MULTI-PEAK SOLUTIONS FOR A WIDE CLASS OF
SINGULAR PERTURBATION PROBLEMS

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. In this paper we are concerned with a wide class of singular
perturbation problems arising from such diverse fields as phase transi-
tions, chemotaxis, pattern formation, population dynamics and chemi-
cal reaction theory. We study the corresponding elliptic equations in a
bounded domain without any symmetry assumptions. We assume that
the mean curvature of the boundary has M isolated, non-degenerate crit-
ical points. Then we show that for any positive integer m < M there
exists a stationary solution with M local peaks which are attained on
the boundary and which lie close to these critical points. Our method is
based on Liapunov-Schmidt reduction.

1. INTRODUCTION

In this paper we are concerned with a wide class of singular perturbation
problems including the Cahn-Hilliard equation for phase transitions in met-
allurgy, the Keller-Segal model in chemotaxis, the Gierer-Meinhardt system
in pattern formation and a famous model from population dynamics and
chemical reaction theory.

Let us begin with some background and a summary of our results for
the Cahn-Hilliard equation. Among the models mentioned above this is
mathematically the most complicated one because of its non-local character.
Then we will describe the other problems which can be dealt with by our
approach.

The Cahn-Hilliard equation [6] is a commonly used macroscopic field-

theoretical model of processes such as phase separation in a binary alloy. It
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can be derived from a Helmholtz free energy
1
B(u) = [ [F(u(2) + 3¢ Vu(a)da

where € is the region occupied by the body, u(z) is a conserved order param-
eter representing for example the concentration of one of the components,
and F'(u) is the free energy density which has a double well structure at low
temperatures. The prototype for the free energy density is F'(u) = (1 —u?)?.

The constant € is proportional to the range of intermolecular forces and
the gradient term is a contribution to the free energy coming from spatial
fluctuations of the order parameter. Moreover the mass m = ﬁ Jo udx is
a given constant. Thus a stationary solution of E(u) under m = ‘51' Jo udx

takes the form

2Au — f(u) = o in €,
Gu — on 2, (1.1)
Jou=m|Q

where f(u) = F'(u) and o, is a constant.

There have been numerous studies of the Cahn-Hilliard equation. The
global minimizer of F(u) has a transition layer. More precisely there exists
an open set [' C ) such that if € is small enough wu. is a global minimizer
and v, — 1 on Q\T, u, — —1 on I" and OT' N Q. Furthermore, I is a surface
whose area is minimal under the mass constraint and which has constant
mean curvature, see [23]. The dynamics has been studied extensively, see
for example [3], [9], [10], [30]. Also local minimisers have been studied and
their transition layer structure has been established in [20]. In this paper we
are interested in solutions of (1.1) with spike layers. In the one dimensional
case, Bates and Fife [5] studied nucleation phenomena for the Cahn-Hilliard
equation and proved the existence of three monotone nondecreasing station-
ary solutions when 7 is in the metastable region (\/1/73 <m < 1), (a) the
constant solution u = m, (b) a boundary spike layer solution where the layer
is located at the left-hand endpoint, (c) a transition layer solution with a

layer in the interior of the material.
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Motivated by the results of [5], in [34] we constructed a boundary spike
layer solution to (1.1) for € << 1 in the higher dimensional case when 7 is
in the metastable region.

In this paper we extend the approach to construct multi-peak solutions to
the Cahn-Hilliard equation.

To our knowledge these papers are the first to establish this kind of results
for the Cahn-Hilliard equation in higher dimensions without any symmetry
assumptions on 2.

Naturally these stationary solutions are essential for the understanding of
the dynamics of the corresponding evolution process. While Bates and Fife
[5] prove some results in this direction for the one dimensional case these
questions are open for higher dimensions.

In [16], [17] in the one dimensional case the number of all stationary solu-
tions is counted by arguments using transversality. Furthermore, the energy
levels of stationary solutions and their connecting orbits are established.

Before we state our main assumptions we make the following transforma-

tion.

v=m —u,

g(v) = —f(m) + f(m —v).
Rewrite
g(0) = —=m, g(v) = —mv + h(v).
Then equation (1.1) becomes

{ e?Av —muv + h(v) — ﬁ Joh(v)=0 in ,

%:0 on 0f).

(1.2)

Our main result can be stated as follows.

Theorem 1.1. Let Q be a bounded smooth domain in RN(N > 2). For
i=1,2,...,M let Py; € 02 be such that V,p, ,H(Fy;) = 0 where H(P)

is the mean curvature of OS2 at P and V.p,, is the tangential derivative at
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Fyi. Furthermore, assume that (V,p,,Vrp, , H(Fy;)) is nondegenerate for
i ji=1,... M.

