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Answer: The purpose of introducing a constant matrix X in Theorem 2 is to make a
decoupling between the matrix function P(r; ;) and the system dynamic matrices in
Theorem 1. This decoupling technique enables us to obtain a more easily tractable
condition for the filter synthesis. Therefore, the matrix X cannot be selected to be
parameter-dependent. It seems that some conservatism will be introduced because
of a constant matrix X, not a parameter-dependent one, but the motivation of doing
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Hoo and lo-loo Filtering for Two-Dimensional

Linear Parameter-Varying Systems

Ligang Wu, Zidong Wang*, Huijun Gao and Changhong Wang

Abstract

In this paper, the Hoo and lo-lo filtering problem is investigated for two-dimensional (2-D) discrete-time linear
parameter-varying (LPV) systems. Based on the well-known Fornasini-Marchesini local state-space (FMLSS) model,
the mathematical model of 2-D systems under consideration is established by incorporating the parameter-varying
phenomenon. The purpose of the problem addressed is to design full-order Ho and ls-l filters such that the filtering
error dynamics is asymptotic stable and the prescribed noise attenuation levels in Ho, and ls-ls senses can be achieved,
respectively. Sufficient conditions are derived for existence of such filters in terms of parameterized linear matrix
inequalities (PLMIs), and the corresponding filter synthesis problem is then transformed into a convex optimization
problem that can be efficiently solved by using standard software packages. A simulation example is exploited to
demonstrate the usefulness and effectiveness of the proposed design method.

Keywords

Linear parameter-varying (LPV) systems; Parameterized linear matrix inequalities (PLMISs); Hoo filtering; lo-loo
filtering; Two-dimensional (2-D) systems

I. INTRODUCTION

It is well known that one of the fundamental problems in control systems and signal processing is the
estimation of the state variables of a dynamic system through available noisy measurements, which is referred
to as the filtering problem, see [1], [27], [29] and the references therein. In the past few decades, the Hoo
filtering problem has drawn particular attention, since H., filters are insensitive to the exact knowledge of
the statistics of the noise signals. To be specific, Hy, filtering procedure ensures that the Lo-induced gain
from the noise input signals to the estimation error is less than a prescribed level, where the noise input is an
arbitrary energy-bounded signal. Several methods have been proposed to solve the H, filtering problem, see
(3], [16], [26], [32], [33] for some recent publications. Other filtering methods for systems with partially known
noise information are ls-l filtering (La-Lo filtering for continuous-time systems) [13], [18] and [; filtering
(L1 filtering for continuous-time systems) [24], where the ls-lo and [; performances have different physical
meanings when used as performance indices.

On the other hand, linear parameter-varying (LPV) systems are those systems dependent on unknown but
measurable time-varying parameters, where the measurement of the time-varying parameters provides real-
time information on the variations of the plant’s characteristics [28]. LPV systems are ubiquitous in chemical
processes, robotics systems, automotive systems and many manufacturing processes. The LPV systems theory
has been motivated by the gain-scheduling approach for control of linear and nonlinear systems [21]. Generally
speaking, there are two basic approaches to dealing with the analysis and design problems for LPV systems.
One approach has been developed in [2] by assuming that the trajectory of the parameters is not known a
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priori although its value is known through real-time measurements. Therefore, in such a case, the state-
space matrices are dependent continuously on the varying parameters, and the stability analysis and control
synthesis problems have been tackled based on the notion of quadratic stability using a single quadratic
Lyapunov function. An alternative approach has been proposed in [10] where the real uncertain parameters
and their rates have been assumed to vary in some prescribed ranges and the state-space matrices are therefore
allowed to depend affinely on the varying parameters. In this case, the stability analysis has been conducted
based on the notion of affine quadratic stability using parameter-dependent quadratic Lyapunov functions [17].
Up to now, many important results have been reported for LPV systems. For instance, the controllability,
stabilizability and stability analysis problems have been investigated in [22], [28], the stabilization and control
problems have been solved in [8], [23], [25], the filtering problems have been studied in [5], [17], [29] and the
model reduction problem has also been coped with in [9].

Recently, two-dimensional (2-D) systems have received considerable research attention since 2-D systems
are capable of modeling a wide range of practical systems and have been successfully applied in image data
processing and transmission, thermal processes, gas absorption, and water stream heating, etc. [14]. Great
deals of publications have been available in the literature. To mention just a few, the stability and stabilization
problems of 2-D systems have been investigated in [15], [19], the controller and filter design problems have
been studied in [12], [30], [31], and the model approximation problem has been addressed in [11]. Inevitably,
when 2-D system is applied in modeling real-time plants such as chemical process control, the system would
be naturally dependent on unknown but measurable time-varying parameters. Therefore, 2-D LPV systems
emerge as a more reasonable description to account for the parameter drifting phenomenon, and have a great
potential in engineering applications. To the best of the authors’ knowledge, there have been very few results
addressing the 2-D LPV systems due to the mathematical complexity, and both the filtering and control
problems for 2-D LPV systems still remain open and challenging.

In this paper, we make an attempt to investigate the problems of Ho, and lo-ly, filtering for 2-D LPV
discrete-time systems, where the mathematical model of 2-D systems is established upon the well-known
Fornasini-Marchesini local state-space (FMLSS) model. Sufficient conditions are obtained for the existence
of desired Ho, and ls-lo filters in terms of parameterized linear matrix inequalities (PLMIs). Moreover,
the decoupling technique by the introduction of an auxiliary slack variable [7] is applied such that, in the
improved PLMI condition, the product terms no longer exist in our main results. On the other hand, such
a decoupling method enables us to obtain a more tractable condition for the filter analysis and synthesis
problems. The desired filter is then obtained by solving a convex optimization problem using the efficient
interior-point optimization algorithms [6]. A numerical example is provided to demonstrate the effectiveness
of the proposed controller design procedures.

The rest of this paper is organized as follows. The problems of H, and lo-l, filtering for 2-D LPV systems
are formulated in Section 2. Section 3 gives the main results of the H, filtering problem. These obtained
results are further extended to the ls-l filtering in Section 4. Section 5 provides an illustrative example and
we conclude this paper in Section 6.

