EXISTENCE, CLASSIFICATION AND STABILITY ANALYSIS OF
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ABSTRACT. We consider the following Gierer-Meinhardt system in R!:
AP

_ 2 //_ A _
Ay =¢€"A A+Hq z e (-1,1),t>0,
" AT
TH, = DH fHJrHs ze(—1,1),t>0,

A(-1)=A(1)=H (-1)=H (1) =0,
where (p, g, 7, s) satisfy
qr
1< ——— <400, 1<p<+00,
(s+1L(pp—-1)
and where e<<1, 0<D<oo, 72>0,
D and 7 are constants which are independent of e.

We give a rigorous and unified approach to show that the existence and stability of N—peaked
steady-states can be reduced to computing two matrices in terms of the coefficients D, N, p, q,r,s.
Moreover, it is shown that N—peaked steady-states are generated by exactly two types of peaks,
provided their mutual distance is bounded away from zero..

1. INTRODUCTION

Since the work of Turing [26] in 1952, many models have been established and investigated to
explore the so-called Turing instability [26]. One of the most famous models in biological pattern
formation is the Gierer-Meinhardt system [11], [16], [17], which in one dimension can be stated as
follows:

(1.1)

AP

At:eQAA—me v e (—1,1),t>0,
AT’
THt:DAH—H—i-ﬁ r e (=1,1),t>0,

A'(£1,t) = H' (£1,1) = 0,

where (p, q, 7, s) satisfy

qr

1< —————— <400, 1<p< oo,
(s+1)(p—1)

and where e<<1, 0<D<oo, 72>0,

D and 7 are constants which are independent of e.
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Problem (1.1) has been studied by numerous authors. Let us mention several important results
which are related to our present paper.

1) (Existence of symmetric N—peaked steady-state Solutions)
[. Takagi [25] first established the existence of N-peaked steady-state solutions with peaks centered
at
25— 1

(L’]:—l—l- N N

j=1,...,N,

for e << 1, \/Lﬁ << 1.

Such solutions are symmetric and they are obtained from a single spike by reflection. We call them
symmetric N—peaked solution since all the peaks have the same heights. Takagi’s proof is based
on symmetry and the implicit function theorem.

2) (Stability of symmetric N—peaked solutions)

Using matched asymptotic analysis, D. Iron, M. Ward, and J. Wei [15] studied the stability of the
symmetric N-peaked solutions for 0 < 7 < 75 (where 75 > 0 is independent of €) and the following
results are established (formally):

Result A. There exists a sequence of numbers Dy > Dy > ... > Dy > ... (which has been given
explicitly) such that for e << 1: If D < Dy, the symmetric N-peaked solutions are stable, while for
D > Dy, the symmetric N-peaked solutions are unstable.

In the shadow system case (D = oo) the existence of single- or N-peaked solutions is established
in [1, 2, 3, 13, 12, 19, 20, 31, 32, 33] and other papers. In the two-dimensional strong coupling case
(D < 00), the existence of 1-peaked solutions is established in [37], and the stability of N-peaked
solutions is studied in [38, 39]. Results similar to Result A are proved.

3) (Existence of asymmetric N—peaked solutions)

By using the same matched asymptotic analysis in [15], M. Ward and the first author in [28]
discovered that problem (1.1) has asymmetric N—peaked steady-state solutions which bifurcate
off the branch of symmetric N-peaked solutions at D = Dy, where Dy is given by Result A. Such
asymmetric solutions are generated by two types of peaks — called type A and type B, respectively.
Type A and type B peaks have different heights. They can be arranged in any given order

ABAABBB..ABBBA..B

to form an N—peaked solution. The existence of such solutions is surprising. It shows that the
solution structure of (1.1) is much more complicated than one would expect. The stability of such
asymmetric N —peaked solutions is also studied in [28], through a formal approach. We remark that
asymmetric patterns can also be obtained for the Gierer-Meinhardt system on the real line, see [8].

The purpose of of this paper is to provide a rigorous and unified theoretic foundation for
the existence and stability of general N —peaked (symmetric or asymmetric) solutions. In particular,
the results of [15] and [28] are rigorously established. Moreover, we show that if the NV peaks are
separated, then they are generated by peaks of type A and type B, respectively. This implies that
there are only two kinds of N-peaked patterns: symmetric N—peaked solutions constructed in [25]
and asymmetric N —peaked patterns constructed in [28].
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The existence proof is based on Liapunov-Schmidt reduction. Stability is proved by first separating
the problem into the case of large eigenvalues which tend to a nonzero limit and the case of small
eigenvalues which tend to zero in the limit ¢ — 0. Large eigenvalues are then explored by study-
ing nonlocal eigenvalue problems using results of [35] and employing an idea of Dancer [5]. Small
eigenvalues are calculated explicitly by an asymptotic analysis with rigorous error estimates.

A particular feature of the study of small eigenvalues is that one needs to expand the eigenfunction
up to the order O(e?) term. This step is different from the single interior peak case [35] and the
result is given in Lemma 9.4. We remark that a similar expansion is also needed in the study of small
eigenvalues for single boundary spike solutions (see [4] and [34]).

We believe that our approach here, combined with the techniques in [15] and [28], can be very
useful in the study of other reaction-diffusion systems as well. With our results we solve a conjecture
which was raised in [18].

It turns out that in the case of symmetric N-peaked solutions for increasing D the first instability
always arises from the small eigenvalues in contrast to the multi-pulses on the real line [6], [7], [9],
where the first instability arises from the large eigenvalues.

In [14] the spectra of asymmetric solutions are studied near the point at which they bifurcate off
a symmetric branch. It is confirmed that all such solutions are unstable in a neighborhood of the
bifurcation point and an explicit expression for the leading order terms of the critical eigenvalues is
derived.

A similar analysis for the Fitzhugh-Nagumo model has been carried out in [22]. We note also that
in [27], H. van der Ploeg used an alternative dynamical systems approach to study the stability of
symmetric spikes.

Before we state our main results in Section 2, we introduce some notation. Let L*(—1,1) and
H?(—1,1) be the usual Lebesgue and Sobolev spaces. With the variable w we denote the unique
solution of the following problem:

{w”—w—i—wp—o in R,

(1.2) w >0, w(0) =maxepw(y), w(y) —0 as |yl — o

In fact, it is easy to see that w(y) can be written explicitly

0 = (25 (wn (55 0)) 7

Let Q = (—1,1) and Gp(z, z) be the Green’s function of

{ DGp(x,2) — Gp(z,2) + 6.(x) =0 in (—1,1),

(14) Go(=1,2) = G (1,2) = 0.

We can calculate explicitly

0
19 Goten | E o T o 1< <o
where
§=D"12
We set
(16) Kp(a— 2l) = —me V5
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to be the non-smooth part of Gp(z, z) and by Gp = Kp — Hp we define the regular part Hp of Gp.
Note that Hp is C**° in both z and z.
We use the notation e.s.t to denote an exponentially small term of order O(e~%¢) for some d > 0
in the corresponding norm. By C' we denote a generic constant which may change from line to line.
We shall establish the existence and stability of N—peaked steady-state solutions to (1.1). The
steady-state problem for (1.1) is the following:

( p

" A
2 _ in (—
€e“A —A—i—m—o in (—1,1),
DH" H+AT—0 (—1,1)
(1.7) e~ AR
A(x) > 0,H(x) >0, in (—1,1),
| A(-1)=A(1)=H (-1)=H (1) =0.

Since the 1—peaked interior solution has been well-understood in [15], [21], [35] we will assume
throughout this paper that

(1.8) N >2.

This paper has the following structure: In Section 2 we introduce our three main hypotheses, (H1)
— (H3) and state our three main results, Theorem 2.1, Theorem 2.2 and Theorem 2.3. In Section 3
we study the spectra of a few nonlocal eigenvalue problems on the real line. In Section 4-6 we prove
the existence of multiple-peaked solutions: In Section 4 we construct suitable approximate solutions,
in Section 5 we use the Liapunov-Schmidt method to reduce the existence of solutions to (1.7) to a
finite dimensional problem, in Section 6 we solve this finite-dimensional problem. In Section 7, we
completely classify all possible N-peaked solutions, provided the N peaks are separated. In Section 8
we study the large eigenvalues of the linearized operator. In Section 9 we study the small eigenvalues
of the linearized operator and give a complete description of their asymptotic behavior in Lemma
9.1. Finally, in the Appendix we compute the eigenvalues of the two main matrices explicitly in the
case of symmetric N-peaked solutions.

Acknowledgements: The work of JW is supported by an Earmarked Grant of RGC of Hong Kong.
MW thanks the Department of Mathematics at CUHK for their kind hospitality. We thank Professor
M. J. Ward for valuable discussions.

