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How should one construct a portfolio from multiple mean-reverting assets? Should one
add an asset to a portfolio even if the asset has zero mean reversion? We consider a
position management problem for an agent trading multiple mean-reverting assets. We
solve an optimal control problem for an agent with power utility, and present an explicit
solution for several important special cases and a semi-explicit solution for the general
case. The near-explicit nature of the solution allows us to study the effects of parameter
mis-specification, and derive a number of properties of the optimal solution.
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1. Introduction

One of the basic patterns of statistical arbitrage is mean reversion trading. Typi-
cally, one constructs a synthetic asset from one or several traded assets in such a way
that its price dynamics is mean-reverting. We shall be calling this mean-reverting
synthetic asset a spread. Generally, trading a mean reverting asset consists of buying
the spread when it is below its mean level and selling when it is above. The main
question is how the position should be optimally managed with the movement of
the spread, the trader’s risk aversion, and the time horizon. When there are sev-
eral mean-reverting assets available, the trader should additionally solve a dynamic
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portfolio optimization problem in order to decide the best way to combine positions
in these assets.

A number of papers addressed this problem by specifying a stochastic differ-
ential equation (SDE) for spread dynamics and finding the optimal strategy that
optimizes the expected utility over the terminal wealth. The simplest example of
mean-reverting dynamics in continuous time is the Ornstein—-Uhlenbeck process,
the continuous version of the AR(1) discrete process. For a single spread utility
maximization trading strategy see Boguslavskaya & Boguslavsky| (2004)). Another
approach based on maximization of Sharpe ratio is described in |[Lipton & Prado|
(2020). For a more complicated example of mean-reverting dynamics we refer to
paper [Altay et al| (2018), where the spread is modelled by a Markov modulated
Ornstein—-Uhlenbeck process, and to papers Fouque & Hu, (2019a/b) where the au-
thors consider fractional stochastic processes. The models with uncertainty in the
mean reversion level were discussed in [Lee & Papanicolaou (2016). For alternative
spread models, see Liu & Longstaff| (2003) with Brownian bridge models and
|& Johnson! (2013) for CER/CIR processes. A comprehensive review of mean rever-
sion trading can be found in Leung & Lin|(2015). For the methodology of statistical
arbitrage we refer to|Avellaneda & Lee| (2010). In|Li & Papanicolaou| (2019)), the au-
thors assume different mean-reversion dynamics for multiple spread processes. They
solve a portfolio optimization problem for several geometric Brownian motions with
multiple co-integration terms in drifts.

Usually a portfolio allocator has access to multiple investing opportunities. Opti-
mal sizing and timing of positions in each of these opportunities may be affected by
positions in other assets and performance of those assets. To develop intuition about

optimal dynamic allocation strategy, we generalize [Boguslavskaya & Boguslavsky|
(2004)) to the case of multiple correlated Ornstein-Uhlenbeck and Brownian Motion
processes. We solve the problem of the maximization of power utility over terminal

wealth for a finite horizon agent. Power utilities are a sufficiently broad family of
utility functions, containing log-utility as a special case and linear utility as a limit
case.

For the general problem, the optimal strategy is found in a quasi—analytical form
as a solution to a matrix Riccati ordinary differential equation. For several important
special cases it is possible to solve this equation explicitly. We also propose an
efficient approach to analyse effects of parameter mis-specification. Although the
proposed model is very simple, one can observe non-trivial qualitative properties
of the optimal strategy. The availability of a quasi-analytical solution allows us
to study how the trading strategy is affected by the correlation between spreads,
and demonstrate the trade-offs between ”harvesting” each spread separately and
hedging positions in correlated spreads.

The rest of this paper is organized as follows: in Section[2]we give a brief overview
of optimal strategy properties. In Section [3] we specify our formal asset and trad-
ing model and formulate a stochastic optimal control problem. Section [d] contains
explicit formulas for the optimal control and the value function. Section [5] reminds
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main insights for the one-dimensional case. Optimal solution analysis is presented
in Section[6} In Section[7} we present an ODE based framework to analyse the effect
of parameter mis-specification and calculate the moments of the terminal wealth’s
distribution. We then apply this framework to analyse the sensitivity of the optimal
strategy and of the value function to reversion rates mis-specification.
Implementation source code in Python and numerical implementation hints are
available at https://github.com/DmitryMuravey / TradingMultipleMeanReversion.