Notations: The superscript “I” stands for matrix transposition; R™ denotes the n-dimensional Euclidean
space; R™*" is the set of all real matrices of dimension m x n and the notation P > 0 means that P is real
symmetric and positive definite; I and 0 represent identity matrix and zero matrix respectively; | - | refers to
the Euclidean vector norm; and Apin(+), Amax(-) denote the minimum and the maximum eigenvalues of a real
symmetric matrix respectively. In symmetric block matrices or long matrix expressions, we use an asterisk ()
to represent a term that is induced by symmetry and diag{. ..} stands for a block-diagonal matrix. Matrices, if
their dimensions are not explicitly stated, are assumed to be compatible for algebraic operations. Sometimes,
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we omit the time argument for a function if no confusion arises.

II. PROBLEM FORMULATION

Consider the following 2-D LPV system (S) described by the FMLSS model:

S: Tit1j+1 = A1(rije1)Tij+1 + A2(rig1)Tiv1y + Bi(rije1)wij+1 + Ba(rig1j)wit1
vij = C(rij)zij+ D(rijwij
zij = L(rij)w (1)

where z;; € R" is the state vector; y; ; € R™ is the measured output; z;; € R? is the signal to be es-
timated and w;; € R! is the disturbance input which belongs to Iz {[0,00),[0,00)}. A1(rij+1), A2(rit14),
By (rij+1), Ba(rit15), C(rij;), D(r;;) and L(r; ;) are known matrix functions of a time-varying parame-

ter vector r;; € Fp, where Fp is the set of allowable parameter trajectories, which is defined as Fp =

{TW-EC(R,RS):T% eP, ’ﬁvk, k=1,2,...,s, Vi=1,2,...; j:1,2,...}, where P is a compact

subset of R®, {v}.};_, are nonnegative numbers and v = [v1,va,...,vs]T. In other words, we consider bounded

k
Tij

parameter trajectories.
The boundary conditions are defined by

h T T T v T T T
X(O):[le Lo2 ] ) X¥(0) = Tio0 T20 ] .

Then, we make the following assumption on the boundary condition.
Assumption 1: The boundary condition is assumed to satisfy

N
lim Z(\x07kl2 + |zp0l?) < o0 (2)

N—o0
The purpose of the filtering problem addressed in this paper is to design a full-order Hy, or lo-l filter for
the system (S) in (1) with the following form:

F: i1 = Arr(rije)®ijr1 + Aor(riv1j)@iv1y + Bir(rije1)¥ij+1 + Bar(Piv1,)¥iv1,j
Zij = Cp(rij)ei;
Zij; = 0 fori=0o0rj=0 (3)

where Z; ; € R" is the filter state, and the matrices A1p(rij+1), A2r(Tit1,5), Bir(rij+1), Bar(riq1,;) and

Cr(r; ;) are filter parameters to be determined.
T
By defining 5;{ j = [ xZT] aéfj ] and augmenting the model of (S) to include the states of the filter, we
can obtain the following filtering error system (&):

& Eit1,5+1 1(7ij41)&i 1 + Aa(riv1 )it + Bi(rije1)wij+1 + Ba(riv1 j)wit1
Zij = Clrij)iy (4)
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where
Ai(rigr) = _ BIF(ﬁ;fjf;zim A1F<Si,j+1) ] ’
Aolrivy) = i BgF(:j(::;Cl”ZiHl,j) A2F(Si+1,j) ] ’
Bi(rijer) = i BlF(iz-(i:iij—l—g‘i,j-i-l)  Balrieng) 2 BzF(fjiZi;géiHLj) ’
C(rij) = L(rij) —Cp(rij) ] 5)

Before presenting the main objective of this paper, we first introduce the following definitions for the filtering
error system (&) in (4), which will be essential for our derivation.
Definition 1: The filtering error system (£) in (4) with w; ; = 0 is asymptotically stable if
Jim g7 =0
1+7—00
for every boundary condition (X h(0), X ”(0)) satisfying Assumption 1.
Definition 2: Given a scalar v > 0. The filtering error system (£) in (4) is said to be asymptotically stable
with an H, disturbance attenuation level « if it is asymptotically stable and, under zero initial and boundary
conditions, ||Z]|, < 7 |lw]||, holds for all nonzero w = {w; ;} € Iz {[0,0), [0,00)} , where

[e.e] o0 oo [e.e]

S 2 2
S EGE el 2 DD wigl
i=0 j=0 i=0 j=0
Definition 3: Given a scalar v > 0. The filtering error system (£) in (4) is said to be asymptotically stable

with an ls-l disturbance attenuation level - if it is asymptotically stable and, under zero initial and boundary
conditions, ||Z||., < v |lw||, holds for all nonzero w £ {w; ;} € l2 {[0,00), [0,00)} where

~ A ~ 12
1Zloe = | [suP|Zi;]
Vg

We are now in a position to state the problem to be studied in this paper as follows: Determine the filter
parameters Aip(r;j4+1), Aar(Tit1,5); Bir(rij+1), Bar(rit1,j) and Cp(r; ;) of the full-order Ho or lo-lo filter
(F) for the 2-D LPV system (S), such that the following two requirements are satisfied:

1. The resulting filtering error dynamics (£) is asymptotically stable;
2. The filtering error system (£) ensures a noise attenuation level 7 in an Ho, or lo-lo sense.

I1I. 'Ho FILTERING
A. Filter Analysis

In this section, we propose a sufficient condition for the solvability of the H, filtering problem formulated
in the previous section. First, we give the following theorem which will play a key role in the derivation of
our main results.

