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Abstract

Some direct segregated localized boundary-domain integral equation (LBDIE) systems asso-
ciated with the Dirichlet and Neumann boundary value problems (BVP) for a scalar ”Laplace”
PDE with wvariable coefficient are formulated and analysed. The parametrix is localized by
multiplication with a radial localizing function. Mapping and jump properties of surface and
volume integral potentials based on a localized parametrix and constituting the LBDIE sys-
tems are studied in a scale of Sobolev (Bessel potential) spaces. The main results established
in the paper are the LBDIEs equivalence to the original variable-coefficient BVPs and the
invertibility of the LBDIE operators in the corresponding Sobolev spaces.
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1 Introduction

Partial Differential Equations (PDEs) with variable coefficients arise naturally in mathematical
modelling of inhomogeneous media (e.g. functionally graded materials or materials with damage
induced inhomogeneity) in solid mechanics, electromagnetics, thermo-conductivity, fluid flows

trough porous media, and other areas of physics and engineering.
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The Boundary Integral Equation Method/Boundary Element Method (BIEM/BEM) is a well
established tool for solution Boundary Value Problems (BVPs) with constant coefficients. The
main ingredient for reducing a BVP for a PDE to a BIE is a fundamental solution to the original
PDE. However, it is generally not available in an analytical and/or cheaply calculated form for
PDEs with variable coefficients. Following Levi and Hilbert, one can use in this case a parametrix
(Levi function) as a substitute for the fundamental solution. Parametrices are usually much wider
available than fundamental solutions. They correctly describes the main part of the fundamental
solution although do not have to satisfy the original PDE. This reduces the problem not to a
boundary integral equation but to a system of Boundary-Domain Integral Equations (BDIEs), see
e.g. [17, 18]. A discretization of the BDIE leads then to a system of algebraic equations of the
similar size as in the FEM, however the matrix of the system is not sparse as in the FEM but
dense and thus less efficient for numerical solution.

The Localized Boundary-Domain Integral Equation Method (LBDIEM) emerged recently
[23, 24, 21, 19, 12] addressing this issue and making the BDIE competitive with the FEM for such
problems. The LBDIEM employs specially constructed localized parametrices to reduce BVPs
with variable coefficients to Localized Boundary-Domain Integral or Integro-Differential Equa-
tions. After a locally-supported mesh-based or mesh-less discretization this ends up in sparse
systems of algebraic equations. Further advancing the LBDIEM requires a deeper analytical in-
sight on properties of the corresponding integral operators, particularly on LBDIE solvability,
uniqueness of solution, equivalence to original BVPs and invertibility of the LBDIEs. Analysis
of non-localized segregated BDIEs is presented in [3] and of united BDIDEs in [14]. This paper
develops analysis of some direct segregated localized BDIEs for the Dirichlet and Neumann prob-
lems, based on a parametrix localized by multiplying with a cut-off function, [12]. Some results on
analysis of two LBDIE systems were presented in [4] for smooth localizing functions with compact
support. Here we provide complete proofs of the results for four LBDIE systems associated with
Dirichlet and Neumann BVPs, in the case of not necessarily compact and smooth localization.

The paper is organized as follows. After introducing basic notations in Section 2, we define
classes of localizing functions and derive localized boundary-domain integral identities in Section 3.
In Section 4 we give the localized boundary-domain integral equation formulations for the Dirichlet
and Neumann BVPs and formulate the main theorems of the paper describing (i) equivalence of the

LBDIEs to the original BVPs and (ii) invertibility of the corresponding localized boundary-domain
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integral operators in the appropriate Sobolev spaces. Section 5 is devoted to the study of properties
of localized single layer, double layer and volume potentials, depending on the smoothness of
the localizing function. Section 6 deals with inverse to the localized Newton potential and some
boundary value problem for the localized Newton, single and double layer potentials. The pseudo-
differential operator techniques used in Sections 5 and 6, although close to the standard ones (see
[1, 7, 2, 8]), are complicated by the limited smoothness of the localizing function and thus of the
operator kernels, which needed a special consideration. Finally, in Section 7 we prove the main

theorems formulated in Section 4.

2 Basic notions and notations

Let QT be a bounded open three-dimensional region of R? and 9~ := R3 \F For simplicity,
we assume that the boundary 9Q := 9Q* is a simply connected, closed, infinitely smooth surface.
Let a € C*(R?), 0 < a(z) < C for & € R®. Let also 9; = 0,; := 0/0x; (j = 1,2,3), 0, =
(Ozyy Oy Oy ).

We consider below localized boundary-domain integral equations associated with the following

scalar elliptic differential equation

<a(a:) agif) ) = f(z), ze€Q, (2.1)

3
0
L = L(x, 0, =
ole) = Lo On)ule) = 3 g
where u is an unknown function and f is a given function in Q.
In what follows, H*(Q") = H5(Q"), H}, .(Q7) = H3,,.(Q7), H*(0Q) = H5(9Q) denote the

Bessel potential spaces (coinciding with the Sobolev—Slobodetski spaces if s > 0). For an open

set ), we, as usual, denote D(Q2) = C5,. () endowed with sequential continuity, D*(f2) is the

comp

Schwartz space of sequentially continuous functionals on D(€2), while D(€2) is the set of restrictions
on 2 of functions from D(R?).

From the trace theorem (see, e.g., [10]) for u € HY(QT) (v € H} (7)) it follows that u|facQ =
v e H%(aQ), where v = 'yéEQ is the trace operator on 99 from QF. We will use v for y& if
vt =~~. We will use also notations u™* for the traces u|§ﬂ, when this will cause no confusion.

For the linear operator L, we introduce the following subspace of H*(Q2), c.f. [9, 5, 14],

H (L) :={g: g€ H*(Q), Lg € La()}



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

endowed with the norm
9l 502y = llgll s @) + 1L9l Lo 0)-

For v € H'(QF) the co-normal differentiation operators on dQ do not generally exist in the
trace sense. However if u € H%0(QF; L), one can correctly define the generalized (canonical)
co-normal derivative Tu = [Tu]* € H _%(GQ) with the help of the first Green identity (cf., for
example, [5], [11, Lemma 4.3]) ,

<Tiu, vi>m = :t/ [vLu+ E(u,v) | dz, Vwve HY(QF), (2.2)

O

where
E(u,v) := Za(w) a:;g(s) 8;(;),

=1

and the symbol (g1, g2)an denotes the duality brackets between the spaces H —3 (092) and H 2 (092),

coinciding with [ g1(z)g2(x)dz if g1, g2 € L2(09).

3 Localized parametrix and Green identities

Denote by Pi(x,y) the parametrix (Levi function) of the operator L(x,0;) considered in [12, 3],

1

————————, Ty R’ z#y, 3.1
a@) e~y (3:1)

Py (z,y) =

with the property

where §(+) is the Dirac distribution, and the remainder
3

B Ti— Yi da(x)
Faley) = 2 dma(y) e —yPP Om;

, Yy ek’ zy, (3.3)

possesses a weak singularity of type O(|z — y|~2) for small |z — y|.

Let, as usual, Wlk(a, b) denote the Sobolev space of functions belonging along with their k—th
derivative to the space L1(a,b) of absolutely integrable functions on the interval (a,b). Note that
if g € W(0,00), k > 1, then g € C*1([0,00)) and d’g(t)/dt! — 0 ast — oo for j =0,....,k — 1.

Let us denote the sine-transform of the function y as

o

Ralw) = / % (o) sin(ow) do.
0

Further, let us introduce three classes for localizing functions.
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DEFINITION 3.1 We say x € X* for integer k > 0 if x(z) = %(|z]), x € WF(0,00) and

oX(o) € L1(0, 00).
We say x € Xﬁ for integer k > 1 if x € X*, x(0) > 0 and

oy (W) == Xf:") >0, YweR (3.4)
We say x € Xﬁ for integer k > 1 if x € X_’ﬁ and
wxs(w) < x(0), VweR. (3.5)

Evidently, we have the following imbeddings: X* < X*2 and XT C Xf, ijr C ij_ for
k1 > ko.
The class X fﬁ is defined in terms of the sine-transform. The following lemma provides an easily

verifiable sufficient condition for non-negative non-increasing functions to belong to this class.

LEMMA 3.2 Let k > 1. If x € X*, x(0) > 0, x(0) > 0 for all 0 € (0,00), and X is a

non-increasing function on [0, +00), then x € X_’ﬁ.