2. MAIN RESULTS: EXISTENCE AND STABILITY

Let =1 <t <--- <t) <-.- <t} <1be N points in (—1,1) and w be the unique solution of
(1.2).
Put

(2'1) £ = (6/ wT(z) dz) (P*l)(erl)*qr'
R

We introduce several matrices for later use: For t = (¢, ....tx) € (=1, 1)V let

(2.2) Gn(t) = (Gp(ti, t;)).
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Recall that
Gp(ti,t;) = Kp(|t; — t;]) — Hp(ti, 1;).
Let us denote W as Vy,. When i # j, we can define V;,G(t;,t;) in the classical way. When i = j,
Kp(|t; — tj]) = Kp(0) = 2\7 is a constant and we define

0
vtiGD(t’h tl) = _%lx:ti[—[(l‘a tz)

Similarly, we define
a 8 . . .
Cf) — _%|x:ti@|y:tiHD(xay) if ¢ =7
(2:3) vtivtjGD(t“tj) { VtinjGD(ti,tj) if i #7.
Now the derivatives of G are defined as follows:
(2.4) VGp(t) = (Vi,Gp(tity), V?Gp(t) = (Vi,V,Gp(ti, t;)).

We now have our first assumption:
(H1) There exists a solution (ﬁ?, .., &%) of the following equation

(2.5) ZGD ANENTTT =€), i=1,..,N.

Next we introduce the followmg matrix
(2.6) bij = Gp(), ()", B=(by).

Our second assumption is the following:
(H2) It holds that

p—1
(27) L ¢olB),
where o(B) is the set of eigenvalues of 5.
Remark 2.1: Since the matrix B is of the form GpD, where Gp is symmetric and D is a diagonal
matrix, it is easy to see that the eigenvalues of B are real.
By the assumption (H2) and the implicit function theorem, for t = (1, ..., ty) near to = (¢, ..., %),
there exists a unique solution £(t) = (£,(t), ..., Ex(t)) for the following equation

N v )
(28) ZGD(tiytj>éjP71 :€i7 ZI 1,...,N.
Set
(2.9) H(t) = (&()d)-

We define the following vector field:

where

N .
(2.10) Fi(t) =) ViGolti, )&

=1
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= _vtiHD(tiu ti)éipj_s + Z vtiGD<ti7 tl)élﬁ_i 1= 17 R N.
1£i
Set
(2.11) M(t) = (§7'V,, Fi(t)).

Our final assumption concerns the vector field F(t).
(H3) We assume that at to = (2, ...,1%):

(2.12) F(to) =0,
(2.13) det (M(to)) # 0.

Let us now calculate M(t%): Therefore we first compute the derivatives of 5 . It is easy to see that
£(t) is C' in t and from (2) we can calculate:
PR LA
p—1

N N
- r L - 0
Vi, &i = (pq_ 7~ 5) Y Gt t)§ T ViyG+ ) —8tA(GD(tz‘atl))§z
=1 =1

For i # j, we have

~

N
> r A 51 ~ PO LAY
vtjgi:(pq 1—3)2%(@@)5;*1 V& + Vi, Gpltit)E " .
=1

For ¢ = j, we have

ar__
-1

N
~ T ~d
V& = (]% —5) ) Goltu )&
=1

AT
p—1

N
s—1 ~ 8
Viéi+ > %(GD(% t1))&;
=1 v

N N
r AT 51 A I g P
= ( pq_ 7% Y Gt t)§ T Vil + Vi Gp(ti t)& T+ ) Vi Gplti t)§
=1 =1
since %GD(tz,tl) = 2VtZGD(t,,tZ)
Note that

(Ve,Go(ti,t;)) = (VGp)".

Therefore if we denote the matrix

(2.14) VE = (Vi)
then we have

N
(2.15) VE(t) = (I - (pq_r T $)GoHT ) TH(VG)THT + O(Y | | Fy(6)]):
j=1
Let
pl4s— 1 93
(2.16) Q=(gy) = (=0°6 " "7 + 3)dy)
We can compute M (t°) by using (2.15): we note for i # j:

N
Vi, 3 VGt )& = (Vi Vi,Gpl(ti,t)E]

=1
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and for i = j

qr

N
vti<2vtiGD(ti,tl)> f"l_s:Vn( > v, GD(tl,tl)> T (Y, Hp(t, 1))E7
=1

=1 =1,...,N i

N
P g N
Z p(ti, t)€ - (EKD(O))SZH + Vi, Vi, Gp(ti, t;)E™

R 03 ._ar —s .ar_
= 6%¢; — Eff*l + Vi, Vi, Gp(ti t:)§
and hence

(2.17) M(t%) = HH(V?Gp — Q)H1

+H_1(Pcﬁnl = s) VG (T - (pQ_?” 1 $)GpHrT ) T (VGp) TH

To simplify our notations, we introduce the following matrices

(2.18) Pyi= (I +sGpHr 1 * 1),

(2.19) Py = (I — (pcﬁnl — §)GpHr T )

Our first result can be stated as follows:

Theorem 2.1. Assume that assumptions (H1), (H2) and (H3) are satisfied. Then for e << 1,

problem (1.7) has an N-peaked solution which concentrates at t5, ..., t5, or more precisely:
N 4 ~0,.¢ T — t;

(2:20) Acx) ~ Y €7 ) Tu(—),
j=1 ¢

(2.21) H.(t5) ~ {H, i=1,...,N,

(2.22) t—t), i=1,...,N.

(2

Remark 2.2: In the case of symmetric N-peaked solutions, conditions (H2) and (H3) are not needed,
as in the construction of solutions one can restrict the function space to the class of symmetric
functions (see for example [25]). Note that for small € (and not only in the limit € — 0) the peaks
are placed equidistantly.
Remark 2.3. Our results here can be applied to give a rigorous proof for the existence and
stability of N—peaked solutions consisting of peaks with different heights.

In [28], by using matched asymptotic analysis, Ward and the first author constructed such solutions
and studied their stability. We now summarize their main ideas. First (1.7) is solved in a small
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interval (—[,1):

( 2 Al Ap .
e“A —A+m:0 in (=1,1),
A(x) > 0,H(x) >0 in (—1,1),
| A (=) =A()=H (-)=H(l)=0.

Then the single interior symmetric spike solution is considered which was constructed by I. Takagi
[25]. By some simple computations based on (1.4), we have that

l

2.24 H(l) ~ ¢(D)b(—),

(2.24) (1) ~ c(D)b( \/5>

where ¢(D) is some positive constant depending on D only and the function b(z) is given by
tanh® -1

(2.25) pe) o BN (=1

cosh(z) ’ - (s+1)(p—1)
The idea now is that we fix [ and try to find another [ # [ such that the following holds

(2.26) b(\/%) = b(%), 0<l<l<l,

which will imply that H(l) ~ H(I). This shows that if there exists a solution to (2.26), we may
match up H(l) and H(l). In other words, we may match up solutions of (2.23) in different intervals.
[t turns out that for D small, (2.26) is always solvable. Now (2.26) has to be solved along with

the following interval constraint:

(2.27) Nil+Nyl=1, N;y+N,=N.
For a solution [ of (2.26) and (2.27) and j = 1,..., N we define
(2.28) lj=lorl;=1

where the number of j’s such that [; = [ is N; (and consequently the number of j’s such that I; = [
is Np). We call the small spike with [; = [ type A and the large spike with [; = [ type B.
Then we choose ¢} such that

) — 10 =1l+1a, j=0,..,N,

where t) = —1,t%,, = 1.

By using matched asymptotics, we now have N; type A and Ns type B peaks. This ends our short
review of the ideas in [28]. Let us now use Theorem 2.1 to give a rigorous proof of results of [28]. In
order to apply Theorem 2.1, we have to check the three assumptions (H1), (H2) and (H3).

To this end, let us set

(2.29) ) = (2VD)tanh (6;), j=1,..,N,
where
L.
2.30 0, = —.
(20 VD
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It is difficult to check (H1) directly. Instead we note that G5! is a tridiagonal matrix. (See [15]

and [28].) More precisely, we calculate

Mmoo B 0
Br v B
G5\ = (ay)=2vD|
Bii v B
o "~ . 0 fBya

where
~v1 = coth(6; + 63) + tanh(6,),

Vi = COth(ejfl + QJ) + coth(ﬁj + 0j+1)7 j = 2, ceey

v~ = coth(On_1 + On) + tanh(Oy),

ﬁj:—csch(0j+9j+1), jzl,...,N—l

and 6; was defined in (2.30). Note that

(231) Q5 = 2\/5(6](510,1) + 'yjéij + ﬁj+15i(j+1))~
Verifying (2.5) amounts to checking the following identity
N
(2.32) > ) = (&)
j=1

which is an easy exercise.
It remains to verify (H2) and (H3).

YN

N -1

To this end, we need to know the eigenvalues of B and M. In the same way as for the matrix Gp, one
can show that B~1 is a tridiagonal matrix. Even with this piece of information, it is almost impossible
to obtain an explicit formula for the eigenvalues. Numerical software for solving eigenvalue problems
of large matrices is indispensable. Then (H2) has to be checked explicitly. Numerical computations

in [28] do suggest that assumption (H3) is always satisfied.

A natural question is the following: Are all N—peaked solutions generated by two types of peaks

as the solutions which were constructed in [28]7

Our next theorem gives an affirmative answer. It completely classifies all N-peaked solutions,

provided that the N peaks are separated.

