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Abstract

This paper studies a vectorial problem in the calculus of variations arising in the
theory of martensitic microstructure. The functional has an integral representation
where the integrand is a nonconvex function of the gradient with exactly four min-
ima. We prove that the Young measure corresponding to a minimising sequence is
homogeneous and unique for certain linear boundary conditions. We also consider the
singular perturbation of the problem by higher-order gradients. We study an example
of microstructure involving infinite sequential lamination and calculate its energy and

length scales in the zero limit of the perturbation.

1 Introduction

This paper is concerned with the analysis of an example of microstructure which arises by

repeating a certain construction step, the so-called lamination again and again.



Our interest in this problem arises from the modelling of martensitic phase transformations,
see e.g. the work by Khachaturyan and Shatalov [9], [10], and Roitburd [17] for a geomet-
rically linear approach or Ball and James [3], [4] for a geometrically nonlinear model. In
such transformations fine-scale mixtures of distinct phases or phase variants are possible.
The microstructures can be explained by elastic energy minimisation. Minimising the sum
of elastic and interfacial energy instead prevents infinite refinement and explains the length

scales which are observed in some experiments.

To explain the mathematical issues in more detail consider a variational problem of the form
(V R):
minimise

To(u) :/QW(Vu) dz (1.1)

among all functions u € A where
A={ueW"(Q) : u= Hax for x € 00},

u: QC R*— R? and Q is a bounded domain. The integrands W which arise in the study
of martensitic phase transformations are nonconvex (and not quasiconvex) in Vu. Therefore
the functional is not lower semicontinuous and the problem typically possesses no minimisers

k) can develop spatial oscillations in its

but minimising sequences. A minising sequence u
gradients Vu® which leads to weak rather than strong convergence as k — oo. The central
idea of energy minimisation is that these oscillations model the microstructures observed in

real materials.

We are particularly interested in integrands W which have “multiple well structure”, i.e.
where W > 0 and W = 0 on a known set K. The connected components of I are the

“elastic energy wells”. They represent preferred gradients, i.e. stress-free states.

Three different situations can arise. In the first case the minimum of (V Pp) is achieved
and is zero. This occurs, if there is a Lipschitz-continuous deformation u(zx) satisfying the
boundary condition, such that Vu(z) € K for almost every x. Such a deformation is called

stress-free.



Second it can happen that the infimum of (V Py) might be 0 but is not achieved. Then a
minising sequence u*) has the property that Vu® is approximately in K except in a subset
of the domain whose measure tends to zero as k — oo. (This will be formalised using the
notion of a Young measure.) We can think of Vu® as determining a microstructure with a
length scale that gets finer as k — co. When k is large Vu® subdivides the domain into
regions which are nearly stress-free, i.e. where Vu® is near K and and in “transition layers”
where Vu® is not near K but bounded independent of k and which are of small measure.

Such a microstructure is called essentially stress-free.

In the third situation the infimum of (V Pp) is not 0. In this situation there may or may
not be a deformation u(x) for which the minimum is achieved. Such a system is typically

stressed.

Since we are interested in weakly convergent sequences, it is convenient to use the notion of
a Young measure, which is mainly an accounting device. Intuitively, the Young measure v,
associated to an oscillatory sequence is a family of probability measures parametrised with
respect to the points x € {2 which gives the limiting probability distribution of the values
of the gradient of u near z, in the limit as £ — oco. (A more formal definition is given in

Lemma 2.1 below.)

The study of Young measures is linked to other fundamental mathematical questions. A
basic problem in the calculus of variations is to find necessary and sufficient conditions for
quasiconvexity. Kinderlehrer and Pedregal have shown that this is linked to determining the

set of possible Young measure limits of gradients [11].

A very important subclass of gradient Young measures consists of the laminates. Most of
the examples observed in experiments are of this type. We are not going to give a formal
and most general definition of a laminate (which can be found for example in the paper
of Pedregal [16]). Instead, we first define what we mean by a simple laminate and then

introduce an (infinitely) sequentially laminated microstructure by recursion.

If we have a deformation u : Q C R? — R? whose gradient Vu takes on the given values

A, B € M**% (M?**? is the set of all 2 x 2 matrices). on either side of a planar interface then



we need the two phases to be kinematically compatible, i.e. the difference matrix should be
of rank 1 or A— B = a®n where a @ n is the matrix (a ® n);; = a;n; for a,n € R* and n is
the normal to the interface (see Ball and James [3]). Physically, this rank-one compatibility
gives continuity of u across the interface. For some A € (0,1) set H = AMA + (1 — \)B
Following Chipot and Kinderlehrer [7] let x be the characteristic function of (0, A) in (0,1)

extended periodically to the real line R and write
f®O(z) = x(kn - x), E=1,2,....
It is well-known that f*) 2 X in L>°(Q) for any bounded Q C R?. Let

— Be+ / t)dt-a
and
u (z) = llgu(k:m)
Then
Vul) = (1 — f*HA + 0B,

Note that the gradient Vu®) takes the values A and B in alternate layers of thickness \/k
and (1 — \)/k, i.e. the layer width tends to zero as k — oco. Then v = (1 — X\)d4 + Adp is

the Young measure corresponding to the sequence {Vu(k)}, i.e. it satisfies

lim [ o(Va®)de + |E|((1 = Ne(A) + Ap(B / /M Y) dvo(Y) dx

k—oo JE

for any continuous ¢ and measurable £ C ). Throughout the paper dy stands for the Dirac

mass at Y € M?*2,

Assume now that B = 0C + (1 — 6)D with C' — D of rank one. Then we apply the process
of singe lamination again thus replacing the gradients B by gradients C' and D with volume

proportions # and 1 — #. The resulting Young measure is
v=MXa+ (1—=XNb5c+ (1 —=XN)(1—-0)p.