Then for € << 1 there exists a solution v, of (1.2) such that v. — 0 in
CL.Q\A{Po1,Poa,---,Poar}), ve has exactly M local mazimum points P.;

and P.; € 0, P.; — Py, ve(P.;) — V(0) > 0. Moreover

M — P 2 M —_ P 2
e_N{/QGZ VUG—ZV‘/(x m)‘ —i—/QUG—ZV(I E”)’ -0
i=1 i=1

€ €
as € — 0 where V(y) is the unique solution of

AV —mV +h(V) =0,

V(0) = max,cry V(y), V >0, (1.3)

V(y) — 0 at oo.

(By the results of [13] and [31], (1.3) has a unique radial solution).

The method of our construction evolves from that of [11], [28] and [29]
on the semi-classical (i.e. for small parameter h) solution of the nonlinear
Schrodinger equation

B2

?AU—(V—E)U+U”:O (1.4)
in RY where V is a potential function and E is a real constant. The method
of Lyapunov-Schmidt reduction was used in [11], [28] and [29] to construct
solutions of (1.4) close to nondegenerate critical points of V' for h sufficiently
small.

Following the strategy of [11], [28] and [29] we shall construct a solution
ve of (1.2) with maxima near M given nondegenerate critical points of the
mean curvature Fp; on 02 by taking the sum of M functions each having

a peak lying on the boundary and being close to Fy; for i = 1,2,... M.
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Heuristically, for each of these functions we rescale (1.2) to obtain

{ Au, — mue + h(u.) — ﬁ Jo, h(ue) =0 in Q, (L.5)

aue —
ov. 0 on 896

where u, = v (ey), Qe = ¢ 'Q (assuming Py; = 0, the origin) and v, is the
unit outer normal to 0f2..
An immediate though formal calculation shows that u, — V as e — 0

where V' is the unique solution of

Aw —mw + h(w) =0 in RY,

w >0 in RY, (1.6)
=0 on RN-1 x {0}

with V(0) = maxpy V. Therefore the ground state solution V' restricted

to Rf can be an approximate solution for u.. Since the linearized problem

arising from (1.6) has the (N — 1)-dimensional kernel span{ 2% oV

y1? T Oyn—1
we first “solve” (1.6) up to this kernel and then use the nondegeneracy of

H(P;) to take care of the kernel separately.
The proof of Theorem 1.1 also works for the the following singular pertur-

bation problem

{ 2Av +g(v) =0 in Q, (17)

% =0 on 0f).
Furthermore, the proof of Theorem 1.1 can be adapted to deal with non-
linearities satisfying the following conditions:
(g1) g(0) =0,4'(0) = —m <0
(g2) g € C*(R"), g(u) = —mu + h(u) where h satisfies

h(w) = O(lul™), I (w) = O(lul™*™") as Ju| — o

for some 1 < py, po and there exists 1 < p3 such that

- Clop=~" if p; > 2
]hu(u + Qb) hu<u>| < { C’(|¢| + |¢|p371) if p3 <2

(g3) The equation

Aw+g(w) =0 in RN

w > 0,w(0) = max w(z) (1.8)

w— 0 at oo
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has a unique solution V' (y) (by the results of [13], V is radial, i.e.,
V =V(r)and V' < 0forr = |y| # 0) and V is nondegenerate.

Namely the operator
L:=A+g(V) (1.9)

is invertible in the space H2(R"Y) := {u =u(ly|) € HQ(RN)}.

It is easy to see that for the Cahn-Hillard equation conditions (gl), (g2)

and (g3) are satisfied. Two other important examples are the following.

Example 1 (chemotaxis and pattern formation): ¢g(u) = —u + u”
where 1 < p < (FE2) (= o0 if N = 2;= JE2 if N > 2). It is easy to see

that g satisfies (gl), (g2) and (g3). Hence multiple boundary spike solutions
can be constructed for multiple nondegenerate critical points of the mean
curvature. This problem arises from the Keller-Segal model in chemotaxis
and the Gierer-Meinhardt system in pattern formation (see [25], [26] and the
references therein). Single boundary spike solutions have been extensively
studied by [25], [26], [33], etc. In [12], Gui used variational methods to con-
struct multiple boundary spike solutions at strict local maximum points of
the mean curvature. Our result in this paper is the first result in constructing
multiple boundary spike solutions in the general situation.
Example 2 (population dynamics and chemical reaction theory):
g(u) = u(u — a)(1 — u) where 0 < a < . This is a famous model from
population dynamics and chemical reaction theory (see [4], [19], [32]). By
the result of [14], g satisfies (g1)-(g3). Hence single and multiple boundary
spike solutions can be constructed. This is the first result in constructing
boundary spike solutions for this nonlinearity. Note that the methods of [12]
and [25] cannot be applied here since g does not satisfy the conditions in
those papers.

Other nonlinearities satisfying (g1), (¢2) and (¢3) can be found in [8].

