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Linear Programming Bounds
for Doubly-Even Self-Dual Codes

llia Krasikov and Simon LitsynMember, IEEE

Abstract—Using a variant of linear programming method we MacWilliams transform
derive a new upper bound on the minimum distancel of doubly- n
even self-dual codes of lengthh. Asymptotically, for » growing, L D
it gives d/n < 0.166315-- - + o(1), thus improving on the Mal- C1B: = ZBJPZ(J) (1)
lows—Odlyzko—-Sloane bound ofl /6. To establish this, we prove =0
that in any doubly even-self-dual code the distance distribution is

where F; is the corresponding Krawtchouk polynomial of
asymptotically upper-bounded by the corresponding normalized ¢ P 9 poly

binomial distribution in a certain interval. degree:
Index Terms—Distance distribution, self-dual codes, upper : fx\[n—=x
bounds. Fi(x) = Z(—l)k ;
k i —k
k=0
|. INTRODUCTION (for properties of Krawtchouk polynomials see e.qg., [5], [8],
(9], [11]).

AS_ELF'DUAL linear codeC’ of lengthn and minimum ~ “geie gual codes attract a great deal of attention, mainly
distanced is doubly-even if all its weights are divisible ye o their intimate connections with improtant problems
by 4. It |_s known fchat SL_Jch codes exist only far divisible in algebra and number theory (see many references in [1],
by 8 (this result is attributed to Gleason). Léf, be the 151 111), [14]). Most of the results are based on an involved
minimum distance of a doubly-even self-dual code of 1engijachinery of invariant theory. The following are the best

n. The question is as follows: given, how larged,, could nqwn ypper bounds on the minimum distance of doubly-even
be? We consider an asymptotical problem, namely, we walis 4 al codes.

to estimate Theorem 1 (Mallows—Sloane)n doubly-even self-dual

§ =n"' lim supd,. codes

. . d < 4|n/24] + 4.
We need some notations. In what follows, all logarithms are

natural, and the logarithm of a negative number is understoodAn alternative proof of this result will be given in the
as its real part (by this convention we avoid writing thé\ppendix. For largen, a slightly stronger inequality was
absolute values of the expressions under logarithms). As usestablished in [13].

Theorem 2 (Mallows—Odlyzko—Sloandjor every constant

H(z) = —zlne— (1 -2)In(l —z) b there exists amg such that forn > ng in doubly-even

stands for the natural entropy function. The binomial coeff?—elf'dual codes

cients are defined by d<n/6—b.
<$> — ax—1)-(x-k+1) Both bounds yield5 < 1/6. Despite of the general belief
k k! that actually§ = H~%(1/2) = 0.110..., there was no

n Progress in the last two decades in improving the upper bound
of 1/6. For unrestricted self-dual codes the best known upper
bound is due to Ward [15] and it also equal&.

where z is arbitrary andk is a nonnegative integer. |
particular, for positiver

<—a:> (=) <a:+k— 1) In this paper, we obtain an asymptotic improvement of
k k ' Theorems 1 and 2.
] ) Theorem 3:
Let B = (By,By,---,B,) stand for the distance dis-
tribution of a self-dual codeC. It is invariant under the 6 < emin
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distance distribution of codes under consideration. The proofThe following lemma is a special case of a proposition due
essentially employs estimates for the range of binomiality ¢d Delsarte [3].

codes, the concept introduced in [6], [7]. Roughly speaking, Lemma 1: Let f(x) be a polynomial of degree

the binomiality means that in a certain range the components of .

the distance distribution are upper-bounded by the normalized fla) = ZAiB($)7 0<r<n

binomial distribution, the same one as of a randomly chosen -
code. We used the MATHEMATICA package in computations;
not all the transformations are straightforward, so we usuaffjen
present some intermediate results.

