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On Robust Stability of Stochastic Genetic
Regulatory Networks With Time Delays:
A Delay Fractioning Approach

Yao Wang, Zidong Wang, Senior Member, IEEE, and Jinling Liang

Abstract—Robust stability serves as an important regulation
mechanism in system biology and synthetic biology. In this paper,
the robust stability analysis problem is investigated for a class
of nonlinear delayed genetic regulatory networks with parameter
uncertainties and stochastic perturbations. The nonlinear function
describing the feedback regulation satisfies the sector condition,
the time delays exist in both translation and feedback regula-
tion processes, and the state-dependent Brownian motions are
introduced to reflect the inherent intrinsic and extrinsic noise
perturbations. The purpose of the addressed stability analysis
problem is to establish some easy-to-verify conditions under which
the dynamics of the true concentrations of the messenger ribonu-
cleic acid (mRNA) and protein is asymptotically stable irrespec-
tive of the norm-bounded modeling errors. By utilizing a new
Lyapunov functional based on the idea of “delay fractioning”, we
employ the linear matrix inequality (LMI) technique to derive
delay-dependent sufficient conditions ensuring the robust stability
of the gene regulatory networks. Note that the obtained results
are formulated in terms of LMIs that can easily be solved using
standard software packages. Simulation examples are exploited to
illustrate the effectiveness of the proposed design procedures.

Index Terms—Genetic regulatory networks (GRNs), linear
matrix inequality (LMI), Lyapunov-Krasovskii functional, robust
stability, stochastic perturbation, time delays, uncertain system.

I. INTRODUCTION

HE PAST few years have witnessed the significant
progress in the research area of gene engineering and
other biological sciences. The mechanisms that have evolved
to regulate the gene expression are known as genetic regulatory
networks (GRNSs). With the study of GRNs, scientists would be
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able to explain the interactions between genes and protein that
form complex biological systems. It is of great importance to
investigate and understand the gene regulatory process and the
dynamic behaviors of the GRNs in living organisms [1], [2],
(4], [71, [27].

The modeling of GRNs is largely dependent on powerful
tools of mathematics theory. In general, the GRNs can be
described by two types of models, i.e., the discrete model (such
as Boolean networks) and the continuous model (such as the
differential equation model) [1], [7], [8], [21], [32]. Recently,
among all the proposed GRN models, the differential equation
models have received an increasing amount of research
attention since the variables in gene dynamics are usually the
concentrations of gene products (i.e., messenger ribonucleic
acids (mRNAs) and proteins), which possess continuous values
of the genetic regulatory systems (see [2], [3], [13], [14], [20],
[27], [28], and the references therein). Our present research
further examines the continuous GRN models with both time
delays and norm-bounded parameter uncertainties.

It is well known that the existence of time delays is ubiqui-
tous in biological, physical, chemical, and electrical dynamical
systems [9]. In biological systems, particularly GRNs, time
delays are unavoidable primarily due to the finite speed in
the slow process of transcription, translation, and translocation.
It has been shown in [13] and [14] that the time delays in
GRNs may play an important role in the predictions of the
dynamics of the mRNA and protein concentrations. Moreover,
given the facts that GRNs are modeled from real-world gene
expression time-series data, and that there are certain limi-
tations with the current experimental techniques, it has now
been well recognized that the modeling errors and parameter
fluctuations are inevitable, which may cause poor performance
or even instability of real genetic networks [2], [4], [10]. It
should be pointed out that the system parameters identified
from experimental data may form an unknown but bounded
time-varying function (see [20] and [30]). When investigating
the dynamical behaviors of GRNS, the parameter uncertainties
(also called variations or fluctuations) should also be taken into
account, and therefore, the stability robustness issue for GRNs
emerges as a research topic of great importance.

On the other hand, the modeling of GRNs should be con-
ducted in a way to interpret vast amounts of experimental
data and the extracted functional information from observation
data. Given the fact that biology networks or genetic networks
are always subject to random fluctuations [1], [4], [18], [22],
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[23], it is vitally important to consider the random effects
including both the intrinsic and extrinsic noise perturbations
[1], [14], [27], [29]. Both the modeling error and the stochastic
disturbances could cause instability [29] of the networks and
make it difficult to know the true dynamics of the network
state. Therefore, an interesting problem of biological signif-
icance is to investigate the robust stochastic stability in the
presence of time delays, parameter uncertainties, and stochastic
disturbances for the addressed GRNs, which give rise to another
motivation for the present research.

Although the robust stability of GRN has stirred some initial
research interests [2], [4], [20], one of the main issues aroused
here is how to reduce the possible conservatism induced by
the introduction of the Lyapunov functional when dealing with
time delays, which leaves much room for further research by
using the latest analysis techniques. Recently, the so-called
“delay fractioning” approach, which is arguably the up-to-date
delay-dependence analysis method, has independently been
originated from [12] and [19] and further developed in [16],
[17], [26], [33], and [35], and shown to lead to much less
conservative results than most existing literature. It is, therefore,
the main purpose of this paper to adopt the delay-fractioning ap-
proach for achieving a less conservative delay-dependence con-
dition to guarantee the robust stability of the addressed GRNs.