The existence of spike layer solutions as well as the location and the profile
of the peaks for other problems arising in various models such as chemotaxis,
pattern formation, chemical reactor theory, etc. have been studied by Lin,

Ni, Pan, and Takagi [21, 24, 25, 26| for the Neumann problem and by Ni and
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Wei [27] for the Dirichlet problem. However, they consider only least-energy,
hence single-peak solutions.

In this paper, we prove Theorem 1.1 for the Cahn-Hilliard case. The
arguments can be easily modified to deal with the other cases of more general
nonlinearities.

The paper is organized as follows. Notation, preliminaries and some use-
ful estimates are explained in Section 2. Section 3 contains the setup of our
problem and we solve (1.2) up to approximate kernel and cokernel, respec-
tively. Finally in Section 4 we solve the reduced problem.

Acknowledgement. The first author would like to thank Professor Wei-
Ming Ni for his enlightening discussions. The second author would like to
acknowledge discussions with Professor Amy Novick-Cohen. Part of the work
is inspired by some related work of Professor Wei-Ming Ni and Professor
Yong-Geun Oh. This research was done while the second author visited the
Department of Mathematics, The Chinese University of Hong Kong. It is
supported by a Direct Grant from The Chinese University of Hong Kong
and by a grant of the European Union (contract ERBCHBICT930744).

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful esti-
mates. Throughout the paper we shall use the letter C' to denote a generic
positive constant which may vary from term to term. We denote RY =
{(',zNn)|zn > 0}. Let V' be the unique solution of (1.3).

Let P € 0f). We can define a diffeomorphism straightening the boundary
in a neighborhood of P. After rotation of the coordinate system we may
assume that the inward normal to 0€) at P is pointing in the direction of the
positive zy-axis. Denote 2’ = (zy,... ,xn_1), B'(Ry) = {z' € RN |2/| <
Ro}, B(P,Ry) = {x € RN| |z — P| < Ry}, and ; = QN B(P,Ry) =
{(2',xzn) € B(P, Ro)|xxy — Py > p(z’ — P')}. Then, since 0f2 is smooth, we
can find a constant Ry > 0 such that 9Q N Q; can be represented by the
graph of a smooth function pp : B'(Ry) — R where pp(0) =0, Vpp(0) = 0.
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From now on we omit the use of P in pp and write p instead if this can

be done without causing confusion. The sum of the principal curvatures of
O at Pis H(P) = S N7" pis(0) where

dp
; = , =1,... , N—1
P 0@ ‘
and higher derivatives will be defined in the same way. By Taylor expansion
we have
1 N—-1
pz’ — P') = 3 > i (0)(z; — P)(z; — P))
ij=1
1 = S
+5 2 pun(0)(wi — B)(w; = By)(zy = P) + O(le = P[Y)
i,j k=1
In the following we use p, to denote the multiple differentiation %ﬁ where

a is a multiple index.
For a smooth bounded domain U we now introduce a projection Py of
H?(U) onto {v € H*(U)|Ov/0v = 0 at U} as follows: For v € H*(U) let

w = Pyv be the unique solution of the boundary value problem

Aw —mw + h(v) =0 in U,
g — () on OU.

Let hep(z) =V (“’:P) — Po,_, [V (“Tgp)} where

Qep={z€ R"ez+ P € Q}.

Then h p satisfies

{ ;'%A:U é‘y/mv :(())n aQ.m Q, (2.1)
We denote
o2 = e [ [Vl +mo?).
For z € €, set now
T /
{ Zzy/N_:xxN iD]’DN — p(a’ — P"). (2.2)
Furthermore, for z € Q; we introduce the transformation 7" by
T;(z') = x;, 1=1,..., N—1
{ Ty(x') =xny — Py — p(a’ — P'). (2:3)
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Note that then
1
= -T(x).
€
Let v; be the unique solution of
{ Av — v =0 in RY,

ov
dun —mi Z” 10i (0 )yiyj on 8Ri’

(2.4)

where V' is the radial derivative of V, meaning that V' = V,(r), and r =
z—P

‘. Let vy be the unique solution of

{ Aav — mUN— 12 >N ,08@3(0)3/1 85 T :NO in RY, (2.5)
= N py(0)wdn on ORY.
Let v3 be the unique solution of
Av — v =0 in RY,
{ 8?;; - |y\ 3 3 i irj, fa pwk(o)yi?/jyk on ORY. (26
Note that vy, v, are even functions in 3y = (y1,...,ynv_1) and vs is an odd

function in ¥ = (y1,...,yn—1) (e. vi(y,yn) = vi(—=y , yn),v3(y,yn) =
—v3(—y',yn)). Moreover, it is easy to see that |v|,|va],|vs| < Ce#¥l for
some 0 < p < /m. Let x(x) be a smooth cutoff function such that y(z) =
1, for # € B(0, Ry —6) and x(z) = 0 for z € B(0, Ry)¢ (where § is a positive

number). Set

hep(z) = evi(y)x(x — P) + € (v2(y)x(x — P) + vs(y)x(x — P)) + €V, p(x).