=0

r n—d
AlCI+IC1 Y AiBi = f(O)+ f(m)+ Y f()B;. )
j=d

II. BASIC RELATIONS i=d
Let C be a doubly-even self-dual code. We start with an Proof: Calculating |C| >, A;B;, we get the claim
elementary proof to the result of Gleason. from (1), =0T 0
Theorem 4:C is symmetric, that is,B; = B,_;, and Define polynomials
n = 0(mod8).
Proof: From |C| = 2*/2 we deduce that the length k=1
is even. SinceP;(j) = (—1)/P,_:(j) and B; = 0 for j # B, k) = [ [ (0 = 22)* = %) (4)
0 (mod 4), (1) yields thatB; = B,,_;. Hence,n = 0 (inod 4). =0
Indeed, ifn = 2(mod 4), thenB,, = 0, contradictingB,, = By and
and By = 1. Now ap(z, k) = z(n — x)p5 (x, k). (5)
Aoz (M2 n R N
P (7)) = (-1) <n/2> <j/2>/<j> The zeros ofg}(z,k) are 5 £ %,i = 0,---,k — 1. The

polynomials o} (x, k) have two extra zeros) and n. The
for j even, andP, /»(j) = 0 otherwise (see, e.g., [4]). Hencechoice of the polynomials is motivated by the following

P, 2(j) > 0 if j = 0(mod 4). Therefore, by (1) immediate consequence of (3).
" Lemma 2: Let k£ be odd and2k + 2 < d. Then
2"2B, = ZBanm(j) > 0. n/2—4k
=0 22 Ao (o (x, k) =2 Y g4, k)B;. 6)
So, if n = 4(mod8) then B,,,, > 0 along with n/2 # j=d
0 (mod 4), a contradiction. O

_ . . . Proof: Degree ofug(x, k) is 2k+2. S0, A;(ag(z, k))=0
Remark: The last inequality actually shows that in doubly, ; 8 S X
even self-dual codeB,, /, is the maximal spectral component.fgr 12 2k+3. S|_ncek Is odd anckl is divisible by4, the SUT n
To see this just use in (1) the inequality the left-hand side of (3) vamshgs. Furthermasg(z, k) =0

atz=0,n and alln/2+4¢ wherei=0,1, ---,k—1. The result
| Pr(i)] < [Prya(d)] follows. 0
We compute Ag(eg(x,k)) using the values of
Ao(F7(x, k). We start from expandings}(z, %) in the
Krawtchouk basis.

that is valid forn andi even (see [4, Lemma 1]). Noticing,
that P, /»(j) > 0 for j = 0(mod 4), we get

- , - , Lemma 3:
2'2B; =Y BiBi(j) <Y BiPusa(j) = 2"/* By, .
=0 =0 n— 4 71/2—]6—'1'
Wz, k) =2y ———— ) Pyi(z).
Evidently, the same fact is true for the central component of/4 (w, k) = (2F) ; n—2k—2 < k—1 ) 2i ()
any code dual to a doubly-even code of even length. .
Hence, in what follows we assume everywhere thas a In particular
multiple of 8. n n/2 -k
Let f(z) be a polynomial Ao (8] (%, k)) = (2k)! .
n— 2k k
flz) = ZAiPi(-T) Proof: The proof is by induction ink. For k = 1 it is
=0 checked directly. Puyy = n — 2z. The following recurrence
then (see e.g., [9]) holds (see, e.g., [9]):
AN s 2Py(x) = y(i + 1P, — i+ 1)P_y1(z).
A= A(f) =2 Zf(J)Pj('L) ) y Fi(z) = y(i + )Pii(z) +y(n — i+ 1) Py (z)
J=0 Substituting
in particular . )
n yPiri(z) = (i + 2)Fia(x) + (n — ) Pi(x)
n N
aoln) =23 16) (7). and

yPii(x) = iPi(z) + (n — i+ 2)Pi ()
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we get That is, forz = 1
y*Py(x) = (i + 1)(i + 2)Pipo(x) + (2ni + n — 26) Pi(x) dk+t . 22—k dF
+(n—i+1)(n—i+2)P_s(x) A0 T 2k 1 dR Y
and (replacingn by 2m) Now the induction hypothesis yields the claim. O
(y2—16/€2)P2i($) = (2L+1)(2L+2)P2,+2($) Lemma 5:

+ (8mi+2m—8i* —16k%) Py;(x)

n(@ = Zn(n - o( By (=
¥ (2m—2i41)(2m—2i+2) Poro(2). Ao(afi(w, k) = Fn(n = 1) Ao (B (2, k)

h?*n(n —D(2k-DM d*
_Usi_ng this equality by the induction hypothesis after shifting = 4 PR -
indices in the sums we get -
n Ve (02 _ 2y an ' where § = arccos z.
By (x, k+1)/(2k)! ;(ﬁl 16k°) 55 (x, k) /(2k)! Proof Puts — n — 2.
_Z m—2t+2 m—k—t4+1
m—k—i+1 k—i+1 Ao(a (2, k)
n k—1
% 2L(2L ~ D Pui(z) =2""> z(n—=z <n> ((n = 2x)% = h?%?)
+Z m—2i <m—k—i) z=0 g
m—k—i\ k—i —yd k=l
(8mL + 2m — 8i? — 16k%) Py; () r = \r—-1) 0
m=-2-2 (m—k—i—1 nin—1) < [\ 5 N
+Zm k—L—l( k—i—1 ) ~ T om ;(x)g)((s—%:) — h7)
(2m 2t — 1)(2m — 2i) Py (). nin—1 i
. | =MD o (i)
Routine calculations show that - )
k+1 . R¥n(n —1) & <s> - << - 23:)
m— 2¢ L mr=a 52
3 D/CE) =2k +2)2k+1)y — = " > 11 ¢
Bk o+ D/ = 2k + 2+ DY T > 2\ {7
m—Fk—i—1 R%n(n — 1)(2k — DI S <s> d* s—2x
Py, = - COS 0
X< k—i+1 ) 2i(2) 2 xzzzo x/ dzk h 2=1
thus proving the claim. O h2n(n — 1)(2k — DI dF S~ (s
Now we need several combinatorial identities. The next one — gn+l dzk Z <x>
is a generalization of the known expression for the derivative e=0
of Chebyshev polynomialgos(t arccos z) [10, p. 258] to « [ exp S 23:9 bexp| - 5= 23:9
noninteger values of. h h ’_1
Lemma 4:  h¥n(n — 1)(2k— 1!
d¥ cos(t arccos z) _ 1 H 2 2 - on+1
dz¥ 6 d* ish 20\ \"
] ] ] ) X —lexp| — l4+exp| — —
Proof: The proof is by induction ork. For k = 1 it dz h h
is checked directly. Denoté;(z) = F; = cos (¢ arccos z). ish AR
Observe thaF; (=) satisfies the following differential equation: + exp < - 7) <1 + exp <T>> )
d2 2 z=1
(1=2%) 5l =2 B+ £1, = 0 _Ban-nk-Dtd (6
and is holomorphic at = 1. Differentiating this equatiork 2t dzk o1
L k g hei = —— cos” — . |
Z d a 4 dz h .
d7’“ — Azt d—
Comparing the expressions foto(57(x, %)) in the two
we get previous lemmas we obtain the following corollary.
dk+2? dk+t E\ d* Corollary 1: For nonnegative integef
2
(1—2 )—dzk+2Ft—2I€Z—dzk+lFt—2< )WFt . o ,
Jr+1 gk ) e d® cos (Z arccos z) _ Lk — 1) <§ — k= 1>'
ZWF k‘d kFt t d kF 0 dzk o 23k+1 ]{; —_ ]_
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Lemma 6:
Ao (ag(z, k) =n(n—1)(2k — 1

net <n/2 _ 1) <j/2k—_k1— 1>'

)!22k—n/2—1

x Z
Proof: From the previous lemma
Ag (ag(x,k))

8kp(n — D2k -1 a*
= 1 Zae
82%n(n — 1)(2k — 1)1 d* o\"/2
= /241 e <1 + cos Z) B
_ 8Fn(n — 1)(2k — 1)1
- 2n/2+1
n/2—1 _ dF
X Z <n/2 1 p COSJ
j=0 =1
— 26k—n/2—1 ( 1) 2]€ _ 1)”
X"/ﬁfl <n/2—1> <J/2 k—l)
23k+1 kE—1
3=0
= 22k=n/2 Ly — 1)(2k — 1)!
n/2—1 .
n/2 -1N\/j/2-k-1
<3 ( ) ( ) 0

1241

The first maximum is the absolute maximum fer> 1/12,
otherwise, the second maximum is the absolute one. For
x = 1/12 they are asymptotically equal.