Proof. We have to check (3.4). Let us first consider w > 0 and rewrite the left hand side of (3.4)

as
1 OOV . 1 Oou AN
ox(w) = w/X(Q) sin(ew) do = —; /x(w) siny dvy
0 0

] 0o 2mmA2m
o (VY
= 3 Z / X (;) sin~y d~. (3.6)

m=0 o

Taking into account that y is nonnegative and non-increasing we can easily check the following

inequalities for m = 0,1, 2, ...,

2mnm+27 2mm+m 2mm 421
/ )“(<1> siny dy = / )“((l) sin~y dy + / )Z(l> sin~y dry
w w w

2mm 2mm 2mm+m

T
2 2
_ /[X(mﬂﬂ> _X(M” sinydy >0, (3.7)

w w

0

These inequalities imply that o, (w) > 0 for any w > 0. Actually, we have here a strict
inequality. Indeed, if oy (w) = 0 for some w > 0, then due to continuity and nonnegativity of the

integrand in (3.7), we get

X(M) :X(M) m=0,1,2.; el (3.8)

w w

5
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Taking into account the monotonicity and continuity of x, equality (3.8) implies ¥(0) = x(0) > 0,
V 0 > 0, which contradicts to the condition Y € W7(0,00) = L1(0,00). Thus o, (w) > 0 for any
w > 0. Since oy (w) is an even function, this implies o, (w) > 0 for any w € R\{0}. On the other

hand, by the Lebesgue convergence theorem,
o
0y (0) = lim 0 (w) = /p)“((g) do,
0

and, consequently, o, (0) > 0 since X (¢) is non-negative, continuous at ¢ =0, and x (0) > 0.
O
Note that the classes X* particularly include the localization functions y with a compact
support that are mostly interesting for applications, see e.g. [12, 16], and also x with non-compact
support that can be useful in applications for unbounded domains.

Some examples for ¥,

k
[ —m] for |z| <e¢,

Xok(2) = € (3.9)
0 for |z| > ¢,
|z
exp | —s5—— for |x| <e,
X, (z) = [ |z|? — €2 } = (3.10)
0 for |z| > e,
2
(1 - |x|> <1 - 2|$|> for |z| <e,
Xs(2) = € € (3.11)
0 for |z| > e,
X () = el (3.12)

One can observe that x,, , X,, X, are compactly supported while x, is not. On the other hand, x, €
X _’ﬁ, while x,, x, € X3° due to Lemma 3.2. Evidently, x, € X 2 is non-monotonous and negative
on a part of its support, which prevents applying Lemma 3.2, however, the direct integration
gives sy, (w) = {ew[e?w? — 10 — 2 cos(ew)] + 12sin(ew)}e3w™ > 0, w € R, implying x, € X2.
Moreover, our analysis of condition (3.5) (analytical for all x,,, x,, X4, and numerical for y,)
shown also that x,, & X11+ and x, € X177, while x,, € X12+, X3 € X§+, Xs € X12+ and x, € X77.

Now we define a localized parametrix

Py(z,y) = x(z —y)Pr(2,y), w,y€R’ (3.13)
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Evidently,
L(z,0:) P(z,y) = x(0)3(z —y) + Ry(z,y), (3.14)
Ly, 0y) Py(z,y) = x(0)6(z —y) + Ry (z,y), (3.15)
where
3
B z) x(z—y) Ix(r—-y) 1
ey = ng{ ay] [ dz; |z —yl +ale) Ozj |z — y}
ox(z—y) 0 1
ta(@) Oz 37% |z —y| } ’ 210
R y) x@z-y) | Ox(z-y) 1
Rix(z,y) = A7 ; { [ dy; a(y) |z —yl Iz |z — yd

We see that the functions R, (z,y) and R, (z,y) possess a weak singularity O(|z — y|=2) as

x — y if ¥ is smooth enough, e.g., ¥ € X3.

Let us introduce the surface and volume potentials, based on the localized parametrix Py,

Vyg(y) = —/Px(fc,y)g(w) dS;,
o0

Wygly) = — / [T(x,n(x), 8,)) Py ()] 9(z) dSa,

o0
Y) Z/Px(w,y)g(ff) dz
Ot

Ryg(y) == /Rx(:v,y)g(l‘) dz,

O+

Rix 9(y) == / Rix(w,y) g() dx .

O+

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

For the case x = 1 in R3, properties of the potentials (3.18)-(3.21) and the operators generated

by them are studied in [3]. In the case of a non-constant localizing function y, properties of these

potentials are established in Section 5.
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Let us also define the corresponding boundary operators

Vi gly) = —/Px(:w)g(x) Sy, (3.23)
o0

Wy g(y) = —/ [T(m,n(a:),&c)) Px(w,y)] g(x)dS,, (3.24)
o0

Wiso) =~ [ [T.0(0).9,) Po(w.9)] gl) S, (3.25)
o0

Lig(y) = [T(y,n(y), 0y)) Wyg(y)]* (3.26)

Due to the results described in Section 5 these operators are well defined.

We remark that from (3.1), (3.13), (3.16)-(3.26), we have,

1 1 1

Pyg = 2 ol Vx9=-— XAg7 Wyg = aWXA(ag), (3.27)
1< 1
=—— 0ja) + ——Ry(ag), 3.28
a(y g XA g a(y) XA( g) ( )
8]-@
Raxg = — Zaj ~=Pxag| + Rual; (3.29)
j=1

1 1

ng = gVXAg7 Wxg = 7WXA (ag)? (330)
1 8(1 + + 3& +

Wig=Wialo) - 3 5] Vst Lo = Lo ;| an] Whia), (3]

where the localized potentials Py, Rya, Vans Wias Voas Wyas Wy

A L;EA are associated with

the operator L for a = 1, i.e., with the Laplace operator A.

Let us recall the second Green identity for the operator L(z,dy),

—(Trv,ut) | (3.32)

oQ

/ [v L(z,0;)u — u L(z, 0p)v ] do = (T u, v")

O+

o0

where u,v € H"°(Q%; L) are real functions.

Let y € Q and € be the domain QF with a neighbourhood of y deleted. If x € X, then
P(-,y) € HYO(Q}; L) for any domain € by Corollary 5.2, and for v(z) := Py(z,y) and u €
HYO(QF; L), we obtain from (3.2) and (3.32) by standard limiting procedures (see, e.g., [17]) the
third Green identity,

x(0)u+Ryu— VT u+Wut =PyLu in QF. (3.33)

8
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Then by the properties of the potentials presented in Section 5, taking trace and co-normal

derivative of (3.33), we derive,

0
X(2) ut + R;u VT u+ Wt = P;Lu on 0, (3.34)
x(20) THu+ T Ryu = W/T u+ LIu" =T PyLu  on 99, (3.35)

Here RYu := (Ryu)t, PLf:= (P f)".

4 Direct segregated LBDIEs for the Dirichlet and Neumann prob-

lems and main theorems

To simplify the LBDIE form, we will assume in Section 4 that x(0) = 1.

4.1 LBDIE formulations

Let us consider the Dirichlet problem

Lu=f in QF, (4.1)

ut =gy on 09, (4.2)

where equation (4.1) is understood in the distributional sense and condition (4.2) in the trace
sense; g € H%(GQ) and f € HO(QT).
Denoting the unknown co-normal derivative T u as a new variable ) and substituting (4.1),

(4.2) in (3.33), (3.34), we arrive at the system of direct segregated LBDIE (D1),
u+Ryu—Vyh = Pyf—Wypo in QF, (4.3)
Riu—V = [Pf]" = %goo —Wypo on 09, (4.4)
with the unknowns u € H*?(Q"; L) and v € H_%(aﬁ).
Alternatively, substituting (4.1), (4.2) in (3.33), (3.35) and denoting again the co-normal

derivative T u as a new variable 1), we arrive for the Dirichlet BVP at another direct segregated

LBDIE system of the second kind (D2),

u+Ryu—Vyth =Pyof —Wypy in QF, (4.5)

1
T*Ryu+ 5o~ Wi =T P f — Ligg on 99 (4.6)

9
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with the unknowns v € H°(Q*; L) and v € H_%(ﬁﬂ).

Let us now consider the Neumann problem
Lu=f in QF, (4.7)
TYu=1 on 09, (4.8)
where equation (4.7) is understood in the distributional sense, while equality (4.8) is understood
in the functional sense in accordance with (2.2); ¢y € H_%((?Q) and f € HO(QT).

Denoting the unknown trace u™ as a new variable ¢ and substituting (4.7), (4.8) in (3.33),

(3.34), we arrive at the direct segregated LBDIE system of the second kind (N2),

u+Ryu+Wyp = Pof+Viyg in QF, (4.9)

1
Riu+-o+Wp

5 [P fT" + Vo on 99, (4.10)

with the unknowns u € H-0(Q+; L) and ¢ € Hz(99).
Now let us go over to the alternative LBDIEs formulation for the Neumann BVP. Again,

denoting the unknown trace u™

(3.33) and (3.35), we arrive at the LBDIE system (N1),

as a new variable ¢ and substituting relations (4.7), (4.8) into

u+Ryu+ Wyp =P f +Vytbg in QF, (4.11)

1
TY*Ryu+ Lo =T Py f — 5 Yo+ Wyt on 0. (4.12)

with the unknowns u € HX0(Q*; L) and ¢ € H2(99).