We have to do something slightly different in order to obtain a continuous deformation. But

these technical details can be taken care of and they do not affect the Young measure.
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We define an (infinitely) sequentially-laminated microstructure as one which can be obtained
by starting from a compact set K of matrices and repeating the lamination step (infinitely)

many times.

In this paper we revisit an example introduced independently by Aumann and Hart [1] and
Tartar [20]. It is an interesting example of the second situation mentioned above, i.e. of an

essentially stress-free microstructure. (This fact was proved in [8], Proposition 2.2.)

In [5] Bhattacharya, Firoozye, James, and Kohn explicitly give a minimising sequence based

on infinite sequential lamination and calculate its Young measure.
Now we introduce the mathematical framework for this study.
Conditions: 1. W(X) > 0 for all 2 x 2 matrices X.

2. There exist four 2 x 2 matrices A, B, C' and D such that

and W > 0 elsewhere.
3. W is continuous.

4. There exist ¢,C' > 0 and d, D real such that
clAP +d < W(A) < C|A*+ D

where |A|? = 32 _ a?

k=1 "K"
5. The matrices A, B, C, and D are incompatible, i.e. the difference between any pair of

them has rank two.

6. There exist matrices Ji, Js, J3, and Jy, vectors a,b,c,d € R™, vectors p,q,r,s € R™ and

scalars «, 3,7,9 € (0,1) such that

J1:OéA+(1—C¥)J2, J2:6B+(1—6)J3,
(1.2)

J3:’70+(1—’7)J4, J4:5D+(1—5>J17



A—J2:a®p, B_J3:b®q7
(13)

C—Jy=c®r, D—J =d®s;
see Figure 1.

We present two new results. First we prove a theorem about the Young measure of the

gradients of any minimising sequence.

It is clear from the definition of the Young measure that it has to be supported on the
set {A, B, C, D}. We further assume certain linear boundary conditions and show that the

Young measure is homogeneous and unique and satisfies
Ve = A04 + Nadp + A\30c + \iOp a.e. in ). (1.4)

It is easy to see that the Young measure corresponding to the infinitely sequentially-laminated
construction is homogeneous. The theorem proves with mathematical rigour that this feature

must be shared by any minimising sequence.

Second we consider the following variational problem which arises from (V Pp) by singular
perturbation with higher-order gradients and is denoted by (V Px):
minimise

I.(u) = /QW(VU) + 2| VVul|* d (1.5)

among all functions u € Ax where

A ={u e H*(Q): Vu € L*(Q), |[Vu|l» < K,
u= Hz on 00},

K >3, |VVu]* = Y7, 1(0.0xu¢)?, and w : Q C R* — R?. This problem is physically
interesting since the perturbation terms correspond to surface energy. The inclusion of
surface energy terms into the problem introduces a length scale and, furthermore, because of
convexity and coercivity in the highest derivatives the problem now has a minimiser. Since
surface energy is typically very small it is physically meaningful to study the behaviour of

the energy minimum in the limit of zero surface energy.



We study this question by introducing length scales into the infinitely sequentially-laminated

microstructure considered in [5].

Now we give a simplified presentation of the main ideas. The argument is based on appro-
priate scaling. For a (simply-)laminated microstructure on a two-dimensional domain the
energy behaves like

E.~el™ 4@ as e — 0

if the distance between two interfaces is of the order ¢*. (The symbol a ~ b is a shorthand
for the following: There exist constants ¢, C' > 0 such that ¢b < a < Cb.) The first term in
the energy represents surface energy of the interfaces, the second refinement near the domain
boundary. Choosing o = 1/2 we get

E,. ~ el/?,
In [12], [13], [14] Kohn and Miiller show that by choosing instead a two-dimensional con-
struction with refinement near the domain boundary the asymptotic behaviour E. ~ £2/3

can be achieved and that the exponent is optimal. In [21] their model is revisited and a

Lavrentiev phenomenon is proved.

The present situation is more complex since simple lamination is not enough to achieve
gradients with small energy density W except at the interface regions and near the domain
boundary. Instead we now have to consider a construction which uses sequential lamination
and produces multiple scales. The corresponding energy is

1 k=l

1 (67} —Q
EEN ?—f';?(g +1 )

if we consider k different scales and choose the ith scale I; such that

lz‘ ~ g,
To minimise F. in k, ay, . . ., oy for fixed £ we first balance the terms in the sum which results
in
1— 1)
o =1 — ( 5 ) T



where
log 2

~ __ -
~

log(1/e)’
(Note that then

GNP

Second we balance the first term and the terms in the sum, i.e. we choose k and p such that

and choose the smallest length scale [}, to be of the thickness ¢ of the interfaces, i.e.
o ~ 1.

