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Abstract: An understanding of the dispersion of contaminants in |
turbulent flows is important in many fields ranging from air pollution
to chemical engineering, and random walk models provide one approach to
understanding and calculating aspects of dispersion. Two types of
random walk model are investigated in this thesis. The first type,
so-called "one-particle models", are capable of predicting only mean
concentrations wvhile the second type, "two-particle models", are able
‘to give some information on the fluctuations in concentration as well.
Many different one-particle random walk models have been proposed
previously and several criteria have emerged to distinguish good models
from bad. In this thesis, the relationships between the various
criteria are examined and it is shown that most of the criteria are
equivalent. It is also shown how a model can be designed to (i)
satisfy the criteria exactly and (ii) be consistent with inertial
subrange theory. Some examples of models which obey the criteria are
described. The theory developed for one-particle models is then
extended to the two-particle case and used to design a two-particle
model suitable for modelling dispersion in high Reynolds number
isotropic turbulence. The properties of this model are investigated in
detail and compared with previous models. 1In contrast to most previous
models, the new model is three-dimensional and leads to a prediction
for the particle separation probability density function which is in
agreement with inertial subrange theory. The values of concentration
variance from the new model are compared with experimental data and

show encouraging agreement.
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1. INTRODUCTION.
1.1 The Problem of Turbulent Dispersion.

One of the most characteristic properties of turbulence is its
ability to disperse and mix contaminants. Indeed, in many problems
involving turbulent flows, it is the dispersive properties of the
turbulence which are of primary interest. Examples of such problems
include the dispersion of pollutants in the atmosphere, rivers, seas
and oceans; heat transfer in geophysical and engineering flows (in many
respects heat behaves in the same way as a material contaminant); and
mixing processes in chemical engineering. The range of dispersion
problems is large. For example, in the case of atmospheric dispersion,
one might be interested in dispersion over a few hundred metres in the
case of odours from a factory or over several thousand kilometres in
the case of acid rain. To understand these different problems requires
an understanding of the atmospheric eddies over a wide range of scales,
from micrometeorological turbulence to synoptic-scale depressions and
anticyclones (see e.g. Pasquill and Smith (1983)). Further
complications are the chemical properties of the dispersing substance
(wvhich affect, for example, the rate at which the substance is absorbed
by the ground or transformed into other substances) and the density of
the release (as typified by the difference between accidental releases

of dense gases and hot buoyant plumes from chimneys).

In any particular turbulent flow, the flow field and the
distribution of contaminants within the flow evolve in a very
complicated fashion which shows great sensitivity to initial conditions
and is unpredictable in detail. As a result it is usual in the study
of turbulent flows to adopt a statistical approach (see e.g. Batchelor
(1953) or Monin and Yaglom (1971)). In such an approach, the attempt
to calculate the evolution of any particular flow is abandoned and

instead an ensemble of realisations of the flow (in which the external
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conditions are identical but in which the details of the turbulence
differ) is considered. Attempts are then made to understand and
predict the evolution of ensemble average quantities. Examples of such
quantities include the ensemble mean, standard deviation and
probability density function (p.d.f.) of the concentration at a
particular point, and quantities refiecting the spatial and temporal
structure of the concentration field such as correlation functions and

spectra.

In many situations the ensemble mean concentration is the main
quantity of interest. However there are also many flows in which some
understanding of the fluctuations is desirable. At the simplest 1level
it is wuseful to have an estimate of the extent to which the true
concentration at a point might differ from the ensemble average. The
fluctuations often have a standard deviation which is many times
greater than the mean concentration (see e.g. Sawford (1987) or Mylne
(1988)) and so the difference between the true and ensemble average
concentrations is not necessarily small. Also, for many quantities in
many situations, ensemble averages are equal to time averages (Monin
and Yaglom (1971, §4.7) give sufficient conditions for this to be so),
and, in such cases, knowledge of the concentration p.d.f., or of some
gross statistic such as the standard deviation 6f the concentration,
gives an indication of the variability in time of the concentration at
a point. Such knowledge is often needed in atmospheric dispersion
problems, especially those involving toxic, inflammable or odorous
materials, or in flows involving chemical reactions. For example, in
the case of a toxic or inflammable release, the peak concentrations can
constitute a significant risk, even if the time average concentration
is well within safety limits. Similarly, in the case of reacting
substances, the instantaneous reaction rate is a function of the
instantaneous concentrations of the various reacting species. In

non-linear reactions, estimates of the average reaction rate calculated
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from the average concentrations can be badly in error.

In many dispersion problems it is possible to assume that the
contaminant is passive, i.e. the contaminant is non-reacting, moves
only as a result of molecular diffusion and advection by the velocity
field, and is present in sufficiently small concentrations so as not to
affect the motion of the fluid (e.g. through buoyancy effects). This
assumption, when it can be made, results in a considerable
simplification of the problem since the contaminant concentration then
satisfies a 1linear equation (the advection-diffusion equation) and it
is possible to separate the problem of dispersion from the problem of
turbulence, 1i.e. we can ask the question, "Given the statistics of the
velocity field, what are the statistics of the concentration field?".
Even with this simplification, experience shows that the problem is
still very difficult and that there is little prospect of a solution
being found in the near future, even for the simplest of flows. Ve
simply do not have the mathematical tools necessary to tackle problems

with so many degrees of freedom.

One of the few exact results that have been obtained, and
certainly one of the most important is that obtained by Taylor (1921).
Taylor considered the motion of fluid elements, i.e. infinitesimal
points which travel at the local fluid velocity, and related their mean
square displacement to the Lagrangian velocity correlation function.
Suppose, for simplicity, that there is no mean flow (or that the mean
flow is constant and that we are using a reference frame moving with
the flow) and consider the motion in one direction only - say the
x-direction. Let X(t) be the trajectory of the fluid element which was
at x=0 at the time zero and let U(t) denote the fluid element velocity
dX/dt. Then Taylor’s result states that, provided the velocity U(t) is
a stationary random function, the mean square displacement of fluid

elements is given by
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t .t
<X(t)?> = Jo Jo o? R(t,-t,) dt, dt,, (1.1)

2 is the variance of the fluid

where < > denotes an ensemble average, o
element velocities and R is the correlation function of the fluid
element velocities, i.e. R(t) = <U(t’)U(t’+t)>/0?. For small and large
times (1.1) has a particularly simple physical interpretation. For
small t, <X(t)2> = o?t?2. This is simply a consequence of the fact that
particle trajectories can be approximated by straight lines over short
periods of time. For large times, provided the Lagrangian integral
time-scale T, = I:R(t)dt is finite and non-zero, <X(t)2?> = ZUZTIt.
This type of behaviour, with <X(t)?> proportional to t, is similar to
that observed in molecular diffusion problems and can be understood by
regarding the displacement X(t) over a time t, t»T , as the sum of many

approximately independent displacements over intervals which are long

compared to T, but much shorter than t.

The importance of Taylor’s result is that, provided molecular
diffusion can be neglected, it gives an estimate of the spatial spread
of the ensemble mean concentration field resulting from an
instantaneous point source. Often it is possible to make an assumption
about the shape of the ensemble mean concentration distribution. VWhen
this can be done, knowledge of the mean square spread can be used to
calculate the ensemble average concentration field. For example,
provided the £fluid element velocities are stationary random functions
with t, finite and non-zero, it seems likely on the basis of central
limit theorem type arguments that the spatial distribution will be
Gaussian at large times. Also the fixed point velocity distribution is
often close to Gaussian and so the ensemble average concentration field
wvill be close to Gaussian at small times as well. In such situations
it is not too great a leap of faith to believe that the distribution is

always close to Gaussian (see e.g. Monin and Yaglom (1971, pp540-541)).
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Important as Taylor’s result is (and it would be hard to overstate
its importance), it leaves many questions unanswered. For example, in
the majority of flows U(t) is not a stationary random function. Even
in cases vwhere it 1is, the Lagrangian correlation function R(t) is
usually unknown. The Eulerian (i.e. fixed point) velocity statistics
are usually better known (either from measurements or turbulence
models) but it is not clear how R(t) can be calculated from such
statistics. Also Taylor’s theory takes no account of molecular
diffusion. However this is not so serious a problem because molecular
diffusion is generally thought to have a negligible effect on ensemble
mean concentrations in most high Reynolds number flows (Saffman 1960;
Monin and Yaglom 1971, §10.2). (In fact Taylor’s result can be
modified to include molecular diffusion (Saffman 1960); however the
result of this modification is to express the mean square displacement
of molecules in terms of the correlation function of the flow velocity
evaluated along molecular trajectories. Such correlations are
generally no better known than Lagrangian correlations.) Finally
Taylor’s result gives no indication at all of the size of fluctuations
in concentration which, as noted above, are often of considerable

importance.
1.2 The Random Walk Approach.

In view of the difficulties noted above in calculating turbulent
dispersion directly from the governing equations, it is often necessary
to resort to approximate mathematical models of the dispersion process.
One such modelling technique, which has been much exploited in recent
years and vhich constitutes the main subject of this thesis, is the
so-called "random walk" technique, also known as the random flight or
random force methed (see e.g. Obukhov (1959), Novikov (1963), Lin and
Reid (1963), Jonas and Bartlett (1972), Hall (1975) and Reid (1979) for

a selection of the early applications of this technique). The range of
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dispersion problems to which this approach is applicable is rather
modest compared with the full range of dispersion problems discussed in
§1.1. In particular, random walk models assume that the dispersing
material is passive and that the eddies have at least some of the
randomness properties characteristic of three-dimensional turbulence.
Thus the technique, at least in its basic form, is not directly
applicable to buoyant or heavy plumes, reacting flows, or to long range
atmospheric dispersion problems where the eddies responsible for the

dispersion are predominantly two-dimensional.

The basic idea behind random walk models is to simulate the motion
of many particles of the dispersing substance. The idea is a very
natural one, since it is, of course, the motion of the individual
elements of the dispersing substance which determines the dispersion.
Figure 1.1 shows some simulated trajectories for the case of an
elevated source in a neutral boundary layer. The particles are assumed
to be drawn at random from among all the particles of the dispersing
material in the ensemble of flows. To calculate the ensemble mean
concentration at a particular place and time, a small box is
constructed (metaphorically speaking) around the place in question and
the number of trajectories in the box at the time in question is
counted. In order to obtain statistically reliable values for the
concentration, it is necessary to ensure that many particles pass
through the box, and so a large number of trajectories, typically ten
thousand, need to be computed. Of course in order to implement the
above scheme, it is necessary to have a model of the way the particles
move. The investigation of how such models should be formulated is one
of the main aims of this thesis. In some cases the statistics of the
particle trajectories, and hence the ensemble mean concentration field,
can be calculated from the model analytically, without the need for the
explicit simulation of many trajectories. However such situations are

the exception rather than the rule.
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If the trajectories of pairs of particles (instead of single
particles) are simulated, random walk models can be used to predict the
concentration variance as well as the ensemble mean concentration. The
idea that the concentration variance can be expressed in terms of the
motion of particle-pairs is due in essence to Batchelor (1952), but it
is only comparatively recently (Durbin 1980) that this has been

exploited by simulating the motion of particle-pairs numerically.
1.3 Alternative Modelling Approaches.

0f course the random walk approach is not the only possible
approach to dispersion modelling, and it is appropriate to discuss
briefly some of the alternative approaches. A discussion of the
advantages and disadvantages of the random walk approach in relation to
these alternative approaches will be given in chapter 7 after the

random walk approach has been investigated in some detail.

Perhaps the most widely used practical method for modelling the
ensemble mean concentrations resulting from steady sources in the
atmosphere is the Gaussian plume model (see e.g. Pasquill and Smith
(1983, p320)), in which the shape of the concentration distribution
across the plume is assumed to be Gaussian. The reason for choosing a
Gaussian shape is that, for dispersion in homogeneous stationary
turbulence, the fluid element velocities are stationary random
functions, and so a Gaussian shape is expected on the basis of central
limit theorem type arguments (see §1.1). 0f course atmospheric
turbulence cannot be assumed to be homogeneous and stationary
(especially in the vertical direction) and so the Gaussian assumption
is wunlikely to be exact. However it might be expected to be a
reasonable approximation, an expectation which, in many (but not all)
situations, is confirmed by experimental data (Pasquill and Smith 1973,
§4.2, §4.5 and p320). In Gaussian plume models the width of the plume

in the 1lateral and vertical directions is determined from tables or
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nomograms based on experimental observations of plume behaviour.
Although it will be a while before this method is superseded from a
practical point of view, such models are essentially empirical and do

not explain the dispersion in terms of the flow properties.

A second approach which has been extensively applied is the use of
the diffusion equation (see e.g. Monin and Yaglom (1971, §§10.3-10.5)
and Pasquill and Smith (1983, §§3.1 and 3.2)). In this approach it is
assumed that the turbulent eddies disperse material in a way which is
qualitatively similar to the action of molecular diffusion, i.e. it is
assumed that the turbulent flux of material is proportional to the
concentration gradient, the constant of proportionality being the
diffusivity K. There are various ways in which the "eddy-diffusivity"
K and its spatial and temporal variation can be estimated in terms of
the flow properties. However, the fundamental assumption underlying
the diffusion equation, namely that the length- and time-scales of the
motions responsible for the dispersion are small compared with the
scales on which the concentration and flow properties vary, is not true
in general. This 1leads to a number of qualitative errors in the
results. For example, the ensemble average plume from an elevated
source grows linearly for small times after release (because fluid
elements travel in straight lines over short distances) whereas the
diffusion equation predicts parabolic growth as in figure 1.2. Also,
in many flows, a substantial part of the turbulence energy is contained
in large eddies whose sizes are comparable to the domain size; in such
cases the diffusion equation can fail to represent the most important
features of the dispersion. A good example of such a flow is the
convective boundary layer (see e.g. Willis and Deardorff (1976, 1978
and 1981), Lamb (1982), de Baas, van Dop and Nieuwstadt (1986), Sawford
and Guest (1987) and Weil (1988)). In such boundary layers the
dispersion is dominated by 1large scale convective eddies of size

comparable to the boundary layer depth. These large eddies cause many



Figure 1.2: Plume growth downwind of an elevated source in the
atmospheric  bounddary layer. The solid 1line indicates the true
behaviour at short distances from the source and the dashed line gives
the result of wusing the diffusion equation. x marks the source

position.
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non-diffusive effects such as the "lift-off" of plumes from ground
level sources. There are however some situations in which the
eddy-diffusivity approach does give good results. For example we sawv
above in discussing Taylor’s (1921) result that, provided the
conditions required for Taylor’s result are fulfilled, an
eddy-diffusion assumption is likely to be good at large times. Another
example is the case of vertical diffusion from a surface source in aI
neutral surface layer. In this flow the eddies become small as we
approach the surface. If the eddies responsible for dispersing the
contaminant were much smaller than the cloud of contaminant at all
stages of the dispersion then we could be confident that an
eddy-diffusivity assumption would be valid. Although this is not the
case (and so an eddy-diffusivity assumption cannot be formally
justified), it is true that the eddies are never much larger than the
cloud and so an eddy-diffusivity assumption might be expected to be an

acceptable (although inexact) approximation. Experimental evidence

(Pasquill and Smith 1983, §4.6) supports this view.

High-order closure models constitute a promising technique which
overcomes some of the problems associated with eddy-diffusivity models.
However, these models cannot represent the initial stages of the
evolution of the ensemble mean concentration in a natural way and
cannot easily represent the dispersion from complex source
distributions (Deardorff 1978). The difficulty is that an
eddy-diffusivity assumption needs to be made for the flux of some
higher order moment, and this assumption is no more justified than the
use of an eddy-diffusivity for the f£flux of contaminant. The most
common form of high-order closure is second-order closure, and such
models can be (but are not always - see Deardorff (1978)) formulated in
a way which enables them to predict concentration variance as well as
the mean concentration (see e.g. Newman, Launder and Lumley (1981) or

Sykes, Lewellen and Parker (1984)). However, these models sometimes
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have difficulty in providing good predictions of the concentration
variance, especially if the length-scale of the concentration
fluctuations is not closely related to that of the velocity field. The
reason for this is that second-order closure models describe the flow
solely in terms of one-point statistics, and so do not carry
information on the spatial structure of the concentration field. These
difficulties occur even in what is perhaps the simplest possible flow
involving fluctuations in concentration, namely the decay of an
isotropic concentration field in decaying isotropic turbulence. The
grid turbulence experiments of Warhaft and Lumley (1978) and
Sreenivasan, Tavoularis, Henry and Corrsin (1980) provide a good
approximation to this flow and show that the power law exponent of the
decay of concentration variance depends strongly on the ratio of the
length-scales of the scalar and velocity fields. The early
second-order closure models assumed, following Spalding (1971), that
the ratio of the time-scales for the decay of the scalar and velocity
fields was a universal constant and were consequently unable to explain
the variation in decay rate. Newman et al (1981) succeeded in
designing a model which reproduces the observed decay, although at the
cost of violating the principle of superposition of scalar fields (Pope
1983; Lumley and Van Cruyningen 1985), a principle which follows from
the linearity of the advection-diffusion equation. This suggests that

a completely consistent second-order closure model may not be possible.

So-called p.d.f. models (Pope 1985) provide an approach to
modelling which has much in common with both high-order closure models
and the random walk approach. These models enable predictions of the
p.d.f. of the concentration at each point to be obtained. However such
models are usually formulated in terms of one-point statistics and so
are likely to suffer from the same problems as high-order closure

models in predicting properties of the fluctuations in concentration.
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More soundly based models for calculating concentration variance
are provided by two-point closures, of which the "eddy-damped
quasi-normal Markovian approximation" is perhaps the most widely
applied (see e.g. Lesieur (1987)), and two-point two-time closures such
as the direct interaction approximation or its Lagrangian modification
(see e.g. Leslie (1973)). 1In these models, the description of the flow
includes a specification of the (second-order) spatial structure of the
concentration field. As a result such models avoid the problems
encountered by the one-point closures discussed above and can describe
the decay of an isotropic concentration field in isotropic turbulence
easily and naturally (Larchevéque, Chollet, Herring, Lesieur, Newman
and Schertzer 1980). However such models are usually formulated in
terms of spectra and are hard to extend to flows where the velocity or
concentration field is inhomogeneous (of course in such cases a

description in terms of power spectra is impossible).

A rather different type of approach is possible in cases where the
dispersion of material depends on only a small number of physical
quantities. In such situations it is possible to obtain some
information on the dispersion by dimensional analysis. The results of
such analyses usually imply similarity between some aspects of the
concentration distribution at different times or places, and so the use
of this technique is often referred to as the application of similarity
theory. Although there are only a few situations to which such an
approach can be applied, the technique, when applicable, generally
gives important insights into the dispersion. The two most successful
examples of applications of similarity theory to dispersion have been
in the investigation of vertical dispersion from an instantaneous
ground level source in the neutral atmospheric surface layer (Batchelor
1964) and in inquiries into those aspects of dispersion which are
governed by the inertial subrange part of the turbulence spectrum

(Monin and Yaglom 1975, §§21.6 and 24.1-24.3). A disadvantage of



Page 12

similarity theory is that it gives only limited information about the
dispersion. For example, in the case of an instantaneous ground level
source in the neutral atmospheric surface layer, it gives no
information on the shape of the concentration distribution in the
vertical, other than that it is the same at all times. In addition the
similarity is usually not exact. For example, it is thought that the
integral length-scale of the turbulent velocity field has a weak
influence on the inertial subrange structure as a result of its effect
on fluctuations in dissipation rate (Monin and Yaglom 1975, §25), an

effect which is neglected in the dimensional analysis.
1.4 Guide to Succeeding Chapters.

The main objective of the work presented in this thesis is to
clarify theoretical aspects of the problem of how to formulate one- and
two-particle random walk models, and to apply two-particle models to
the problem of predicting concentration variance in some simple flows.
No applications of one-particle models are presented here; howvever many

examples of applications can be found in the references cited.

Chapters 2 and 3 are concerned with various preliminaries which
are necessary for the discussion of random walk models. With the
exception of some ideas in §3.3, most of this material is not original,
having previously been discussed quite extensively by other authors.
The random walk models themselves are most easily expressed in terms of
the language of stochastic differential equations, and chapter 2 gives
a brief description and summarizes the main properties of such
equations. Chapter 3 1is concerned with developing the mathematical
framework for describing turbulent dispersion. The equations satisfied
by the fluid dynamic variables are presented (§3.1), the statistical
approach outlined in §1.1 is described in more detail (§3.2) and the
statistical relations Dbetween the concentration field and the

trajectories of particles and particle-pairs are described (§3.3). The
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main new results obtained in this thesis are presented in chapters 4, 5
and 6. In chapter 4 the theory of hov one-particle random walk models
should be formulated is developed. Chapter 5 extends this theory to
twvo-particle models and investigates some of the properties of such
models in what is perhaps the simplest possible flow, namely isotropic
turbulence. In chapter 6 predictions of the concentration variance are
compared with experimental data. Finally, in chapter 7, a discussion
is given of the strengths and weaknesses of random walk models, both in

absolute terms and in relation to other modelling techniques.
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2. PROBABILITY AND STOCBASTIC DIFFERENTIAL EQUATIONS.

This chapter outlines some aspects of the theory of probability
and stochastic differential equations, primarily in order to establish
notation and provide a summary of those results which will be used
frequently in chapters 3, 4 and 5. The random processes which are
described in §2.2 and §2.3 were introduced originally to model Brownian
motion and molecular diffusion. These applications are discussed
briefly in order to give a physical picture of the processes.

Applications to turbulent dispersion are deferred to chapter 4.
2.1 Notation for Probabilistic Concepts.

The notations which will be used for probabilistic concepts are
similar to those used in so-called p.d.f. models of turbulence by Pope
(1985) and others. The probability density function (p.d.f.) of a
real-valued random variable X, which alwvays exists if "function" is
interpreted in the generalised sense (Pope 1985; Lumley 1970, p9), will
be denoted by Py (x). If the expectation of X exists, it will be
denoted by <X>. The joint p.d.f. of several random variables XioyeeohX

will be denoted by Px X (%y9.++4% ) or, if the random variables
1o X

X,y...,X are the components of a (finite-dimensional) random vector X,

1’
by px(g). The expectation of such a random vector X (defined
component-wise) will be written <X>. Superscripts will be used to

denote components of vectors and the summation convention will be used.

Just as expectations can be expressed in terms of probabilities,
so the probabilities associated with a random variable X can be
expressed in terms of expectations. For example, the probability that
the random variable X is 1less than or equal to x is given by the
expectation of the random variable X defined by

1 if X € x
-

0 otherwvise.
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Hence the p.d.f. of X is given by
P, (x) = d<X >/dx = <8(x-X)> (2.1a)
vhere 8§ denotes the Dirac delta function. Similarly

pXI,...,Xn(xl""’xn) = <8(x,-X;)...8(x_-X_)> (2.1b)

and

Py(x) = <8(x-X)>. (2.1c)

l

In chapter 3 we will need the concept of the X-weighted p.d.f. of
Y, where X and Y are random variables. This is defined, by analogy
vith (2.1), to be <X &(y-Y)>. Just as knowledge of the p.d.f. of Y
enables expectations of functions of Y to be calculated using the
relation <f(Y)> = [ £(y) py(y) dy, so knowledge of the X-weighted
p.d.f. of Y enables X-weighted expectations to be calculated from

<X £(Y)> = [ £(y) <X &(y-Y)> dy.

If X and Y are random variables, the conditional p.d.f. of X given
Y = y, which is defined by p,  (x,y)/p,(y), will be denoted by
px|y(XIY)' The conditional expectation of X given Y = y will be

denoted by <X|Y=y> and is defined by

<X|Y=y> = I X Py (x|y) dx.

It has the property that
by () <KlY=y> = [ x p, ,(x,y) dx
I X 8(y-y') py ,(x,y') dx dy’

<X §(y-Y)>.

The definitions and notations for weighted p.d.f.s, conditional
p-d.f.s and conditional expectations will also be used with the obvious
modifications when X and Y are (finite-dimensional) random vectors or

(finite) collections of random variables.
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2.2 The VWiener Process.

A random process which plays an important role in random walk
models is the Wiener process (Feller 1971, pp99 and 181; Schuss 1980,
§2.1; Gihman and Skorohod 1980, pl58), originally introduced to model
Brownian motion. A random process {(t) which is defined for t20 is a
Wiener process if it has the following properties: (i) all its sample
paths are continuous, (ii) for t,>t,, the increment {(t,) - &(t,) has a

probability distribution depending only on t, - t

, ,» (iii)  the

increments in non-overlapping intervals are independent (i.e. Z(t,) -
C(ty) is independent of L(t,) - &(t,) for t >t >t 2t ), (iv) for t, >t ,
the increment {(t,) - &(t,;) is a Gaussian random variable with zero

mean and variance t, - t and (v) ¢(0) = O. Ve will also be

1°?
interested in multi-dimensional Wiener processes {(t) which are simply
vector-valued processes with independent components, each component of

vhich is a one-dimensional Wiener process. The symbol g will be

reserved throughout this thesis for Wiener processes.

Somewhat surprisingly, any vector-valued process ZX(t) which is
defined for t20 and which has continuous sample paths and stationary
independent increments (i.e. which satisfies multi-dimensional
analogues of conditions (i), (ii) and (iii)) can be expressed in terms
of a Viener process by suitable scaling and the addition of a mean
drift and initial (possibly random) displacement, i.e. it can be
expressed in the form

Xi(t) = alt + b3 + x1(0) (2.2)
for some Wiener process g(t). This is because the increment of such a
process over the interval [tz,tll can be expressed as the sum of the n
increments which occur over the n non-overlapping time intervals
[t1+(t2—t1)(i—l)/n,t1+(t2-t1)i/n], i=l,...,n. Each of these increments
has the same distribution and .also, since the sample paths are

continuous, the expected number of these increments which exceed &£ (for
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any given €>0) tends to zero as n-o, Hence, by the central 1limit
theorem, the increment g(tz) - g(tl) must be Gaussian. It follows
that, with an appropriate choice of a and b, X(t) takes the form (2.2).
A more rigorous proof of this can be found in Gihman and Skorohod

(1980, pp189-190).

As is well known, small particles suspended in a fluid (such as
smoke particles in air) wundergo a random motion (called Brownian
motion) as a result of the impacts of the fluid molecules. As
mentioned above, the Wiener process (suitably scaled and with the
addition of an initial displacement) is often used as a model for this
motion (Einstein 1956; Schuss 1980, §2.1; Gihman and Skorohod 1980,
pl158; Wax 1954). The displacement of a particle results from the
combined effect of an enormous number of impacts by molecules.
Provided the properties of the medium in which the particle is moving
are uniform in space and time, the effects of these impacts in
non-overlapping time intervals are likely to be independent due to the
random nature of molecular motions; also the p.d.f. of an increment
over an interval is 1likely to depend only on thg“ length of the
interval. Hence the VWiener process should be a good model for such
motions, at least on time-scales much longer than the time-scale on
which the Brownian particle exchanges momentum with the fluid. The
Viener process is not such a good model over shorter time intervals.
To see this note that the mean square derivative of a Viener process is
infinite (since the mean square of the increment over an interval At is
equal to At and is not of order (At)?) whereas the velocity of a
particle must of course be finite. In the Wiener process model of
Brownian motion, the velocity of a particle, which has a very large
mean square value (relative to the average velocity of the particle
over a '"macroscopic" time interval) and a very short correlation
time-scale (relative to the length of a macroscopic time interval), is

modelled by an idealised process with infinite mean square value and
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zero correlation time-scale.

For similar reasons, the Wiener process is a good model for the
random displacement of molecules in a fluid over time intervals which
are much longer than the time-scale on which a molecule exchanges

momentum with other molecules.
2.3 Stochastic Differential Equations.

The WViener process, although a good model for Brownian or
molecular motions in a uniform medium, is not sufficiently general for
our purposes. A natural generalisation is to consider processes in
wvhich the properties of the increments vary with position and time.
Such processes can be described by Ité stochastic differential

equations (Gihman and Skorohod 1979; Schuss 1980):
dx* = a'(X(t),t) dt + bI(X(t),t) dT3. (2.3)

Informally this equation can be regarded as a generalisation of (2.2)
with a and b depending on X(t) and t. For our purposes it is
sufficient to regard (2.3) as being the limit as At30 of the difference

equation -
XE(t+80)-X!(t) = al(X(t),t)at + bEI(X(1), ) (LI (t+At)-TI(1)). (2.4)

For given a ang b, equation (2.3) does not of course determine the
process X(t); to do this it is also necessary to specify the
p.d.f. Pg(o) of X(0) (assuming the process X(t) is to be defined for
t>0).  For suitable choice of a and b, such a process is a good model
of the motion of Brownian particles or molecules in a fluid which is in
motion.  Indeed, it will be seen below that (for suitable a and b) the
p.d.f. pg(t) obeys the usual advection-diffusion equation for the

evolution of the concentration of a passive contaminant.
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For processes described by Itdé stochastic differential equations
it is straightforward to derive equations for the evolution of
pg(t)lg(s) and pg(t). First note that X(t) is Markovian, i.e. given
the value of X at time t, the values at times greater than t are

independent of the values at times less than t. A consequence of this

is that p&(t)lg(s) obeys the Chapman-Kolmogorov equation

Prcoy 130 S = [ Peoy 130 ®19 Prn 3o @Y 42

for any r with t2r>s (Schuss 1980, p10l; Gihman and Skorohod 1980,

pl60). Hence, for t2s,

. p§(t+6t)l§(t)(§|§) pg(t)|§(s)(§|g) dz

Px(t+at) |x(s) EIY)

= ) Paxjxny B2 Py(oy|x(s) (B o2

L

= ) Pagix(e) A2 Pycey xs) (X-txly) dix

vhere &X = X(t+4t) - X(t). Now, because the trajectories X(t) are
continuous, the main contribution to the integral will come from values

of Ax close to zero. Expanding in a Taylor series in &x yields

L z z
=0 m=0 n=0

(_1)1+m+n

x
1im!n

Pycessr) [x(s) XD = |
(2.5)

al+n+n

X
(3x* )1 (3x?)™(3x*)"

m 3yn
(ccaty (a2 (B)* [3C0=0> By 50y (EID).

From (2.4), the conditional p.d.f. prlg(t)(A§|§) of X given X(t) = X
is Gaussian with mean a(x,t)At and c;variance matrix 2BiJ(x,t)At vhere
Bli(x,t) = ®bi¥(x,t)bI*(x,t). Hence <AX'|X(t)=x> = a’(x,t)lt,
<AX1AXj|§(t)=§> = ZBij(g,t)At and all higher moments are o(4t). By

letting At20 in (2.5), it follows that pX(t)IX(s)(Elz) satisfies

2
B2 (ax,tp) + —— (B 0p) (2.6)
axt ax* 9x?

for t>s (Schuss 1980, pl109). This is called the forward Kolmogorov or

Fokker-Planck equation for the process g(t). For suitable a and b this
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is, as noted above, the usual advection-diffusion equation.

pg(t)lg(s)(fll) also satisfies the backward Kolmogorov equation

. . 2
.- aiy,s) & - piigy,s) 2P (2.7)
- ayt T aytayd

for t2s. This can be derived in the same way as the forward equation

starting from the Chapman-Kolmogorov equation in the form

Px(t) [x(s) X1 = J Pr(t) |X(s+at) X2 Pyesiary(x(s)(21Y) 92

In addition the unconditional p.d.f. px(t)(g), vhich can be expressed

as
Prcey® = [ Pycey xcoy &I Px(0y ) 4y

also satisfies (2.6).