2. Main results

The main contributions of this paper to the portfolio allocation field are the deriva-
tion of a quasi-analytical solution to the problem of portfolio allocation between
multiple mean-reverting and Brownian motion assets, an explicit solution to this
problem for a number of important special cases, and a number of qualitative obser-
vations on the behaviour of the quasi-analytical solution in the general case. Some
of these observations may be contrary to the conventional wisdom of portfolio allo-
cators.

2.1. Myopic and hedging demands

It is well known that in multiple asset portfolio allocation problems the position
in each asset is driven by the myopic demand for the asset and by the hedging
component, see [Merton| (1990). It is not surprising that we observe this in our
particular problem as well, with the optimal strategy using positions in assets with
slower mean reversion to hedge positions in faster mean reverting assets. However,
the strength of the hedging demand in our problems leads to several less-intuitive
solution properties.

2.2. Low asset correlations are not beneficial

While asset managers are often trying to benefit from diversification by composing
their portfolios from assets with low pairwise correlations, in our model, with all
other parameters fixed, higher absolute values of correlations between mean revert-
ing asset driving processes are preferable to lower absolute values, as long as they
stay strictly below 1. See Section for more details.

2.3. Stronger mean-reversion is not always beneficial

One could expect that a higher reversion speed is beneficial to the trader. While
this is true in the case of a single mean-reverting asset, this is not always so in
the multi-dimensional case. An asset with a lower reversion rate and a non-zero
correlation with higher reversion rate assets, may be used primarily as a hedge for
positions in these assets. Hedge efficiency may be declining with the increases in the
lower reversion rate. Assets with zero reversion and zero expected returns can play
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an important role in portfolio construction as sources of diversification. See Section
[6.4] for more details.

2.4. Parameter mis-specification cost is asymmetric

The optimal strategy has a strong dependence on assumed reversion rates. It turns
out that this dependence is quite asymmetric. We find that it is safer to underesti-
mate reversion rates than to overestimate them. The value function is more sensitive
to errors in reversion rate ratios between assets than to joint correlated errors in
rate estimates. See Section [

3. The model
3.1. The assets

We are assuming that we have multiple tradable assets available with futures price
processes X;,i = 1,...,n. Each of these processes can take positive or negative
values, so they are best thought of as futures contracts on spreads between security
prices or long-short portfolios of futures contracts. We are not modeling margin
requirements, so positions are limited only by the risk aversion of the trading agents.
The agent possesses initial wealth Wj. This wealth is assumed to be deposited on
a margin account for the duration of trading and is earning no interest.

3.2. Price processes

Assume the canonical multivariate filtered probability space (Q, F, F, P) with
filtration (F;),~, to satisfy the usual conditions; see e.g. Karatzas & Shreve
(1991). The simplest dynamic for a single mean-reverting tradable asset is a one-
dimensional Ornstein-Uhlenbeck process dX; = —kX,dt + odB;. Similarly, a collec-

tion [X}, X72,..., X}]"] " of n Ornstein-Uhlenbeck processes can be defined over this
space as a multidimensional Ornstein—Uhlenbeck process:
dXt = —I‘LXtdt + O'dBt (31)

T . . . . . .
Here B, = [Btl7 BZ,..., Bﬂ is an n-dimensional Wiener process with correlation
matrix @ € R™" (i.e. dBydB, = @dt), and k € R7*" and o € R"*" are diagonal
matrices with non-negative elements that contain reversion rates and driving process

volatilities for each asset:

1 pi2 ... pin
Kk = diag(k1, K2, .., En), 6 p21 1 ... pap (3.2)
o = diag(o1,09,...,04), S ‘
Pnl Pn2 - - - 1