Then we have the following proposition.

Proposition 2.1. The remainder V. p satisfies

||\Ije,P||e S C

Proof. Proposition 2.1 was proved in [34] by Taylor expansion and a rigor-
ous estimate of the remainder using estimates for elliptic partial differential
equations. O

Similarly, we know from [34] that the following proposition is true.
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Proposition 2.2. We have

[ oV 0Py .V

o = Tl () =l = P) + o)

€

where wy satisfies

Av—mv =0 me,

= —1 (\Z? - %) Sz P (O)ysnys — 1 Xasy pjw(0)ys on ORY

(2.7)

and

[wlle < C.

Note that |w;| < Cexp(—p|y|) for some u < /m where w; is an odd
function in y' and that |wy| < Cexp(—ply|) for some p < /m.
Define the linear operator L by

Lou = Au—mu+ h(V)u

for
u € H]%,(Rf) ={u € H2<Rf),aa;b =0 on aRf}.
N

We have the following statement.

Lemma 2.3. The kernel of Ly satisfies

oV oV
Ker(Ly) N H%(RY) = span{ —, ..., ——— .
(1) R (RY) = span { SV O

Proof. See Lemma 4.2 in [26]. O
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3. REDUCTION TO FINITE DIMENSIONS

In this section we use the Lyapunov-Schmidt method to reduce the prob-
lem to finite dimensions.
Let P € Q,

Q.= {2 € RV|ez € Q},
and
Qcp={z€RNez+ P € Q}.
Let H%(£.) be the Hilbert space defined by

ou

Ve

HZ(Q)) = {u e H*(,)

:OonaQe}.

Define

~ 1
Se(u) = Au —mu + h(u) — o /Qe h(u)
for u € H%(Q.). Then equation (1.2) is equivalent to
Se(u) = 0,u € H% ().

Fix P = (Py,...,Py) with P, € 0. For the rest of this section we fix a
small 4 > 0 such that

min  dist(P;, Pj) > 6.
j

ig=L1,...,M,i#
We set
PVi(y) = Po_, V(y — f),
P
Vi) =V (y-2)
and

M
u:ZP‘/i+(I)5,P-

i=1

To solve (1.2) we first consider the linear operator

M
L.:u— Au—mu+h (ZP%)U,

i=1

HY,(Q) — L*(Q).
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Using integration by parts it is easy to see that the cokernel of L. coincides

with its kernel. We choose the approximate cokernel C.p and kernel K. p as

Ce,P = ’CE7P

= Span aPV;

Tpi

izl,...,M,jzl,...,N—l}.
3J

Let 7. p denote the projection of L*(%) onto Cp. Our goal in this section
is to show that the equation
M
Te,p © SE(Z PV; + (I)g,P) =0
i=1
has a unique solution ®.p € ICiP if € is small enough.
As a preparation in the following two propositions we show invertibility of

the corresponding linearized operator.

Proposition 3.1. Let Lep = 7.p 0 [:E. There exist positive constants €, A
such that for all € € (0,€) and all P = (Py,... ,Py) with Py,... , Py € 022

and minid:l,,,,7M7i¢j d’LSt(PZ, Pj) 2 5
|Lep®|[22(0.) = M@l a2, (3.1)

Jor all ® € Klp.

Proposition 3.2. There exists a positive constant € such that for all € €

(0,€) and all P = (Py,..., Py) with Py, ..., Py € 022 and

- omin  dist(P, Pj) > ¢
i,j=1,... ,M i#j

the map

rpel 1
Le,P = Te,P © Le . ICe,P - CE,P

18 surjective.
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Proof of Proposition 3.1: We will follow the method used in [11], [28],
[29] and [34]. Suppose that (3.1) is false. Then there exist sequences
{ex}, {Px} = {(Pik,--- . Pug)} and {®y} for k = 1,2,... with the fol-
lowing properties: € > 0 and P;;, € 02 with

min ‘diSt(Pi,k, PJJC) >0

1,j=1,...,M,iF]

such that @, € K p_and

ex — 0, (3.2)
P, — P, (3.3)
| Lety il 22 — 0, (3.4)
IOllge =1 fork=1,2, ... (3.5)

For j =1,2,... N — 1 denote

0 0
eijk = =——PVig/ PV
8T(Pi,k’)j aT(Pi,k’)j L2(Qek)
Note that
< Ciyjy ks Cingok >= 0iyin 0y j, + Ole) as k — oo

by Proposition 2.3 and because of the symmetry of the function w; which was
defined in (2.9). Here 4;,;, is the Kronecker symbol. Furthermore because of
(3.4) we deduce that

M N-1

2
HLEI@(I)kH%Q - Z Z (/Q Lekq)keij,k> — 0 (3.6)
€k

i=1 j=1
as k — o0o. Let g, x, p and T be the same as in Section 2. Then 7" has an

inverse T~! such that
T-': T(B(P,Ry) N Q) — B(P, Ry) N 1.