Proof: For k& odd, S(j) can be negative only fof odd,
J € J =[2k+3,4k—3]. First, we show that in this interval the
maximum of|S(j)| is attained at either end of the interval. To
see this consider

.o BUH2 G/2=k)n/2-5-1)(n/2-j=2)
! 1S()I JG+DE2k-4/2-1)

It is enough to show that there is gioe J such that; > 1
andr;4o < 1. It is valid if

L2 Bnf2 == Diaf2 -5 -2
—j(G+ 12k - j/2-1)) > 0.

The last inequality holds for < \1/25

Now

1 . 1 n 2K
o) = 21l = gHCn) + (3 - ) (25 )
8
Differentiating in j we find that there are two maxima stated
above, none of them id. Plugging ther; and#; into (8) we
obtain that the corresponding extremal values are

o(m)=(1-5x)In2+ <% — Ii) In(1 —2x) — 2xlnk

Actually, we need only odé’s, so for the sake of simplicity
we will formulate all the results below under this assumption.
Since our proof of the main theorem consists of several
steps and involves a great deal of algebraic manipulations,
let us sketch it. First we show that under certain conditions
Ao(z,k) > 0, and derive an asymptotic expression for it2n
Using it we obtain from (6) upper bounds d; depending
on k. Optimization ink allows proving that fors > ¢,,;, the
distance distribution components are upper-bounded by the
normalized binomial distribution in the rangén, (1 — é)n].
Substituting these bounds into the right-hand side of (6) for a
certain choice of: (maximal possible under the conditions of
Lemma 2) we get a contradiction.

o(ne) =(1-

1
— 5 In(3 = 165 + /1 — 165 + 12842)

+ r1n(1 — 12 + 128r% — 256>
+ V1 — 16K + 128k2)

56)In2 4+ <% - Ii) In(1 —2x) — 2xlnk

1
-5 In(3 — 165 — 1 — 16K + 128x2)

+ rln(=1+ 12k — 128x% + 256K
+ V1 = 16K + 128K2).

Now

We start with asymptotical evaluation df(«g(x, k)). Let
k= k/n.
Lemma 7: Let k be odd, and assune< x < \f Denote

5(j) = j<”/2j_ 1) <J/2k—_ - 1)

andn = j/n. Then for sufficiently large: the function|S(nn)|
has two local maxima, one at

B OUNDS ON THE DISTANCE DISTRIBUTION

(7)

() — o) = <g - 3k> In2+ <% - 4k> In(1 — 8k)

+ <% - k) In(1—2k) —klnk

— 16k — /1 — 16k + 128k2)

+ 2k ln(—l + 12k — 128k 4 256k
+ V1 — 16k + 128k2).

148k — V1 — 16K + 1282 Furthermore
"= 8 — 16x d

and another at

148k ++/1— 16k + 128k2

= 8 — 16r

dr

——(o(m2) — o(m)) = =3In 2 — 41In(1 — 8k)
—Ink+2In(-1+412x — 128k2

+ 2565% + /1 — 165 + 128k2)

—In(1 - 2x)
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and we verify that this derivative is strictly negative in the; ~ 0.16563. ... Sincec(é) is decreasing i, the minimum
interval [0, /2/12]. For, it is enough to check that ¢min Of ¢(8) under the conditioa(6) > § is determined by the

equationc(6) = § and thus is the only real root of the equation
(=14 12k — 128k% 4+ 256K 4+ /1 — 165 + 128k2)2 a Q y a

— 8(1 — 8k)4(1 — 26)r 8z° — 24z* + 402> — 302% + 10z — 1 = 0.

=2(—1+ 12x — 128K% 4 256K°) Notice that foré,i, = Cuin We have2s(8min) = dmin SiNce
x (=1 + 12k — 128K2 + 256K the equatior(§) = 6 is equivalent t@x(6) = 6. Numerically,

+ /1= 165 + 128x2) < 0. Cmin = 0.166315 . ... Hence,c; < ¢pin, andx < 1/12.
Furthermore, since the: chosen is decreasing in to

Moreover, forx = 1/12 we haveo(n) = o(n2). So, validate the conditiorek + 2 < d we need2x < ¢ in the
o(m) < o(n) for k < 1/12. O interval[c,1 — ¢]. The four roots of the equatio?w = «, are

