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Robust Hyo Control for A Class of Nonlinear
Stochastic Systems with Mixed Time-Delay

Yurong Liu, Zidong Wang* and Xiaohui Liu

Abstract

This paper is concerned with the problem of robust H, control for a class of uncertain nonlinear It6-type stochastic
systems with mixed time delays. The parameter uncertainties are assumed to be norm-bounded, the mixed time delays
comprise both the discrete and distributed delays, and the the sector nonlinearities appear in both the system states and
delayed states. The problem addressed is the design of a linear state feedback controller such that, in the simultaneous
presence of parameter uncertainties, system nonlinearities and mixed time-delays, the resulting closed-loop system is
asymptotically stable in the mean square and also achieves a prescribed H,, disturbance rejection attenuation level.
By using the Lyapunov stability theory and the It differential role, some new techniques are developed to derive the
sufficient conditions guaranteeing the existence of the desired feedback controllers. A unified linear matrix inequality
(LMI) is proposed to deal with the problem under consideration and a numerical example is exploited to show the
usefulness of the results obtained.
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I. INTRODUCTION

Nonlinear systems and stochastic systems are arguably two of the most important kinds of complex systems
that have had successful applications in control and communication problems, such as attitude control of
satellites and missile control, macroeconomic system control, chemical process control, etc. In the past years,
control of nonlinear stochastic systems has been a topic of recurring interest in the past years, and a great
number of results on this subject have been reported in the literature; see, for example, [16] for a survey.

It is noticed that, recently, a variety of nonlinear stochastic systems have received renewed research interests.
For example, in [3], a minimax dynamic game approach has been developed for the controller design problem
of the nonlinear stochastic systems that employ risk-sensitive performance criteria. The stabilization problem
has been investigated in [4,5] for nonlinear stochastic systems, and a stochastic counterpart of the input-to-
state stabilization results has been provided. In [15], under an infinite-horizon risk-sensitive cost criterion, the
problem of output feedback control design has been studied for a class of strict feedback stochastic nonlinear
systems. In [25], the decentralized global stabilization problem has been dealt with by using a Lyapunov-based
recursive design method. Most recently, in [2], an Hy-type theory has been developed for a large class of
discrete-time nonlinear stochastic systems. It is worth mentioning that, among different descriptions of the
nonlinearities, the so-called sector nonlinearity [10] has gained much attention for deterministic systems, and
both the control analysis and model reduction problems have been investigated, see [9,13,14].

On the other hand, since time delays are encountered in various physical and engineering systems and often
result in instability and performance degradation, increasing attention has recently been focused on robust
and/or Hs, control problems for linear systems with certain types of time-delays, see [1] for a survey. Within
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the stochastic framework, the stability analysis problem for linear time-delay systems has been studied by
many authors. For example, in [23], the stability analysis problem for uncertain stochastic fuzzy systems with
time-delays has been considered. In [26], an LMI approach has been developed to cope with the robust H,
control problem for linear uncertain stochastic systems with state delay. In [17], the robust integral sliding
mode control problem has been studied for uncertain stochastic systems with time-varying delays, and the
H, performance has been analyzed in [7] for continuous-time stochastic systems with polytopic uncertainties.
In [8], the robust Ly — Lo filtering problem has been thoroughly studied for uncertain stochastic time-
delay systems, and the filter design has been elegantly cast into a convex optimization problem with little
conservatism. As for nonlinear stochastic time-delay systems, the related results have been scattered, and
most of the results have been concerned with the stability analysis issue with only discrete time-delays, see
e.g. [6,21,22]. So far, the robust Hy, control problem for nonlinear stochastic systems with mixed time-delays
has not been fully investigated and remains important.

In this paper, we will consider the robust H, control problem for a class of uncertain continuous-time Ito-
type stochastic systems involving sector nonlinearities and mixed time delays. The parameter uncertainties
are assumed to be norm-bounded, the mixed time delays comprise both the discrete and distributed delays,
and the sector nonlinearities appear in the system states and all delayed states. An effective linear matrix
inequality (LMI) approach is proposed to design the state feedback controllers such that, for all admissible
nonlinearities and time-delays, the overall uncertain closed-loop system is robustly asymptotically stable in the
mean square and a prescribed H., disturbance rejection attenuation level is guaranteed. We first investigate
the sufficient conditions for the uncertain nonlinear stochastic time-delay systems to be stable in the mean
square, and then derive the explicit expression of the desired controller gains. A numerical example is provided
to show the usefulness and effectiveness of the proposed design method.

Notations: Throughout this paper, R™ and R"™*™ denote, respectively, the n dimensional Euclidean
space and the set of all n x m real matrices. The superscript “I” denotes the transpose and the nota-
tion X > Y (respectively, X > Y) where X and Y are symmetric matrices, means that X — Y is positive
semi-definite (respectively, positive definite). I is the identity matrix with compatible dimension. We let
h > 0 and C([—h,0];R™) denote the family of continuous functions ¢ from [—h,0] to R™ with the norm
loll = sup_p<p<o [©(0)], where |- [ is the Euclidean norm in R™. If A is a matrix, denote by ||A]| its operator
norm, ie., [|[4] = sup{|Az| : |z| = 1} = VAmax(ATA) where Apax(-) (respectively, Apin(-)) means the
largest (respectively, smallest) eigenvalue of A. Moreover, let (Q, F,{F;}i>0, P) be a complete probability
space with a filtration {F; }+>( satisfying the usual conditions (i.e., the filtration contains all P-null sets and is
right continuous). Denote by LZ}O([—h, 0]; R™) the family of all Fyp-measurable C([—h, 0]; R™)-valued random
variables £ = {£(6) : —h < 0 < 0} such that sup_j,<p<o E|£(0)|P < oo where E{-} stands for the mathematical
expectation operator with respect to the given pro_ba_bility measure P. The asterisk x in a matrix is used to
denote term that is induced by symmetry. Matrices, if not explicitly specified, are assumed to have compatible
dimensions. Sometimes, the arguments of a function will be omitted in the analysis when no confusion can
arise.