Theorem 2.2. Suppose that for € sufficiently small, there are solutions (A, H.) of (1.7) such that

N

R L
(2:33) Ada) ~ D€ (@) (=),
j=1
and
(2.34) H (&) ~ £, i=1,...,N,

where & is given by (2.1),

(2.35) -8 >0t -0 A0 0i#£] ij=1,...

177
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Then necessarily, we have
(2.36) L=t —t),e{l,l},i=1,..,N,

where t) = —1,1 and | satisfy (2.26) and (2.27) with Ny being the number of i’s for which l; =1 and
Ny being the number of i’s for which l; =1 (hence Ny + Ny = N ).

Theorem 2.2 shows that an N —peaked solution must be generated by exactly two types of peaks
— type A with shorter length [ and type B with larger length I. This shows that the solutions
constructed in [28] (through a formal approach) exhaust all possible separated N—peaked solutions.
In particular, it shows that there are at most 2V N—peaked solutions. If the assumptions (H1)-(H3)
are met, then there are exactly 2V N —peaked solutions.

Finally, we study the stability of the N—peaked solutions constructed in Theorem 2.1.

Theorem 2.3. Let (A, H.) be the solutions constructed in Theorem 2.1. Assume that e << 1.
(1) (Stability) If

(2.37) r=2, l<p<borr=p+1,1<p<+o0
and furthermore
qr .
2.38 — 1
233 (525 -<) miny >
and
(2.39) o(M) C {o|Re(c) > 0},

there exists o > 0 such that (A, H.) is linearly stable for 0 < 1 < 7.
(2) (Instability) If

(2.40) ( r —s) min o < 1,
p—1 o€a(B)
there exists o > 0 such that (A, H.) is linearly unstable for 0 < 17 < .
(3) (Instability) If there exists

(2.41) o€ (M), Re(o) <0,
then (Ae, He) is linearly unstable for all T > 0.

Remark 2.4. In the original Gierer-Meinhardt model, (p,q,7r,s) = (2,1,2,0) or (p,q,7,5) =
(2,4,2,0). This means that condition (2.37) is satisfied. In the general case, one has to study a
nonlocal eigenvalue problem (Theorem 3.1), which is difficult since the operator is not self-adjoint.
See [5], [40] for progress in this direction.

Remark 2.5. For the stability, we have to assume that 0 < 7 < 7y for some 75 > 0 which we do
not know explicitly. Stability in the case where 7 is large has been investigated in [29] and [30] for
symmetric spikes.

For the case of asymmetric spikes, the stability problem with respect to the large eigenvalues
remains mainly open. It is expected that there is stability with respect to the large eigenvalues for
some range for D > Dy if D is sufficiently close to Dy and 7 is small enough.

We remark that stability in the case of large 7 for the shadow system has been studied in [5].
Remark 2.6. By Theorem 2.1 and Theorem 2.3, the existence and stability of N—peaked solutions
are completely determined by the two matrices B and M. They are related to the asymptotic
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behavior of large eigenvalues which tend to a nonzero limit and small eigenvalues which tend to zero
as € — 0, respectively. The computations of these two matrices are by no means easy. We refer
to [15] and [28] for exact computations and numerics. For the reader’s convenience, we include in
the Appendix A a sketch of the computations of the eigenvalues of the matrices B and M in the
symmetric N —peaked case. Combining the results here and the computations in [15], the stability
of symmetric N —peaked solutions is completely characterized and the following result is established
rigorously.

Theorem 2.4. Let (Acn, Hen) be the symmetric N—peaked solutions constructed by I. Takagi [25].
Assume that e >> 1.
(a) (Stability) Assume that 0 < T < 7y for some 1y small and that

(2.42) r=2 l<p<borr=p+1,1<p<+o0
and

1
(2.43) D < Dy :=

N*(log(va + Va T 1))
where « is given by (2.25), then the symmetric N-peaked solution is linearly stable.
(b) (Instability) If

(2.44) D > Dy,
where Dy is given by (2.43), then the N-peaked solution is linearly unstable for all T > 0.
The proof of Theorem 2.4 is given in Appendix A.

3. SOME PRELIMINARIES
In this section, we consider a system of nonlocal linear operators. We first recall

Theorem 3.1. Consider the following nonlocal eigenvalue problem

r—1
(3.1) ' — b+ pur Lo —(p— 1>wa—pr = ao.
wa

(1) (Appendiz E of [15].) If v < 1, then there is a positive eigenvalue to (3.1).
(2) (Theorem 1.4 of [35].) If v > 1 and (2.37) holds then for any nonzero eigenvalue o of (3.1), we

have
Re(a) < —¢y < 0.
(3) If y# 1 and a = 0, then ¢ = cow for some constant c.

In our applications to the case when 7 > 0, we have to deal with the situation when the coefficient
7 is a function of 7a. Let v = v(7a) be a complex function of 7. Let us suppose that

(3.2) v(0) € R, |y(ta)| < C forar >0,7 >0,
where C'is a generic constant independent of 7, . A simple example of o(T«a) satisfying (3.2) is
2
o(ra) =

Vi+ra+1

where /1 + T« is the principal branch.
Now we have
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Theorem 3.2. Consider the following nonlocal eigenvalue problem

W' 1
(3.3) ¢ —o+puw’ o —(ra)(p - fRf ¢ w’ = ag,
R

where y(Ta) satisfies (3.2). Then there is a small number 7o > 0 such that for T < T,
(1) if v(0) < 1, then there is a positive eigenvalue to (3.1);
(2) if v(0) > 1 and (2.37) holds, then for any nonzero eigenvalue o of (3.3), we have

Re(a) < —¢p < 0.

Proof: Theorem 3.2 follows from Theorem 3.1 by a perturbation argument. To make sure that the
perturbation argument works, we have to show that if ag > 0 and 0 < 7 < 1, then |a| < C, where C
is a generic constant (independent of 7). In fact, multiplying (3.3) by ¢ — the conjugate of ¢ — and
integrating by parts, we obtain that

(3.4) / I8P + 162 — puP|6P) = —a / 6] — () (p— 1) fR . / 3.

From the imaginary part of (3.4), we obtain that
|O-/I| S 01|'7(7-O-/)|,
where a« = ag + vV—1lay and O is a positive constant (independent of 7). By assumption (3.2),
|7(ra)| < C and so || < C. Taking the real part of (3.4) and noting that

Lh.s. of (3.4) > C/ |¢|>  for some C € R,
R

we obtain that ag < Cy, where Cy is a positive constant (independent of 7 > 0). Therefore, |a] is
uniformly bounded and hence a perturbation argument gives the desired conclusion.
O

Next, we consider the following system of linear operators

Ld =" — P+ pu?'d

(3.5) —qr(I + SB)lB(/R w’"ICD)(/R w") " twP,

where B is given by (2.6) and

b1
o= | 7 | eurm)
PN
Set
(3.6) Lou:=u —u+puw’'u, whereu e H*(R).

Then using Remark 2.1 the conjugate operator of L under the scalar product in L?(R) is
L =" — U+ puwP '

1) BT 87wyt
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where

(G0
U= ?bQ € (H*(R))".

VN
We obtain the following
Lemma 3.3. Assume that assumption (H2) holds. Then
(38) K(ST(L) :X()EBX()EB "'EBX(),

where

Xo = span {w,(y)}

and
(3.9) Ker(L*) = Xo® Xo® -+ - @ Xo.
Proof: Let us first prove (3.8). Suppose
L® = 0.
Let us diagonalize B such that
P'BP = J,
where P is an orthogonal matrix and by Remark 2.1 J has diagonal form, i.e.,
o 0
J = 7
0 ON
with suitable real numbers o;, j=1,2,...,N.
Defining )
o= Po
we have
(3.10) D" — P+ puP o — qr(/ wr)l(/ w I + sJ)LID)wP = 0.
R R

For [ =1,2,..., N we look at the [-th equation of system (3.10):
B — &y + put Py
(3.11) —qr(/ w") o /wr_lcf)l)wp = 0.
R 1 ‘I_ SO-l R

By Theorem 3.1 (3), the last equation (3.11) tells us that (since by condition (H2) we know gr {7t~ #
p—1)

(3.12) P, € X,.
Continuing in this way for [ = 1,..., N, we have

(3.13) d, e Xy, l=1,...,N.
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(3.8) is thus proved.
To prove (3.9), we proceed in the same way for L*.
Using o(B) = o(B7) the I-th equation of the diagonalized system is as follows:

\1’2/ - \I/l +pwp_1\i/l

(3.14) —qr(/Rw’")1 i (/pr‘i/l)wrl =0.

1+ SO
Multiplying (3.14) by w and integrating over the real line, we obtain

o P
wPW; =0,
1+SO’Z>/R l
since qr—— #p — 1.

/ ’LUp\I}l = 0,
R
1+s0;

Thus all the nonlocal terms vanish and we have
(3.15) LW, =0, 1=1,...,N.
This implies that ¥, € X, for [ =1,..., N.

(p—1—gqr

which implies that

As a consequence of Lemma 3.3, we have -

Lemma 3.4. The operator
L:(H*(R)Y — (L*(R))™
1s invertible if it is restricted as follows
L:(Xo® - ®Xo)"n(H*(R) - (Xo® - Xo)" N (LAR)N.