Recall that ey = T'(x). We use the notation T if P is replaced by P;. We

introduce new sequences {¢; } by

eur(y) = X (T0) 7 (ex)) @ (1) (erp) (3.7
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for y € RY. Since T™ and (T™)~! have bounded derivatives it follows from
(3.5) and the smoothness of x that
13kl 2y < C
for all £ sufficiently large. On the other hand,
H%,k”H%Rf\B(o,R)) —0 as R — oo

uniformly in k for all k£ large enough. Therefore there exists a subsequence,
again denoted by {¢;;} which converges weakly in H*(RY) to a limit ¢; o
as k — oco. We are now going to show that ;. = 0. As a first step we
deduce that

oV
ioco=— =10 foryj=1,... ,N —1. 3.8
/f%f¢’ dy; o (3:8)

Noting that det DT = det DT~! = 1 this statement is shown as follows

o ato) | b (L))

+ aT(Pi,k)-

dy

_ x OPViy x— P
=6 [ e () g (o

€1 87’(131 ) €L

) dx

=€
k a € 8T(Pk €k
x 6?PVZ r — P
—%N/ ()5 ()
QN\Qo € OT(P, ) €L

x@PV@xPi
e [ =l = Pl g (P

€L aT(p ) €L
8V <x—H’k> . (9PVZ’;€ <I—Pi7k
a(P’i7k)j

x
—0- —N/ o (L
€k N\ k(€k)
X

_ ov r— P OPV;y ,x— P,
" [ e = Pl D) | g () - g
0 LN

ov xz — P
__—N (I) ﬁ ( z,k)
Ek /Q\Qo Kl €k ) I(Pik), €k
_ x, OV s x—PF,
_EkN/QO[l_X(x_PZk)]q)k(Ek)a(P%)A< k)

where () is as defined in section 2. In the last expression the first two terms

)

€k aT(P’i,k)j €k

)

€L aT(piyk)j €k

€k

tend to zero as k — oo since €, V@, is bounded in L?(Q2) and [...] — 0
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strongly in L?*(€2). The last two terms tend to zero as k — oo because of the
exponential decay of 9V/0(P;x); at infinity.
We conclude that

/Rf %,k(y - Pi,k/gk)

lim sup
k—oo

OPVi, ((T“’)‘1<€ky>>] l —0

aT(Pi,k)j €k
fori=1,... Mand j=1,... ,N —1. (3.9)
This implies (3.8).

Let Ky and Cy be the kernel and cokernel, respectively, of the linear oper-
ator S;(V') which is the Fréchet derivative at V' of

So(v) = Av — mv + h(v),
So + HY(RY) — L*(RY)

where
2 /DN 2 Ny | OU
Hy(RY) = {uGHN(R+) 20}.
Oyn
Note that
ov
IC():CO:Span{|j:1,...,N—1}.
y;

Equation (3.8) implies that ¢, ., € Ki. By the exponential decay of V' and
by (3.4) we have after possibly taking a further subsequence that

Ai o = MPioo + 1 (V)i = 0,
that is to say ¢; .« € Ko. Therefore ¢; oo =0 fori=1,..., M.

Hence

ik — 0 weakly in H*(RY) (3.10)
as k — oo. By the definition of ¢;; we get &, — 0 in H? and

M

”h/(z PV )®kl|2 — 0 as k — oo.

i=1

Furthermore,
|(A —m)Pl|2 — 0 as k — oo.

Since
/ VD[ + md? :/ [(m — A)D,]y,

“k €k
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< COI(A —m) Py 2
we have
|Pk||gr — O as k — oo.

In summary we conclude that

|ABy |12 — 0 and [yl — 0. (3.11)
Using (3.11) and the elliptic regularity estimate

[@kl[2 < C(|[APk][ L2 + ||kl #r1) (3.12)
for @), € H% (a proof can be found in Appendix B of [34]) we deduce that

| Pkl 2 — 0O as k — oo.
This contradicts the assumption
[Prlr2 =1

and the proof of Proposition 3.1 is completed. O

Proof of Proposition 3.2: Assume that the statement is not true. Then
there exist sequences {e;}, {Px} = {(Pi, ..., Pux)} with ¢, > 0 and
Pi,k € 00 and

: dist(P P} > §
it i ist(Pik, Pjx) >

such that L, p, : K p, — C- p
k — oo and Px — P. for all k. Let K.p and C.p be the (exact) kernel and
cokernel of L., respectively. Then for £ = 1,2,... there exists ®; € C¢, p,

such that

is not surjective. Furthermore, ¢, — 0 as

[Pkl L2, ) =1 (3.13)
and

OPViy, . .
b,——— =01 =1,.... M, 3=1,... ,N—1.
/Qek kaT(PLk)] or 1 ; ’ y J ) )