The last two conditions can be rewritten as

. log2
"= Mog(1/e)
and
k* log2
2 log(1/e) ~

This implies

2
k~ /——/log(1
g Vsl

and
e riogr
g1/
Then
21k A exp (—\/2 log 2\/log(1/5)>
and

et =~ exp (—\/2 log 2\/log(1/5)> .
But the number of these terms increases to oo as € approaches zero.

An exact analysis reveals that in fact

E. < Cexp <—T\/log(1/5)) for some C' > 0 and 0 < 7 < y/2log 2



and that the constant /2log?2 is optimal. Note that the decay is slower than any power of
¢ (which is the case for simple laminates) but faster than (any power of) the logarithm of
1/e.

To make the presentation transparent but without loss of generality we choose the following

values for the eight matrices:

10 3 0 -1 0 -3 0
A= , B= , O = , D= , (1.6)
0 3 0 -1 0 -3 01
and
10 1 0 —1 0 -1 0
Jl — y JQ — y Jg — 5 J4 — . (17)
01 0 -1 0 —1 01

In particular, all eight matrices are chosen to be 2 x 2 and diagonal. As boundary condition

we consider

u=Jix on 0. (1.8)
This choice does not restrict generality, either. In fact, it is easy to see that the main results
of this paper, namely Theorems 2.1 and 3.1 hold for the boundary condition

uw=Hzx on 0f

where H is any matrix on the boundary of the diagram given in Figure 1. Under the
assumptions (1.6) and (1.7) (or, more generally, if the matrices A, B,C, D, Jy, Js, Js, Jy are
2 x 2 matrices and diagonal) H can even lie inside or on the boundary of the diagram given

in Figure 1 (except for A, B,C, D of course). Furthermore, choose
Q:RLH:(O,L) X (O,H) (19)

Our results still hold for any smooth domain.

Note that the smallest number of incompatible matrices which can support a nontrivial

Young measure is four, as was proved in [5]. This is one of the reasons for choosing this



example. This minimality property should be closely connected to the uniqueness of the

Young measure.

It was suggested in [5] to interpret the minimal energy of the perturbed problem as a quan-
titative “measure” for the complexity of the corresponding microstructure, which for our

infinitely sequentially-laminated microstructure is

Cexp(—ay/log(1/e))

where C' > 0 and 0 < 0 < y/2log2 are both independent of €. (At least this expression is
an upper bound for the minimal energy). We expect that such a result holds in general, i.e.

that the energy of any infinitely sequentially-laminated microstructure behaves like

Cexp(—D1/log(1/¢))

with positive real constants C' and D, even if the microstructure does not arise from the
variational problem studied here, but from any singularly perturbed variational problem of

the form (1.5).

In a related paper [6] Cellina and Perrotta study the two-well problem. More precisely,
they assume that W is zero on two three-dimensional wells SO(3)A and SO(3)B where
A is positive definite symmetric and B is indefinite and symmetric. They assume zero
boundary conditions. An explicit construction is given using refinement near the boundary

of a Lipschitz function whose gradient is in the zero set of W for a.e. x € ().

After the present paper was finished we learned about the work of Chipot [8]. Tt contains
numerical simulations for the unperturbed problem, which show an infinitely sequentially-
laminated microstructure similar to the one considered in Section 3. Furthermore, a unique-

ness result for Young measures is obtained, which is similar to ours.

The structure of the paper is as follows. In Section 2 we prove the theorem about Young
measures. In Section 3 we provide an upper bound for the asymptotic behaviour of the
energy minimum in the zero limit of surface energy. We also calculate the length scales of

the corresponding infinitely sequentially-laminated microstructure.
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2 Uniqueness of the Young measure

In this section we study the Young measure corresponding a minimising sequence of the
variational problem (V Fp):
minimise

In(u) :/QW(VU) dx

among all functions u € A where
A={ue WI’OO(RL,H) s u = Jyzx for x € 00}

and W satisfies (1.2) and (1.3). In particular, we prove that this Young measure is homoge-

neous and unique. First recall the existence theorem for Young measures.

Lemma 2.1 Suppose that F®) C L>(Q, R®) is a sequence of vector-valued functions on €.
Assume further that for some compact set K C R?, the values of F*) are “asymptotically in
K7 in the sense that for every open U D K, meas {x € Q: F®) ¢ U} — 0 as k — oco. Then
there exists a subsequence (still denoted by F® for convenience) and an associated family of
probability measures v, on R® (parametrised by x € Q)), such that

i) v, 1s supported on K for a.e. x, and

i) for any continuous function V defined on R*, W(F®)) converges to the function x

Jrs V(A) dv,(A) weak™ in L>(2).