In this paper, we are concerned with the robust stability
analysis problem for a class of uncertain GRNs with and
without noise perturbations, where the time delays exist in both
the translation process and the feedback regulation process,
and the nonlinear function describing the feedback regulation
is assumed to satisfy the sector condition. By utilizing a novel
Lyapunov—Krasovskii functional and the linear matrix inequal-
ity (LMI) technique, sufficient delay-dependent conditions en-
suring the robust stability of the gene regulatory model are
established. The obtained results are formulated in the form
of LMIs that are easily solvable by using standard software
packages. Simulation examples with three component genetic
networks are used to illustrate the effectiveness of the developed
theoretical results.

Notations: The notations used throughout this paper are
fairly standard. R™ and R™*™ denote the n-dimensional
Euclidean space and the set of m x m real matrices, re-
spectively, and |-| is the Euclidean norm on R". P >0
means that matrix P is real, symmetric, and positive definite.
I and 0 denote the identity matrix and the zero matrix with
compatible dimensions, respectively, diag{---} stands for a
block-diagonal matrix, and col{---} denotes a matrix column
with blocks given by the matrices in {---}. The superscript
“T™ stands for matrix transposition, and the asterisk “x” in
a matrix is used to represent the term that is induced by
symmetry. The Kronecker product of matrices () € R"*™ and
R € RP*? js a matrix in R™P*™¢ and denoted as @ ® R.
Moreover, let (Q,F,{F:}i>0,P) be a complete probability
space with a filtration {F;};>0 satisfying the usual condi-
tions (i.e., the filtration contains all P-null sets and is right
continuous). Denote by L% ([—h,0];R") the family of all
Fo-measurable C([—h,0]; R™)-valued random variables & =
{&(0) : —=h < 6 < 0} such that sup ;oo E{|£(6)[P} < oo,
where E{-} stands for the mathematical expectation operator

with respect to the given probability measure P. Matrix di-
mensions, if they are not explicitly stated, are assumed to be
compatible for algebraic operations.

II. MODEL DESCRIPTION AND PRELIMINARIES

In this paper, we consider a GRN with time delays existing
in both the translation process and the feedback regulation
process, which can be described by the following differential
equations:

dﬂ?i;t(t) = —aimi(t) + Zl bijfj (pj (t — O')) + i
j=

et — —eipi(t) + dimy(t —7)

ey

where i =1,2,...,n, m;(t), p;(t) € R denote, respectively,
the concentrations of mRNA and protein of the ith gene at time
t, a; and c; are the degradation rates of mRNA and protein
of the ith gene, respectively, d; represents the translation rate,
fi(pj(s)) denotes the feedback regulation of the protein on
the transcription, which is generally a nonlinear function with
monotonicity and satisfies certain conditions given later, the
two positive scalars 7 and o denote, respectively, the translation
time delay and the feedback regulation delay, 7; is the base
transcriptional rate of the repressor of gene ¢, and the matrix
B = (b;j) € R™*™ is defined as

> 0, if transcription factor j
is an activator of gene ¢
by : { =0, if there is no link from gene ¢ to gene j . (2)
< 0, if transcription factor j

is a repressor of gene ¢

For simplicity, the GRN X can be rewritten in the following
compact matrix form:

;4 — _Am(t) + Bf (p(t — o)) +
2:{dﬁé>:_cm” Folt—o)+n o

s p(t) + Dm(t — 1)

where m (t) = col{my (t), ma (t), ...,m, ()}, p(t) =
col{p1(t),p2(t),...,pn(t)}, A=diag{ai,az,...,an}, C =
diag{ci,ca,...,cn}, D =diag{di,da,...,d,}, n = col{n,
N2, 1}, and f(p(t — o)) = col{ fi(p1(t — 7)), fa(p2(t —

)y fnlpn(t — o))} € R™
The initial condition of the GRN X' is given by

A
m(t) = o) pt)=¢(t) —0<t<0 p=max{r, o}
where ¢(-) and ¢(+) are continuous functions.
Let col{m*, p*} € JR?" be an equilibrium point of 3’, which
is a solution of the following nonlinear equations:

{Am+Bf(p)+77—0 @)
—Cp+Dm=0 '

In the following, let us shift the unknown equilibrium point
col{m*, p*} to the origin by defining

r=m-m" y=p-—p' 5)
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then, the system (X') becomes

= —Az(t) + Bg (y(t — o))

dx(t)
E” . ddtt
WO — _Cy(t) + Da(t — 1)

(6)

where g(y(t)) =col{g1(y1(t)), 92(y2(t)), - - -, gn (yn (1))}, with
the ith component being g;(v;(t)) = fi(vi(t) + p}) — fi(p}).

As discussed in Section I, the GRN model parameters iden-
tified from real-world time series are largely dependent on the
selection of fixed points, and the relevant constants vary with
the experiment data. Therefore, we further take the structure
uncertainties into account and have the following more gener-
alized model:

s | i = (AT AAD)2(t) +(B+AB(1)) gy(t—0))
Wt — _(C+AC(L)) y(t)+(D+AD(L)) z(t—7)

)

Here, AA(t), AB(t), AC(t), and AD(t) are unknown ma-

trices with appropriate dimensions denoting the uncertain pa-

rameters, which satisfy the following admissible uncertainty
condition:

[AA(t)
AC(t)

AB(t) } w

_ | M
s = rom w1 e
where M; and N; (i = 1,2) are known real constant matrices,
and H (t) is a time-varying and unknown Lebesgue-measurable
matrix-valued function subjected to the following condition:

HTt)H@E) <I  Vt>0. )

Remark 1: In practice, this kind of norm-bounded uncer-
tainty described by (8) and (9) is frequently encountered in
many engineering problems of robust analysis of uncertain
dynamic systems (see, for instance, [30] and the references
therein), which may result from the variation of operating
points, aging of devices, identification errors, etc. Many prac-
tical systems possess parameter uncertainties that can be either
exactly modeled or over bounded by (9).