The diagonality of matrices k and o means that all dependency between the assets
comes from the correlations between the driving Brownian motions. We are assum-
ing that all elements of the diagonal matrix k are non-negative. Note that all our
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results hold for the larger class of matrices £ with non-negative eigenvalues, but this
is outside of this paper scope. Positive values of k; correspond to mean-reverting
processes, and k; = 0 correspond to assets exhibiting zero mean reversion and sim-
ply following correlated Brownian motions. However, we assume that elements of
vector k are not all zero to avoid a trivial problem. Correlation matrix ® should be
symmetric and positive semi-definite with unit diagonal elements, p;; = 1, p;; = pjs-
We shall assume that ® has full rank to avoid obvious arbitrages.

Without loss of generality, we can also assume that long-term means of each
spread process are equal to zero. The general case can be reduced to equation
by the substitution [X; — 8] — X;, where 0 is a vector of long term means. Equation
[3:1] can be solved explicitly in terms of Ito integral:

t
X, = e "X, —|—/ e (=) gdB,. (3.3)
0

A

Here e is a matrix exponential:

=1
et =" EA’“, A’ =T. (3.4)
k=0

3.3. Wealth process

The problem can be treated in the general Merton portfolio optimisation framework,

see [Merton! (1990). We are assuming that the agent starts with wealth Wy, fully

deposited to the margin account at inception at an interest rate of zero. As the agent

trades and makes profits/losses, the profits and losses are realized continuously and

deposited to the same account at the same zero interest rate. We are not modelling

margin requirements and are assuming that W, is always sufficient to cover them.
Let vector oy

1

at:[at,af,...,af]T

(3.5)
be a trader’s position at time t, i.e. the number of units of each asset held. This is
the control in our optimization problem. Assuming no transaction costs, for a given
control process o, the wealth process W is given by

AW = o dX; =) ofdX] (3.6)
i=1
or in integral form
T n T ) )
We =W + / o dX, =W+ / ol dX?. (3.7)
t =1/t

3.4. Normalization

Without loss of generality, we can normalize all price processes to unit noises: o = I.
For the general case, the following parameterization should be used:

Xt — 0'_1)(757 ay — OO, (38)
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3.5. Value function

The value function J(W*, Xy, ¢) : RT x R™ x [0,7] — R is the supremum over
all admissible controls of the expectation of the terminal utility conditional on the
information available at time t,

J(w,z,t) = sup E[UWH)|WS =w, X; =], (3.9
areA

where the set of admissible controls A is defined as

=1

T n
A= {a (0,7 x Q= R"| oy € F, / (We)? (aiXi)Z dt < oo, a.s}<3.10)
0

We consider a power utility function with the parameter v < 1
1
U=UWg) = 5 (W, (3.11)

The relative risk aversion is measured by 1 — . It is convenient to use another
measure 0, which is also known as the distortion rate (see [Zariphopoulou| (2001))

5:L, 0<d<oo (3.12)
L=y

so the smaller § is, the less risk averse the agent. The case v = 0 corresponds to the
logarithmic utility function and the investor with v — 1 is a risk seeking investor.
Note that while we assumed that the margin account is earning no interest,
our results do not require a zero internal discount rate for the trading agent. Our
utility function depends only on terminal wealth Wp and not on wealth at any
intermediate moments 0 < ¢ < T. If the agent is discounting future wealth at a
fixed interest rate 7, utility U is multiplied by a constant e™"77 and so is the value
function J. Multiplication of the value function by a constant has no impact on the

optimal strategy. Thus, we can assume that r = 0 for the rest of this paper.