Moreover, L™! is bounded.

Proof: This follows from the Fredholm Alternatives Theorem and Lemma 3.3.

Finally, we study the eigenvalue problem for L: -
(3.16) LD = ad.
We have

Lemma 3.5. Assume that all the eigenvalues of B are real. Then we have:
A= — s ) mingey gy > 1, then for any nonzero eigenvalue of (3. we must have a <
() I (£ = 5) minges > 1, then for any genvalue of (3.16) have o <
—Cp < 0.
ere exists o € o such that | = — s ) o < 1, then there exists a positive eigenvalue o
2) If th st B) such that (-2 1, then th st itive ei lue of
(3.16).

Proof: Let (®, ) satisfy (3.16). Suppose ag > 0 and a # 0. Similar to Lemma 3.3, we diagonalize
(3.16)

(3.17) D" — P+ puP o — qr(/

wr)_l(/ w I + sJ) IO )P = ad
R R
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and the [-th equation of system (3.17) becomes
" _ 0-1 _ _
O, — O+ pwP 1 — qr /w"l/wrléw”:a@.
l 1 Tp lq1+30l(R)(R 1) !
(i) By Theorem 3.1 (1) and the fact that
qr g1
>1
p—11+ s0;

we conclude that
O =---=dy=0
or
a< —cy < 0.
Since by assumption the eigenfunctions are non-vanishing the second alternative holds. (1) is proved.

(i) if oy (1% — s> < 1 for some o; € o(B), then the equation corresponding to o; becomes

' — P P=1gp, — o / T—l/ "1g,) = ad,.
1 1+ pw l q7“1+$0l(Rw) (Rw 1) = ad;

By Theorem 3.1 (2), we know that there exists an eigenvalue g > 0 and an eigenfunction @y such

that
a]

Lo®o — Nt "Pg) = apPo.
020 QT(/RUJ) (1+501/Rw 0) = apPo
Let us take ®; = &y and ®; = 0 for j # . Then (P, o) satisfy (3.16). (2) is proved.

4. STUDY OF THE APPROXIMATE SOLUTIONS
Let —1 <t <--- <ty <---t} <1 be N points satisfying the assumptions (H1) — (H3). Let
€0 = (&), ...,£%) be the unique solution of (2.5). Let
(4.1) t0 = (¢, t%).
We now construct an approximate solution to (1.7) which concentrates near these prescribed N
points.
Let —1 <t <---<t; <--- <ty <1besuchthat t = (t1,...,txn) € Beaa(t?). Set

(4.2) wj(a:)zw(x_tj),

€

and

1 1
(4.3) ro = g (min(ty + 1,1 =t 5 min |£] — £5])).

Let x : R — [0,1] be a smooth cut-off function such that y(z) = 1 for |z| < 1 and x(z) = 0 for
|z| > 2. We now define our approximate solution

(4.4) w; () = w; () x(

Then it is easy to see that w;(z) satisfies

x—t;

J).

To

(4.5) ey — b + W = e.s.t.
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in L2(—1,1).
Let f(t) = (fl, ...,éN) be as defined by (H1).
Put
N
(4.6) Wet(2) = Z ég/(p_l)u?j (x).
j=1

Fix any function A € H?(—1,1) and define T[A] to be the solution of

) DT[,/4] - Tl + e

TAN(=1) =T1A] (1) = 0,

where
(4.8) Ce = (e/ w') = fé"j_s_l.
R

(Recall that & was first defined in (2.1)). The solution T'[A] is unique and positive.
Let A = w4, where t € B,s/a(t%). Let us now compute

From (4.7), we have

N .ar +o0
:wEZTW*FM%m/:Hﬁw@+O@

= 3 Gt )ET T+ 0l (by (48)).

Thus we have obtained the following system of equations:

N qr
(4.10) =Y Gplti t;){) " 7;° + O(e).

j=1
Since the matrix ,
A -1
1 +s (GD<t’L7 tj)gf_l )
is clearly nonsingular (note that Gp(t;,t;) > 0), by the implicit function theorem and assumption
(H1) the equations (4.10) have a unique solution

Tizéi—i-O(G), 7,21,,N
Hence

(4.11) TIA](t) = &+ O(e).
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Now let x = t; + ey. We calculate for A = w,4:

TlAY) = T(ANE) = 6 [ [Golo.2) = Golti ) ()

-1

qr 1
= ceéip_l / [GD(.Z', Z) - GD<ti7 Z)]
+CEZ§”
J#

=7 [ 1Kolle = =0) = Kpt = e i () d=

1

(TTA]y

/ (Go(x,2) — Gplts, 2)] (Tﬁ])s(z)dz

e £ /_ [Hp(2) = Hplts,2)] s () d2

1

T
Wy

+c. 25” GD (x,2) — Gp(ts, 2)] (T[A])S(z) dz (letting z = t; + ey)
J#i
9 qu%l—s R | 1 r
= € l5plel = 5ply = #llw'(z]) d=(1 + O(elyl))
+€§zﬁis[—yvtiHD(tia t;) +O(ey?)]
+e> [yVi,Gol(t;, t)EFT + O(ey?)]
J#
(4.12) = ¢ léw‘spi(yy\) — &7 YV Hp(tit) +y Y ViGpl(tit)§" +0(e?) |
J#i
where
+°° 1 1 )
(4.13) Pi(lyl) = splel = gplv —2llw'(z]) d=
Note that P; is an even functlon.
Let us now define
(4.14) S[A] = A" — A+ A
: =e"A — —
(TTA))
where T[A] is defined by (4.7). Let us choose A = w,y and compute Sfws]. In fact,
" w
S . _ 2 — w, et
el = e = U Ty
D
q/(p— 1 25" _ i We t
= | — ;) + e+ e.s.t.
Zf O Wy

2q/(p—1) ~ K
(Zj:l & W) SO @ | e
(Tlwey])? g o
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(4.15) =F + Ey +es.t.

in L?(—1,1), where

(4.16) B =

@1ﬁp1p 2/o-1) ~p
(T[wet Zg ! E ]

and

(4.17) By =

(Cpm & (D & )
(Tlwe ()7 (Tlwe(t)r |

For E; we calculate using (4.11)

(ZJV:I é;]/ p_l)wj>p al 2q/(p—1) ~p

(415) R (05 TR S A
- éjqp/(pil) q/(p—1 ~ q/(p—1) ~
-3 (g ) o g

Thus we have
(4.19) | E1llL2(~1/e1/e) = Ofe).

For E5 we calculate
N gq/(p 1)~ )

Z Ty (Twedl(@) = Thegd )

=1

O (Z T wet] = T[we,t](tj)\2@§>

N N
0/ (1), -p L [Wet] = Tlwe e (t5) -
- _ a/(p=1) ~p t tI\Y O(212 p
2 ) O )
j= j=
N A4 __q 4T
SO NC Al el
j=1
AT PR LA N
(4.20) —EP YNy Hp(t, t) + 9> Vi Golt, t)& ]} +O(A Y i)
£ =1
This implies that
(421) ||E2||L2(—%,%) = 0(6)
Combining (4.19) and (4.21), we conclude that
(4.22) ||S[we,t]||L2(—%,%) = O(e)

The estimates derived in this section provide the main steps that will make our approach work in
the rest of the paper.
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5. THE LIAPUNOV-SCHMIDT REDUCTION METHOD

In this section, we use the Liapunov-Schmidt reduction method to solve the problem

dw;
(5.1) Slwey +v] = Zﬁj ;
for real constants 3; and a function v € H 2(—%, %) which is small in the corresponding norm, where
w; is given by (4.4) and w,t by (4.6).
To this end, we need to study the linearized operator
Ley s H*(0) — L*(Q)

defined by
~ o . _ p AP~ 1¢ AP ’
where A = w,y, 2 = (—%, %), and for a given ¢ € LQ(Q) we introduce T'[A]¢ as the unique solution
of
(5.2) { D(T'[A]¢)" = (T'[A]¢) + crA'¢ =0, —1<z <1,
' (T'[Alg) (=1) = (T"[A]g) (1) = 0.

We define the approximate kernel and co-kernel, respectively, as follows:

dis
K.t := span {dwz i= 1,...,N} c H*(9,),
T

d;
Cet = span {dli izl,...,N} C L*(,),

Recall the definition of the following system of linear operators from (3.5):
L® = AD — O+ puw? '

(5.3 —ar( [ w0 ) BR) [ w)

R
where
¢1
®2 o N
=1 . € (H*(R))".
PN

By Lemma 3.3 we know that
L:(Xo@® - ®Xo)" N(HR)" — (Xo@ - & Xo)" N (L*(R)Y
is invertible with a bounded inverse. ~
We will see that this system is a limit of the operator L.y as ¢ — 0. We also introduce the
projection mz, : L*(Q) — C and study the operator Ly := m o Leg. By letting e — 0, we will
show that Ly : ICE%t — Cit is invertible with a bounded inverse provided € is small enough. This
statement is contained in the following proposition.
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Proposition 5.1. There exist positive constants €, 5, X such that for all e € (0,€), t € QY with
m1n(|1 + t1|, |1 — tN|,min#j |tz — tj|) > (S,

(5.4) [ Lesoll 2000 = Mol 2 (00)-
Furthermore, the map 3
Le,t = ﬂ-j,_t e} Le,t . ch:t — Cj:t

18 surjective.