Since &, € C, p, we have

/Qe (Ap—@+ [ PVik)p)Pr =0

k =1
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for all p € H% (€, ). Now integration by parts gives

M
ADy — m®y + 1 (3 PV )Py = 0

i=1
and because of the elliptic estimate (3.12) it follows that

[Pkllm> < C

for some constant C' independent of k. Extract a subsequence (again denoted
by {®;}) such that ¢; ) as defined in (3.7) converges weakly in H*(RY) to

©ioo as k — 00. Then ¢; o satisfies
AQi o —MPioo + 1 (V)pine =0 in Rf,

aQpi,oo

. = 0 in RN x {0} (3.14)
with
ov
icor— =0 =1,...,N—1. 3.15
/RNSO, 9y, J (3.15)

From (3.14) we deduce that ¢; o, belongs to the kernel of Sj(V') and (3.15)
implies that ¢; o lies in the orthogonal complement of the kernel of Sj(V').

Therefore ¢; ~, = 0. As in the proof of Proposition 3.1 we show by the
elliptic regularity estimate (3.12) that ||®g||z2 — 0 as k — oco. This contra-
dicts (3.13) and the proof of Proposition 3.2 is finished. O

We are now in a position to solve the equation

M
TepoS:(>_ PV;+®.p) =0. (3.16)

=1

Since L. p| Kip is invertible (call the inverse L_p) we can rewrite (3.16) as

follows
M
® = —(L_pomp)(Se Z
—(L;p o mep)Nep(P)
= M.p(P) (3.17)
where

N.p(®) = Se(fj PV; + @)

=1
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M M
—[Se(Q_ PVi) + S{(3_ PVi) @]
i=1 i=1
and the operator M, p is defined by the last equation for ® € H3(£,). We

goun

Bes = {® € H*(Q)||[lm2(0,) < 0}

if 0 is small enough.

In fact we have the following lemma.

Lemma 3.3. For e sufficiently small, we have
INep| < O(|Pep |7 + [2cp[™) (3.18)

K
1Se(3" Pwi)llr2ga,) < Ce = (3.19)
i=1
Proof: (3.18) follows from the mean value theorem.
On the other hand, (3.19) follows easily by the fact that in the expression

S.(XK | PV;) the functions PV; are essentially separated from one another.
O

We have

1M (@)l 20 < A7 ([I7ep © Nep () 22(00)

K
Hmep o (Se(3_ PVi)llr2))

i=1
< AO(c(6)8 + €12

where A > 0 is independent of § > 0 and ¢(6) — 0 as 6 — 0. Similarly we

show that

1M (@) = Mep(P)[|r20,) < AT 4 ¢(8)0) | @ — ¥'[| 120,
where ¢(d) — 0 as 0 — 0. Therefore M, p is a contraction on Bs. The
existence of a fixed point ®.p now follows from the Contraction Mapping

Principle. Furthermore, ®.p is a solution of (3.17).

Because of
[Pepllmz@ e <A ([Nep(Pep)llz,)
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K
+1Se O PVi)ll 1))

=1
<A e 2 4 ¢(8) | p| H2(00))
we have

|®cp ||z < Celto)/2,

We have proved the following lemma.

Lemma 3.4. There exists € > 0 such that for every (N+1)-tuple e, Py, ... , Py
with 0 < € < € and P; € 0Q and min, j—y a5 dist(P;, P;) > 0 there exists

a unique ®.p € Klp satisfying S(XM PV, 4+ ®.p) € Clp and

[ Pep |l 2000 < Cell+o)/2, (3.20)

We need another statement about the asymptotic behavior of the function

®.p as € — 0, which gives an expansion in € and is stated as follows.

Proposition 3.5. We have

M T P’L )
O.p(z) = E(Z g ( Xz —F))+ eV, p(x) (3.21)
i=0
where
||\IIE,P||€ S C

Here ®q is the unique solution of

A®y — mdPy + ' (V)y — W (V)v, =0, in RY,

09,

— =0 on ORY,
OYn *
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Dy is orthogonal to the kernel of Ly (3.22)
where Ly = A —m+ N (V), Ly : HY(RY) — L*(RY).

Proof. Note that the kernel of L is

Furthermore we have

|@o| < Cexp(—plyl) for p < v/m.

j:l,...,N—l}.