Although (2.3) is formally similar to an ordinary differential
equation, it cannot be manipulated in all respects in the same way as
an ordinary differential equation because the size of the random
increment d¢ is of order (dt)!”/? and not of order dt. As a result, if
f(x,t) is a function of x and t, the differential of f(X(t),t) is given

not by the chain rule, but by Ité’s formula (Schuss 1980, pp79-80 and

112):
N 2
dE(X(t),t) = [g—f + at(x(r),t) L Bix(n,n 2L _)dt
ax?t ax* 9x?
+ bPI(X(1), 1) 3t 4. (2.8)

axt
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3. MATHEMATICAL FRAMEWORK FOR RANDOM WALK MODELS.

In this chapter the basic fluid dynamic equations and the
statistical approach to turbulence are outlined and the mathematical
framevork which forms the starting point for random walk models is

presented.
3.1 Basic Equations

The basic fluid dynamic equations which describe the evolution of
the velocity and density fields in a Newtonian fluid are well known.
Many derivations can be found in the literature (e.g. Batchelor (1967),
Monin and Yaglom (1971) or Libby and Williams (1980)) and so we simply
state these equations here. The velocity and density fields, g'(g,t)
and p(X,t), satisfy the mass and momentum conservation equations

3p/dt = - V.(pu,) (3.1)

Du /Dt = F (3.2)
where D/Dt is the material derivative 93/3t + u .V and F(x,t) is the net
force per wunit mass applied to the fluid, either by the fluid itself
(e.g. pressure or viscous forces) or by external forces (e.g. gravity).
The subscript e in u is used to indicate the Eulerian velocity field
and to distinguish it from the last three coordinates of a point (x,u)
in the phase space which will be introduced in §3.3. If the density
and viscosity u of the fluid are constant and the external forces are
negligible (or conservative), equation (3.2) takes the form Dy /Dt = -
(1/p)90 + szge where II is the (modified) pressure and v = u/p is the
kinematic viscosity. Although most of our interest will centre on this
case, the consideration of more general situations (in particular
variable density flows) is wuseful, in that it provides some insight

into a number of aspects of random walk models.
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In this thesis, only the dispersion of paséive contaminants (see
§1.1) will be considered. The concentration c(x,t) of a passive
contaminant obeys the equation

dc/3t = - V.(cu ) + V.(kpV(c/p)) + S (3.3)
vhere S(x,t) is the source strength, i.e. the amount of tracer released
per unit space-time volume, and K is the molecular diffusivity which
will be assumed constant (Libby and Williams 1980). It will be assumed
that the concentration ¢ is zero at the initial time (which will be
taken to be t=0) and hence that all the contaminant enters the flow via
the source strength S and not via the initial conditions. This
assumption of course implies no real restriction on the physics,
referring to the nature of the mathematical description of the flow and

not to the flow itself.
3.2 The Ensemble of Realisations

One does not have to watch a turbulent flow for long to realise
that there is little hope of being able to predict the evolution of the
flov in detail over a time much in excess of the time-scale of a single
eddy. This 1is because, although the equations governing the flow are
deterministic, the solution of these eqﬁétions is very sensitive to
initial and boundary conditions, giving the appearance of randomness.
As indicated in §1.1, the usual response to this problem (which wiil
also be followed here) is to abandon any attempt to calculate the
evolution of a particular flov and to adopt a statistical approach (see

e.g. Batchelor (1953, §§1.1-2.2) or Monin and Yaglom (1971,
§§3.2-3.3)).

Suppose one decides on a particular set of external conditions for
a turbulence experiment. For example, one might set up a wind tunnel
in a particular way, with a turbulence generating grid and a nozzle for
releasing contaminant into the flow. Because of the great sensitivity

of turbulent flows to the initial conditions, the details of the flow
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will not be predictable, no matter how carefully the experiment is
prepared. There will however be probabilities associated with various
events; for example there will be a certain probability that the
concentration c measured at a given space-time point lies in a given
range. As a result it is natural to use the language of probability
theory to describe a turbulent flow. The velocity u,, density o,
contaminant concentration c¢ and source strength S are then randoml
fields. Although in many cases the source strength will be
deterministic, it is useful to allow it to be random. Such randomness
might be caused, for example, by a mechanism for releasing the
contaminant in which the release rate depends on the flow properties,
or by some other source of randomness in the release mechanism,

unrelated to the turbulence. The set or "ensemble" of all possible

outcomes or "realisations" of the flow will be denoted by Q.

In the statistical approach, no attempt is made to predict
anything other than the expectations of random variables (or the
probabilities associated with random variables, which, as noted in
§2.1, contain the same information as the expectations). Such an
expectation will often be referred to as an "ensemble average value" or
an "average over the ensemble". In principle, if we had sufficient
knowledge of the probability distribution of the initial and boundary
conditions (and of any probabilistic process within the contaminant
release mechanism), then we could calculate such quantities from the
equations governing the flow. In practice however such a calculation
is, except for some simple low Reynolds number flows for which "direct
simulations” (Schumann and Friedrich 1986) can be carried out, beyond
the reach of the combined forces of today’s mathematical knowledge and
computational technology. As a result it is (as noted in §1.2)
necessary to use mathematical models which involve assumptions and
approximations that cannot be justified rigorously. Ultimately such

models can only be justified by comparison with experimental data,
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although of course mathematical and physical arguments can play an
important role in designing such models. Random walk models of the
type to be considered in this thesis are models of this sort. In these
models, the values of certain low order statistics of p, u, and S are
assumed known and, with these values as input, the random walk model
gives predictions for the values of various low order statistics
involving the contaminant concentration. In practice the turbulence
statistics which are required as input could be obtained from

measurements or estimated from turbulence models.

In stationary or homogeneous flows it is often possible to
interpret ensemble average values as time or space averages (for time
averages this was discussed briefly in §1.1). The required conditions
for this to be valid are quite mild and can usually be assumed to be
satisfied (Monin and Yaglom 1971, §4.7). This is particularly useful
in  comparing experimental data, which often take the form of
time-averaged quantities, with ensemble average predictions from

models.
3.3 Transition Densities

In this section various relations will be given which express
statistical quantities involving the contaminant concentration in terms
of probabilities associated with the motion of "fluid particles".
These relations form the necessary mathematical framework for
discussing random walk models. The relations in question (equations
(3.4) to (3.7) below) are very natural and indeed, at least in the case
of the ensemble mean concentration, almost obvious. As a result we
simply present these relations here and give the derivation in Appendix
A. Of these relations, (3.4) and (3.6) were originally derived by
Batchelor (1949, 1952) for thé case of zero molecular diffusivity and
the extensions to non-zero diffusivity have been discussed by Egbert

and Baker (1984) and Sawford and Hunt (1986).
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Before presenting these relations, some discussion of what is
meant by "fluid particle" is desirable. Two cases arise corresponding
to the presence or absence of molecular diffusion. If k = 0, fluid
particles are simply points which are advected by the flow velocity u, .
If k>0 however, fluid particles will be taken to be molecules of fluid
vhich are advected by u  and also undergo a random molecular motion.
It is convenient to use the term fluid particle to cover both cases,
although in most of the literature the term fluid particle is used only
in the first case. The term "fluid element" will be used when we wish

to emphasise that we are considering the case k = 0.

Let X(t) denote the trajectory of a fluid particle chosen at
random from all fluid particles in the ensemble of flows. A discussion
of the precise meaning of "a fluid particle chosen at random" is given
in Appendix A. Then provided S/p is independent of the velocity and

density fields,

<e(x,t)> = J pg(t)lg(s)(glz) <S(Z’S)> dz ds. (3.4)

s&t
This expresses <c(x,t)> in terms of the p.d.f. of the position of fluid
particles which were at y at time s. The physical interpretation of
the assumption that S/p is independent of the velocity and density
fields is that the source simply "marks" a certain fraction of the

fluid particles which pass by, this fraction being independent of the

flow.

Because most random walk models take the form of stochastic
differential equations for the evolution of the position and velocity
of fluid particles, it is useful to obtain a result similar to (3.4)
for the distribution of fluid particles in position-velocity (or
"phase") space. gp(g,g,t) and g_(x,u,t) will be wused to denote
<p(x,t)8(u-u (x,t))> and <e(x,t)8(u-u (x,t))> respectively. These are

the density- and concentration-weighted velocity p.d.f.s (see §2.1) and
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can also be regarded as the phase space mass densities of fluid and
contaminant. If U(t) denotes the value of the flow velocity u_at the

location X(t) of the randomly chosen fluid particle, then g, is given

by

g - | PY(t),U(t)|X(s),U(s) X8y L) x
s&t

x gp(z,!,s) <S(z,s)/p(y,s)> dv dz ds. (3.5)

This equation indicates how the phase space density of tracer particles

is related to the source gp(S/p> of particles in phase space by the
transition density p&(t),g(t)lg(s),g(s)'

In a similar way, let X (v) and gz(t) denote the trajectories of a
pair of fluid particles chosen at random from all pairs of fluid
particles in the ensemble of flows (here a pair of fluid particles
means two fluid particles, both belonging to the same realisation).
Then, again assuming that S/p is independent of the velocity and

density fields, <c(§1,t1)c(§2,t2)> is given by

ey rt)ely > = | PR (£,),%,(t,) 1%, (s,),X, (s,) Fr % lYar¥2) X
£

£
51\t1’52‘ 2

This expresses the covariance function of ¢ in terms of the joint
p.d.f. of the position of the first particle at time t, and the

position of the second particle at time t given that the first

2’
particle was at y, at time s, and the second was at y, at time s,. If

ve define gp and §_ to be
ép()f& ’El’tl’ﬁz’gz’tz) =

<p(¥_1 ’tl)p()'sz ’tz)a(gl—l}.e(zsl,tl)s(gz_g‘(g_z ? t:2))>

and
E.(Xy9U, 5t 9%, ,u,,t)) =

<C(§1 ? tl )C(’Sz ? tz)s(gl-g‘.()‘sl ] tl)a(l;l,z_ge (),52 ’ tz))>1
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then the phase space analogue of (3.6) is

g. =

J‘<It))'~('1(t1)’g1(t1)’.).(.z(tz)’gz(tz)|).(‘1(S1)'""..J.z(sz)(}'{'l’“,L"l'zlé'rl’“,y'z) *
SR

X & (Y11Y,9510¥,1Y,95;) <8(y,55,)8(y,,5,)/p(y,45,)0(¥,,8,)> x

x dv, dzl ds, dv, dXz ds,, (3.7)
vhere U, (t) = u (X,(t),t) for i=1,2.

Equations (3.4) to (3.7) enable us to calculate the values of
<c(x,t)>, <c(§1,t1)c(§2,t2)>, g, and gc from models of the motion of
particles and particle-pairs. For example, a stochastic model for the
evolution of X(t) enables pX(t)lg(s) to be evaluated and hence <c> can
be found from (3.4). In man; cases such models are not amenable to
analytic treatment; then p&(t)|§(s) can be estimated by calculating
many sample trajectories numerically. In practice it is often easier
to evaluate <c> directly by calculating trajectories which have random

initial conditions with density proportional to <S(x,t)>.

-

If the value of <c(x,t)>, <c(§1,t1)c(§2,t2)>, g. or g_ at a
specific point (or pair of points) is required, it is often convenient
to calculate the trajectories backwards in time from the specified
point to the source. The idea of considering reverse trajectories was
put forward originally by Corrsin (1952) and first utilised in random
wvalk models by Durbin (1980). It avoids the waste of calculating many
forvard trajectories which do not pass near the specified point and so
do not contribute to the result. <c(x,t)>, <c(§1,t1)c(§2,t2)>, g, and
g. can be expressed in terms of the statistics of backward trajectories
by using certain symmetry relations obeyed by the transition densities
(see Lundgren (1981) or Egbert and Baker (1984) for the special case of
constant density flows). Consider the probability of a fluid particle
lying, at time t, in the elemental region dx surrounding the point x

and, at time s, in the region dy surrounding the point y. This



Page 28

probability is equal to the probability of it occupying the region dx
at time t given that it occupies dy at time s - i.e. pg(t)lg(s)(§lz)d§
- multiplied by the probability of it occupying dz at time s -
i.e. <p(z,s)>dz/M, where M is the total mass of the fluid. Hence the

probability equals
Px(t) [x(s)(XIY) <Py, 5)>dxdy/H.
By symmetry, the probability is also given by
Px(s) |x(t) (Y 1R)<p(x, t)>dxdy/H
and so
p)ﬁ(t)m(s)()ﬁlz)(”(i”s» = pg(s)|§(t)(gl>,£)<p(>5,t)>. (3.8)

As a result (3.4) can also be expressed as

<c(x,t)> j | <S(y,s)> i d (3.9)
—=10p (y|x) ———— dy ds. .
8, 1)> g OB oy,8)>

Similarly, by considering a pair of particles,

< S s, )> =
PR, (), (6,) 1%, (5,0, 8, (s,) Bar B an¥a) <P )elyaesy)> =

>
p§1(51)1¥.2(52)|¥.1(t1)9¥.2(t2)(¥1’22 1%,0%;) <e(x;,t)p(%;585)

and so, from (3.6), <c(x,,t,)ec(x,,t,)> can be expressed as

<C(§1’t1)c(§2’t2)>

- I"&(sl),zz(sz)I&(tl),zz(tz)‘&’?z"51”52’ )

<p(§1,t1)p(§2,t2)> 51<t1152<t

2

<S(y1!SI)S(Y2’Sz)>
x —= = dy, dy, ds, ds,. (3.11)
<p(zl’sl)p(229sz)> - -

Analogous relations also hold in phase space. For example

PY(t),UCt) [X(s),U(s) B BIYY) & (¥rLss) = (3.12)

Pr(s),u(s) 1%(1),u(e) L LB & (60

and so g_ can be expressed in terms of the backwards probabilities. A

similar result holds for pairs of particles.
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Some insight into the way particle-pairs move can be obtained by

considering a pair of particles with trajectories X, (t) and X,(t) as a

single entity with a trajectory g(t) = (gl(t),gz(t)) in a
six-dimensional space. In a single realisation the mass density of

contaminant particle-pairs in the six-dimensional space 1is given by
e(x,t) = c(x,,t)e(x,,t) where X = (x,,%,) vwhile the mass density of
fluid particle-pairs is p(X,t) = p(x,,)p(x,,t). It follows from (3.3)
that, avay from any sources, ¢ evolves according to
3¢/3t = - V.(&0_ ) + V.(KpV(E/p))

vhere 0_(%,t) = (u (x,,t),u (x,,t)) is the velocity field in the
six-dimensional space. Comparison with (3.3) shows that particle-pairs
are advected and diffused in the six-dimensional space in the same way
that single particles are advected and diffused in three dimensions.
Note that the six-dimensional density and velocity fields p and U, are
consistent with each other in the sense that they satisfy a "mass
conservation" equation which is of the same form as (3.1):

3p/dt = - V.(pQ,).
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4. THEORETICAL ASPECTS OF ONE-PARTICLE RANDOM WALK MODELS.

In order to make use of the relations derived in §3.3, it is
necessary to have a model for the way particles (or pairs of particles)
move. In this chapter, models for the motion of single particles are
discussed and the way in which such models should be formulated is

investigated.
4.1 Introduction to One-particle Models.

For simplicity it will be assumed throughout this chapter that Kk =
0, so that fluid particles are simply advected by the local flow
velocity. In justification we note that it is generally thought that
molecular diffusion has little effect on ensemble mean concentrations
in high Reynolds number flows (Monin and Yaglom 1971, §10.2), although
no proof of this has yet been found. This assumption will be discussed
in more detail when we consider two-particle models in chapter 5. 1In
this introductory section 4.1 we will assume in addition that the flow

is of constant density.

One of the simplest ways of modelling the motion of single
particles in a turbulent flow is to assume that the turbulent motions
of the particles are similar to the random motions of Brownian
particles or molecules. Vith this assumption, the particle
trajectories evolve according to a stochastic differential equation of
the form (2.3) and, from (2.6) and (3.4), it can be shown that <c>
satisfies the equation (2.6) with the addition of a source term <S> on
the right hand side. Because <c> satisfies an advection-diffusion
equation, models based on (2.3) are equivalent to the eddy-diffusivity
models discussed in §1.3 (this is of course to be expected since both
types of model are based on analogies with molecular diffusion) and so
suffer from all the problems associated with such models. Some of

these problems are associated with the fact (discussed in §2.2) that,
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for stochastic differential equations of the form (2.3), the mean
square velocity is infinite and uncorrelated in time. VWhile this is
not a bad approximation for molecular diffusion or Brownian motion
(provided one is not interested in properties of particle motions over
very short time intervals), it is not so good for turbulent diffusion
vhich takes place by "continuous moveménts“ (Taylor 1921), i.e. the

trajectories of the fluid elements have continuous derivatives.

These problems can be overcome by considering models in which the
position and velocity of a particle satisfy a coupled set of stochastic
differential equations:

dxt = vt 4t (4.1a)

dut = a®(X(t),U(t),t) dt + biI(X(t),U(t),t) dZd. (4.1b)
In such a model the velocity of a particle changes continuously in
time, while the acceleration has infinite mean square value and is
uncorrelated in time. While this is still unphysical, it is not as
serious a problem as the uncorrelated velocity in models of the form
(2.3). This is because, in high Reynolds number flows, the particle
accelerations are very large (relative to integral 1length- and
time-scales) and are only significantly correlated over very short
times of the order of the Kolmogorov time-scale T, (Monin and Yaglom
1975, pp369-370). In the atmospheric surface layer, T, is typically
between a tenth and a hundredth of a second. As a result it seems
reasonable to hope that a model of the form (4.1) could give a good
description of the motion of particles, at least over time intervals in
excess of the Kolmogorov time-scale. (Note that, although the changes
in velocity over successive intervals At, At»rn, are only weakly
correlated, they cannot be completely independent or the variance of
the particle velocities would grow indefinitely. Such weak
dependencies are represented in the model through the presence of the
term adt in (4.1b). This term results in a non-zero covariance between

the acceleration at different times, even though, as a result of the
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Alternative models for particle motions have been proposed which
overcome the worst failings of eddy-diffusivity models, but these tend
to be less successful and less physically plausible than those based on
(4.1). Examples include models in which the particle velocities can
take only a finite number of discrete values with the velocities
changing by discrete jumps at random times (Taylor 1921; Monin and
Yaglom 1971, §10.6) and models in which the velocities change by random
jumps but in which the range of possible velocities is continuous
(Smith 1984; Smith and Thomson 1984). The first of these types of

models has much in common with high-order closure models (van Stijn and

Nieuwstadt 1986).

The first model of the form (4.1) was proposed by Langevin (1908),
not in order to model turbulent diffusion, but in order to give a more
accurate description of Brownian motion than that given by the Wiener
process model described in §2.2 (as noted in §2.2, the Wiener process
model is not a good model for Brownian motion over very short time
intervals). For simplicity, consider the motion of a particle in one
direction only, say the x-direction (here, and also on occasion below,
x, ¥y and z will be used instead of x!, x? and x*® in order to simplify
notation). In Langevin’s model, it is assumed that the velocity U of
the particle in this direction obeys the stochastic differential
equation

dU = —aU dt + b dC. (4.2)
Equation (4.2) is known as the Langevin equation, and the resulting
velocity process is an Uhlenbeck-Ornstein process, or, more precisely,
becomes one when scaled so that « = b = 1 (Feller 1971, p99). An
intuitive interpretation of (4.2) is that over a time interval dt the
particle loses a small fraction o dt of its momentum to the

surrounding fluid and in return receives a random impulse b df. It can
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easily be seen (see Appendix B) that U(t) is (or, more precisely, can
be if the distribution of the initial velocity U(0) is chosen
appropriately) a stationary Gaussian process with mean square value
b?/a and correlation function R(t) = <U(s)U(s+t)>/<U(s)2> = exp(-at).
If (4.2) is to be a reasonable model for the motion of a particle in
homogeneous stationary turbulence, o« and b should be chosen so that the
model velocity process has the correct variance and integral
time-scale. This will ensure that the mean square displacement of
particles is correct for small and large times (see discussion of
Taylor’s (1921) result in §1.1). Hence we must set b = 202/1I and « =
1/‘rI wvhere ¢° is the Lagrangian velocity variance and T, is the
Lagrangian integral time-scale I:R(t)dt. (Throughout this thesis, T,
vill be used to denote the Lagrangian integral time-scale, while T will
be used to indicate some more general measure of the time-scale on
wvhich particle velocities become decorrelated.) For this model, the
mean square displacement of particles can be obtained from Taylor’s

result (1.1) and is equal to
tt 2 2.2
Io Io o? R(t,-t,) dt, dt, = 20T (exp(-t/T,)-1+t/T,).

In addition, because of the Gaussianity of the velocity process, the
distribution of the displacements is Gaussian (see Appendix B). It
follows that at large times the <c¢> distribution is the same as that

obtained from an eddy-diffusivity model with K = UZTI.

The model (4.2)
for particle motions in homogeneous stationary turbulence has also been
discussed by Novikov (1963), Lin and Reid (1963), Jonas and Bartlett
(1972) and Durbin (1983), and is «closely related to the ideas of

Obukhov (1959) and Smith (1968).

For several reasons the Langevin equation model is a plausible
model for the motion of a particle in homogeneous stationary turbulence
although, as with all turbulence models, a rigorous justification is

impossible, at least with the current state of our mathematical
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knowledge. Firstly the experimental evidence indicates that the
distribution of Eulerian velocities at any single given point is
Gaussian to quite high accuracy in homogeneous turbulence (Batchelor
1953, ppl69-170; Monin and Yaglom 1971, p540). Because of Lumley’s
result that Lagrangian and Eulerian velocity distributions are equal in
an incompressible homogeneous turbulent flow (see Monin and Yaglom
(1971, pp573-574)), it follows that the single time Lagrangian velocity
distributions are also Gaussian. Secondly, as noted above, the
particle accelerations in high Reynolds number turbulence are only
significantly correlated over very short time intervals. Thirdly, the
exponential correlation function, although almost certainly not exact,
has many features vhich are qualitatively correct (Tennekes 1979) such
as the correct inertial subrange form 1—t/TI+o(t) at small times (Monin

and Yaglom 1975, pp358-359).

For homogeneous stationary turbulence, Taylor’s result (1.1)
provides a solid basis for wunderstanding the evolution of <c¢>, and
random walk models can add only a little to our knowledge. Hence, 1if
random walk models are to make a wuseful contribution to our
understanding, it is important that they can be applied to more complex
flows in which the flow properties are non-uniform in space or time
(there is of course no equivalent of Taylor’s result for general
flows). Many of the early attempts to do this were based on an
equation of the same form as the Langevin equation (4.2), but with «
and b being made functions of position and time in order to reflect the
fact that the turbulence properties are not uniform. More precisely,
%b’/« was set equal to the local Eulerian (i.e. fixed point) velocity
variance o¢?(x), while 1/« was set equal to an estimate T(x) of the
"local Lagrangian time-scale", i.e. the time-scale on which the
velocities of the particles near x become decorrelated. In addition
some of these models dealt with the problem of dispersion in more than

one dimension and took account of the presence of a mean velocity in

'
§
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the flow, possibly varying with position. Among such models are those
considered by Hall (1975), Reid (1979), Wilson, Thurtell and Kidd
(198la), Ley (1982) and Legg (1983).

In many of the situations to which these models were applied,
results were obtained which showed quite good agreement, both
qualitatively and quantitatively, with experimental data. This is in
spite of the fact that there is no justification for simply setting «
and b equal to local values. For example, the Eulerian velocity
variance ¢ at a given point is not, in general, equal to the velocity
variance of particles of contaminant passing the point in question.
This is because the concentration of contaminant particles at the point
will vary from realisation to realisation and so the set of contaminant
particles passing the given point is not a representative sample of all
fluid particles passing the point. It follows that the velocities of
these particles will not necessarily be a representative sample of the
velocities of all particles passing the point and so will not be a
representative sample of Eulerian velocities at the point. (This line
of reasoning is due in essence to Batchelor (1964), who pointed out
that the Eulerian mean velocity is not in general equal to the mean
velocity of contaminant particles.) Also, the velocity of a particle
moving according to (4.2) depends on the values of « and b at all
points along its path. Hence there is no reason to expect the velocity

variance of model particles passing a fixed point to equal %h?/«.

However in situations where the Eulerian velocity variance varies
significantly with position, the results obtained were far from
satisfactory, with the particles accumulating unphysically in regions
wvhere o¢® was small (e.g. Janicke (1983)). The reason for this can be
seen by considering a situation where the profile of <c> is initially

uniform. Consider a particle moving according to (4.2) with « and b

chosen as indicated above. The velocity of such a particle depends on
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the values of ¢ at all points along its path, the magnitude of the

velocity being in general larger the larger o? is. It follows that the
velocity of particles arriving at a given point from a region where o?
is large will be moving faster than those arriving from a region where
o’ is small. Hence there will be a net flux of particles into the

region vhere o¢? is small, leading to a non-uniform <c> profile.

A large number of models have been tried in attempting to overcome
this problem (Wilson, Thurtell and Kidd 1981b; Legg and Raupach 1982;
Janicke 1983; Runca, Bonino and Posch 1983; Ley and Thomson 1983;
Wilson, Legg and Thomson 1983; Thomson 1984; van Dop, Nieuwstadt and
Hunt 1985). It does not seem appropriate to review all of these
approaches in detail here - instead we will outline the main ideas
involved. Legg and Raupach (1982), Runca et al (1983) and Ley and
Thomson (1983) noticed that, when the velocity variance varies with
position, the particles passing through a particular point have a
non-zero mean acceleration even if the mean Eulerian velocity is zero
everyvhere. For example, suppose the mean velocity is =zero and the
turbulence is stationary and homogeneous in the y- and z-directions.
Now consider the motion of particles in the x-direction and suppose the
fixed point variance of the x-component of velocity (to be denoted by
0?) varies with x. Then the mean acceleration in the =x-direction of
particles passing a given point is equal to

<Dul/Dt> = <dul/at> + <V.(u ul)> = 30?/8x

1

(here u,

indicates the first component of the Eulerian velocity u_  and
ve have used the fact that the flow is of constant density, i.e. Vou, =
0). Legg and Raupach (1982), Runca et al (1983) and Ley and Thomson
(1983) added this mean acceleration to the right hand side of the
Langevin equation to obtain

dU = (-U/Tt + 30%2/3x) dt + (206%/7)'/2 dC.
Although this model reduces the extent of particle accumulation, it

does not always remove it entirely, especially if the variation of ¢?
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is rapid (Wilson et al 1983).

Concurrently with these ideas, a number of papers appeared in
vhich attempts were made to force the random walk model to yield a
uniform steady state <c> profile by modifying the Langevin equation
appropriately (Wilson et al 1981b; Janicke 1983; Thomson 1984).
Janicke (1983) and Thomson (1984) in fact required somewvhat stronger
conditions to be satisfied, with the strongest condition (that proposed
by Thomson (1984)) being that, if g_ = g, at some time, then g_ should
remain equal to g, at all subsequent times (gp being assumed known),
i.e. if the particles are well-mixed in phase space they should remain
so. VWe will call this the well-mixed condition. Somewhat surprisingly
this approach led to the use of a non-zero mean acceleration equal to
that used by Legg and Raupach. The approach also indicated the need
for a number of more subtle modifications of the Langevin equation,
although it was not clear what form these modifications should take.
The suggestions of Thomson (1984) included changing the moments of d{
and, following Wilson et al (1981b), using a Langevin equation for U/c
instead of for U. The need for such modifications was also
demonstrated by van Dop et al (1985) by considering <D(u:)2/Dt> and
higher order quantities in the same way that Legg and Raupach had
considered <Dui/Dt>. Again it is somewvhat surprising that the two
different approaches (i.e. insisting on a well-mixed steady state and
considering the small time behaviour of the moments of velocity) lead

to similar results.

Although in many situations the approaches of Thomson (1984) and
van Dop et al (1985) (see also Sawford (1986)) yield models which show
little sign of an unnatural accumulation of particles, there are still
some unsatisfactory features in these approaches. In particular,
although these approaches yield a number of constraints on the form of

the model, there are situations in which no model (of the type
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considered by Thomson or van Dop et al) satisfies the constraints. For
example, the models of Thomson (1984) and van Dop et al (1985)
sometimes require the random term in the equation for U to have
negative variance (de Baas et al 1986)! The reason for these problems
is that the models considered were the wrong sort of generalisations of
the Langevin equation. For example, in Thomson (1984), an attempt was
made to construct a process which is more general than that given by
(4.2) but which still 1looks locally like a process with independent
increments, by generalising the random forcing dl in (4.2) and allowing
it to have a non-Gaussian distribution. This is inadmissible because
of the result quoted in §2.2 - if a process has continuous sample paths
and looks locally like a process with independent increments, then the
infinitesimal increments must be Gaussian. As a result the model
considered by Thomson (1984) is, in general, either non-existent (in
the sense that no random process { exists which has increments df with
the required moments) or has discontinuous trajectories. Consider for
example an inhomogeneous flow in which the fixed point velocity
distribution is Gaussian. For this situation the model in question
requires the first three moments of the random increment d to be 0(dt)
wvith higher moments o(dt). Now any random variable X must satisfy
(i?)2 ad (Feller 1971, pl52). Hence there is no random forcing
with the required moments. As mentioned above, the situation can be
even worse in some cases, with the model requiring increments with
negative variance. 0f course in some cases such models can be
implemented in an approximate form, and this has been done with
successful results by a number of authors (Thomson 1984; de Baas et al
1986; Sawford and Guest 1987; Briere 1987). However this approach is
rather unsatisfactory mathematically and it is difficult to estimate

theoretically the effect of such approximations.
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In order to overcome these problems we will consider general
models of the form (4.1) and investigate in §4.2 the constraints on a
and b which are needed to ensure that the model satisfies the
well-mixed condition. It turns out that the model (4.1) is
sufficiently general to ensure that satisfying the well-mixed condition
is always possible. Ve will also consider various other constraints
which are satisfied in reality and which we would 1like random walk
models to obey. Firstly there is the condition (discussed above) that
the velocity distribution of particles from a point source should
evolve correctly at small times (van Dop et al 1985). Secondly the
model should be consistent with the Eulerian equations (3.1), (3.2) and
(3.3) in the sense discussed by van Dop et al (1985) (complete
consistency with these equations would imply the model is exact, which
is rather too much to ask for!). Thirdly, the model should satisfy the
exact result (3.12) which relates the forward and backward transition
probabilities. This type of constraint was originally put forward by
Egbert and Baker (1984) in the context of two-particle models, although
in a somewhat weaker form (Egbert and Baker only considered the
tvo-particle equivalent of (3.8), i.e. (3.10), and not the two-particle
equivalent of (3.12)). Finally we will consider the constraint
proposed by Durbin (1983, 1984), who suggested that random walk models
should be designed so that they reduce to an eddy-diffusivity model as
the Lagrangian time-scale tends to zero. It will be shown that the
first three of these conditions actually provide the same constraints
on the form of the model as the well-mixed condition, explaining the
somevhat surprising similarity, noted above, between models which were
designed to satisfy the well-mixed condition and models designed to
give the correct small time behaviour. It will also be shown that
Durbin’s (1983, 1984) condition is strictly weaker. Although these
conditions provide strong constraints on the form of the model, they do

not determine it completely. Various ways of reducing the remaining
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indeterminacy are discussed in §4.3.
4.2 Some Criteria for the Selection of Random Walk Models.
(i) Some properties of the model (4.1).