Corollary 2: For k odd and0 < x < 1/12
o L, [66—14V1-86+3262
nh_I)r;o - In Ao (a§ (z, k)) 9 8(1—6) :
= <% - ,i) In2+ <% - ﬁ) In(1 — 2k) — 2K The following two
1 1 66 — 1++/1 — 86 + 3262
— —In(3—16k — /1 — 16Kk + 128K2 -4
2 ) 2735 \/ 8(1-9)

+ mln(=1 4 12k — 12857 + 256K°
are real, and:;; + ¢» = 1. Therefore, forc being the smaller

— 2
+ V1= 16k + 12862). ©) one we conclude thatx < 6§ wheneveri € [c,1 — ¢].
Proof: Estimating the sum in the expression for Now, using (11) and (10) and for the chosen we obtain

Ao(af(x,k)) by the maximum term and using the Stirlingthe claim from the previous corollary. O
Theorem 6: Let ¢,,,;, be the only real root of

approximation for the factorial we get the claim. O
Lemma 8: .
) 8x° — 24z* 4 402> — 3022 + 10z — 1.
lim —lnag(in,kn) =6k1n2+ 2k 1n(2x) — 2k _ )
n—oo N If there exists a doubly-even self-dual code with >

8 1—-2048k upper-bounded by the corresponding normalized binomial
(10) distribution.
o o Proof: It can be checked directly that under the condition
Proof: By Stirling approxmaﬂon. o O of the corollary ¢, defined in the previous theorem, is less
Now we can show that the distance distribution of self-dugl ;. 5 0
doubly-even codes is upper-bounded in a certain range by the
corresponding binomial distribution.
Theorem 5:Let: = £, and¢ € [¢,1 — ¢], where

1—-2048k < 16k ) cmin ~ 0.166315, then all its spectrum is asymptotically

IV. PROOF OF THEMAIN THEOREM
By Theorem 1 we can assume thgf, < § < 1/6. Choose

c= 1_ \/6‘5 —1+V1-8+ 3252_ in Lemma 2 the largest possible odd= (d — 6)/2. That is,
2 8(1—19) K = /2. We have for the left-hand side of (6), by (9)

Then in this interval 1
L= lim sup=1In (2"/2A0(ag(x, (d+2)/2)))

1 1
lim sup - InB; < H(:) — 3 n—oo n
Proof: We will prove the theorem by varying the degree = =0 + <1 - 5) In2+ 5 In(1 - 6)

of ag(z,k). If kis odd, 2k +2 < d, andd < i < § — 4k, 1
then by Lemma (2) ~3 In(3 — 86 — V1 — 85+ 3262)

B, < gn/2-1Ao(0§ (@, k) (11) 4 O ln(o1 466 — 3262 + 326° + /1= 86 1 3282).

B ag (i, k) 2

Indeed,a% (i, k) > 0 for suchk’s. Now, by Theorem 6, to upper-bound the right-hand side of

(6) we can substitute the upper binomial estimatesBes.

Choose
(1 =202+ (1—=10)%) This gives by virtue of (10)
I GEEND I /22
Direct checking shows that fore [c;, 1—c;] we haves < &, R= lim sup - Zj g (4,(d+2)/2))B,;
j=

wherec; is the smallest real root of the equation
20x* — 4022 4+ 3022 — 102 +1=0

< 9
S ety )
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where

w(n) =36In2+46lnéd— 26
1— 25445 86 1
Ty <1—2n+46>+H(”)_§'

So, the inequality. — R < 0 should hold. In what follows,
we will show that for§ € (¢, 1/6] this is not true, and thus

such a code does not exist.
First we show that

S
By differentiation, we obtain
du(n) 1, 1-46—-2n 1-1n
[ e
= dn _41n1+46—277+1n n

Observe thatt’ < 0 for § > c;,. Indeed, this is equivalent to

1 —6n+ 4n? — 160> + 8n*
4t + (1 —-m*)

6>

1243

Moreover, as it is easy to check, for< 1/6, that

d2

= (12In2+41In(1 — 66) + 121In(1 — 6) — In(1 + 26)

— 4In(3 — 85 — /1 — 85 + 3262))/8 > 0.