The definitions of g, x,p and T are as in section 2. Our strategy is to
decompose V. p into three parts and show that each of them is bounded in
|| - ||e as € — 0. That means we make the ansatz

M
Vep(w) =D [0L,(2) + 0 (2)] + W2 ()
i=1
where the functions W}, U2/, ¥>? will be defined as follows. Let W!; be the

€,1) €1 €,1

unique solution of

E2A\Iféi — m\IliZ =0 in Q,

owl,
81/671 = Geii on ) (3.23)
where
0 x— P
€, - - o . - -F)z .
gei(0) = o 0oL — )
Since ||gei||z2 < C there exists a constant C' > 0 such that
12,1l < C. (3.24)
Define \Ili’il by
1 r— P,

(@ = P) — 7o, (x) (3.25)

€1

U2l (z) = — =7 0 By

where 7 is the projection of L?*(€.) onto K.p. Because of the exponential
decay of ®¢, the smoothness of y and and by (3.24) it follows that

o2 < C. (3.26)
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Finally, define ¥27(z) to be the unique solution in H% () of the following

equation
M 1
EAVZ? —mUZ? + W/ (Y PV)W? = —— f, in €,
i=1 € (3.27)
2,2
a;’; =0 on 09 (3.28)
where
5 M
fo=L(®cp = Y [ePo((x — B)/e)x(x — B) — (W], + UE7))).
=1

Note that the right-hand side of the last equation lies in Cj,P since

Cep — D _[ePo((z — P)/e)x(x — B) — (¥, + ¥27)] € Hy.

i=1
This is clear for @, p by definition. By construction we have —e®qx —e* (¥, +
\I/i’il) satisfies the Neumann boundary condition. By (3.22) and the smooth-
ness of x we conclude that ®oy € H?. By (3.23) we deduce that ¥}, € H”.
Finally, since e;; € H? where
aV; ‘ aV;

;= fori=1,... .M, j=1,... N—1
i ot(Pij)" ||0T(Piy) o /

L2(Q)

we have \Ifi’l-l € H?. Therefore f. € CiP. Furthermore, the following lemma

1s true.

Lemma 3.6. The function f. satisfies

I felle < Ce*.
Proof. We have
- U M r— B 2 /1,1 2,1
fe = Ss(Z P‘/;)<¢6 - Z[(Eq)o( c )X(iL‘ - Pl) —¢€ (\I]e,i + \Ijeji )])
i=1 i=1
M M M
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where

N/(®.) = |Q| ; ZPV

=1

lev ;V)]

||ﬂe

—h(ZPViH@g)
=1
ZPV — W(PV))®,]
. i1
Q| Jo.

(Y PV — (S PV

TS ao(P YA —m o+ WS PV)IX(x - P)

i=1 i=1

FeS0 < V(- — /), V() >

=1

[A(PV;) + ©.)

M
+E0 (Y PV;) UL,

=1

M
+€2 > A —m+ K (PV;)]U.
=1

Note that
M

PV))+h(D_Vi)

i=1

Vijuix(z — Byl 2

Mz

[t

Il
—

7

+eh'(

Mz

1

%

M M
< || = h(3_PVi) + h( ZV +el'(Y_Vi)uil| 2
i=1 =1

=1

He(=P' QO Vi)or + B (3 Vi)vix)lle

i=1 i=1
< C(€ + exp(—pRo))
by the definition of x and the exponential decay of V. Furthermore

IN, @)1z < O
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This proves Lemma 3.6.0
By Lemma 3.6 and the invertibility of

Lc: HJQ\,ﬂlCéPﬁCiP

Proposition 3.5 follows. O

4. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main theorem.
By Lemma 3.3 there exists a unique solution ®.p € ICEL’P such that the
function

M
u.=>» PVi+ . p
i=1
satisfies
M
Se(ue) = Se <Z PV; + qDe,P)
i=1
= 2 Au, — mu, + h(u) — 1 h(ue) € Clp.
€2 Jo “
Our idea is to find P = (Py, ..., Py) with P; € 09 pairwise different such
that
S€<u€) 1 CQP.

Let
1 8PQE’PV
W) = s, (5iu0 e

OTp,
and
We(P) = (Wi (P), ... . Wen-1(P)).
Then W,(P) is a continuous map of P. We want to find P = (Py,..., Py)
such that
W.(P,)=0 forj=1,... M.
Let us now calculate W.(P).

First of all, from the conditions on A, we have

/Q h(ug) < CeV.
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Hence by Proposition 2.2 we deduce that

v () o = [ i [
_ oM (Nl [ e = P+ ew;i(x)))

:O(EN)ENlH[ (exp(—0o/e)) + /w&]
= O(N?)

because

€ 1 €
ETV/QUJM < m”wz,z‘HL?(Q)
and by Proposition 2.3. On the other hand, since

2 OPaV 0P,V

we conclude that
OPQE, SV

anj

/Q[EQAU€ — mue + h(ue)]

0
- [ {05

0Fq, .V 0P, PV] }
- m———- U

2
A —
+ [6 or P; or, P;

_ / [h(ug)a};tl’jv —h’(V)g;uel
:/[ (X PV + o) - ZPV

aPQJDV
8ij

—h’(z PV;)®

i=1

o [h, &1 PW)M;Q;;;V L (V)aw(xa;j P)/s)]

X (I)E,P

+/Q lhé PV - h(v)] 0Py V((x — P)/e)

87 P;
=11+ 17+ J.

i=
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where I, I?, and J, are defined by the last equality. We first calculate IZ2.