Before discussing the various constraints on the formulation of
random walk models described above, it is useful to summarize the
results on stochastic differential equations obtained in §2.3, as they
apply to the system (4.1). In discussing physical interpretations of
(2.3) wve concentrated, for obvious reasons, on the case where X(t) is a
three-dimensional vector. However, the analysis in §2.3 applies quite
generally to processes in any finite number of dimensions. Now the
system (4.1) can be regarded as a six-dimensional version, and hence a
special case, of (2.3), and so the results obtained in §2.3 can be
applied to (4.1). It follows that p§(t),g(t)|§(8),g(5) satisfies the
forward and backward Kolmogorov equations appropriate to the system

(4.1), namely

: : 2 LR
- wp - @euon s 2= @G0 (43)

Ix 3u dut 3ud
and
EB _ i 39_ i EP_ Bij izL 4.4
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for t>s. Here B'J = %b**b7* as in §2.3. Note that although B does not
determine b, knowledge of a and B is sufficient to determine all
statistics of the motion of the model particles. Also, away from any
sources of contaminant, g.(x,u,t) satisfies (4.3), expressing the fact
that the flux of contaminant in the x!-direction, uigc, and that in the
ut-direction, a'g_ - 3(B*Jg_)/du’, together balance the rate of change
of the phase space density g_. Equation (4.3) can be written in the
form

I 2—; (uip) + v (p) (4.5)
x ~
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vhere, for fixed x, ¥y is a linear operator which maps p (considered as

~

a function of u) to a new funétion wx(p) of u. For many of the
arguments given below it is only assumed tha; the evolution equations
for p and g_ have the form (4.5). A consequence of this is that many
of the results obtained below on the relationships between the
different constraints are applicable to more general models than (4.1),
such as the models with non-Gaussian forcing discussed above (when they
exist) and the models of the type presented by Smith (1984) (see also
Smith and Thomson (1984)). In Smith’s model the particle velocities do

not change continuously but in discrete jumps which occur at random

times.

As noted in §2.3, if f(x,u,t) is a function of x, u and t, then
the differential of £(X(t),U(t),t) is given, not by the chain rule, but
by It6's formula. For the model (4.1), this takes the form

df(g(t),g(t),t) =

: . 2
Bt + v v atao,un,n s, un,n S
axt u' 3u’ au?
ij of j
L b EM,u0,0 E e G
u’

Some of the arguments which follow are more easily expressed in
terms of the characteristic functions (Feller 1971, chapter 15) of g,
and g than in terms of g_ and g, themselves. These characteristic
functions will be denoted by ~, i.e. g.(x,8,t) = Igc(g,g,t)exp(ig.g)dg
and gp(g,g,t) = Igp(g,g,t)exp(ig.g)dg. Note that, using the
definitions of g. and g, given in §3.3, gc and gp can be expressed as
g. = <c exp(iy .6)> and g, = <p exp(iy_ .0)>. In terms of
characteristic  functions, the evolution equation for g. can be

expressed as

+ ﬁ,x(gc) (4.7)
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vhere Ex maps g_ to wa(gc)exp(ig.g)dg.

~

In the following U, will be used to denote the density-weighted
mean Eulerian velocity while V_ will denote the density-weighted
covariance matrix of the velocity components at a fixed point, i.e. u,
= <pge>/<p> and V:j = <p(ui—Ui)(u3—U2)>/<p>. In isotropic turbulence,
o’ will be used to indicate the (density-weighted) variance of any one
component of the velocity at a fixed point. We will often have cause
to consider situations where the density-weighted velocity distribution
at any point is Gaussian. In such situations, which we will call
Gaussian turbulence, g, takes the form

_ <p>
(2n)3/2(det V)72

. exp{-%(u'-Ul) (V1) (ui-vd)}.

There are a number of situations (e.g. in the atmospheric boundary
layer) where the flow is homogeneous (or approximately homogeneous) in
directions parallel to a certain plane. Often the main interest is
then in dispersion in the direction perpendicular to the plane, which
will be taken to be the x-direction. In such situations, it seenms
reasonable to assume that a one-dimensional model in which X!(t) and
U'(t) evolve according to a coupled pair of stochastic differential
equations will provide a reasonable model of the dispersion. This
assumption is in the same spirit as the assumption that the
three-dimensional displacement and velocity can be modelled by
equations of the form (4.1). Howvever, as an assumption about the
evolution of X'(t) and Ul(t) it is slightly stronger, since it implies
that a' and B! in (4.1) do not depend on U2 or U?. (Of course it also
implies that a' and B'! do not depend on X? or X?, but this follows
from the assumed homogeneity in the x?- and x>-directions.) In such
situations, as in the discussion of the Langevin equation in §4.1,
quantities such as X!, U', x! and u!' will be written as scalar

quantities X, U, x and u to reflect the fact that we are considering a
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one-dimensional situation and the equivalents of a, b and B for our
pair of scalar stochastic differential equations will be written as a,
b and B. Also o¢® will be used to indicate the (density-weighted)
variance of the x-component of velocity at a fixed point. u, will
however always be written as a vector as a reminder of the fact that
the turbulent velocity field is always three-dimensional even if the
flow statistics depend on one coordinate only. In addition, gp(x,u,t)
and gc(x,u,t) will be used to denote the density- and
concentration-wveighted p.d.f.s of ui, averaged or integrated as

appropriate in the x?

- and x*-directions. g,(x,u,t) and g_(x,u,t) can
also be regarded as the densities of the distributions of X(t) and U(t)

for fluid and contaminant particles respectively.

For some of the arguments which follow it is necessary to make a
mild assumption about the behaviour of g_ and g, as [u|+=. Consider an
expression consisting of g.+ g, Or a derivative of g. or g,, multiplied
by a number of terms, each term being a component of u, a3, Bor a
derivative of a or B. It is assumed that g. and g, tend to zero
sufficiently rapidly as |u|»= so that the integral of the expression

over u-space exists.
(ii) The well-mixed condition.

The well-mixed condition requires that, if the initial phase space
distribution of contaminant is proportional to the distribution of
fluid, then it should remain so (provided of course that there are no
sources of contaminant subsequent to the 1initial time). In
mathematical terms this means that g, should satisfy (4.3) when

substituted for p. This leads to the condition

alg, = & (Biig)) + ¢ (4.8)
du’

vhere ¢! is a function of X, U and t which satisfies
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g d i
¢ __ %, _23_ (uig,). (4.9)
dul at axt

Note that, from (4.9) and the assumptions about g, discussed at the end
of §4.2(i), it follows that the integral over u-space of a component of
¢ times various components of u, a, B and their derivatives must exist.
In particular ¢0 as |u|+=. It is always possible to choose a, B and $ |
to satisfy these equations. For example, ¢ can be chosen to satisfy

(4.9), B chosen to be any covariance matrix, and then al

set equal to
the right hand side of (4.8) divided by g,- Hence a random walk model
of the form (4.1) can always be made to satisfy the well-mixed
condition, no matter what form g, takes. In terms of §, the well-mixed
condition can be expressed as

g 2,

= =1

[
at

v (E). 4.10
— (@) (4.10)

(iii) The small time behaviour of the velocity

distribution of particles.

Consider now the behaviour of the velocity distribution of
particles from an instantaneous point source located at (§s,ts). The
p-d.f. of the velocity of these particles will be denoted by h(y,t).
Now g_ is the mass density of contaminant particles in phase space.
Hence gc(g,g,t)/I<c(§,t)>d§ is the p.d.f. of the position and velocity
of contaminant particles and so h(u,t) = Igc(g,g,t)dg/f<c(§,t)>d§.
Integrating (4.7) with respect to x and noting that I<c(§,t)>d§ is

independent of t yields

f=at]

d

I

(I<c>d§) = IEﬁ(éc)dg

@

t

where h(@,t) denotes [h(u,t)exp(iu.@)du. At t = t_, §_is zero except

at x = X, and so @x can be replaced by @x . Hence, using the

~ ~S

linearity of @x ’
~S
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=| = v, (h(e,t ),

the subscript t_ indicating that the derivative is evaluated at time
t.. Initially h 1is identical to the velocity distribution of fluid
particles at the source and so E(Q,ts) = gp(gs,g,ts)/<p(§s,ts)>.

Hence, using again the linearity of @x y

~S
¥, (&,(x,,8t,))

(gf)t - Nip(is’ts)> . (4.11)

At small times however we can calculate the true behaviour of the
velocity distribution of contaminant particles. From (3.1), (3.2) and

(3.3) it follows that

3 Ch Py,
T i (c exp(iu .0)) = i ¢ exp(iu_.96) e.ﬁ-—
t ax! aet - .o oT bt
and
3 52 Dy,
3t i (p exp(iu_.8)) = i p exp(iy,.9) e.ﬁ——
t ax! 36t o oot
Taking the ensemble average yields
] 32 Dl.‘!.e
3¢ - 1 g =1 <c exp(iu .0) G.D > (4.12)
t axt ot ~e st~ bt
and
3 3?2 by,
T i g =1 <p exp(iu_.6) 6.=—>. (4.13)
t axiaet) * ~e =0 =Dt

By integrating (4.12) with respect to x it can be seen that

-~ Du
dh . . ~e
(I<c>d§)(§f]t = i <Jedx exp(iu_.0) §.5¥—>

s

(xs,ts).

Hovever the amount of material released in any realisation (i.e. [cdx)
is proportional to the value of p at the source (see §3.3 and Appendix
A) and so, using (4.13), we obtain

= o 3%g
oh g g
(gf)t o 1 >[3t° - i — °.] (4.14)
X ,t 3 e*
p(X st) x 3 (x,,t)

s
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Comparing (4.11) and (4.14) shows that for the velocity distribution of
particles from a point source to behave correctly at small times, it is

necessary and sufficient that

%, "8 L (&)
=1 . -+ ¢ (g
at axiget X °

at the source. Hence we see that requiring the correct small time
behaviour of the velocity distribution of particles from a point source

is equivalent to the well-mixed condition (4.10).

(iv) The requirement of compatibility with the Eulerian
equations, and the relation between random walk

and high-order closure models.

As noted in (iii) above, it is possible to derive equations for g.
and Ep (namely (4.12) and (4.13)) from the fundamental equations (3.1),
(3.2) and (3.3). Unfortunately, there is no random walk model of the
form (4.1) for which the evolution equation (4.7) takes the form
(4.12). This is because (4.12) contains terms involving Du /Dt which
cannot in general be expressed exactly in terms of §_ and gp. However
a random walk model can produce an evolution equation of the same form
as (4.12) with the right hand side of (4.12) being parametrized in
terms of g_ and §P. Comparing (4.7) and (4.12) shows that, for a
random walk model of the form (4.1), the parametrization of the right
hand side of (4.12) is given by

Du

i <c exp(iy,.0) 8.5 = ¥, (E.)- (4.15)

Although the parametrizations corresponding to some models will clearly
be better than those corresponding to others, there is only one obvious
constraint which the exact equations (4.12) and (4.13) impose on the
parametrization. If ¢ = p in each realisation, then §_ = gp and the
right hand side of (4.12) equals the left hand side of (4.13). If the

parametrization of the right hand side of (4.12) is also to have this
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property, then

C B g P R (4.16)
at ax! et P X =
must be satisfied. This is simply the well-mixed condition. If we

regard the model as being "compatible" with the Eulerian equations
whenever the parametrization satisfies (4.16), then the model is
compatible with the Eulerian equations if and only if the well-mixed
condition is satisfied. Of course the possibility that (4.12) and
(4.13) imply other more subtle constraints cannot be ruled out - to be
completely consistent with (4.12) and (4.13) there must exist an
ensemble of velocity and density fields satisfying (3.1) for which the

model (4.1) is exact - see §4.2(vii) below.

The equations (3.1), (3.2) and (3.3) give rise to an infinite
sequence of equations for the evolution of the moments <cui...u:> and
<pui...u:>. These equations contain the same information that we have
expressed more compactly in equations (4.12) and (4.13) by using
characteristic functions. By differentiating (4.12) successively with
respect to 6!,...,0", and setting © equal to zero, ve can obtain the
equation for <cui...u:>. The left hand side of this equation takes the

form

9 i
T <cue.

..u:) + C
ax™

<cui...u:u:>

vhile the right hand side contains the terms involving Du_/Dt. 1In high
order closure models of turbulent dispersion (e.g. Deardorff (1978))
the first few equations in this infinite sequence are wused with
suitable parametrizations for the unknown terms. As in random walk
models, it is necessary in such models to parametrize the terms
involving Du_/Dt. In high-order closure models however, some terms of
the form 8<cui...u:u:>/8x“ have also to be parametrized, in order to

obtain a closed set of equations. This is a consequence of the fact

that high-order closure models describe only a finite number of the low
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order concentration-wveighted velocity moments <cui...u:> instead of the
entire concentration-weighted velocity p.d.f. g.» and so need to
parametrize some effects which are represented explicitly in random

wvalk models.

By expressing ¢ in terms of a and B and using (4.15), it can be

seen that the parametrization (4.15) can be expressed as

. . Dg.e ° i
1 <c exp(iu,.8) 0.57> = [|- = (a'g.) +

dui 3ut gu’ (B7g.) [exp(iy. 9)dy
u u- du

= i6'<ca (x,u_,t)exp(iy,.0)> - 6'6I<cB I(x,u ,t)exp(iy, .0)> (4.17)

By noting that i <c exp(iy,.®) ©.Dy_/Dt> is equal to <c> times the
average value of d(exp(iu(t).8))/dt for particles of tracer at X, Itd’'s
formula for (4.1) can be used to derive (4.17) directly. The first two

moments of this parametrization are given by

<c(Dul/Dt)> = <ca'>

<e(uj(Dul/Dt) + ui(Dul/Dt))> = <c(uiad + wla)> + 2<cBI>.

Now, if the model does satisfy the condition (4.16), it follows that
the two equations above are also satisfied with c replaced by p or,
neglecting variations in p, by unity. Hence, if we neglect variations

in p, the first two moments of the parametrization can be expressed as

<c’(Dul/Dt)’> = <c’al’> (4.18a)
<c'(ul’(Dul/Dt)’ + ul (Dul/Dt)’)> =
o o s (4.18b)
= <c'(u,’al’ + ulra’’)> + 2<e’BYI1>
wvhere a prime denotes the departure of a quantity from its ensemble
average. Examples of the parametrizations which arise in specific
cases will be discussed in §4.4 and related to the parametrizations

occurring in high order closure models.
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(v) Forward and Reverse Dispersion.

It was shown in §3.3 that, in reality, pg(t),g(t)lg(s),g(s) and g,
satisfy
PR(1),0(0) [X(s),u(s) B2 Y) 8 (otrs) = (4.19)

Px(s),U(s) |X(t),U(t) P EI%W g ().

For t>s, p%(t),g(t)IK(S),Q(S)(E’BIX’!) can be calculated from the model
(4.1), it being simply the p.d.f. of the positions and velocities of
fluid particles which commence at (z,!) at time s. In principle, the
quantity p&(s),g(s)|§(t),g(t)(Z’!|§’g) could also be calculated from
the model (again for t>s) by considering all trajectories resulting
from a well-mixed distribution of particles (i.e. a distribution with
phase space density function proportional to gp) at time s, and then
noting the position and velocity at time s of those trajectories which
pass through (x,u) at time t. It seems reasonable to propose that the
values of p obtained in this way should satisfy (4.19) if the model is
to be acceptable. In fact it is easy to see that this requirement is
equivalent to the well-mixed condition. Suppose the well-mixed
condition is satisfied and consider all model trajectories resulting
from a well-mixed distribution of particles at time s. Then the
argument given in §3.3 which leads to (4.19) applies equally well to
the model trajectories and so (4.19) is satisfied. Conversely, if
(4.19) is satisfied, the integral of the left hand side of (4.19) with
respect toy and v is proportional to the phase space density of tracer
at time t resulting from a well-mixed distribution at time s, and the
integral of the right hand side 1is equal to gp(g,g,t). Hence the

well-mixed condition is satisfied.

As an aside from the main theme of this section (namely the
investigation and comparison of various exact results which we would

like random walk models to satisfy), it is of some interest to see if

there is a way of calculating pX(s) UCs) [X(t) U(t)(y,!|§,g) for t>s
~ r s pot * s -~
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from the model that is simpler than that given above. For example,
consider a situation with an extended source distribution S(x) and
suppose that we are only interested in the value of <c> at a particular
space-time point. In such a situation it 1is, as noted in §3.3,
wvasteful to calculate many forward trajectories, only a few of which
will pass through the point. The obvious approach 1is to try to
simulate the motion of particles backwards in time. In order to do
this, we need a random walk model of the backwards trajectories of
particles vhich will yield the same results as the forwards model.
However it is not immediately obvious how such a model should be

formulated. We will now investigate this.

Let us set t’ = -t and u’ = -u (for this section only) so that t’
increases as we go back in time and denote the stochastic differential
equation which we hope will describe the backward trajectories by

dX’ = U'dt’ (4.20a)
durt = a’*(X'(t"),Ur(t'),t")dt’ + bri3(Xr(tr),U (t"),t")dT3. (4.20b)

To simplify notation let éi(x,g,t) = (1/gp)8(Bijgp)/auj. Then a = & +

g/gp. Using (4.4), (4.8), (4.9) and (4.19) it can be seen that

p&(s),g(s)|§(t),g(t)(29!|§,g) satisfies

. i . 2 .
%% - - (vipy -2 .[[i— - é‘]p] - 2 (Bi3p)
ayt avi (& aviavd

for t>s, where ¢, g, dand B are all evaluated at (X’!’S)' The
forward transition density for our model (4.20), which is defined for
t’2>s’ only, will be denoted by

P (e0), U (e %7 (s7), 0 (s) (B8 120D
Ve want this to equal the reverse transition density function
Pg(-t'),g(—t')|§(-s'),g(-s')(5’"9"Z"!'>’ For this to be so it is
necessary that p%'(t'),g'(t')|§'(s'),Q'(S')(§’E'IZ’!') should satisfy

i . 2 ‘s
%%T - wrip - 2 [[i— - é’]p] + —2L (8iip)

ax* auri | \8& u’igu’d

for t’>s’, where ¢, g, 4 and B are evaluated at (x,-u’,-t’). If the
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model (4.20) is to give rise to this forward equation, then we must
have

a'(x,u’,t’) = - & + ¢/g,

br(xyur,t’) = b
with ¢, g,» & and b evaluated at (x,-u’,-t’). Note that a’(x,u’,t’) is
not simply equal to a(x,-u’,-t’) as it would be if we were trying to
formulate a backwards version of the ordinary differential equation
du/dt = a. Instead the two parts of a (i.e. 4 and f/gp) transform
differently under time reversal, with & changing its sign. The above
results show how a model for the reverse trajectories should be
formulated in order to ensure that the predictions for <c> and g. are

the same as would result from a given model for the forward

trajectories.
(vi) The small time-scale limit.

Durbin (1983, 1984) posed the requirement that a random walk model
should reduce to an eddy-diffusivity model as the Lagrangian
time-scale, T, tends to zero. In this section we investigate this

requirement and its relation to the well-mixed condition.

Suppose the shortest time after the release of material at which
ve are interested in the dispersion is T and that the time-scale on
vhich conditions change as viewed by a particle (due to inhomogeneity
or unsteadiness in the turbulence) is T, - In investigating the
behaviour of the model for small T, it is convenient to
non-dimensionalise quantities as follows. Let us non-dimensionalise
all times with respect to min(T,TH) and all 1lengths with respect to
some measure of the spatial extent of the <c> field which results from
an instantaneous point source at a time of min(T,TH) after the release.
To avoid unnecessary notational complexity, a non-dimensional quantity

will be denoted by the same symbol as its dimensional equivalent. In

justification, we note that the non-dimensional quantities are simply
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the ordinary quantities measured in particular units.

Let us novw assume that the non-dimensional T is small. The
non-dimensional turbulent energy must be large to make up for the small
time-scale (otherwise the non-dimensional spatial extent of the <>
field at time min(T,rH) will not be of order unity) and so we put g, =
e3f(§,!,t) vhere v = g(u - ge) and € is a small parameter. It is not
yet clear how a and B scale. However, because the particle velocities
are large and rapidly changing, it is clear that B must be large. In
anticipation of the result we put B = 9/84 and assume that ¢ is of
order €° or smaller; if B is not of order £ % or ¢ is larger than €° it
can be shown, by repeating the analysis below with different
assumptions about the size of B and ¢, that the non-dimensional spatial
extent of the <c> field is not of order unity at non-dimensional times
of order unity. Of course ¢ needs to be no larger than 0(g) in order
to satisfy (4.9) and in one-dimensional models it cannot be larger than
this. The scaling for B can be made plausible by considering diffusion
in one dimension in homogeneous stationary Gaussian turbulence with no
mean flow. (4.1) can then take the form of the Langevin equation (4.2)
for which the non-dimensional diffusivity at times t»T equals ¢*/B (¢
and B here being non-dimensionalised quantities). € has been defined
SO that o2 = 0(¢?) and so B must be of order &% if the
non-dimensional diffusivity is to be of order unity (which it must be
if the non-dimensional extent of the <c> field is to be of order unity

at non-dimensional times of order unity).

Assuming the model satisfies the well-mixed condition, (4.3),

(4.8) and (4.9) yield

agc Vi . Bgc Bgc SUZ
at = - ?‘ + Ue - &

1
+ —
2

ax!i vl axi g2 ovi

1 9 ["’igc]
g2 avi | £

(%]
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>®

.
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o |
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|
) S—

(4.21)
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with ¢ satisfying

i . aud
3¢. = - gv' F g2 %% - eri QET + g2vi éﬁf ——; +
ovt axt ox* avI ax?

aut aut

33f e 3 e
+ € : [at + Ue _]
v oxJ

From §4.2(ii), it is clear that ¢30 faster than any power of vl as
|v]oe. Also, because there is no flux of particles through the phase
space boundary at |u| = « (or alternatively from the assumptions about

g, stated at the end of §4.2(i)) it follows that the integral of aigC -

a(Bijgc)/au3i over the surface at |u| = = is zero. Using (4.8), this
becomes
3 i
J [Biif — FEJ - ’ g°]dsi =0
ovl \f f
vhere dS is an element of the surface at |v| = ». Also, on physical

grounds, we assume that g_/f remains bounded as |y[-=.

The reasoning which follows is similar to that used by Schuss
(1980, pl34). Let us pose asymptotic expansions for g and ¢, namely
B. =8 *+ B8 + €8, + ...y §= $, + €4, + €70, + ...

The leading order (&£ ?) terms in (4.21) yield

avi ovl £ avi | f

with g /f bounded and

g if — [‘] - \}dsi = 0.
J [ vl \f f

Because a¢é/3vi = 0, this has a solution g,

= C(x,t)f; indeed all

solutions are of this form. The order £ ! terms in (4.21) yield

3 .9 g, ¢ig . oC
o [Bilf S [__J] - E_T [ 0 1] - vif — (4.22)
v avd \f av? f ox?t

vith g, /f bounded and

.9 g ¢ig
| for s () - S -0 (4.2
\4 f
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In order for (4.22) and (4.23) to have a solution it is necessary that
fvif(BC/axi)d! = 0 which is automatically satisfied. The order &€°

equation becomes

N g sig .
ov*t ovI \f ov? f oax*

i ‘T, 3 [¢ig1]
axi avi f

with g,/f bounded and

3 (g ¢ 8
J [B‘jf — {—2] -2 2]dsi - 0.
avi (£ £

For these equation to have a solution it is necessary that

[g% + Ui BC.] J f dy +
ax?t

I Jvigl dv = 0 (4.24)
ox*
vhere g, is a solution of (4.22) and (4.23). By noting that [ £ dv =
<p>, 9<p>/3t + 3(<p>Ui)/axi = 0 and C = <c>/<p> to leading order in ¢,
(4.24) yields
8+ euh) - [<p>x<ij L [2—‘:;]]
ox* ox* 9x? P

vhere K3 = I(ui-Ui)dog/Igpdg and G¥ is a solution of

0 i d Gk ] ¢;Gk k K
2 lpig, & (S22 |21 - k- vt
aut * aud & aut | & e

with Gk/gp bounded and

.9 k %G Y
[B”g — -2 ]ds‘ = 0.
* aul & g,

(Although G is not unique, all solutions differ by g, times a vector

function of x and t which does not affect the value of K.) Hence ve see
that the model reduces to an eddy-diffusivity model. After some

algebra it can be shown that K is positive definite and, if ¢, = O,

symmetric.
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Unfortunately, it is not always possible to calculate K
analytically. However, for the class of models in which
(1/gp)(a(Bijgp)/3uj + ¢é) is a linear function of u-U, —Lij(uj - Ui)
say, (i.e. those models for which a is a linear function of u - U  to
leading order in g), K can be calculated and is given by ki3
(L’l)ikvzj. This class of models includes most models proposed to
date. K can also be found easily in one-dimensional models. In such
models ¢, is automatically zero and K = I(qz/ng)du/Igpdu vhere q =
U (u - Ue)gp(x,u’,t)du'. In Gaussian turbulence, this reduces to
I(c‘gp/B)du/Igpdu. These expressions show how the model’s diffusivity
is related to a and B. If we know from other arguments what value the
diffusivity should take, then these results can be used to help choose

the values of a and B. This is discussed further in §4.3(iii) below.

We have seen that, if the model satisfies the well-mixed
condition, it reduces to an eddy-diffusivity model as the Lagrangian
time-scale tends to zero. Now the limit T -+ 0 1is, when rescaled,
equivalent to min(t,TH) 3> o, Hence, in homogeneous stationary
turbulence (where T, = ©), the model becomes an eddy-diffusivity model
as t o o, Also, if the inhomogeneity or non-stationarity is weak
(i.e. 1, »T), then the model is approximately an eddy-diffusivity model
for t»t. However, if the inhomogeneity or non-stationarity is stronger
(i.e. T,$T), then it is not clear vhether the model becomes an

eddy-diffusivity model at large times or indeed whether it should.

If (4.1) reduces to an eddy-diffusivity model as the time-scale
tends to zero, then the model need not satisfy the well-mixed
condition. Hence we see that requiring the model to reduce to an
eddy-diffusivity model as T =+ 0 is a weaker condition than the
well-mixed condition. Durbin (1984) suggested that, as well as
reducing to an eddy-diffusivity model as T » 0, a random walk model

should give the correct variance for the particle velocities in
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homogeneous stationary turbulence. However this is insufficient to
ensure the well-mixed condition is satisfied and, strictly speaking,
implies nothing about the behaviour of the model in inhomogeneous or

non-stationary conditions.
(vii) Discussion.

Five constraints which it is desirable for random walk models to
satisfy have been discussed. It has been shown that four out of the
five constraints are equivalent and that the fifth constraint is
satisfied if any of the others are. In retrospect the equivalence of
so many of the constraints is not so surprising; all four of the
equivalent constraints demand that some aspect of the model is
consistent with the assumed form of g, and so the constraints are all

of a similar nature.

A natural question to ask is, "If the well-mixed condition is
satisfied, 1is the model completely consistent with the assumed form of
g, in the sense that there exists an ensemble of mass conserving
velocity and density fields (i.e. an ensemble of velocity and density
fields satisfying (3.1), but not necessarily (3.2)) for which (i) the
phase space density of all the fluid particles equals g, and (ii) the
random walk model prediction of the dispersion is exactly correct?" If
this is so then it sheds some light on why the well-mixed condition
implies the other constraints - if the model is completely consistent
vith 8,1 then any constraint involving g, must automatically be
satisfied. Of course this would not imply that the model predicts the
dispersion correctly for any ensemble for which g, takes the assumed
form and, in particular, will not necessarily give the correct result
for the true ensemble determined by the governing equations. It would
hovever imply that the model is consistent with any deductions that
could be made from (3.1), (3.3) (with Kk = 0) and the assumed form of

g .

. Conversely, if the answer to the question is no, then the model is
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not consistent with every deduction that can be made from (3.1), (3.3)

and the assumed form of g,-

In fact the answer to the question is yes, at least if we allow
the density fields in the ensemble to involve generalised functions.
To see this, consider the ensemble of particle trajectories obtained
from the model in the case where the initial phase space distribution
of particles at time zero is well-mixed, i.e. has density function
gp(ﬁ,g,O)/M, M being the total mass of fluid in the flow. Because the
model is assumed to satisfy the well-mixed condition, the distribution
of particles at time t has density function gp(g,g,t)/M. Ve will now
construct an ensemble of velocity and density fields by constructing a
velocity and density field for each particle trajectory. More
specifically, for each particle trajectory (X(t),U(t)), we consider a
density field in which all the material is concentrated at X(t) (so
that the realisation only contains a single particle!) and a velocity
field which is uniform in space and equal to U(t). In mathematical
terms this means p(x,t) = M8(x-X(t)) and u (x,t) = U(t). The ensemble
of such fields has the required properties. Although the ensemble is
rather unphysical (as noted above, each realisation contains only a
single particle), it is sufficient to explain the equivalence of the

constraints.

One would like there to be a more phvsically realistic ensemble
with the right properties. It seems likely that such an ensemble
exists although it is not clear how to prove it rigorously. There must
exist a physically realistic ensemble of velocity and density fields
Eo(ﬁ)’ Py (x) for which the phase space density of fluid particles
equals gp(&,g,O). For each (u,,p,), it might be possible to define an
ensemble of velocity and density fields by setting u (x,0) = u,(x),
p(x,0) = p,(x) and letting the fluid particles move according to the

model, perhaps with the same realisation of the Viener process C(t)



Page 58

being wused for all the fluid particles in any particular member of the
ensemble. If this idea can be made precise, the ensemble formed by

superimposing the ensembles formed from each (u ) will have the

07 Po
right properties, although it is not clear if such an ensemble can be
defined for all t>0 (for example there is no guarantee that the
velocity fields will not develop singularities). Also, if g, is such
that p could be constant (i.e. Igodg independent of x and
B(Iuigpdg)/axi = 0), then one might hope that there exists an ensemble

of constant density flows for which the model is exact, but it is not

clear if this is so.
4.3 Choosing a and B - Additional Considerations.
(i) Introduction.