II. PROBLEM FORMULATION

Consider, on a probability space ({2, F,P), the following uncertain nonlinear It6 stochastic system with
time delays of the form:

(2) sda(t) = [Flat),z(t —7(t)),t) + Bi(t)u(t) + Di(t)v(t)]dt
+[G(x(t), z(t — 7(t)),1) + Ba(t)u(t) + Da(t)v(t)]dw(t), (1)
y(t) = Cu(t) + Bu(t), (2)
z(t) = o), te[-7.0], (3)

where z(t) € R™ is the state vector; u(t) € R™ is the control input; y(¢) € R? is the controlled output; C' and
B are known real constant matrices; and w(t) is a zero-mean scalar Wiener process (Brownian motion) on
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(2, F,P) with
E[w(t)] =0, E[w?(t)] =t

RP), where

Also, for the exogenous disturbance signal v(t) € RP, it is assumed that v(-) € Lg2([0,00);
f(t))tz(] with

Le2(]0,00); RP) is the space of non-anticipatory square integrable stochastic process f(-) =
respect to (F;)¢>0 with the following norm:

il ={& [ ira = { [ misopa)”

Furthermore, suppose that F(-,+,-) and G(-,-,-) are nonlinear vector functions that can be decomposed as
follows:

(

Fla(t), 2t —7(t),t) = A()x(t) + f(2(t) + Aa, (D)t = 7(8)) + fa, (2(t — 7(1)))

t

+ Ag, (1) o far (x(s))ds, (4)
G(z(t),z(t —7(t)),t) = G(t)x(t) + G, ()t — 7(t)) + Gy, (¢) ;m far (x(s))ds (5)
with
A(t) = A+ AA(t), Ag(t) = Agy + AAg, (1), Aay(t) = Agy + AAg, (1), (6)
G(t) = G+ AG(t), Gg,(t) = Gay + AGq,(t), Ggy(t) = Ga, + AGg,(t). (7)
Also, the matrices By (-), Ba(-), D1(-) and Ds(-) satisfy
Bi(t) = B1 + ABi(t), Ba(t) = By + ABs(t), Di(t) = D1+ ADi(t), Da(t) = Dy + ADs(t). (8)

Here, the scalar 7(t) > 0 represents the time-varying discrete time delays satisfying 7 < h < 1 ( h is a
fixed constant), while 7y describes the size of the distributed time delays. A, Aq4,, Ag,, G, Ga,,Gq,, B1, B2, D1
and Dy are known real constant matrices, and AA(t), AAg, (t), AAqg, (), AG(t), AGy, (t), AGg,(t), ABi(t),
ABs(t), AD;(t) and ADs(t) are unknown matrices representing time-varying uncertainties, which are assumed
to satisfy the following condition:

AA(t) ABi(t) AAg(t) AAg(t) ADi(t) } _ [ My

AG(t) ABy(t) AGy(t) AGg(t) AD(t) MJF M N N2 N3 Ny N | (9)

where M; (i = 1,2) and N; (i = 1,2,3,4,5) are known real constant matrices and F(t) is the unknown
Lebesque-measurable matrix-valued function subject to the following condition:

FT)F(t) <1, Vt. (10)

Remark 1: The conditions (9)-(10) are referred to as the admissible conditions. These conditions have been
frequently used to describe parameter uncertainties in many papers dealing with filtering and control problems
for uncertain systems, see e.g. [1,17-19,23,26].

The vector-valued nonlinear functions f, fq,, fa, are assumed to satisfy the following sector-bounded condi-
tions:

[f(z) — Lia]"[f(2) — Lyx] <0, Va €R”, (11)
[fa, (x) — le]T[fdl () —Usz] <0, VzeR" (12)
[fa,(x) — Wlx]T[fd2 () — Wax] <0, VzeR" (13)

where Li, Lo, Uy, Us, W1, Wy € R™ ™ are known real constant matrices, and L = Ly — Lo, U = U; — Uy and
W = W7 — Wy are symmetric positive definite matrices.
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Remark 2: 1t is customary that the nonlinear functions f, fq,, f4, are said to belong to sectors [L1, L],
[U1, Us] and [W;, Ws], respectively [10]. The nonlinear descriptions in (11)-(13) are quite general that
include the usual Lipschitz conditions as a special case. Note that both the control analysis and model
reduction problems for systems with sector nonlinearities have been intensively studied, see e.g. [9,13,14].

With the above assumptions, the system (1)-(3) can be rewritten as

t

(X) rda(t) = [A()z(t) + Ag (2t — (1) + f(2(t) + fa, (z(t = 7(2))) + Aa, (t) fay (w(s))ds

+ Bi(t)u(t) + Di(t)v(t)]dt + [G(t)x(t) + Gg, (t)x(t — 7(t)) -
+ Gg, (1) . fa,(x(s))ds + Ba(t)u(t) + Da(t)v(t)]dw(t), (14)
y(t) = Cux(t) + Bu(t), (15)
‘T(t) = ¢(t)7 le [_77—70]7 (16)
where 7 is a positive constant satisfying 7(¢) < 7 (vt > 0) and 79 < 7.
Substituting the state feedback law
u(t) = Kx(t)
into the system (X') gives the following closed-loop system:
(Xe) s da(t) = [Ag(D)x(t) + Ag, ()2t —7(@) + f(2(1)) + fa, (2(t — (1)) + Ag, (t) . far (x(s))ds
T Dy (tu(t)]dt + G (Da(t) + Ga (Dalt - (1))
+ G (1) . far(x(s))ds + Da(t)o(t)ldw(t), (17)
y(t) = Cgx(t), (18)
l'(t) = (b(t)? le [_77-70]7 (19)

where
Ag(t) = A(t) + B1(t)K, Gk (t) = G(t) + B2(t)K, Cx = C + BK.

In this paper, we aim at developing the techniques of robust stochastic stabilization and robust H, control
for uncertain nonlinear It0 stochastic systems (17)-(19) with mixed time delays. More specifically, a state
feedback controller of the form u(t) = Kz(t) is to be designed such that

(1) The closed-loop system (3.) with v(t) = 0 is mean-square asymptotically stable for all admissible
uncertainties.

(2) Under zero initial condition, the closed-loop system satisfies ||y|le2 < 7||v]|e2 for any nonzero v(-) €
Lea([0, 4-00); R™X™).

