ON THE STATIONARY CAHN-HILLTARD EQUATION: BUBBLE
SOLUTIONS *
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Abstract. We study stationary solutions of the Cahn-Hilliard equation in a bounded smooth
domain which have an interior spherical interface (bubbles). We show that a large class of interior
points (the “nondegenerate peak” points) have the following property: there exists such a solution
whose bubble center lies close to a given nondegenerate peak point. Our construction uses among
others the Liapunov-Schmidt reduction method and exponential asymptotics.
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1. Introduction. In this paper, we continue our investigation of stationary so-
lutions of the Cahn-Hilliard equation.

The Cahn-Hilliard equation is the simplest model for the separaton of a binary
mixture in the presence of a mass constraint (see [7]). It can be derived from a
Helmholtz free energy

(1.1) E(u) = /Q[F(u(x))—kéeﬂvu(x”?]dx

subject to the constraint ﬁ fQ udr = m. Here Q is a bounded smooth domain
corresponding to the region occupied by the body, u(z) is a conserved order parameter
representing for example the concentration, € is the range of intermolecular forces, the
gradient term is a contribution to the free energy coming from spatial fluctuations
of the order parameter and F(u) is the free energy density which has a double-
well structure at low temperatures. The simplest one is F(u) = (1 — u?)?. Hence
f(u) := F'(u) = u® — u. For the rest of the paper we often write u® — u instead of
f(u). However, since we are looking for solutions of (1.2) with |[ul|z~q) < C, we
can modify the nonlinearity f(u) = u® — u for u large so that the mapping u — u?,
H2(Q2) — L*(Q) is compact regardless of the dimension N. See [32] and [34] for more
general nonlinearities.

A stationary solution of F(u) satisfies the following Euler-Lagrange equation

eAu— f(u) =0, in Q,

(1.2) gu =0 on O,

S Jqudz =m
where f(u) = F'(u), o, is a constant and v(z) is the unit outer normal at = € 9.
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Equation (1.2) has been studied extensively by many authors. It was first observed
by Modica in [19] that global minimizers u. of E(u) under m = \ﬁll Jo udz have a
transition layer. Namely, there exists an open set I' C € such that if a sequence
ue converges then ue — 1 on Q\I_‘,u6 — —lonTase —0and T NN is a
minimal surface having constant mean curvature. Kohn and Sternberg in [16] studied
local minimizers of the functional without mass conservation by using I'-convergence.
Chen and Kowalczyk [9] proved the existence of local minimizers using a geometric
approach. The dynamics of the transition layer solution has been studied by many
authors, e.g. Chen [8], Alikakos, Bates and Fusco [3], Alikakos, Bates and Chen [2],
Alikakos, Fusco and Kowalczyk [4], Pego [25], etc.

The study of the solution set of (1.2) is the key in understanding the global
dynamics as this has been illustrated by Bates and Fife [6], Alikakos, Fusco and
Kowalczyk [4], Grinfeld and Novick—Cohen [13], [14].

In the one dimensional case, Grinfeld and Novick-Cohen [13] and [14] completely
determined all stationary solutions and proved some properties of their connecting
orbits. In the higher dimensional case (N > 2), little is known about stationary
solutions except for the transition layer solution. In [32], we first established the
existence of boundary spike layer solutions, namely solutions which are “almost”
constant and have a spike on the boundary. More precisely, suppose that \/g <m<1
and Py € 09 such that V., H(Fy) = 0, (VEPOH(PO)) := Gp(Fy) is nondegenerate,
where H (Fp) is the mean curvature function at Py and V., is the tangential derivative
at Py. Then for e sufficiently small there exists a solution u. of (1.2) such that
ue(z) — m for x € Q\{Fy}. Moreover, u, has only one local minimum P, where
P. € 00,P. — Py and u.(P.) — [ < m. Multiple boundary spikes are also
constructed in [33].

In [34], we established the existence of interior spike layer solutions under some
geometric conditions on the domain.

We first introduced the following set: For each P € (), we define

Jer, — 0 such that

(1.3) Ap = { dup(z) € M(5Q) , S
dpp(z) = limg, g ——F—4—
Joae k dz

where M (092) are the bounded Borel measures on 9 and the convergence is weak
convergence of measures.

A point Py € Q is called a nondegenerate peak point if it satisfies the following
conditions:

(1) Ap, = {dpp, (2)}-

(2) There exists a € RN such that [y, e<*"10%>(z — Py)dup,(z) = 0 and

2= Pol iy

Joq § ——F=—=r (z — Pp)dz = O(e™)
Joa € < dz

for some g > 0. Here and throughout the paper < A, B > means the inner product

of A€ RN and B € RV.
(3) The matrix G(P) := ([, e<*" %> (2 — Py)i(z — Py);dpp,(2)) is nondegen-
erate, where a is given in (2).
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Remark: The vector a € RY in (2) and (3) is unique. A more geometric characteri-
zation of a nondegenerate peak point is the following fact: Py is a nondegenerate peak
point if and only if Py € int (conv(supp (dup,))) where int (conv(supp (dpp,))) is the
interior of the convex hull of the support of dpp,. Moreover, when (2 is strictly convex,
the maximum point of the distance function-d(z, 92)- is a nondegenerate peak point.
See [29]. This is much in line with the formal analysis done in [27] (but here we don’t
need N = 2).

Under conditions (1) — (3), we proved in [34] that if \/g < m < 1 then for €
sufficiently small, there exist solutions u, of (1.2) with the property that u. has only
one local minimum P, and u. — m for x € Q\ {Py}, uc(P.) — 3 <m, P. — P,.

In this paper, we shall construct another kind of solutions: bubbles. A bubble
solution is a transition layer solution with a spherical interface. More precisely, u. is a
bubble solution if there exists an open ball (with center ;o and radius ry) By, (z9) C
such that u. — +1 in B,,(z¢) and u, — —1 in Q\B,, (7).