It has been shown that all the criteria considered above will be
satisfied if the well-mixed condition is satisfied, i.e. if a and B
satisfy (4.8) and (4.9). In one dimension, (4.9) and the fact that ¢ -
0 as |u| » = determine ¢ uniquely and only B is left to be determined
since a can then be found from (4.8). In more than one dimension
hovever, ¢ is unique only up to the addition of a component which is
solenoidal in y-space and tends to zero rapidly as |u| » = To
determine a and B completely some additional considerations are
required. For the remainder of this chapter we assume that p is

constant for simplicity.
(ii) The small time behaviour of the particles from a point source.

It was seen in §4.2(iii) that the well-mixed condition ensures
that certain aspects of the small time behaviour of particles from an
instantaneous point source are correct. However it does not ensure the
correctness of all aspects of the small time behaviour. As in
§4.2(iii), we take the point source to be at (gs,ts) and consider the

phase space trajectories (X(t),U(t)) of contaminant particles emerging
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from the source. At times (t—ts)«th, where T, is the Kolmogorov
time-scale, the Lagrangian structure function D3 = <(ui(t) -
ul(t,))(UI(t) -~ UI(t))> has the form

<(Dul/Dt)(Dul/Dt)>(t - t ) + 0((t - t)?) (4.25)

(see Monin and Yaglom (1975, pp359 and 533)). At larger times with the
time lag (t-t_ ) lying in the inertial subrange, DiJ has the form

DI = 8'3 ¢ (t - t) (4.26)

(Monin and Yaglom 1975, p359) where 8§ is the Kronecker delta, € is the
ensemble average rate of dissipation of energy and C, is a universal
constant. The value of C, is rather uncertain. Experimental evidence
indicates C, = 4.0 + 2.0 (Hanna (1981) - our C0 is Hanna’s 2n?B) while
recent direct simulations suggest that C; is at least as large as 4.0
(Yeung and Pope 1988). In the model (4.1), the assumption that (X,U)
is a Markov process means that the model can only describe the particle
motions correctly on time-scales larger than T, Hence we should
expect the model structure function to have the form (4.26) at small
times. Now at small times (4.1) implies

D3 = 2 <B'I> (t - ) + O((t - t)?)

where <B> denotes <B(x_,u_,t )>, i.e. Iggpdg/fgpdg. Hence for accurate

results at small times we should choose

2 <B'i> = §'ic k. (4.27)

This idea can be traced back to Obukhov (1959) and Novikov (1963) (see
also Monin and Yaglom (1975, pp547 and 571-573)) and was discussed
further by van Dop et al (1985), Haworth and Pope (1986) and Pope
(1987). Van Dop et al (1985) considered (4.27) in the context of a
model in which a was a linear function of u. Van Dop et al found it
wvas impossible in general to ensure that the model structure function
had the form (4.26) at small times while also ensuring that the small

time behaviour of the mean and variance of the particle velocities was
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correct. If the mean and variance are correct, their model yields a
structure function which depends on the inhomogeneity or unsteadiness
in the turbulence as well as €. By considering the more general model

(4.1) we have avoided this problem.

So far we have only considered the small time behaviour of the
velocity of particles. It is of some interest to consider also the
distribution of particle positions. If the model satisfies the
well-mixed condition we have, by applying Ité’s formula (4.6),

<P oo x> - <uld(t - t) + 1 [3—<ui> + g——(uiuj>](t -t )%+
s e s 2 e e e s
Jt ox3

+ 0((t - t)?)
and

(xP - xP)(X - xI) = <uludd(t -t )2 4+
s s e e S

1(a 3 1
[§[§E<U§“3> + 5;;<“iuiuﬁ>] - §<B*j>](t S 6,)7 + 0((t - t)4).

We can also obtain an exact Taylor expansion for the behaviour of
<Xt - x:> and <(X* - x;)(){:i - x3)> at small times (van Dop et al 1985),
although, because small time in the model means that the time lag
(t-t_) lies in the inertial subrange and not that (t-t)) « T,s Ve
should not necessarily expect this to agree with the model. In fact
the exact small time behaviour is the same as the model result given
above, but without the —(1/3)<Bij>(t-ts)3 term. Hunt (1985) has shown
how to calculate the small time behaviour of <(X! - xi)(Xj - x:)> under
the assumption that D is given by (4.26) and not by (4.25). Provided
the model satisfies (4.27), the result is in agreement with the model
result given above, showing that the addition of the term
-(1/3)<Bij>(t-ts)3 is the correct way to adjust the Taylor expansion to
account for the fact that (t—ts) lies in the inertial subrange and is
not much less than T,. It is of interest to note that models in which
a is a linear function of u do not give the correct expression for the

second moments of X (van Dop et al 1985). This is connected with the
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inability of such models to satisfy (4.26) and illustrates again the
advantages of considering the more general model (4.1). In the same
vay we can consider higher order moments of X-x_. The model prediction
for such moments at small times is

(XD - xB)eo (@™ - xD)> = <ul.oauld(t -t )T o+

1{a ., .. 3
118 i, um
[2[at<“e o7t A

<ui...u':u:> —E(g_iqg(iiuk'”umb (t - ta)r+1 +

+0((t - t )2,
wvhere r is the number of indices i...m and B!iJiy¥,..u™ denotes
BiJuk...u™ with the indices symmetrized. Apart from the term involving
¢Bfiiy* ., .u™'>, this is in agreement with the exact small time
expansion. However, in contrast to the situation which obtained when
considering the second moments of X-x_, we cannot say whether the term
involving <B‘i3u*...u™’> is the correct adjustment to the Taylor
expansion to take account of the fact that (t—ts) is not much less than

T, This is because the correct value of such an adjustment cannot be

calculated exactly without making further assumptions about the

turbulence.

One vay to determine the dependence of a and B on u would be to
conduct a conditional release experiment, i.e. an experiment in which
tracer is released only if the velocity at the source is equal to a
particular value, u_ say. (In practice such an experiment would
probably be conditional on just one component of velocity or the
velocity direction, not the vector velocity). For such a situation the
model (4.1) yields

. _ . R
<UP - uld> = a’(x,,u,,t)(t - t,) + 0((t - t.)°)
UE - ul)(UF - ui)> = 2Bid(x,sY, 0t (T - t) + OC(T - t.)?)  (4.28)
S s ~
3
<Xi o~ oxi> o U:(t —t) + lﬁai(’ﬁs’gs’ts)(t - ts)2 + O((t - ts) )

<(x1 _ <X1>)(X] - <XJ>)> - %Bij(z{.s":‘-s’ts)(t - t5)3 + 0((t -— ts)4).
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If the value of u_ is varied, the dependence of a and B on u could be
estimated experimentally. Hanna (1979) presented some data in which
tetroon trajectories were grouped into cases with the same initial
velocity, thus providing data similar to that which could be obtained
from a conditional release. This data is consistent with B being
independent of u and a depending linearly on u - U,. However, these
forms for a and B cannot both be exactly correct in all situations

vithout violating the well-mixed condition.

Strictly speaking, inertial subrange theory requires the quantity
(U (t)-U* (£, ))(UI(t)-UI(t )) to be independent of u_(x_,t,) for small
(t—ts) (Monin and Yaglom 1975, p359). If the model is to be consistent
vith this, it follows from (4.28) that B(x,u,t) should be independent
of u. However, inertial subrange theory is not exact (Monin and Yaglom
1975, p584-585) and this particular aspect of it is likely to be
violated if the local instantaneous dissipation rate is correlated with
the velocity. For example, in a convective boundary layer it seems
likely that the dissipation is larger in the vigorous updraughts than

in the gently subsiding air.
(iii) VWeakly Inhomogeneous Flows.

In flows which are only weakly inhomogeneous or slightly
non-stationary (i.e. TH»T) the classical theory of Taylor (1921) and
Batchelor (1949) applies for t-t_«t,. It follows that, when t-t_«t,
the second moments of the spread of the tracer depend only on V_ (the
covariance matrix of the velocity components at a fixed point) and on

the Lagrangian correlation function R(t), which is defined by

KU'i(s)U'I(s+t)>
b

RUI(t) =
(Viivjj)l/Z

vhere U’ = U - U, and the average is over all particles with given

initial position (here, and in all other expressions involving R or T
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defined below, the summation convention does not apply). In addition,
Pasquill (1974, ppl131-132) has shown that, if the Lagrangian integral
time-scales are fixed, the dispersion is relatively insensitive to the
shape of R. There is therefore some merit in designing the model so

that the Lagrangian integral time-scales
@i [ ®IaRI() at
0

are correct. In order to be able to do this it is necessary to be able
to calculate the integral time-scales of the model. From Batchelor’s
(1949) three-dimensional extension of Taylor’s (1921) theory, the
time-scales of the model are related to the model’s diffusivity by
Kij+Kji=2(Viiij)1/ztij and so the time-scales can be obtained from the

value of K which can in turn be calculated as indicated in §4.2(vi).

Although the shape of R does not strongly influence the
dispersion, it is of interest to consider what range of shapes can be
obtained from a model of the form (4.1). If a! = -Lid(ul - Ul) with L
symmetric, then R takes an exponential form (see Appendix B). In other
cases it is not clear how to calculate R analytically, and so some
numerical calculations were <carried out. The details of the
calculation procedure are given in Appendix C and some examples are
shown in Figure 4.1 for the case of Gaussian turbulence. The forms of
B and ¢ chosen have no special significance and were chosen simply to
provide a range of different shapes for R. The variations in the shape
of R caused by varying B are small and, although greater variations can
be produced by varying ¢, it seems unlikely that the model can be tuned
in this way to produce any desired shape for R(t). This is not a
serious problem because, as noted above, Pasquill (1974, ppl31-132) has
shown that, if T, is fixed, the dispersion is relatively insensitive to
the shape of R(t). Also experimental evidence (Draxler 1976) shows

that R can often be approximated by an exponential function.
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Figure 4.1: Results of numerical calculations of R''(t) in isotropic
stationary Gaussian turbulence with no mean flow using various random

walk formulations. The various curves correspond to the following

values of B and ¢: , Bl - §iig?/q, $=0; ----- , BYI - §lig?/n,

~

¢ =g, (-u?,u,0)/75 ———- , B = §1362(0.2+4(u'/0)?)/1.2T, ¢ = 05 -..-- ,
B3 = 1.28'94%/(0.2+(u/0)?)T, ¢ = 0. With the exception of the first
of these forms for B and ¢, T is not the Lagrangian integral
time-scale, but is simply a general measure of the time-scale on which
the particle velocities become decorrelated. In the three examples
2

with ¢ = 0, u‘ and u® do not affect ul; hence these are essentially

one-dimensional calculations.
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(iv) Discussion.

For models which satisfy the well-mixed condition, the values of a
and B have been seen to influence some of the more subtle aspects of
the dispersion as predicted by the model, e.g. the dispersion from a
conditional release and the shape of the Lagrangian correlation
function. However, because the true evolution of (X,U) does not
satisfy a pair of equations of the form (4.1), it may well be that some
aspects of the dispersion can only be represented more accurately at
the expense of the representation of other aspects. In the absence of
sufficient data or a theory giving the values of a and B, it is
sensible to keep the model as simple as possible, consistent with
satisfying the well-mixed condition. The simplest choice for B is to
choose B to be independent of u. This also has the merit of being
consistent with inertial subrange theory. If T,»T, then, in view of
Pasquill’s result quoted above, B should be chosen so that the integral
time-scales of the model are correct. In more general conditions
equation (4.27) offers what is perhaps the most rational choice for B.
In one-dimensional models, the value of B determines the model
uniquely, as discussed in §4.3(i). In three-dimensional models
however, there are many functions ¢ which satisfy (4.9) and tend to
zero at infinity. In order to determine a, and hence fix the model, it
is necessary to select one of these functions. It is not clear in
general what the simplest choice for ¢ is. Examples are given in the

next section.
4.4 Some Examples of Random Walk Models.

In this section, some examples of random walk models based on the
theoretical ideas discussed above are presented. Perhaps the simplest
case is that which arises in modelling the motion of particles in one
dimension (say the =x-direction) in homogeneous stationary Gaussian

turbulence with no mean flow. If we choose B to be independent of u
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then the model takes the form of the Langevin equation (4.2):
du = - B9 4¢ + (2B)!/24c.
2
ag
For this model the Lagrangian correlation function is exp(-tB/¢?) and
so, 1if we are to choose B on the basis of the ideas discussed in

§4.3(iii), we should choose B = 02/11. This 1leads to the Langevin

equation in its more traditional form:

21,2
au - - 2 ar v (B2) e

TI TI
The first two moments of the Eulerian parametrization corresponding to

this model are, from (4.18a) and (4.18b),

<c’(Dui/Dt)’> = <c’ul’>/T, (4.29a)

<c’ul’(Dul/Dt)’> = <e'(ulf)?>/1,. (4.29b)

As in §4.2(iv), a prime denotes the departure of a quantity from its
ensemble average. These parametrizations are qualitatively sensible

and have been used in high-order closure models (Deardorff 1978).

Let us now consider the problem of modelling the motion of a
particle in one dimension in inhomogeneous or non-stationary Gaussian
turbulence. For simplicity we assume the mean flow U 1is zero. For

this case the solution of (4.9) for ¢(x,u,t) is

¢

P 29

da? 1 3¢? 1
ax + +

1 3o’ 2
= 5 u — (u)°.
2 2 9ot 202 ox

oQ

If we choose B to be independent of u as above, then, from (4.8), a is

given by
a(x,u,t) = - B u + $
o2 g,
As in the Langevin equation it is useful to put B = ¢2/7. In weakly

inhomogeneous or slightly non-stationary conditions (i.e. when T, »T),

the arguments in §4.3(iii) show that 1t is equal to the Lagrangian
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integral time-scale T,. In conditions of stronger inhomogeneity or
unsteadiness however, T is not the integral time-scale, but is simply a
(rather loosely defined) "local decorrelation time-scale". This model

can be expressed more simply in the form

1/2
dusoy = - 29 gr o Fac 4 (2)ar

showing that the model is a simple modification of a Langevin equation
for U/o. This model 1is essentially that described by Wilson et al
(1983, equation 3’') and Thomson (1984, §5). The first two moments of

the Eulerian parametrization corresponding to this model are

<c’(Dui/Dt)'> = k1<c’ui’> + k2<cl(uiy)2>

<c'ul’(Dul/Dt)’> = k <c’(u;")?> + k,(<c’(ul*)3> - <e'ulv>o?)

vhere k, = (1/26%)30¢%/3t - 1/7 and k, = (1/26%)30%/3x. These equations
contain terms depending on the inhomogeneity and unsteadiness which are
absent in (4.29). It is hard to assess whether these extra terms yield
a more accurate parametrization than (4.29). To the author’s knowledge
these terms have not been used to date in high-order closure

parametrizations.

For Gaussian turbulence in more than one dimension there are many
possible choices for ¢(x,u,t) satisfying (4.9), of which the simplest

is perhaps

o 1 VT U au?
_— i + W + Ui +
gp ox! ox!
(Vo hyti(avy? vy ey
+ + U: + — (uJ - Ug) +
2 at ax™ axJ
(Y;l)lj avil . .
+ (ul - ud)(u* - Uk, (4.30)

2 axk
a(x,u,t) is then given by

ai - —Bij(Y;I)jk(Uk _ U:) + ¢i/gp.
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Various choices for B are possible as indicated in §4.3. The Eulerian
parametrization corresponding to this model 1is similar to the
one-dimensional case and is not presented here. The above model is
similar to that utilised by Thomson (1986a). The form of ¢ proposed by
Thomson was slightly more complex, although, in the application of the
model described by Thomson (1986a), the principal axes of V, and B were
assumed parallel - in these circumstances the form of ¢ proposed by
Thomson is identical to (4.30) above. Sawford and Guest (1988) have
recently found an alternative form of ¢ satisfying (4.9) and of
comparable "simplicity" to (4.30), and have tested it against (4.30) in
a simple shear flow. The differences between the models were not
insignificant, indicating the desirability of obtaining some
theoretical arguments as to what form ¢ should take. However, it is

far from clear how such arguments might be formulated.

Random walk models can also be designed to satisfy the well-mixed
condition in non-Gaussian turbulence, provided of course that the form
of g, is known or can be estimated. As an illustration, suppose we
wish to model the motion of particles in one dimension in a flow for
wvhich

<p>

= —F— (Bs?v? - sv + 1 - %s?) exp(-%v?) (4.31)
2n)t/%q

p

where v = u/o - s and s is a parameter. This form of g, wvas chosen
simply as a convenient form with adjustable skewness which can be
manipulated easily and which depends smoothly on u - otherwise the form
is quite arbitrary. The first three velocity moments of this
distribution are <ul> = 0, <(ui)2> = o and <(u:)3> = o°s®, and so s is
a measure of the skewness of the velocity distribution. Provided |s| <
1, g, is positive everywhere and, if s = 0, the turbulence is Gaussian.
The graph of g, for s® = 0.331 (the value used in the simulation below)

is shown in figure 4.2. The solution of (4.9) for ¢(x,u,t) is
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Figure 4.2: ———- , Gaussian velocity distribution; ———, velocity
distribution implied by equation (4.31); e, velocity distribution of
particles as given by a numerical computation of dispersion in
homogeneous stationary turbulence with g, given by (4.31), using the
model based on equations (4.32) and (4.33). The results obtained from
the numerical simulation are averaged over the time period hetween

802/B and 1002/B after the release of the particles.
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¢ = <e> vig? gg + v3((s3 - s) 8o Ys? 35) +
(2,.[)1/2 X o9x ox
+ vz((l + hs? -25?) g§ + Bs3o %;) + v(s - 3s%/2) gg
2 4y 90 3_ 9s 2
+ (1 + %s® - hs*) A% " bs’o Bx] exp(-4ve). (4.32)

If B is chosen to be independent of u, it follows from (4.8) and (4.31)

that a(x,u,t) is given by

_ B(hs?v? - sv? 4+ (1 - 3s?/2)v + ) .

$
o(ks?v? - sv + 1 - %s?) g,.

a = (4.33)

As an illustration, a simulation was conducted of particle
trajectories in homogeneous turbulence with a skew velocity
distribution (s3® = 0.331). The details of the simulation procedure are
given in Appendix C. The initial velocity distribution of the
contaminant particles was Gaussian. The velocity distribution of the
contaminant particles after a time 80¢?/B is close to that given by
(4.31) (see figure 4.2), confirming that the analysis leading to (4.32)
and (4.33) 1is correct. An example of a simulation of dispersion in a
convective surface layer using this model can be found in Thomson
(1987). A similar model, based on the ideas presented here but using a
different form for 8,1 has been used by Weil (1988) to model vertical
dispersion throughout the depth of a convective boundary layer. The
results of Weil’s simulations show encouraging agreement with

experimental data.
4.5 Summary.

Ve have considered models of particle trajectories in which the
trajectories in phase space are described by a coupled pair of
stochastic differential equations of the form (4.1). This class of

models includes many previously proposed models as special cases. One
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of the advantages of considering the general model (4.1) is that it can
be designed to satisfy the well-mixed condition exactly in any

situation.

Various criteria for determining how such models should be
formulated have been discussed. It has been shown that the well-mixed
condition is equivalent to (i) requiring the small time behaviour of
the velocity distribution of particles from a point source to be
correct, (ii) requiring compatibility with the Eulerian equations, and
(iii) demanding that the forward and reverse transition p.d.f.s are
consistent. This simplifies the problem of designing a random walk
model because there is no need to consider more than one these
criteria. It has also been found that the well-mixed condition is more
restrictive than Durbin’s (1984) requirement that the model reduces to
an eddy-diffusivity model as the Lagrangian time-scale tends zero. The
fact that random walk models can be made consistent with so many of the

physical constraints gives increased confidence in such models.

If the well-mixed condition is satisfied then the model is
consistent with the known one-point density-weighted Eulerian
statistics of the flow. To determine the model uniquely some further
assumptions have to be made about the Lagrangian properties of the
flow. It has been shown in §4.3 how the model can be designed to have
the correct form of the structure function at small times or, if the
flow is only weakly inhomogeneous or slightly non-stationary, the
correct integral time-scales. In contrast to some previous models (van
Dop et al 1985) it is always possible, at small times, to ensure that
the model’s structure function and the second moments of the cloud’s

spread are consistent with inertial subrange theory.
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5. TWO-PARTICLE RANDOM WALK MODELS.

In this chapter the ideas developed in the previous chapter are
extended to cover two-particle random walk models. Molecular diffusion
plays a more important role in two-particle dispersion than in
one-particle dispersion, and this is discussed in §5.3. Finally a
two-particle model appropriate for isotropic turbulence in a constant
density fluid is developed and its properties are compared and

contrasted with previous models.

5.1 Introduction to Two-Particle Models.

Although the statistics of the motions of single particles of
contaminant contain much useful information about the dispersion of the
contaminant, these statistics give a far from complete description of
the dispersion process. For example, it is impossible from such
statistics to tell the difference between (i) a situation in which the
cloud of contaminant is, in every realisation, spread evenly over a
certain area and (ii) a situation in which the cloud remains very
compact, but in which the centroid of the cloud moves to a different
part of the area in each realisation. Such a distinction can be made
from knowledge of the statistics of the motion of pairs of particles,
although of course such statistics also give only incomplete
information. Richardson (1926) was the first to consider pairs of
particles and he showed that the mean square spread of a cloud relative
to its centre of mass (the position of the centre of mass being
evaluated separately in each realisation) is equal to half the mean
square separation of all pairs of particles in the cloud. For our
purposes it is more relevant to note that the second moments of
concentration can be calculated from knowledge of the motion of

particle pairs via (3.6).
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In his 1926 paper, Richardson proposed a model for the separation
of pairs of particles in which the p.d.f. of the separation satisfies a
diffusion equation with an eddy-diffusivity proportional to separation
to the power 4/3. The decrease in the diffusivity with decreasing
separation was intended to reflect the fact that, when the pair
separation is small, all the turbulent eddies which are larger than the
separation simply move the pair around without increasing the
separation significantly. By taking the diffusivity proportional to
separation to the four-thirds, Richardson produced a model which is
consistent with inertial subrange scaling. However this must be
regarded as somewhat fortuitous since Richardson wrote his paper long
before inertial subrange theory was conceived and obtained his
four-thirds law empirically from various experimental data, many of
vhich were obtained in situations to which inertial subrange theory
does not apply. Although this model does represent what is perhaps the
most important aspect of the separation of pairs, namely the increase
in dispersive power with separation, there are one or two aspects of
the model which are unsatisfactory. Firstly, the wuse of an eddy
diffusivity is conceptually unsatisfactory (for the same reasons that
it is wunsatisfactory in the one-particle case), although it is not
clear how serious a problem this is. If the separation of particles
wvere governed by eddies which were much smaller than the particle
separation, then an eddy-diffusivity assumption would be reasonable.
Of course in reality the eddy sizes which influence the separation most
are of comparable size to the separation itself. However, because they
are not much larger than the separation, it is possible that, for
particles that are initially close, an eddy-diffusivity assumption
might give acceptable results, as in the case of the vertical diffusion
of single particles from a ground level source in a neutral surface
layer (see the discussion in §1.3). Secondly, the model only describes

the separation of pairs and does not give any information on the motion
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of the centroid of a pair of particles. Such information is, in most
situations, needed if one wishes to calculate the second moments of the
concentration. Batchelor (1952) criticised Richardson’s model on the
grounds that the eddy-diffusivity is a statistical quantity and so
should not depend on the particle separation which is a random
quantity. Although this has generated much discussion (Sullivan 1971;
Monin and Yaglom 1975, pp573-577), the criticism does not appear so
serious if we regard a pair of particles as a single entity in a
six-dimensional space, as suggested in §3.3. Indeed, when viewed in
this way, the criticism is no more valid than criticising a single
particle eddy-diffusivity model in which the eddy-diffusivity K is a
function of position, on the grounds that K (a statistical quantity)

should not be a function of the particle position (a random quantity).

A number of more recent models for the motion of pairs of
particles in constant density flows have been proposed which overcome
some of the problems associated with Richardson’s model. Novikov
(1963) and Lin and Reid (1963) proposed models which avoid the eddy
diffusivity assumption, but they do not discuss the motion of the
centroid of the. pair of particles. In addition, Thiebaux (1975)
proposed a model for the evolution of both the particle separation and
centre of mass, but one which was still based on eddy-diffusivity
concepts. Although it was seen above that an  eddy-diffusivity
assumption might be acceptable for the separation of particles, such an
assumption is less satisfactory for the centroid motion, which is
governed mainly by the energy-containing eddies. More recently still,
a number of models have been proposed which avoid the eddy-diffusivity
assumption and describe the motion of the centroid as well as the
particle separation (Durbin 1980; Lamb 1981; Sawford 1982; Gifford
1982; Lee and Stone 1983; Sawford and Hunt 1986). Although such models
have had some success in comparison with experimental data (Durbin

1982; Sawford 1985; Stapountzis, Sawford, Hunt and Britter 1986), the
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correct way to formulate such models has not been investigated in
detail. Recently a number of theoretical problems have been identified
in connection with such models. For example, Durbin’s (1980) model is
inconsistent with the constant density constraint and, if the
particle-pairs in the model are well-mixed initially, they do not
remain so (Egbert and Baker 1984; Thomson 1986b). The models can be
divided into two classes according to the predicted shape of the
particle separation p.d.f. (Sawford 1983). The majority of the models
(Lamb 1981; Sawford 1982; Gifford 1982; Lee and Stone 1983) predict
that the p.d.f. is Gaussian (at least for initially coincident
particles), while Durbin’s (1980) model 1leads to a strongly peaked
p.d.f. which tends to infinity at the origin. This difference in shape
is important as it leads to very different predictions for the
concentration fluctuations in some situations. Neither of these shapes
seems very plausible, inertial subrange theory predicting that the
p.d.f. should vary like o-BA?/3 near 4-0 (vhere A is the magnitude of
the particle separation). This sheds some doubt on whether any of the
stochastic models are showing the correct qualitative behaviour.
Richardson’s (1926) model is of course consistent with the inertial

subrange form o-pAZ/3.

In this chapter it will be shown that some understanding of these
problems can be obtained by considering the one-particle theory
described in chapter 4. It was noted in chapter 4 that, in
inhomogeneous turbulence, one-particle stochastic models can be badly
in error unless they are formulated carefully. In §4.1 we considered a
situation in which the mean velocity is zero and the turbulence is
stationary and homogeneous in the y- and z-directions. It was shown in
§4.1 that if the fixed point variance of the x-component of velocity
varies with x, then, unless the model is formulated carefully, a
contaminant which 1is initially well-mixed becomes "un-mixed" and

non-uniform in space at later times, with the particles accumulating
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vhere the velocity variance is small. Such problems are also likely to
occur in two-particle models, even in homogeneous turbulence. This is
because of the variation of the two-point velocity covariance with the
separation between the two points, something which is analogous to the

variation of velocity variance with position in a one-particle model.

The aim of this chapter is (i) to extend the one-particle theory
described in chapter 4 to two-particle models, (ii) to apply this
theory in designing a two-particle model suitable for modelling
dispersion in isotropic turbulence in a constant density fluid, and
(iii) to investigate whether such a model overcomes the theoretical
problems described above and results in a particle separation
p.d.f. which is consistent with inertial subrange theory. Comparison
of the model predictions with experimental data is deferred to chapter
6. Some initial steps towards these aims were taken by Thomson (1986b)
using a one-dimensional model. In contrast the work presented here is
three-dimensional. This is more satisfactory since the mixing
processes which affect pair separation and concentration variance are
essentially three-dimensional. Also, unless the three-dimensionality
of the turbulence is taken account of, it is impossible to choose a
form for the two-point velocity correlation function (a quantity which
needs to be specified in most approaches to two-particle random walk

models) which is consistent with the constant density constraint.
5.2 Theoretical Aspects of Two-Particle Models.

It is straightforward to extend the results of chapter 4 to the
two-particle case. As was noted at the end of §3.3, a pair of
particles with trajectories X (t) and X,(t) can be regarded as a single
entity with trajectory g(t) = (gl(t),gz(t)) in a six-dimensional space.

The velocity of the particle-pair in this space is defined to be Q(t)

 {=ts

(gl(t),gz(t)). As in the case of one-particle models, dg/dt equals

in the absence of molecular diffusion. The type of models which we
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will be considering here are those in which g and Q satisfy a coupled

set of stochastic differential equations of the the same form as (4.1):

dx* = 0% dt (5.1a)
dli* = a1 (X(1),0(t),t) dt + b*3(X(v),T(v),t) 4T (5.1b)

(with the superscripts running from 1 to 6 instead of from 1 to 3).
The majority of the models mentioned in §5.1 above are of this type.
As in the one-particle case described in chapter 4, this type of model
implies infinite mean square particle accelerations and so cannot be an
exact model of the motion of pairs. However it seems reasonable to
hope that such a model may be able to provide a satisfactory
description of particle-pair motions over time-scales in excess of the
Kolmogorov time-scale T This is because, as 1in chapter 4, the
particle accelerations in high Reynolds number flows are very large
(relative to integral length- and time-scales) and are only
significantly correlated over very short times of the order of the
Kolmogorov time-scale. Hence the changes in g(t) over successive time
intervals At are, if At » T only weakly correlated. Of course, as in
the case of single particles, they cannot be completely independent or
the variance of Q would grow indefinitely. In making the assumption
that g and Q obey equations of the form (5.1) it is assumed that this
dependence can be accounted for by allowing the velocity increments to
depend on the particle-pair’s velocity Q and position g. 0f course a
model of the form (5.1) cannot describe the details of the particle
motions over times of order T, - In the following BiJ will be used to

denote %bi*b3* in the same way as in §2.3 and chapter 4.

It was noted in §3.3 that the mass densities of contaminant
particle-pairs and fluid particle-pairs in the six-dimensional space
(i.e. ¢(%x,t) and p(%X,t)) and the velocity field in the six-dimensional
space (i.e. Qe(g,t)) are related in the same way as c, p and u,  are in
ordinary space. Using these quantities we can define phase space

densities of contaminant and fluid particle-pairs in the same way that



Page 76

g. and g, vere defined in ordinary space by setting

H =4

g (X,0,t) = <&(xk,t)8(u-0_ (X,t)>
and
g, (%,0,t) = <p(%,t)8(2-0, (%, 1)>.