Proof of Theorem 5.1: This proof follows the method of Liapunov-Schmidt reduction which
was also used in [3], [4], [12], [13], [10], [23], [24], [33] and [36].

Suppose (5.4) is false. Then there exist sequences {e;.}, {t*}, {¢*} with ¢, — 0, t* € QV, min(|1+
5], (1 — ¢k ], ming; [tF — t5]) > 6, ¢% = ¢, € K ., k =1,2,... such that

€.tk
(5-5) ’|Lek,tk¢kHL2(Qék) — 0, as k — oo,
(5.6) 162y =1, k=12, ....
We define ¢e,i7 1= 17 27 s 7N and ¢E,N+1 as follows:
(5.7) 0ci(7) = 0N (— =), weQ,

N
Geni1(r) = ¢c(x) = Y deilx), zEQ.
=1

At first (after rescaling) ¢.; are only defined on .. However, by a standard result they can be
extended to R such that their norm in H?(R) is still bounded by a constant independent of ¢ and
t for € small enough. In the following we will study this extension. For simplicity of notation we

keep the same notation for the extension. Since for i = 1,2,..., N each sequence {¢} = {¢, .}
(k=1,2,...) is bounded in H?_(R) it has a weak limit in H?_(R), and therefore also a strong limit
b1
in L? (R) and L{2.(R). Call these limits ¢;. Then ¢ = <é2 solves the system
N
Lo = 0.

By Lemma 3.3, ¢ € Ker(L) = Xo®---®X,. Since ¢* € Kj;,mk by taking k — oo we get ¢ € Ker(L)*.
Therefore, ¢ = 0.

By elliptic estimates we get ||¢c, ;||m2(r) — 0 as k — oo fori =1,2,... N.

Furthermore, ¢ y11 — ¢ni1 in H*(R), where ® 5, satisfies

Ayt —ony1=0 in R
Therefore we conclude ¢y41 =0 and [|¢K || p2r) — 0 as k — oo.

This contradicts [|¢*||g2(q,,) = 1. To complete the proof of Proposition 5.1 we just need to show
that the operator which is conjugate to L (denoted by L7,) is injective from K}y to C. Note that
L:p = meg o L, with
pAT Y APy

Ligh = €AY —op + GO [A](W)-
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The proof for L} ; follows exactly along the same lines as the proof for L. and is therefore omitted. [
Now we are in a position to solve the equation

(5.8) Wj:t 0 Se(wet + ¢) = 0.

Since Leg|x:, is invertible (call the inverse L) we can rewrite this as
€, ?

(5.9) ¢=—(Log om0 Sc(wer)) — (Leg 0y 0 New(9)) = Mey(9),
where
(510) Ne,t(¢) = Se(we,t + ¢) - Se(wﬁ,t) - Sé(wﬁyt)¢

and the operator M,y is defined by (5.9) for ¢ € H%*(.). We are going to show that the operator
M.+ is a contraction on

Bes ={d € H*(Q)|[¢] 20,y < 6}
if 6 and € are small enough. We have by (4.22) and Proposition 5.1

1Mt (D) 200y < A7 (Il © New () 220

i Hﬂét o Se(we,t>HL2(Qg)>

<A HC(e(8)6 + ),

where A > 0 is independent of § > 0, ¢ > 0 and ¢(6) — 0 as 6 — 0. Similarly we show

| Me () — Met(d) |20

< A'O(c(6)0) o — ¢ 20,

where ¢(0) — 0 as 6 — 0. If we choose § = €* for a < 1 and € small enough, then M. is a
contraction on B.s. The existence of a fixed point ¢y now follows from the standard contraction
mapping principle and ¢ is a solution of (5.9).

We have thus proved

Lemma 5.2. There exist € > 0 0 > 0 such that for every pair of e,t with 0 < ¢ <€ and t € Qv
14+t >0, 1—ty > 6, %|tZ —t;| > 0 there is a unique ¢y € Keft satisfying Se(Weg + ¢et) € Ceg-
Furthermore, we have the estimate

(5.11) [Petllmzy) < Ce®,
where a < 1.

Remark 5.1: By one more iteration, it can actually be shown that

(512) ||¢e,t||H2(Q€) S CE.
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6. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main existence result given by Theorem
2.1.

By Lemma 5.2, for every t € Bs/a(tg), there exists a unique solution ¢, € ICj,t such that

(61) S[we,t + ¢e,t] = Vet € Ce,t-
Our idea is to find t€ = (t{,...,t5) near t° such that also
(62) S[’we,tE + ¢e,t‘] L Ce,tE

(and therefore S{wege + Pete] = 0).
To this end, we let
PP b dw;
We,i<t) =€ (61) p-l S[we,t + ¢e,t] diC

-1

dx,

W (t) := (Wei(t), ..., Wen(t)) : Baja(ty) — RY.
Then W,(t) is a map which is continuous in t and our problem is reduced to finding a zero of the
vector field W (t).
Let us now calculate W(t).
We calculate:

NI L da;
—1 i 1*E S 1
+E (52) /_1 e[we,t]qbe,t d%’

cqoa ! di;

-1 1-—= %

i p—1 Ne et) 7

+e (&) /_1 (Pet) I

- ]1 + -[2 + ]37
where [, I, and I3 are defined by the last equality.

The computation of I3 is the easiest: note that by Taylor expansion for (5.10), the first term in
the expansion of N, is quadratic in ¢.¢. So

(6.3) I; = O(e).

We will now compute I; and I. The result will be that [; is the leading term and I, = O(e).
For I;, we have

1 - R . [l -
h=c 6 [ (B B =6 [ B oo,
- -1

where E) and F, were defined in (4.16) and (4.17), respectively, using that E; is an even function.
We calculate by (4.20)

caoa [ dwy
-1 1— 7
i p—1 E d
¢ <£ ) /_1 2 dx v
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=Y VeGolts )] [ )l ) dy +0(0)

N
q » oI s

Thus we have

N
(6.4) I = ]ﬁ prH(y)dy[Z Vi Gp(ti t;)Er" 1+ 0(e).
j=1

For I; we calculate

-/,

- L i
(@) L= [ S w6

1

EQAgzse,t - ¢67t +

-/,

1 w?, , P
J— # T . . _’L
! /1 (T[weyt])qul( [Wet]Pert) o

1\ (Tweg]) ! “dx

1 w?y ai; 2
_Q/_l W(T [wei]der) 7 = O(€"),

_1 p )
pwft ¢et We g ) dwi
K b _ s T ) 6 d;
Tyt~ (Tt * Am] i

2
AL
“Cdr T dr | dw (T[we])e

¢e,t

since

pllar™
Tlwegy "% Déetllizo,) = Ofe),

[@ctll 200 = OCe),
T [we,tK(bE,t)(ti) = O<€)7
T'[we e (de) (ti + ey) = T Tweel (Per) (1) = O(€]y).

Combining I; and I, we have

I

N
q 1 s
Wei(t) = —— P E V. Gp(ti, ti)Er +0

— _7 p+1p
[ W R+ 000,

where F;(t) was defined in (2.10).
By our assumption (H3), at t°, we have F(t°) = 0 and

det(Vw F(t%)) # 0.
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Therefore we have W (t) = —c; H(t?) M (t%)(t — t°) + O(|t — t°]* + ¢€), where ¢; is given by
q
6.5 =L [
(©5) a2

Then Brouwer’s fixed point theorem shows that for € << 1 there exists a t° such that W,(t¢) =0
and t© € BE3/4(tO).
Thus we have proved the following proposition.

Proposition 6.1. For ¢ sufficiently small there exist points t¢ with t© — t° such that W.(t¢) = 0.

Remark 6.1: A more detailed computation reveals that

(6.6) [tc —t°) = O(e).
Finally, we prove Theorem 2.1.
Proof of Theorem 2.1: By Proposition 6.1, there exists t© — t° such that W, (t¢) = 0. In other

words, S[wete + pere] = 0. Let A. = et (Wee + Pete)s He = ET[Wege + Pere]. By the Maximum
Principle, A, > 0, H. > 0. Moreover (A, H.) satisfies all the properties of Theorem 2.1.
O

7. CLASSIFYING THE N—PEAKED SOLUTIONS: PROOF OF THEOREM 2.2

Let (A, H.) be a solution of (1.7) satisfying (2.33) and (2.34). We now show that (A, H.) is
generated exactly by two types of peaks, that is, we prove Theorem 2.2. First we make the following
scaling

A =& FTALH, = 01,

where & is defined at (2.1). Hence (A,, H,) satisfies
AA Ac+4e =0, 1<z <1,
(7.1) .
DAH, — H+C€HS_O—1<1’<1

where ¢, is defined in (4.8).
Now (2.33) and (2.34) imply that

~ N 2 q — 15 - A
(7.2) A~ Y (), A5 = £

Letting ¢ — 0, we assume that

- -0 0
5]6'_>§j7 t§—>tj7

We see that H, — ho(z) where ho(z) satisfies
{ DAy — ho+ S (E)9 T °6(x —19) =0, ~1 <z <1,
ho(—1) = ho(1) = 0.

