, €),

(4.1) [Le,p®|2(0. ) > Cll®l 20, p)

for all ® € Ke{-P.
Suppose that (4.1) is false. Then there exist sequences {ex}, {Pi}, and {@r} with
P, e, ¢pc K- p, such that

€k

(42) ||L6k7pk¢k'||L2(Qek,pk) — O,
(4.3) ||¢k||H2(QEk,pk) =1, k=1,2,....
Namely we have the following situation
A’l"*l ¢k
1 _ qr er P, "€k Pr

(4.4) Ay = dr+ pAL p Hlp O = fk AL b = e

Qe,,p, €k, Pr
where

1 fellz2(., by — 0

(45) d)k S K:;,Pk, ||¢k||H2(Qek,Pk) =1.

We now show that this is impossible. Set A, = A, p,, Q% = Qe, P, -
Note that

H., p,=1+0(1) in L>(Q),

Thus we have

Ak) = fk + O(l) in Lz(Qk)

_ p—1 _ qr fﬂk A271¢k
e A SRA P} T R N T

Since the projection of Ay into K., p, is o(1) in H?(€) and the operator
-1
Ay —1+pA}
is an one-to-one and invertible map (with the inverse bounded uniformly with respect to €)
from K:L,Pk to C’j}-mpk, we have

qr ka Azilgbk
(s+1)p-1) ka Al

(4.6) b — A = o(1) in H* ().
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Since 1, (4.6) implies that

qr
P-DGF) ~
Px 2 (02,) = o(1)-

A contradiction !

Thus (4.1) holds and L, p is a one-to-one map.

Next we show that L. p is also surjective. To this end, we just need to show that the
conjugate of Le p (denoted by L? p) is injective from Kt p to CEL)P.

Let L} po € C’QP, ¢ € KQP Namely we have

qr er,P AS,P(b

4.7 Ay — AP H 0 —
( ) y(b ¢+p e, P e,P(b s+1 erpA?P

—1
A:,P € Cep.

We can assume that ||¢||H2(QG,P) =1.
Multiplying (4.7) by Ac p and integrating over €. p, we obtain

1) [ Ateo=ol)

or, equivalently,

/SPA P¢—0()

Hence ¢ satisfies
Ayb— o+ pAL S H o +0(1) € Cop, ¢ Klp

which implies that ||@|| g2, ») = o(1). A contradiction !
Therefore L p is also surjective.
O

We now deal with system (1.6).
L, p is not uniformly invertible in € due to the approximate kernel

Kep = Kep & {0} C HY (Qp) x Wy'(Q).
We choose the approximate cokernel as follows:
Cep:=Cep @ {0} C L*(Q.p) x L'(Q).
We then define

Kip=K'p @ WE'(Q) C H}(Qep) x W'(Q),

Clp:=Clp®L'(Q) C L*(Q,p) x L'(Q).

Let 7 p denote the projection in L?(Q p) x LY(£2) onto Cé‘P. (Here the projection in the
second component is the identity map.) We then show that the equation

Ae + (I)e
Te,P © SE o o =0
HG,P + \I’e,P
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o
has the unique solution X, p = «.p(v) € ICGL,P if € is small enough.

\IJ€7P($)
As a preparation in the following two propositions we show the invertibility of the
corresponding linearized operator.
PROPOSITION 4.2. Let L. p = T p© I~,€7p. There exist positive constants €, X such that
for all e € (0,¥)

(4.8) [Le,pEllL2. pyxrr) = AEl a2, 2 x w2t

for all¥ € ICE%P.
PROPOSITION 4.3. There exists a positive constant € such that for all € € (0,€) the map

T .1l 1
EE,P = Te,P © Le . ICe,P - Ce,P

18 surjective.
Proof of Proposition 4.2. This proposition follows from Proposition 4.1. In fact, suppose
that (4.8) is false. Then there exist sequences {ey}, {Pr}, and {Z;} with P, € Q, 3) =

or(v) e Kt such that
() o
i (z ’
(4.9) [Ler, P Bkllz2a., p, )<Lt () = 0,
(4.10) ISkllz2 (0, g yxw2e(ey = 1, k=1,2 ....

Namely we have the following situation

(4.11) Aydr — ¢ +pAf;}3kH;?pk¢k — gAY p H_"pby, = fr, [ fellr2c@., p) — 0

(4.12) Apthk — Yk +7Ce, P AL p H *p bk — sCe, 2 AL p H pl 0k = gk

where

lgrll Lt ) — 0,

(4.13) or €KX p.

(4.14) ||¢k‘|§12(szek7pk) + 9k lf2e ) = 1.