See for example Ball [2] or Tartar [19] for proofs and discussion. In the variational problem
(V Py) the sequence {F®} has the form F®) = Vu® where u*) is a minimising sequence.
Therefore the corresponding Young measure is called a gradient Young measure. Note that

the energy minimum of (V Pp) is

lim /Q W (Vu® () dz = /Q /;c W (A) dvy(A) da.

k—o0

In particular, if W > 0 and W (F) = 0 exactly for F' € K, then [, W(Vu®™(z))dz — 0
if and only if v, is supported on K for a.e. x € 2. The main result of this section is the

following;:
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Theorem 2.1 Let v, be a gradient Young measure which
i) arises from a sequence u® defined on Ry y satisfying the boundary condition u'®) = Jiz
at ORp y and

ii) is supported on the four matrices A, B,C, D as defined in (1.6).
Then

Vyp = >\15A+)\2(5B+/\360+>\45D a.e. in RL,H-

Furthermore, the weights A1, Aa, A3, Ay are unique.

Remark: The statement of Theorem 2.1 clearly implies that the Young measure is unique

and homogeneous.

Proof. Consider the function z € W*°(Q, R?) which satisfies
Va(z) = / Advy(A)  ae. in Rog. (2.1)
M?2x2

(The existence of the function z was proved by Kinderlehrer and Pedregal [11]). Because v,

is by assumption supported on {A, B,C, D} we have
Vp = Maz0A + Xoz0B + A3.0c + AazOp a.e. in RL,H~

In the sequel we determine the scalar measures \;, for ¢ = 1,2, 3,4. Because v, is a proba-

bility measure we have
/\13; + /\23; + )\395 + )\43; =1 a.e. in RL,H- (22)

Using the specific values of the matrices A, B, C, D as defined in (1.6) we get

)\lx + 3/\2m - /\33: - 3)\4x 0
Vz(z) =
0 3)\1a: - /\QJJ - 3)\330 + )\490

a.e. in Ry y. This implies g—;; = g—;i =0 a.e. in Ry . By standard trace theorems

z(x) = Sz a.e. on OR .
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Therefore

92 = 9 =1 for 0 < s < H, a.e. on (0,L),
81’1 . 85(,’1 _

xro=0 To=§
0Oz 9z =1 for 0 <t <L, ae. on (0,H).
ax2 x1=0 81.2 1=t

It follows that

)\135 + 3)\290 - )\31 — 3)\435 =1 a.e. in RL,H,

3>\1x — )\gx — 3)\31» + )\495 =1 a.e. in RL7H~

Finally we get a fourth equation for A;,, i = 1,2,3,4, the “minors relation”.

(2.3)
(2.4)

This is a

consequence of the fact that v, is a gradient Young measure, see for example [5]. It is

Agdet A+ o, det B+ A3, det C' + Ny, det D =

= det ()\1114 + )\QIB + )\3350 + )\4ID) a.e. in RL,H-
Equations (2.2)-(2.4) are equivalent to the following three equations:

Aoy = — A +08 a.e. in Ry g,
)\31 = )\11 —04 a.e. in RL,H,

/\435 = - )\1;1; + 0.6 a.e. in RL,H-
Inserting (2.6)—(2.8) into (2.5) gives the linear equation

12X, — 6.4 =0 a.e.

(2.5)

(2.9)

The linear system (2.6)-(2.9) has a unique solution. Therefore the weights (A1, A2, A3, \4) are

independent of x and unique, i.e. the Young measure v is homogeneous and unique. This

concludes the proof of Theorem 2.1. O

Note that the result of Theorem 2.1 holds if we take any matrices A, B, C', and D which

satisfy the equations given in condition 6 of the introduction even if they do not take on the

specific values chosen in (1.6).
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3 Energy minimum and length scales for the microstruc-

ture

In this section we calculate an upper bound for the scaling law of the energy minimum
of the variational problem (V P;.) as ¢ — 0. This will be accomplished by incorporating
length scales into an infinitely sequentially-laminated microstructure. Recall the variational
problem (V P):

minimise

I.(u) = /QW(VU) + 2| VVul|* d

among all functions u € Ax where

Ag ={u€ H*(Ryn): Vu € L®(Rpn), [|[Vullw < K,
u = Jlx on 8RL,H}

and K > 3.

As the class of admissible functions we choose

AK = {u c HQ(RL,H) : Vu € LOO<RL’H), HVUHOO < K,
w=Jixzon ORy i}

where K > 3.

Proposition 3.1 Fore > 0, K > 3 the variational problem
min {I.(u) : v € Ax} (3.1)
attains its minimum.

Proof: The proof is a standard one in the direct calculus of variations. O

Let us now announce the main result of this section.
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Theorem 3.1 For every constant o with 0 < o < v/2log?2 there exist constants C' > 0 and

go > 0 such that for all 0 < e < ey and K > 3

min{/.(u) : u € Ax} < Cexp (—aq/log i) : (3.2)

Proof. We construct test functions u € Ax depending on ¢ such that for them the estimate
given in (3.2) holds true. To this end, we introduce a “sharp” variational problem which is
closely related to the “diffusional” one given in (V P:) and is denoted by (VAI/JG) :
minimise

E.(v) = /R W (Vo) + €| V'Vl do
L, H

among all functions v € Bx where
Bx = {U S H1<RL7H) : Vo e LOO(RL,H>, ||VUHOO <K,

the components of VVv are Radon measures on Ry 5 with finite mass,
v=Jizon R, g}

The latter problem has advantages over the former: we can prove a result corresponding
to (3.2) by constructing e-dependent test functions v that are piecewise linear and can be

defined explicitly.