The digits 1 or 2 in the notations (D1), (D2), (N1), (N2) indicate, respectively, the first
or the second kind of the boundary equation in these systems. We entitled the above LBDIE
systems segregated to underline that the boundary unknown functions ¢ and ¢ are treated in the
equations as independent (segregated) of the unknown function u defined in the domain. If the
unknown boundary traces and/or co-normal derivatives are not replaced by segregated unknown
functions, one can arrive at some other systems of direct united localized boundary-domain integral
or integro-differential equations for the Dirichlet, Neumann or mixed problems, cf. [12, 14], but
in the present paper we confine ourselves with analysis of the LBDIE systems (D1), (D2), (N1),
(N2) only.

10
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4.2 Main theorems

We will prove in Section 7 the following equivalence and invertibility theorems.

THEOREM 4.1 Let x(0) = 1, ¢y € H2(9Q) and f € HO(QF).

(i) If a function u € HY(QV) solves the Dirichlet problem (4.1)-(4.2) then the pair (u,) with
=T% ue H_%(ﬁﬂ) solves the LBDIEs (D1) and LBDIEs (D2) with any x € X?°.

(ii) Vice versa, if a pair (u,1) € HY(QF) x H_%(GQ) solves the LBDIEs (D1) with x € X3
or LBDIEs (D2) with x € X}, , then u solves the Dirichlet problem (4.1)-(4.2), and T u = 1.

(ii) The Dirichlet problem (4.1)-(4.2), the LBDIEs (D1) with x € X3 and LBDIEs (D2) with

X € X§+ are all uniquely solvable.

Let us denote the localized boundary-domain integral operator generated by the left hand sides

in LBDIEs (D1) and (D2), respectively, as

I+R -V,
D1 ._ D2 _ X X
.AX = , AX =

RY =V TR, $I1-W),

THEOREM 4.2 Let x(0) = 1. The following operators are continuous and continuously invert-
ible,

1

APL BN Q) x HO3(0Q) — HYQT) x H2(0Q) if x € X3, (4.13)

AD2 L HN Q) x HO2(09) — HY(QY) x H72(9Q)  if x € X}, (4.14)

THEOREM 4.3 Let x(0) = 1, ¢y € H 2(9Q) and f € H(Q).

(i) If a function u € HY(QV) solves the Neumann problem (4.7)-(4.8) then the pair (u, @) with
p=ute€ H%((?Q) solves the LBDIEs (N2) and LBDIEs (N1) with any x € X3.

(ii) Vice versa, if a pair (u,p) € HY(Q1) x H%(OQ) solves the LBDIEs (N2) with x € X3 or
LBDIEs (N1) with x € X}, , then u solves the Neumann problem (4.7)-(4.8) and u™ = ¢.

(iii) The homogeneous Neumann problem (4.7)-(4.8) admits only one linearly independent
solution u = 1 in H*(Q1), while the homogeneous LBDIEs (N2) with any x € X3 and LBDIEs
(N1) with any x € X}, admit only one linearly independent solution (u,¢) = (1,1) in H* () x
H2(09).

(iii) The condition

(2 1) — (o, Ly =0 (4.15)

11



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

is mecessary and sufficient for solvability of the nonhomogeneous Neumann problem (4.7)-(4.8)

and nonhomogeneous LBDIEs (N2) with any x € X3 and LBDIEs (N1) with any x € Xf_i_.

Let us denote the localized boundary-domain integral operators generated by the left hand

sides in LBDIEs (N2) and (N1), respectively, as

o I+R, W, A

1 ’ X

[+R, W,
TR, L

THEOREM 4.4 Let x(0) = 1. The following operators are continuous Fredholm operators with

zero index,

ANZ o HY(QY) x H2(09) — HY(QF) x H2(09) if x € X2, (4.16)

AN HY(QY) x H2(09) — HY(QT) x H™2(0Q)  if x € X3, (4.17)

They have one—dimensional null-spaces, ker A;Vl = ker AY2, spanned over the element (u,p) =

(1,1).

Remark that in Theorems 4.1-4.4 we needed y from X? for LBDIEs (D1) and (N2), but x
from much more narrow class X, for LBDIEs (D2) and (N1).

Before proving these theorems in Section 7, we provide necessary tools for this, analysing in
Section 5 mapping and jump properties of the potentials, and constructing in Section 6 the inverse

to the localized volume potential operator.

5 Properties of localized potentials

We analyse here mapping and jump properties of the localized operators Py, Ry, Ry, Vy, Wy,
Vy, Wy, Wy and Ef, defined in Subsection 3.1.

Let
— b x@y 1 [ x(®) o
() ._fxﬂg[ ir s }— in ) Tl ¢ dz, (5.1)
R3

Pya
be a Fourier transform of the localized parametrix P, (x) for the Laplace operator (i.e., corre-
sponding to the case a(x) = 1, see (3.1) and (3.13)). Here and in what follows F,_.¢ and fgjx are

the generalized direct and inverse Fourier transform operators, which on the integrable functions

12
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take the form
9(6) = Fg(€) = /g(ﬂf)e‘Qm'gdx, Flglz) = /@(é)ewx'ﬁdg
R3 R3

Denote by P, the pseudodifferential operator with the symbol Px N
P g=F [P Fgl, geS'RY), (5.2)

where S’(R3) is the space of tempered distributions (Schwartz space). For v € S(R3), where

S(IR3) is the space of rapidly decreasing functions, we have,

P, v(y) = /PXA (x —y)v(z)de = —i m v(x) dz. (5.3)
R3 R3

First of all we prove the following main lemma which is crucial in our further analysis.

LEMMA 5.1 (i) Let x € X*, with k > 0. Then P, € C(R?),

o

Py, (0) = —/X(@) odo, (5.4)
0
and for € # 0 the following equalities hold

e}

R k* —_1)m+1 1 k
Pa(@) = ZO |(27T£|)2m+2 X (0) - W/Sin (2rllo+ 5 )X () e, (55)
m= 0

where k* is the integer part of (k —1)/2 and the sum disappears in (5.5) if k* <0, i.e., if k = 0.
(ii) If x € X° and condition (3.4) is satisfied, then
P, (€) <0 forall €€R3. (5.6)

Proof. Let (0,0, ¢) be coordinates of the point x in the spherical coordinate system with the

azimuthal axis directed along £. Then

> 1 X(l’) —2mi x-
P (§) = P 7|ac| e 2mEE o

13
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Integrating by parts, we have,

. Y (0 1 oov, 1 OOU,
Pal@ = -~ - o [ X0 coserelédo = e [ X (@) 1 - costemelé))] de
0 0

Further, successively integrating by parts, and taking into account that all derivatives of the
localizing function ¥ up to the order k — 1 vanish as ¢ — oo, we easily derive (5.5). Equality
(5.4) and continuity of P,, (£) is obtained from penultimate equality in (5.7) by the Lebesgue

convergence theorem. Item (ii) of the lemma immediately follows from (5.7).

U
Lemma 5.1 implies the following important corollary.
COROLLARY 5.2 (i) There ezists a positive constant ¢y such that
Pa(@ < a1+ F forall eR if xe X, k=01, (5.8)

Pa(@) < o Q+IE™F forall eR® if xeX*, k=23, and x(0) =0, (5.9)

and the following operators are continuous,

P, : H'®R) - H™IRY) ViecR if xe X' k=01, (5.10)

HYR?) — HFMHRY vV teR  if xye X*, k=23, and x(0)=0. (5.11)
(ii) If x € X1, then there exist positive constants c1 and co such that
o (L+ RS [P e (L+ €)™Y forall €€RP, (5.12)
and the following operator is continuously invertible,

P,, : H(R®) — H"R3) VtecR. (5.13)

A

Proof. Ttem (i) is implied by ansatz (5.5) and continuity of P, (£) at & = 0.

Consider item (ii). The right inequality in (5.12) and thus the continuity of operator (5.13) is
given by (5.8). Properties (5.4) and (5.6) imply the left inequality in (5.12) on any finite interval of
€. Since in (5.5) x(0) # 0, while the integral tends to zero as |{| — oo due to the Lebesgue theorem,
we obtain the left inequality in (5.12) at all £ € R3. This implies the continuous invertibility of

operator (5.13).