Theorem 1: The filtering error system (£) in (4) is asymptotically stable with an Ho, disturbance atten-
uation level v > 0 if there exist matrix functions P(r; ;) > 0 and Q(r; ;) > 0 such that the following PLMI
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holds:
[ —P(riz1541) 0 0 Prigijr)Ai(rigr) Plrivijen)Ae(rieg)
x -1 0 0 C(rity)
* * —1I C_'(TL]'-H) 0
* * x  Q(rij+1) — P(rij+1) 0
* *ook * —Q(rit1,)
* * * * *
i * % * *
P(riy1+1)Bi(rij41) P(ris1j+1)Ba(rig1j) |
0 0
0 0
0 0 <0 (6)
0 0
—2I 0
* -2 i

Proof: First, let us examine the asymptotic stability of the filtering error system (&) in (4) with w; ; = 0.
Notice that PLMI (6) implies P(r; 1) — Q(rij+1) >0 (Vi,5 =1,2,...) and consider the following index:

Tij 2 &1 1 P(rivr o)1 — & diag {(P(rij41) — Q(rij+1)), Qric1 ;) € (7)

- T
where £ £ [ iTj+1 2.7;1]. ] , and P(r;;), Q(ri;) (i,j = 1,2,...) are symmetric positive definite matrix
functions to be determined. Then, along the solution of the filtering error system (&), we have
- —_ T —_ -
Liy = [Ai(rije)&igm + Aa(ripry)éivig] P(rivagsn) [Au(rije)&ije + A2 (rig1j)Eivj]
—&diag {(P(rij1) = Q(rij1)), Q(riv1 )} €, (8)

and it follows that
Zi; = ETW¢ 9)
where

g2 | A i) Priv ) Ai(rigr) = Plrign) + Q(rij)

k

i AlT(Ti,j+1)P(Tz'+1_,j+1)fi2(7”z'+1,j)
AL (riz1)P(rig1j1)Aa(rivr;) — Q(rig1)

By Schur complement [6], PLMI (6) implies ¥ < 0. Then, for all £ # 0, we have

L Py )i o1 — Ediag {(P(rijt1) — Q(rij+1)), Q(rit1,)} &
ETdiag {(P(rij+1) — Q(rij+1)), Q(riz1,;)} €
—{I(—w)¢
§Tdiag {(P(rij+1) — Q(rij+1)), Qriy1)} €
< —Amin(—Y)
T Amax(diag {(P(rij+1) — Q(ri,+1)), Q(rit1,5)})

—a—1, Vij=12,...

where

o Iy 1— )\min(_\y)
Amax (diag {(P(rij+1) — Q(rij+1)), Q(rit1,5)})
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Since

Amin(_\y)
)\max(diag {(P(Ti,j—i-l) - Q(Ti,j—l—l)), Q(Ti-l-l,j)})

>0
we have a < 1. Obviously,

0 &y Privn )i ]
— ldiag {(P(rij41) — Q(rij41)), Q(rix1,5)} €

)

which means a € (0,1) and « is independent of 5 . Therefore, we arrive at

&1 1 Privtjr)&is e < af diag {(P(rij41) — Q(rij41)), Qrig1 )} &

or
5iT+1,j+1P(7"z‘+1,j+1)fz‘+1,j+1 <a {5iT,j+1(P(7‘i,j+1) — Q(rij+1))&ij+1 + 5iT+1,jQ(7‘i+1,j)fz‘+1,j}

Using relationship (10) and P(r; j4+1) > Q(rij+1), it can be established that

i1 0P(h+10)8110 = Ghy1oP(Th41,0)&k41,0
§eaP(ri)6ea a {11 (P(re—11) — Q(ri—1,1))ék—1,1 + &40Q(1,0) k0 }

IN

< {11 (Pre-11) — Q(rr-11))&k—1.1 + ELoP(rk0)ék0 }
G10Pre—12)8-12 < a{& 5a(P(rr—s2) — Q(rr—22))ék—22 + & 11Q(rk-11)Ek—1,1}
EePrip)éir < o€l (Prox) — Q(ror)éok + &1 k_1Q(rik—1)& -1}
< a{&lpP(rog)éor + &k 1Q(rin—1)&1 51}
a1 Progps)éorr1 = &1 Prog+1)é0k+1
which imply
k+1 k
Z §g+1—j,jp(7"k+1—j,j)§k+1—j,j < «a Z flz—j,jp(rk—jvj)fk—j,j
=0 =0

& 1.0P (Th41,0)6041,0 + &0 kg1 P(T0 1) €041

Using the above relationship iteratively, we obtain

k1 e
T e T
S & Py < > (G 0P rr1-50)&s1-50 + € a1 Pross1—7)E0 s 1]
=0 =0
+aF el P(ro0) o0
k1
e T
< Zaj [§k+1—j,0P(T'€+1—j,0)§k+1—j70 +fo,k+1—jp(7’0,k+1—j)§O,k+1—j]
=0
Therefore, we have
k+1 k+1
2 j 2 2
> 1€kr1-44l Sﬁza]{|£k+1—j,o| + €0, k4141 }
=0 =0

where
N max; 4 )\max(P(TiJ))
mini,j )\max(P(ri,j))

K

(10)
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Now, by denoting &} £ Z?:o \gk_my?, it follows from the inequality (11) that

X < K {|€o,0|2 + |§0,0|2}

X1 < K {Oé [!50,0!2 + \50,0\2} + [!51,0!2 + !50,1\2]}

X, < K {042 [|€o,0|2 + |§0,0|2} + o [|€1,0|2 + |§0,1|2} + [|€2,0|2 + |§0,2|2} }

Ay < ;i{OéN [\50,0\2 + \50,0!2} +alN Tt [\51,0!2 + !50,1\2] ++ DSN,O\Q + \50,1\/!2} }

Summing up the both sides of the above inequality system yields

N

Y X < kl+a+-+al) {|60,0|2 - |£o,o|2} +r(l+at-+aNh
k=0

X {’51,0\2 + \50,1!2} +-+ K {’51\/,0\2 + \fo,zv!z}
/1(1+04+~~+04N){\§o,o\2+ !5070!2} +r(l4+a+---+a)

X {|£1,0|2 + |fo,1|2} + - Fr(l+a+---+aV) {|£N,o|2 + |§0,N|2}

oV (&
- Hll —aa {Z ol + ’507’“‘2}}

k=0

IN

Then, under Assumption 1, the right side of the above inequality is bounded for every boundary condition,
which means limy_, . X = 0, that is, \&-7]-]2 — 0 as i+ j — oo, and the filtering error system (£) with w; ; =0
is guaranteed to be asymptotically stable.