Again we have existence of a minimiser:

Proposition 3.2 Fore >0, K > 3 the variational problem
min{E. (v) : v € Bk}. (3.3)
attains its minimum.

Proof. The proof follows the same lines as the corresponding existence proof of Kohn and

Miiller [13]. For completeness we briefly sketch the argument.
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Fix € > 0. Let v*) € Bk be a minimising sequence for E.. Then v*) is bounded in H' and

VVu#® is bounded in M (the space of Radon measures). Passing to a subsequence one has
’U(k) — in Hl(RL,H),

AVAVZIQNENS v v2%! in M.

By standard lower semicontinuity results
E.(v) < lign inf E.(v®).

The only subtle point is to show that v € Bg. By assumption Vo® is bounded in L*
so that VVv® is bounded in M N W=, By Murat’s lemma (see [15]) VV0*) lies in a
compact set of H~!. This implies that Vo*) — Vv in L2 (Ry x) (as was proved in [13] in

a lemma). Passing to a further subsequence one sees that that Vo < K a.e. We also have

that v = Jix by standard trace theorems. Hence v € By and the proposition is proved. O

We finish the proof of Theorem 3.1 in three steps. First, we define a sequence of functions
v, v@ € By by infinite sequential lamination. Second, we define v by fixing k = k(¢)
and setting v = v*©) where the integer k(¢) is chosen such that v(*()) satisfies the following

Lemma.

Lemma 3.1 For every constant o with 0 < o < \/2log?2 there exist constants C' > 0 and

go > 0 such that for all0 < e < ey and K > 3

E.(v*®)) < Cexp (—m/log 1) : (3.4)
£

Third, we define u € Ai by convolution of v with a mollifier kernel and show that the

resulting u satisfies an estimate analog to (3.4).
Step 1. The sequence v\

We define the functions v recursively by sequential lamination. In each refinement step
triangulation on a smaller scale is introduced at part of the boundary to make sure that

v € W (R, ) and that the boundary conditions are satisfied. We make this construction
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explicit and calculate the corresponding energy. Let us begin by defining the zig—zag function

z as follows:
z(s) = =min{s,1 —s} for0<s<1,

and z is continued 1-periodically onto the real axis. Then, for a positive integer n; and

[y = H/ny, we introduce
0 .
JlfL' + llZ(l‘Q/ll) (2) if llZ(ZEQ/l1> S T S L — llz (ZL‘Q/ll) s

U(l)(l') = Jlx + x4 (g) if 0 S 1 S llz (:1:2/[1),

2

see Figure 2. The value for n; will be chosen later. Note that v is an example of single
lamination. This means that the domain Ry p is divided into periodically alternating layers
of width H/(2n,) where Vo!) takes on the values A and .J,, respectively. This is expressed
by the first equation in the definition of v(!). Furthermore, some triangulation near the
left and right boundaries of Ry, g is required to make sure that v satisfies the boundary
conditions. This is done in the last two equations. The function v(!) is piecewise linear with

1 0 10
VoM attaining (only) the values A, .Js, , OT

2 1 -2 1
We now calculate the energy E.(v(")) is as follows. The elastic energy consists of three terms
corresponding to the last three values of Vo!) respectively, the main contribution coming
from the set where VoY) = J,. The surface energy is “cx (total length of interfaces) x
(change of Vo(M)”. Its main contribution comes from the interfaces created by layering
between the gradients A and J5 plus a smaller contribution coming from triangulation near

the left and right boundaries. To estimate the energy of v it is important to know that by
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the continuity of W there exist constants ¢, C' > 0 such that

10 1 0
& S max Jla J27 J37 J47 W 7W ’
2 1 -2 1
-1 0 -1 0 1 2
W W W ;
2 -1 -2 -1 0 —1
1 -2 -1 2 -1 -2
W W W <cC. (3.5)
0 —1 0 1 0 1

Furthermore, bear in mind that the width of the layers and the sides of the triangles near

the boundary are both of order [;, up to a multiplicative constant. Therefore

E.(vY) = W(L){VeW = L} +W Volt) =

+W Vo) =

+ e(# jumps of Vo¥) between A and J,) x

x (length of interfaces) x (change of Vo))
+e(# triangles near left and right boundaries) x
X (length of triangle sides which lie inside Ry ) X

x (change of Vo))

1 1 1

< il _ = z
< (J{<2LH L+ QZIH)

H H H

e (( _ 1) L+2r- 11)) +e (2[1\/5)}
Iy Iy Iy
LH
< C(LH+11H+EZ>+O(€) ase — 0
1
LH
< C (LH + €l) ase — 0 by (3.7).
1
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Furthermore, these estimates are sharp up to a multiplicative constant. Now we present
the infinite sequential lamination in a rigorous setting. To get geometric intuition of the
construction the reader should study the relatively complex formal framework in connection

with Figures 3 and 4. To begin with, we have to introduce some notation. Define

ll = H/nl,
ly = (L_ll)/n27

liyi = (lic1/2 =1)/ni4, 1=2,3,...
where the integers ni, no, ... will be chosen later.