Bubble like solutions have been studied recently by some authors. N. Alikakos
and G. Fusco [5] and M.J. Ward [27] studied the dynamics of bubbles. It was proved
that bubble solutions are metastable and the bubble drifts across the domain with
exponentially small velocity without changing shape while maintaining a constant
radius to conserve mass. In [27], M. J. Ward used matched asymptotics expansions to
give a careful but formal (non-rigorous) analysis on stationary bubbles for equation
(1.2) in a strictly convex domain in R? and some special domains in R®. More
precisely, it was shown in [27] that for a strictly convex domain € in R? the center
of a bubble is at an O(e) distance from the center of the largest inscribed circle in €.
Some special results for R? were also contained in [27]. As far as we know, a rigorous
proof of the existence of stationary bubbles in general domains has not been given.

The goal of this paper is to give an explicit and rigorous construction of bubble-
like solutions in general domains. Our analysis is based on the Liapunov—Schmidt
reduction method which was used in a similar context by Floer and Weinstein ([11])
and extended by Oh ([23], [24]) in the study of semi-classical states of the following
nonlinear Schrédinger equation

EAu—V(z)u+uP =0,2 € RV,

There they studied the role of the potential V(x) for the existence of concentrated
solutions and the order of the error is algebraic (i.e., O(¢)). Here we have to overcome
two additional difficulties. First, the error term is exponentially small, and we use
the method of viscosity solutions as introduced in [18] and used in [22] to estimate
exponentially small terms. Second, the linearized operator, modulo its approximate
kernel, is not uniformly invertible with respect to e (it is uniformly invertible in [11],
[23], [24] and [34]). We have to estimate the order of small eigenvalues of the linearized
operator (modulo its kernel).

The following is the main result of this paper.

THEOREM 1.1. Let Py € Q and m € (—1, w —1). Suppose Py is a
“nondegenerate peak” point. Then for € sufficiently small there exists a solution ue of
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(1.2) such that uc — 1 in B, (Py) and uc — —1 in Q\ B,, (Py) where 1y, is such that

(1.4) 1By (Po)] = "0

Examples. (1) A bubble in a dumbell domain (see Fig. 1.1).

=t

Fig. 1.1. Dumbell Domain

By explicit computation, we know that P, and P, are nondegenerate peak points.
There are two bubble solutions for (1.2).

(2) Let 2 C R?. If the support of djup,(z) contains more than two points then P,
is a nondegenerate peak point (see Fig. 1.2).

To lay down the proof of Theorem 1.1, we first transform equation (1.2). It is
easy to see that equation (1.2) is equivalent to the following

EAu+u—ud=m— IQ\fQ Y3dx in Q,
(1.5) g’u‘ =0 on 99,
@ Joudx =m
We prove Theorem 1.1 in the following steps.

We first study a problem in RY, namely the following

Av+v—vd=0 in RV,
(1.6)
v(0) = max,cpy v(y),v = T,,0(y) — T, as |y| — +oo

where 7, is such that
3

v=—v"—0=(v—T5)(V—a5)(by — V), Ty < g < by.

Note that as 0 — 0, 7, — —1, a, — 0, b, — 1. Moreover, if o > 0, we have

bo
/ [v —v® — g]dv > 0.

o
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P

N

Fi1G. 1.2. Support of dup, contains exactly 3 points

It is well-known (see [10] and [26]) that the following equation

(L) Aw 4+ w(w —a)(b—w) =0 inRYN,
. w(0) = max,epy w(z), w(z) >0, w(z) =0 as|z]| = ©
has a unique solution which is radial if

O<a<bd

and

b
/ w(w — a)(b—w)dw > 0.
0

Hence o > 0 fixed and small (1.6) has a unique solution v, which is radial.
In Section 2, we study the asymptotic behavior of v, as ¢ — 0. By a special
choice of o (namely o = O(e)), we have

_p s I
Vg (M> — +1in By, (P), vs <|$0> — —1in Q\ B,, (FPo).

€ €

for some 7, > 0. Hence v, is a bubble solution to (1.6). However, v, does not satisfy
the boundary condition (which is why we need to introduce the geometric conditions

(1)-(3))-
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Set
O = {yley € Q}, Qe p = {yley + P € Q.

In Section 3, we study a function Pq, v, which is a modification of v,. It satisfies
the Neumann boundary condition on 9§ p.
In Section 4, we choose o such that

1
(1.8) c=m-— 9] /Q(Pge’},ova)?’dm.

We set Py v, = we p. We use w, p as our approximate solution.
e, P B ’
In Section 5, we set

(19) Ue = We,Py+2 T q)e,z

where

1
z=¢e(—=d(Py,00)a + z
and substitute into equation (1.2). We linearize equation (1.2) around w, p,+.. The
linearized operator is

1
Le®=A®+ (1-3wlp )P+ 3@ /Q w? p, 4. Pdz.

The error term ®. , is exponentially small. We need to obtain the precise exponential
asymptotics. This is done in Section 5.

In Sections 6, we use the classical Liapunov-Schmidt reduction procedure. We
first define the approximate kernel

a € zZ -
K. . = span {%h =1,...,N} C H*(Q)

and approximate cokernel

C. ., = span {LHE’PO“ li=1,..,N} C L*(Q).
’ 0z;
We solve ®. , in the approximate kernel. To this end, we need to analyze the small
eigenvalues of L. (modulo K. ). We will show that these small eigenvalues are of
order O(e?). Thus @, . can be solved. Equation (1.2) is reduced to finite dimensions.

In Section 7 we apply a degree-theoretic argument to solve the reduced finite
dimensional problem (in which the nondegeneracy of the peak point Py is essential)
and complete the proof of Theorem 7.1.

We note that M.J. Ward in [27] obtained identities similar to condition (2) about
bubbles. In [28], he also derived a similar identity for the location of peaks of localized
solutions for a semilinear elliptic equations with Robin boundary conditions. Such
kind of identities have also appeared in the analysis of interior spike solutions for the
stationary reaction—diffusion equation
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eAu+ f(u) =0 in Q,

g—Z:Ooruzo on 0f2.