For the sake of convenience, we denote the following here-
after:

A(t) = A+ AA(t)
C(t) =C + AC(t)

B(t) = B+ AB(t)
D(t) = D+ AD(t).

Assumption 1: The nonlinear function f;(-) is continuous
and bounded and satisfies the following inequality:

u—v

for all u, v € R, u # v.

Remark 2: It follows from Assumption 1 that the non-
linear feedback regulation function g;(-) in system X" satisfies
the sector-like condition, i.e., 0 < g;(s)/s < k; Vs # 0, and
gi(0) = 0,i =1,2,...,n, which is equivalent to g* (y)[g(y) —
Ky] < 0 with K = diag{1, ko, . . ., Kr, }. Moreover, it should
be pointed out that this sector-like condition described by (10)
is more general than those that have been used in [13], [14], and
[24], where the derivative for each component of the regulatory

function is assumed to be the same, which is unrealistic. In our
description, such a restriction is removed.

Remark 3: Usually, various fixed-point theorems, such as
Brouwer’s fixed-point theorem, Schauder’s fixed-point theo-
rem, and the contraction mapping principle, can be exploited
to prove the existence of equilibrium points of the addressed
GRNs. For example, under Assumption 1, it is not difficult
to ensure the existence of an equilibrium point of the system
[see (7)] by using Brouwer’s fixed-point theorem. In the se-
quel, we shall analyze the globally asymptotic stability of the
equilibrium point, which in turn implies the uniqueness of the
equilibrium point.

Before stating the main results, we introduce the following
useful definitions and lemmas.

Definition 1: Let the equilibrium point of the nominal sys-
tem of X" be stable in the sense of Lyapunov. The nominal
system of X" is said to be globally asymptotically stable if

tim {|m(t) = m*[* + p(t) = "} = 0.
t——+oo

Definition 2: The uncertain system X" is said to be globally
asymptotically robustly stable if system X" is globally asymp-
totically stable for all admissible uncertainties.

Lemma 1 (Schur’s Complement) [34]: Given any real matri-
ces €1, Q9, and 3, where Q? = 4, and Q5 > 0, then

O+ 07003 <0
if and only if

0 of
[93 —{

Lemma 2 [31]: Assume that D, E are real matrices with
appropriate dimensions, and H(¢) is a real matrix function
satisfying HT (t)H (t) < I. Then, for any positive scalar &, the
following inequality holds:

| <o

DH(t)E + (DH(t)E)" <eEET +¢'DTD.

Lemma 3 (Jensen’s Inequality) [6]: Given a positive-definite
matrix P € R™*" and a scalar 7 > 0 for any vector z(t) =
col{xy(t), x2(t),. .., z,(t)}, we have

/t T (W) Pi(w)dw

>~ [a(t) - a(t — )T Pla(t) - a(t - m)]. (1D)

3=

III. MAIN RESULTS

In this section, we aim to establish the general robust stability
results for the uncertain GRN with and without noise pertur-
bations. A Lyapunov functional method is developed based on
the idea of “delay fractioning” proposed in the literature. To
estimate the upper bound of the time delays for stability, we
partition 7 and o into several equal components, that is, 7 =
Y _mwithm =7/r,ando = X]_, 0, witho; = o /r, where r
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is a positive integer denoting the number of fractions. Our main
results are delay dependent, which are formulated in terms of
LMIs to ensure the robustly asymptotic stability of the proposed
uncertain GRNs with and without noise perturbations.

A. Robust Stability Analysis of GRNs
Without Noise Perturbations

In this section, a theorem is presented to give the stability
condition for uncertain GRNs X777 without noise perturbations.
Some corollaries are then obtained for the special case when
there are no parameter uncertainties.

Theorem 1: Given any integer r > 1, the uncertain system
3" is globally asymptotically robustly stable with time delays

€ (0, hq], o € (0, hg] if there exist matrices P; > 0, S; > 0,
and T = diag{y1,72,.-.,7} > 0, any matrices X;l), Yj(l),
and 2 (i=1,2and j=1,...,
(k=1,2,...,8) satisfying

[X

where 21 = E%ZIEM, Zy =0T ®, and

r), and positive scalars ej,

)y

S~ o

>0 5[5} :2]<0 (12)
—2

(1]

)
Zj

*

=5 = — diag{e1In, ealn, 500, g6 10, €315,
ealn,erln, ey}
Ei = WE PiWp, + WE PoWp, + WETWr + AL PiAp,
+ AL P Ap, +QFTQ,
B = UlxU, - U xu, + viyv, —
+ Q1 S1Q1 + Q3 82Qs

Vi Yy

[—-A On (4r4+3)n B :|
Wp, = 7
= I, 071,4(7"—0—1)77,
Wp, = On,'rn D On,(TJrl)n -C On,2(7‘+1)n:|
: L 0n,2(r+1)n I, On,2(r+1)n
s_ [0 Pl =_J0 T
Pi__Pi 0} F_[F —r]
W = [ On7(3r+2) @K On,(r+2)n :|
r =
On A(r+1)n QIn
_A On ,rn _In On, T n B
APl _ 7 5 (3r42) :|
L n,(r+1)n n n,3(r+1)n