We are studying a microstructure with multiple length scales which are denoted by ;. The
following is a rigorous formulation of this fact.
Assumption: Assume that

liJrl

l;

— 0 ase — 0 fori=1,2,... (3.6)

and

H
T 0 as e — 0. (3.7)
1

We define now sets [0, L] D X; D Xs D ... and [0, H]| DY; D Y3 D ... by recursion.

Definition 3.1 Define X;, i =1,2,... as follows:

i) X1 =10, L].

ii) Xo ={x €[0,L]: dist(x,{0,L}) > 1,/2,

iii) Xogy1 = {x € Xy : dist(x,sup{t ¢ Xog : t < x})/lok)moar € [1/2,1]}, k=1,2,...
i) Xop = {x € Xog—1 : dist(x, [0, L]\ Xog—1) > log—1/2}, k=23...

Set sop(z) = sup{t ¢ Xop, : t < z}.
Define Y;, 1 =1,2,... as follows:

)Y = [0, H]
ZZ) Yor = {y € Yop_1: d’LSt(y,Sllp{t §é Yor : t < y})/l2k—1)mod1 S [1/27 1]}7 k= 17 27 s
ZZZ) 5/2k+1 = {y €Yy : diSt(y, [0, H] \Yék) > lgk/Q}, k= 1,2,...

Set sop—1(y) = sup{t ¢ Yor_1 : t < y}.
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Remark: We have for example

Xo

X3

Xy

[h/2,L—1/2],

-L_Jl[ll/z + (i — 1/2)la, 11 /2 + ials)],

'le[zl/z + (i — 1/2)ly 4 13/2,11 /2 + igly — 15/2],

il@l[(il —1/2)ly, ixly],

.Q[(il —1/2)1y + 15/2, i1y — 15/2],

U U6 = 1720+ 1o/2 4 (i — 1/2), (1~ 1/2)0 + 12 4 i3]

i1=11i3=1

Using the sets from Definition 3.1 we are now in a position to define the functions v**) and

o(2k+1)

recursively:

v (@) = v (@) + (1) @ "

0

if x1 ¢ Xop or xo & Yoy

lsz((l'l — 82k<l’1))/12]€) if xr1 € XQk, To € Yék, and

Sok—1(22) + lorz((x1 — Sor(21)) /lok) < 22 <

< sop—1(22) + lop—1/2 — lopz((x1 — sa(21)) /lox)

X To — 52k,1(1:2) if xr1 € ng, To € }/ék; and

Sok—1(22) < 29 < Sop—1(22) + lapz((21 — sok(21))/lok)

Sop—1(%2) + log—1/2 — xo if 21 € Xy, 29 € Yo, and

Sok—1(x2) + log—1/2 — lopz((x1 — sax(21))/lox) < @9 <

< Sop—1(22) + log—1/2
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0 if 21 ¢ Xopy1 or z2 € Yo g
lok12((22 — Sopg1(72)) /log1)  if 21 € Xopy1, 72 € Yopy1, and
ok (1) + loky12((22 — s2ky1(22)) /lors1) < 21 <
< sop(@1) + lox /2 — lopr12((w2 — Sopq1(72)) /loks1)
Ty — so5(21) if 21 € Xopt1, T2 € Yopy1, and
sop(11) < 1
< sop(1) + log12((22 — Sory1(w2)) /loks1)
Sor(x1) + log /2 — x4 if x1 € Xopq1, 22 € Yopq1, and

Sor(x1) + lo /2 — log12((w2 — Sopt1(22))/loks1)

<@y << sop(w1) + lox/2.

Note that in each of the previous two formulae the second line describes the new lamination
step. The last two lines correspond to triangulation which is required to make the function
continuous. We can now calculate the general formula for E.(v?), i = 1,2, ... by induction.
Note that this can be done in a unified way and no distinction has to be made between odd
and even values for i. Let us first calculate the difference E.(v@+1)) — E.(v®). Going from

@ to v+ refinements have to be made on
HL—llll/Q—lg li—2/2_li—1

(AT RS Is l;
1 1 21, 20,1 1
= —LH(l1——=|({1—-—")---[1—
2i—2 ( L> ( ll ) ( ll‘_g ) li—lli
1 LH
= g

rectangles whose sides are of the length [;/2 and [;_1/2 — [;, respectively. Here

l 20y 21; ,
=1l —-—=|-(1=-——---[1— , :1,2,....