Remark 3: For the precise definition of the stability, we refer the readers to [11,12].

ITII. MAIN RESULTS

The following lemmas are essential in establishing our main results.
Lemma 1: Let D,S and F be real matrices of appropriate dimensions with F satisfying FTF < I. Then,
for any scalar € > 0,
DFS + (DFS)! < e 'DDT 4 £S7T8.
Lemma 2: (Schur Complement) Given constant matrices 1,9, Q3 where ) = Qflp and 29 > 0, then

O+ 07003 <0
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if only if
[ o ofF
Q3 —Q
Let us now first deal with the controller analysis problem for the closed-loop system (X.), and derive
sufficient condition in the form of LMIs under which the robust mean-square asymptotic stability can be

| <o

guaranteed for the closed-loop system (X.) with v(¢) = 0.

Theorem 1: Let the controller gain K be given and suppose that the admissible conditions hold. Then, the
closed-loop system (X.) with v(t) = 0 is robustly asymptotically stable in the mean square if there exist three
positive definite matrices X, Q, R and four positive constants 1, ¢e9,e3 and g4 such that the following LMI
holds:

¥ < 0. (20)
Here
[ Q A, X I— XL, I —XWy  Ag, = X 0 XN YTNI 0 0
x —(1-h)Q 0 —XU, 0 0 G 0 X 0 0 XNT 0
* * -1 0 0 0 0 0 0 0 0 0 0
* * * -1 0 0 0 0 0 0 0 0 0
* * * * T&R -1 0 0 0 0 0 0 0 0
* * * * * -R  GL 0 0 0 0 0 NT
U= % * * * * * T 0 0 0 0 0 0 ,
* * * * * * * AL 0 0 0 0 0
* * * * * * * *x Ut 0 0 0 0
* * * * * * * * * —e1l 0 0 0
* * * * * * * * * * —eol 0 0
* * * * * * * * * * * —esl 0
| * * * * * * * * * * * * —e4l |
where
Ly = (ETLo+ LIL0)/2% Lo = —(LT + 13)/2; (21)
U = (ULUy+UFUL)/2:Us = (Ul +Uy)/2; (22)
Wi = (W Wo+ Wi Wh)/2; Wy = —(W + W)/ (23)
Y = KX; A=L1—|—W1; (24)
Q = AX+XAT +B)YY +YTBY + Q+ (e + 69 +e3 +eg) My MY, (25)
E = GX +BoY + (e + 9 +e3 +ey) MM, (26)

T = —X+ (81 + &9 +e€3+ 64)M2M2 (27)
Proof:  Consider the closed-loop system (X.) with v(¢) = 0. In order to analyze the stochastic stability,
we introduce the following Lyapunov-Krasovskii functional:

Vot) = #T()Pa(t) + /( 1 (6)Qa(s)ds + [ (/ @0a0) & ([ guteoas) as

/To/t 0 —t + 5)fd, (2(0)) R fa, (x(6))dbds,

where P = X~ and Q =X 1Qx—1.
By Ito6 differential formula [12,20], the stochastic differential of Vj(t) along the trajectory of system (%)
with v(t) = 0 is given by
t

dVo(t) = LVp(t)dt + 227 (1) PG () (t) + Gay (D2 (t —7(t)) + Gay (1) Jay (x(s))ds]dw(t),

t—710
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where

t

LVo(t) = 22T ()P [AK(t)fﬂ(t) + Ag, ()2t —7(1) + f(2(t) + fa, (x(t = 7(2))) + Ag, ()

#aTOQa(0) — (1= 70"~ ) Qrle ~7(0)
-| t fun(a(6))a5) R{ t fd2<x<9>>d9]+2 i e / fo(a(0))d0) ds

t—70 t—T70 t—7o

fan(a(s))ds]

t—710

T / " 1T (@) Ry (x(t))ds — / SE (@(0)) R f 4y (2(0))d0ds + G (£) PGo(t) (28)
0 t—s

where
Go(t) = Gr(t)x(t) + Ga, () (t — 7(t)) + Gay (2) - Jap(w(s))ds.
Some of the terms in (28) can be calculated as follows:
—(1—7(t)a"(t - T( £)Qux(t — 7(t))
—(1 = h)2T(t — 7(t)Qu(t — 7(t)); (29)

2 ;Tofd2 [/ fa,(x ]

_ / @ | T )R (@(0))ds

IN

= 2 /t tm(9—t+To)fé’;(w(t))Rfdg(a:(e))de (by Lemma 1)

= /;0(9 — t+70) [f (@) Rfay ((t)) + f5(2(0))R fuy (2(0))] d

= gﬁ; (@(t) R fa, (x(t)) + /;0(9 —t+70) f (x(0)) R fa, ((0))db; (30)
[ st RA 05

= %3fd€<x<t>>Rfd2<x<t>>; 31)
- t:f@( (0) R (a(0)) s

- /t ) /t FE (2(6)) R fay (2(6))ds

= / (0 — t -+ 70) £ (2(6)) R f (2(0))db. (32)
Substituting (29)-(32) into (28) leads to
LVo(1) < 20T (P [Ax(e)e(t) + Aqy ()l = 7(0) + (0 + S (ot = 7)) + Aau(t) | as(o(s)ds]

LT OQ(t) — (1— Wt — 7()0alt - 7(1))
t T t
- [ fd2(w(9))d6’] R{ fd2(w(9))d6’] 27 (0 Rfay (o) + G () PCo(t)

t—T10 t—T10

= G OT1)& () + & (OGT#)PGo(t)éo(t), (33)
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where

Go(t) = [Gk(t) Ga(t) 0 0 0 Ggt)]

) = [27@) «"(t—7@1) @) file@t-10) fid) . fi,(@(s))ds]
[ PAg(t) + AL ()P +Q PAg(t) P P 0  PAg(t)
AT ()P —~(1-hmQ 0 0 0 0
P 0 00 0 0
i) = p 0 00 0 0
0 0 0 0 2R 0
AL ()P 0 00 0 -R