AP2 _ On,rnD On,(r—i-l)n -C On,rn —1I, 0n,(r+1)ni|

0n,3(7’+1)n I, On,(rJrl)n

U, = I., 0rn,(3r+5)n

L Orn,r+ 0 Lrn Orn2(rg2)n
UQ _ [ Orn,n Irn 07‘n,(37'+4)n 1

L Orn,(r+2)n Iy Orn,(2r+3)n |
Vi = [ 0rn2r41)n Trn Orp(rg3)n |

Orn,3(r+1)n Iy Orn,2n
V = [ 0rn 20430 Trn Orp (rg2)m |

L 0rn,(3r+4)n Irn Orn,n ]

[ x1) y@© X2 y®
=1 z<1>] ‘[ . z<2>]
Ql _ [ Irn 07‘n,(3r+5)n :|

L Orn,n Iy 0rn,,(3r+4)n

[ Orn,2r+2)n Irn Opn (rg3)n
Oy = L(2r+2) ,(r+3) }
L 07'n,(27'+3)’rL Iy 07'n,(’r+2)n
g _g(
Si=| . 50
[ In On 4(r+1)n
Ql _ On,(r-‘rl)n In On,3(7‘+1)n
On,2(7‘+l)n In On 2(r+1)n
L 0n,3(r+1)n I, On,(r—i-l)n
B In On 4(r+1)n
On rn In On (3r+4)n
0 I, 0, :
Oy = n,(r+1)n n n,(3r+3)n
2 On,2(r+1)n In On (2r+2)n
On 3(r+1)n In On,(rJrl)n
- On,4(r+1)n I,
[ PAMy, PiM; Open
P = On,2n PlMl PlMl 0n,4n
| Opan PoMs PoMs 0,9,
L Onen FPoMy PolMs
U = diag {(e1 +5)N{ N1, (€2 + €4) N3 Na, b1 51,
(e3 + e7)N{' N1, hoSa, (€2 + £6) Ny Na }
X0 = diag {X{“,X“) ...,Xﬁ“}
YO = diag {v{",v{",.... ¥,0}
70 = diag {ZY 25 ...,Z,@}
h%( Sy, i=1,2.

Proof: Based on Lemma 1, since 23 < 0, (12) is equiva-
lent to 2 — Ea=5 155 < 0. To prove the theorem, we choose
a novel Lyapunov—Krasovskii functional candidate as follows:

V() = Vi(t) + Va(t) + Va(t) (13)

5
—
~~
=
I
<
~
—
~
=
o
<
—~
~
N

+

<3
—
<<
—_
» »
~— —
I |

!
—
x AL

X

0 t

b [ it dua

—o t+v

with » > 1 (number of fractions) being an integer.
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Considering the derivatives of V;(t) (i = 1,2, 3) along the From Lemma 3, for k = 1,2,...,r, it readily follows that
trajectory of system X, we have

coonan 09 W) - [ e
fet-0] [xM (t—T) TTT -
r[fu;ﬂl[:”m][xiTy]m B e o)
_Zq Et ZH [ | o Zﬁ)1 { (t k_1> <t u ﬂ
—\Lz(t—77 * ; 1 X ——7)—a{t-—T)|
i) -
=207 (01 [-A)a(0)+ BlOlg (o(t—0))] + | $17) ' / R
OB ) )
PURIRCAL e () ()
Va(t)=2y" (t) P2i(t) ;{%”T{ Xf) }Z/?;Hzgm and then
. @ v (o
T?jy_(ftg))ll{XLT %(j))“i(ggi) ) —Z / ) S1(a)da
_ ({y(t r")] [Xl Xy Y7 =Yn
= yl(t_ia) © AT ng(t)S“’X<t>+XT(t—%)5(”" (t=7)
X{ZS:ZZN> f2XT@ﬂ¢”X(tf;) (17)

—Z/ ) S2y () dp
L

X@ y®Tyw] [Y(E-2)1"
x|, Z@)Hj}(t)}_{y(t_g)} i
L 3] (s) <5750 7 (t=7)5@> (-7)
V()= 737 (1) S (t) + o5 (£) S5 (1) — 27 ()s@y (- %) (18)
- / i7(a)S 12 (a)da where S@) = —(r/h;)(I, ® S;),i = 1,2.
o From the sector condition in Assumption 1, for any scalar
t v; > 0, one can see that
= [ it
t—o _22%93 CUJ )[g](y] (t—o0)) _Hiyj(t_a)} >0
<hyi” (8)S12(t) + hay” (8)S29(t)
. T which is equivalent to
- o)S1%
2 / s 297 (y(t — o)) TKy(t — o)
i, ~297 (y(t — o)) Ty (y(t —0)) <O (19)
- [ S (16)  where I = diag{71, 7, ., 7 }.
k=1, ") In view of (7), we obtain
whete X(t)—col{(t), a(t—(1/r)7), ..., a(t—(r—1)/m)rp, & OP A+ BBt o) — ()] =0 20)
and Y(t) = col{y(t),y(t—(1/r)o), ..., y(t—((r=1)/r)o)}. g (P [-C()y(t) + D()a(t — 7) — §(t)] =0. @1
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Using (8), (9), and Lemma 2, for positive scalars ; > 0 (i =
1,2,...,8), we have