The upper bound of the contribution (which is sharp up to multiplicative constant) of each

of these rectangles to the elastic energy changes from
C(li-1/2 = 1) (li/2)
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to

C{(lima /4 = 1:/2)(li/2 = li41/2)
+ (lic1/2 = 1) (lis1/2) },
the last expression consisting of contributions from lamination and triangulation, respec-

tively. In each of these rectangles new interfaces have to be created, and their total length

(per rectangle) is
liia/2 =1

li+1

lii1/2—1; 1 li1l;
N2l /2 — 1)) + (1)2 — lipy) + <1/ + 1) S <o

i1 2 liv1

Therefore the total contribution of these rectangles to the upper bound for the total energy

changes from

; 1
Ea(v( )) S C LHFPZ_I

to

| 1 1 11
EE(U(H'D) < C (LHPZ + LH P; +1 + €LH§PZ'_1 ) .

9i—2 9i—3 l; Z
Note that the last two expressions are sharp up to a multiplicative constant. Using the

expansion for E,(v®)) and the previous formulae it follows by induction that

E.(v®) < CF.(v™) 4+ O(e) ase — 0

where
1 L1 [ l
FE®)y = —rLH+LH{Z +2 13 ¢ . 'k
W) = geLH+ {L T o, T ey
+ LH{1 + : +...+ ! + O(e) 0
€ —t — . € as € — 0.
ll 2l2 2k_1lk

All these estimates are sharp up to a multiplicative constant. Note that the expression for
F.(v®) was obtained from E.(v®) by neglecting the factors (1—1;/L) and (1—2l;1/1;), i =

1,2,... which are smaller than 1 and converge to 1 as € — 0.
Step 2. The function v

We now choose the integer & = k(g) in such a way that for v = v*¢) the asymptotic
behaviour of F.(v) as ¢ — 0 will be optimal. The following lemma states an upper bound

for the asymptotic behaviour of F.(v*)) as ¢ — 0.
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Lemma 3.2 For every o with 0 < o < v/2log?2 there exist numbers C > 0 and ¢y > 0 such

inf{F.(v®): k=1,2,...} < Cexp (—owlog i) (3.8)

that

for 0 <e < gg.

Proof. Set
l; =€, (3.9)

where a; = a;(¢). Inserting these terms in the expansion for F.(v*)) implies

A —Qf
Ek k-1

| 1
F.(®) < C{Qk M e e

1
el g Zglmee leel_o‘k}.
Let us now first derive condition for o which is necessary for (3.8) to hold. Afterwards we

show that a slightly weakened condition is also sufficient.

Because every term must be smaller than Cexp (—a\/log(l /5)) by taking logarithms we

obtain that the following conditions are necessary for (3.8):

o kC
< 242 3.10
gz =, (3.10)
C
o < pog+ —, (3.11)
P
i C :
o < —log2+ plajy —a;) + —, i=1,2,...,k—1 (3.12)
p p
i C :
o < —log2+p(1—a;)+ —, i=1,2,...k (3.13)
p p

fori =1,2,... where p = p(e) = y/log(1/¢). Adding (3.11) and (3.12) fori =1,2,...,k —1

we deduce

ko log?2 <k>2 k
o > 0— — - —C—= 3.14
=0 2\ p? (3.14)
where C'is independent of k. It follows from (3.13) for ¢ = k that
k C
pp p
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where C' is independent of k. Therefore

ko log2 (k) 1 k
PR () <1+0- (1 + ) (3.16)
p 2 \p p p
where C' is independent of k. The left-hand side of (3.16) attains its minimum if
ko
p  log?2

and has the value 0?/(2log2). Choose k = [po/log2] where [] is the integer function.
Inserting this into (3.16) implies that

2

<1 1
2log2 — +o(l)

as € — 0. Therefore, a necessary condition for the solvability of system (3.10)—(3.13) is

o <4/2log?2. (3.17)

For ¢ < y/2log2 we are now giving a solution of (3.8). We again make the substitution

(3.9). Furthermore, we set

o
G-,

o = i — i=1,2,....k (3.18)

where the positive real numbers ;1 and 7 are still to be determined. This implies

1 k—1 e T i
F.(o®) < C<2k—|—{£“+2€“z< 5 ) }

=1

k—1
+ kl 151—k,u+(k—1)k7/2{ Z 2i€iu—((k—l)k—(k—i—l)(k—i))r/Q})
2k .
1=0

1 k=1 / =7\ ?
< C<2k+{e“+25“;< 5 ) }
Lt e—1)kr)2 = Y
+ e {ZO (2e"747) }) (3.19)

Again we set p(e) = 4/log(1/e). Choose the parameters as follows:

ap
k(p) = [10%2] (3.20)
u(p) = ‘; (3.21)
(p) 10522. (3.22)
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Furthermore, by choosing 7(p) such that 7(p)p? is sufficiently close to log 2, we have
2

T o a?p? 1
1—k k—1Dk==1-— Of- 0 3.23
a ) 2 log 2 + 2(10g2)27_+ (p) ” (3:23)

for all p > py where py > 0 is fixed. The equations (3.20)—(3.23) imply

21k < Cexp <—0m> ’
el =exp (—U\/W) ’

w—kt >0,

1 — kp+ (k — 1)kr/2 > 0.
Therefore we see from (3.19) that the conditions (3.20)—(3.23) are sufficient for the estimate
(3.8). This concludes the proof of Lemma 3.2. O