In other words, we have

(7.3)

(7.4) ho(z) = > (€))7 °Gp(x,1)).
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Since ho(t)) = AJQ, j=1,...,N, wehave from (7.4) that (€7, ..., £%) must satisfy the following identity:

(7.5) ZGD ANE)TTT =€), i=1,..,N.
This is the same as (2.5).
Define
~ T — t?
Acj = Ax( )
To

where 7 is a very small number. Then flm is supported in the interval I = (—7o + 1§, 7o + t5). We
may choose 7y so small that I N[5 = () for i # j. Then

/L = Z[lw + e.s.t.
j=1
Now we multiply the first equation in (7.1) by A;J and integrate over (—1,1). We obtain

LAY Ar
0= [ IGDA, - (A

p
2—2/(A )A + e.s.t.
e HE

€

__2/[]921521; gAY H!

7 i ‘| +es.t.

2 Artl
(7.6) _alp+2) / :
I

P ¢ﬁjg+1H + e.s.t.
J

By the equation for H., we have that
and thus for z € 7,

and

(7.7) Z thGD 1) 5/6)71_8 + O(e).

Substituting (7.7) into (7.6) and using (7.2), we obtain the following identity

N
(7.8) Y Vi Gol(ts, )& = o(1)

k=1
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and hence
N A,

(7.9) S VG ) (E)F T = 0, =1,... N,
k=1

which is the same as (2.12).
Note that by the expression for hg in (7.4), (7.9) is equivalent to the following
(7.10) ho(t)+) + ho(t9—) = 0,5 =1, .., N,

where h(t9+) is the right-hand derivative of hg at ¢ and hy(t9—) is the left-hand derivative of hg at
t?. On the other hand, from the equation for hg, we have that

(711) D(y(4) — b)) = (07 j =1, N.
Solving (7.10) and (7.11), we have that

/ / 1 20N 27 g .
(7.12) ho(t)+) = —hy(t3—) = —ﬁ(gg?)p—l <0,5=1,..,N.

Since hg satisfies Dh/o/ = hg > 0 in each interval (t? t9),7 = 2,..., N, we see that there exists a

—1» J

unique point s;_; € (tJ_;,t}) such that ho(sj_1) = 0. Since hy(—1) = 0, by using symmetry, we see
that
Sj—1+ 5 4
(7.13) % =t9,j=1,..,N,
where we take sy = —1,sy = 1. Let 2l; = s; —s;_1,j = 1,...,N. Note that on each interval

(=l 419, 1;417), ho satisfies DAhg — ho + ({A?)Pq%l*sé(t —19) = 0 with Neumann boundary conditions
at both ends. Thus from (1.4) it is easy to see that

20\ -1 —s—1 l; .
(7.14) (€)1t = 2@tanh(7%),j =1,..,N,
&0
COSh(TE)
Since hyg is continuous on (—1, 1), we have

(7.16) ho(l1) = ho(ly) = ... = ho(ly).
Using (7.14) and (7.15), we see that (7.16) is equivalent to

Iy ly In
7.17 () = b(— ) = = b,
(7.17) (F5) =) )

where the function b was defined in (2.25). Suppose without loss of generality that [; < Iy, then we
take [; = [ and (7.17) implies that I, € {I,[} and that [; € {/,[} for j = 2,..., N. Thus [ must satisfy
(2.26) and (2.27).

This finishes the proof of Theorem 2.2.
Remark 7.1: The proof of Theorem 2.2 implies that if t° = (¢2,...,¢%,) satisfies (H1) and (2.12),
then necessarily, we have t? — tg-)_l =1; e {l, [}. That is, there are at most 2V solutions satisfying
(H1)—(H3).
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8. STABILITY ANALYSIS: LARGE EIGENVALUES

In this section, we study the eigenvalues with \c — A\g # 0 as ¢ — 0 (or, more precisely, with
nonzero accumulation points).
We need to analyze the following eigenvalue problem

. , A1, AP
L= @6 =0+ G = T
(8.1) = AcPe;
where 1), satisfies
(8.2) . S SO S
‘ (TTA])* (TTA])s+!

Here ). is some complex number, A, = w, e + Pe e With t° determined in Section 6.

In this section, we study the large eigenvalues, i.e., we assume that there exists ¢ > 0 with
Al > ¢ > 0 for € small. If Re(A\:) < —¢, we are done.(Since then A, is a stable large eigenvalue.)
Therefore we may also assume that Re(\.) > —c.

We first present the analysis of (8.1), (8.2) for the case 7 = 0. At the end, we shall explain how
we proceed if 7 > 0 and is small.

By (8.2) we have

(83) 'lvbe = Tl [AE](¢€)

First of all, since we are concerned only with those eigenvalues such that Re(\.) > —c, we see that
by following the same argument as in the proof as (2) of Theorem 3.2, we have that || < C for
some positive constant C' (independent of € > 0).

Recall the definition of ¢, ; given in (5.7).

From (8.1) and the facts that Re(\.) > —c and that w, ¢ has exponential decay, we have that

K
O = Z(bﬁ,j + e.s.t.
j=1

Then we extend ¢, ; to a function defined on R' such that

@eillmr(ry < Clldeillmr ), J=1.. K
Without loss of generality we may assume that ||@c||c = ||¢e||m1(.) = 1. Then ||¢ ;|| < C. By taking

a subsequence of €, we may also assume that ¢.; — ¢; as e — 0in H(R) for j =1,..., K.
Sending € — 0 with A, — A, this implies (as in Section 5)

L®=AD— & +pu”'d

(8.4) —gr(I + sB)"B( /

wr_lBCI))(/ w") " hwP = M@,
R R

where

o
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Then we have

Theorem 8.1. Let A\ be an eigenvalue of (8.1) and (8.2) such that Re(\.) > —c for some ¢ > 0.
(1) Suppose that (for suitable sequences €, — 0) we have ., — Ao # 0. Then X is an eigenvalue
of the problem (NLEP) given in (8.4).
(2) Let N\g # 0 with Re(\g) > 0 be an eigenvalue of the problem (NLEP) given in (8.4). Then for
e sufficiently small, there is an eigenvalue A\, of (8.1) and (8.2) with A\ — \g as € — 0.

Proof:

(1) of Theorem 8.1 follows by asymptotic analysis similar to Section 5.

To prove (2) of Theorem 8.1, we follow the argument given in Section 2 of [5], where the following
eigenvalue problem was studied:

{ eAh — h+ puP~th — == Ja u:_lhui’ = Ah in ,

(85) sHl4+7mAe [qul
h =0 on 012,

where u, is a solution of the single equation

e?Aue — ue +uP =0 in Q,
ue > 01in Q, u. = 0 on 0f.

Here1<p<Z—fgifn23and1<p<+ooifn:1,2,m>landQCR”isasmooth
bounded domain. If u. is a single interior peak solution, then it can be shown ([35]) that the limiting

eigenvalue problem is a NLEP
qr fRN wPlQﬁ
s+H1+71h  [onw”
where w is the corresponding ground state solution in R™:
Aw—w+wP =0,w>0in R",w=w(|y|) € H(R").

Dancer in [5] showed that if A\g # 0, Re(Ag) > 0 is an unstable eigenvalue of (8.6), then there exists
an eigenvalue A, of (8.5) such that A\. — Ao.

We now follow his idea. Let Ay # 0 be an eigenvalue of problem (8.4) with Re(\g) > 0. We first
note that from the equation for v, we can express ¢, in terms of ¢. (as in (8.3)). Now we rewrite
(8.1) as follows:

(8.6) Ap—d+puw'ld — w” = Ao

PAY g gAY

HE  HI
where R.()\.) is the inverse of —A + (1 + \.) in H?(R) (which exists if Re(A.) > —1 or Im().) # 0),
and ¢, = T, [A](¢.) is given by (8.2). The important thing is that R.(\.) is a compact operator if

e is sufficiently small. The rest of the argument follows in the same way as in [5]. For the sake of
limited space, we omit the details here.

Y

(87) ¢5 = _R€(>\€) 1¢5

U
We now study the stability of (8.1), (8.2) for large eigenvalues explicitly and prove (2.38) and
(2.40) of Theorem 2.3.
Suppose now that we have

(8.8) ( ar —s) min o < 1,

o€o(B)
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by Theorem 3.1 (1), there exists a positive eigenvalue of (8.4) and thus by Theorem 8.1, there exists
an eigenvalue A\, of (8.1) and (8.2) such that Re(A.) > ¢y for some positive number ¢y > 0. This
implies that (A, H,) is unstable.
Suppose now that
qr .
8.9 - > 1
(&) (725 -+) gy >

and (2.37) is satisfied, then by Theorem 3.1 (2), we know that for any nonzero eigenvalue A\ of L we
have

Re(Ag) <o <0 for some ¢y > 0.
So by Theorem 8.1, for € small enough all nonzero large eigenvalues of (8.1), (8.2) all have strictly
negative real parts. We conclude that in this case all eigenvalues A, of (8.1), (8.2), for which |\ >
¢ > 0 holds, satisfy Re(A.) < —c < 0 for € small enough. They are all stable.
Finally we comment that when 7 # 0 and 7 is small, we use Theorem 3.2 to conclude. In this
case, the matrix B will have to be replaced by a matrix B, which depends on 7). (In fact, one
just replaces the Green’s function Gp by the following Green’s function:

(8.10) DAG — (1+7A)G +0.=0, G (£1,2)=0).