4. Main result
4.1. The Hamilton—Jacobi—Belman equation

Our aim is to find the optimal control a*(W,X,¢) and the value function
J(W, X4, t) as the functions of wealth W&, prices X; and time t. The Hamilton—
Jacobi-Bellman equation is

sup ((0/0t+ L) J) = 0. (4.1)
Here £ is the infinitesimal generator of the wealth process W2:
a'®a §? T 0 T 0
T
vVev._ x KV (4.2)

2
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and the first order optimality condition on the control a* is

Jw Jw
o (w,x,t) = —2 0 'k — v (4.3)
wa ww
The operator V denotes a vector differential operator
a 0 a1
V=|—,7—,..., 74— 4.4
[&vl 0xo axn} (44)
for which we define the following operations for any vectors a € R1*" and matrices
A e R
n P non 92
T T
V= i—, V AV = Aji——. 4.5
a ;a al’l ;; J@xiaxj ( )

Note that the first summand in the right-hand side of is the myopic demand
term corresponding to a static optimization problem while the second term hedges
from changes in the investment opportunity set. For a log utility investor (y = 0
or, equivalently, 6 = 1) the second term vanishes (see Merton| (1990)).)

Substituting this condition into Eq. for the value function, we obtain a
non-linear PDE, which can be linearized by the distortion transformation (see [Za-
riphopoulou/ (2001)):

J(w,z,t) = “’%fl/ﬁ(x,t). (4.6)

Here the function f(z,t) is a solution to the Cauchy problem for the parabolic PDE:
%V@Vf —z'kVf— (s%m%w 9 5 1vam,-

+ @w—rn@_lnm]‘ + % =0. (4.7)

flx, T)=1.

The main equation [I.7] can be reduced to the matrix Riccati ODE. The value
function J and the optimal control a* have quasi-analytic representations via so-
lutions to this ODE.

Theorem 4.1. The value function (3.9) admits the following representation

¥ T—t u _
J(w,z,t) = % -exp{ ; TT(A(;( )©) du + wTA(j(; t)ac} (4.8)

where Tr denotes trace operator and the function A : RT — R™*™ x Rt is a matriz
function of inverse time T =T —t:

All(T) A12(T) e A1n<T)

A21 (T) AQQ(T) N A2n<T)

A(r) = (4.9)

Anl.(r) AHQ.(T) An7;(7')
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which is defined as a solution to the following matrix Ricatti equation:

A/(T) = m@)’m(;A, (410)
A(0) = 0.

with Re x5 denoting the nonlinear operator

o ih (AT+A)(;)(AT+A) ) [5;1’”4 (47 + )
- (S—Tl (AT+A),{+@R@—1,€_ (4.11)

Proof. Using an ansatz similar to Brendle| (2006) and Li & Papanicolaou (2019)),
we obtain the representation (4.8)). O

The optimal strategy a* has the following representation:
o (w,z,t) = w [—5@-1K+A+AT] x. (4.12)
Introducing a new matrix D as
D(r) =60~k — (A(r) + AT (7))

we get the following formula for the optimal strategy a*:

o (w,z,t) = —wD(r)x. (4.13)
Matrix D can be found directly from another Riccati ODE (see for
details):
D'(r)= —-D'OD+ kO 'k,
D(0) = 60 k. (4.14)

If one needs to find only the optimal control, it is sufficient to solve Eq. . To
find the value function we need to solve a more complex system .

The optimality of the candidate control a* can be verified using the same ar-
guments as in |Li & Papanicolaoul (2019)); see also [Davis & Lleo| (2008, [2014)).

5. Analysis. Review of the one-dimensional case
5.1. The problem

Before we analyse the multidimensional case, let us present a short review of the
one-dimensional case, for more details see Boguslavskaya & Boguslavsky| (2004).
It is obtained from our problem by setting n = 1 in all formulas from Section
(13.2). To be more precise, we consider mean-reverting asset X; which follows an
Ornstein—Uhlenbeck process with zero mean and unit variance:

dXt = —HXtdt+dBt (51)
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and the wealth process W generated by the trading strategy o:
AW = adX;. (5.2)
We are looking for the maximizer o* of the expected utility over the terminal wealth
Wg:
o = argmax [E; [U(W5)]]. (5.3)
5.2. The structure of the optimal strategy

The optimal control a* can be expressed as
o (w,z,t) = —wDg(T — t)x, (5.4)
where the function D, (7) is a solution to the following Riccati equation:
D = —D? 46k
(5.5)
D.(0) = OK.