Notice that (11) is equivalent to

where L1, Ly are defined in (21)
Similarly, it follows from (12)-(13) that

[ x(t—T(t)t) ; ]T[ 0 Uy

[ x(t—T(t)z }<0

fd1(x(t_7—( (72T I fd1(x(t_7—( ))) -
wt—7@) 17 [ W W | [ at— ()
[ s (1)) ] [WT I [ fau (1)) }30’

where Uy, Uy, W1, Wy are defined in (22)-(23).
Now, from (34)-(36), we can have

(
ct—7@) V'] 0 Uy 2(t — 7(t))
" [ fa, (z(t = 7(t))) ] Uy oI [ fa, (z(t = 7(t))) ]
) 17 [ v 2(t)
i [ far (1)) ] [ Wi ] [ fan (1)) H
= & ()| a(t) + G§ (1) PGo(s) | o(t),
where
[ I,(t) PAg(t) P—Ly P Wy PAg(t) ]
AT(P e 0 -Up; 0 0
_ 7T _
we = | LR e |
-Wi 0 0 0 7mR-1I 0
AL P 0 0 0 0 “R

and Hl(t) = PAK(t) +A%;-(t)P+ Q — El — Wl,@l = —(1 — h)@ - (71.

T

(37)



REVISED

Recall that our goal is to show

Wy(t) + GL (t)PGo(t) < 0. (39)
Notice that, by Lemma 2 (Schur Complement), (39) is equivalent to
Ws(t) <0, (40)
where
y(t) PAg(t) P—Ly P -Wa PAL1t) GL(t) ]
AL ()P 6 0 ~Uy 0 0 GL (1)
P—LY 0 I 0 0 0 0
Us(t) = P ~ur 0 1 0 0 0 : (41)
-wi 0 0 0 @R-1I 0 0
Al ()P 0 0 0 0 -R  GL(t)
Gk(t) G, (t) 0 0 0 Ga, (1) —pt ]
and therefore it remains to show W3(¢) < 0, V¢ > 0.
Denote Xy = diag(X, X, I,1,1,1,I) and let
Uy(t) = XoWs(t)Xo
[ T (t) Ay )X T—-XLy 1 —XWy Ay (t) XGT(@)+YTBI®) ]
AT (t) O 0 — XU, 0 0 XGT(t)
I-L¥x 0 I 0 0 0 0
= I ~-Ufx 0 I 0 0 0 (42)
-WiXx 0 0 0 @R-1 0 0
AT (t) 0 0 0 0 —R GL (1)
| GOX + Bo(t)Y Gy ()X 0 0 0 Gaglt) —X
where
€ = —(1-h)Q-XUiX, (43)
Iy (t) Ag)X + XAL () + Q + X[-Ly — W)X
ABX + B ()Y + XAT(t) + YT BT (t) + Q — XAX, (44)
and A is defined in (24).
It then follows that
NOEEEONS Gl R e (45)
0 -0
where
¢ _ [X 000000
0 X 00000]
[ II5(t) Ay, ()X T—XLy I —XWy Ay (t) XGT@t)+YTBI®) ]
XA () —(1-h)Q 0 — XUy 0 0 XGT(t)
I-LIXx 0 —I 0 0 0 0
Us(t) = I ~UJ X 0 I 0 0 0 :
~-WiX 0 0 0 @R-I1 0 0
A7 (t) 0 0 0 0 -R GL, (1)
i Gt)X +B2(t)Y Gy, ()X 0 0 0 Ga, (t) X i
M(t) = ADX +B(t)Y + XAT(t) +YTBI(t) + Q.
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It is obvious that W3(t) < 0 is equivalent to Wy (¢) < 0. Again, by Lemma 2 (Schur Complement), W4(t) < 0

is equivalent to

U5(t) <0, (46)
where
IT5(t) Ag, )X T—XLy, I ~XWy  Ag,(t) XGTH)+YTBIt) X 0 ]
XAL (1) —(1-h)Q 0 —XU, 0 0 XGE (1) 0 X
I-LTX 0 -1 0 0 0 0 0 0
I ~UTX 0 —I 0 0 0 0 0
Ws(t) = LD 0 0 0 72R—-1 0 0 0 0 (47)
AT (t) 0 0 0 0 -R GT (t) 0 0
GH)X + Ba(t)Y  Ga, ()X 0 0 0 Ga, (1) -X 0 0
X 0 0 0 0 0 0 A1 0
I 0 X 0 0 0 0 0 0o Uy'
It can be rewritten that
Us(t) = U5 + AUs(2), (48)
with
i I3 Ay X T—XIL, I —XWy Ay, XGT+YTBT X 0 ]
XA, —-(1-hQ 0 - XU, 0 0 XGL 0 X
I-LYX 0 ~1 0 0 0 0 0 0
I ~UFx 0 —I 0 0 0 0 0
Uy = -Wlx 0 0 0 @R-1 0 0 0 0 |, (49)
Al 0 0 0 0 —R Gl 0 0
GX +BY Gy X 0 0 0 G, -X 0 0
X 0 0 0 0 0 0 ATt 0
i 0 X 0 0 0 0 0 0o Ut
and
[ ATl3(t) AAg,(1))X 0 0 0 AAy(t) XAGT#)+YTABI®#) 0 07
XAAL (1) 0 000 0 XAGY (1) 00
0 0 000 0 0 00
0 0 000 0 0 00
A5 (t)= 0 0 000 0 0 0 01, (50)
AAY (1) 0 000 0 AGY (t) 00
AG(H)X + ABy(t)Y AGq, ()X 0 0 0 AGg(t) 0 00
0 0 000 0 0 00
i 0 0 000 0 0 0 0 |
where
M3 = AX +XAT + B)Y +YTBT +q, (51)
All3(t) = AAMB)X +AB(H)Y + XAAT () +YTABT(t). (52)
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It is now clear that

where

Letting

T T T .
AUs(t) = [AA ) 00 00 0 AGT({#) 0 o] X
+X1T[AAT(75) 00000 AGT®) 0 0]
+[aBT@) 0 0 0 0 0 ABT®) 0 o W
+Y1T[A31T(t) 0000 0 ABI®) 0 0]
[ A AT T 17
+[aal®m 0 0 0 0 0 AGLEH) 0 0] %

+X§[AA§1(t) 00000 AGL®#) 0 0]

+[aal@ 00 00 0 AGL®) 0 0| L

+I?[AA§2(1:) 0000 0 AGL®) 0 0},

= [X 0000000O0],
X, = [0 X 000000 0],
= [y o000000°0GO0],
= [0000O0TIO0O0DO].