Having dealt with the stability issue, we are now ready to establish the H., performance for the filtering
error system (£) by assuming zero initial and boundary conditions, that is & j = 0 for i = 0 or j = 0. Consider
the following index:

J 2T, 72wTw +1; (12)
T T
where z £ zgjﬂ ZiT+1,j L wE [ ngﬂ wal,j } , Z; j is defined in (7) and has been further developed

to (8). Then, along the solutions of the filtering error system (£), we have

T ~T ~ T ~T 2
T = &0 (rij+1)C(rijs1)&igr1 + &1 ;O (riv1,;)C(ri1 )it
2 T 2 T
=Y Wi i Wi+l — YV Wigy jwit1,; +Zij
A T
= nln

T

T and

A T T T
where n = | &'y &g Wi Wiviy

Iy IMpp Ty TIig
oo Tloz Tlog
* x  II33 1l3y4
* * * H44
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in which
i 2 A (riga1) P(rive) Ar(rigen) + CT (rigan)C(rigan) — P(rijon) + Q(rigea),
My 2 A (rij11)P(ris1je1)Ao(rin ),
Mz £ Al (rijs1)P(riv1ge1)Bi(rige),
Oy £ A5 (rig1;)P(rivagen)Az(rivr) + CT (riga)C(riva ) — Qrisay),
My 2 Ag(r,+17])P(7‘i+1,g+l)Bl(Tz,J-I—l)v
M3z 2 B (rijr1)P(risije) Bi(rigje) — 71,
I, 2 A{(ri7j+1)P(T,~+1J+1)B2(Tz+1,J)7
My, 2 Ag(rHl’j)P(rHLJH)Bz(Terl,J),
M3y 2 B(riji1)P(riz1j+1)Ba(rit1),
My 2 By (risj) Privage1)Ba(rivny) — 7°L.

By Schur complement, PLMI (6) implies IT < 0, and we have J < 0 for all n # 0, i.e.,

&1y P(risnjr)éir e < diag {(P(rije1) — Q(rijs1)), Qrip1 )} € — 2"z + y*w’w

that is,

& Prisijs)ivimr < &5 (Plrijr) — Qrijen))&ijet + &1 jQrivr )i (13)

T T 2T 2T
T2 41705+ T Zig1 i1, T YW Wi gl T Y Wi jWit 1)

Using relationship (13), it can be established that

&1 0P(rh+10)8h+10 = &hy1.0P(Th41,0)E0+1,0

GaPrk)éry < &11(P(re—11) — Q(re—11))&—1.1 + & 0Q(rk0)Ek0
— 2 11%k=1,1 — Zh0%k0 + YV Wh_11Wk—1,1 + Y Wk 0Wk,0

G 1oP(rh-12)8-12 < &G_9a(P(Th—22) — Q(ri—22))&k-2.2 + &1 1Q(re—1,1)Ek—1,1

T T 2 T 2T
—2p_29%k—2,2 — Zf_1,1%k—1,1 TV Wp_9oWk—22 T YV W_1 1Wk—1,1

EhPrin)ée < &Er(P(ror) — Qrox))on + &1 j 1Q(r1e—1)€1 k-1
— 20 k20k — 21 k12151 + VW0 xWok + VW] p_ w1 k-1

&k Props)éokt1 = & ps1Prop+1)E0k+1

which imply

k+1 k k k

T T T 2 T
> P )15 < &Pk )k — 2D 2y ithgg T 270 Y Wl Wk
=0 =0 =0 7=0

Summing up both sides of the above inequality from &k = 0 to k = N, we have

N+1

N &k N k
1
T 2 T T
ZZ Zh—j,j%k—5g <Y Z Zwk—jg‘wk—jvj ) Z ENt1-j PN+ 1-55)EN+1—55

k=0 j=0 k=0 j=0 §=0
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and

© k © k
DD Hhgheid <D Wik
k=0 j=0 k=0 j=0
which indicates that ||z]|y < 7 [|w]|, for all nonzero w £ {w; ;} € I2{[0,00), [0, 00)}. The proof is now complete.
O
Remark 1: Note that there exist product terms between the matrix function P(r; ;) and the system dynamic
matrices in the PLMI condition proposed in Theorem 1, which will bring some difficulties in solving the filter
synthesis problem. Applying the approach proposed in [4], in the following, we will make a decoupling between
the matrix function P(r; ;) and the system dynamic matrices by introducing a slack matrix variable. This
decoupling technique enables us to obtain a more easily tractable condition for the filter synthesis, which leads
to the result in the next theorem.
Theorem 2: The filtering error system (£) in (4) is asymptotically stable with an H., disturbance attenua-
tion level v > 0 if there exist matrix functions P(r; ;) > 0, Q(r;;) > 0 and matrix X such that the following
PLMI holds:

i <I>11 0 0 XTﬁl(T‘iJ_i_l) XTAQ(T‘Z'+1J) XTgl(ri,j+1) XTBQ(T‘H_LJ') i
* —1I 0 0 C’(ri—l-l,j) 0 0
* * —TI C_'(Ti,j—i-l) 0 0 0
ko ko ok Dy 0 0 0 <0 (14)
* % % * —Q(rit1,) 0 0
* x ok * * —2T 0
B x % * * * —2T i

where
D11 2 Priv1je1) — X — X1, @y 2 Q(rijm1) — P(rij1)-

Proof. All we need to do is to prove the equivalence between (6) and (14). First, if (6) holds, then
(14) can be readily established by choosing X = X7 = P(r;11,+1). On the other hand, if (14) holds, then
P(riy1j4+1) — X — XT < 0, which implies that X is nonsingular since P(rit1,4+1) > 0. In addition, we have
(X = P(riz1,541))" P (rig1,5+1) (X = P(rig1,j41)) > 0, which means —X" P~ (riy1j11)X < P(rit1,j41) —
X — XT. Therefore, the following PLMI holds:

[ —XTP Y rig1je)X 0 0 XTAy(rijp) XTAs(riyry) XTBi(rijr) XTBa(ripij) ]
* -1 0 0 C(rit14) 0 0
* * -1 C(Ti’j+1) 0 0 0
* x ok D4y 0 0 0 <0 (15)
* * ok * —Q(ris1,) 0 0
* % * * —~2I 0
i * * * * * * —2I ]

Performing a congruence transformation to (15) by diag {X_lP(riH,j_,_l), I, 1,1, 1, 1, I} yields (6), and
the proof is then completed. O

B. Hy, Filter Synthesis

Now, we are in a position to give the result on the filter synthesis problem based on the improved PLMI
condition proposed in Theorem 2. The following theorem gives a sufficient condition for the existence of such
an Hoo filter with the form of (F) for the 2-D LPV system (S).