(1.10)

See [22], [29], [30], [31], [34], etc.

Throughout this paper, we use C, Cy, Cy, ¢, etc. to denote various generic con-
stants. The symbols O(A), 0(A) mean that |O(A)| < C|A|,0(A4)/]A| — 0 respectively.
A ~ B means A/B — C in some limit. The numbers 4, § are small positive numbers.

2. Equation in RY. In this section, we study a parametrized semilinear elliptic
equation in RY.
Let v, be the unique solution of the problem

Avtv—vd=0 in RN,
(2.1)
v(0) = max,epy v(y),v = T, v(y) — T, as |y| — +oo.

For o small, let v —v® — 0 = (v — 75)(v — @y ) (by — v) Where 7, < a, < b,. Then
(22) T, =—1+coo+0(6%),a5 =0+ cr0+0(0%),by = 1 + cy0 + O(0?).

where cg, c1, co are constants.
Let R, be the radius such that

(2.3) Ve (Rs) = 0.
We have
LEMMA 2.1.

(2.4) oR, = ¢, + O(0)

as 0 — 0 where ¢, > 0 s a positive constant.
Proof: We divide the proof into the following steps.
Step 1: Ry, — o0 as 0 — 0.
We have v, — vg uniformly in any compact set where vy satisfies

Avg +vg — v = 0,

(2.5) /
vo(0) = 1,v,(0) = 0.
This implies vg = 1 (since vy is radial). Therefore, R, — oo as ¢ — 0 and Step 1 is
proved.

Step 2: vy(Ry 4+ s) — Up(s) in C}(R) as o — 0 where Uy(s) is the unique
solution of the ODE

u +u—ud =0, —00 < r < 400,
(2.6)
w(0) = 0,1im,_, _ oo u(r) = —1,1lim, 4 oo u(r) = +1.



8 J. WEI AND M. WINTER

Set Oq(|z]) = vo(x) and U,(s) := 0o (R + $). Note that ¥, satisfies

N_
(2.7) 17[,’+R n V4V, — 02 =o0.
o S
Now
1
2.8 0
(2.8) Rots

uniformly with respect to s in any compact subset of the real line R since R, — oo.
This implies that 0, — Uy in C?,(R) where Uy satisfies (2.6). Step 2 is thus
proved.
Step 3: cRy, = ¢ + O(0) as o — 0.
Set ®,(s) = U,(s) — Up(s). Then &, satisfies

N-1_
(2.9) g+ (1= 3092, + 0|26 )®6 =0 = Z——7,
uniformly in any compact subset of R. This implies
(2.10) 1@0 ez (- e < OMax(a, B;Y).

Furthermore, U} satisfies
(2.11) (Uy)" + (1 = 3U§)Ug = 0.

Multiplying equation (2.9) by U} and (2.11) by ®,,, integrating and taking the differ-
ence, we get

(o)
¥, U4~ 0,U§1%r, + | O(10,)Upds =

(2.12) 0‘/ Uyds — / — 0L Ul ds.
~R4 —r, Bo +s
This implies
N—1 [ 2 p-2
(2.13) oR, = 5 (Uy)? ds + O(R;Max(c”, R, 7))
— 0o

as 0 — 0. Therefore Step 3 is proved and Lemma 2.1 follows. O

Let Uy(r) be the solution of (2.6). We then have

LEMMA 2.2.
(2.14) V(1) = Up(r — Ry) + O(0).

Proof. Lemma 2.2 follows by Lemma 2.1 and equation (2.10). ad

Next we shall study the eigenvalues associated with the linearized operator

Lo® := A® + (1 - 302)®,
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Ly : H3%(Qcp) — L*(Qc p)

where
Qep={yley+PcQ}
and
9 9 ou
HN(Qe,P): ueH (Qe7p)| 5:0 on 8Q€7P .

We first consider the operator on RV:

Ld := A® + (1 - 302)0,

L: H*(RY) — L*(RM).
LEMMA 2.3. For o > 0 sufficiently small

Kernel(L) := X = span {ZUJ

j= 1,2,...,N} C H*(RM).
Yj
Proof. By [26], L, is invertible in the space H2(RY) = {u = u(|y|) € H*(RN)}.
Similar to the proof of Lemma B.2 in [21], we have Lemma 2.3. O
We now use a perturbation analysis to extend Lemma 2.3 to the operator defined
on Q. p. Similar to [32], we introduce a notion of “distance” between two closed
subspaces E, F of a Hilbert space H := L?({2.). Following [15], we set

—

d (E,F) =sup{d(z, F)|z € E, ||z||g = 1}
It is easy to see that 2 is non-symmetric, 2 (E,F) <1 and that
(2.15) d(E,F)=1 if and only if E L F.
Moreover, it is not hard to show that

d (E,F)=d (F* EY).

Then the following two lemmata are proved in [15].

LEMMA 2.4. Let A be a selfadjoint operator on a Hilbert space H, I a compact
interval in R, {Uy,..., YN} linearly independent normalized elements in D(A). As-
sume that the following conditions are true

()
AV = ;W5 + g, [|rs] < €
Wy el, j:L,N
(i) There is a number a > 0 such that I is a-isolated in the spectrum of A:

(c(A)\I) N (I + (~a,a)) = 0.
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Then

_ N1/2€/

where

E = span{Vq,...,Un},
F = closed subspace associated to o(A) NI,

Amin = the smallest eigenvalue of the matriz (< ¥;, U, >).