14
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Let us now analyse properties of the operator R, involved in the expressions of the operators

R, and R., defined by (3.28) and (3.29). Let us denote,

Ry.g:— / Rya (o — y)g(x) de = ' (Ryn Fo),
R3

where }ABX ~ =FR,, and

3
1 0 [Ox(z—y) 1 Ix(z—y) 0 1
RXA (13 — y) = e p {89@ |: ij ‘:U — y‘ + 8xj 8xj |x — y|
= AP, (z—y) —x(0)d(z —y), (5.14)

cf. (3.16) and (3.17) with a = 1 and (5.3).
LEMMA 5.3 Let s € R, y € X*, k=1,2,3. The following operators are continuous,
R,, : H'R3 — HPFLR3) y e X* (5.15)

Proof. Let x € X* k> 1. By definition (5.14) we have, RXA = —|27r§|215xA — x(0) and then by

Lemma 5.1,

o = Y “<2m><o>+17sm(zw €+ ) @) de,  (5.16)
XA - ~ |27T§|2m X ‘27T£‘k_1 0 9 X Q)ag, .
m= 0

where k* is the integer part of (k — 1)/2, and the sum disappears in (5.16) if £* < 1, i.e., k < 3.

Equality (5.16) gives the estimates,
Ben (O] <c (462" forall €€R® if xe X, k=1,2,3,

which imply (5.15).

Taking into account that
Puaf =Pynf, Ranf =Ry, f for fe H(QV), seR, (5.17)

we can write down the mapping properties for P, and R, and R.,.

15
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THEOREM 5.4 The following operators are continuous

Py : H Q) — H2(QF), seR,  yeX! (5.18)
HS(QT) — HF2(QT), —5 <8< % xeXxh (5.19)

Ry, Rey : H(QV) = HY(QY), seR,  yeX, (5.20)
H () — H3(QF), —5<s< % x € X1, (5.21)

H3(QF) - HT'(QY),  seR,  yeX? (5.22)

HS(QT) — HTH(QT), —% <s<gz  XE€ X2 (5.23)

Proof. The mapping property (5.18) is implied by (5.17), (3.27) and Corollary 5.2. Then (5.19)
follows since H*(Qt) = H*(Q) for —1 < s < 3. Similarly, (5.20) and (5.22) are implied by
(3.28) and (3.29) if we take into account Lemma 5.3 and property (5.18). Then again (5.21) and
(5.23) follow from (5.20) and (5.22). O
Now we can prove also some mapping properties of the above operators to subspaces H*!(Q; L) C

H*(Q) for a range of t. For t = 0, the space H*!(); L) is described in Section 2, for other ¢ we

present it following [15].

DEFINITION 5.5 Let s € R and L, : H5(Q0F) — D*(QF) be a linear operator. Fort > —1, we

introduce the space
H*QF L) = {g: g € H(QF), Liglos = fylox, fo € H'(QF)}
endowed with the norm |||l gsto=.1.) = 9]l ms+) + Hngﬁt(Qi).

The distribution fg e HY(OF), t > —%, in the above definition is an extension of the distribu-
tion L.glgx € H'(QF), and the extension is unique (if it does exist) since any distribution from
the space H!(R3) with a support in Q7 is identical zero if + > —1/2 (see e.g. [11, Lemma 3.39],

[15, Lemma 4]). The uniqueness implies that the norm ||g|| st (o+,r.,) is well defined.

*
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THEOREM 5.6 The following operators are continuous

Py HY(QY) — H25(QF; L), —% <s< % x e X!, (5.24)
H(QT) — HT25(Q"; L), —% <s< % x € X, (5.25)
HS(QF) — H2=275(QT; L), % <s< ; Ve e (0,1), xe X2  (526)

Ry : HY(QY) — H*Ls~L(QF; L), % <s< g X € X2, (5.27)
H(QF) — Hs =5 1(QF: L), % <s< % Ve >0, xe€ X3 (5.28)

Proof. Mapping properties (5.24), (5.25) directly follow from (5.18), (5.19). To prove (5.26) we
take into account the imbedding H*(Q1) C H%_E(QJF), for 3 < s, e > 0, implying continuity of
the operator P, : H*(Q") — Hg_E(Q+) due to continuity of (5.25). Then, LPyh = h + R h
due to (3.15), and for £ < s < 3 and any € € (0,1) the operator R, : H*(Q") C Héfs(QJ“) —
H2=5(QF) ¢ H2~5(Q*) = Hz5(Q+) is continuous due to property (5.23) from Theorem 5.4
implying continuity of the operator LP,, : H5(Q") — H25(QF) and thus (5.26).
Continuity of the operator (5.27) follows directly from continuity of (5.22) in Theorem 5.4.
To deal with (5.28), let us first of all remark that for 1+ < s < 3 and any € > 0 the operator
Ry : H5(QF) C H2=5(QF) — H275(Q%) is continuous due to property (5.23) from Theorem 5.4.
Further, for any u € H*(Q"), $ <s< 3,

Ja Ou . ~.
Lu—Au—Zawi P, € H L) = H-1(Qh),

that is, the spaces H**~1(QF; L) and H**~1(Q*; A) coincide.

Let now % <s< % Applying the Laplace operator to (3.28), we have,

3
ARyg = —— 14— 0;APy,(9dja) + ARy, (ag) ¢ + Qg, (5.29)
j=1

3
Qo = ( 1) VLN BRI

a(y)
3 1 3
+2) < a(y) ) Ok { =Y 0Pya(9050) + Ryylag) o . (5.30)

k=1 j=1
Due to properties (5.19) and (5.23) of Theorem 5.4, and imbedding H*(QF) C H*~1(QF), the

operator @ : H*(Q1) — H*~1(QF) is continuous if y € X2.
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Further AP, h = h + Ry h in QF for any h € H¥(QT), where Ry, = Ry, is defined by
(3.22), (3.15) with @ = 1. Due to Theorem 5.4, the operator R.,, : H*(Q") c H*"1(QT) —
H*(Q") is continuous and thus 9;AP, : H¥(Q1) — H*~1(Q") is continuous as well.

On the other hand, the operator AR, : H*(Q*) c H*~1(QF) = H*~1(Qt) — H*1(QF)
is continuous due to Lemma 5.3 if y € X3. Thus the operator AR, : H*(QT) — H*71(QF) is
continuous, implying (5.28).

O

Before proving mapping properties of co-normal derivatives of potentials, we define following
[15] the canonical co-normal derivative operator acting on functions from H®!(2; L), extending
to a range of Sobolev spaces the definition of co-normal derivative given by (2.2). By definition,
for u € H*'(Q;L), s € R, t > —1, the distribution Lu € H'(2) can be uniquely extended to a
distribution in H (), which we will call the canonical extension and denote by Lu.

For u € H*(QF), v € H?>75(Q%), 1/2 < 5 < 3/2, let us define a bilinear form,
3
EX (u,v) == Z (a0iu, 0jv) g+ ,
i=1
where (-, - )ot are the duality brackets between the spaces H5~1(QF) and H'~*(QF), and we
took into account that H'~¢(QF) = H!=5(QF) when 1/2 < s < 3/2.

DEFINITION 5.7 For u € Hs’fé(Qi;L), % < 5 < %, we define the canonical co-normal
derivative T%u € HS_%(aQ) as

(T*u, W) ey = + (LU, ew)+ + EF(u,ew) Y w e Hgfs(aﬂ), (5.31)

where e : HS_%@Q) — H*(R?) is a bounded extension operator. The canonical co-normal deriva-
tive T*u is independent of e, the operator T : Hsﬁ%(ﬂi;L) — Hsfg(aﬁ) is continuous, and

the first Green identity holds in the following form,
+(THu, v*) = (Louv)gr + EF(u,0) Vo H75(QF). (5.32)

Since H>! (0 L) C HS’_%(Qi; L) for t > —%, Definition 5.7 defines the continuous operators

T+ H9'(QOF; L) — HS_%@Q) for any t > —% and £ < s < 3.

18
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COROLLARY 5.8 The operators

1 3
R, : HY(QT)— H(Q), 3 <5<5 X € X2, (5.33)
1 3
RE : HYQT) — H2(09), 5<s<; xeX% (5.34)
1 3
TR, : H Q") — H*2(0Q), g<s<; xeX’ (5.35)

are compact.