We now show that this is impossible. Set Ay = A, p,, Q% = Qe, P, -
We first note that by (4.12) we have

lVrllLoe ) < C

and hence by Lemma 1.2 and Sobolev embedding,

1 r—P
[n(a) = 9u(R) < Cl = A" + ooy tog (257 1)

€
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for some « > 0 since ¢ > 1. Thus
(4.15) [AD (Ve — i (P2 — 0, k=1,2,... in L*(Q).

Moreover by (4.12),

bi(Py) = /Q G (P, 2)(rcen p AL H=p, b, — 5o p ALH =5 105 — g1)
k

1
= (L +o(l)ree. p,log = / AL P Ok — (L 0(1))str(Pr)ce, / A, +o(1).

So
r—1
r fQ Ak ¢1€
P, = k 1).
Vi (Pr) o) kaAZ +0(1)
Thus we have
(4.16) Le.pdr =0(1) in L*(Q), ¢x€ KCJI;,PIC'

By Proposition 4.1, ||éx|lg2(q,) = o(1). Hence ¢x(Px) = o(1) and by elliptic estimates

[¥nllw2e @) = o(1).
This contradicts the assumption (4.14) and the proof of Proposition 4.2 is completed.
O

Proof of Proposition 4.3. We just need to show that the conjugate operator of £, p (denoted
by E;P) is injective from ICj:P to ijp. Suppose not. Then there exist ¢ € KG{‘P, P €
W21(Q) such that

Ayp— ¢+ pAY L H R+ ree pAL p H pib € Clp,
Apth = — sce pAL pH 30 — gAY pH 17 6 = 0,

161320 py + 101320y = 1.
Similar to the proof of Proposition 4.2, we have

q fQP AL po
s+1 fQ JATp

P(P) = =(1+o0(1))ce.p

and substituting into the equation for ¢ we obtain
Lepp+o(1) € Clp, ¢ €K p.

By Proposition 4.1, [[¢|| g2, ») = o(1) and hence [|9)||y2.¢() = o(1). A contradiction !
O
Now we are in a position to solve the equation

AE,P + QS

(4.17) mep oS,
He,P + ¢

=0.
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Since L p|is , is invertible (call the inverse L) we can rewrite

_ Ae,P _
(4.18) Y =—(L_ pomepr)(Se . ) = (L_p o Te.p)Nep(2) = M p(3)
e, P
where
Acp+ A, A,
Nep® =5 [ 2T ) Cs [ A mg [ Aer )]0
HE,P + w He,P He,P w

and the operator M, p is defined by the last equation for X € H%(Qc p) x W2E(£2). We are
going to show that the operator M, p is a contraction on

B.s={¥ ¢ H2(Qe,P) X W27t(Q)‘HEHH?(Qe,p)xW”(Q) <0}
if 0 is small enough. We have by Lemma 3.1, Propositions 4.2 and 4.3,

[ Me,p ()l 520, pyxw2t@) < A ([17e,p 0 Ne,p(E)| 120 pyxrt(9)

Ae
+ 7Te,P o Se o )

Hep L2(Q. p) X LH(Q)

1

<ATLC(e(8)5 + €T —
log =

) (by Lemma 3.1)

where A > 0 is independent of 6 > 0 and ¢(d) — 0 as § — 0. Similarly we show
IMe,p(2) = Mep(S) |20 pyxwze (@) S ATHC(E2 + ()0 |2 = Xl 200 o) x w2 ()

where ¢(6) — 0 as § — 0. If we choose ¢ small enough, then M, p is a contraction on B .
The existence of a fixed point ¥, p now follows from the Contraction Mapping Principle and
Y., p is a solution of (4.18).

We have thus proved

LEMMA 4.4. There exists € > 0 such that for every pair of €, P with 0 < € < € there

Ae,P + (I)e,P

) € Cep and
He,P + \IJE,P

exists a unique (P p, ¥ p) € ICEL’P satisfying Se(

-1
(419) ”((PE,P?\IJE>P)HH2(QE,1:)><W2=t(Q) S 062t _1.