This one-dimensional problem (5.5 can be solved explicitly via the substitution
7(D,) = D' The function D, (7) is a shifted and scaled sigmoid function of the
inverse time 7 =T — t :

_ m/gx/gcosh k0T + sinh kT
V8 sinh k87 + cosh /9\67.

It is worth to mention that for v < 0 the function D, can be represented as

D (1) (5.6)

D,.(7) = kV/d tanh (/{\/57 + go) , tanhp = V3. (5.7)

The behavior of the function D (T — t) depends on the value of risk aversion
~: a trading agent with a negative gamma (less risk averse than a log-utility agent)
becomes less aggressive as time approaches terminal time, while traders with posi-
tive gamma become more aggressive (see Figurell]). For the log-utility agent (y = 0,
red line on Figure ), the optimal strategy is static, i.e. D,(7) = const.

5.3. Value function structure

The value function J(w,z,t) can be split into three multiplicative terms:

_w [P ok A 2(D(T = ) = k)
J(w,x,t)—\Lep{/o d}ep{ }5.8)

20 260

a b c

which can be interpreted as follows:

a present wealth utility. This is the only term that depends on present wealth w.
Value function is proportional to present wealth utility.
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3.5 k=1, T=5
— y=0.7
y=0.3
3.0 — y=o0.1
— y=0.0
255{  y=-01
— y=-20
y=-16.0
2.0
T
=
Q1.5
1.0
0.5
0.0
o 1 2 3 4 5

Fig. 1: Position size multiplier D(T — t) for different values of risk aversion. A
trading agent with a negative gamma (less risk averse than a log-utility agent)
becomes less aggressive as time approaches the time horizon, while trading agents
with positive gamma are not just more aggressive at all times but also become more
aggressive as the time horizon approaches.

b time value (utility of future expected opportunities). This term is an integral of
a time function over the remaining time period; it depends neither on current
wealth, nor on current asset price.

¢ intrinsic value (utility of the immediate investment opportunity set.) This term’s
logarithm is proportional to the squared current asset price and, in particular,
vanishes for current price at 0.

5.4. Wealth process structure

The stochastic process W, generated by the optimal strategy a* can be represented

as (for more details see [Appendix C))
we " Do (T — u) — 6K2 X2 X2D (T — 8) — X} D (T — t)
loo [ ) = K sk tr (5.9
> <W°‘> J 2 >
a

3
d
U+ 5

b

So the log return of wealth between times s and ¢ is the sum of

a profit/loss from dynamic trading in the time period [s,t]; this term does not
depend on the current price X
b profit/loss between s and ¢ on position open at time s.
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5.5. Monte Carlo analysis of parameter mis-specifications

The higher mean reversion speed k makes the trader more aggressive. Authors of
Boguslavskaya & Boguslavsky| (2004]) also make the following observations based on
Monte Carlo simulations:

The influence of mean reversion coefficient mis-specification is asymmetric.
Trading with a conservatively estimated k greatly reduces utility uncertainty.
The overestimation of x leads to excessively aggressive positions. It is much
safer to underestimate x than to overestimate it.

6. Analysis. Multidimensional case.

The main difference between multidimensional and one dimensional cases is that
changes in some spreads may affect positions in other spreads via changes in risk
exposures. Generally, one might expect two possible motivations to take a position
in each of the assets: to extract value from its reversion or to hedge positions in
other assets.

In the multidimensional case, the time decay function D is a matrix. The main
difficulty is that there are no known techniques to explicitly solve generic matrix
Riccati equations. However, we were able to obtain explicit solutions for a number
of important special cases, including the case of multiple assets with identical re-
version rates and hedging a mean reverting asset with multiple correlated Brownian
motions. We also make a number of observations for the general case and discuss the
structure of the optimal strategy and the impact of correlation on value functions.

To simplify the notation, we shall be assuming below that the price process is
at its long term mean Xy = 6.