Proof. Compactness of (5.33) and (5.34) is implied by property (5.23) of Theorem 5.4 along
with the Rellich compact imbedding theorem and the trace theorem. Continuity of the operator
Ry : H(QF) — H%_a’s_l(Sﬁ; L), % < s< 3, forany e > 0 due to property (5.28) of Theorem 5.6,
implies continuity of the operator TTR, : H5(Q") — H=(0Q), % <s< %, for sufficiently small
e > 0, and thus compactness of operator (5.35) due to the Rellich compact imbedding theorem.
O

To consider properties of the surface potentials, we remark that they can be presented as
VX = X(O)‘/l + Vx—x(O)a Wy = X(O)Wl + Wx—x(O)' (536)

Here V) and W are the surface potentials based on the non-localized parametrix (3.1) and stud-
ied in detail in [3], while V} _, ) and W,_, o) are given by (3.18), (3.19) with P,_,(o)(2,y) =
Py(z,y) — x(0)P1(x,y). Due to (3.27), the mapping and jump properties of V) _, ) and W, _, (o)
are defined by those of their counterparts for the Laplace operator, V, _, () a and W, _, (o)A,
based on the corresponding function P, _,)a(z —y) = Py, (7 —y) — x(0) Pia(z — y).

Let us state mapping properties of the operator

Px—x(O),A g<y) = /Px—x(O),A(x - y) g(x) dx = _L X(:U — y) — X(O) g(.%') dz.

4 |z =yl
Q Q
LEMMA 5.9 Let x(z) € X*, k=1,2,3. The operator
WPy yoa @ HY(Q) — HPFHIRY) V teR (5.37)

is continuous for any p € D(R3).
Proof. Let g € H'(2). Then §(¢) := Fg(¢) belongs to C*°(R3) since Q is bounded. Moreover,
Py—x(0),a 9(4) = Py—y(0),a 9(y) = /R3 Py yo)a 9(x)dz, yeR.

19



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

Let first x € X*, k = 1,2. Taking into account that Px—x(O),A = PXA —x(0)P1a and Pia(€) =
—|27€|72 as the symbol of the volume potential operator for the Laplace operator, Lemma 5.1

leads to the following expression,

o0

R 1
Pexo.6(8) = ~gre [ sin (2melel + )0y de (5.38)
0

Further we have,

A~ ~ ~

FIPy—y0),a 91(&) = Py—y(0),a(6)3(&) = Py—y(0),a(E)11(§)3(&) + Py—y(0),a(§)[1 — 11(8)]9(8), (5.39)

where the cut-off function p; € D(R?) and u1(€) = 1 for [£] < 1. The first term in the right hand
side of (5.39) is integrable and compactly supported, which implies its inverse Fourier transform
is infinitely smooth in R3. For the second term we have due to (5.38),

N

1P 2Ol — ) et (L4 [62)~" forall ¢eR?,

which implies continuity of the operator with the symbol Pxfx(o),A(f)[l — p1(€)] from HY(R?) to
H'TF1(R3) V¥ t € R. Combining these statements we obtain continuity of (5.37) for k = 1,2.

If x € X3, then integrating (5.38) with k = 2 by parts, we have,

. 1 7
Pex0al) =~ [ cos (2molel) | (e de (5.40)
0

This means

N

1Pyrx@a@l —m@ll e (1+[€7)72 forall (eR®if x e X7,

which by the same arguments as above implies continuity of (5.37) for k = 3.

Let us introduce the distributions 1 dgq and 9, (¢ dsq) defined by the relations

(Yoaq, h) == (U, Yh),o, (On(pdaq), h) = (¢, —0nh),, forall he D(R3). (5.41)

For v, ¢ € HS_%(BQ), 5 < %, one can observe from the right hand sides of (5.41) (where 9,h
is understood in the trace sense) that v dgq and 9, (¢ dsq) are actually continuous functionals on

h € H*%(R3) and h € H3~%(R3), respectively. Moreover,

[ 0o, 1) = 1403 M | < et 10813 i 17l g3y < €2 161y g 1Bl 1220,

[ {ulpd00) 1) = (9, M)l < 1 10l .3y 100 hum oy S N9l oo 1ellzr-e(e)
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due to the usual duality estimation and the trace theorem. This shows that 1 §sq € H* 2(R3),

On(pdpn) € H*3(R3). Evidently, supp [t/6pq] C 9 and supp [0, (¢ dsq)] C 982, which implies

Yo € H§52(Q) C H*2(Q), 8,(¢dsq) € H§53(Q) C H*3(Q) . Thus the following linear
mappings are continuous,

b oo 1 HTE(0Q) — H2(Q) C H2(R?), s< g , (5.42)

@ Onlpdoq) @ H 2(0Q) — H3(QT) c H*3(R?), s< ; (5.43)

It is well-known that the single layer, double layer and volume potentials can be represented

as convolutions (see, e.g., [22] for harmonic potentials):

Vs v0) = - [ XD p@as, = - X s wiin)]. (5.44)
oN
W v0) = 1= [ g et pwyas, = 1 [X2 « ot donl] ). (.45)
o0
Poon) == [ A oo =~ [ o] ) (5.46)
R3

where the symbol * denotes the generalized convolution operation in R3. This means that the

potentials can be written as pseudodifferential operators,

Via 0 = —F H{ P (€ F(Waa) } = —Py, (¥ d0q), (5.47)
Wys ¢ = —F H{ Py (&) F—0n(9090) ]} = Pya[0n(9da0) ], (5.48)
Pya f=F H{ P (&) FF} =P\, f, (5.49)

where fis the extension by zero of the function f from Q onto the whole of R3.

THEOREM 5.10 The following operators are continuous

V, : H"2(0Q) > H'(R?), s< g . if xe X1, (5.50)
H2(8Q) — H™*"1(Q%; L), % <s< g if x € X2, (5.51)
Wy, H*2(09) — H(QF), s< g . if yeX? (5.52)
H*™2(0Q) — H**1(QF: L), % <s<g, if x€ X3, (5.53)
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Proof. Due to (3.27), it suffices to show mapping properties (5.50)-(5.52) for V, ., W, respec-
tively. In accordance with formula (5.47), Vy . ¥ = =P, (¢ dpq). Then (5.50) holds due to (5.11)
from Corollary 5.2 since 1 dgq € H* 2(R3).

For the double layer potential, let ug € D(R?) such that po(0) = 1 and present X = X0 + Xoo,
where x0 = foX; Xoo = (1 — po)x, and evidently, Wy, ¢ = Wy A ¢ + Wy A ¢. For y € X? we
obtain that yo € X2 and is compactly supported, while xoo € X2 and Xoo(0) = 0. Then

3
Wyt H2(0Q) — HY(R?), s < 5 (5.54)

is continuous due to ansatz (5.48), continuity of operator (5.11) from Corollary 5.2 and continuity
of mapping (5.43).

On the other hand, since 02 is closed, W, A ¢ has a compact support independent of ¢, and
in accordance with formulas (5.36), (5.48),

Wyo,a @ =x(0)Wia ¢ +Wyoy©0,8 ¢, Wyo—x(0),a ¢ = Pyg—x(0),a[0n(¢ do0) |

where the latter equality follows from (5.48). Taking into account that x(0) = x0(0), then

Lemma 5.9 and continuity of mapping (5.43) imply continuity of the operator

uW.

3
ox(©.a P HTH(09) = HYR®), s < 3 (5.55)

for any p € D(R3) and y € X2.

In addition, for Wia the following mapping properties are well known,
Wia : HS72(0Q) — H5(QV), puWia: H2(9Q) — HY(Q) Ve DR, scR,
which along with (5.55) proves continuity of the operator
Wyon : H2(0Q) — H*(QY), uWyon: H2(0Q) —» HY(Q™) Ve DR, s< ; . (5.56)

Taking p such that p(x) =1 on the support of Wy, ap, we have, uWy, A = Wy A, i.e., p can be
dropped in (5.56), and its combining with continuity of (5.54) leads to continuity of (5.52).

To prove (5.51) and (5.53), we remark that these mappings are evident for Via and Wia,
respectively, since AVia = 0, AWja = 0 in QF; thus (5.51) and (5.53) hold for Vi, and W;. On
the other hand,

AVip—x% = =AP0),a(®o0), AWy 0P = APy ©0),al (@ don) ],
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which implies continuity of the operators

PAV o) ¢ H2(0Q) — HSU(R?) it y e X, (5.57)

PAW, o @ H72(0Q) — HHR?)  if e XP, (5.58)

for any p € D(R?) and s < % due to Lemma 5.9 and continuity of mappings (5.42), (5.43).
Taking again p such that p(z) = 1 on the support of Wy, Ay, we have, uAVi A = AVyy A,
pAWy o A = AW, A, ie., 1 can be dropped in (5.57), (5.58).

Taking into account that the operators

3
2

AV, “2(09) — H YR  if  x e X2 (5.59)
3
2

AW, : H72(0Q) — H"HR?) if ye X3 (5.60)

are continuous for s < 2, due to (5.47), (5.48), continuity of operators (5.11) from Corollary 5.2
and continuity of mappings (5.42), (5.43), then (5.51) and (5.53) for V, and W, follow.