SUBMITTED

10

Theorem 3: Consider the 2-D LPV system (S) in (1). Given a scalar v > 0, then there exists a full-order
Ho filter in the form of (F) such that the resulting filtering error system (&) is asymptotically stable with an

Ho disturbance attenuation level « if there exist matrix functions I:’l(ri,j), P, (rij), Py (rij), Ql(nd), Q> (rij),
Qg(n,j), f_llp(m-,j), Agp(ri7j), Blp(ri7j), ng(ri7j), C*F(ri,j) and matrices U, V, W such that the following

PLMIs hold:

*
*

*

EEE S

Pi(riz1j41) —UT = U Pou(rig141) —WT =V 0

Py (riy1j41) —WT —W 0

* -1
k k
k k
k k
* *
* *
* *
* *

Arp(rijen)

Arp(rij)

0
—Cp(rijt1)

6:22(7“z',j+1) - 1?2(7"z‘,j+1)

Q3(rij+1) — P3(rijt1)

3
*
*
*
UT'By(rijjp1) + Bip(rij41)D(rij41)

VIB1(rijs1) + Bip(rij41)D(rije1)
0

*¥ 2. O O O o O

UT As(rip1y) + 1?2F(7‘z'+1,j)0 (Tit1,5)
VT As(riv1;) + Bor(riv1,;)C(riza )

0 UTAi(rijs1) + Bip(rij+1)C(rijs1)
0 VTA(rijs1) + Bip(rij+1)C(rije1)

0 0
-1 L(rijt1)
* Ql(ﬁ',jﬂ) - P (Tij+1)
* *
* *
* *
* *
* *

%2F(Tz'+17j)
Agp(rig1,5)

L(T’H_l,j) —C’F(T‘H-Lj)
0 0
0 0
0 0
—Q1(ri+1,5) —C?2(7“i+1,j)
* —Q3(rit1,5)
* *
* *
UT Ba(rit15) + Bor(rig1,,)D(ris1;) |
VIBy(rip1) + Bop(rig1,5)D(ri1;)
0
0
0
<0
0
0
0
0
_72[
(16)
_ Pi(rii) Py(ris) |
P(ri;) = 1(rig) 72(7”’]) >0
k P3(’r'i,j) ]
(17)
Qlriy) = Q1(riy) Qz(ri,j) <0
* Q3(riz) |
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Moreover, the parameters of a desired Hoo filter of the form (3) can be determined as follows:

Aip(rijy1) Bir(rij+1) w=T 0 0 Arp(rij+1) Bir(rij+1)
Aop(riz1j) Bor(riyi;) | = x W T 0 Aop(rizr;) Bar(riyij) (19)
CF(T‘Z'J) 0 * * I ép(’f’@j) 0
Proof. As mentioned in the proof of Theorem 2, since P(r;;) > 0, X is nonsingular if (14) holds. Now,
partition X as
X:[Xl X?]. (20)
Xy X3

Without loss of generality, we assume that X3 and X, are nonsingular (if not, X3 and X4 may be perturbed
by matrices A X3 and AXy respectively with sufficiently small norm such that X3+ AX3 and X4 + AX, are
nonsingular and satisfying (15)). Introduce the following matrices:

0

; ]
r £ [ 0 x-lx, | U2X,, VEXoX; Xy, WaXIXTTX,,
3 4

: [ Po(r ) Polr -

i * 3(”,]
- [ Qilrig) Qa(riy)
Q(rij) 2 TTQ(r )l = Sl RN >0 (21)
’ ’ | @3(ri5)
and
Aip(rijy1) Bip(rijei) X{ 0 0 Aip(rijr1) Bir(rijer) XX, 0
Asp(rizrj) Bap(riviy) | =] = XI 0 Aop(riy1y) Bor(riyij) [ 30 [] (22)
C_'F(Ti,j) 0 * * I CF(TZ'J) O

Performing a congruence transformation to (14) by diagonal matrix diag {I", I, I, T, T, I, I}, we have

[ P(rip141) —IDTXT -TTXTT 0 0  TTXTA (rj41)T
* —I 0 0
* x =1 C(rij+1)T
* * % Qrij1) — P(rije1)
* k * *
* k * *

| * k * *

TTXT Ag(rig1 ;)0 TTXTBi(riji1) TTXTBy(ripa) |
C_'(TH_LJ')F 0

<0 (23)

|
O
—~
=3
S
+
=
<.
~
o
2 O O o o o
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in which
T XT Ay (ry 10T = X{ Ay (rijp1) + X1 Bip(rijp1)C(rije) XT Avp(rijen) X5 ' Xy
.7 + et _ — )
" | XX TXT Av(rign) + XTBip(rije1)Clrige)  X{ Ap(rijn) X5 X
TTXT Ay(rpog )T = XT Ay (i1 j) + X{ Bap(riz1,)C (rig1,) XT Aop(riv1 ) X5 Xy
i+1,7 - — — s
o | XTX3TXT Ao(riv ) + XT Bor(rig1 j)C(rivn ) X{ Azp(rig1 ) X5 Xa
T T 5 B X{ Bi(rijs1) + X{ Bip(rijp1)D(rije1)
" X" Bi(rijr) = Tv—T T T ’
| X3 X357 X5 Bi(rij1) + Xg Bip(rij1)D(rij1)
T T = B XTI By(rit1j) + X{ Bop(rit1,;)D(ris1,5)
" X7 By(riy1;) = Tv—T T T ’
| X3 X357 X Ba(rita,;) + Xg Bar(rig1,;)D(rigaj)
[ X7 XTx7lx _
T T _ 1 4 3 4 o _ -1
r'x'r = XTXTXT XTXX, | C(ri )l = [ L(rij) —Cp(rij)Xs X4 } (24)