It is easy to check that the new matrix will have eigenvalues satisfying (3.2). The rest follows in the
same way as before.
O
In conclusion, we have finished the study of large eigenvalues. It remains to study small eigenvalues
only.
In the next section we shall study the eigenvalues A, which tend to zero as e — 0.

9. STABILITY ANALYSIS: SMALL EIGENVALUES

We now study small eigenvalues for (8.1) and (8.2). Namely, we assume that Ac — 0 as € — 0.
Let

(91) We = We te + ¢e,t€7 F[ﬁ = T[wﬁte + ¢€7t€]?

where t€ = (t5,...,t5).
After scaling, the eigenvalue problem (8.1), (8.2) becomes

pwr~! w?

(92) 62A¢5 - ¢e + H—g¢5 - wae == )\E¢e,
At I

(9:3) DAY, — e + C€Tﬁ—€s¢e - Sceﬁwe = AT

where ¢, is given by (4.8).

We take 7 = 0 for simplicity. As 7). << 1 the results in this section are also valid for 7 finite.
As we shall prove, the small eigenvalues are of the order O(e?). Unlike in the single interior peak
case [35], we need to expand the eigenfunction up to the order O(e) term. (Such an expansion is also
needed in the study of boundary spikes for the shadow system (see [4] and [34].))

Let us define

(9.4 ey = x(E=L

Jwe(x), j=1,..,N,
To
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where x(z) and 7 are given in (4.3) and (4.4). Similarly as in Section 5, we define
Krew = span{w, ;|j = 1,...,N} € H*(Q0),

Crev = span {w, ;j = 1,...,N} C L*(Q.).
Then it is easy to see that

(9.5) wa +e.s.t.

A r—t€
Note that w0, ;(z) ~ 5]?’_1w(7tj) in H3.(—1,1) and w0, ; satisfies

B B we P
A ; — e ; + ( H{I) +e.st.=0

€

~1 dWe .
Thus w, ; := =2 satisfies

dx
2 0 p(we,j>p_1 ~r ,u~)p
(9.6) Aw w, ; + AT W, ; q(H )q+1H +est.=0.
Let us now decompose
N
(9.7) de =€) afi;+¢;
j=1
with complex numbers af, (the factor e is for scaling), where
o LK.
Suppose that [|¢c||m2@,) = 1. Then [a5| < C.
Similarly, we can decompose
N
(9.8) Ve =€) a5te; + U7,
j=1
where 1 ; satisfies
wt~t
(99) DA¢6’j — QﬂEJ + ceré_—gwe — SCe=—— H5+1 wﬁ,] =
and 1 satisfies
wl ! w!
(9.10) DAY — ot +cor i or — Ceﬁg+11/1j‘ = 0.

Both (9.9) and (9.10) are solved with Neumann boundary conditions.
Substituting the decompositions of ¢, and 1, into (9.2) we have

N -
o ((Weg)’ 7 (W)
QEZ%’ ( ot e ]:[q+1w€vj

j=1

P
Ve gk — Aot +esit.

—p—1
2A 4L L, bw? 1
+e€ A(be - (be + F[—g¢e - Hq—i—l
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N
(9.11) =\ <ezagw;j> .
j=1

Let us first compute

j=1
N - N -
€ (w€ )p / € (w€7k>
= e > (S ) ) — e X o 3 ek et
j=1 ¢ J=1  k#j €
we
_qezaj Hqil |: ¢€] ]
SHI) AN
J=1 k#j
We can rewrite I, as follows
ARy _
(9.12) EZ Za He’ el <1Z)Ek - Hﬁjk) + e.s.t..
=1 k=1
Let us also put
. puw?! pa?
(9.13) Lot = 00! — ot + Pormo! — g ool
and
(9.14) a = (a,...,a5)".

Multiplying both sides of (9.11) by "J);l and integrating over (—1, 1), we obtain

N 1
o € SV
r.h.s. = € E aj/ W, W,
j=1 71

(9.15) Al /R (w () dy (1 + 0(c))

and

-/ Hqﬂ(w we)) (L +o(1))

= (Jig+ Joy + J30) (1 +0(1)),
where J;;, ¢ = 1,2, 3 are defined by the last equality.

31
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We define the vectors
(9.16) Ji= (g, Jin)' i =1,2,3.
The following is the key lemma.
Lemma 9.1. We have
9.17) J, = dHim ! [(v?gD — QYH 1 — sVGpHP 1 TP (VG TH 1| a. + o(€?),

(9.18) Jy = o(e?),
and
(9.19) Js; = 61627'(771 {p — He1™ 71732(VQD)TH;%175

qr

—l—SVgDHi_S lp ,PlgDHi_S 'p (VQD)TH;‘TI_S} ae+0<€2)7

where ¢y is giwen by (6.5) and Py and Py are defined by (2.18) and (2.19), respectively. Recall that
Gp are H are introduced in (2.2) and (2.9), respectively, and a. is given in (9.14).

By Lemma 9.1, Theorem 2.3 can be proved. Indeed, note that
sVGpH T Py (VGp) H 1~
—sVGpH 1" 1p PG HT T Py(VGp) HT

T

gDH—f 71 ) (ng>THpq,173

— sVGpH—1 5 'p, (1 -

(9.20) = SVQDH:TTl_SAPQ(ng)TH%—S‘
Combining the estimates for Jy, Jo and J3 and using (9.20), we have
Lhs.=J+ Jy+ J3 = 01627'[%_1

x ((v% — QT (% — S)VGpH» T Py(VGp) Hp‘”iS) a. + o(e?)
= cj€ H%./\/l(te)aE + o(€?).
Comparing with 7.h.s. we have

(9.21) 01627'(%./\/1(’65)216 + o(e?) = A Ta, / (w' ()2 dy (1 + O(e)).

R
Equation (9.21) shows that the small eigenvalues A, of (9.2) are

>\e ~ EQCQU(M (to))a

where ¢; = < 0. This shows that if all the eigenvalues of M(t°) are positive, then the small

C1
fR(w/)2
eigenvalues are stable. On the other hand, if M (t°) has a negative eigenvalue, then we can construct
eigenfunctions and eigenvalues to make the system unstable.

This proves Theorem 2.3.

O
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Lemma 9.1 follows from the following series of lemmas.
We first study the asymptotic behavior of 1. ;.

Lemma 9.2. We have
(9.22) (er — HOw)(t)) = =H71*VGpP! + O(e).
Proof: Note that for [ # k, we have

(Ve — Hbu) (1)) = Ven(t])

1 wr—l , 1 —
:cer/ GD(tf,z)?u?dez—ces/ Gp(t], 2) =" ¢6kdz

1 s 1 Hs+1
L al —(s+1)
(9.23) = Vi Gplty t)er " — s> Gplt;,t5,)en(ts,)Eh o + O(e).
m=1

Next we compute 1[157; — ]:Ié near tj:

— 1 ,lI)T’
He = C¢ G -
@)= e [ Goleo)
+o0 W ~rl
= c Kp(|z])—= e, (x—l—z)dz—ce/ Hp(z,2)—==>dz
—i—cEZ/ Gpl(zx,z)
P
So
+o0 N 1 ~r—1
H, =c. Kp(|z|)(r o ($+2))d76’—0€ Hp(z, 2)r ];Ils dz
oo . :
+CEZ/ Gpl(x,z)r dz
kit
_306/1 Gpl(z,z) _;HHE z
Thus

Therefore we have,
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-S o —(s+1) €
_VtEHD(tlatl SZGD tl7tk p w€7l(tk) _|_ O(E)
R ()
(9.24) = —VuHp(t; t)5) " —s Y Gpltf, t)& Yes(ts) + O(e).
k=1

Solving the equations (9.23) and (9.24), we have (9.22).

Similar to Lemma 9.2, we have
Lemma 9.3. We have
(9.25) (Ve — How) (] + ey) — (Ve — Hoow)(t5)

N
€ 4€ s € 4€ e \fpo1—(s+1)
= —ey |V Vi Gp(t], 1) — QZk51k] &' —eys Z VieGp(t th)Ver(th,)sm

m=1

+O(e*y?)
where qy, is defined at (2.16).

We next study the asymptotic expansion of ¢. Let us first denote
N

N
q Af;_l Fo~ €
(9.26) éj = Z (pTlfl Vt;fzwe,l) RS GZ%@J'
j=1

=1

Then we have

Lemma 9.4. For € sufficiently small, we have

(9.27) 168 — dtllm2(—1/e1/0) = O(€7).