Step 3. The function u

Now we go back to the original variational problem (3.1). We define test functions u® =
u*©) by convolution of v®) = v*() with a mollifier kernel ®.. In the sequel we omit the

argument ¢ of k(e) where this does not cause confusion. That is we introduce
u® (z) = / v®) (8)®, (|2 — s|) ds (3.24)
Rrp.m

(in each component) where

1
O (t) = ECD (t/e) forallt € R

o ¢ (C;°([0,1))

/ O(x)der = 1
B(0,1)
0 < <1

with B(0, 1) the two dimensional (closed) unit ball. Tt follows that (again in each component)

Val@) = [ Vo). (|r —s|) ds (3.25)
vVvuM(z) = Rz Vo (s)V, 8, (|2 — s|) ds (3.26)
- —jyj /Q o VIOV e |2 — ) ds (3.27)

- gyj/mw Vo® (s(1)®. (jo — s(1)]) ndl (3.28)
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where Ql(,k) are the subsets of Ry g where Vol is constant, n is the interior unit normal
vector on OUK) | dl is the one-dimensional Hausdorff measure on 9Q*). Note that v is finite

for fixed k(). The elastic energy of u®) can be estimated as follows.

/ W(Vu®)de = / W (Vo®) de
Rr g R g
+ (/ W(Vu(k))dx—/ W(vu“f))dx)
Rr.m Rp g
1
< Cexp —a”logg + C meas{z € R g : Vot #£ vu®)}

-
< Cexp | —oy/log = | +e2C|TW)|
£

-
< Cexp | —oy/log —
£

by (3.8). We have used the notation I'®) = (J,9Q%). Tt is clear that the estimate for
{z € Ry - Vo® # Vu®} is correct if T™®) is a straight line. Furthermore, note that
near corners of I'®) the estimate for {z € Ry py : V¥ # Vu®} is correct. Note also
that the same is true if three or more lines meet in one point. (In both cases there is some
“overlap”.) With (3.8) and since ¢[I'®)| is the contribution of the surface energy to F.(v*))
the last inequality above follows. Since £[T'®| is the contribution of the surface energy to
F.(v™®)) the last inequality follows from (3.8). Let us now estimate the surface energy. By

the divergence theorem

(A
¢ 2
_ 2 k) B
- /RL,H L,n’g:l (/895,’“) O, (s(1)) @< (|2 — s(1)]) ne dl) dx
2
- Rom e <~/F(k) <aﬁv‘+ (S(Z)) 0w, <S<l))) X

X O, (|z = s(1)]) ne dl) dx

where 8,.505? denote the limits of 9,0 (s) as s approaches the interface I' (from either side).

Note that I'*) belongs to two sets of the type Q%) unless I'*) C ORy, ;. Because of
l0.0)? < C
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with C' independent of k it follows by Fubini’s theorem that

€ 2
Vv < 052/ /(k> </ ®. (| — s(1)) dz) dl db (3.29)
6=0 Fé (k)

where

F((;k) = {z : dist(z,T'®) = §}.

The smallest length scale of the length of the interfaces of I'®) is
Iy = 7 /(2log?), (3.30)

Ifo < /2log2, then I, > ¢ ase — 0. Furthermore, by the construction of the microstructure

li .
dist(T;, Tipo) > 2\% i=0,1,... k-2 (3.31)

Therefore the number of interfaces having nonempty intersection with an e-neighbourhood

B(z,¢) of x is bounded uniformly in x and €. (We have used the notation

B(z,r)={s€ R*: |z —s| <r}.)

Using the properties of the mollifier ®, this implies

</r<k> @ (|lz = (D)) dl)2 <

Ik 2
< 19l ( / 1dl>
5 I NB(z,e)

|®]|%,
g2

< C
Since |F((;k)| < 2|T®)| we obtain from (3.29)
2|vvu®|? < eC|T®).

With (3.8) and since ¢|T'®)| is the contribution of the surface energy to F.(v®) we finally

1
VvV |2 < Cexp (—m/logg). (3.32)

This concludes the proof of Theorem 3.1. O

obtain
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4 Discussion

The achievement of the paper is twofold.

First we have presented a result of a general nature, which gives a restriction for any possible

microstructure, namely that its Young measure is unique and homogeneous.

Second an infinitely sequentially-laminated microstructure has been constructed. The pa-
rameters such as length scales and the number of layerings are chosen to depend on € so as
to achieve an optimal asymptotic behaviour of the corresponding energy. We do, however,
not show that this is the only microstructure giving such an asymptotic behaviour (or that
there is no microstructure that has an even better asymptotic behaviour). But we expect
that our microstructure is optimal in this sense. This is also supported by the numerical

results in [8].

Although the configuration under consideration seems special we do expect similar behaviour
for a wide range of variational problems leading to infinitely sequentially-laminated mi-
crostructure. We would like to conclude with the remark that the microstructure involved
is very complex. Up to now only the singular perturbation problem for single laminates
is well understood. To obtain lower bounds of the energy we believe that one should first
study situations which lead to finite laminates. The experience gained there should give new
insight for infinite laminates and hopefully lead to the derivation of lower bounds for the

energy in this complex situation.
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