Substituting (21)—(22) and (24) into (23) yields (16). On the other hand, (22) is equivalent to

Arp(rije1) Bir(rijs1) [ X; T 0 0 Aip(rijr1) Bir(rije1) X1X; 0
Aop(rivrj) Bor(riyiy) | = « X770 Aop(rivrj) Bar(riyij) [ 40 I]
CF(TZ'J) 0 | * * I CF(Ti,j) 0
r _ —1
(xX;'xs) - wT 0 0
= * (X7 X3) " W T 0
i * * I
Arp(rijn) Bip(rij) X7 0
X | Aop(riz1;) Bar(rigi;) 0 7 (25)
CF(T’Z'J) 0

Then, it is noted that the filter matrices of (3) can be written as (25). This implies that X ' X3 can be viewed
as a similarity transformation on the state-space realization of the filter and, as such, has no effect on the
filter mapping from y to 2. Without loss of generality, we can set X, 1 X5 = I, thus obtain (19). Therefore,
we can conclude that the filter in (3) can be constructed by (19). This completes the proof. O

Remark 2: Note that Theorem 3 provides a sufficient condition for the solvability of the H filtering problem
for 2-D LPV system. Since the obtained condition is within the PLMIs framework, the desired filter can be
determined by solving the following convex optimization problem:

Minimize ~? subject to (16)-(18). (26)

Remark 3: Notice that the PLMI condition (16) corresponds to an infinite-dimensional convex problem due

to its parametric dependence. To convert it into a finite-dimensional optimization problem, by using the

gridding technique, the parameter-dependent matrix function Y(r; ;) £ {Pi(ri;), Pa(ri ), P3(rij), Q1(ri ),

Q2(rij), Q3(rij), Air(ri;), Aop(rij), Bip(rij), Bar(ri;), Cr(rij)} that appears in (16) can be approximated

using a finite set of basis functions [20]. That is, we can choose appropriate basis functions { f (T‘Zj)}Zi , such
that

V(rij) = Z:il Ji(ri ) Vi (27)

where Vi £ {Pig, Pog, Psi, Quis Qoky Qsks A1pk, Aork, Birk, Bark, Cry} denotes the vertices of Y(r; ;).
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1V. [l5-l, FILTERING
A. Filter Analysis

In this section, the sufficient condition for the solvability of the ls-l filtering problem formulated in the
previous section is derived. First, we give the following theorem which will play a key role in the derivation
of our main results.

Theorem 4: The filtering error system (&) in (4) is asymptotically stable with an ls-lo disturbance atten-
uation level v > 0 if there exist matrix functions P(r; ;) > 0 and Q(r; ;) > 0 such that the following PLMIs
hold:

—P(riz1j41) P(rivijr)Ai(rijen)  P(riyije)Aa(riz)
* Q(rij+1) — P(rijt1) 0
* * —Q(rit1,5)
k * *
* * *
P(ris141)Bi(rij+1) P(rig1j41)Ba(risj)
0 0
0 0 <0 (28)
-1 0
% _I
-1 0 CO(rije) 0 ]
= 0 C(rit14) <0 (29)
* k —P(’r’i’j+1) 0
* * * —P(rit15) |

Proof. For the establishment of the asymptotic stability of the filtering error system (€) in (4) with w; ; = 0,
we refer the readers to the proof of Theorem 1. In the following, we shall develop an ls-lo, performance for
the filtering error system (£). Consider the following index:

L2 —wTw —I—Ii,j (30)
A T A T
where z = [ Egjﬂ 52-7;1’]- } ,w = [ ngﬂ wal’j } , Z; j is defined in (7) and has been further developed
to (8). Then, along the solution of the filtering error system (£), we calculate that

_ T T _ T
L= —w;;Wwij+1 — wipy wit1; + Lij =1 Xn

T
o[ .7 T T T
Wheren—[ ij+1 §i+17j Wi j+1 wz’+17j} and
Y X2 X3 X
NE Yoo Mg Yo

* * Y33 234
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with
S £ AT (rigr)P(riv i) Ar(rige) + Q(rijer) — P(rij),
Yo 2 Ar{(r 1) P(rig1j1)Aa(riva ),
i3 2 A7 (rije) P(riva 1) Bi(rija),
Yy 2 Aflpr,]+1)P(ri+1,j+1)B2( Tit1);
Yo £ AL (rig1)Priv1 1) Az (rivs;) — Qriva ),
So3 & AF (ris1)P(riv1g+1)Bi(riga),
Your 2 Al(riy1;)P(riv1jo1)Ba(rit1),
Ya3 = BlT(T i) P (ritj41)B 1(”J+1) —1I
Y31 & Bl (rij11)P(ris1+1)B2(riv1j),
Y4 2 BY(rig1)P(riy1je1)Ba(risi;) — 1.

By Schur complement, PLMI (28) implies ¥ < 0, and then for n # 0, we have £ < 0, i.e.,

&1 Privrjr)in g < & diag {(P(rij11) — Q(rij1)), Qrig1)} € +w'w,
that is,
& Privrje)éivjmn < &0 (Prije) — Q(rije)&ijr + &1 ;Q(riv1)éivn,
T T
Wi j Wi+l T Wity jWitl,j
Using the relationship (31), it can be seen that
&1 0P(h+10)8h+10 = &hy1.0P(Th41,0)E0+1,0
GaPrk)ry < G1(P(re—11) — Qre—11))&—1.1 + & 0Q(rk0)Ek0
+w;{_171wk_171 + wg:owkp