M:[MlTOOOOOMZToo}T,

N4:[0000N40000},

we have from (9) and Lemma 1 that

ATs(t) = [MlT 00000 M 0O O]TF(t)Nle
+X1TN1TFT(t)[M1T 00000 M 0O 0}
+[M1T 00000 MI 0 O]TF(t)Nng
+Y1TN2TFT(1€)[M1T 00000 M O 0}
+[M1T 00000 MI 0 O]TF(t)N3X2
+X2TN3TFT(t)[M1T 00000 M 0O 0}
+[M1T 00000 M O O]TF(t)N4
+N4TFT(t)[M1T 00000 M O 0}

< 61_1)21TN1TN1X1 + 62_1}}1TN2TN2Y1 + €§1XgNgN3X2 + €Z1NZN4
+ (61 +é&9 +e€e3+ E4)MMT.

Hence, from (48), (49) and (54), it follows that:

\If5(t) < Ug + 6;1X{N1TN1X1 + 62_1YAV1TN2TN2YA71 + 63_1)22TNgNgX2 + €ZINZN4,

10

(53)
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where
[ Q A X  IT—-XLy 1 —-XWy A4, =T X 0 ]
XA, —-(1-mQ 0 — XU, 0 0 XGI o0 X
I-1TXx 0 —I 0 0 0 0 0 0
I ~-UfX 0 —I 0 0 0 0 0
U= | -WIX 0 0 0 m@R-1 0 0 0o 0 |, (56)
AL 0 0 0 0 -R G, 0 0
= Ga, X 0 0 0 Gy, Y 0 0
X 0 0 0 0 0 0 Al 0
0 X 0 0 0 0 0 0o Ut

and Q,= and T are defined in (25)-(27), respectively.
From Lemma 2 (Schur Complement), one can infer that ¥ < 0 is equivalent to that the right hand side of
(55) is negative definite. We now arrive at

U4(t) < 0, (57)

and it then follows from [11,12] that the proof of this theorem is complete. [ ]

Next, let us further consider the H,, performance of the closed-loop system (%.).

Theorem 2: Let the controller gain K be given and v > 0 be a given positive constant. Then, under the
admissible conditions, the closed-loop system (3.) is robustly mean-square asymptotically stable for v(t) =0
and satisfies [|y|/e2 < 7||v]le2 for any nonzero v(-) € Lg2([0,4+00); R™*™) under the zero initial condition, if
there exist three positive definite matrices X, Q, R and five positive constants &1, es,3,64 and €5 such that
the following LMI holds:

Dy < 0, (58)
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where
[ Qo Ag, X I—XLo 1 —XWy  Ag, Dy =

* —(1-h)Q 0 —XUs 0 0 0 XGdT1

* * -1 0 0 0 0 0

* * * -1 0 0 0 0

* * * * ©eR-1I 0 0 0

* * * * * -R 0 GdT2

* * * * * x -1 DY

* * * * * * * To

Py =

* * * * * * * *

* * * * * * * *

* * * * * * * *

* * * * * * * *

* * * * * * * *

* * * * * * * *

* * * * * * * *

| * * * * * * * *

X 0 XOT4+yTBT XN YT'N] o0 0 0
0 X 0 0 0 XNT 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 NT 0
0 0 0 0 0 0 0 NT
0 0 0 0 0 0 0 0
A=t 0 0 0 0 0 0 0 (59)
*x Ut 0 0 0 0 0 0
* * -1 0 0 0 0 0
* * * —ed 0 0 0 0
* * * * —eol 0 0 0
* * * * * —e3l 0 0
* * * * * * —eql 0
* * * * * * * —esl |

and qu, ig, ﬁl, ﬁg, Wl, Ws and Y are defined as in Theorem 1, and

Qo = AX +XAT + B)Y +Y B + Q + (e1 + 2 + €3 + &4 +5) M1 MT
Z0 = GX +ByY +(e1 +eg+e3+eq+e5)MaM,

To = —X+(e1+ex+e3+eq+es)MoMl
Proof: First it is easy to see that &y < 0 implies that ¥ < 0 where U is defined in (20). Therefore, by
Theorem 1, the closed-loop system (X.) with v(¢) = 0 is robustly asymptotically stable in the mean square.
Next, we need to establish H., performance of the closed-loop system (17)-(19) under zero initial condition,
i.e., show that the closed-loop system with zero condition satisfies ||y(t)||e2 < 7||v||e2 for nonzero v(t).
Define the following Lyapunov candidate for system (3.):

V(t) = 2T(t)Px(t) + /t;(t) 2T (s)Qux(s)ds + /t;0< / t f@@(@))d@)}%( / t fd2(x(9))d0> ds
n /0 To/t;(H—t—i—s) 5 (2(0)) Ry ((6))d8ds, (60)

where P = X~ and Q =X 1Qx—1.
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By It6 differential formula, the stochastic differential of V'(¢) along the trajectory of system (X.) is given
by

AV (t) = LV (t)dt + 227 (t) P[G e (t)x(t) + Ga, ()2(t — 7(t)) + Ga, (¢) : fa,(2(s))ds + Da(t)v(t)]dw(t), (61)
where

t

Lv(t) = 227 (t)P [AK(t)w(t) + Ag, (D) (t = 7(8) + f(2(t) + fa, (2(t = 7(2))) + Aa, () far (x(s))ds

t—70

+ By (t)u(t) + Dl(t)v(t)] +a (1) Qu(t) — (1 —F(8)a" (t — 7(£)) Qu(t — (1))
t T t t
_ [ fdo (a;(@))dé’] R [ fs (w(@))d@] +2 fd2 [/ fa, (z ]