Note that there is a slight change of notation here from that used in

§3.3. In §3.3 the quantities which are represented here by gc(g,g,t)
and gp(g,g,t) vere written as g (X4, 9tyX,,U,,t) and
ép(§1’91’t'§z’gz’t) vhere (%,,%,) = % and (gl,gz) = 0. If the fluid

has constant density, [ g, di is independent of & and gp(g,g,t) is
proportional to the p.d.f. of the velocity ge(g,t), i.e. g, contains

the same information as the two-point Eulerian velocity statistics.

It follows immediately from the above that most of the analysis
vhich was carried out for the one-particle case in chapter 4 holds for
the two-particle case as well, with X, U, x, u, p, ¢, u_, g, 8,1 @ b,

and B replaced by X, U, %, @, » & 8, &, &, & b, and B. 1In

e

particular, it was noted in chapter 4 that, if g_ equals g, at some
time, then it will 1in reality remain equal to g, (the "well-mixed
condition"). In the same way, if §_ equals gp at some time, they will
remain equal. It is clearly desirable that the model should also have
this property and this can be achieved by ensuring that & and E satisfy
the equivalent of (4.8) and (4.9). As in chapter 4, this also ensures
that the small time behaviour of §_ for dispersion from an
instantaneous source is correct, that the relation (3.10) and its phase
space equivalent which relate the forward and reverse transition
probabilities is satisfied, and that the model is compatible with the
Eulerian equations in the sense described in §4.2(iv). Also, it
follows from the discussion in §4.2(iv) that a two-particle model of
the form (5.1) is equivalent to a two-point closure assumption on terms
of the form

<c(§1)c(§2)u:(§1)...u:(gl)u:(§2)...ug(§2)g?ge(§l)>.
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Because the particle-pairs are advected and diffused in X-space in
the same way as single particles are in x-space it might be thought
that the construction of a stochastic model for the motion of particle
pairs would not be significantly more difficult than for single
particles. However there are some complications due to the special
nature of the flow field § . Firstly, because the joint distribution

of ge(gl,t) and Be(ﬁz’t) depends on the separation X, - X the field

1 ~2?
U, 1is always inhomogeneous, even in homogeneous turbulence. This is
not a serious problem but it implies that there is no situation in
vhich we can use a model as simple as the Langevin equation, which was
seen in chapter 4 to be appropriate for modelling particle motions in
homogeneous stationary velocity fields. Secondly, if A denotes the
subspace of points X = (51,52) vith X, = X, then, at points in A, the
direction of U, lies within A (i.e. u (x,,t) = Ee(§2’t) if X, = X,),
thereby preventing particle-pairs escaping from the subspace A except
by molecular diffusion. In other words, if the two particles in the

pair are coincident, they can only be separated by molecular processes.

This complication is discussed in the §5.3 below.

Before describing a third complication resulting from the special
nature of the flow field U, it 1is appropriate to comment on the
meaning of the word "coincident" in the above. If there 1is no
molecular diffusion then fluid particles are simply fluid elements, and
two particles which are coincident are simply the same fluid particle,
and so can never separate. If x>0 however, we are committed to
interpreting fluid particles as molecules (see §3.3). In this case the
statement that two particles are "coincident" means that the molecule
separation is small compared to all macroscopic scales and not of
course that the two molecules are actually the same molecule! Such
molecules can of course subsequently separate. Alternatively, if wve
adopt the stochastic differential equation model of molecular motions

described in §2.3 and Appendix A, we can interpret "coincident"
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literally; in this model of molecular motions there is no difficulty in

two different molecules actually occupying the same position.

The third complication caused by the special nature of G, results
from the fact that the first three components of U, are independent of
x, and the second three are independent of X,- This is a property of
@, which has no analogue in u_. Unfortunately it is not clear what the
full implications of this are, nor is it clear how to ensure the model
is consistent with these implications. One obvious implication of this
third complication (for the case of constant density flows) is the
following. Consider for the moment a single realisation of the flow
and consider the trajectory g(t) = (gl(t),gz(t)) of the pair of fluid
elements for which, at time s, the first element is at Y and the
second at Y, From this trajectory, we can obtain a single particle
trajectory gl(t) in x-space. This trajectory satisfies dgl/dt =

gel(g(t),t) and §1(S) =¥ vhere u_, denotes the vector consisting of

1
the first three components of g, . Because of the property of a,

described above, u,, depends only on X, and t and hence the single

1
particle trajectory obtained would be the same, no matter what value Y,
takes (this result can of course also be seen directly by working in
X-space, but it is useful to relate it to the special properties of the
ge field described above). If we now consider the ensemble of such
particle and particle-pair trajectories occurring in the ensemble of
flows (one particle or particle-pair trajectory for each member of the

ensemble) it is clear that:

For fixed y , the ensemble of trajectories

(5.2)
X, (t) is the same for all choices of Y,y-
In particular, it follows that
d 5.3
IP§1<t1>,§2(t2>|§1<s1>,§2(s2)"51”52'1’1’1’2’ %, (5:3)

is independent of y,. This can of course also be seen directly by

noting that (5.3) is simply the one-particle transition density
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p§(t1)|§(sl)(§1|¥1). (5.2) also applies to the motion of particles 1in
the presence of molecular diffusion. Indeed the above argument remains
valid in this case, except that the equation for gl(t), i.e. dgl/dt =
gel(g(t),t), is modified by the addition of a random term representing
the molecular motions (see Appendix A). The condition (5.2) will be

discussed further in §5.4, §5.5 and §5.6 below.

5.3 The Role of Molecular diffusion.

In this section the effect of molecular diffusion on the motion of
particle-pairs will be discussed. However it is useful to consider
first the simpler one-particle case. In flows with high Reynolds (Re)
and Peclet (Pe) numbers, such as the atmosphere, it seems very likely
that, except very close to a small source or close to boundaries, the
effect of molecular diffusion on the statistics of the motions of
single particles, and hence on <c>, is small. Although this has not
been proved rigorously, Saffman (1960) has provided a convincing
intuitive argument in its support. Hence, as discussed in chapter 4,
the one-particle models used to calculate Pg(t)ig(s)(ill) and <c> can
be formulated on the assumption that the particles of tracer move at

the local velocity of the fluid.

Close to rigid boundaries however, molecular diffusion becomes
important. In the absence of molecular diffusion, particles in the
interior of the flow cannot reach the boundary, nor can parvticles which
are on the boundary ever leave it. Hence, in the absence of molecular
diffusion, there would be strong gradients of concentration across the
"viscous sub-layer" (see e.g. Monin and Yaglom (1971, §5.3)) which
adjoins the boundary. 1In practice however k is always finite and
molecular diffusion acts to smooth out the concentration gradients
across the viscous sub-layer. This shows that taking k = 0 will 1lead
to incorrect estimates of surface concentrations. The time-scale on

which this smoothing process occurs is of order the thickness of the
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viscous sub-layer squared divided by k, i.e. of order (v/u?)Sc where u,
is the friction velocity and Sc is the Schmidt number, which is defined
to be v/k. Although this time-scale varies with Sc, it will, in flows
with high Reynolds and Peclet numbers, be much smaller in general than
the time-scale on which <c¢> varies in the interior of the flow. This
means that molecular diffusion will act sufficiently quickly to produce
an approximately uniform profile of <c> across the viscous sub-layer,
and the values of <c> at the surface will be insensitive to the precise
value of k. It follows that it is not necessary to model the viscous
sub-layer and the effect of k in detail in a random walk model -
provided the particles in the model are provided with the means to
cross the viscous sub-layer in a time which is short compared to the
time-scale on which <c¢> changes, satisfactory results should be
obtained. (However it should be pointed out that in many laboratory
experiments the Reynolds number is not sufficiently high for this to

apply - see Chatwin (1971)).

The situation for two-particle models is rather more complex.
Consider the motion of a particle-pair with trajectory g(t) =
(§1(t),§2(t)) in X-space. Re and Pe are assumed large. If the
particle separation is large it seems likely, as in the one particle
case, that the effect of molecular diffusion on the motion of the
particle-pair is negligible in comparison to the effect of the
turbulence. At large separations the fluid viscosity v also has a
negligible effect on the pair’s motion because v affects only the small
scale components of the turbulence. Vhen the particles are close
together however, ge(gl,t) = ge(gz,t) and so molecular diffusion can
have a significant effect on the particle separation; indeed, as noted
above, if the two particles are coincident they can only separate by
molecular processes. Also v influences the small scale components of
the turbulence strongly and so will affect the motion of the

particle-pair when the separation is sufficiently small. In some ways
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this situation is analogous to the case of the motion of single
particles in a flow with a boundary, although the analogy is not exact.
In more detail, there is, adjacent to the "surface" x, = X, in X-space,
a "layer" in which viscosity affects the velocity field. The thickness
of this layer depends on v and is much less than the outer length-scale

of the turbulence. Also particle-pairs cannot migrate across this

layer without the aid of molecular diffusion.

In the previous paragraph we have centred our discussion on the
motion of particle-pairs rather than on the quantity <c(§1,t)c(§2,t)>.
It has been shown that Kk has an important effect on the motion of pairs
when they are close together and it follows from (3.6) that K is likely
to have an important effect on <c(§1,t)c(§2,t)>. It may help to
clarify things to remark that it is easy to see directly that Kk has a
significant effect on <c(§1,t)c(§2,t)>. For example, in a constant
density fluid with no molecular diffusion, the concentration does not
change following a fluid element (Chatwin and Sullivan 1979) and hence
the integral Ic2d§ is conserved (at least at times when there is no
source of contaminant). This is clearly at odds with the observed fact
that turbulence does lead to a rapid dilution of contaminant, implying
that, in reality, K has an important effect. The connection between
this and the separation of pairs can be seen from (3.11) - if
coincident particle-pairs cannot separate, (3.11) implies that Ic2d§ is
conserved in constant density flows (at least at times when there is no
source of contaminant). In terms of the concentration field c(x,t),
the effect of Kk is to smooth out the strong gradients of concentration
which form as a result of the distortion of the cloud of contaminant by

advection (Monin and Yaglom 1971, pp592-593).

How small must the particle separation be for the effect of K or v
on the motion of a pair of particles to be significant? Let d be the

maximum particle separation for which K or v has a significant effect
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on the motion of the pair of particles. Since we are assuming Re and
Pe to be large, d will be much smaller than the outer length-scales of
the turbulence. Hence, from Kolmogorov’s theory of the universal
equilibrium of the small scale components of high Reynolds number
turbulence (Monin and Yaglom 1975, chapter 8), d can depend only on K,
v, and the ensemble average dissipation rate e. Dimensional analysis
then yields d = fl(Sc) (V7€)% yhere f1 is a function of the Schmidt
number Sc = v/K. If the particle separation is less than d, then the
typical time taken for the particle separation to reach d will also
depend only on K, v and €, and will be of order t = fz(Sc) (v/ )72

d

vhere f, is another function of Sc. Once the particles have separated
to a distance d any further separation is caused only by the turbulence
occurring in the inertial subrange and on larger scales; molecular

diffusion no longer plays a significant role in the separation process.

For sufficiently large Re and fixed Sc, d and ty can be made
arbitrarily small compared with the outer length- and time-scales of
the turbulence. As in the viscous sub-layer case considered above, it
seems reasonable to expect that the precise manner in which the
particle separation changes from zero to d (or vice versa) will not be
important in calculating <c(§1,t)c(§2,t)>; provided particles in the
model are provided with the means to change their separation from zero
to d in a time which is not greatly in excess of t,, satisfactory
results should be achieved. Following Durbin (1980), this can bhe
achieved by ensuring that coincident particles can separate and by
assuming that the the inertial subrange of the turbulence in the model
extends to arbitrarily small scales, so that if the separation of two
particles is positive (no matter how small) they can be separated by
the inertial subrange turbulence. The time required for inertial
subrange turbulence to separate two particles to a distance d is, on
dimensional grounds, of order (d%/¢)'/3® which is, for fixed Sc, of

order t,. In a sense this procedure can be regarded as modelling not
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the real flow, but the flow which would occur in the limit Re - « with
Sc and the outer length- and time-scales fixed. We will call this the

high Reynolds number limit.

An alternative vay to justify this procedure is as follows. First
note that, for fixed values of Sc and the outer length- and
time-scales, the form of <c(§1,t)c(§2,t)> for separations |x, - x|
much greater than the Kolmogorov length-scale (V7€)% is insensitive
to the Reynolds number. Also the the fractional change in
<c(§1,t)c(§2,t)> as |§1 - §2| changes from the Kolmogorov scale to zero
(wvith X, say, fixed) is, for sufficiently large Re and fixed Sc, a
negligible fraction of <c(§1)2>. These two results follow from the
theory of the small scale structure of scalar fields (Batchelor 1959;
Batchelor, Howells and Townsend 1959; Monin and Yaglom 1975, §§21.6 and
22.4). It follows that the form of <c(x,,t)e(x,,t)> will converge to a
limit in the 1limit Re 2 « and, if the true Reynolds number is
sufficiently high, the form of <c(§1,t)c(§2,t)> in this limit will be a

good approximation to reality.

It should be pointed out that these arguments break down when
considering measurements of <c(§1,t)c(§2,t)> at points close to small
sources (i.e. points where the travel time from a source whose size is
of order d or less is of order t, or less). The precise value of K is
clearly important in such cases, as it would be for short range

dispersion from a source in a viscous sub-layer.

The above arguments suggest that for sufficiently high Re there is
no need to consider explicitly the effects of viscosity and molecular
diffusivity. The arguments can hardly be called rigorous, but are very
suggestive. Some support for the conclusion has been obtained from the
two-particle model of Sawford and Hunt (1986) which includes diffusive
and viscous effects explicitly. This model also gives an indication of

how large Re must be (for a given Sc) for the high Reynolds number
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limit to be a good approximation. However Sawford and Hunt’s model is
based on that of Durbin (1980) which, as will be seen below, is not
completely satisfactory. It would be of interest to repeat their work
with a model based on that described in §5.4 below, although the
following argument suggests that all random walk models of the type
considered here (both one- and two-particle) may have difficulties in
providing a good explicit representation of viscous and diffusive
effects. Firstly note that the arguments which led us to expect models
of the form (4.1) and (5.1) to be able to give a good description of
dispersion depended on the fact that the particle accelerations are
wveakly correlated over times much in excess of T, - Over short times of
the order of T, (the time-scale on which viscous and diffusive
processes act) the particle acceleration correlations cannot be assumed
small. Secondly, the usual way to include molecular diffusivity in a
random walk model 1is, as in (A.l), to add a term representing the
random molecular motion of a particle or pair of particles to (4.1a) or
(5.1a) as appropriate (Durbin 1982; Sawford and Hunt 1986). For
simplicity consider the one-particle case. Then (4.1) becomes
dx* = Ut dt + (2k)*7%grt

dut

al (X(£),U(1),t) dt + b*I(X(t),U(t),t) 4.

vhere {’ is a Wiener process independent of C. In homogeneous
turbulence, a and b must be independent of X(t) and so the displacement
of a model particle is simply the sum of the displacements which would
result from the molecular and turbulent processes acting separately.
Hence the model cannot represent the destructive interference between
the two processes discussed by Saffman (1960). In addition such models
cannot satisfy all the criteria discussed in §4.2. For example, for
the above model the well-mixed condition (§4.2(ii)) takes the form

g 3% 2

~ 3 -
—— + Y (8§ ) + — (kg )
ax* a6t ~ oxi ax? e

a— =1

P
at

vhile demanding that the velocity distribution evolves correctly at
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small times (§4.2(iii)) requires the condition

- 2~
og 8 g, ~ 32

p ~
a— =i ——4+ ¢y () - ——
at ax* o6t e ax* ax*t

(Kg,)

to be satisfied (here we have assumed p is constant for simplicity).
If g, varies with position these conditions are incompatible. The
above suggests that, although random walk models may be able to provide
a satisfactory representation of dispersion by large scale and inertial

subrange eddies, they are not well suited to modelling viscous and

diffusive processes.

5.4 A New Two-Particle Model Applicable to Dispersion in High Reynolds

Number Constant Density Isotropic Turbulence.

In this section the ideas discussed above are used to derive a
model for the motion of particle-pairs. For simplicity we consider
only isotropic constant density flows and always refer to a reference
frame moving with the mean velocity. The Reynolds number is assumed to
be large. This means, as indicated in the discussion in §5.3 above,
that molecular diffusion can be neglected except when the two particles
are coincident, and the inertial subrange of the turbulence can be
assumed to extend to arbitrarily large wave numbers. Except when the
particles are coincident, the particles can be assumed to move at the

local fluid velocity, i.e. as if they are fluid elements.

It is convenient in the following to denote the first three

components of G by u and the 1last three by u , so that 4 =

~el 2

(gel,gez). Also, it is often convenient, following Durbin (1980), to
use a rotated coordinate system in the six-dimensional X-space, in
vhich the components of a point X = (§1,§2) are related to the

components of the Separation vector x,-X, and the centroid X, +X If

,¢
ve define Ax = (X,-%X,)/V2 and Ix = (X,+X,)/¥2, then, in the new rotated
coordinate system, X = (8%, Ix). Similarly it is useful in phase space

to define 8u = (u,-Y,)/v2 and Iu = (y,+4,)/V2, so that, in the rotated
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coordinate system, 0 = (bu,Zu). In the same way we can define bu, =
(gel_gez)//z, Ly = (Eel+292)//2’ & = (gl-gz)//z, X = (§1+§2)//2, au

= (U,-U,)/¥2 and IU = (U,+U,)/v2. Tt follows that, in the rotated
coordinate system, the Eulerian velocity in the six-dimensional space
is given by u, = (by,,Iu ) and the position and velocity of a
particle-pair are given by 8 = (&X,IX) and Q = (4U,ZU). In the sequel,
8X will often, for simplicity, be referred to as "the particle

separation"”, ignoring the factor 1/v2.

As indicated above, 4 and E will be selected by applying the
theoretical ideas described in chapter 4 and §5.2. In order to apply
these ideas we need to assume a form for the density function @p. For
simplicity, the two-point velocity distributions, which determine gp up
to a multiplicative constant in a constant density flow, are assumed to

be Gaussian with

C i s 9 eis
<u:1ugl> = <u_,ul.> = o° 8"
C L e (5.4)
1 1 1
ug ug,> = <ug,ul > = ofRYI(8x)
or, equivalently,
<buipul> = o?(8'3- RYI(ax))
<TulIud> = o?(8'3+ R¥I(ax)) (5.5)

<buitui> = 0
e e

vhere R is the two-point velocity correlation tensor. Because we are
assuming the flow to be of constant density, 3R¥3/3ax3 = O (Batchelor
1953, p27) and, since R is assumed isotropic, it can be written in the
form

RiJ - Fea)axiaxd « G(a)sil

where 8 = |4x| and F and G satisfy 4F + A3F/34 + (1/4)3G/34a = O.
Following Durbin (1980) we take the longitudinal correlation function,

f = FA® + G, to be
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f =1 - (a%2/(8% + 12))1/3, (5.6)

This form is qualitatively reasonable and gives the correct inertial
subrange form at small A. The integral scale L of f, [ f(4) d(4&v2), is
equal to 1.061. 1In the inertial subrange f = 1 - C(e8/2)%73/(20%)
(Monin and Yaglom 1975, p353) where C is the Kolmogorov constant which
is taken here to be 2.0 (Monin and Yaglom 1975, p485). Hence, in terms
of ¢ and €, 1 = ¢°/(e/2). This is consistent with the longitudinal
integral scale being of order 0.8¢%/¢ (Townsend 1976, p61). F and G
can be calculated from f. The six-dimensional covariance tensor <ﬁiﬁ2>
will be denoted by Vij. The various components of ?e are given, in the
(51’52) coordinate system, by (5.4) and, in the rotated (&x, Ix)
coordinate system, by (5.5). In reality gp is not Gaussian, especially
vhen 4 1is small (Batchelor 1953, ppl70-173), and it is hard to assess
the error incurred by assuming that it is. This deserves further
investigation. (0f course the model does not assume that the velocity
and concentration fields are jointly Gaussian and allows the mixed
velocity-concentration two-point third-order moments to be non-zero.
This is essential in any model of <c?> since <e(x,)e(x,)0 (X)> =

(X)> represents the flux of pairs of contaminant particles in

From §4.2(ii) and the discussion in §5.2 above, it is clear that
in order to satisfy the well-mixed condition it is necessary for a to
satisty

aigp = a(fsiigp)/aaj + ¢ (5.7)

wvhere é satisfies
adtsant - - 8g /3t - a(ﬁigp)/aii (5.8)
and

$ >0 as |O] » = (5.9)

For our value of ép,
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a‘“]il 3{,11 a‘}il

e 1 ~_ e N 1 .-
+ g (EHY 5= @ e 5 (@HY a—k
X

-
-

= % aiak (5.10)
g )y
[

"

-

is perhaps the simplest choice of é satisfying (5.8) and (5.9) (see
equation (4.30)). In our situvation the term %3Vil/ail is in fact zero

because of the constant density constraint on R.

-

B remains to be chosen. 1In choosing E for our two-particle model
we will be guided by the one-particle case discussed in §4.3 and also
by the ideas about the motion of particle-pairs discussed by Novikov
(1963) and Monin and Yaglom (1975, p573). In high Re flows the
acceleration correlation function is short-ranged in space as well as
time (Monin and Yaglom 1975, §21.5) and so the acceleration of any
particle is only weakly correlated with that of any other. However the
accelerations cannot be completely independent or, at large times, all
the particles would be moving independently. In (5.1), the
acceleration of the first particle in a pair of particles consists of
tvo parts, a' and b%3d¢i/dt, i = 1,2,3. It seems reasonable to suppose
that the part of the acceleration which is uncorrelated from one moment
to the next, namely biidgi/zdt, is also uncorrelated with the position,
velocity or acceleration of the other particle. Also, for simplicity
and consistency with inertial subrange theory, we would like @ to be
independent of 4 (see §4.3 for a discussion of the analogous one
particle case). Together with the assumed isotropy of the turbulence,
this leads to the choice B3 = B§'I. Because g represents the high
frequency part of the acceleration, B should depend only on g, i.e. B =
hC,e for some C;. (5.1) then implies that the one-particle Lagrangian
structure function DI = <(Ui(t) - Ui(s))(Uf(t) - Uf(s))) (the average
here being over particles with a given position at time s or,
equivalently, over all particle-pairs with a given X,(s)) takes the
form Coséij(t—s) for small time intervals t-s, as in the case of

one-particle models (see §4.3(ii)). Hence, as in the one-particle
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case, C, can be identified with the universal constant occurring in the

inertial subrange part of D. As noted in §4.3(ii), C, lies in the

range 4.0 ¢ 2.0 (Hanna 1981). In the calculations presented below, C,
will be taken to be 4.0. The above derivation of the form of g can be
understood more informally by noting that the high frequency part of
the acceleration, being independent from particle to particle, should
take the same form as in the one-particle case discussed in §4.3(ii).
In the following B will often be written as o¢?/T. It will be shown
below that 1 can be interpreted as a Lagrangian time-scale. Because E
remains constant as A » 0 the model allows coincident particles to

separate and no special measures are needed to ensure this. With the

above value of g and with é given by (5.10), (5.7) becomes

il il
av
R L T Wt S RACETINE R SN ERAC IO
T ~e 2 ~e ot 2 ~e aik

To complete the specification of the model, we note that the initial
value of Q for a particle-pair commencing at (y,,y,) at time s is

chosen at random from the two-point velocity distribution at (¥y,15,)

WVhen the particles are far apart, the particles move independently
and the motion of a single particle obeys the stochastic differential

equations

]
==
(=9
(ad

dX,
(5.11)

1
dl!‘l:(—;-i-
This is an appropriate model for the motion of a single particle in
isotropic Gaussian turbulence and, from the results given in §4.4,
satisfies a one-particle version of the well-mixed condition. (5.11)
can be expressed more simply as

dX, = o U, dt

(5.12)

dll, = - (U,/70)dt + (2/1)}/3dg

wvhere

1=t}
]

y,/o. In stationary situations this is simply a
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three-dimensional version of the Langevin equation and so <Ui(t)Uf(s)>
= azéijexp(—(t-s)/T). Hence 1 is the Lagrangian integral time-scale of
the model. C, = 4.0 implies 1o/L = 0.67 which is within the scatter of
observed values (Pasquill and Smith 1983, §2.7). In non-stationary

conditions T is not the integral time-scale, but is simply a measure of

the time-scale on which particle velocities become decorrelated.

The above model has been designed to be consistent with the
assumed form of gp and can claim to be more faithful in this respect
than previous models. However it is not completely satisfactory as it
ignores one aspect of the field ge(%,t) vhich is not reflected in gp,
namely the fact that u_, does not depend on x, and u_, does not depend
on x, (as discussed in §5.2). In particular, the model trajectories do
not satisfy (5.2). For example consider the evolution of <Ui(t)Ui(t)>
and <U§(t)U§(t)> for particle-pairs with position (ZI’ZZ) in X-space at
time s. If lZl - Zzl » 1, the particles move according to (5.11) and
it follows that

UT (DU (1)> = <UL(D)UE(L)> = 302 (5.13)

If the model is to satisfy (5.2), then (5.13) must be true for all
initial separations and hence <ﬁi(t)ﬁi(t)> = 60¢° for all initial
separations. However, using either the Fokker-Planck equation or Itd’s
formula for the system (5.1), the above model yields

TR C en2 _ afpa2 )2
<O (OT (1)> = 607 - of (Fo2(26dF/d0 + SF)]Azlyl_Zzl/Jz(t $)2 4

+ 0((t-s)?), (5.14)

showing that the model trajectories do indeed violate (5.2) (it is easy

to see that FA?(2A4dF/dA + 5F) cannot be identically zero).

It is of interest to ask if the model can be modified to satisfy
(5.2) and the well-mixed condition by choosing a different form for é
(the physical reasoning leading to the choice of E given above is

strong and so we do not wish to alter the form of E). Although it may
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be possible to choose é so that <ﬂi(t)ﬂi(t)> is correct to order
(t-s)?, the author thinks it is unlikely that é can be chosen so that
<ﬁi(t)ﬂi(t)> is correct to all orders, and hence even less likely that
é can be chosen so that (5.2) is satisfied. The author has however

been unable to prove the impossibility of satisfying both (5.2) and the

well-mixed condition.

Although the fact that the model violates (5.2) is a little
unsatisfactory in principle, the results of a number of numerical
simulations, presented below, suggest that this is not too serious 1in

practice.

In the calculations of mean and mean square concentration
presented in chapter 6 below, it is convenient to follow the particles
backwards and to use (3.11) (with p assumed constant) to calculate <e?>
at a point (the point from which the trajectories start). When the
trajectories are evaluated in the forward direction, only the mean
square of ¢ averaged over some finite sample volume can be obtained
since a large number of pair trajectories need to pass through the
receptor to reduce statistical error. For the isotropic Gaussian
turbulence considered in this paper the calculation of the reverse
trajectories is straightforward. Let (g'(t),g'(t)) denote the ensemble
of forwvard trajectories starting at (2,—2) at time -s calculated f£from
the model with o(t), 1(t), ¢€(t) and 1(t) replaced by o(-t), 1(-t),
e(-t) and t(-t) respectively. The theory presented in §4.2(v) implies
that the ensemble of trajectories (g(t),g(t)) = (g’(—t),-g'(-t)) is the
required ensemble of backwards trajectories starting at (§,¥) at time

S.
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5.5 Some Previously Proposed Two-Particle Models.

It is appropriate to compare the above model with some of the
models that have been proposed previously, and which were described
briefly in §5.1. In this section several such models will be described
and some of their basic properties discussed. A more detailed
comparison of these models with the new model described in §5.4 will be
given in the next section where the values of the two-particle

transition p.d.f.s for the various models will be compared.

The first model which we will consider is Richardson’s (1926)
model. In this model it is assumed that the p.d.f. of the separation
of a pair of particles which have separation A&y at time s,

i.e. pA%(t)lA%(s)(A§|AZ)’ satisfies the equation

Bkl
dax* 94x
where K, the diffusivity, is proportional to 4*/®. This assumption can
of course also be formulated in terms of a stochastic differential
equation for the evolution of the separation AX(t). It is of interest
that the new model presented above reduces to this form if we (i) allow
C, to tend to infinity, (ii) consider only the particle separation and
not the centroid motion, and (iii) restrict attention to inertial
subrange separations. The reason that the new model reduces to a model
of the same form as Richardson’s 1is that, as Co s the random
increments bl3d¢’ become large and cause the particle velocities to
vary rapidly. As a result the analysis given in §4.2(vi) applies and
shows that the model reduces to a diffusion equation model. The
analysis also gives a value for the particle separation diffusivity K
of (3.17/C,)e'/*4/3, vhere, as indicated in §5.4, ve have taken the

Kolmogorov constant C equal to 2.0. In the references to Richardson’s

model given below it will be assumed that K has this value.
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The second model which we will consider is perhaps the simplest
two-particle model that can be expressed in the form (5.1). It is
defined as follows. For a pair of particles originating at position
(Zl’ZZ) in %-space at time s, choose the initial velocities to be
correlated, with <Ui(s)Ug(s)> = quij((zl-Zz)//Z). To be consistent
with the assumptions about gp made in §5.4, we choose gl(s) and Qz(s)
to be jointly Gaussian. Subsequently each particle moves independently
according to (5.11). We will call this the NGLS model since it owes
much to the ideas of Novikov (1963), Gifford (1982) and Lee and Stone
(1983) (see also Lin and Reid (1963)), although it is not identical to
the models proposed by these authors. For example, Novikov (1963) only
makes assumptions about the second moments of quantities while Gifford
(1982) and Lee and Stone (1983) only consider the component of the
motion in one direction, restrict consideration to stationary
conditions and do not make any specific assumption about the form of
the initial velocity distribution. In addition the models of Gifford
(1982) and Lee and Stone (1983) were intended to be used for following
clusters of particles rather than just two particles, but can of course
be applied to the problem of the dispersion of particle-pairs. We will
adopt the NGLS model as a representative example of the class of model;
which yield a Gaussian p.d.f. for the separation of a pair of particles
vhich are initially coincident (i.e. the models of Lamb (1981), Sawford

(1982), Gifford (1982) and Lee and Stone (1983)).

The NGLS model has the advantage of satisfying (5.2); indeed,
together with a number of variants, it is the only model of the form
(5.1) proposed to date which satisfies (5.2). However it does not
satisfy the well-mixed condition, at least not with any physically
reasonable form for gp; if the two particles approach closely at some
time after release, the model will not ensure that they have similar
velocities. Of course the NGLS equations for the evolution of the

particle-pair trajectories are consistent with the form gp «
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o Sexp(-utal/20%), but this form is unrealistic in that it implies zero
correlation between velocities at neighbouring points. Also the
initial velocity distribution of the particle-pairs is not consistent

with this form.