0

LEMMA 5.11 For any u € D(R), the following operators are compact
mVy—x@) : Hs_%(aﬁ) — H5R?), s< g, if x e X2, (5.61)
H™2(8Q) — H*1(Q*; L), % <s< g if x € X3, (5.62)
Wy ¢ H2(09) — HS(R?), s < g if x€ X2, (5.63)
H2(8Q) — H*1(Q*, L), % <s< g if xeX?®. (5.64)

Proof. We have,
Viex,a ¥ = =Py 0,4 d00),  Wy_y0),a © = Py_y(0),al0(0da0)].

Then continuity of mappings (5.42), (5.43) and Lemma 5.9 imply that the following operators are

continuous,
EVe—y(0),a HS_%@Q) — H5R3), s< g if y € X2,
H73(8Q) — HPY(R3), s< g if x € X3,
Wy ¢ HS2(09) — HY(R?), s< ; if e X2,
H3(0Q) — HPY(R?), s< % if e X3,

23



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

Since the imbeddings HS_%@Q) C Hs_g(aﬁ), HS_%((?Q) C Hs_%(ﬁﬁ) are compact due to the
Rellich theorem, operators (5.61)-(5.64) are compact.
(]

Theorem 5.10, the trace theorem and Definition 5.7 of the canonical co-normal derivative imply

the following boundary mapping properties for the surface potentials.

COROLLARY 5.12 The following operators are continuous for % <s< %,

VE = 42V, H3(0Q) — H*2(09), y € X', (5.65)
WE = 45 W, : H73(0Q) — H3(09), x € X2, (5.66)
TV, : H2(09Q) — H* 2(0Q), yx € X2, (5.67)
LE=T*W, : H2(0Q) — H*"2(89), x € X°. (5.68)

We will use further the evident representations similar to (5.36),
VX = X(O)Vl + VX—X(O)’ WX = X(O)Wl + WX—X(O)’ W/X = X(O)W’l + W/X—X(O)' (5.69)

THEOREM 5.13 Let ¢ € Hsfg((?(l) and ¢ € Hsfé(aQ), < s < 3. Then there hold the

D=

following jump relations on Of)

+ — — 1
Vip -V = 0, xeX! (5.70)
Wie—Wie = —x(0)p, xeX? (5.71)
TtV —T Vi = x(0), xe€ X% (5.72)
)
T Wy =T Wy = x(O0)p5-, xeX (5.73)
Moreover,

Vo = Vip=V 4, xeX, (5.74)

1 _
Wyp = S(Wip+Wie), xeX?, (5.75)

1

W = S(TTV + T Vi), x € X7 (5.76)

Proof. Similar to the proof of Theorem 5.10, for any u € D(R?) we have from Lemma 5.9
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continuity of the following operators,

WVaoyona @ HT2(09) — HY(R®), xe X', (5.77)
H*3(09Q) — H"Y(R%), x € X, (5.78)
IWyn.a © HT2(0Q) — H(R?), x € X?, (5.79)
H3(0Q) — HTY(R3), y e X3, (5.80)

which (for appropriate memberships of x) imply continuity across the boundary of corresponding
traces and co-normal derivatives for V, _, () a and W, _, ) a and thus for V,_, ) and W, _, o)
due to (3.27). Because of (5.36) this means the jumps of V,, and W, coincide, up to the multiplier
x(0), with these of V; and W) considered in [3], which give relations (5.70)-(5.73).

To prove (5.74)-(5.76), we use representation (5.69). For Vi, Wi, W’y the equations corre-
sponding to (5.74)-(5.76) follow from results in [3]. For V,_, (o), Wy—y(0), W'y—x(0) they are
implied by the continuity across the boundary of corresponding traces and co-normal derivatives

for V\_(0),a and W, _, (0),a, mentioned above. Remark that for V, _, ), W

=x(0)» W'x—x(0) this

can be also easily obtained from analysis of the kernel singularities.
O
Note that unlike the case of constat coefficient, a = const, there is a non-zero jump of the

co-normal derivative of the parametrix-based double layer potential, see (5.73).

THEOREM 5.14 Let % <s< % The following operators

Ve H2(0Q) — H2(09), ye X!, (5.81)
Wy : H*2(0Q) — H2(09), x € X2, (5.82)
W 1 HST3(09Q) — HT2(9), x € X2, (5.83)

(09) (09) (5.84)

LY . H2(0Q) — H2(09), x € X?, 5.84

are continuous. Moreover, operators (5.82), (5.83) and

Vieyo) @ HT2(09) — H*72(09), x € X?, (5.85)
s—1 g—3
Lo @ HT209) — H72(09), xeX?, (5.86)

are compact.

25



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

Proof. The continuity immediately follows from Corollary 5.12 and Theorem 5.13. Compactness
for the potentials W; and W'; follows from the well-known corresponding results for potentials
Wia and W/qa. On the other hand, compactness for potentials Wy_x(0) and W /X*X(O) is implied
by Lemma 5.11 due to Corollary 5.12 and Theorem 5.13. Then (5.36) completes the compactness
proof for (5.82), (5.83). Compactness for (5.85), (5.86) is implied by Lemma 5.11, relation (5.74)
of Theorem 5.13, and the definition of Ei—x(ﬁ) similar to (5.68). O

6 Inverse to the localized Newton potential

Keeping in mind the properties of Px A (&) and thus P, , studied in Section 5, let us denote by

P;i the pseudodifferential operator with symbol 1/P, , (£),

P lvi=F[PJl(¢) Fu]. (6.1)

A

REMARK 6.1 Letx € X}r. By Corollary 5.2, there exist positive constants ¢1 and ca, such that

ol (L+[€f) <

PRl et (1+1gP) Jorall ¢ R, (6.2)

which implies that the operator P;i : HY(R?) — H'"2(R3) is the continuous inverse to the operator

P, : HY(R3) — H™(R3) for arbitrary t € R.

Note that (5.49) implies PXAf: Pynf for fe H(QT), —% <s< %, where f is the extension
of f by zero from Q1 onto the whole of R3.
Now we can prove the following assertions for the localized potentials associated with the

Laplace operator, cf. (3.27).

LEMMA 6.2 Let x € X1, ¢ € H2(0Q), ¢ € Hz(0Q) and f € H'(Q"). Then

PA Via ¥ = (4 8p0), (6.3)
P Wia ¢ = 9n( 0a0), (6.4)
PP f=1, (6.5)

and thus supp P;i Via ¥ C 09, supp P;i Wi ¢ C 09, supp P;i Pya f C Q.
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Proof. Taking into consideration (5.47) we get

Vs =F " { PO FVa ) }
= —F { PO P Fdon) | = —FH{Fdon) } = —(wdon).
Quite similarly we derive (6.4) and (6.5). O
LEMMA 6.3 Let x € X}, ¢y € H™2(0Q), f € HO(Q). If
Vib+Pyf=0 in QF, (6.6)

then ¥ =0 on OQ and f =0 in Q.
Proof. By (3.27) it suffices to prove the lemma for the case a = 1, i.e., under assumption

Via ¥+ Py f=0 in QF, (6.7)

instead of (6.6). Denote U := V¥ + Py, f in R3. Let us show that U is zero in R3. To this

end, let us note that U € H*(Q™) due to (6.7). Therefore, there exists a sequence U, € D(Q7),

n =1, 00, converging to U in the space H(Q7), i.e., lim U =Up||g1(wsy = 0. Due to Lemma 6.2,
n—oo

P*i U is a distribution with compact support,
PAU = f— 40, (6.8)

where f is the extension by zero of the function f from Q1 onto the whole of R3. Therefore,

P;i U = 01in Q7 in the distributional sense, i.e., <P;i U, v)=0forallv e D(Q7). In particular,

(PLLU,Up) =0, n=T100.
Then we have

0 = (PLU,Uy) =(F ' [PLFU], Up) = (PLFU, FU,)

P—
= / Pl FU FU, d¢

= / 1FU| dg+/P FU [FU, — FU] d¢. (6.9)
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By (6.2), we get from (6.9),

[ B iFutig < [ igP) Ul [FT -0 de
3 R3

S CHUHHI(RS) HUH—UHHl(R?’) — 0 as n — oo.