LEMMA 2.5. Let K > 0 and consider that part of the spectra of two linear
operators L and M which lie in I(€) = (—oo, Ke?). Let E and F be the corresponding
spectral subspaces. Assume moreover that I(e) is e2-isolated in o (L) for € < €q:

o(L)N[Ke, (K +a)e®) =)
for some @ > 0. Then there is a bijection
b: o(L)NI(e) = o(M)NI(e)

(counting multiplicities) such that for e < ey the following estimates hold:

(2.16) b(A) — X =0(e~ %),
(2.17) d (B, F)=0(e9),
(2.18) d (F,E) = 0(e /)

for some C > 0.

The following result gives an approximation of the kernel of the linear operator
Ly defined on €2 p.

LEMMA 2.6. Suppose that o = ce + O(€%) where ¢ > 0 is constant. For € > 0
sufficiently small there exists C > 0 such that

-

d(Kernel(L), X,) = 0(6*0/6)

and
d(X,, Kernel(L)) = O(e~¢/°)
where
v, 2 .
X, =span{ — € L*(Qp)|j=1,2,...,N
dy;
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is the kernel of L, defined on ) p.

Proof. The lemma is an immediate consequence of Lemma 2.5. O

Now we estimate the eigenvalues of the operator defined on Q. p.

LEMMA 2.7. Let (1,®,) with ®. € H?*(Qcp) be a solution of the following
eigenvalue problem

AP+ (1-302)2=7% in Q. p,
(2.19) ( V) T® in Q. p
92 _

T on 0 p.

Suppose that o = ce + O(e?) and ®, L X, where ¢ > 0 and

v
X, = span {” € L*(Qep
dy; (ep)

j:1,2,...,N}.

Then || > Co? where C is independent of o << 1.

Proof: Suppose Lemma 2.7 is not true. Then there exist sequences 73 and oy,
k=1,2,... such that ;—% — 0 as k — oo. Here 73 is an eigenvalue of L,, and 74 # 0,
ie.

Lo, @ = 7 Pp, P L Xop

where

v
X,, = Tk j=1,2,...,N¢ C L*(Q.p).
k {8ijj ) Ay ) }C ( ,P)

®,. satisfies

(2.20) O + ?@2 + %ASN_@,C + (1302, )®p = TPy
Assume that

(2:21) [Prll 20, ) = 1.

Extend @, from Q. p to a function in RV such that &), = O(e= W for y € RN \Qe.p
and such that the same result holds for the first and second derivatives of ®y.
We make the following decomposition

(2.22) Op(r) = Y Ppm(r — Ry, )em(0)

m=1

where r = |y|. Here e,,(0) are the eigenfunctions of Agn-1, i.e.,
ASN—lem + pmem = 0.

Note that @ (r) = O(e™%F) for |r — Ry| > B8y > 0. Hence there exists § > 0 such
that

Dy (1) = / D (r)en,(0)dd = O(ef‘m") for |r — Ry| > Bdp > 0.
l6]=1



12 J. WEI AND M. WINTER

It is well-known that

po=0,p1=...=pun=N—1,pun41 >N — 1, ftrn, ~ m? as m — oo.

Furthermore, ®, ,,, satisfies

N -1 "

2.23 v — 0, — " By + (1 =302 )Py = T Phm
( ) k,m+RJk+s k,m (Rak"_s)z k, +( ’Uok) k, TP,
in [-Ry,00). Note that o, satisfies

N -1
Ry +s

N-—-1
50, i [~ Ry, 00).

(2.24) (T,)" + e

~ ~2 \~
ok (0,)" + (1 = 395,)7, =

Ok
We next decompose @y ,, into
Bpn = Crom, + ®2
kym — k,mvgk k,m
where
2 ~/
(I)k,m 1 UO’k .

Multiplying (2.23) by @/, , multiplying (2.24) by @4, taking the difference and inte-
grating we obtain

> m— (N —1 5
(225) /R (Tk + W) CI)k,m’U:;de = O(e_(sR”).
—R, Ok

Since 7 = o(1)0Z, we have

2 ,—8R,
Rze

(2.26) Crom = O( ).
[im
Note that @ﬁ,m satisfies
2 N - 1 ’ /J,
®2 — = (P? 1 — 392 )(92 =" 2
( k,m) + ng + S( k:,m) +( 'Uak>( k,m) (ng ¥ 8)2 k,m
— (N -1

(2.27) D2 + M(Jmﬁ;k + 74Chm 0y, in [~ Ry, 00).

(Roy, +5)

Multiplying (2.27) by (I)%,m and integrating by parts, we have

> ’ ~ Hm
[ @R~ (= 33800 + (s + (@)

N-—-1
(@), ds = ().
Ok

k,m

(2.28)

Since <I>% m L0,

-» We have that

[ @) = (882,007 + (s + 00"
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o0

(@2, 82, ] ds > / 0@ + (9,7 ds.

N -1

2.2 _
22)

(Suppose not. Then there exists a subsequence, again denoted by (Dﬁ’m, such that

@3 ,, — ®g in H'(—00,00) where 75 (®0))2 + (P0)? = 1 and @y L Uj. Further-
more, P, satisfies

| @0 - = sy ds =o.
This is a contradiction since the operator —A + (1 — 3UZ) is positive and has the
kernel span(Uy}).)

Hence, combining (2.28) and (2.29),

e <] 6751?,0 6751:1’,0
| @007 + @) ds = O =0,

R, ’ RZ + pm Hm
or, in other words,
||(bz,m”%[1([—Ra,oo)) =0(e " Jpu).
By elliptic regularity theory we also know that
19F ol 2 (1= Ry o)) = O€° /).
Hence
(2.30) 19F 1212 Ry = O(RY e /i)

By (2.26) and (2.30),

o0 3 oo 1
1@kl H2 0, py < Z 1@k, m 72 vy = O(RY*te M) Z — =o(1).
m=N-+1 m=N-+1 Hm
This is a contradiction! The proof is finished. O

COROLLARY 2.1. For all ® € H%(Qc p) where ® is orthogonal to the kernel of
L,, we have