The third model which we will consider is based on the
one-dimensional model proposed by Durbin (1980), a model which has been
discussed and applied more widely in recent years than any other
(Durbin 1982; Sawford 1983, 1985; Egbert and Baker 1984; Sawford and
Hunt 1986; Thomson 1986b). Here we will consider the extension of this
model to non-stationary conditions (suggested by Durbin and reported in

Stapountzis et al (1986)). This extension takes the form

doX = a0 o (1-f)1/24dt
dIX = IU o (1+£f)}/24t
_ _ (5.15)
dal = - (AU/1)dt + (2/1)Y72%dC
dzl = - (Zi/v)dt + (271724

where 80 = AU/(o(1 - £)172), 50 = TU/(o(1 + £)¥/%2), T and ¢’ are
independent Wiener proceéses and the correlation function f has the
form (5.6). In the same way as (5.11) was expressed in the form
(5.12), it 1is straightforward to express Durbin’s model in the form
(5.1), although the equations then appear more complex. The initial
values of AU and L0 are chosen to be independent and Gaussian with
variance 1. Because this model is one-dimensional, it 1is appropriate
to comment on the physical interpretation of AX and EIX. 1In most of the
applications of the model that have been made to date (Durbin 1980;
Sawford 1983, 1985; Sawford and Hunt 1986), the values of AX and IX are
interpreted as the values of one component (say the x-component) of 4&X
and IX, and attention is restricted to source distributions which are
homogeneous in the y- and z-directions (for more general source
distributions, the second moments of the concentration cannot be

calculated without knowledge of the distributions of the other



Page 95
components of AX and IX).

Like the NGLS model, Durbin’s model does not satisfy the
vell-mixed condition, at least not with a form of gp vhich is
consistent with p being constant; indeed if the contaminant is
initially wuniform in space (in every realisation), then the model
(5.15) predicts that the mean square concentration will be infinite at
all times after release (Sawford 1983; Egbert and Baker 1984). Durbin
gets round this problem by using the above model to calculate backwards
trajectories (with t in (5.15) interpreted as running in the opposite

direction to real time) and by using the equation

<C(§1’t1)c(§2’t2)> = J pgl(sl),gz(sz)|§1(t1),§2(t2)(¥1’¥2|§1’§2) x
<

£
Sl\tl ,Sz\t2

x <5(y,,8,) S(y,,5,)> dy, dy, ds; ds, (5.16)
to obtain concentration statistics from the trajectory statistics.
This automatically ensures that fluctuations will not appear if the
initial conditions are well-mixed. As in the NGLS model, there 1is a
form of gp which is consistent with Durbin’s model, namely

1 (bu)? (Zu)?

g p| - ’
P o?(1-£)(1+£)1/2 20%(1-f) 20%(1+f)

-

but this form implies infinite <p%> (<p(%,)e(x,)> 1is proportional to
1) gp da). In a compressible flow the reverse formulation in the form
(5.16) is not valid and (3.11) should be used instead. By using

(5.16), Durbin is effectively assuming that the behaviour of

<e(xy,ty)elx,,t,)>

<p(x, 1 t,) 00K, ,,)>
in a variable density flow is similar to that of <c(§l,tl)c(§2,t2)> in
a constant density flow. Although it seems reasonable that a model
which is not completely consistent with p being constant can be
corrected by this means, it is far from clear that this is adequate for

a model with infinite <p?>. Thomson (1986b) showed that, in this
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model, particle-pairs released at (yl,yz) have an initial mean relative

acceleration unless |y, - y,| » 1. Hence this model, 1like the nev

model presented in §5.4 above, fails to satisfy (5.2).

In the results obtained with the above models presented below, T,
g, 1 and € are assumed to be related as in the new model described in

§5.4.
5.6 Properties of the Two-Particle Transition P.D.F. in the Models.
(i) Introduction.

Ve can learn something about the models described in §§5.4 and 5.5
above by looking at some of the properties of the two-particle
iti .d.f. dicted by th
transition p.d p§1(t1)’§z(tz)|§1(51)'§z(sz) as predicte y e
models. One of the most important quantities that can be calculated
f is the distribution of th articl
rom pg_l(tl)’)sz(tz)Ig_l(sl),g‘z(sz) ! € p ce
separation &X. p,(8x,t|s) will be used to denote the p.d.f. of &X at

time t for particle-pairs with zero separation at time s, i.e.

pA(A}S’tIS) = pAX(t)lAX(S)(A'}EIO)°
In terms of p§1(t1)’§2(t2)|§1(51)r§2(32)’ p, can be expressed as

pA(A?S’tIS) =

_[ PX (1),%, (1) [X, (5),%, (s) (BHE07Y2, (Bx-0%)//210,0) dzx,

Because we are considering isotropic turbulence, this p.d.f. is a
function of A = |&x| only and so is sometimes written as p,(8,t|s) or,
if it is clear what values t and s take, as pA(A). However this is not
the p.d.f. of A which is equal to AnAZpA(A) (here, and also in similar
situations below, it is convenient to use A to denote both [&x| and
[8X|; it should be clear from the context which is meant). The reason
why p, is an important quantity is that it has a strong effect on the
mean square concentration, with more strongly peaked shapes leading to

larger values of the mean square concentration (see Sawford (1983) and
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also the discussion of mean square concentration given in chapter 6
below - in particular equations (6.1) and (6.10)). In the same way
px(2§,t|s) will denote the p.d.f. of IX at time t for particle-pairs
with both particles coincident at the origin at time s. This is a
function of I = |Ix| only and so will sometimes be written as
pz(Z,tls). In addition, for particle-pairs with both particles at the
origin at time s, the distributions of X , &X and IX are spherically
symmetric. For this case ol(tls), o,(t}s) and ox(tls) will be used to
denote the root mean square value of one component of X , &X and IX
respectively at time t. For one-dimensional models, such as Durbin’s
(1980), the above definitions do not apply directly. We note here

and o_ will be used to denote the

that, in such models, p,, p;, o, T

p.d.f.s and mean square values of AX and IX for particle-pairs which

are coincident at the origin at time s.

In the following we will investigate the properties of the
two-particle transition p.d.f. from the new model for both stationary
and decaying turbulence. These properties will be compared with the

properties of the other models described in §5.5.
(ii) Stationary turbulence.

Let us first consider the idealised case where the turbulence is
stationary. Only forward trajectory statistics will be described here;
because the flow is stationary, the discussion in §5.4 on the way to
calculate backwards trajectories implies that these statistics can also
be interpreted as the statistics of backwards trajectories. Figure
S.1(a) shows the p.d.f. of the distribution of AX in the new model at
time t for zero separation at time s. Unfortunately, p, cannot be
calculated analytically and so numerical results are shown. The
details of the numerical calculations are given in Appendix C. In
fact, in the numerical simulations it is impossible to start with

particles which are truly coincident, and so a small initial separation



Figure 5.1: The shape of p,(4,t|s) in stationary turbulence. The
curves are normalised with zeroth and second moments equal to unity as
if they were one-dimensional p.d.f.s. (a), (b), (c), (d) and (e) show
the results for the new model: (a) shows the results obtained without
"particle splitting", (b) shows results obtained wusing the particle
splitting technique, (c) shows results obtained using the particle
splitting technique plotted against 4%/’ to show the «-BA*/? behaviour
near 4 = 0, (d) shows p,(4,t]|s) and (e) shovs ;A(A,tls). (f) shows p,
from Richardson’s (1926) model and (g) shows p, from Durbin’s (1980)
model. In all cases except (f), the numbers attached to the curves
indicate values of t-s normalised by o?/g, and the unlabelled line is a
Gaussian distribution. The shape of p, in Richardson’s model (figure

5.1(f)) is independent of t-s.
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equal to 2x107°1 was used. The results are insensitive to changes in
this quantity of an order of magnitude. This is discussed further in
Appendix C. The curves shown consist of straight lines between a
number of data points, each data point representing the average value
of p, over a small interval of A values. It can be seen that the
distribution changes from a strongly peaked distribution to a Gaussian
distribution as t increases. This was also observed by Thomson (1986b)
using what is essentially a one-dimensional version of the model. At
small times, t-s « T, the shape is independent of t-s. This is to be
expected on dimensional grounds because, from inertial subrange theory,

p, should depend only on 4, t-s and €.

One of the problems of having to calculate p, numerically is that
it 1is very difficult to obtain an accurate value for pA(O). This is
because very few particle-pairs pass sufficiently close to & = 0 and so
the results show a great deal of statistical scatter. In order to
obtain a better estimate of p, near the origin, the following "particle
splitting" technique was applied. Each particle-pair is assigned a
weight which indicates the importance to be attached to the particle in
calculating the statistics. Whenever, for any integer n in the range 0
to 18, the separation of the particles becomes less than & =
0,2°/*x1072, having been greater than A in the previous time-step, the
particle-pair is divided into two copies which then move independently,
each pair being given a weight equal to half the weight assigned to the
parent particle-pair. Similarly whenever the separation of the
particles becomes greater than 4  (having been less than 8 in the
previous step) the pair has a probability of 1/2 of being annihilated.
If the particle-pair survives, the weighting assigned to it is doubled.
This method ensures that there are a lot of particle-pairs with small
separations, each having a very small weight. A sketch of a proof
showing that this does not introduce a bias into the results but merely

alters the accuracy is given in Appendix C. The value of o, which wvas
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used in defining 8 was obtained from the calculations made without the
particle splitting technique. The result is shown in figure 5.1(b).
Because of the increased accuracy at small separations, it is possible
to place the data points from which the curves are constructed closer
together. 1In order to resolve the behaviour near A=0, the data points
have been placed as close together as is possible without the scatter
becoming unacceptable. More accurate results could be obtained by
following a greater number of particles; however, as with all Monte
Carlo methods, the convergence is slow, the error decreasing as N-1/2

where N is the number of particle-pairs.

It is clear from (3.6) that pA(A§,t|s) is equal to the value of
<e(x,t)c(x + A§/2,t)> vhich results from an initially isotropic
concentration field with <c(x,s)c(x + A§/2,s)> = &8(&x). Now, for A
lying in the inertial subrange, classical theory (e.g. Monin and Yaglom
(1975, p384)) predicts that the concentration covariance function
<c(x,t)e(x + OxV2,t)> has the form a-BA*/>. Hence p, should also have
this form for small A. The model results for small t-s do indeed agree
with this as is shown by the straight-line behaviour near the origin in
figure 5.1(c). At larger t-s (not shown in figure 5.1(c)) the inertial
subrange behaviour ceases to be apparent in the graph of p,; this is to
be expected because the region in which the inertial subrange form
should occur (A « 1) becomes small relative to the length-scale o, on

[}

wvhich p, varies.

Figures 5.1(d) and 5.1(e) show the p.d.f.s of (&X%?,8%X3) and of
ax3. These are functions of ((&x?)2 + (&x3)?)1/2 and |&x3|
respectively, and will be written as EA(A) and ;A(A) wvhere A is to be
interpreted, with a slight abuse of notation, as ((&x?)2 + (ax3)2)1/?
or |&x*|. They are closer to a Gaussian distribution than p,, the peak
in p, at small separations being smoothed by the process of integrating

p, over &x' or over Ax' and Ax?. (The use of superscripts for
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cartesian components becomes a bit clumsy here, but appears unavoidable
- subscripts are already used for distinguishing between particles 1

2

and 2 and the use of y and z for x? and x® is liable to be confused

with the use of x and y to denote two points in space.)

Figure 5.1(f)shows the shape of P, in Richardson’s (1926) model.
For Richardson’s model, p, can be found analytically and is equal to |
o' exp(-B’82/3) where o’ and B’ are functions of t-s (Monin and Yaglom
1975, p574). As indicated in §5.1, the shape of p, is in agreement
with the inertial subrange prediction o-gA2/3 for small A. It is also
independent of t-s as is expected on dimensional grounds. The shape is
quite similar to that of the new model at small times (fig 5.1(b))
suggesting that, at least as far as the shape of p, is concerned, the
nev model is behaving in a way that is not very different from its
asymptotic form for large C; (as noted in §5.5 the nev model reduces to

Richardson’s model as C; ).

In Durbin’s (1980) model, p, can also be calculated analytically
(Durbin 1980) and the result is shown in figure 5.1(g). In Durbin’s
model, the distribution is always strongly peaked and infinite at 4 =
0. The singularity in Durbin’s p.d.f. would result in infinite mean
square concentration if the forward formulation (3.6) were used. This
is of course associated with the unphysical form of gp with which
Durbin’s model is consistent. In the NGLS model p, is exactly Gaussian

at all times.

The similarity in the shape of p, at times t-s « T in the new
model and the model of Durbin is striking. However the difference in
behaviour near the origin has some important consequences. Firstly the
nev model can treat the problem of a point source and does not require
the explicit treatment of molecular diffusion which is needed to smooth
the singularity in Durbin’s model (Savford and Hunt 1986). Also,

because of the shapes of p, and p, (see belov for discussion of p;) and
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the fact that o, and o, tend to infinity as t-s »+ =, it follows that,
for any given length-scale, the values of p, and p, from the new model
will show 1little variation on this scale when t-s is sufficiently
large. It seems reasonable to suppose the same is also true of the
uantit X, 4 X and hence (using the
q y pgl(t)r,x,z(t)|§1(S)1¥,2(5)("1"‘2|¥’Z)’ ( g

above noted fact that the model statistics for forward and backwvard

trajectories are equal in stationary conditions) of the quantity

XyX) e Now for an instantaneous
PY (5),%,(s) (X, (0),X, () Yar¥21%%) .
spatially-bounded deterministic source, (3.11) can be written (assuming

p is constant) as

<e(x,1)%> = 1x,%) S(y,)S(y,) dy, dy,

Ip§1<s),>52(s>|§1<t),§2(c)(¥1’¥z
where s is the time at which the contaminant is released (S here has a
slightly different meaning to the S introduced in §3.1, being the
amount of tracer released per unit volume, not per unit space-time
volume). It follows from the above property of the quantity
|x,x) that this can be approximated when

Px, (s),%,(s) %, (1), %, (t)Ja+Y2
t-s is large by

<C(§7t)2> = p)’gl(s)’gz(s)|§1(t)’¥‘2(t)(2’2l}£9§) ‘[S(Zl)s(zz) le d?:z’

vhere y is some point in the source region. Hence, provided the total

-~

amount of material released remains fixed, <c?> becomes independent of

source size in the new model. Similar arguments, using EA or p,
instead of p,, show that <c?> becomes independent of source "size"
(i.e. source thickness) for instantaneous area and line sources also.
In contrast, the value of pgl(s>,§2(s)Igl(t),gz(t)(¥1’22'5’5) in
Durbin’s model shows variations on a length-scale 1 or 1less at all
times due to the singularity in p,. Hence, as discussed by Durbin
(1980) and Sawford (1983), <c?> never becomes independent of the source

size for sources of size less than 1. Although it is not clear how to
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prove from first principles that this behaviour is wrong, it seems

intuitively very unlikely.

A partial justification of the idea that <c2>\ should become
independent of source size 1is possible by considering the equality
noted above between pA(A§,t|s) and the spatial covariance function of a
hypothetical isotropic concentration field. We have already noted that
this implies p, = a-B0%/3 for O lying in the inertial subrange. Nowv at
large times o grows like t and so o« cannot decrease faster than t=3/2,
Now « is the variance of our hypothetical concentration field and B is
proportional to its rate of dissipation (see e.g. Monin and Yaglom
(1975, p384)). Hence B/a must become small, since otherwise o would
decrease exponentially. It follows that p, is likely to show little
variation on small scales for large t-s. In addition, it seems 1likely
that p, will also show little variation on small scales at large t-s
(see discussion of p, below). Hence, for the same reasons as given
above in discussing the behaviour of <c?> in the model, it seems likely

that the value of <c?> for instantaneous plane, line and compact

sources will become independent of source size at large times.

It should be pointed out that, in most of the applications of
Durbin’s model made to date (Durbin 1980; Sawford 1983, 1985; Sawford
and Hunt 1986), p, is, as noted in §5.5, interpreted as the p.d.f. of
one component of AX (this is the logical interpretation since the model
is one-dimensional). Hence it should be compared with the value of EA
from the new model (figure 5.1(e)). If this is done the agreement in
shape is much worse. It is not proposed here to investigate in detail
how much of this difference is due to the one-dimensionality of
Durbin’s model and how much is a result of the failure to satisfy the
"well-mixed condition". However, for t-s « 1, the model of Thomson
(1986b) (which is essentially a one-dimensional version of the model of

§5.4 and which satisfies the well-mixed condition) also shows a much
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stronger peak at 4 = 0 than does ;A from the new model, suggesting that

the one-dimensionality of Durbin’s model may be an important factor.

Figure 5.2 shows the p.d.f. of the distribution of ZX. In the new
model it 1is «close to Gaussian at all times. As in figure 5.1, the
scatter at small I is statistical noise. The value of p, in the NGLS
model is of course exactly Gaussian at all times. In Durbin’s model
(not shown) p, is also close to Gaussian (Sawford 1983). A Gaussian
shape for p; is to be expected at small times (as a consequence of the
assumed Gaussianity of the fixed point velocity distribution) and at
large times (on the basis of a central limit theorem type argument
similar to that in §1.1) and so the observed Gaussianity is not

surprising.
Figure 5.3 shows the growth of ¢,, o, and o, in the new model and

in the NGLS model. The behaviour of o, in Richardson’s (1926) model is
also shown (in Richardson’s model there is of course no prediction for

o, or Uz)' At small times o, and o, are proportional to t-s as is to

be expected since the particle trajectories can be approximated by
straight lines over short times. In contrast o, grows like (t-s)37? at
small times. This is to be expected on dimensional grounds since, for

small t-s, o, should depend only on € and t-s (Monin and Yaglom 1975,

p545). The "straight-line approximation" argument does not apply to

o This is because this approximation yields o, = O and so the

A
departure from straight-line motion dominates the behaviour of o,. At

o, and o. grow like (t-s)!/2. The (t-s)!/? growth of o,

large t-s, o,y O, .

is expected on the basis of Taylor’s (1921) result (see §l.1). Also g,

and o, are expected to grov in the same way as o, at large t-s since,

I

at large t-s, the particle-pairs will have spent most of their time at
large separations where they travel independently. The values of o,

o, and o. from the NGLS model can be obtained analytically and are as

A I

follows:
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Figure 5.2: The shape of pr(Z,t|s) from the new model in stationary
turbulence, The curves are normalised with zeroth and second moments
equal to unity as if they were one-dimensional p.d.f.s. The numhers
attached to the curves indicate values of t-s normalised by ¢®/¢, and

the unlabelled line is a Gaussian distribution.
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Figure 5.3: ol(tls), aA(tls) and az(t|s) in stationary turbulence.

o, and o, obtained from the new model are denoted by

The values of o, o, .

e, A and®, and the values obtained from the MGLS model are indjcated

by -.-, — and ---. The value of o, from Richardson’s (1926) model is

()

denoted by -.---.
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a2 (t]s) = 20°T?(exp(-(t-s)/1) - 1 + (t-5)/71)
ai(tls) = of o?t?(1 - exp(-(t-s)/1))?
ol(t|s) = o2 + o*T?(1 - exp(-(t-s)/1))?
(see Appendix B). In the nev model, the value of o, is

indistinguishable from that in the NGLS model. This is as it should be
if (5.2) is not to be seriously violated. This is because, for large
initial separation (with X (s) = 0), <(Xi)2> = <(Xf)2> = <(Xi)2> =
20° 12 (exp(~(t-s)/1) - 1 + (t-s)/T) in the new model (this follows from
a calculation similar to the calculations in Appendix B and the fact
that, for large initial separations, the motion of single particles
obeys (5.11)) and these quantities should be independent of initial
separation since they depend on the motion of one particle only. The
value of o, in the new model is smaller than the value from the NGLS
model. This is to be expected because, if the particles in the new
model approach closely at some time after release, their velocities

become highly correlated again, reducing the rate of growth of o The

K
value of o, in Richardson’s model can also be obtained analytically
and, taking K = (3.17/C )e'/3A*/? (see the discussion in §5.5), is
equal to (12.3/C}/?)e'/?(t-s)?/? (Monin and Yaglom 1975, p574). This
is plotted in figure 5.3 for C, = 4.0, the value adopted in the new
model. Only the values for small t-s are plotted since Richardson’s
model is of course only applicable to inertial subrange behaviour. In
the 1limit C, >, the new model should give the same results as
Richardson’s model. The results in figure 5.3 show that o, is
considerably larger in Richardson’s model than in the new model,
implying that C; = 4.0 is not sufficiently large for this limiting
behaviour to be found. Some further simulations with the new model
showed that a value of C, as large as 16.0 is needed for the two models

to give values of o, which agree to within 15 per cent, and a value of

A

32.0 is needed for agreement to within 5 per cent. The Richardson
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model will not be considered further here, mainly because it does not
give predictions for the motion of the centroid of a pair of particles
and so is incapable, in most situations, of leading to predictions for

<c?>.

The results of the simulations enable us to see how seriously the
new model violates (5.2). Figure 5.4 shows the behaviour of certain
statistics of X, for various initial values of the separation, which
was taken to be in the x>-direction. For initial separations much
larger than 1, the model reduces to (5.11) and the statistics of X, can
be calculated analytically. The statistics of X, should be independent
of A(s) if (5.2) 1is to be satisfied. The results show 1little
dependence on the initial separation. This is encouraging and suggests
that the violation of (5.2) may not be too serious. Further evidence
to this effect 1is given in figure 5.5. The value of <Ut0i> does not
show any strong dependence on the initial separation, indicating either
that the higher order terms in (5.14) have a corrective effect or that
the power series expansion ceases to be applicable after a short time.
The general increase in <0iU'> which does occur is due to the size of
the time-step used and is, for small initial separation, much less than
that predicted by the first two terms in (5.14); if the NGLS model
(vhich satisfies (5.2) exactly) were solved numerically with the same
time-step a similar behaviour would be observed. We also note that the
distribution of X, in the model 1is Gaussian for large initial
separations (this follows from (5.11) using the methods given in
Appendix B) and hence that it should be close to Gaussian for all
initial separations if (5.2) 1is to be approximately true, The
simulations indicate that this is in fact the case, with the p.d.f.s of
X, for various initial separations and travel times (not shown) having
a degree of scatter about a Gaussian distribution similar to that seen

in figure 5.2.
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There is however one aspect of the new model which violates (5.2)
significantly. Consider the quantity &X (t) = X (t) - X, (s) -
U, (s)(t-s). This represents the departure in the position of a
particle from the position it would have had had it moved in a straight
line (see figure 5.6). For t-s « T, <|6§1|2> should grow like
C,e(t-s)®, the value vhich <| 8%, |?> takes when 8(s) » 1 (this follows
from (5.11) by a similar calculation to the calculations given in
Appendix B). As in (5.13), the average here 1is an average over
particle-pairs with a given position in %-space at time s. For A(s) =
0, the value of <|8§1|2> from the model is significantly smaller than
Coe(t—s)3 (see figure 5.7). Some insight into why this is so can be
obtained by considering 84X and &8IX, defined in a way analogous to &%,
(see figure 5.6). It is easy to show that <|6§1|2> + <|8§2|2> =
<|84%|%> + <|8IX|®> and so, by symmetry, <|8X |?> = h(<[|88X[|?> +
<|8£§|2>). Hence, for t-s « T,

B(<| 88X |2> + <|8IX|?>) = C, e(t-s)? (5.17)

should hold. 1In the model the leading order term in the Taylor series
for <|6A§|2> and <|8£§|2> is Cos(t—s)3 (by, for example, applying Ité’'s
formula) and so (5.17) is satisfied at small times. If A(s) « 1, then,
while A « 1 (i.e. for t-s « T), the stochastic differential equations
for 8IX and &IU(t) = ZU(t) - ZU(s) can be approximated by

dsIX = 8IU dt, d8Iu = (C,e)'/%dg

with 8IU(s) = O (the terms which have been omitted in this
approximation have an effect which is only significant over time-scales
of order t). Hence, again by a calculation similar to the calculations
given in Appendix B, <|8IX|?> = C e(t-s)’ for t-s « T. However the
equations for 848X and 84U = AU(t) - 0U(s) are much more complex and, in
addition to a (Cos)l/zdg term, the expression for d84U contains terms
wvhich, for particle separations lying in the inertial subrange, are of

order (€£2/8)/3dt. Over a time of order (8%/¢€)!/3 these terms have an
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effect comparable to the effect of the (COS)I/ZdQ term. Hence <|8A§|2>
= Coe(t-s)3 only holds for t-s « (&(s)2/€)*/3. For (8(s)%/7e)t”? « t-s
« T, <|84X|%> grows like (t-s)® but with a different coefficient. This
difference in the coefficient of (t-s)® for t-s « (&(s)?/€)'/? and for
(L\(s)z/s)l/3 « t-s « T is clearly seen in the results obtained with an
initial separation of 2x107%1 (figure 5.7). For this value of the

initial separation, the "cross-over" time (8(s)%/€)t/3 equals 107 %d%/¢.

Consider a pair of particles whose initial separation 1lies well
within the inertial subrange and consider their motion over times for
which the evolution of 8X, and 84X is dominated by inertial subrange
eddies. In the model, for which the inertial subrange extends to
arbitrarily high wave numbers and frequencies, this means restricting
consideration to initial separations with 4(s) « 1 and travel times
satisfying t-s « T. By assuming that the covariance between the
accelerations of two particles whose separation lies in the inertial
subrange is negligible, Monin and Yaglom (1975, pp546-547) and Sawford
(1984) deduce that <|8§1|2> = <] &8X|*> for such initial separations and
travel times. (Monin and Yaglom (1975) and Sawford (1984) were
principally concerned with the case vhere the initial separation is
zero or where the initial separation is non-zero and the travel time is
sufficiently large for the particles to forget their initial
separation. In this case <|8A§[2> equals the mean square separation
<|A§|2>. However their analysis applies more generally.) If this is
true it follows that the value of <|848X|?> in the model is incorrect
for times in the range (8(s)2?/€)!/? « t-s « 1. However the argument in
Appendix D shows that the inertial subrange acceleration covariances
may be important in reality (they certainly are in the model since, as
ve have noted, the model value of <|8§1|2> is greater than <|88X|?> for
(8(s)?7€)'/? « t-s « 1), and that it is more likely that <|8§1|2> is,
in reality, greater than <|&X|2> for times in the range (A(s)?/7e)Y/3 «

t-s « T. Hence the model value of <|8A§|2> is not unreasonable and the



Page 108
cause of the problem could be the model’s value for <|8£§|2>.

It is not clear if the above problem is a serious flaw in the
model. However it should be pointed out that this flaw is not one
which is apparent in the single-time statistics of particle-pairs whose
trajectories commence at a given position in X-space. The single-time
statistics, at least as judged by the evidence presented earlier in
this section, show little evidence of violation of (5.2). For many
purposes, in particular for predicting concentration fluctuations in
the situations which will be considered in chapter 6, it is only the
single-time statistics which are important. This suggests that the

violation of (5.2) may not matter in practice.
(jii) Decaying turbulence.

A number of simulations were also carried out in decaying
isotropic  turbulence. The velocity field was assumed to decay

2 varying as cz(t/s)-“ vhere o  is the value of o

self-similarly with o
at time s. n was taken to be 1.35, a value within the scatter of
values observed in grid turbulence (Warhaft 1984; Warhaft and Lumley
1978). Of course the decay exponent measured in grid turbulence is the
exponent for the decay of o with downwind distance in a steady
inhomogeneous flow. However it can be interpreted as the exponent for
the decay in time of isotropic turbulence in the usual way (Monin and
Yaglom 1975, ppll5-116). With this form for o, € is equal to
2

1.5n(0?/s)(t/s)”{"*1), which, assuming the relation between o, € and 1

given in §5.4, implies 1 = (/2/3n)css(t/g)1'“/2'

Trajectories of particle-pairs were simulated both forward and
backwards in time, the particles being coincident at the time of
release. The same release time was used in all the simulations.
Because the turbulence decays self-similarly, the results can be

rescaled (Durbin 1982) to give results for other release times; for
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example, for any vy > O,

Py (1),%, (1) 1%, (5),%, (s) a7 %210:0) =

6-3n

l1-n/2
X
YRy (v1), X, (YO 1K, (v8), X, (vs) B Y

X, ¥*""7210,0). (5.18)

%2

The shape of p, is shown in figure 5.8. Because of the scaling
relation (5.18), the shape of P, depends only on t/s. The shape
becomes quite close to Gaussian as t/s - 0; howvever there is some
indication that the shape remains more peaked than a Gaussian

o, and o

distribution as t/s » ». Figure 5.9 shovs the values of o, o, I

from the new model and from the NGLS model. As is to be expected, the

behaviour of ¢,, o, and o, for small |t-s| is the same as 1in the

1?7 s I

stationary case. For the forward trajectories, o,, o, and o, become,

17 A I

at large times, proportional to (t-s)!~®/2, which is in turn
proportional to 1(t). This form of large time behaviour is expected on
dimensional grounds - at large times the particles forget the release
time s and so the spread can depend only on t (or t-s, which differs
negligibly from t at large t-s) and on ozs“, which is the only
dimensional constant in the problem (and is in fact independent of the
chosen value of s). An alternative way of understanding the (t-s)!~*/?
grovth of o, at large times is to consider Taylor’s (1921) result
applied to the scaled velocity u (t)/o(t), which, because the
turbulence is assumed to decay self-similarly, is expected to be a
stationary process when expressed as a function of the stretched time
t’ defined by dt’ = dt/t (Batchelor and Townsend 1956; Monin and Yaglom

1971, §9.4). The values from the NGLS model can be obtained

analytically and are

20252[(t/s)r’q—1 . (t/s)"q-l]

o (tfs) r(r-q) rq

-q 2
A(tls) = o - ots? (DY)

q
-q 2
oi(t|s) = cf + cr:s2 (—(t/sc)l _1]



Figure 5.8: The shape of p,(4,t[s) from the new model in decaying
turbulence. The curves were obtained using the particle splitting
technique and are normalised with zeroth and second moments equal to
unity as if they wvere one-dimensional p.d.f.s. (a) shovs results for
t>s (forward trajectories) and (b) shows results for t<s (backwards
trajectories). The numbers attached to the curves indicate values of
t/s for the forward trajectories and s/t  for the  backwvards
trajectories. In both figures the wunlabelled 1line 1is a Gaussian

distribution.
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wvhere r = o-n/2+1, q = a+n/2-1 for the forward trajectories (t>s) and r
= -a-n/2+1, q = -o+n/2-1 for the reverse trajectories (t<s), with « =
3nC,/4 (see Appendix B). For the forward trajectories these
expressions were derived by Anand and Pope (1985), although in a rather
different context (Anand and Pope were considering not a random walk
model but a so-called p.d.f. model; however with the aid of some
approximations, Anand and Pope found that some aspects of their model
vere related to the NGLS model considered here). As in the stationary
case the value of o, in the new model is considerably smaller than the
value from the NGLS model, while the values of o, in the two models are

indistinguishable. The close agreement between the values of ¢ lends

1
support, as in the stationary case, to the idea that (5.2) is not
seriously violated. The homogeneity of the flow and equation (3.8)
imply that, in reality, al(tls) = ol(s]t). This is satisfied exactly
in the NGLS model and to high accuracy in the new model. It is of
interest that the values of o (t|s)/o,(t|s) and ol(tls)/az(t|s) for the
backward trajectories do not tend to unity as t/s - O while the values
for the forward trajectories do tend to wunity as t/s > ®. A
consequence of this is that o,(t|s) > o,(s|t) in the limit t/s > =,
vhile, as a result of (3.10), p,(0,s|t) = p,(0,t]s). It follows that
the shape of pA(A,tls) must be more peaked in the limit t/s » « than in
the limit t/s -+ 0, as is observed in figure 5.8 (note this argument
does not apply to the NGLS model which does not satisfy (3.10) hecause
of the inconsistency noted in §5.5 between the initial conditions on
the particle velocities and the form of gp with which the model is

consistent). It will be seen below that this has implications for the

intensity of concentration fluctuations at large times.
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5.7 Summary.