Thus
/15X—A1 |FU?d¢ = 0,
R3
whence FU = 0 due to the inequality (6.2) and negativity of PX_ Al, see (5.6). Consequently,
U=V, ¥+ Py, f=0inR3
Now, from (6.8) it follows that f— 1 650 =0 in the distributional sense in R, which implies
f=01in Q% and ¥)=0 on 9.
O
Let us prove a counterpart of Lemma 6.3 for the double layer potential W, , and its combination

with the volume potential.
LEMMA 6.4 Let x € X}, ¢ € H%(aﬂ), feHY(QT). If

Pyf+Wyo=0 in QF, (6.10)
then f =0 1in QT and ¢ =0 on O9.

Proof. Let us define
U:=Puf+Weip in R (6.11)

which evidently belongs to H°(R3). By (3.27) it suffices to prove the lemma for the case a = 1,
i.e., under assumption U = 0 in QT instead of (6.10). Our goal is to show that U is zero in Q~
which immediately leads to the proof of the lemma due to the jump properties of W, , and the
invertibility of the operator P, ,. Note that in accordance with Theorems 5.6 and 5.10 we have

the inclusions,
Poaf € HAR?), (Wy, 9)lox € HY(QF;A) (6.12)

implying U € HY9(QF; A), UT ¢ H%(ﬁﬂ) and TZU € H_%((?Q). Therefore, by [9, Lemmal.5.3.9]

(see also [15, Lemma 9]) there exists a sequence U; € D(R3), | = 1,00, such that llim U —
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Ulllgro@@-;a) = 0. Then due to the trace theorem and [15, Lemma 8]

Y U7 = Uil g o =0l TS0~ 0,000,y o =0 (6.13)
By formula (5.1) and Lemma 5.1 we easily derive
. e e (2mlé)
Ple) = 20 ey, (e = x2TIED (6.14)
a %) $0)Per (€)
where
e (2mle]) = / ¥’ (0) cos(2mlélo) do = —x(0) + 2nl¢] / % (o) sin(2rélo) do
0 0

= —x(0) + 27?5y (2m[¢]) = —x(0) — |27E [ Py (€)-
Since y € X3, , condition (3.5) implies
e, (27€]) <0 VE € RE. (6.15)
and by Lemma 5.1 we get ¢, (27]¢]) = O(|¢]72) as € — oo, and thus
0<mE)<C<oo VeR? (6.16)

with some positive constant C.
In accordance with equation (6.14) we can represent the pseudodifferential operator P;i in
the following form
1
~1

P.o=—A-— 6.17
) SN ( )

where A is the Laplace operator in the distributional sense (it corresponds to the symbol —|27&|?)
and m,, is a pseudodifferential operator with the symbol m(§). Evidently, m,, is a bounded
operator from the space H(R?) into H°(R3) due to (6.16). Taking into account (6.12), this
implies (P} U)|gx € H(QF).

From (6.11) and Lemma 6.2 we have, P U = 0in Q7 ie.,

XO)PAU=AU-x(0)m,,U=0 in Q. (6.18)

By equation (6.11), U = 0 in Q7, and taking into account the jump properties of the localized

volume and double layer potentials, we conclude T, U = 0 on 9f). Using Green’s identity, we then
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obtain,

0 = /[X(O)PXiU] Uydx = /AU U dz — x(0) /[mXAU] U dx
Q- Q- Q-

- —/VU VUL dz — (0) /[mXAU] U, da.
Q- Q-

Whence, by standard limiting procedure and in view of equations (6.13), (6.18), we conclude,

- / VU - VU da — v(0) /[mXAU] Udz = 0. (6.19)
Q- Q-

Evidently, m, U € H(R3) since U € H°(R3). Therefore, taking into account that U is supported

in R?\ QF and using Plancherel’s theorem we can rewrite (6.19) as follows

— / VU - VU dzx — x(0) /m(g) | FU |2d¢ = 0. (6.20)
Q- R3

By inequalities x(0) > 0 and (6.16), and inclusion U € H'(27) we get U = 0 in Q™ and thus,
U = 0in QF. Then the jump relations of the localized boundary potentials (see Theorem 5.13)
give, x(0)p=U~"—U" =0 on 09.

Therefore, U = Py, f = 0 in R?, and by Lemma 6.2,

0=PU=P,P,f=f in R

7 Proofs of main theorems.

The uniqueness and existence results for the Dirichlet and Neumann boundary-value problems

provided in the following theorem are well known (see, e.g., [10]).

THEOREM 7.1 The Dirichlet problem (4.1)-(4.2) with ¢y € H%((?Q) and f € H'(QV) has a
unique solution in HYO(QF; L).

The homogeneous Neumann problem (4.7)-(4.8) admits a constant as a general solution in
HYO(QT; L), while condition (4.15) is necessary and sufficient for solvability in H*°(Q%; L) of
the nonhomogeneous Neumann problem (4.7)-(4.8) with 1o € H_%(GQ) and f € HO(QF).
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PROOF OF THEOREM 4.1. Let u € H' (") be a solution of the Dirichlet problem (4.1)-
(4.2). Then u € HYO(QF; L) since f € H(Q1), and (3.33)-(3.35) hold true since we see that the
pair (u,v) with ¢ = T u solves LBDIEs (D1) as well as LBDIEs (D2), which proves item (i).
Let a pair (u,v) € H}(QF) x H_%(GQ) solve LBDIEs (D1). From (4.3) and Theorems 5.6 and
5.10 it follows that u € H?(Q*; L). Taking trace of (4.3) on 92 and comparing the result with
(4.4), we easily derive that u™ = ¢y on dQ. Therefore, subtracting Green’s identity (3.33) from
(4.3) we obtain
Py(Lu—f)+ V(T u—9¢)=0 in QF. (7.1)

Since x € X3, Lemma 6.3 implies that Lu— f = 0 in QF and TFu—1 = 0 on 92, which completes
the proof of item (ii) for LBDIEs (D1).

Now, let a pair (u,1)) solve (D2). From (4.5) we see that u € HY9(QT) by Theorems 5.6 and
5.10. Taking the co-normal derivative of (4.5) on 0f2 and subtracting it from (4.6), we obtain
T*u =1 on 9Q. Further, take the difference of (4.5) and (3.33) to get

Py(Lu— f) = Wy(u® =) =0 in QF. (7.2)

Whence Lu = f in QT and u™ = ¢y on 99 follow from Lemma 6.4 if x € X3 ', completing item
(ii) also for LBDIEs (D2).

The claim of item (iii) for the Dirichlet problem is covered by Theorem 7.1. Along with items
(i) and (ii) this implies the claim of item (iii) for LBDIEs (D1) and LBDIEs (D2). O

PROOF OF THEOREM 4.2. Theorems 5.6, 5.14 and Corollary 5.8 imply continuity of
operators (4.13) and (4.14).

Denote by AP the operator

I -V,
0o -V

AP = L HY Q) x H2(99Q) — HY(Q1) x H2(99) (7.3)

where V) is the (non-localized) operator defined by (3.23) with x(z,y) = 1. The operator
APT APV HY Q) x H3(09) — HY(QT) x H? (99)
is compact due to Theorems 5.11 and 5.14. Note that the operator
Vi : H2(0Q) — Hz(09)
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is invertible (see [3], Remark 3.7). Therefore, we conclude that the operator (7.3) is invertible
too. Thus, operator (4.13) is a Fredholm operator with zero index. It is also injective by Theorem
4.1(iii), implying invertibility of operator (4.13).

Similarly, operator (4.14) is a Fredholm operator with zero index since it is a compact pertur-

bation of the following triangular operator matrix with invertible diagonal operators,

I -V
AP? = XL HNQT) x H2(09) — HYQT) x H2(09Q).
0 i1
Then operator (4.14) is invertible since it is injective by Theorem 4.1(iii). O

PROOF OF THEOREM 4.3. Let u € H'(Q2") be a solution of the Neumann problem (4.9)-
(4.10). Then u € HY(QF; L) since f € H(Q1), and by (3.33) and (3.35) we see that the pair
(u, ) with ¢ = u*t solves LBDIEs (N2) as well as LBDIEs (N1), which proves item (i).

Let a pair (u,p) € HY(QT) x H%(BQ) solve the LBDIEs (N2). From mapping properties of
the operators participating in LBDIEs (4.9) (see Theorems 5.6 and 5.10 ) it follows that u €
HYY(QT; L). Further, taking the trace of (4.9) on dQ and comparing the result with (4.10), we
easily derive that u™ = ¢ on 9. Therefore, from Green’s identity (3.33) for the function u we
have

u+Ryu— VT u+Wyp=PLu in QF. (7.4)
Taking the difference of the equations (4.9) and (7.4) we arrive at the relation
Po(f — Lu) + V(o — TTu) =0 in QF. (7.5)

Since x € X_?_, Lemma 6.3 then implies that Lu = f in QT and T u = 19 on 99, i.e., u solves
the Neumann problem (4.9)-(4.10), which completes the proof of item (ii) for LBDIEs (N2).