€ €

2= /th’ZPV )20 Viw = P)fe) h/(v)av(m—m/ff)]

anj (9ij

(e®o(y)x(x — P) + €V (x))dz

/ aPQe ( )/5) N ov
_ / [h ZPV - B (V)—— o Doy
0Py, V(x — P)/e) ov
2 / g € o \II
A e T
=el> + 127
Now assume that P = P;. Furthermore, note that
0Py V(x—P)fe) .\ OV
s pr 2 s,
M
i=1 87731
, OPo, V(x — P)/e) B oV
h (V) [ anj anj
and u
, , 0P V(x — P)/e
s pvy w2 P g o )
Q4 P
" al OF, Q.
= oo P - L (2 )
p;
2 0P V(x —

[ h ZPV V(z — P)/e))? P& g o p)

+O(exp(—d/e))
= O(Vh
since @ is even and (V — X, PV;)x(z — P;) = ev; + O(e?) where v, is even.
By Proposition 2.1 we have

(97' P;

/ 0,2 < OV,
Hence we conclude that

122 < O(Y)
and

|I2] < O(M*?).
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We next compute I, again assuming that P = P,

0P V(x — P
_|_/ h/// U +ZPV (I)?P Qe (.T )/€>
i=1 Otp,

_/ B ( ZPV cng?+2e¢oxwep+62wfp]8pgev(£_P)/g)
Py

_'_O(6N+2)
— O(€N+2)
since ®q is even. Finally, we compute the term J..

= [ V)~ V)5

8Tp.
ol LAl

+h”(V)(§ PV, — V>26PQE ( )/6) ( N+2)

i=1 an

oP
v [ Wi + () POV | ooy

an

_ /h’ v3—+0( N+2)

oV
. _N+1 / N+2
— e (/Qe’Ph(V) 8y]>+0( )

oV
_ N+1 h/v s O N+2.
: /Rf (V)i + O™

= G/Q R (V) (vix + €(vax + v3x) + €W,) (8V +w; + ew2(x)>

We also have

/ h'(V)us v __ Aa—v — ma—v U3
RY 8% RY \ 0Oy 0y,
OJvs OV 0 oV

8RN 8yN ay] ayiNaiyj

1 Vl 2 N-1
- Prim (0)Ye i ymy; dy
3 RN‘1<|?J|> kJ,zm::l ’
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1 V! 2 N-1
=_= — YkYiYmY; Prim (0)dy
3 JRN-1 (\y|> k,l,%;zl ’

V/ 2 2Nfl
_ - A I o (0)d
3 fowes <|y|> y; %;lyzy pjitm(0)dy
= vpjr(0)
IVV]H(P)

where
N—-1 1

3 '\ 22
= — —_ . d O.
. = 3 /RN <|y|) YiYi dy #

Combining I!, I2, J., we obtain
W.(P) = vV, H(P)+ W/(P)

where W/(P) is continuous in P and W/(P) = O(e) uniformly in P. Sup-
pose that at Fy;, we have det(V,p,, Vg, H(Fy;)) # 0 then the standard
Brouwer fixed point theorem shows that for € << 1 there exist P, ; such that
We(P.,;)=0and P.; — Py; fori=1,2,... M.

Thus we have proved the following proposition.

Proposition 4.1. For e sufficiently small there exist points P, 1, P. o, ... , P: p

with P.; — Py, such that W(P,;) = 0.

By Lemma 3.3 and Proposition 4.1 we have
Se(ve) =0
which is the same as to say

1
EAv. — mu, + h(ue) — 1 /Q h(ve) =0 in €,

O,
ov

Hence [, v. = 0. Let u, = m — v.. We have

=0 on 0f).

e Au, — f(ue) = o,
Oue/ov =0 on 0f
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/ ue =m0,
Q

meaning that u, is a solution of the Cahn-Hilliard equation. Moreover, we
have
xr— P

€

M .
Ve — ZV (”)H —0
i=1 .

and Peﬂ‘ — P()’Z' c 092.
Finally, we study the shape of the solutions v.. Let P, be any local maxi-

mum point of v.. Then from (1.2) we deduce that
1
mve — h(ve) + Q] Ja h(ve) < 0.
But e [, h(v) — M [ry h(V) > 0, hence
mve — h(ve) < 0.
So ve(P.) > a; > 0. On the other hand, from our construction, we see that
M
ol = S (| 19V +mv).
2 "JRN

By a proof similar to that of Theorem 1.2 in [25], we conclude that P,; € 0

and there are exactly M such points P ;.
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