The problem of how to formulate two-particle stochastic models has
been examined and it has been shown how the one-particle theory
discussed in chapter 4 can be applied to the two-particle case. A new
model has been designed for calculating dispersion in isotropic
constant density flows. The new model yields a well-mixed distribution
of particle-pairs in (X,0)-space vhich is consistent with the constant
density constraint and with a physically reasonable form for the
two-point velocity correlation function. Previous models of the form
(5.1) (e.g. Durbin (1980), Lee and Stone (1983)) are consistent only
with well-mixed distributions which imply <p?> is infinite or which
fail to account for the correlation of velocities in space. The new
model shows a more physically plausible behaviour for the particle
separation p.d.f. which, in contrast to previous models, agrees with
inertial subrange theory for small separations. The model is not
satisfactory in every respect as it violates the physical constraint
(5.2). However the degree of violation appears to be minor. Of course
the ultimate test of a model is not whether it satisfies certain
physical constraints, but how well it performs in comparison to
experimental data. In the next chapter the model is compared against

experimental data in some simple flows.
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6. PREDICTIONS OF CONCENTRATION VARIANCE FROM THE NEV MODEL.

In this chapter values of concentration variance ai = <e?>—<e>?
from the new model described in §5.4 are presented and some comparisons
with experimental data are made. Two types of situation are
considered, namely those involving isotropic concentration fields, and
those involving the inhomogeneous concentration fields which result
from deterministic source distributions in which all the material is

released at a single time. Throughout this chapter it is assumed that

the fluid density p is constant.
6.1 Isotropic Concentration Fields.

The model described in §5.4 was used to calculate the decay of
isotropic scalar fluctuations in decaying isotropic turbulence. This
is one of the simplest flows involving scalar fluctuations, with the
results depending only on the separation of particle-pairs and not on
the motion of the particle-pair centroids. The results will be
compared below with the experimental data of Warhaft and Lumley (1978)
and Sreenivasan et al (1980). This data refers to the decay of scalar
fluctuations with downwind distance in grid turbulence, but we
interpret it here in the usual way as pertaining to the decay of scalar
fluctuations with time in isotropic turbulence (Monin and Yaglom 1975,
ppl15-116). One of the interesting features of this flow is the way in
vhich the rate of decay of concentration fluctuations depends on the
ratio of the integral scales of the scalar and velocity fields (Warhaft
and Lumley 1978; Sreenivasan et al 1980; Antonopoulos-Domis 1981;
Newman et al 1981). 1In the experiments of Warhaft and Lumley (1978)
and Sreenivasan et al (1980) the scalar fluctuations were introduced by
a heated screen, or "mandoline", situated some distance downwind of the
turbulence producing grid. This arrangement enabled a range of values
of the length-scale ratio to be obtained. A complicating factor in

comparing the experimental data with the model is the low Reynolds
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number of the experiments and the consequent lack of any inertial
subrange. The model presented above has been designed for high
Reynolds number flows and so is not strictly applicable to the
experimental situation. However it seems unlikely that the low
Reynolds number of the experiments will have a strong qualitative
effect on the scalar variance decay rate, although there may well be

some quantitative effects.

The time at which the isotropic scalar field is introduced into
the flow will be denoted by s. The scalar field will be assumed to
have mean zero and Q(&x,t) will denote its covariance function
<c(§+JZA§,t)c(§,t)>. As pointed out by Durbin (1982), for this

situation (3.11) takes the form

Q(ax, t) = I Pax(s) | axey (Y180 Q(8y,s) dey (6.1)

vhere Q(4x,s) is the covariance function at the time when the scalar is
introduced and pAg(s)lAg(t)(AZ|A§) is the p.d.f. of the particle
separation vector at time s given that the particle separation vector
equals A&x at time t. The concentration variance can then be obtained
as 02 = Q(0,t). Ve note in passing that (6.1) leads immediately to the
(well known) fact that the Corrsin integral IO(A§,t)dA§ is constant in
time (Monin and Yaglom 1975, §15.2) and shows that this constancy is a
consequence of the conservation of particle-pairs. Two forms of
Q(&x,s) were adopted, namely

o2(s)(1 - (8*/7(a" + 11))1/8) (6.2)
and

a2(s)(1 - (8%/(8% + 12))173), (6.3)

in order to see how sensitive the results are to the shape of Q(a&x,s).
These forms have the correct inertial subrange form at small A. The
first form is closer to the experimental data on the shape of the
correlation function obtained by Yeh and van Atta (1973) downﬁind of a

heated turbulence producing grid, although of course there is no reason
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vhy the data of Yeh and van Atta should be especially relevant to the
shape of the scalar correlation function very close to the heated
screen (in fact the scalar field will not even be isotropic close to
the screen; howvever we will ignore such complications here). Both
forms, and the data of Yeh and van Atta, are shown in figure 6.1. The
integral length-scale L_ of the scalar field is equal to 0.6621_ for
the form (6.2) and 1.061, for the form (6.3). As in §5.4, L will

denote the integral length-scale of the velocity field.

Figure 6.2(a) and (b) show the evolution of oi with time as given
by the new model. At small times the rate of decay of ui depends
strongly on the initial value of L/L_ and, except for large values of

L/L,_ in the simulations with Q(&x,s) given by (6.3), the initial

variation of o?

- is close to a pover lav, ui « TR, This strong

dependence on L/L_ was also obtained by Durbin (1982) and is observed
in the experimental data. The power law exponent m at small times is
plotted in figure 6.3 together with the heated screen (or "mandoline")
data of Warhaft and Lumley (1978) and Sreenivasan et al (1980). The
‘model shows the correct qualitative behaviour although the decay
exponents are generally slightly too 1large. Better quantitative
agreement could almost certainly be obtained by adjusting the model
parameters (in particular the value of Cy)s however this has not been

attempted here.

The variation of decay rate with the initial length-scale of the
concentration field can be understood quite simply in terms of equation
(6.1). If Q(&x,s) varies little over distances comparable to the
separation at time s of particle-pairs whose separation is zero at time
t, then (6.1) implies

Q(0,t)

]
(1]

Uz(t) Q(0,s) j pAX(S)|AX(t)(AZ|O) dAZ

Q(0,s)

Uz(s)’
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Figure 6.1: The initial correlation function of the concentration
field. .-++ and ---—- indicate equations (6.2) and (6.3) respectively

vhile

is the experimental data of Yeh and van Atta (1973). The
curves are normalised so that the separation at which the correlation

drops to 0.5 is the same for each curve.
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Figure 6.2: The decay of concentration variance o¢° with the time t

c
since the origin of the turbulence. s is the time at which the scalar
field is introduced. V¥, 4,0, o and e indicate initial values of L/L_
of 0.185, 0.37, 0.74, 1.85 and 3.7 respectively. (a) shows results
obtained with Q given by (6.2) and (b) with Q given by (6.3). The

solid 1lines in (a) and (b) represent the theoretical decay rates at

large t/s, which are proportional to t=%-°7% and t%-¢° respectively.
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Figure 6.3: Comparison of the decay exponent m from the model with
experimental data. e, model values with Q(&x,s) given by (6.2); o,
model values with Q(&x,s) given by (6.3); x, values from Warhaft and
Lumley (1978); +, values from Sreenivasan et al (1980). The
length-scale ratios for Warhaft and Lumley’s experiments were estimated
from the spectral peak data given in their figure 16. The values of m
given for Sreenivasan et al’'s experiments wvere obtained by replotting
their analytic £fit to the data (their equation (5)) against distance
from the turbulence grid instead of distance from the heating screen.
When plotted in this way, the decay exponent varies with downstream
distance. The three values which have been plotted are values obtained
at three selected downstream distances. Sreenivasan etAal's values of
L/L_ also vary with downstream distance, and the values plotted
(corresponding to the three selected downstream distances) were

obtained from Sreenivasan et al’s figure 7.
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showing that oi(t) is approximately equal to the initial value 02(5)'
The larger the length-scale on which Q(&x,s) varies, the more
accurately the above approximation holds and the slower is the rate of
decay of ai. At the other extreme, 1if Q(Az,s) has a very short
length-scale and is negligibly small at values of by for which
pA&(s)IAg(t)(Aglai) is significantly different from pA§(5)|A§(t)(0|A§),
then (6.1) can be approximated by

Q(A}.{.’t) = pA)’(‘(S)IAX_'(t)(Olm'S) IQ(AZ’S) dAZ' (6.4)

2 . 3
Because o grows like (t-s)® at small t-s, pA&(s)lA&(t)(0|0)’ and hence
also oi(t), decay like (t-s)™°/2. This shows that, in the limit of

small scalar length-scale, o’

- decays faster than any pover of t at

small times after release.

For large times the model decay rates approach a value which is
independent of the initial value of L/L_. The following argument gives
a simple explanation of the asymptotic value of the decay exponent. As
t - = the length-scale on which pA&(s)lA&(t)(AXlA§) varies increases
indefinitely. It follows that, provided the Corrsin integral
IQ(A§,s)dA§ is finite and non-zero, (6.1) can be approximated by (6.4)
(this approximation is similar to the approximations considered in §5.6
wvhen discussing whether source size remains important at large times).
Because cA(slt) varies like L(t) at large times (see §5.6(iii)), it
follows that o varies like 1/L%, i.e. t=%-°75,) as is observed in the
simulations which were carried out with Q(4x,s) given by (6.2) (figure
6.2(a)). For (6.3) however, the Corrsin integral is infinite with
Q(b&x,s) proportional to 1/4% for large 8. In this case the dominant
contribution to the integral in (6.1) comes, at large times, from large
values of |A¥|. It follows, by a similar argument to that given above,
that U: decays 1like 1/L? at large times, as is observed in the

simulations (figure 6.2(b)). This difference in behaviour, which is

also found in two-point spectral closures such as the eddy-damped
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quasi-normal Markovian approximation (Larchevéque et al 1980), shows

that the asymptotic value of the decay exponent may be quite sensitive

to the form of Q.

The experimental data show 1little sign of an approach to a
universal decay exponent. However, as discussed by Larchevéque et al
(1980) and Nelkin and Kerr (1981), this may well be due to the fact
that the experimental data do not extend to large enough values of t/s.
There seems little merit in a more detailed comparison of the model
decay curves with the experimental data since the initial shape of
Q(Az,s) is unknown and it was seen above that the large time behaviour
is quite sensitive to this shape. However we note that for large
initial values of L/L_, the experimental data (Sreenivasan et al 1980)
shows m decreasing as t/s increases in qualitative agreement with the
model results shown in figure 6.2 (note Sreenivasan et al plot u:
against distance from the heated screen instead of distance from the
turbulence grid; when plotted in this way the data are quite close to a

pover law throughout the region in which the measurements were made).

6.2 Instantaneous Deterministic Sources.
(i) Introduction.

In this section deterministic instantaneous sources are considered
and the release time will be denoted by s. For t > s, (3.9) and (3.11)

can then be written as
<> = [ byegy xny @I S dy (6.5)
and
2y _
<C()£,t) > = Jpgl(s),gz(s)|¥_1(t)y¥_2(t)(zl’zzl)ﬁ’§) X

x S(y,)8(y,) dzl dy, (6.6)

vhere S(x) is the source strength (as in §5.6, S here has a slightly

different meaning to the S introduced in chapter 3, being the amount of



Page 117

tracer released per unit volume, not per unit space-time volume). It
is wuseful to apply an approximation introduced by Sawford (1983) and

replace pX(s)lX(t)(Zli) in (6.5) by

G, (y-%,0; (s]t)) (6.7)
=14 Py (83, %, () 1%, (0, %, (0 Ha 2o 12000 A0 (6.6) by

PA(AX;S|t) G3(Z¥-§/2;°§(S|t)) (6.8)

vhere 8y = (y, - Zz)//z, Iy = (y, + y,)/Y2 and G, (X,0?) denotes a

A-dimensional Gaussian distribution with variance o?, i.e.

2y _ 12792

Gy(x,0%) = z;;;;;;;; exp(-[x]|“/2¢°)

G,(x,0%) = exp(-((x?)%+(x*)?)/24%)
2no

Gl(g,oz) = ———— exp(-(x3)?/24¢%).
(2n)t/%¢

The assumptions involved here are that the distribution of X and IX are
approximately Gaussian (which is true) and that, for particles with
separation zero at time s, 48X and IX are approximately independent.
The latter assumption is hard to verify directly but appears reasonable
because of the weak dependence of dIX on &X, the absence of any
dependence of dAX on IX, and the fact that the covariance of &X and X
is zero. A comparison presented below between values of o, obtained
with and without this approximation gives some indirect support for the
assumption. The advantages of using the approximations (6.7) and (6.8)
are that it reduces statistical noise and makes it easier to see how
the different aspects of the one- and two-particle transition p.d.f.s

(e.g. 0, 0,, 0., shape of p,) influence o_.

Calculations of <c?> and <c> were carried out for area, line and
compact sources centred on the origin. The source size will be denoted

by o,. The source is taken to be Gaussian, i.e. S(x) = Gx(i’ag) where
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A is 1 for an area source, 2 for a line source and 3 for a compact
source. As discussed by Sawford (1983), <c> and <c?> are, with the
approximations (6.7) and (6.8), given by

<e(x,t)> = G, (x,02(s|t) + o}) (6.9)

and
x> = | p,(ty,st) G,(by,a?) dby G, (x/2,6(s[t) + o3). (6.10)

Some calculations will also be presented for two parallel Gaussian area
sources. For this situation expressions analogous to (6.9) and (6.10)

can be easily derived.
(ii) Stationary turbulence.

Figures 6.4(a), (b) and (c) show values of o /<c> at x = 0 for
area, line and compact sources of various sizes. Some statistical
noise is evident at small values of ¢_/<c>, especially at large times.
This is because, when oe/<c> is small, small errors in <c?> and <c> can
result in a large error in o_. The results show clearly the strong
effect which source size has near the source and suggest that ¢_/<c>
becomes independent of source size and tends to zero at large time.
Because of statistical noise, it is impossible, in the absence of an
analytic solution to the model, to state with certainty that the model
value of o_/<c> tends to zero. However, if p,(&x,s|t) is exactly
Gaussian at large t, then (6.9) and (6.10) imply
o, (Ui(slt)+o§)x ]*

<> ((ci(slt)+a§)(u§(s|t)+c§)))‘/2

(6.11)

at large times. Now ¢ (s|t)/o,(s|t) and o,(s|t)/o (s|t) tend to wunity
as t > =and so, if (6.11) is true, ¢_/<c> » 0 at large times. This
behaviour agrees with that shown by the NGLS model but is in marked
contrast to Durbin’s (1980) model where g_/<c> tends to a non-zero
constant depending on source size. An argument vhich suggests that

0 /<c> tends to zero in reality at large times can be constructed as
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follows. At large times the two particles in a pair will have spent
most of their time at large separations where they move independently.
Hence it seems 1likely that gl(t) and gz(t) become asymptotically
independent as t < ®, As a result, using the fact that the model’s

forwvard and reverse statistics are identical in stationary conditions,

p’El(S)JEZ(S)Igl(t),gz(t)(zlvljzl)_sﬂg) =

Px(s)1x(t) 112 Pyesy|x(ey e l®)
at large times and it follows from (6.5) and (6.6) that ¢_/<c> = 0.

Values of o_/<c> for an area source, obtained without using the
approximation (6.8) (but still using (6.7)) are shown in figure 6.4(d).
In evaluating (6.6), the two-particle transition p.d.f. was represented
as a sum of a number of delta functions located at the positions of the
particle-pairs in the simulation. At small times the results show good
agreement with the results obtained using (6.8) (figure 6.4(a)),
lending support to the assumption that 8 and IX are approximately
independent. At larger times hovever the scatter becomes very great
due to the small number of particle-pairs passing through the source.
For example, for small sources at large times the expected number of
particle-pairs passing through the source can be less than one. In
this situation either no particle-pairs pass through and the calculated
value of <c?> is zero, or one or more particle-pairs pass through and
o./<c> 1is large. It may be possible to improve matters by smoothing
the two-particle transition p.d.f. and by the use of a suitable form of
particle splitting to ensure that there are always a 1lot of
particle-pairs near the source; however this has not been attempted

here. For 1line and compact sources (not shown) the scatter is even

greater.

Figure 6.5 shows a comparison between the model results and the
experimental wind tunnel data of Fackrell and Robins (1982). In the

wind tunnel experiments material was released into a turbulent boundary
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layer from a continuous compact elevated source. For comparison with
the model, the experimental data obtained at a distance x downwind of
the source is regarded as data obtained at time x/U_ after the release

of an instantaneous line source in stationary isotropic turbulence

(here U_ denotes the mean velocity at the source in the experiments).
Provided the anisotropy of the flow can be neglected, this should be a
good approximation; this is because the intensity of turbulence in the
experiments was small (see e.g. Townsend (1954), Anand and Pope (1985)
or Sawford and Hunt (1986) for a discussion of a similar approximation
~ the approximation of a continuous line source by an instantaneous
area source). The wind tunnel results are of course affected by the
shear and the inhomogeneity in the flow and the anisotropy of the
(one-point) velocity covariance tensor <u:uz>; howvever the effect of
the shear and inhomogeneity should be unimportant for travel times less
than about 0.50%°/¢, the time at which the tracer first reaches the
ground in significant quantities. In contrast the anisotropy of the
velocity covariance tensor is likely to have some effect on the
results, but, because the anisotropy is not 1large, the effect Iis
unlikely to be of major importance. In plotting the experimental
results in figure 6.5, o? was taken to be the average of the velocity
variances in three orthogonal directions. The agreement between the
model and experimental results is good although, because of the
uncertainty in the universal constant C, and the arbitrary way in which
f was chosen (equation (5.6)), this may be partly fortuitous. It is
somevhat surprising that the agreement remains good for t-s > 0.5¢%/¢
when the effect of shear and inhomogeneity might be expected to be
significant. The observed and modelled behaviour is different to the

type of behaviour seen in Durbin’s model where o_/<c> increases

monotonically to an asymptotic value.
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Figure 6.6 shows examples of profiles of o_ for a line source with
o, equal to 2.22x10"20%/¢, the source size used in most of Fackrell and
Robins experiments. As time increases the profile evolves through
three stages. At first the o_ profile has its peak away from the
origin at the point where the gradient of <c¢> is greatest. As time
advances the peak moves towards the origin and, in what will be
referred to as the second stage, the peak is at x=0. This stage lasts
from t-s = 0.050%/¢ to t-s = 2¢°/¢. In the third and final stage, the
off centre peak reappears. At all times the o¢_ profile is somewhat
wider than the profile of the mean concentration. Similar behaviour is
observed for other small source sizes, although the time of transition
between the first and second stages increases with source size. For
large sources, with o, comparable to o>/¢, the behaviour is somewhat
different, the first stage lasting so long that it merges into the
third stage with the second stage being squeezed out of existence. For
area sources the second stage begins later and ends earlier while the
reverse is true for compact sources. In the case of compact sources
the evidence for the reappearance of the off-centre peak is not so
clear cut, the peak appearing and disappearing repeatedly at large
times due to the statistical scatter discussed above. The first stage
in the evolution of o, is to be expected because, at small times after
release, the fluctuations arise directly from the local gradients of
mean concentration. Some understanding of the second stage can be
obtained by considering (6.9) and (6.10). These equations imply that
the peak will occur off the centre line when

<e(0,t)%> oi(s|t) + o

2
° <1 (6.12)
<c(0,t)>* ai(s|t) + o?

< 202

in particular, since ¢ 1 the peak must be on the centre line when

2
L
o_/<c> > 1. At large times p, becomes close to Gaussian. If p, is
exactly Gaussian, then (6.9), (6.10) and the fact that al(slt)/uA(slt)

and ol(s|t)/az(s|t) tend to unity at large t imply that the left hand
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Figure 6.6: Profiles of o_ from the model for a line source in
stationary conditions. g, = 2.22x10"%6%/e. The numbers attached to
the curves indicate values of t-s normalised by o?/¢. The unlabelled
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the profile of <c>.
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side of (6.12) is less than 1 at large t (and approaches 1 as t =+ =)
and so explains the reappearance of the off-centre peak in the third
stage. The reappearance of the off-centre peak suggests that at large
times o_ is again partly determined by local processes, with o_ peaking
in the vicinity of the point where the production of concentration
variance from the local mean concentration gradient is a maximum. The
data collected by Fackrell and Robins (1982) were obtained at travel
times in the range 0.26¢%/¢ to 1.740%/¢, times vhich the model predicts
will lie within the second stage of evolution. The measured o
profiles are consistent with this, showing a centre line peak and a
similar form to the model profiles. The width of the model’s o,
profile is in good agreement with the experimental data; for the times
at which the experimental data was obtained, both the model and the
experimental o_ profile half widths lie between 1.4 and 1.6 times the

half width of the <c> profile.
(iii) Decaying turbulence.

Figure 6.7 shows model values of o /<c> at x = 0 for dispersion
from an area source in decaying turbulence. As in the stationary case
the values are strongly affected by the source size at small times, but
become independent of source size at large times. However, in contrast
to the results obtained in stationary conditions, o./<c> approaches a
small non-zero constant at large time. If pA(Ag,slt) is exactly
Gaussian for t » s then (6.11) holds and this constant can be expressed
as

(o,(s[t))? 172

Lim -1
t/ s g, (s|t)o (s|t) .

As noted at the end of §5.6, o,(s[t)/o,(s|t) and ¢ (s|t)/o,(s|t) do not

2

tend to unity as t » «. Hence, because o]

= (o2 + 02)/2 and because
arithmetic means are greater than geometric ones, this limit is

strictly positive. The simulations indicate that the value of this
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Figure 6.7: Comparison of ¢_/<c> at x = 0 from the model with the

experimental data of Warhaft (1984). The model results for various
source sizes are indicated by the following symbols: 4, o, = 0.0lg.s;
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The experimental results of Warhaft (1984) are denoted by crosses.
Also shown are the experimental results of Uberoi and Corrsin (1952)

(U), Townsend (1954) (T) and Stapountzis et al (1986) (S).
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limit is about 0.16.

The results of Warhaft’s (1984) experiments on dispersion
downstream of a cross-stream line source in decaying grid turbulence
are also plotted in figure 6.7. In the same way as Fackrell and
Robins’ (1982) continuous compact source was interpreted as an
instantaneous line source, the continuous 1line source of Warhaft’s
experiment is regarded here as an instantaneous area source. It is not
so easy to interpret these experiments as those of Fackrell and Robins
(1982) because the Reynolds number is relatively low and the model
being considered here cannot account for molecular diffusivity and
viscosity explicitly. Molecular diffusion almost certainly results in
an effective source size that is much larger than the width of the wire
used in the experiments. It seems reasonable to assume that the
effective source size will be of the same order as the Kolmogorov
micro-scale, n. The value of n at the source varies between the
experiments, lying between 0.0lg_ s and 0.016q s. The agreement with
the model results is best for a slightly larger source size of about
0.03¢_s. At large times the value of o_/<c> in the model falls off
rather too quickly. This is probably because the asymptotic value at
large time is too small. Although the agreement could almost certainly
be improved by adjusting C, and f, it is not proposed to do this here.
The agreement is also poor for (t-s)/s € 0.02. This is however to be
expected since molecular diffusion must be significant for (t-s)/s of
order tn/s, a quantity which is about 0.04 in the experiments. To
model this region accurately it would be necessary to take account of
molecular diffusivity and viscosity explicitly as in Sawford and Hunt
(1986) and to use a source size more closely related to the wire
diameter. Also shown in figure 6.7 are the experimental results
obtained downwind of a line source in grid turbulence by Uberoi and
Corrsin (1952), Townsend (1954) and Stapountzis et al (1986). These

data show broadly similar behaviour to Warhaft’s data and to the model
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results.

Figure 6.8 shows the model profiles of o, for ¢, = 0.030s.
Qualitatively the behaviour is similar to that obtained in stationary
conditions (figure 6.6) and to that observed by Warhaft (1984). At
small (t-s)/s the profiles have an off-centre peak, although the model
peak is rather more pronounced than that in Warhaft’s experiments. It
seems likely that this discrepancy is due to molecular diffusion which,
in the experiments, must play a significant role in the early stages of
the plume’s development. To represent these early stages accurately,
it is probably necessary, as above, to use a source size related to the
vire diameter and to use a model which includes molecular diffusion and
viscous effects explicitly. For 0.11 € (t-s)/s € 0.43 in the model and
for 0.073 € (t-s)/s € 1.92 in Varhaft’s experiments, the peak is at the
centre of the ensemble average plume, with the off-centre peak
reappearing at 1large times. Although the off-centre peak reappears
sooner in the model than in the experiments, the model peak value is
only a few per cent larger than the centre line value until (t-s)/s =
2. At large (t-s)/s the model off-centre peak is again rather more
pronounced than that measured in the experiments. As noted above, the
off-centre peak cannot occur if o_/<c> is as large as unity, and so it
seems possible that the more pronounced peak in the model is associated
with the fact that the value of ¢_/<c> in the model is too low at large
times. The width of the model o. profile is in good agreement with the
experimental data, the half width in both the model and the experiments
lying between about 1.5 and 2.0 times the half width of the <c>

profile.

Figures 6.9 and 6.10 show model values of the correlation between
the concentrations resulting from two parallel instantaneous Gaussian
area sources. The sources are taken parallel to the (xl,xz)—plane and

are separated by a distance d, with the origin (i.e. x = 0) lying
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Figure 6.8: Profiles of ¢ from the model for an area source in
decaying turbulence. o, = 0.030_s. The numbers attached to the curves
indicate values of (t-s)/s. The wunlabelled curve is a Gaussian

distribution with the same standard deviation as the profile of <c>.
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Figure 6.9: Correlation between the concentration resulting from two
parallel sources separated by a distance d in decaying turbulence. The
correlation is evaluated half way between the twvo sources. Model
results for a source size of 0.03055 are indicated by solid symbols and
experimental results from Warhaft (1984) by open symbols. The
different symbol shapes refer to different values of d: 4. d =
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parallel sources separated by a distance d in decaying turbulence. The
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correlation is shown as a function of x*, the origin of x
half way between the two sources. (a) shows model results for (t-s)/s
= 1.5 and experimental results (Varhaft 1984) for (t-s)/s = 1.65, while
(b) shows model results for (t-s)/s = 4.0 and experimental results for
(t-s)/s = 4.65. The model results are shown by solid lines and
labelled with the wvalue of d/o_ s, while the experimental results for
different values of d are indicated as follows: x, d = 0.060_s; +, d =
0.1220_s; 08, d = 0.20_s; V, d = 0.40_5;03, d = 0.70,5;0, d = 1.260_s;
0o, d = 1.76css. The experimental results are taken from Warhaft’s

(1984) figure 13 and the values obtained for positive and negative x*

have been averaged.
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midvay between the sources. Also shown are experimental values for two
parallel continuous cross-stream line sources 1in decaying grid
turbulence (Warhaft 1984). As for the single sources considered above,
the data is interpreted as relating to two instantaneous area sources.
In the model the size of each source was taken to be 0.030_s, the value
wvhich gives best agreement with the single source data. The values of
the correlation at the origin are shown in figure 6.9. The model
values show very similar behaviour to that observed although there are
some quantitative differences when the correlation is negative. The
agreement is much better than that obtained with Durbin’s model by
Sawford (1985). For example, Sawford’s calculations show show the
correlation approaching a value of 0.15 at large times for d/1 = 0.2
(see Sawford’s figure 7). In contrast, Warhaft’s (1984) experimental
values of the correlation reach values as large as 0.9 for d/o_s equal
to 0.06 and 0.122 (which correspond, with our assumptions about the
turbulence, to values of d/1 of 0.17 and 0.35). In Sawford’s
calculations no account is taken of the decay of the turbulence in the
experiments; however this is likely to result in better mixing in the
model and hence larger values of the correlation than would otherwise

occur.

The behaviour of the correlation can be understood quite simply in
terms of the following physical picture. It is easier to visualise
this picture in terms of the experimental set-up of two continuous line
sources than in terms of two instantaneous area sources, and so we will
adopt this view point. At small distances downwind from the sources,
the material from the two sources meanders "in phase" due to the
correlation between the velocities at the two source locations. As a
result the correlation is negative. Also, at very small distances,
material only rarely reaches the measurement point and on such
occasions only material from one source is present in significant

quantities; hence the correlation is small and negative. At large
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times the plumes from the two sources mix and the correlation becomes
positive. Because the 1length-scale on which pA(A§,s|t) varies
increases without limit as t » =, it can be shown from (6.5), (6.6) and
the approximations (6.7) and (6.8) that the correlation (in the model
at least) tends to unity at large times. An alternative way to deduce

that the correlation tends to unity at large times is as follows. Ve

2

. becomes independent of source size at

have seen that the value of o

large times and it seems reasonable to expect ¢? to become independent

c

of the source shape also. Hence the value of ¢ due to the two sources

C

should become equal to the value resulting from a single source of
twice the strength. This can only happen if the correlation tends to
unity. The times at which these different stages in the evolution of

the correlation occur vary greatly with the source separation d, as can

be seen from figure 6.9.

Figure 6.10 shows some examples of the correlation at points away
from the origin. The agreement between the model and the experiments
is again encouraging, although the experimental correlation shows less

variation with x® than does the correlation from the model.
(iv) Summary.

Simulations with the new model show that o_/<c> is strongly
dependent on source size at small times, but becomes independent of
source size at large times. The simulations also suggest that cc/<c>
tends to zero in stationary conditions but approaches a small non-zero
value in decaying turbulence. However, because of statistical noise,
ve cannot be certain of the zero limit in the stationary case. The
large time behaviour of o_/<c> in stationary conditions is in marked
contrast to that seen in Durbin’s (1980) model for which ac/<c>
approaches a non-zero constant depending on source size. In some ways
the large time 1limit of o_/<c> in the stationary case is a rather

academic question - in reality inhomogeneity or non-stationarity is
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nearly always important at large times. However it does serve to
highlight the differences in behaviour between the various models

considered here.