Now, let a pair (u,y) € H(QF) x H2(99) solve LBDIEs (N1). Then u € HX0(Q*) by
Theorems 5.6 and 5.10. Taking the co-normal derivative of (4.11) on 99 and subtracting it from
(4.12), we obtain T u = 19 on dQ. Further, from (4.11) and (3.33) we derive

Py(Lu— f) —Wy(ut —¢)=0 in Q.

Whence Lu = f in O and u™ = ¢ on 9 follow by Lemma 6.4 if x € X7, , completing item (ii)
also for LBDIEs (N1).
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The claims of points (iii) and (iv) for the Neumann problem is covered by Theorem 7.1. Along
with items (i) and (ii) they imply the claims of items (iii) and (iv) for LBDIEs (N2) and LBDIEs
(N1). O

PROOF OF THEOREM 4.4 Theorems 5.6, 5.14 and Corollary 5.8 imply continuity of op-
erators (4.16) and (4.17).

Further consider operator (4.17). Let us denote L1g = L';(O)A(ag) = L]\ (ag). The operator
Ly H%(aﬁ) — Hfé((?Q) is a Fredholm operator with zero index (cf. e.g. [5, Theorem 2], [6, Ch.
XI, Part B, §3,]). Therefore the operator

I W,

L HYQT) x H2(0Q) — HY(Q) x H™2(09). (7.6)
0 ct

AN =
is also Fredholm with zero index. Operator (4.17) is a compact perturbation of A)'! since the
operators

Ry : H(Q) — HY(Q)

Ly —Lf : H3(89) — H2(Q),

THR, : HY Q') — H 2(09)
are compact, due to Corollary 5.8, relation (3.31) and Theorem 5.14. Thus the operator (4.17) is
Fredholm with zero index. The claims that ker Afy ! is one-dimensional and the pair (u, p) = (1,1)
belongs to ker .A;cv L directly follow from Theorem 4.3(iii).

The proof for operator (4.17) is similar, cf. also the proof of Theorem 4.2. U

Concluding remarks

Four segregated direct localized boundary-domain integral equation systems associated with the
Dirichlet and Neumann problems for a scalar ”Laplace” PDE with variable coefficient were for-
mulated and analysed in the paper. Mapping and jump properties of surface and volume integral
potentials based on a localized parametrix were studied in a scale of Sobolev (Bessel potential)
spaces for different smoothness of the localizing function. Equivalence of the LBDIEs to the orig-
inal variable-coefficient BVPs was proved in the case when right-hand side of the PDE is from

Ly(Q7), and the Dirichlet and the Neumann data from the spaces H%((‘?Q) and H_%((?Q), re-
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spectively. The invertibility of the LBDIEs operators was proved in the corresponding Sobolev
spaces.

The main theorems for LBDIEs (D1) and (N2) were proved under condition x € X3 on the
localizing function, while for LBDIEs (D2) and (N1) under more restrictive condition x € X7, .
This is an open question whether the latter condition can be relaxed.

By the same approach, the corresponding LBDIDEs/LBDIDPs for unbounded domains can
be analysed as well. The approach can be extended also to more general PDEs and to systems of
PDEs, while smoothness of the variable coefficients and the boundary can be essentially relaxed,
and the PDE right hand side can be considered in more general spaces, c.f. [13, 14].

This study can serve as a basis for rigorous analysis of numerical, especially mesh-less meth-
ods for the LBDIEs that after discretization lead to sparsely populated systems of linear algebraic
equations attractive for numerical computations (see e.g. [12, 16] for algorithm and implementa-

tion), but this issue deserves a separate consideration.

Acknowledgements

This work was supported by the International Joint Project Grant - 2005/R4 ” Boundary-Domain

Integral Equations: Formulation, Analysis, Localisation” of the Royal Society, UK.

References

1. L. Boutet de Monvel, Boundary problems for peudo-differential operators. Acta Mat. 126
(1971), 11-51.

2. J. Chazarain and A. Piriou. Introduction to the Theory of Linear Partial Differential Equa-
tions, Amsterdam: North-Holland (1982).

3. O. Chkadua, S. Mikhailov and D. Natroshvili, Analysis of direct boundary-domain integral
equations for a mized BV P with variable coefficient, I: Equivalence and Invertibility, J.Integral
Equat. Appl. (to appear). Preprint available at
http://people.brunel.ac.uk/~mastssm/Papers/cmnJIEA-Iweb.pdf

4. O. Chkadua, S.E. Mikhailov, D. Natroshvili, About Analysis of Some Localized Boundary-

Domain Integral Equations for a Variable-Coefficient BVP. In: Advances in Boundary Integral

34



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

10.

11.

12.

13.

14.

Methods — Proceedings of the 6th UK Conference on Boundary Integral Methods (Edited by
J. Trevelyan), Durham University Publ., UK, ISBN 978-0-9535558-3-3, 2007, pp. 291-302.

. M. Costabel Boundary integral operators on Lipschitz domains: Elementary results, STAM J.

Math. Anal. 19 (1988), 613-626.

. R. Dautray and J.L. Lions, Mathematical Analysis and Numerical Methods for Science and

Technology, Vol. 4, Integral Equations and Numerical Methods, Berlin—Heidelberg: Springer
(1990).

G. Eskin, Boundary Value Problems for FElliptic Pseudodifferential Equations. Transl. of
Mathem. Monographs, Vol. 52. Providence, Rhode Island: Amer. Math. Soc. (1981).

. G. Grubb, Functional Calculus of Pseudodifferential Boundary Problems, Boston: Birkhauser

(1986).

. P. Grisvard. Elliptic Problems in Nonsmooth Domains. Pitman, Boston—London—Melbourne,

1985.

J.-L. LioNs AND E. MAGENES, Non-Homogeneous Boundary Value Problems and Applica-

tions, Vol. 1. Springer, Berlin-Heidelberg-New York, 1972.

W. McLean. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge Univer-
sity Press, Cambridge, UK, 2000.

S.E. Mikhailov, Localized boundary—domain integral formulation for problems with variable

coefficients, Int. J. Engineering Analysis with Boundary Elements 26 (2002), 681-690.

S. E. Mikhailov Analysis of extended boundary-domain integral and integro-differential equa-
tions of some variable-coefficient BVP, In Ke Chen (Edr.), Advances in Boundary Integral
Methods — Proceedings of the 5th UK Conference on Boundary Integral Methods, Liverpool,
UK. University of Liverpool Publ., 2005, pp. 106-125.

S. E. Mikhailov. Analysis of united boundary-domain integro-differential and integral equations
for a mixed BVP with variable coefficient. Math. Methods in Applied Sciences, 29 (2006),
715-739.

35



O.Chkadua, S.E.Mikhailov, D.Natroshvili J. Integral Equat. and Appl. (to appear)

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

S. E. Mikhailov. About traces, extensions and co-normal derivative operators on Lipschitz
domains. C. Constanda and S. Potapenko, eds., Integral Methods in Science and Engineering;:

Techniques and Applications, Birkhauser, 2007, pp. 149-160.

S. E. Mikhailov, I. S. Nakhova, Mesh-based numerical implementation of the localized
boundary-domain integral equation method to a variable-coefficient neumann problem, J. En-

gineering Math. 51 (2005), 251-259.

C. Miranda, Partial Differential Equations of Elliptic Type, 2-nd ed. Springer, Berlin — Hei-
delberg — New York, 1970.

A. Powmp, The boundary-domain integral method for elliptic systems. With applications in

shells. Lecture Notes in Mathematics, v. 1683, Springer, Berlin - Heidelberg, 1998.

J. Sladek, V. Sladek V, S. N. Atluri (2000) Local boundary integral equation (LBIE) method
for solving problems of elasticity with nonhomogeneous material properties, Comput. Mech.

24, 456-462.

J. Sladek, V. Sladek V, Ch. Zhang, Local integro-differential equations with domain elements
for the numerical solution of partial differential equations with variable coefficients, J. Eng.

Math., 51 (2005), 261-282.
A. E. Taigbenu, The Green element method, Kluwer, 1999.
V.S. VLADIMIROV, Generalized functions of mathematical physics, Nauka, Moscow, 1976.

T. Zhu, J.-D. Zhang, S. N. Atluri, A local boundary integral equation (LBIE) method in
computational mechanics, and a meshless discretization approach. Comput. Mech. 21 (1998),

223-235.

T. Zhu, J.-D. Zhang, S. N. Atluri A meshless numerical method based on the local boundary
integral equation (LBIE) to solve linear and non-linear boundary value problems, Engng. Anal.

Bound. Elem., 23 (1999), 375-389.

36