T / S F T (a0) Ry (1)) ds — / U AT @(0) Ry (2(0))d0ds + GT (1) PG(t) (62)
0 0 t—s
and
é(t) =Gr(t)z(t) + Ga (t)x(t — 7(t)) + Gay(t) ti fao (z(s))ds + Da(t)v(t). (63)

Along the same line as in the proof of the Theorem 1, one can obtain

t

LV(t) < 22"(t)P [AK(t)fv(t) + Agy W)z (t = 7(8) + f(2(t) + fa, (2(t = 7(2))) + Aa, (1) fa((s))ds

+ By(t)u <>+D1<>v<t>} 2T ()0(t) — (1 — W (¢ — (1) Qut — 7(0)
t T
| tutetonas [ Fan(al0))db | + 7315 (2O R (a(0) + 67 (PG
T @B0Ew) + T PCIED) (64)

PAK( ) j;((t)P—l-Q PAdl(t) P P 0 PAd2(t) PDl( )
Al ()P —-1-mQ 0 0 0 0 0
P 0 0 0 0 0 0
P(t) = P 0 0 0 0 0 0
0 0 0 0 7R 0 0
LB)P 0 0 0 0 -R 0
DIwp 0 0 0 0 0 0

In order to establish the H,, performance of the closed-loop system under the zero initial condition, we
introduce

J(t) = E/O (2T (5)z(s) — v?vT (s)v(s))ds (65)

where ¢ > 0.
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Our goal is to show J(t) < 0. Based on the zero initial condition and EV(¢) > 0, it can be shown that for
any nonzero v(t) € Lg2([0,+00); RP) and ¢ > 0, the following holds

J(t) = E/O [27(s)2(s) = ¥*v (s)v(s) + LV (s)]ds — EV(¢)

< E/t (27 (s)CE Cra(s) — v*oT (s)v(s) + LV (s)]ds.
0
t ~ N
= E [ 0a0e0) + £ (56 (PG ds (6)
where
[ PAg(t) + AL()P+Q+CLCx  PAg(t) P P 0 PAg(t) PDi(t)
AL ()P —~(1-hQ 0 0 0 0 0
P 0 0 0 0 0 0
Dy(t) = P 0 00 0 0 0 (67)
0 0 0 0 7R 0 0
AT ()P 0 0 0 o0 -R 0
I DIwp 0 00 0 0 —2I ]
It follows from (34)-(36) that
B t z(s) "L L, x(s) }
M) = 0 E/o{[f(:l?S))] iy Ifos»
+[ x(s —7(s)) ]T U, Uy [ z(s —7(5)) }
fa,(x(s = 7(s))) vl 1 fa,(x(s = 7(s5)))
T v v
x(s) Wi Wy x(s) }
| gatotr | | W ] | uotey }ds
= E tST(S) [%(8) +GT(s)PG(s) [£(s)ds, (68)
0
where
W) PAy(t) P—Ly P ~Wo  PAg,(t) PDi(t) ]
Al (t)P Iy 0 ~Us 0 0 0
P—LY 0 —I 0 0 0 0
Ps3(t) = P ~Uf 0 I 0 0 0 : (69)
-w 0 0 0 @R-1 0 0
AL )P 0 0 0 0 -R 0
| DI ()P 0 0 0 0 0 -2
and Oy (t) = PAg(t) + AL()P + Q+ CECx — Ly — W1, Ty = —(1 — h)Q — U.
In order to guarantee J(t) < 0, it suffices to show
®3(s) + GT(s)PG(s) < 0. (70)

It is noticed from Lemma 2 (Schur Complement) that (70) is equivalent to

Qyu(t) <O, (71)
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where
() PAyu(t) P—-Ly P  —Wy PAy,{) PDi(t) GL@) ]
AL ()P Ty 0 Uy 0 0 0 GE (1)
P—1IT 0 —1 0 0 0 0 0
_ P -uf 0 —I 0 0 0 0
alt) = —wf 0 0 0 7R-1 0 0 0 (72)
AL ()P 0 0 0 0 -R 0 GL (t)
DI t)P 0 0 0 0 0 —~2I  DI(t)
Gk (t) Gq, (t) 0 0 0 G, (t) Do(t) —P7! i

Therefore, we just need to show that ®4(t) <0, V¢ > 0.
Denote X = diag(X, X,I,I,1,1,1,1), and let

P5(t) = X0ut)X
i Qa(t) Ay, (VX T—-XLy I —XWs Ay, (t) Di(t) XGT(t)+YTBI(t) ]
Al (1) Iy 0 —XU, 0 0 0 XGT(t)
I-L¥X 0 -1 0 0 0 0 0
B I ~-UFx 0 ~1 0 0 0 0
- -WiXx 0 0 0 TR-1 0 0 0 ’
AT (1) 0 0 0 0 -R 0 GT (t
DT (t) 0 0 0 0 0 —2T DI(¢)
L GO)X + B2(1)Y G, ()X 0 0 0 Ga,(t) Da() -X ]
where
Iy, = —(1-h)Q—XUiX,

D(t) = Agx(t)X + XAL () + Q+ X[CECx — L1 — W1]X
= AOX +B(t)Y + XAT(t) +YTBI () + Q - XAX + XCLCkX.

Obviously, ®4 < 0 is equivalent to &5 < 0, and we can write

- A 0 - _
¢>5(t):¢>6(t)—|—XT[ 0 i }X+X1TCIT<CKX1,
et
where
o=[X 000000 0],
g_[X 0000000
10 X 000O0O0O0]
r Q3(1) Ay, ()X T— XLy I —XWy  Ag,(t) Di(t) XGT(t)+YTBI(t) ]
XAL () —(1-h)Q 0 — XU, 0 0 0 XGT(t)
I-LYx 0 ~I 0 0 0 0 0
By (1) = I ~-Urx 0 —1 0 0 0 0
o\ -WIX 0 0 0 7R-1 0 0 0 ’
AT (1) 0 0 0 0 -R 0 GT (1)
DT (¢) 0 0 0 0 0 —2I ET(t)
| G()X + B2(t)Y  Gg, ()X 0 0 0 Ga,(t) Dy(t) -X ]
Q) =AW)X +B1(t)Y + XAT(t) + YT B (t) + Q.