—2eT () PLAA(t)z(t)
<a(t) [ey ' PLMI M Py + e N{ Ny | 2(t)
227 (t)PLAB(t)g (y(t — o))
<& 'a" ()P MM Pra(t) + 629" (y(t — o))
x N3 Nag (y(t — o))
= 29" (1) P AC(t)y(t)
< yT(t) [e3' PaMoM] Py + esN{ Ny | y(t)
20T (t)P,AD(t)z(t — 7)
< eyt () Po My MY Poy(t) + eq2” (t — 7)
x NI Nox(t — )

(22)

(23)

(24)

(25)
and similarly

—2iT () PLAA(t)2(t) <egtaT (t) Py M MY Pyi(t)
+eszT (1) N] Nyx(t)  (26)
287 (t)PLAB(t)g (y(t — 0)) <eg'a () Py MM Pyi(t)
+ EGQT (y(t — o))
X N3 Nag (y(t — o)) (27)
=257 () P, AC()y(t) <e7'y" () Py My M Pogj(t)

+ery” (ON] Nuy(t)  (28)
257 (t) P2 AD(t)a(t — 7) <eg 'y () Py Mo My Poyj(t)
+ egzl (t —7)
x N& Noa(t — 7). (29)
Now, it follows from (14)—(29) and Lemma 1 that
V(1) €7() (B0 — E2551E5) £(8) (30)
where £(t) = col{X (), 2(t — 1), X(t),2(t — 7), V(t), y(t —

o), Y(t),y(t —0),g(y(t — o))}, and E; (i = 1,2, 3) is defined
in (12).

Furthermore, the condition in (12) indicates that there exists
a positive scalar A such that

V(t) < -A(l2(0) + ly®)*)

which implies from the Lyapunov stability theory that the GRN
in (7) is robustly globally asymptotically stable. Hence, the
proof is completed. ]

For the nominal system ¥” without parameter uncertainties,
according to Theorem 1, it is not difficult to establish the fol-
lowing sufficient condition on the globally asymptotic stability.

Corollary 1: Given any integer r > 1, the nominal sys-
tem of genetic networks X// with time delays 7 € (0, hq]
and o € (0, ho] is globally asymptotically stable if there exist
matrices P; >0, S; > 0, T = diag{~1,72,...,7} > 0, and

[ PORRYO
J

W | > 0(=1,2andj =1,...,r) satisfying
* ij

1=211+E212<0

[1]x

€1V

where
& T B T 5 T
=1 = WP1P1WP1 + WP2P2WP2 + WF I'Wr
+ AL PiAp, + AL PoAp, + QF0Q,

On,(r—i-l)n I, 0n,3(r+1)n

Q=

On,S(r+1)n I, 0n,(r+1)n

U =diag{hS1, h2S}

and the other symbols have the same meaning as those defined
in Theorem 1.

B. Robust Stability Analysis of GRNs With Noise Perturbations

It is now well known that the intracellular and extracellular
noise perturbations are unavoidable during the modeling of
genetic network models. Therefore, it would be interesting
to consider the dynamics for the genetic networks with both
parameter fluctuations and stochastic disturbances, and stability
analysis is obviously one of the most important problems. In
this section, by means of stochastic analysis theory, the globally
robustly asymptotic stability conditions in the mean-square
sense are obtained for the addressed uncertain stochastic GRNS.

Let us consider the GRNs with both parameter uncertainties
and noise perturbations described by the following stochastic
differential equations:

da(t) = [-A()z(t) )+ B(t)g (y(t — o))l dt

+p(t,x(t),y(t — o)) dwi (t) (32)

where wi(t) and wo(t) are mutually uncorrelated one di-
mensional Brownian motions satisfying E{dw;(t)} = 0 and
E{dw?(t)} = dt (i = 1,2). Furthermore, p(t,z(t),y(t — o))
and p(t, y(t), x(t — 7)) are the noise intensity functions.

Assumption 2: There exist matrices U>0 and V >0
such that

oL (t,u,v)p(t,u,v) < ulUu + v Vo (33)

holds for all u, v € R"™, ¢t > 0.

The initial condition associated with the networks in (32) is
given as follows:

2(t) = ¢u(t)

y(t) = pu(t) —o<t<0
where ¢ 2 max{r,0}; ¢u(t), wu(t) € L%([-0,0], R"),
and L%([—p,0], R™) denotes the family of all Fy-
measurable C([—p, 0], 28")-valued random variables satisfying
SUP,e( g 0) EAl16 ()12} < 00, Subacyp o) Bl (5) 2} < oc.
We are now in a position to analyze the problem of globally
robust stability in the mean square sense for uncertain stochastic
GRNs [see (32)] by using the theory of stochastic functional
differential equations. We aim to establish criteria that ensure
the solvability of the robust mean-square stability problem.
Theorem 2: Under Assumptions 1 and 2, for a given an
integer > 1, the genetic network in (32) with time delays
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7 € (0,hy] and o € (0, hs] is robustly asymptotically mean-
square stable if there exist positive definite matrices P;, R;, S;,

(B

@

and T’ = diag{v1, 7o, - .