The agreement between the new model and Fackrell and Robins’
(1982) experimental data is encouraging. 1In particular the effect of
varying the source size in the model has the same effect as in the
experiments. The agreement with Warhaft’s (1984) line source data is
not so good, but this may be partly due to the low Reynolds number of
the experiments. This data, which was obtained in decaying turbulence,
shows clearly a non-zero limit for o_/<c>, although the value of this
limit is rather larger than the model value. The model also shows
encouraging agreement with the data of Warhaft (1984) on the
correlation between the concentration from two sources separated in

space.
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7. THE RANDOM VALK MODELLING TECHNIQUE - AN APPRAISAL.

It seems appropriate to conclude this study of random walk models
by discussing the strengths and weaknesses of such models, both in

absolute terms and in comparison with other modelling techniques.

Random walk models avoid many of the problems inherent in other
approaches to modelling. For example, they do not require the
extensive empirical tuning associated with Gaussian plume models. Also
they do not need to make crude eddy-diffusivity assumptions, either for
the flux of contaminant as in eddy-diffusivity models, or for the flux
of some higher order concentration-weighted velocity moment as in
high-order closure models. As a result, random walk models can
represent the initial stages in the evolution of <c¢> easily and
naturally and can also model the dispersion from complex source
distributions. In effect, random walk models make a diffusive
assumption in phase space instead of in ordinary space. Although such
an assumption is of course not exact, it seems to cause few problems in
practice and is, as Obukhov (1959) has pointed out, consistent with
inertial subrange scaling. In two-particle models, the description of
the flow at any time includes a specification of the spatial
distribution of pairs of contaminant particles, and hence of the
(second-order) spatial structure of the concentration field. As a
result, such models can represent effects which depend on the
length-scale of the concentration fluctuations. In contrast high-order
closure models and p.d.f. models, which represent the concentration
field solely in terms of one-point statistics, have difficulty in
describing such effects. As noted in §1.3, two-point closure models
(such as the eddy-damped quasi-normal approximation) can represent such
effects, but have difficulty in modelling the inhomogeneous
concentration fields resulting from inhomogeneous source distributions.

Random walk models of course have no such difficulty.
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One-particle random walk models are particularly suited to
situations where the flow is inhomogeneous and have proved able to
provide good descriptions of the dispersion in many such situations.
For two-particle models, complex flows are 1likely to prove more
difficult; indeed very few attempts at modelling the motion of pairs of
particles in flows significantly more complex than the isotropic
turbulence considered in chapters 5 and 6 have yet been made. The
difficulty is that, although random walk models are conceptually
simple, they can be very complex to implement in complex flows. Simple
modifications of the model described in §5.4 (e.g. to include,
following Durbin (1980), the effect of a uniform shear) are
straightforwvard, but it is not clear how to adapt the model to more
complex flows such as surface layers (see Sawford (1985) for an attempt
to extend Durbin’s (1980) model to a surface layer). For example, it
is quite hard even to devise a simple expression for the two-point
velocity correlation function vhich is consistent with
incompressibility and surface layer scaling. Such an expression would
be a necessary prerequisite to designing a model using the approach
developed in this thesis. As a result it seems 1likely that, for
complex flows, it will only be possible to apply the ideas developed in
this thesis in a simplified form. For continuous sources or
instantaneous area or line sources (as considered in §6.2), the
concentration variance is not very sensitive to the shape of the
particle separation p.d.f. p,. This is because, for such sources, oi
depends only on the averaged p.d.f.s BA or ;A, and these quantities do
not vary as much as p,. This suggests that, with the possible
exception of instantaneous compact sources, it may be possible in
complex flows to use models based on the simpler NGLS model, at least
if we allow ourselves to "tune" the values of C,- For surface sources
in a neutral surface layer, it seems possible that models based on

Richardson’s (1926) model might be useful. Ve saw in §5.6 that the
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shape of p, in Richardson’s model is quite close to that in the new
model. The value of o, is rather different, but this could be
corrected by adjusting C,. Of course, if an approach based on
Richardson’s model is adopted, it would be necessary to postulate a
model for the motion of the particle-pair centroids. For surface
sources in a surface layer, it is known that, because the eddy size
becomes small as we approach the ground, an eddy-diffusivity approach
describes motion of single particles quite well (see §1.3). For the
same reason, it seems likely that such a model could describe the
motion of the particle-pair centroids. If such a model is adopted in
conjunction with Richardson’s (1926) model for the particle separations
(suitably modified for surface layer scaling), we would then have quite
a simple model (of a similar type to that proposed by Thiebaux (1975))
for the motion of particle-pairs from a surface source, in which both
the particle separation and the centroid position evolve according to
an eddy-diffusivity formulation. Such a model seems worthy of

investigation.

A difficulty with the random walk approach is the absence, in most
cases of interest, of analytic solutions and the problem of statistical
noise in numerical simulations. An example of this difficulty was
apparent in §6.2, where, because of statistical noise, it was
impossible to conclude with certainty that the model value of o¢_/<c>
tends to =zero at 1large times in stationary conditions. However the
difficulty in this case was caused by the need to evaluate a very small
difference between two almost equal quantities. For most quantities
not involving small differences it seems likely that, by using the
"particle splitting" technique appropriately, the statistical noise can
be kept under control. It should be pointed out however that this type
of problem is likely to be worse in more complex situations where there

are fewer symmetries which can be averaged over to reduce the noise.
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In many problems, more knowledge than that given by the first two
one-point moments of the concentration is required. For example, one
may be interested in the variance of the average concentration over a
certain region. Such information can be obtained from two-particle
random walk models, although no such quantities have been calculated in
this thesis. Also it 1is often necessary to know the p.d.f. of the
concentration at a point or averaged over some volume. This is
especially true in the case of an atmospheric release of a toxic,
inflammable or explosive substance. Unfortunately such quantities
cannot be obtained from one- and two-particle random walk models.
However there is a growing body of evidence (Lewellen and Sykes 1986;
Sawford 1987; Mylne 1988) to suggest that, for passive contaminants in
the atmosphere, the p.d.f. of the concentration can be parametrized
with reasonable accuracy in terms of the first two moments. In
principle the concentration p.d.f. could be obtained from many-particle
random walk models (Kaplan and Dinar 1988). However only the first
steps in the development of such models have been taken, and it is not

yet clear if such models will prove useful.

There are a number of theoretical problems with random walk
models, some of which suggest that the goal of a universal model,
applicable to all (high Reynolds number) flows may not be achievable.
Firstly, except in one-dimensional one-particle models, the theory
presented in chapters 4 and 5 does not determine $ (or %) uniquely. As
pointed out in §4.4, Sawford and Guest (1988) have shown that the
choice of ¢ does make some difference to the results and it is not at
all clear how arguments can be formulated to determine ¢. The second
problem concerns the value of C,+ In successful simulations of
dispersion in a convective boundary layer, Sawford and Guest (1987) and
Weil (1988) used values of C, of order 2.0 instead of the value 4.0
adopted in §5.4. This suggests that the value of C, may need to be

tuned to some extent for different problems - such tuning is of course
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inconsistent with the idea that C, is the inertial subrange constant
vhich occurs in the Lagrangian velocity structure function (see also
Sawford and Guest (1988)). Finally there is the problem discussed in
§§5.4 and 5.6, namely the fact that it is not clear how to design a
twvo-particle model to satisfy both the well-mixed condition and (5.2).

However this problem does not appear to be too serious in practice.

If random walk models based on (4.1) or (5.1) do prove to have
serious limitations, there are a number of possible ways of
generalising such models. The most obvious way is to add an equation
for the evolution of the acceleration of the particles. This might
enable such models to give a better description of the trajectories
over time intervals of order T, but it is not clear if there are any
other advantages. An alternative approach suggested by Yeung and Pope
(1988) is to add an equation for the value of the turbulent energy
dissipation rate at the location of the particle. Such a modification
might enable the model to take account of the intermittent structure of
the turbulence associated with fluctuations in dissipation rate. There
are of course many more ways of formulating such models than there are
in the case of models of the form (4.1) and (5.1), and the problem of
discovering how such a model should be designed has only just begun to

be investigated.

To sum up, random walk models constitute a promising approach to
the problem of the dispersion of a passive contaminant in a turbulent
flow. Though simple in concept, random walk models avoid many of the
problems inherent in other techniques. Although they involve a number
of assumptions that cannot be justified in any fundamental way, they
show good agreement with experimental data in a wide range of flows.
It seems likely that such models will be increasingly exploited in the

future.
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Appendix A. Derivation of the Statistical Relations given in §3.3.

The purpose of this appendix is to give a derivation of the

statistical relations (3.4), (3.5), (3.6) and (3.7).

Consider a single realisation w€Q of the flow. Let us assume that
the total mass M of fluid is finite, asvvould be the case, for example,
if the region occupied by the fluid were bounded. The reason for
making this assumption is that it enables us to consider the
hypothetical operation of choosing a fluid particle at random from all
fluid particles in the flow, with the probability of the fluid particle
belonging to any given subset of the set of fluid particles being
proportional to the mass of fluid particles in that subset. The
assumption is not as restrictive as it might appear since in reality
the region of interest is always finite and in any case the results
apply in greater generality as can be seen from the obvious limiting

argument.

As explained in §3.3, if K0, the term "fluid particle" means
simply a fluid molecule. For simplicity we shall adopt the stochastic
differential equation model for the motion of fluid molecules discussed
in §2.3, i.e. we shall assume that the molecule trajectories X“(t)
evolve according to the stochastic differential equation

dX® = y (X*,t)dt + (V(kp)/p)dt + (2K)1’2d§ (A.1)
and have an initial distribution given by

p)’?’(O)()’(') = p()‘E,O)/M

(the superscript ® in X* is intended to emphasise that we are
considering the realisation « only). Equation (A.1l) is simply (2.3)
vith a and b chosen so that the equation for the evolution of
pX“(t)Ig”(S)’ i.e. equation (2.6), takes the same form as (3.3) with S
=~0. 0f course px”(t)(ﬁ) = p(x,t)/M is satisfied at times t>0 as well

as at time t=0.
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There are a number of advantages of using this model. Firstly the
model molecules have a continuous distribution in space and so there is
no need to invoke the continuum hypothesis to relate the distribution
of molecules to c(x,t). This is a consequence of the idealised picture
of the physics embodied in the model (A.1). The spatial distribution
of the model molecules can be regarded as being a model for the true
distribution of molecules smoothed over a length-scale 8§, where § is
much smaller than the length-scale on which continuum quantities vary,
but large enough so that a sphere of radius & contains many molecules.
Alternatively, the model distribution of molecules can be regarded as
representing an ensemble average over an ensemble of flows which have
the same values for the macroscopic quantities u, P and ¢, but in
which the details of the molecular motions are different. Secondly,
because of the way we have chosen a and b, the transition density
p&“(t)|§“(s) satisfies the advection-diffusion equation (3.3) exactly
(wvith S = 0). This means that the model is consistent with the
description of dispersion embodied in equation (3.3). O0f course, as
noted in §2.2, the model (A.1) cannot be an exact model of molecular
motions. However the equations of §3.1 are generally believed to give
an accurate description of turbulent flows and so this should not
matter. Finally, when k=0, the model molecules become "fluid
elements", 1i.e. points which are advected by the velocity u . This
enables us to treat both the cases k>0 and k = 0 together. It follows
immediately from (2.6) and (3.3) that c(x,t) can be expressed in terms
of Pga(r)|x(s) S

(50 = [ Bya () o (o) &IV S(r5) dy ds. (A.2)
s&t

Let us now consider the entire ensemble of flows and consider
choosing a fluid particle at random from all fluid particles in the
ensemble. By this we mean first taking a random sample of size one

from the set Q@ of realisations and then taking a random sample of size
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one from the set of fluid particles in the selected realisation. If

X(t) is the trajectory of the particle so chosen, it is clear that the

joint density of X(t,),...,X(t ) for various times t ,...t is given by
Pg(tl),...,g(tn)(§17--.y§n) = <p§“(t1),..-,§”(tn)(§19-.-,&n)>.

If we nov assume that S/p is independent of u, and p, equation (3.4)

can be obtained by taking the ensemble average of (A.2):

<ty t)> = [ <Pgo o o) 1Y) SG> dy ds
s&t

M I <p§w(t)’§w(s)(§’2) S(Z,S)/D(Z,S)> dZ ds
s<t

=M J p&(t),&(s)(g’z) <S(Z)S)/D(z,s)> dZ ds
s€t

= I p§(t)|§(s)(§|¥) <S(Zss)> dz ds.
s&t

Let us now return to considering a single realisation ® and
consider the distribution of u_ (X¥®(t),t) which will be denoted by
U(t). U“(t) is the velocity at the position X“(t) of the randomly
h i i . iti .d.f,
chosen fluid particle The conditional p.d.f pg“(t)lg“(t)(9|§) of
U”(t) given that X*(t) = x is equal to 8(u-u_(x,t)), as is the

conditional p.d.f. pU“(t)|X“(t),x9(s)(9|§’¥)' Hence

p(&,t) 5(2—2,(§,t)) M wa(t)(z) Puw(t)lxw(t)(2|§) :

M Pye (), u0 () (B0

and
e(x,t) 8(u-u (x,1)) =

- J("&“’(t)lg“(s)(’i'i” S(yr5) 4y 48 Py ey jge ey, xo(s) (B1EY)
sst

i I pgw(t)’g“(t),zw(s)(ﬁrg’Z) S(X’S)/P(zys) dz ds

s&t

M J pgw(t),gw(t)’gm(s)’gw(s)(§129¥’!) S(X,S)/p(Z,S) d! dZ ds.
s<t

Taking the ensemble average of these equations yields



Page 136

gp =M pg(t),l}_(t)(&’g) (A.3)
and

g =M I pg(t),g(t),g(s),g(s)(§’9’¥’3) <8(y,s)/e(y,s)> dy dy ds.
s&t

By using (A.3) and standard relations between conditional p.d.f.s, g,

can be expressed in the form

S Jp’S(t%Q(t)Iis(s),g(s>"5"-’~'1”‘!) x
s<t

x g,(y,¥s5) <S(y,s)/e(y,s)> dy dy ds.

The results (3.6) and (3.7) for particle-pairs can be derived
similarly. Again consider initially a single realisation ® and let
gf(t) and gg(t) be the trajectories of two randomly and independently

chosen fluid particles. Then, from (A.2),

00600t = [ Prece ) (e I s,) 83 0o,) B 5 108D

£ £
Sl\tl ,Sz\tz

x S(y,18,) S(y,,s,) dy, dy, ds, ds,.
As in deriving (A.3), taking the ensemble average yields

<e(x; ty)elx,,t,)> = J P§1(t1)’§2(t2)|§1(51)’§2(Sz)(§1’§2lzl’22) X

£
sl\tl ,Sz\t2

x <5(y,15,) S5(¥,s5,)> dy, dy, ds, ds,.

The phase space result (3.7) for particle-pairs follows similarly.
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Appendix B. Some Properties of Various Random Walk Models.

In this appendix some of the analytic results which can be
obtained for simple random walk models and which have been quoted above

are derived.

First consider the Langevin equation (4.2), which we write here in

the form

2\1/2
du = - g dt + Gﬁgj dz. (B.1)

In addition we assume that the distribution of the initial value of U,
U(0), is Gaussian with mean zero and variance ¢?, and that U(0) is
independent of {(t). The Langevin equation can be transformed easily
into the form d(Ue®/T) = (2¢%/1)1/%e*/7d{ which integrates to give

2

t
0(t) = ve ™+ (BZ) et [ et rrracen. (8.2)
0

Because U(0) and {(t) are (jointly) Gaussian, U(t) is a Gaussian
process. Using the independence of U(0) and g(t), the two-time
covariance of U can be expressed as

U(LYU(s)> =
t
e (+81/7 (cy(0)?> + Z%i Ja jz elt1 45 1/T ddy(er)dy(s )

Now <dq(s’)dl(t’)> = ds’ if s’ = t' and is zero othervise. Hence,
assuming without loss of generality that s is less than or equal to t,
wve have

<UCt)U(s)> = e-“+5’/T(<U(0)2> + E%i JS

eis'/w ds')
0

L[}

e !t )/T (CU(0)3> + 0¥ (e?5/T - 1)). (B.3)

Using <U(0)?> = o2, we obtain <U(t)U(s)> = o’e 't"%)/T for s<t, showing

that U(t) is a stationary process (because it is Gaussian and

<U(t)U(s)> depends on |[t-s| only), has variance o?, and has an

exponential correlation function with integral time-scale 1. (B.2) can
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be integrated to yield

t
X(t) = X(0) + UO)T(1 - e™*/™) + (25°1)'/? I (1 - e't"781/7y ().
0

It follows from the (joint) Gaussianity of U(0) and Z(t) that the

displacements X(t)-X(0) are Gaussian.

Let us now consider the situation discussed breifly in §4.3(iii),
in which U(t) satisfies

dut = - Lidyide + biiddd

vith L symmetric. Note we have set U = 0 as wve clearly may do by
using a Galilean transformation. It follows immediately that

KUt (t)ui(s)> satisfies

UL (t)U*(s)> = - LEIcui(t)uk(s)>.

D1Q
~

By choosing a coordinate system in which L is diagonal, it can be seen

that the correlation function decays exponentially.

Finally we will describe how to derive the expressions given in
§5.6 for the values of ¢,, o, and o, in the NGLS model. In stationary
conditions, each component of U,, AU and IU in the NGLS model satisfies

(B.1) and, for particle-pairs with both particles coincident at the

origin at time zero, <UI(0)UI(0)> = 3¢?, <AU'(0)AU'(0)> = O, and
<IU'(0)LU*(0)> = 60> (for convenience we consider particle-pairs
released at time zero instead of time s as considered in §5.6). It

follows from (B.3) that

KU (D)U(s)> = 3g%etts)/T
<AU* (t) AU (5)> = 30%(e (E751/T _ emltts)/T)
<ZU1(t)ZU1(S)> - 302(8_(t_5)/T + e-(t+s)/T)

for s<t. 0,y O, and o, can then be found from the relation

o

t
de <KE(DEL(1)> = 2<UE (DXL = 2 Jg <UL (D) (s)> ds

and the analogous relations for <aX!(t)aX!(t)> and KIX (L) IXi(t)>. In
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o, and o, can be found in the same way,

decaying turbulence, o, A 5

although the algebra is considerably more complex.
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Appendix C. Details of the Numerical Simulations.
C.1 Details of Simulations Presented in Chapter 4.

The simulations presented in chapter 4 were carried out by
replacing the infinitesimal quantities dX, dU, dt and dC in (4.1) by
finite differences AX, AU, At and 48{. 20,000 particles were followed
for the simulations shown in figure 4.1. For the simulations with B
constant and ¢ = 0, a is a linear function -L*Jul of uy with L
symmetric; hence the resulting velocity correlation function can be
calculated analytically (see Appendix B). A time-step of 0.05t was
found to be sufficiently small to achieve good agreement with the
analytic result. The same time-step was used for the other case with
constant B. For the remaining two simulations in figure 4.1, At =
0.05T proved unsatisfactory, but a time-step of

8t = min(0.050¢%/B'!,0.10/|al), (C.1)
with At varying along the trajectory, gave results which appeared
realistic and were insensitive to further reductions in At. (C.1)
ensures that a particle cannot change its velocity by a large amount

(relative to the velocity-scale o) in any time-step.

For.the simulation shown in figure 4.2, 10,000 particles were
followed. The same time-step as specified in (C.1) above was adopted
and proved adequate to achieve good agreement between the analytic and

numerical velocity p.d.f.s, as can be seen in figure 4.2.
C.2 Details of Simulations Presented in Chapters 5 and 6.

The model described in §5.4 is quite complex to implement because
the expression for a contains a large number of terms. In the
calculations with this model presented in chapters 5 and 6, the model
vas simplified by the method used in the one-particle model of Thomson
(1986a). This involves using a different set of finite difference

equations at alternate time-steps.
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When the particle separation is large, the time-scale on which
particle velocities change is T and so we require At « T for accurate
results. When the particles are close together however, the time-scale
of the relative motion of particles is much smaller than T and so a
much smaller time-step is required. In order to allow for this and
also avoid unnecessary waste of computing resources, the time-step was
made a function of the particle separation and was allowed to vary
along the particle-pair trajectory. The time-step At used in most of
the calculations was chosen to be 0.11t(1 - £(4)). This ensures that At
« T at all times and also that At « (48%2/g)'/3 when the particle
separation lies in the inertial subrange ((4%/€)'/® is the time-scale
of the eddies which make the dominant contribution to the relative
motion of the particles). A few experiments were conducted with a
time-step of 0.05t(1 - £(4)). This resulted in only small differences
(a few per cent) in most statistics. An exception is the statistic
<ISA§|2> shown in figure 5.7. In the case where the initial particle
separation was 2x10731, a time-step of 0.01t(1 - £(8)) was found
necessary to ensure that the results were independent of At. This is
to be expected since, with At = 0.1t(1 - £(48)), the initial time-step
is about one third of the time interval between the release of the
particles and the time corresponding to the first data point in figure
5.7. Clearly the quantity <ISA§|2>, vhich depends on the departure of
the trajectories from straight lines (and so depends on the difference
between two nearly equal quantities), is wunlikely to be well
represented at the time of the first data point when the time-step is

so large.

On the occasions when coincident particles needed to be released
an initial separation of 2x107°1 was used. The results appear
insensitive to changes in this quantity of an order of magnitude. It
is of course impossible to have truly coincident particles since this

would necessitate a time-step of length zero.



Page 142

30,000 particle-pairs were followed in all the simulations from
which p.d.f.s or concentration statistics were calculated, with the
exception of the simulations involving the "particle splitting"
technique (described in §5.6) for which 10,000 pairs vere released.
The remaining simulations were used only to calculate quantities such

as o <Xi> or <|88X|*>. For such quantities, statistical noise is not

A’
as great a problem as it is with p.d.f.s and concentration variances,

and so only 10,000 pairs were followed in these simulations.

In calculating <c?> in §§6.1 and 6.2 (with the exception of the
calculations made in §6.2 without the aid of the approximation (6.8)),
p, was calculated from simulations which utilised the particle
splitting technique, and was represented as a series of straight line
segments between data points, each data point representing the average
value of p, over a small interval of A values. The distance between
data points was similar to that used in the graphs shown in figures
5.1(b) and 5.8. The use of a much larger distance would tend to smooth
the peak in p, observed at small travel times, while a much smaller
distance would greatly increase the scatter and would produce
inaccurate results when the source size o, or initial 1length-scale
L_(s) is much less than o,. (The iniegrals in (6.10) and - putting
8x=0 - in (6.1) are in effect averages of p, over regions of size o
and Lc(s). Hence they are most sensitive to statistical noise in P,
vhen LA and Lc(s) are small.) For the area and line sources considered
in §6.2, a consequence of (6.9) and (6.10) is that o_ depends on P,
only through ;A and EA respectively. These quantities do not show such
a marked peak as p, and so the accuracy of the results might be
increased by calculating ;A and BA with a larger distance between data

points as in figures 5.1(d) and 5.1(e); however for simplicity this has

not been done here.
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C.3 Justification of the "Particle Splitting" Technique.

Here a sketch of a proof that the particle splitting technique
does not bias the (single-time) statistics from the model is given.
Suppose we are computing an ensemble of realisations of the trajectory
in  %-space of a particle-pair, with the initial positions and
velocities of the two particles in the pair having a given probability
distribution. Consider the probability P(IA) of the event T, that the
phase space position of the pair at time t, (g(t),g(t)), lies in a
region A of phase space. Knowledge of P(T,) for all "hyper-cubes" A in
phase space determines the distribution of (g(t),g(t)) and hence
enables any statistic derived from (g(t),ﬁ(t)) to be calculated. Hence
ve need only show that the estimate of P(I,) obtained from the model is
not biased by the particle splitting technique. Let us also suppose
that ve decide to split particle-pairs when they enter a certain region
B of phase space and let A denote the event that the pair enter B
before time t. A’ will denote the event that A does not occur. In the
simulations we consider a series of nested regions of phase space in
wvhich splitting occurs as described in §5.6. Here however we will
consider only one region for simplicity. Also, again for simplicity,
we will consider the situation in which splitting and chance

annihilation occur on the first time of entering and leaving B only.

Vithout particle splitting, the numerical estimate e of P(T,)
would be equal to the fraction of particle-pairs in the simulation

which lie in A at time t, i.e.

=2

n
iflxi

vhere n is the number of pair trajectories computed, and X, equals
unity if the ith particle-pair trajectory lies in A and is zero

otherwise. For each i, the expectation of X, is equal to P(T,) and so

the expectation of e also equals P(T,).
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Suppose now that when particle-pairs enter the region B of phase
space for the first time they are "split" into two pairs, each having a
weight of 1/2. If the ith particle-pair is split prior to time t, the
two daughter pairs will be labelled i, and i, and xil and X3 will be

2
defined as for X; above. P(T,) would then be estimated as

n
1
e' = — in.
. |
where X{ = l/z(xi + X ) if the ith pair is split and X{ = X; if it
1 2
isn’t. Now the expectation of X; and X; s conditional on splitting
1 2

occurring, equals the conditional probability P(rAIA) wvhile the
expectation of X1 conditional on splitting not occurring, equals
P(FAlA’). Hence, because the probability of splitting equals P(A), the
expectation of X{ equals P(T,) and so the expectation of e’ also equals
P(T,). This shovs that splitting of particle-pairs does not introduce

any bias.

Now suppose that, as well as particle splitting occurring on
entering B for the first time, each particle-pair has equal chances of
being annihilated or of having its weight doubled on the first occasion
of leaving B. It can be shown in the same way as above that this does
not bias the results either (instead of considering two possibilities
for each particle-pair we need to consider five possibilities
corresponding to whether the particle-pair is split prior to time t
and, if it is split, whether the first daughter pair, the second

daughter pair, both pairs or neither pair leave region B before time

t).
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Appendix D. The relation between <| &%, |?> and <|38AX|?>.

In this appendix, the relation between <|8X |?> and <|88X[%> is

discussed.

In reality, the variance of 8X, and 84X at time t can be expressed

as
t ot
<ex 13> = [ <s (e 80,0805 de, dt,
S 'S
t .t
<laax|?> = [ [ <otuce,).souce,)> de, dr,
S 'S
wvith
tl t,
<8U, (t,).8U,(t,)> = JS JS <A (s,)-A (s,)> ds, ds,
t, ot
<asuCe,).803(t,)> = [ 77 <aas,).8as,)> ds, ds,
S S
vhere A (t) is the acceleration of particle i and 84 = (4, - éz)/JZ.

As in §5.6, the average is over particle-pairs with a given position in
X-space at time s. Also <Aé(sl).AQ(sz)> can be written in the form

<A, (s,)-A,(5,)> - <A (s,).4,(s,)>. (D.1)

For simplicity we will only consider the case where the initial
separation lies well within the inertial subrange and restrict
consideration to travel times over which the evolution of &%, and &&X
are dominated by inertial subrange eddies (in the model this means, as
noted in §5.6, imposing the restrictions A(s) « 1 and t-s « T). Ve
first recall that the acceleration field is only well-correlated over
very short length-scales of the order of the Kolmogorov micro-scale n
(Monin and Yaglom 1975, §21.5). From this Monin and Yaglom (1975,
pp546-547) and Sawford (1984) argue that the second term in (D.1l) makes
a negligible contribution to <|8A§|2> for times t-s « t. If this is
so, it follows that <|8% |?> = <|88X|?>> for t-s « T.  Although it is

true that <A (s,).A,(s,)> is small, the following argument suggests
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that it may not be negligible over such times (note it is clearly not
negligible at very large times when <|8X, |?*> ~ <|U,(s)|?>(t-s)? and
<|88X|2> ~ <|8U(s)|?>(t-s)?; these cannot be equal unless the initial
separation is so large that the initial velocities of the two particles
are uncorrelated). In the inertial subrange, the Eulerian acceleration
covariance <a (x,t).a (X+r,t)> (vhere a_ is the Bulerian acceleration
field Dy, /Dt) between the acceleration at two points separated by a
distance r = |r| is proportional to €!/*r 2/3 (Monin and Yaglom 1975,
p371). On dimensional grounds this covariance is expected to persist
over a time of order £ !/3r?/3, i.e. we expect <a_(X,s,).a, (X+L,S,)> to
be of order €/3r~?/3 for |s,-s,| < €!/*r?/3, Provided that the
Eulerian and Lagrangian acceleration covariances are of the same order
of magnitude and that s, lies well inside the interval [s,t2], this
implies that, for two particles with separation r at time Sy

Itz <A (s,).A,(s,)> ds

s ~1 1 ~2 2 2

is of order (&*/3r~%/3)(e*/3r?/3) = g¢. It follows that, provided t-s
» (8(s)?/€)!/? (so that the acceleration covariance <A, (s,).A,(s,)> has
time to act), the contribution to <|8A§|2> from the second term in
(D.1) 1is of order et®, which is (on dimensional grounds) comparable to
<|8A§|2> itself. This suggests that the second term in (D.1) is not
negligible and that <|8A§|2> is not equal to <|8§1|2> for times in the

range (A(s)?/€)!/3 « t-s « T.

In fact, for initially coincident particles, <|88X|2> cannot be
greater than <|8§1|2> and so, if we accept the above argument, must be
less than <|&§1|2>. To see this consider a single realisation and
consider all particles in the realisation which are at y at time s.
The phase space trajectories of such particles will be denoted by
(X*(t),U”(t)) as in Appendix A. g, will denote the average of

|§“’(t)—z-g"’(s)(t—s)|2 for such particles and q, vwill denote the average



Page 147

of %|§T(t)_§;(t)|2 for pairs of such particles. q, is equal to the
mean square of the displacement |§“(t)-§zn(t)| of such particles
relative to their centre of mass X¢,(t) (Batchelor 1952) and so q, = q,
+ |X2,()-y-U°(s)(t-s)|? and, in particular, q, > q,. Now, for
initially coincident particles, 84X = 8X and so <|&% |?> and <|84X|?>
are equal to the ensemble average of q, and q, respectively. Hence
<|8%,1>> » <|86%|?>. Equality is only possible if X2 (t) -y +
U“(s)(t-s) with probability one. This seems unlikely to be true,
lending further support to the idea that <|SA§|2> is 1less than

2
<| 8%, |2>.

For pairs of particles vhich are not initially coincident, it
seems likely that the particles will eventually forget their initial
separation and behave in the same way as initially coincident particles
(Batchelor 1950, 1952). On dimensional grounds we expect this to
happen after a time of order (A(s)?/¢g)!/3 (assuming the initial
particle separation is well within the inertial subrange). Hence, in
the case of particles vhich are not initially coincident, the arguments
in the previous paragraph support the idea that <|84X|?> is less than

<|8§1|2> for travel times t-s much greater than (A(s)2/g)!/3.
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