We can improve the estimates in Lemma 4.4.
LEMMA 4.5.
Let (®e.p,te,p) be given by Lemma 4.4. Then we have
€ €
5 \Ile oo - O
Iog 7): Wepllre@) = O(

€

(4.20) . p

L. p) = O( )

log %
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and

(4.21) W p(z) — U p(P)| < C(log:)Q log (x - Pl 1) forz # P,

Proof. The proof is divided into several steps.
First we note that by the equation for ®. p and Lemmas 3.1 and 4.4

Ay p—Pep+pAlH f —qAP JH B W p+ f1 € Cep
where || fil|z2(q. ») = O(@). Hence we obtain

€

|®c.pllaz. ) < CIAY pH B Ve pllr2 g, p) + 0(10g )
€
(4.22) < Ol p (@) ey + O(—1)-
log ¢
Next V. p satisfies
AL Acp +@cp)
Aw\De,P - lIJe,P = f2 = Ce,P s — Ce,P ( P+ )P)

(He,p — Ye,p(P))* (Hep — the p(z) + U, p)s

We have

(423)  |fa(x)] < Ceep(w(y) " @ep(y)| + w ()| e,p(2)]) + 0(@Ce,Pwr(y))

for a.e. z € ).
Therefore we have by Lemma 1.2 and (4.22)

€ 1

)+O(log

Ve p(z) =0( T [We,pllLo~ ()

log 1
and so

€

[We pllLe () = O( )

log %
or, equivalently,

€

)

[Vepllr=(. ) = O(log%
where y = (x — P)/e. Lemma 4.5 is proved. O
Moreover by Lemma 1.2 and (4.23),

U, p(x) — U, p(P) = 0<%>2\ log [y]])-

(log
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5. The reduced problem. In this section we solve the reduced problem and prove
our main theorem.
By Lemma 4.4 there exists a unique solution (®. p, . p) € ICﬁ:P such that

AG + (bﬁ U€
S I [ R Y
HE,P + \IIG,P 0

Our idea is to find P such that

Ae,P + ¢)6,P

L Cep.
He,P + \IIE,P

Let

log %

0A.
2 / (Sl (Ae,P + Qe,Pa HE,P + \Ije,P) L
Q

We,j(P) =

€

Wo(P) i= (Wer(P), ..., We n(P)).

Then W,(P) is a continuous map in P and our problem is reduced to finding a zero of
the vector field W (P).

Let us now calculate W,(P).

By Lemma 4.5,

(5.1) U, p(z) =V, p(P) =0 ((1og61)2 log ('x il 1)) .

By (3.3) and (3.4), we have
DA p

Ae (I)E 7H€ €
/Q(Sl( P+ Pcp p+Y ,P) P, )
2 p—1rr—¢q p—1rr—q—1 aAe,P
=€ (qu)e,P - (bG’P +pAe,P He,P(I)ﬁ,P - qAE,P He,P \I/E’p) aP
Qe p J
3 1 2
+0(€(—=1)7)
log;
2 A \P(F —q—1 9Ac p
e | ~4(Aep)’(He,p) ™ [Ye,p(P + ey) = vep(P)] == (y) dy
e, P J

+O(e—d(P,8§2)/e) =hL+1

where I, I are defined by the last equality.
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For Iy, we note that ||[¥, p|l =, , = O(@)7 3:94};;_1:’ = _14-%(1)% and hence
I = 6/ @A P H 50, ) Y 4 o)
Q0 p e,P " "¢,P ) ayj IOg%
ow 1
=€ quflllfgp — 4 O(3(—)?
K Vg, O o)
p—1 —q—1 ow 2 1 2
=e| (" WHp (Vep(P+ey) = Vep(P)))g -+ 0 (1))
2 p Yi log ¢
1
= 0(e
oz 17

by (5.1).
For I5 we have

0 1
B=Cc [ Wer(P @)~ ver (PG 11+ Ol )

J

€ i 1
=0 [ —HPP )~ HEP P (o)L dy(1 + O )
log = /g2 lyl log <
e 9 eV
=—-C———H(P,P ! d O ——
T 1P [ bl +0 (o)
as e — 0 uniformly in P, where w'(|y|) = “Lw(r) for r = |y| and C # 0 denotes a generic

constant.
Combining I; and I, we have

W.(P) = 0¥ pH(P.P) + O(= ).
where ¢y # 0 is a generic constant.

Suppose at Py, we have VpH (P, Py) = 0,det(V;ViH(Po, Py)) # 0 then the standard
Brouwer’s fixed point theorem shows that for ¢ << 1 there exists a P. such that W (P.) =0
and P, — P.

Thus we have proved the following proposition.

PROPOSITION 5.1. For e sufficiently small there exist points P. with P. — Py such that
We(P.) = 0.

Finally, we prove Theorem 1.1.

Proof of Theorem 1.1. By Proposition 5.1, there exists P. — Py such that W,(P.) =
0. In other words, S1(4cp, + ®Pep.,Hep. + Ve p) = 0. Let §W = Cp, A =
53/(1"1)(/16,& +®.p),H =E&(He,p+ Ve p.). It is easy to see that He =1+ O(é) >0
and hence A, > 0. By the Maximum Principle, A. > 0. Moreover A., H. satisfy Theorem
1.1.
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