-, Yn}, matrices M,, N,, and

7;, and positive constants ¢; and €; (1 = 1,2; a = 1,2,...,71}

B=1,2,3;j=12,..

where

(1]

[1]
)

(1]

(1]
=

(1]
S

o))

A

Ay

As =

Q4 =

., 8) such that the following LMIs hold:

P+ iRy <l (i=1,2) (34)
2, By I
E=1|% =2, 0]<0 (35)
* % Zp
QfA;Q;  (j=1,2,3,4)
wTaQ
oTd

diag{ — LIT ® Sy, LIT ® S2, —I, ® Ry,

hy  hy
_I'r' ®R2}

diag{—e51,, —e6ln, —e1l,, —eol,, —c7l,,

_581717 _531717 _54171}

Iy 0rn,(2'r+5)n :|

L Orn,n Irn 07-n,(27'+4)n

[ 0rn,(r+2)n Iy 0rn,(r+3)n
| 0

rn,(r+3)n Irn 0rn,(r+2)n

i Orn (r+2)n Irn 0rn,(r+3)n
Orn,(2r+4)n Irp

Orn,n

0rn,(2r+5)n Iy

[Q14+ M+ MT —M}
* -1

[ Qo + N+ NT —N}
* —Q2

[0 I, ® KTTT 0
+ Qi—IL@C+IT) 0
* * —Qs3
I, 0, (Br+4)n
On rn In On (2r+4)n
On (r+1)n In On (2r+3)n
0n,(r+2)n I, 0n,(2r+2)n
0y 2(r+1)n I On,(7'+2)n
0 (2r+3)n I 0n,(r+1)n
0y, (2r+4)n I
On,(3r+4)n I,

n,rn

Ay =

Qp =

= diag{M;, Ma,..
= diag{N1, N2,~~~, Nr}a

i ITTL
07"n,(r+2)n Iy

Orn,(2r+5)n
07'n,(r+3)n
Irn Orn (2r+5)n
L Orn,(r+2)n Iy rn,(r+3)n

I In On (3r+4)n

On,(r+1)n In 0n,(27‘+3)n
On (r+2)n In 0n,(21’+2)n
L 0n,(2r+3)n I, 0n,(7*+1)n

i PM, PiM
On,?n ,zrlMl
Onan  PaM,
L On,6n ’T2M2

On 6n
ﬂMl On,4n
PyMs  Op2n
1o Mo

0
0 DTTL 0 0
0
0

= diag{t1V, hoSo — T, = T,", 0, (e2 + €6) Ny No}
= 7P1A7ATP1+€1U+(€1+€5)N1TN1
= £2V+ (64 + 68)N2TN2

— S~ T - T

05U+ (g3 4+e7)NIN, — P,C = CT P,

- M}

aiag {QI”, Q7,.... @V} (B=1,23).

Proof: By setting

Ha) = — A(a)z(a) + Bla)g (y(a — o))

p(a) = — Clo)y(a) + D(a)zx(a —7) (36)

we consider the following Lyapunov—Krasovskii functional
candidate for the model in (32):

5

V(t2(t),y(t) = Y Vi (t2(t), y(1))

i=1

(37
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where t
T
i 6 06000 =Tl £Vit) =re OSi) - [ 7 (@)Sixla)da
+i 7(5)0W a(s)ds +T€ (t.z(t), y(t — o)) Rip (t,2(t), y(t — o))
e = [ " sl uts = )
Va (t,2(t),y(1) =y (1) Pay(t 2
t—*=1s X Rip (s,z(s),y(s — o)) ds (41)
Z / Py (s)ds
h= LV5(t) =ay” (1)S2n(?) / b (@) S2n(a
Vit 0)5(6) = 3 / 4 ) @ (e s +op (60, alt =) Bap (6y(t) 2t =)
k=1, %, t
T - [ o o)t =)
Vi ( ) S1x(a)dad e
_[H/ﬁ Ha g X Rop(s,y(s),x(s —7))ds 42)
where G7(y(t)) = col{g(y(t)), g(y(t—(1/r)0)), ... g(y(t —
/ / (s,z(s),y(s — o)) ((r=1)/r)o))}.
Srithe From Assumption 2 and the condition in (34), we have

X Rip(s,z(s),y(s — o)) dsdf

Vi (1, 2(t), (1)) = / / o7 () Sav(a)dads

Sothp

e

—o t+6
X RQp (57 y(5)7

with > 1 (number of fractions) being an integer.

Let £ be the weak infinitesimal operator of the stochas-
tic process {z, = z(t+s),y, = y(t +s)|[t > 0,5 € [—p,0]}
along the trajectories of the genetic network in (32). By Itd’s
differential formula [11], one has

x(s—1))

(s — 7)) dsdf

LVi(t) =227 () Py [-A(t)x(t) + B(t)g (y(t — o))
+ pT (tv x(t), y(t - U)) Plp (tv x(t)a y(t - U))

AT (¢ - ;) O X (t - ;) + XT()Q1X (1)
(38)
LVo(t) =2y" (t) P2 [=C(t)y(t) + D(t)x(t — 7)]
+ T (4 y(6), 2(t = 7)) Pep (8, y(t), 2(t — 7))

-y (t - %) Q2Y (t - %) + VT (1)Q:2)(t)
(39)

LV3(t) =G (y(t)) Q36 (y(t))

() es (1)) o

Pt (ta(t),y(t — o) (P + TR)p (t,2(t), y(t — o))

< bip" (t,x(t),y(t — 0)) p (8, 2(t),y(t — 0))