(2.31) Lo ®| 20 p) = Co?||®]l 520, 1)

where C' > 0 is independent of o << 1.
Proof: Let L,® = 02 f, then by Lemma 2.4, we have

lo? fll 220 p) = Co?(|®]| 20 -
On the other hand, ® satisfies
AD — 20 = (302 - 3)® + o f.
Hence by elliptic regularity estimates, we have

19| 1202, 1) < CUI®l L2 1y + I fll 2202 1))
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< ClIfll2@ ) € Co 2| Lo®] L2(q, p)-

The Corollary is thus proved. O
Finally, we study the asymptotic behavior of v,.
LEMMA 2.8. For o sufficiently small, we have

' N-—1

r)

(2.32) Ve — To = C( e (Be=1) (1 4 O(0)) for r > Ry
where 7, is defined in Section 2 (note that 7, — —1 as ¢ — 0), C # 0 is a generic
constant and

Uy =+/372 - 1L

Proof: We use matched asymptotics as in [27], although the proof can be made
rigorous by ODE arguments and the maximum principle.
Let 9, = v, — 7,. Linearizing equation (2.1) around 7, we have that ¢, satisfies

R N*l/\/ N
4+ - 2

Uy U~ V50s +O0(92) = 0.

Note that 7, = v/2 + O(0) and the exact solution of the following problem

1" N—ll 2

u + u — vy

. u=0,u(Ry) = —75,7 > Ry,u(r) > 0asr — co

is (—T(,)(RLG)I_N/QKm(1707“)(Km(DUR(,))_1 where m = (N — 2)/2 and K,,(z) is the
modified Bessel function of the second kind of order m.

Since

Kon(z) = (1+0(5))(m/(22) /26~

as z — 00, we have
(2.33) By = Co(—)"% (==)2e %" (1 4+ O(0)) as 1 — 00
where C, may depend on ¢. On the other hand, let »r = R, + s, then
(2.34) 9y = Coe 77*(1 + O(0))
for s large, where Cy # 0 is a generic constant. Combining (2.33) and (2.34), we have

Co = Com™/2(20, R, ) /2e7" e

Hence Lemma 2.8 is proved. O
In the following, it will be more convenient to rewrite equation (2.32) as follows

(2.35) Vg — Ty = C’alr_¥e’7”(R“_r)(l + O(0)) for r > R,.

where | = —(N —1)/2.
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3. The projection of v,. In this section, we construct a modified function
Pq, pvs. It is close to v, and satisfies the Neumann boundary condition. Furthermore,
we provide an error estimate for V. p = v, — Pg, pv

Let ¥, p be the unique solution of

EAu—v2u=0 inQ,

o - z—P
% = e gyf L on 0.

(3.1)

Define Pq, v, := vo — V¢ p. Later, in Section 4, we will show that for every small
€ > 0 there exists exactly one o = o(€) satisfying a certain nonlinear equation, and,
furthermore, we have o(€) = ype + O(€?) as € — 0 where g is some positive constant.
In this section we will write ¢ and € with the understanding that this relation holds.
We set

Ve = 170(6).

Note that by (2.35) on the boundary of 39,

_p PN\ T
vo(2-) = 7, + Co ('x |) emvelle=Pl/e=Ro) (1 4 O(0)).
€ €

In particular, we have the following asymptotic expansion of ¥, p. A proof can be
found in [34].
LEMMA 3.1. For e sufficiently small, we have

U, p(z) = (Cy + O(e))ere”fiv

t t—ax _ t —
(3.2) x/ {6” B T e TR Uk L) x’y>}dt
a9 |t — x|
where 11 is a rational number.
Let us introduce the following notation
(33) perP)i= | [T 02 = ONL 01 (01| ()
0
where u, is the unique solution of
(3.4) Au—v?u = 0,u(0) = 1,u > 0,u = u(r) for r € [0, 00).

We have the following key computations.

LEMMA 3.2. Let Py be a nondegenerate peak point of Q and ag > 0 is given
by condition (2) in Section 1. Suppose P. = Py + e(f\‘}id(PmaQ) + 2) with |Z| =
O(e"),0 < o < 9. Then

fQ (72 = v3)¥e,p, gzc,
=1L; ( )SDE p.( e) + O(SOE,Pe(Pe)emm(l’za’ao))

where L(Z) := (L1(2), ..., Ln(2)) is a matriz which satisfies

Joq et 0 (t = Po, 2) (t; — Po,j)dun, (t)
Joq et~ T e>dpup, (t)

(3.5)

Lj(2) =~
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where v # 0 is a constant depending on N and d(Py,02) only.
Proof. Since the proof is quite similar to the proof of Lemma 3.4 in [34], we will
merely sketch it. Note that

ov
Lj(e,3) = / (2~ ), p 2
! Qe, P, ayj

— /0 (2 - vﬁ)v;rN_ldr /9 ) 0;V. p (ey + P)db + O(cpi;“(P )).

But (let x = ey + P:)

\t z] }dt

= }dt

‘t I|>}dt

t—P|*7|t—x|*77<t L }dt

[t—=|

Joa {eiuew [t — Pe
71/52“ Pel, _ N-1
fasz € t— P |

U p(ey+ P.) =Y p(P)

_y 2[t=Pel P“ s < =55, y>
Ve € ’ —
Jo0 {e =RVt — P

L G

=V p (P)

t—Py
= \IJE)P5 (PE) /BQ e<t—P07a>el/e< Tt—Pg] ,y>duxlzgo(t)(1 + O(eao))

by condition (2) on page 2, where

" —2u5\t—Pe\/edt
dpp(t) = EE}}) f e—2veli—Pel/eqt’

Hence

Lj(e, 2) = UOOO(T(E = 03 ()0 (r)ug (r)rN~dr| e p, (Po) Ly (2)

+O(()567P5 (P€)€min(1,2(x,ao)) = Lj(é)(ﬁe,}’e (Pe) + O(Sz)e,PE (Pe)emin(l,Qa,ag)).
O

4. Choosing o. In this section we choose o and give an asymptotic expansion
including error estimate for its behavior as e — 0.
Let Pq, v, be defined as in Section 3. Set

1
(4.1) o=m— o] /Q Po_ pvsdz.