By Lemma 2 (Schur Complement), ®5(¢) < 0 is equivalent to

7(t) <0,
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where
Qs (t) Agy (X I — XLy I —XWy  Ag,(t) Di(t) XGT(t)+YTBI (1) b'e 0 xcT +yTBT W
xAT () —(1-h)Q 0 — XU, 0 0 0 XGdT1 (t) 0 X 0
I-— L];TX 0 —I 0 0 0 0 0 0 0 0
I -ulx 0 ~1 0 0 0 0 0 0 0
-wilx 0 0 0 @R — I 0 0 0 0 0 0
o7 (t) = AT (1) 0 0 0 0 -R 0 GT (1) 0 0 0
Df(t) 0 0 0 0 0 —~2I Df(t) 0 0 0
GHX + Ba()Y  Gq, (DX 0 0 0 Gay(t)  Da(t) X 0 0 0
X 0 0 0 0 0 0 0 AL 0 0
0 X 0 0 0 0 0 0 o Ut 0
CX + BY 0 0 0 0 0 0 0 0 0 ~1 J
Now, we can decompose ®7(t) as
P7(t) = @7+ ADr(2).
Here
Q3 Ag X I—XLo 1 —XWy  Ag, D, xGT +vTBT X 0 xcT +yTBT 7
xAT —(1-h)Q 0 — XU, 0 0 0 XG;{1 0 b'e 0
I- fo 0 —I 0 0 0 0 0 0 0 0
I -ufx 0 —I 0 0 0 0 0 0 0
7W%TX 0 0 0 TeR—-1 0 0 0 0 0 0
o7 = A7 0 0 0 0 -R 0 GT 0 0 0
D}z 0 0 0 0 0 —~21 Df 0 0 0
GX + BaY Ga, X 0 0 0 Gay, D2 -X 0 0 0
X 0 0 0 0 0 0 0 ATt 0 0
0 X 0 0 0 0 0 0 o Ut 0
CX + BY 0 0 0 0 0 0 0 0 0 ~1
and
AQs(t) AAg, ()X 0 0 0 AAL(t) AD(t) XAGTt)+YTABT(#) 0 0 0
XAA:;F (t) 0 0 0 O 0 0 XAGdT (t) 0 0 O
1 1
0 0 0 0 O 0 0 0 0 0 O
0 0 0 0 O 0 0 0 0 0 0
0 0 0 0 O 0 0 0 0 0 0
A®;(t)= AAL (1) 0 000 0 0 AGE (t) 000
ADF{(t) 0 0 0 O 0 0 ADQT(t) 0 0 O
AG()X + ABy()Y AGg ()X 0 0 0 AGa(t) ADs(t) 0 000
0 0 0 0 O 0 0 0 0 0 O
0 0 0 0 O 0 0 0 0 0 O
L 0 0 0 0 O 0 0 0 0 0 0
where

Q3 = AX+XAT + By +YTBT +Q,
AQs(t) = AA[)X + ABi(t)Y + XAAT (1) + YTAB] (¢).




REVISED 17
It is easy to see that
T _
Adq(t) = [AAT(t) 00000 0 AGT{#) 0 0 0} X
+X1T[AAT(t) 000000 AGT®H) 0 0 0]
+_ABiF(t) 000000 ABT@#) 0 0 0 ¥
+ YT [ABT() 000000 ABF@#) 0 0 0]
(A AT T 17
+[aaZ@ 00 000 0 AGL®) 0 0 0] X

+X2T[AAdTl(t) 000000 AGL® 0 0 0]

+[aaZ@ 0 0 000 0 AGL® 0 0 o L

+I_1T[AAde(t) 000000 AGL® 0 0 0}

_ T _
+[aDT#) 0 0 0 0 0 0 ADTE®) 0 0 0} I3

+I§F[ADip(t) 000000 ADY(#) 0 0 0},

where
X1 =[X0000000O0TO0O0],
X, = [0X 00000000 O],
E:[Yoooooooooo],
L = [00 0071 O0O0O0TO0DO0],
IL = [00000017I00O0GO0DO0].

Similar to the derivation in the proof of Theorem 1, it can be inferred that

Ad7(t) < el'XTNINI Xy + &5 'V NS NoYy + 631 X3 Ny N3 Xy + e, NI Ny
+ 651NZN5 + (61 +é&9+E3+€4+ 65)MMT,

where
_ T T T
M:[M1 00000 0 M 000},
N4:[00000N400000},
1\75:[0000001\[50000}.
Hence, from (73)-(74), it follows that:

Dr(t) < g + e ' XTNT N1 Xy + 65 ' VNS NoYy + 65 XI NI N3 Xo + 6, ' N{ Ny + e ' NI N5, (74)
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where

[0 A X  I—-XLy I —XW, Ay Dy ET X 0 XCT4+YTBT]

XA -(1-h)Q 0 — XU, 0 0 0 XGF 0o X 0

I-LIx 0 —I 0 0 0 0 0 0 0 0

I ~UTX 0 —I 0 0 0 0 0 0 0

-WIx 0 0 0 7R-1 0 0 0 0 0 0

Py = AT 0 0 0 0 -R 0 G 0 0 0

DT 0 0 0 0 0 —* DI 0 0 0

= Ga, X 0 0 0 Ga, Dy T 0 0 0

X 0 0 0 0 0 0 0 A1 0 0

0 X 0 0 0 0 0 0 0 Ut 0
| CX +BY 0 0 0 0 0 0 0 0 0 —I |

From Lemma 2 (Schur Complement), we know that ®y < 0 is equivalent to that the right hand side of (74)
is negative definite. To this end, we can conclude that

q>4(t) < 07
which implies
J(t) <0, Vt>O0.

Letting ¢ — 400, we obtain
lylle2 < Allvlle

This completes the proof of this theorem. |

By now, we have established the conditions under which the closed-loop system is robustly asymptotically
stable in the mean square and also the H, performance requirement is satisfied. We are now ready to deal
with the design problem of the Hy, controller for the system (X’.) The following result can be easily accessible
from Theorem 2, hence the proof is omitted.