<0y [T () Uz(t) + y" (t — o) Vy(t — 0)] (43)
p" (ty(t),z(t — 7)) (P2 + oRa)p (t,y(t), x(t — 7))

< Lop® (t,y(t),x(t — 7)) p (8, y(8), 2(t — 7))

<l [y"(OUy(t) + 2" (t — 7)Va(t — 7)] . (44)

In addition, for any matrices My and N}, (k =1,2,...,7),
the following relationships hold:

2:ET< kl’l’)/\/lk
r

X x(t—k;17>—x(t—fr)— /;(a)da

p_ k=1
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Then, it follows from Lemma 2 that whereas
t_k:lT k=1 T
1
o ( ) I 20| [ plasuta - o) date)
t—2T t=fr
T or 1 L ( —1 ) bt
< -zt (t— T)MES;T " Myx | t— T
r ) e M <t | [ plas(a)ula o) dala)
tszlr t— ko
+ / (@) S1x(a)d (47) i
- E{ [ aat@)ua o)
t,7 t*%‘l’
T
2y (t )Nk / n(a lep(a,x(a),y(aa))da} (51)
tffa'
k-1 t-tto !
E 1A/T - 3
7 ( )Nks Nky( - o) B[ pla(a)ata - 7)) deste)
t—éa
/ y" () Say(e)day (48) -t
<t | [ plasa)ata =) dosta)
_ _ky
— 2T (t i 17’) My kt—lr
r t— 0
=E{ | o @ute.ata =)
< [ plasa)sta o) dala)
T X Rop (a, y(e), a(or — T))da}. (52)
T k—1 1 k—1
<z MRy M;, T
- On the other hand, for £k = 1,2, ...,r, one can see from the
t-t=tr sector condition in Assumption 1 that
+ p (o, 2(a),y(a — o)) dwi (a) 1 E—1
e
- T r
k—1 . —
e 7 (o () o
<hi| [ plaae).pla-o)dat) | @) ' "
t—%T
E_1 With the definitions in (36), for any matrices 7; and 75, we
T
-2y (t - U) Ni also have
t-tto 2" ()T [-A®)x(t) + B(t)g (y(t —0)) —x(t)] =0 (54)
X / p o, y(a), z(a — 7)) dws(c) 20" (t)T2 [-C(t)y(t) + D(t)x(t — 7) —n(t)] =0. (55)
%o By using Lemma 2, we obtain
<yT [t Lo\ MmNy (- P2
=Y g )Nk A Y\ b e — 2" (T DA (t) < &'y ()T MM
- T x Tl e(t) + e12” ()N Ny (t) (56)

: %" (T AB()g (y(t — o)) < e't" ()T MM
X T'e(t) + e2g9” (y(t — o)) Ny Nag (y(t — o)) (57)

— T (OBACEY() < e5'0" () TMp M

t-tto X T, y(t) + ey’ () N{ Ny(t) (58)
x Ry / p(a,y(a), (o — 7)) dws(a) G0 2T TBAD()ax(t —7) < e3'vT ()T My M

t-kg x T n(t) + eax” (t — 7)NJ Noz(t — 7). (59)
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Similarly, it can be obtained that

— 20T () PLAA(t)x(t)
<2'(t) [e5' PLMI MY Py + esN{ N1 2(t) (60)
227 () PLAB(t)g (y(t — o))
< eglaT (t)PL My M Pya(t)
+eog” (y(t — o)) NI Nag (y(t — )
=2y () RAC()y(1)
<y"(t) [e7' PaMaMy Py + e7N{ NiJ y(t)  (62)
27 () P,AD(t)2(t — 7)
< eglyT () PaMo MY Poy(t)
+egz (t — T)NJ Nox(t — 7).

(61)

(63)

Taking the mathematical expectation and considering
(38)—(63), one has

E{LV (¢, =(t),y(1))}
=7 (E1 — 225, "2 — E355E]) C(t)  (64)

where ¢ (t) = col {X(t), a(t — 7),5(t), V(t), y(t - o), 0(t),
G(y(t), g9yt —o))},and E; (i = 1,...,5) is defined in (35).

Based on the derivation conducted in Theorem 1, it follows
that the uncertain stochastic model in (32) is robustly asymp-
totically stable in the mean square. |

Remark 4: Similar to Corollary 1, we can obtain sufficient
conditions ensuring the globally asymptotic stability of the
genetic network in (32) without uncertain parameters. Further-
more, if there are no stochastic disturbances, we can further
obtain specialized results, which are omitted here to save space.
It is also worth pointing out that the main results in this paper
can easily be extended to GRNs with time-varying delays by
the same approach used in [26]. Note that we mainly focus on
the effects brought by the norm-bounded uncertainty and the
random fluctuations in this paper.

Remark 5: Lemma 2 is used to tackle the norm-bounded
parameter uncertainties in the proof of Theorem 1. Comparing
to existing literature, we apply the “delay-fractioning” approach
and construct a more general Lyapunov functional to analyze
the stability problem of the uncertain GRNs with time delays
existing in both the translation process and the feedback regu-
lation process. The novel delay-dependent conditions presented
in Theorem 1 are formulated in the form of LMIs that can
readily be solved by standard numerical software.