We show that this equation has a unique solution o if € is small enough.
Note that

/(PQe on)3 dx = / vg dx + / [(Pa. on)g — vg] dx.
Q ' Q Q '
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Now choose R, such that for r, = eR,

[Br,| = 12\ Br,| _

(4.2) a

m + O(o) + O(e)
as g,¢ — 0. This implies
1
—/ v3dr =m+ co+ O0(o?)
€2 Jo
for some constant ¢ > 0. Furthermore, there exists C > 0 such that

/[(Pgeypvg)3 —v3]dx < C/ W, p|=O0(e /).
B Q

Therefore by the implicit function theorem, if € is small enough, there exists exactly
one solution ¢ of (4.1). Furthermore, this o satisfies

(4.3) o =€+ O(e?)

as € — 0, where vy = ﬁ—l;

5. Technical Framework. In this section, we set up the technical framework to
solve equation (1.2). As we mentioned in Section 1, this framework was originated by
Floer and Weinstein [11] and later used by Oh [23], [24]. We modified their approach
to the Cahn-Hilliard equation in [32], [33] and [34]. We shall follow [34].

Without loss of generality, we assume that Py = 0 € {2 is a nondegenerate peak
point, i.e.

(1) Ao = {dpo(t)},

(2) 3a € RYN such that

and

for some ag > 0,
(3) the matrix G(0) := ([, €~"*” (tit;)dpo(t)) is nondegenerate.
Let z = e(—d(() 89) + ) where |z| < €* with 0 < a < 1 to be chosen later.
We assume that o = o(e) where o(e) is defined in Section 4.
Define H, : H%(Q¢) — L?*(Q) by

1
(5.1) H.(u) :=Au+u—u3—m+—/ u® dy
2] Ja,

where

H%(Q —{uEHQ(Q)'%=OOHGQ€}.
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We are looking for a nontrivial zero of (5.1). We make the ansatz
U= PQE,Z’UO’ + &,

where ®. is now the unknown. Recall that we set w. . = Pqo. v,. We assume that
€ > 0 is small and ®, is small in C? _(€2.). We shall see that solutions of this particular
form correspond to bubble solutions of (1.2) where the center of the bubble is located
near 0. Inserting this into the equation gives

A®, + O + A(Po, vo) + Po_ 0o — (Pa. ve +®)° =

m —

1 / 3
(Pa, .vs + ©.)° dy.

2| Q. ’

Recall that

A(Pq, vs) + Pa, e = Avg — AV, . + v, — P,

=v3 40— 37'(2\11672.
This implies

A®, + O + 3 + 0 — 372V, , — (Po__ v, + )°

1 .
o /Q (Foumo o Be)"dy

= m —

By the choice of o,
L® +v2 —3720,, — (v, — V¥ ,)* + N .(®.) =0
where

1
Le®e = A® + & — 3(Po, v,)°Pe + 3m / (Po. . vo)*®c dy
€ Qe

and

1

Ne:(®) = =3P, 0,92 — &2 + o

/ [3Pq, vo®? + ®F] dy.
Qe
Recalling that ®. — 0 as e — 0 in C? _(£2) we finally arrive at
Le®e +3(v2 —m2)Vc, + Neo(@e) + M. (Vc ) =0
where
M (V..) = —3v, 02, + U2 .

It is easy to see that
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LEMMA 5.1. For e sufficiently small
||Ne,z(‘1)e)||[,2(95,z) < CH‘I)€||%[2(QE‘Z)7
||M6,Z(\I/6’Z)HL2(QF,Z) < CH\I/e,ZH%(QQZ) < c|¢e,2(2)|'
Furthermore,
HNc,z(q)El)) - N@Z((I)g))”Lz(Qg,z) < CH(I)S) - (I)EZ)H?{?(QE,Z)'

It remains then to estimate the term 3(vZ — 72)¥, ,. We have
LEMMA 5.2. For e sufficiently small, we have

(5-2) (w3 = 7 We2lZ2q, ) < Clée:(2)] .

Proof: In fact,

(02 =120, , = e’ oy, (v2 — 72)u, eV Row,

) o2

where u, is the unique radial solution of Au — v2u = 0,u(0) = 1,u > 0.
Now
(5.3) g (V2 — 7,)| < Vet Be

where § > 0 is small. Furthermore, by Lemma 3.1, (note that ey + z = z),

e—ueRg \Ije,z

=(Cn + 0(6))/

P [t — x|

S el’eRo 6_2Ved(2739)/56(ye+6)|y‘ X

Therefore,

(5.4) uSle e Rew, | < Com 2500 /coWetd) o

g

Combining (5.3) and (5.4), we obtain

‘(,U(ZT _ 7'3)\1/6,2| < 06—21/5(d(z,BQ)—eRa)-&-Z(é—i-Ve)RU

< C(Qbe,z(z))o'g'
This implies
(3 - Tg)\pe,ZH%?(QE,Z) < 956,2(2)1'?

The Lemma is thus proved.

{e‘”‘”tt”t — z\_¥|t — m|_N2—1 t=zv) } dt.
Q

19
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6. Reduction to Finite Dimensions: Fredholm Inverses. In this section,
we show that H!(w. ), modulo its approximate kernel, is an invertible linear operator
if € is small enough. Moreover we show that the operator norm of the inverse operator
is bounded by Ce=2. (Note that in [11], [23], [24] and [34], the operator norm of the
inverse operator is uniformly bounded).

Set
(6.1) K. .= span {ag’;jz li=1,--,N} C HX ()
and

(6.2) C.. = span {‘9“’“ li=1,---,N} C L3(Q).