6.1. Explicitly solvable cases.
6.1.1. Non-correlated assets

Assume that the asset processes are driven by non-correlated Wiener processes, ® =
I. We can expect that the optimal strategy is simply a vector of one dimensional
optimal strategies for each asset. That is, a candidate optimal control is

a" = —wD(r)x, D(7)=diag(Dy,(7),Dx,(7)..., Dy, (1)), 7=T—t. (6.1)
For the definition of D, see section |5} One can directly confirm that this control is
indeed optimal by checking that it solves the system (4.14]).

In this case, there are no interactions between the assets. The position in the
i-th asset depends only on time ¢, current wealth and i-th asset parameters.

6.1.2. Common reversion rate

Another case that allows an explicit solution is when the correlations are non-trivial,
but the reversion rate « is the same for all assets k = kI. Recall SDE for the price
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process
dX, = —kX,dt + dB,, dB,dB; = Odt. (6.2)

We show that for this case the explicit solution can also be constructed.

Indeed, with a single common reversion rate, any non-zero linear combination
Y, = L™'X, of Ornstein-Uhlenbeck processes is also an Ornstein—Uhlenbeck pro-
cess:

dY, = —KY,dt + dB,,dB,dB, =L 'O(L~")Tdt. (6.3)
Here B, is an n-dimensional Wiener process with correlation matrix
L'e™T. (6.4)

Assuming the invertibility of L, one can find an optimal control ary for this new
process Y, and then transform it to an optimal control for X;. The transformation
is based on the following equality

AW = ay.dY; = aydX,, ax(W,Xyt)= (L") Tay(WH L™'Xy,t). (6.5)
The transformation matrix L is constructed as a Cholesky decomposition of corre-
lation matrix ©:

L'L=rL" =0, (LY L'=r"(LH"=e"" (6.6)

Applying this transformation, we obtain the following equation for the optimal
control:

o = —wD,(T —t)® 'x. (6.7)

Thus, the optimal trading rule can be interpreted as the construction of linearly
independent factor portfolios, and then trading them as in the case of non-correlated
assets. This is similar to the portfolio signal construction approach of [Kelly et al.
(2020).

In this case, there are also no interactions between the assets. The value function
J(w,0,t) does not depend on asset correlations:

w? Tt 5k — Dy (u)
J(w,0,t) = TGXP {n/o Tdu . (6.8)

6.1.3. Hedging a mean reverting asset via correlated Brownian Motions

Let us consider a case where the set of tradable assets consists of a single mean-
reverting asset and one or several correlated Brownian motions. We can also consider
this case as the limiting case for sets of tradable assets, where one asset’s mean
reversion rate k is very large in relation to all other assets’ reversion rates.

Theorem 6.1. Consider the following matrix of reversion rates:

Kk = diag(k,0,0,...,0). (6.9)
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One can check by a direct calculation that the solution to the Riccati equation
has the following form:

D1 0...0
D> 0...0

Dt)=| . .. . (6.10)
D,;0...0

Dj, = ér (@71)j1. The term D1y1(7) can be derived from the following Riccati
ODE:
D', (r) = —D7, +26(¢ — 1)eDyy + £70¢ (5(1 = ¢) + 1),
D, (0) = &¢k.
This ODE can be solved explicitly to yield the following formula for D:

d cosh Ak7+ A\ sinh Ak7 _
K;)\ésinh)\H/TJr)\COSh AKT + 6'%(( 1)7 v < 1/C’

Dy (1) = 14:357 + k(¢ - 1), ~y=1/¢, (6.12)
H}\écoskrm-—)\sm)\lm- +(5l<&(< _ 1)’ 1/< <y <1

dsin AKT+\ cos AT

(6.11)

Here ( = (©7") , A=/[0(0 — 1)¢ — 8%

Thus, in this case we trade the mean-reverting asset and hedge it via correlated
Brownian motions. Both the mean-reverting asset position and the hedging positions
are larger for large correlations. Availability of correlated hedging assets allow us
to take larger positions for given risk aversion and wealth.