Thus ¢y, is the only root of%(L — R) in the interval under
consideration. It remains to prove thiat- R = 0 for 6 = cyin.
Indeed, consider the function

p(8) = (L—R) = 6-(L~ R)

= (12In2+41In(1 — 66) + 121In(1 — 6) — In(1 + 26)

— 4In(3 — 85 — /1 — 85 + 3262))/8.

Now, p(é) = 0 is equivalent to

The right-hand side of this inequality is a decreasing functict?(1—66)(1—6)*? —(1+26)(3—85— /1 — 86 + 3262)* = 0

in , so we check it fom = 6. The inequality holds precisely

for 6 > cmin. Hence
R < u(é)
< <36 - %) In2+6(lnéd—1)

1+26H 86
8 1+26

)
and
L—R=(12In2 - 461n 2+ In(1 — 66) — 65 In(1 — 66)
+12In(1 — 6) — 1261n(1 — §) + 861né
—In(1 4 26) — 26 1In(1 + 26)
— 41n(3 — 86 — /1 — 86 + 3262)
+461n(1 — 66 + 326?
—328% — /1 — 86 + 3262))/8
%(L —R)=(-2In2-3ln(1 -64) —61n(l —6)+4Ilné
—In(1 4+ 26) + 2In(—1 + 66 — 3262 + 326°
+V/1 - 86+ 3282)) /4.

One can check that,,;, is a root ofd—dé(L -
equivalent toc,,;, being a root of

(=1 466 — 326 + 326 + /1 — 86 + 3262)26*
—4(1 —66)3(1 — 6)%(1+26) = 0.
The equation can be transformed into
16(1 — &)2(1 — 106 + 3062 — 408 4 246* — 86°)

x (1 — 326 + 41567 + 27146°

— 85156% + 40526° + 524486° — 14376867

+ 914566% + 20857667 — 49232861°

+ 4668168 — 23804862 4 591686%) = 0

R). This is

giving the result.

or, getting rid of the square root

64(1 — 6)*(1 — 106 + 3067 — 406° + 246* — 86%)
x (3825 — 863708 + 862866562 — 518154463
+ 211701886 — 628167206° + 1408126006°
— 24460844867 + 3344120326° — 3623931206°
+ 31122822460 — 2103490566 + 11033228862
— 4391219262 + 1279897661* — 2574848615
4 31948866 — 184326'7) = 0

proving the claim.
Hence, finally,L. — R > 0 for é € (cimin, 1/6], @ contradic-
tion. O

APPENDIX

Here we sketch a proof of Theorem 1. In contrast to the
original proof we use only properties of the MacWilliams
transform.

The following auxiliary lemma is used.

Lemma 9:If Ag(ag(z.k)) # 0, for somek, thend <
max{2k + 2,5 — 4k}.

Proof: Note thataj(z,k) = 0 atz = 0,n, and all
n/2+4i, wherei = 0,1,---,k—1. Assume that fok chosen
Ao(ag(z,k)) # 0. Plugging o (z, k) into (3), we get that
either

n/2—4k

n—d
) T kKB =2 X a3(ik)B; # 0
J= J=

or

2k+42
iy > A;B; #0.
i=d
If i) holds, thenn /2 —4k > d. If i) is true, then2k+2 > d.

O
Now we are ready to prove Theorem 1.
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Proof: We consider three cases, dependingromodulo
24. In all these cases we prove thaly(al(z,k)) > 0.

Namely, referring to Lemma 9 g
if » = 0(mod24) we choosek = n/12 + 1, giving [2
d<§+4
if n = 8(mod24) we choosek = (n + 4)/12, giving [3]
d S n-l(—slﬁ;
if n = 16 (mod 24) we choosek = (n — 4)/12, giving 4l
d < 38 5]

Observe, that all the choséris are odd. Then using the (6]
same arguments as in the proof of Lemma 7 we demonstrate

that in the expression fory(a3(z, k)) there is a positive [7]
dominating summand. To prove this for alluse the Stirling (8]
approximation

1 log m_1 log 2mi(n = i) rnH( L ol
2 4 2 n n (10]

1 2 7 — 7
< log <n) < ——logM —l—nH(i).
( 2 n n [11]
It proves the claim for > 100. The small cases (there are 5

only 12 such lengths) are checked directly.
[13]
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