Proof:

Before we prove Lemma 9.4, we first obtain a relation between 12 and ¢+. Note that similar to
the proof of Proposition 5.1, L. is invertible from (K"%)* to (C"¥)+. By Lemma 9.2 and the fact
that L. is invertible, we deduce that

(9.28) 162 Ml 22,1y = OCe)-

Let us decompose

- o 1t

9.29 i = — :
(9.29) e = Px()
Then

N ~

€ Z Gej +e€.5.1
j=1
Suppose that

(9.30) Gej — ¢; in H.

Let
@0 = <¢17 L) ¢N)T-
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Then we have by the equation for ¢ (similar to the proof of Lemma 9.2)
1 N 1 w’l”—l -
Yo (t5) = EZCJ/ Gp(t§, 2) e p dz
k=1 -1

)5

€

1 T
€ We 4
—Ces/lGD(tj’ 2)= Hw dz + e.s.t.

= —ET’ZGD 15e 7)€

*SIR w" lgbk
waT

N
(9-31) —s 3 Gt e 1 o).
k=1
Hence
1 r—1
(9.32) (W), b (15))T = —erPrGpH e o

+ O(é?).
Jrw”
Substituting (9.32) into (9.11) and using Lemma 8.2, we have that in the limit @, satisfies

A(I)O — (I)O +pwp_1<l>0

r—1

(r=1) _ w' P
—qrHT T P G H T Jr % S

waT

HgH7T PLU(VGp)THT 2 w? = 0

where
al = linéae.
S0 .
Q= _p%l (I — 31_17719[)7'(‘1(;—11)_5> 'Hﬁ_spl(ng> Hr 1 *alw
_ f*l qr —fs 1 -
= —pTH 1 — (p 1 — S)gDH (ng) H?’ T a w
(9.33) =

= —FHT_LPQ(VQD) HP T aO’LU.
Now we compare ®y with ¢!. By definition

¢ - EZ ak: Z ( p 1 Vtiémws,m)

N N
q A;;%lfl Foo e ~
(9.34) =€ mZZI pTlgm [Z(Vtgfm@k)] We,m -

k=1
On the other hand

35



36 JUNCHENG WEI AND MATTHIAS WINTER

x—tﬁ

(9.35) — ¢ Z ¢, O(é?).
Using (9.33) and (2.15), and comparing (9.34) and (9.35), we obtain (9.27).

From Lemma 9.4, we have that
(9.36) (Ve (t9), o ¥ (1) =

and

qr 1’P1gDH%_S_17)2(ng)THPq%1_S + 0(62)

Ve (5 + ey) — ¢i (t5)

N *Sf r— 1¢k
= —e2yTZVtEGD (t5 te)f Jnl Pk .
k=1 wa
= Y
(9.37) —sey > VieGp(t5, ti)r (1) +O(e'y?)
k=1

Finally we prove the key lemma — Lemma 9.1.
Proof of Lemma 9.1: -
The computation of J, follows from Lemma 9.3: In fact, since H, = o(1),

le = —qe Z ak / Hqul ’QDE E— H;(Slk) ﬁ);l + e.s.t.

N 1

=030k || gt (1Wealo) = H0)0u] = W) = HL@)A]) L+ 0(c)
-1
= g€’ / (ywPw (y))dy x &
R

N N ()
> VeV Gt )8 71T +5 Y VieGp(tf, to)ber(ts,)en ' a5 + o(e?)
k=1 m=1

which, by Lemma 9.2, proves (9.17).
(9.18) follows from Lemma 9.4 and the fact that at ¢

H(t5) = £+ 0(eY), H;(t; +ey) — I:I;(tj) = ¢ x odd function + O(€?).

It remains to prove (9.19):

1 P ,
Jy == m;mw@
1
— €L
= [ ol
1 "’P

’

T (@) = O (),

HQ-H
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1 P
we,l

= — /1 quJrl (,lvz)gl(x) - Q/Jj(t;))w;’l + 0(62>,
Now (9.19) follows from (9.33), (9.36) and (9.37).

10. APPENDIX A: COMPUTATION OF THE EIGENVALUES OF B AND M AND THE PROOF OF
THEOREM 2.4

In this appendix, we give a sketch of the computations of the eigenvalues of B and M in the case
of symmetric N-peaked solutions. Then Theorem 2.4 follows from Theorem 2.3. For more detailed
computations, we refer the reader to [15] and [28].

We need to consider the three matrices Gp, VGp and V2Gp.

Recall that

25 —1 _ 1
t] + N ) J ) ) ) 9 \/5
By definition, it is easy to compute
Gp = ————(ai;), VG _9—2(5“) V3G _9—3(0..)
P sinh(20) Y7 TP T sinh(260) 97 P Sinh(20) 77
where
cosh(f(1 4 17)) cosh(A(1 — 19)), if i < j;
cosh(f(1 —t7)) cosh(0(1 +13)), if i > j,

sinh(0(1 4 t7)) cosh(A(1 — 19)), if 7 < j;
(10.2) bij =< 3sinh(20t)), if i = j;
—sinh(f(1 — 7)) cosh(0(1 +19)), if i > j,
and
—sinh(0(1 4 t7)) sinh(A(1 — 19)), if @ < j;
(10.3) cij =4 —sinh(0(1+t7)) sinh(0(1 — t9)) + 3 sinh(26), if i = j;
—sinh(0(1 — 7)) sinh(8(1 4 19)), if @ > j,
In the symmetric N —peaked case, é? = ég =..= é?\, = fg. Hence
H - 50[

One can compute éo explicitly

L. tanh(%)
10.4 pet =2—N-
( ) 0 0
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Hence

(10.5)

The following three observations make the computation easier:
Observation I: G;' is a tridiagonal matrix. More precisely, we have

di fi 0 0
fl €1 f1 0
(10.6) Gol=vD| -
0 f1 €1 f1
o "~ 0 fi d
where

d; = coth(20/N) + tanh(6/N), e; = 2coth(20/N), fi = —csch(20/N).

Since G,' is a symmetric tridiagonal matrix, we can easily compute the eigenvalues and eigenvectors
of Gp as follows:

) — 1
(10.7) Aj=0(e1 +2f; cos(—ﬂjN )))_1, j=1,..,N,
1
e (1,.,1),
q1 /—N( )
q; - <q1,j7 7QN73)7] = 27 "‘7N7
2 w(-1), 1. .
qi; = N(COS(T(Z—§)),j :2,...,N7 l:]_,,N

In summary, if we take

Pl = (qu "'an)a

then we have

A0 0

0 X 0 -
(10.8) PriGoPi=1| " 0 A 0

0 0 0 My

Observation II: (V?Gp — £1)7" is a tridiagonal matrix. That is
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d fi 0 0
2 6 -3 fooen "

(10.9) (V<Gp — ?I) =—0 oo i er fi
0 0 fi do

where
dy = coth(20/N) + coth(6/N).

Since V2Gp — %I is a symmetric tridiagonal matrix, we can easily compute the eigenvalues and
eigenvectors of V2Gp as follows:

63 —1
(1010) Wy = ? — 63<€1 + 2f1 COS(%))% j = 2, ceey N,
93
= 0°(er —2f1) 7",
1
vi=—(1,-1,1,..., (=),

VN

Vj = (Ul,j7 ...,UN’j), j = 2, . ,N,

[2 . 7(j—1) 1., .

PQ = (Vl7 ...,VN),

Thus, if we take

then we have

p 00 .0
0 2 O 0
(10.11) PyVGoPe=| . 0 o O
0 "~ 0 0 pun

The last observation makes the connection between VG and the other two matrices Gp and V2Gp.
Observation I1I:

m 0 0 0
0 w O 0
(10.12) Py'VGpPi=1| . 0 u 0
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where
(10.13) v; =csch (20/N)sin(n(j —1)/N)A;, j=1,...,N.
Now let ar o
§:S_p_17;5/:€0_8_1

Then by (10.8), (10.11) and (10.12), we have that the eigenvalues of M are given by
m; :Mj—qo—gﬁ/ljjz(l—i—g:y)\j)_l’ jzla"'7N7
where p; is given in (10.10), v; is given in (10.13), and
63 63

=5 2tanh(£)
For stability, we need
(10.14) —5y min Aj>1
and
(10.15) min_m; > 0.

7j=1,....N

The first condition (10.14) gives us the following criterion (see [15]):

N
(10.16) D < Dy = g, Ox1 = 7 logla+ Va? — 1],

912v |
where a = 1+ [1 + cos({)] (5 — 1)L
The second condition (10. 5) gives us another critical threshold (see [15]):

(10.17) D < D% = L Ov2 = Nlog[\/B+ B+ 1],

2
N,2

where = (5 — (1+5))” L

It is easy tO see that D} > D3. Thus we obtain the stability of symmetric N —peaked solution
for D < Dy = D3 and instability of symmetric N—peaked solutions for D > Dy. (Note that the
estimates for small eigenvalues involve no 7.)

This proves Theorem 2.4.
O
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