IV. NUMERICAL EXAMPLE

In this section, two simulation examples are presented to
illustrate the effectiveness of the proposed design procedures.
The examples are concerned with the synthetic oscillatory
network. This kind of model has theoretically been predicted
and experimentally investigated as a mathematical model of the
repressilator in [5].

Example 1: In the transcriptional regulators of the model
mentioned above, three repressor-protein concentrations p; and
their corresponding mRNA concentrations m; (where ¢ = lacl,
tetR, or cl) are considered as the continuous dynamical vari-
ables. Each of the six molecular species participates in the tran-
scription, translation, and degradation reactions. Here, we only
investigate the symmetrical case in which all three repressors

1 T T T T T
state response of m, (t) of GRNs (7) with uncertainty

state response ofmi (t) of GRNs (7) without uncertainty |7

0 1 1 1 1 L
0 5 10 15 20 25 30

time t

Fig. 1. mRNA concentrations.

are identical, except for their DNA-blinding specificities. By
incorporating time delays and adjusting some parameters, the
kinetics of the system is described by the following equations
with the vector form:

n(t) = — A(t)m(t) + B(t)f (p(t — 0)) +1n
p(t) = = C(t)p(t) + D(t)m(t — )

where A=diag{1,2,3}, C=diag{2.5,2.5,2.5}, D=diag{1,
1,1}, and

[0 0 —06
B=|-06 0 0
| 0 -06 0
(0.1 008 0.04
M; =008 0.04 —0.04
0.02 —0.06 0.1
(02 01 -0.15
My=1]01 =03 0.05
(015 —0.2 0.1
(04 01 -02
N=1]01 04 =01
| —02 -01 0.3
[ 02 —-0.3 0.15
No,=|-01 0.2 0.1
| 02 -02 0.1
[0.6
n=10.6
0.6

The nonlinearities are taken as f;(p;) = (p3/(1 +p3)) (j =
cl,lacl,tetR), and therefore, we have K =diag{0.65,0.65,
0.65}. Furthermore, H(t) = diag {(1/2)sin(4t), cos(2.25t),
cos(1.25¢t)}.

By using the Matlab LMI toolbox, it can be found that the
LMIs in (12) are feasible. When we set = 1, the time delays
can be achieved as 7 = 2.5, and o = 3.6. The simulation results
of the trajectories of m;(t), p;(t) are shown in Figs. 1 and 2,
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1 r : T :
state response of p, () of GRNs (7) with uncertainty

— — —state response of p, (t) GRNs (7) without uncertainty 1
0.8r .

10 15 20 25 30
time t

Fig. 2. Protein concentrations.

where the different initial states for system in (1) are taken
as [0, 1] x [0, 1]. The simulation results further indicate that
the given GRN with time delays and uncertain parameters is
asymptotically robustly stable.

Example 2: In this example, we consider the uncertain ge-
netic networks in (32) with noise disturbances with 7 = 2 and
o = 3, in which there are five nodes denoting the regulation
factors, and the designed parameters in (32) are given by A =
diag{1,2,3,4,5}, C =2.5I, and D = 21, and the coupling
matrix is given as

0o 0 -1 0 O
-1 0 0 0 O
B=08x |0 -1 0 0 O
0o 0 -1 0 O
o 0 0 0 -1

where the coefficient 0.8 is the transcriptional rate. The pa-
rameter uncertainties satisfy M; = N; =0.25I(l = 1,2) and
H(t)=diag{sin(2t),cos(5t),cos(1.5¢),0.5 sin(4t),cos(4.25t)}.
The noise intensity vectors satisfy Assumption 2 with U =
V = 0.51. The nonlinear function is given by f;(s) = s?/(1 +
$2) (i=1,2,...,5),i.e., K =0.65].

By using the Matlab LMI toolbox, we can find that the LMIs
in (34) and (35) are feasible (the solutions are not given here for
the purpose of space saving). When we set r = 1, the numerical
simulation results are given in Figs. 3 and 4, with the initial
states randomly taken in [0, 1] x [0, 1], which further implies
that the uncertain GRN with noises perturbations is globally
robustly asymptotically stable in the mean square.

V. CONCLUSION

In this paper, we have dealt with the robust stability analy-
sis problem for GRNs with time delays, norm-bounded pa-
rameter uncertainties, and state-dependent Brownian motions.
By using a Lyapunov functional approach, stochastic analysis
tools, and the LMI technique, we have constructed a novel
Lyapunov—Krasovskii functional and then derived sufficient
conditions in terms of LMIs to ensure globally asymptotically

0.8r 1

0.7t ]

0.5 —

0.4r 1

0.3

0.2 J

0.1

00 10 20 30 40 50

time t

Fig. 3. State response of m(t) of GRNs [see (32)].

0.8r 1

0.7r ]

0.5 —

0.3 1

0.2

00 10 20 30 40 50

time t

Fig. 4. State response of p(t) of GRNs [see (32)].

robust stability of the addressed delayed uncertain genetic net-
works. Moreover, the LMI-based criteria can readily be verified
by using standard numerical software. An important feature
of the results reported here is that the stability condition is
dependent on the upper bounds of the time delays, which is
made possible by utilizing the most updated techniques for
achieving delay dependence. To the best of our knowledge, the
present research represents the first attempt to develop a novel
computational approach specifically for the robust stability of
uncertain GRNs with or without noise perturbations. In the end
of this paper, two simulation examples have been exploited
to illustrate the applicability and usefulness of the developed
theoretical results.
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