G 1oP(rh-12)8-12 < & _0o(P(Th—22) — Q(ri—22))&k-2.2 + &1 1Q(re—1,1)Ek—1,1

T T
FTWi 2 oWk—22 T Wk_11Wk—1,1

EhPrin)ée < &r(P(ror) — Qrox))éon + &1k 1Q(r1e—1)€1 k-1
Wi gwo,e + W1 g 1w k-1

& pr1Prors)oksr = &0 pr1P(rore1)éoks

which imply

k+1
Z€k+1 —j.j P(rpy1- gg)§k+1 —3,3 <Z§k —4.d P(ry— Jy)fk J,J+2Zwk 5,%Wk—3.
7=0 7=0 7=0

Summing up both sides of the above inequality with respect to K from 0 to IV, we have

N+1

251\[4_1 —j.j (TN—H ]J)gN—i—l ]J<222wk‘ 3,7%k—3,j

§=0 k=0 j=0

14

(31)
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Since the integer N can be taken arbitrarily, it is also true from (32) that:

© k
& Plrige)éige + & Prin )6y < 2D ) wipwra =2l Yij=1,2,... (33)

k=0 1=0

On the other hand, by Schur complement, (29) yields

—P(rij1) + 2772 CT(rij41)C(rijrn) < 0 (34)
—P(riy1) +272CT (rig1)C(rig1y) < 0 (35)
Pre- and post- multiplying both sides of (34) with {Zj 41 and its transpose, and pre- and post- multiplying
both sides of (35) with 5;&17 j and its transpose, we sum up both sides of two resultant inequalities and obtain

2y 2] 1 CT (i j41) C(ri 1) &ij1 + 292650 ,CT (rig1,5)C (Tig ) Giv1 g

T T
< & i P(rigr1)€ie1 + &1 jP(riv1,5)8iv 15,

that is,
2y72 (Zgj.g-lgi,j—i-l + Zﬁl,jfiﬂ,j) < §Zj+1p(7“i,j+1)fi,j+1 + ﬁﬁl,jp(ﬁﬂ,j)&ﬂ,j- (36)

Considering (33) and (36), we have
Zi517 = 2L Z e + 2L iy <P wls Vii=1,2,...

Therefore, we conclude that
1212, = sup |Zi41* < +° w3
Y i,j

which implies 2|, < v||w|ly, that is, the ls-loc gain from w to Z is less than ~. This completes the proof. [J

Along the same line of the derivation in Theorem 2, we can obtain the following theorem for which the
proof is omitted.

Theorem 5: The filtering error system (€) in (4) is asymptotically stable with an l-lo, disturbance attenu-
ation level v > 0 if there exist matrix functions P(r; ;) > 0, Q(r; ;) > 0 and matrix X such that (29) and the
following PLMI holds:

Oy XTA (i) XTAs(ripay) XTBi(rigen) X7 Ba(rig)

* Dyy 0 0 0

* * —Q(rit15) 0 0 <0 (37)
* * * —TI 0

* * * * —I

where ®1; and ®4y are defined in (14).

B. l3-lo Filter Synthesis

Now, we are in a position to give the result on the filter synthesis problem based on the improved PLMI
condition proposed in Theorem 5. The following theorem gives a sufficient condition for the existence of such
an la-lo filter with the form of (F) for the 2-D LPV system (S).

Theorem 6: Consider the 2-D LPV system (S) in (1). Given a scalar v > 0, then there exists a full-order
lo-l filter in the form of (F) such that the resulting filtering error system (£) is asymptotically stable with
an lo-lo, disturbance attenuation level ~y if there exist matrix functions P; (riz), P2(ri,j), Pg(ri,j), Ql(rm),
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Qg(’r’i’j), Q3(7‘i,j), Alp(’r’i’j), AQF(T‘Z'J’), BIF(Ti,j), BQF(T‘Z'J’), ép(’f’@j) and matrices U, V, W SllCh that the
following PLMIs hold:

Bz (ris1j+1) — UL —=U  Pu(riz141) —WT =V UTAy(rij41) + Bir(ri j11)C(rij+1)
* Py (rig1j01) —WT =W VT A (riji1) + Bir(rijs1)C(rije)
* * Q1(rij+1) — Pi(rij+1)
ES ES ES
ES ES ES
ES * ES
ES * ES
* * *
Aip(rijr1) UT Ag(riy1) + Bar(riz1,5)C(riv1;)  Asr(riva)
Arp(rij+1) VT Ag(rig1) + Bar(rigr1,5)C(riv1y)  Asr(riza)
Qa(rij+1) — Pa(rijy1) 0 0
Q3(rij+1) — P3(rijy1) ) 0 B 0
* —Q1(7i41,5) —Qz(ri+1,j)
* * —Q3(riy1)
ES ES ES
* * *
UTBi(rij41) + Bir(rijt1)D(rije1)  UTBo(rit1y) + Bop(ris1 ;) D(ris1;) |
VIB(rij41) + Bip(rijr1)D(rije1) VIBa(rig1;) + Bar(rip1,;)D(riv1)
0 0
0 0
<0 (38)
0 0
0 0
-1 0
* -1 ]
[ -3 0 L(rijr1)  —Cr(rijsr) 0 0 1
x =3 0 0 L(rit1;)  —Cr(rit1;)
* * =hrige) —B(rige) 0 0 <0 (39)
* * * —Pg(?‘i7j+1) 0 0
* * * * —Pi(ris1g)  —Pa(riciy)
B * * * * —Ps(rit1)
- Pi(rii) DPolri: i
P(ri ) = 1(rig) Palri) >0 (40)
k Pg(’r'i,j) ]
~ Qi(rij) Qalriy) |
Q(T‘i7 ) = ’ — ’ >0 (41)
’ * Q3(riz) |
Moreover, a desired lo-lo filter is given in the form of (3) with parameters as follows:
Aip(rij) Bir(rig) w=T 0 0 Aip(rij) Bir(rig)
Aop(rij) Bap(rij) | = x W T 0 Aop(riz) Bap(rij) | - (42)
Cr(r4j) 0 * * 1 C’F(T‘m) 0

Proof. The proof can be carried out by employing the same techniques used as in the proof of Theorem 3,
and is thus omitted here. O
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Remark 4: Tt should be pointed out that, in order to obtain (39), we can perform a congruence transfor-
mation to (29) by diag{I, I, T, I'} and consider (24) and (21)—(22).