8zi

K. . is called the approximate kernel, while C, . is called the approximate co-kernel.
Note that a function ® € co-kernel of H/(w .) iff for all 1) € H% (Q) we have

/ DH(we ) dy = 0.
Qe

Integrating by parts, we have

0P

o a2
o P £y do -i-/Q [(AD+ (1 3w6’z)<I>)z/J] dy

€

1
+3—/ <I>dy/ w? hdy =0, Vi € Har ().
19| Jo, Q.

Hence ® € co-kernel of H.(w, ) if and only if

AP + (1 - 3w?.)® + 3w . 1q7 Jo, Pdy=0 in Q.
2 =0 in 09..

Observe also that span{ %Zf’ |i = 1,---,N} is the kernel of L, where L is the linear

operator defined as

LO = AD + & — 3020, ® € H*(RM).

Our main result in this section can be stated as follows.
PROPOSITION 6.1. There exist positive constants €1, X such that for all € € (0, ;)

(6.3) ILe,2 @2 () = Ao? (@]l
Jor all |z] < Ce and for all ® € K}, where

(6.4) L.,=m.0 Hé(we,z)

and ., is the L*-orthogonal projection from L?(§).) to Cj,z.
The next proposition gives the surjectivity of L ..
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PROPOSITION 6.2. There exists a positive constant es such that for all € € (0, €2)
and |z| < Ce, the map

/ . iR iR
LG,Z = Te,z © He(wG,Z) . Ke,z Ce,z

18 surjective.
Combining Propositions 6.1 and 6.2 gives us the invertibility of L ..
ProproOSITION 6.3.

L 1
LE,Z : Ke,z Ce,z
is invertible, namely,
-1 . L 1L
L z Oe,z Ke,z

exists. Furthermore, L€ L is bounded in the operator norm by Ce=2

We now begin to prove Proposition 6.1.
Proof of Proposition 6.1: We use a different strategy than in [32].

Suppose (6.3) is false. Then there exist sequences {ex},{zx} and {®x}, with
|zx| < Cex and €, — 0 as k — oo such that

D, e K+ and

€ky2k

(6.5) Lo,z (P0) 220, = oDy N Pullrzce.,) = 1.

We denote, fori =1,---, N

awek,zk vy,

0z; 0y
0 i = ok =
T .

Note that the difference between ey ; and €k, is exponentially small. Hence, after
applying the Gram-Schmidt process to {er;li = 1,---, N} we obtain a family of
orthonormal functions {éj ;i = 1,---, N} with

€ri=¢Cki+ 0k t=1,-- N
where 6;,; = O(e=%/¢) in L?(Q,) as k — oo for each i = 1,---, N.
Hence,

N—-1
(6.7) L, 2, P = H wﬁlmzk: (I)k — Z / w%zk)@k]ek i dy)ek i+ B
P

where Ej, is defined by (6.7) and it is easy to see that ||Ey|[z2q.,) = O(e=%/) as
k — oo.
Note that

‘lLEk,2k¢k||%2(Q€k) = HHék (wﬁk,zk)q)kH%Z(QEk)

,Z wekazk)ék]ekldy) +O(ef§/5k)
Qe

(6.8)
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as k — oo.
Let us denote

1
A¢k+(1—3wfk7Zk)<I>k+37|Q ‘/ wfk,zkcbkdy:aﬁfk.
€k Qek

By Corollary 2.1, we have

1 2
(6.9) Il fx — SW/Q we, -, Prdyll2a,,) = Cll®kllr2 ., )
€k

Note that since ®;, satisfies the Neumann boundary condition, we have
2 25
|/ Pyl = |Uk/ fudyl < Ce * || frllr2(a.,)-
st st

Hence

1

N
2 2
W/Qek U}ek,zk@k dy S ka ||kaL2(Q€k),

Thus

1 2
Bz Rl < Ol
€k

The last inequality and (6.9) imply that

1fellz2o.,) = Cll®klla2(o.,) = C-
Therefore
(6.10) 1H, (we ) ®xlZ2(q,, ) = Coi-

Now we estimate

/Q (!, (we, ) ®ilex.s dy

€k

Owe, - _5/e
= [ )@ 5 dy 0

€L ?

1

|Qﬁk| Qep

(9’0% dy + 0(675/6)9)

2
Vo) D dy} ayl

= /Q [A®y + (1 —3v2 )®p + 3

k

v, OV 0 <8vgk )] 1 / 5 / Vg,
= — — ¢ — do+3 v, ®pd —d
/{m% [ dy; v “ou Ay |€2e, | o, kY ., 9y Y

k

+0(e70/%) = O(e™9/),
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Therefore (6.8) implies that
(6.11) o(1)e2 > Co? — o(e /).

This is a contradiction! Proposition 6.1 is thus proved. O

The following lemma, which can be found in [15], will be needed in the proof of
Proposition 6.2.

LEMMA 6.1. ([15]; Lemma 1.3) If:i (E,F) := sup{d(z,F)|z € E,||z|lg =1} <
1, then mpp : £ — F is injective and wgp : ' — E has a bounded right inverse,
where Tg (g, Tesp.) is the orthogonal projection from H to E(F, resp.). In particular,
mgir - F — E is surjective.

We are now ready to prove Proposition 6.2.

Proof of Proposition 6.2:
Let CK, , = co-kernel of H.(w. ). We first claim that

-

(6.12) d(CK..,C.,) <1

for all € > 0 sufficiently small.
In fact, suppose (6.12) is not true. Then there exist ¢, — 0 and &), € CK,, .,
such that

1
(6.13) A®y + (1 —3w? )Pk + 37 ., 0] / dpdy =0in Q,,
€k Q€k

0Py,

(6.14) e 0 on 99,

(6.15) 1B,y = 1.