Theorem 3: Let v be a given positive constant. Suppose that the admissible conditions hold. Then , for
the nonlinear It6 stochastic system (X'), a state feedback controller can be designed such that the closed-loop
system (X.) is robustly mean-square asymptotically stable with disturbance attenuation - if there exist four
definite matrices X > 0,Q > 0,R > 0 and Y, and five positive constants 1,2, £3,24 and €5 such that the
following LMI holds:

d <0,
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where
[ Qo Ag, X I—XLo 1 —XWy  Ag, Dy =
* —(1-h)Q 0 — XU, 0 0 0 XGdT1
* * -1 0 0 0 0 0
* * * -1 0 0 0 0
* * * * ©wR—1 0 0 0
* * * * * -R 0 G§2
* * * * * x -~ DI
> — * * * * * * * To
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
| * * * * * * * *
X 0 XCT+YyTBT XN YIN 0 0 0 ]
0 X 0 0 0 XNT 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 NI 0
0 0 0 0 0 0 0 NT
0 0 0 0 0 0 0 0
A=t 0 0 0 0 0 0 0 (75)
*x Ut 0 0 0 0 0 0
* * I 0 0 0 0 0
* * * —erd 0 0 0 0
* * * * —eol 0 0 0
* * * * * —esl 0 0
* * * * * * —eyl 0
* * * * * * * —esl |

and qu, i2, ﬁl, ﬁg, Wl, Wg, Mg, Q0,20 and T are defined as in Theorem 2. Moreover, the state feedback gain
matrix can be designed as

K=YX"

Remark 4: The robust H,, controller design problem is solved in Theorem 3 for the addressed uncertain
nonlinear stochastic time-delay systems with time-varying norm-bounded parameter uncertainties appearing
in both the state and input matrices. Note that the time delays considered include both the discrete- and
distributed-type delays. In [11], the first order approximation methodologies have been used to deal with func-
tional differential delayed equations. Different from the method used in [11], in this paper, a computationally
efficient LMI approach is developed to derive the sufficient condition for the existence of state feedback con-
trollers that ensure the mean-square asymptotic stability of the resulting closed-loop system and reduce the
effect of the disturbance input on the controlled output to a prescribed level for all admissible uncertainties.

Remark 5: It should be pointed out that the main results are dependent on the distributed delay as well as
the upper bound of the derivative of the time-varying delay. The feasibility of the controller design problem
can be readily checked by the solvability of an LMI, which can be done by resorting to the Matlab LMI toolbox.
In next section, an illustrative example will be provided to show the potential of the proposed techniques.
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IV. NUMERICAL EXAMPLE

In this section, a numerical example is presented to demonstrate the effectiveness of the developed method
on the design of robust H., control for the uncertain nonlinear It6 stochastic systems with mixed time delays.
Consider the system (X') with the following parameters:

[ —45 1.1 0.7 1.2 -0.5 0.7 0.6 0.3 0.4
A= | 03 45 05|, Ay =| 03 —-12 04 |, Ay =] -04 —05 04 |,
0 06 0 | 05 —1.2 —0.3 05 08 —0.6
[ —04 0.5 0.6 ] [ —0.9 04 0.6 0.7 0.2 —-04
G = —-05 07 06 |,Ggq =] —-05 06 04 |, Gy, = 06 —-05 04 ,
05 06 08 | 07 —06 0.7 0.6 —0.7 —0.6
[ —0.2 —0.3 0.2 [ 0.4 0.1 1 0.2 0.2 0.1
Cc = —-0.2 —-0.1 0.2 , B=1| —-02 0.3 , Bi=102 01|, B,=1]02 04 ,
03 02 -—0.1 | 02 -0.1 0.3 —6 0.3 —0.2
[ 0.7 0.6 0.2 0.4 0.2 0.1 021"
Dy = —04 05 |, Dy= 06 02|, M= 0.3 , Ms=102 |, Ny=1{ 0.1 ,
| 0.8 0.2 0.2 0.3 0.2 0.1 0.1
0.2 0.1
S N O I O £ B 55 [
’ 0.1 0.2 ’
0.5z1 — 0.229 4+ 0.123 + 0.221 sin xo
flz) = fa,(x) = fa,(x) = | —0.221 + 0.529 + 0.123 + 0.223 sin z9

0.1x1 + 0.1290.423 + 0.229 sin x3

It is easy to check that the open-loop system matrix A is unstable, and it can also be verified that

0.6 —-02 0.1 -04 02 -0.1
Li=U=W;=| =01 05 01 |, Lo=Ua =Wy = 03 —-05 -0.1
0.1 0.1 04 -0.1 —-0.1 -04

Furthermore, the H,, performance level is taken as v = 0.9. With the above parameters and by using the
Matlab LMI Toolbox, we solve the LMI (75) and obtain

[ 2.6182 1.5805  0.2069 7.6300  1.5068 3.6396
X = 1.5805 4.9573 —1.2649 |, Q = | 1.5068 12.7325 —13.1956 |,
| 0.2069 —1.2649 4.9807 3.6396 —13.1956 77.2616
12.0836 —3.5690 0.0917 96066 0.6721 —11.9963
R = —3.5690 12.0813 0.0950 |, Y = [ 04532 14437 926.0484 |’
| 0.0917  0.0950 15.4713

€1 = 06.8742, g9 = 6.7686, 3 = 7.3258, ¢4 = 4.9824, 5 = 9.4372.

Therefore, the state feedback gain matrix can be designed as

K—vxl_ —0.6252 —0.2920 —2.4568 ]

—1.7045 2.3388  5.8947

V. CONCLUSIONS

In this paper, we have studied the robust H,, control problem for a class of uncertain continuous-time
Ito-type stochastic systems involving sector nonlinearities and mixed time delays. An effective linear matrix
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inequality (LMI) approach has been proposed to design the state feedback controllers such that, for all
admissible nonlinearities and time-delays, the overall uncertain closed-loop system is robustly asymptotically

stable in the mean square and a prescribed H., disturbance rejection attenuation level is guaranteed. We

have first investigated the sufficient conditions for the uncertain nonlinear stochastic time-delay systems to be

stable in the mean square, and then derived the explicit expression of the desired controller gains. A numerical

example has been provided to show the usefulness and effectiveness of the proposed design method.
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