Remark 5: Notice that Theorem 6 provides a sufficient condition for the solvability of the ls-l, filter problem
for the 2-D LPV system. Since the obtained conditions are expressed in terms of PLMIs, the desired filter
can be determined by solving the following convex optimization problem:

Minimize v  subject to (38)-(41) (43)

V. AN ILLUSTRATIVE EXAMPLE

Consider 2-D LPV system (S) in (1) with the following matrices:

[ 024017, —0.5 0.5+ 0.1},
A (r: = B,j+1 . Bi(ri; = B,j+1
1{rig+) i 0.5 0.2+ 0.1r2, 1{rig+) 0.25
[ 025 0.1rk,, . 0
As(rivry) = ZH’J v Ba(riyi) =
o | 0.05 0.4+0.1r7,, o 0.5+ 0.1r},,
Clrij) = | 2040201, 100102, } . D(riy) =10—-0.1r},
Lrij) = | LO+0.1rY, 2.0-0.22, }
where 7"2-1’ ; = sin(i + j) and 7‘3 ; = |cos(5i + 5j)| are two time-varying parameters. Let the disturbance input

wi,j be
0.5, 3<4,7<519
-
" 0, otherwise

Our purpose hereafter is to design an Hoo or lo-ls filter in the form of (3) such that the filtering error
system (€) is asymptotically stable with an Ho, or lo-lo disturbance attenuation level . To solve the filters
synthesis problem, we choose three basis functions in expansion (27) as follows:

Alrig) =1, falrig) =rlj,  fs(rig) =175 (44)

)

Gridding the parameter space uniformly using a 5 x 5 grid, solving the convex optimization problem of
(26) by using the LMI-Toolbox in the Matlab and considering (19), we obtain that the minimum achievable
(according to the feasibility of the LMI conditions) noise attenuation level for the full-order H, filtering
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problem is v* = 1.8469 and the corresponding filter matrices as follows:

[ 0.0765 —0.1711 —0.0298 —0.0246
Aipr = , 1F2 =
0.0079 —0.0399 —0.0128  0.0062
[ 01197 —0.0623 0.0159 —0.0120
Aipz = , 2F1 =
0.0091  0.0598 —0.1949  0.1517
o | 00349 0.0242 [ —0.0057 0.0011
P27 00621 —0.0105 |7 TH Tl —0.0701 0.0207
[ —0.0043 —0.0263 —0.0746
Bipy = . By = . Bips =
1 —0.1489 ] 12 [ 0.0046 ] L3 [ —0.0160 ]
[ _0.0371 —0.0139 —0.0060
Bopy = . Bopy = . Bops =
2K —0.1055 ] 22 [ —0.0203 ] 283 [ —0.0565 ]
Cpi = | —0.9559 —2.0140 } . Cpy = [ ~0.1020 —0.0133 }
Crs = | —0.0658 0.2222 ]

By solving the convex optimization problem of (43) and considering (42), the minimum l5-/,, attenuation
performance obtained is v* = 1.3632, and the corresponding filter matrices are

[ _0.0652 —0.1653 ~0.0021 —0.0076
Aipr = , 1F2 =
—0.0110 —0.0253 0.0063  0.0064
[ _0.0378 —0.0184 0.0067 —0.0072
Aipz = , 2F1 =
0.0061  0.0261 ~0.1121  0.0406
Ao _ | —0.0265 0.0131 [ 00012 0.0025
227 00158 0.0039 |7 PR T —0.0121 0.0128
[ —0.0610 —0.0064 —0.0276
Bipy = . Bipy = . Bips =
L —0.0655 ] L2 [ 0.0065 ] LS [ —0.0032 ]
[ _0.0251 ~0.0112 ~0.0015
Bypy = . Bopy = . Bops =
2 —0.0601 ] 22 [ —0.0022 ] 283 [ —0.0142 ]
Cpi = | —0.9544 —1.9419 } . Cpy = [ —0.0950 —0.0107 ]
Cps = | —0.0375 0.1738 }

Then, from Remark 3, the corresponding Hoo or lo-ly filter parameter matrices X'(r; ;) =S {A1r(ri ),

Asp(1i4), Bir(rij, Bar(1ij,Cr(ri;)} can be described by
3
X(rij) = Zk:l Ji(7i5) X

where Xy £ {A1pk, Aork, Birk, Bapk, Cri} denotes the vertices of Xy (r; ;), and fx(r; ;) have defined in (44).

In the following, we shall show the usefulness of the designed H, and lo-l, filters by presenting simulation
results. To show the asymptotic stability of the filtering error system, let the initial and boundary conditions
be

T

(15| L 0<i<s
To,; = Tj,0 =

) )

[0 0] . i>15
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The Hyo and ls-ly, performances are summarized in Table 1. It can be seen that the achieved H,, and
lo-lo gains less than the corresponding minimum feasible H, performance v* = 1.8469 and [5-1, performance
v* = 1.3632, respectively.

Performances Minimum Feasible v | Achieved Values
Hso performance 1.8469 1.6714
l9-ls performance 1.3632 1.2035

Table 1. Summary of the H, and lo-lo, performances

The state responses of the designed H, filter are given in Figures 1 and 2, and Figure 3 shows the filtering
error Z; j of the H, filtering. Similarly, the state responses of the designed la-I filter are given in Figures 4
and 5, and Figure 6 shows the filtering error z; ; of the l>-ly, case. It can be seen from Figures 3 and 6 that
both the Ho, and lo-l filters guarantee that z; ; converges to zero under the above conditions.

VI. CONCLUSION

In this paper, the problems of H, and lso-l filtering for a class of 2-D LPV systems have been investigated.
Some sufficient conditions have been proposed for the existences of Hy, and ls-ly filters in terms of PLMIs,
respectively. The designed Hy, or lo-l filter guarantees asymptotic stability and a prescribed Hoo or lo-lso
performance of the filtering error system, and the desired filters can be found by solving the corresponding
convex optimization problems. An illustrative example has been presented to demonstrate the effectiveness
of the proposed methods.
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