(6.16) / @kMdyZO, i=1,---,N.
Qe 0z

By (6.13), (6.14), we have

1
/ (1 —3w62k’2k)@kdy+3/ w?kyzk dy|Q / D dy = 0.
Q Q.

k ek Ek‘

Note that

/ w?szk dy: |Q€k|(1+0(6k))'

Qe

Hence, we have

N+1
/ By, dy = / (1/3 = w2 )@k dy(1 + O(ey)) < O(er* )| @llza(on, -
Q Q

€k €l

Similar to the proof of Proposition 6.1, we conclude that

(6.17) [Pkl (0., ) = o(1).
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This is a contradiction! Hence (6.12) is true.
Now by the fact that d(E, F) = d(F*+, E+), we have

d(C...CK..) <1

where 66, (CK”, resp.) is the orthogonal complement of C. ,(CK ., resp.) in
L?(£2,). Thus the map

.CK,, —C..

(618) Wﬁiz}ﬁiz : €,z

is surjective, by Lemma 6.1.

Since C’K6 . is the range of L., it suffices to show that the map in (6.18) when
restricted to CK L, which is just Te,» is onto Cj,-z. However, this follows easily from
the expression

€,2)

Finally in this section, we solve the following equation for ®. € K, e{-z.
(6.19) Te,» © He(we ) (we » + @) = 0.

Since Le . is invertible (and we shall denote its inverse just by L_l) by

ke,
Proposition 6.3, this is equivalent to solving

o, = L;; 0 e »(Le(Pe)) = fL;; o (3(v2 — 72V, . + N, (®) + M, .(¥,.))

= Qc,2 (D)

where Q. . is defined in the last equality for every ®. € H% ().
By Proposition 6.3, we have

1L 2| < Ce?.
Hence,

Qe (@)l 20y < Ce2([[(02 — T2)We |20, + 1N e(@) 2200
+||M (Yl @))
2257 + 8|19l p2(0))

//\

for some 77 > 0 (in fact, we can take 77 = 1/4 by Lemma 5.1).
Take § = \(ﬁez(z)|l+T" for 0 < 1 < 27j. Then we have (since de~2 = o(1))

1+n
2
z

(6.20) [Qc.z(®)llm2(0) < C(Pe2 (2)).

Equation (6.20) says that Q. ,(®) is a continuous map:

Bs(0) N H%(Q) — Bs(0) N H(Q).
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Furthermore, Q. .(®) is a contracting map if € is small by Lemma 5.1. Hence by the
Contraction Mapping Principle we have the following proposition.

PROPOSITION 6.4. There exists ey > 0 such that for € < €g, |z| < Ce there is a
unique . , € KL such that

€,z

(621) He(we,z + ‘I)e,z) S Ce,z-
Furthermore,

it
(6.22) [@c.z )20 < CPet (2).

7. The Reduced Problem. In this section, we shall prove our main result
Theorem 1.1.
By Proposition 6.4, for € < ¢y and |z| < Ck, there exists a unique ®. , such that

(7.1) H(we .+ Pc.) € Ce ..
Therefore it is enough to show that for some |z| < Ce, we have
He(we,z + q)e,z) L Ce,z~

To this end, we now define a vector field

1 Owe
1~ /N He €,2 (I)E z ’ d
1o L (2) [/Q (we,z + De.z) 0z y]

where z = e#\%d(O, 0Q) + >tz |Z| < 1, and @ is given by conditions (2) and (3) in
Section 1.

The main estimate of this section is

LEMMA 7.1. For every 0 < a < ay, the vector field V. converges uniformly to Vg
in B1(0) as € — 0, where

(7.2) Vei(2) =

Vb :(VO,la"'avb,N),

<x—Py,a>

Voj = Too e<t*P(’)Yﬂa>d,u,p0(t) Zi]\il(fag € rivjdup,(2)Z),j = 1,..., N,
and v is given by Lemma 3.2.

Once Lemma 7.1 is proved, then Theorem 1.1 follows easily. In fact, since 0 is a
nondegenerate peak point, Vj has a nondegenerate zero at 0 (with degree different from
0). Then Lemma 7.1 and a simple degree theoretic argument imply that V. has a zero
Z(e) € B1(0) for every e sufficiently small. This solves the equation He(we . +®,2) = 0
for every e sufficiently small. Setting z(e) = e%d((}, 99) + e*T1Z(e) and

Ve = We z(e) T (I)e,z(e)
for z € Q2 and e sufficiently small, it follows then

ve # 0 since @ () — 0 in H?*(Q.) as e — 0
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while w, . () remains bounded away from 0 in H?(Q.) as € — 0.
That is, ve is a non-trivial solution of (1.2). By the structure of v, v, has all the
properties of Theorem 1.1.

It remains to prove Lemma 7.1. To this end, we have

Jo,  He(we. +® )%=
= Jo, [H (we.)® )%=
+ Jo, [Nea (@ 2)) e
+ o, Mo (W) S
+ fo, 32—, . O

=L+1L+I3+1,

where I;,7 = 1,2, 3,4 are defined by the last equality.
Note that

Owe

8Zj dy

L= 3/ [(Pa. . vs)* — v2] P
Q

€,z

a €,2
+3/ e, dy/ (Pa, 05)2®... dy
.. 9z Q.

€,z

Owe -

8Zj

H‘I)e,z ||L2(Qe,2)

S C H(Pﬁe,zva - UO')
L2(Qe,2)

Ow, _N
3 el IEA /2 o, .
43 [ T e,

€,z

1+p 1+p

SCOPez(2)2 Pe(2) 7
= 0(¢et1(2))
where p > 0 is some small number. By Lemma 5.1 and Proposition 6.4 we have
|I2] < Cle,s(2)] "
and
|I3] < Clge,(2)]' T

since N ,(-) and M, .(-) depend on their arguments only in the second or higher
powers. So we just need to compute 1. In fact,

OP, -
I4 = — ng,z 3[7’3 — ’Ug.:l \1’672 Sé;;j'u
= —¢ fQE,z 3[r2 — vg]\llgzgiy‘;

+ O(ei\/z(%*-li)de(z’an))

By Lemma 3.2, we conclude the proof of Lemma 7.1. O
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