6.2. The structure of the optimal strategy

To illustrate the structure of the optimal strategy, we expand the product D(7)x
in formula (4.13)) for optimal control a*:

Of{ D11(T)$1 +D12(T)1B2 + ...Dln(T)xn
a§ D21(T)$1 + Doy (7)1132 ... Dgn(T)xn

L= Tw . . (613)
a: Dnl(T)ml +Dn2(7')5132 + Dnn(T)(I}n

The summand D;;x; is a position size multiplier for the mean reversion trading of
the i — th asset, while D;;z; is a quantity of the ¢ — th asset required to hedge the
position in the j — th asset. In the case of non-correlated assets, each D;; = 0, for
i # j. The quantities D;; and D;; satisfy the following relations :

D;; +60;'k; = Dj; + 00O, ;. (6.14)

or, in the matrix form
D-D'=§[k,0 ' =6(kO"'-0'k), (6.15)
here [-, -] denotes a commutator. Note that the difference between D;; and D ;; does

not depend on time t.
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6.3. Wealth dynamics

Similarly to the one-dimensional case, the wealth process W can be found in the
explicit form

Theorem 6.2. The wealth process W associated with the optimal control o is
given by the following formulas

a

o tTrOD(T —u) — 66X kO kX,
og (17) - [ ZEODU —0) —3Kik0 ke
XTD(T—SS)X —SXTD(T—t)X 21 ¢ (6.16)
+ 2 s <t t+f/XI[D—DT}qu.
2 2/,
b (64

One term of equation that is missing in the one-dimensional case is c.
This summand corresponds to hedging efficiency. It is easy to see that for cases
® = I or k = I this term vanishes. As we mentioned before, the case kK = kI can
be reduced to the case ® = I.

6.4. Example. 2-dimensional model.

To illustrate interactions between reversion speed and correlation, let us consider
a two-dimensional example in more details. We shall use the following parameters
for this illustration: the numbers of assets shall be n = 2, noise magnitude o = I,
long term mean and initial point 8 = Xy = 0, risk aversion v = —4 and time
horizon T' = 3. We consider an optimal strategy for a portfolio of two correlated
Ornstein—Uhlenbeck processes with k1 = 1 and different values of ko and correlation

p:
n=2 ~y=-4, o=1I, k=diag(l k), 6=Xo=0, @:Eﬂ.(@‘.m

Figure [2| shows the value function J as a function of log(ka/k1) (k1 = 1) for
several different values of p. Here, we are varying the lower of two asset mean-
reversion rates. It turns out that for sufficiently high correlation p, the value function
has a proper minimum as a function of ko and it becomes decreasing in ko as the
correlation gets closer to 1. This means that in these cases, one would prefer to have
a lower value for the second asset’s mean-reversion rate to a slightly higher value
(but not to a much higher value k2 >> x1.) Therefore, with more that one asset,
a higher reversion rate is not always good for extracting value from trading, quite
unlike the one-dimensional case.

6.5. Impact of correlation

We have seen in the previous section that the value function can be non-monotonic
in mean-reversion rates. Let us show that it is always increasing with the correlation,
if all other parameters are fixed.



December 24, 2021 22:10 output

16 E. Boguslavskaya, M. Boguslavsky, D. Muravey

ki=1, o1=1, 0,=1, y=-4, T=3, x=0, =0

-0.02

-0.04

—-0.06

-0.08

-4.0 -35 -3.0 -25 -20 -15 -10 -05 0.0
logra/ky

Fig. 2: 2D example. Value function for a range of values for ko and correlation p.
The horizontal axis is the log-ratio of two mean reversion speeds. When these speeds
are equal, the value function does not depend on the correlation. For a sufficiently
high absolute value of correlation, the value function has a proper minimum in the
log-ratio, so the trader would prefer either a lower or a higher mean-reversion rate
for the slower reverting asset, to an intermediate rate. For high correlations, the
trader prefers very low or no mean reversion at all in the slower reverting asset to
the two equal mean reversion rates.

Suppose now that we start our trading process with no immediate trading oppor-
tunities (i.e. x = 0). We consider J(w, 0,t) as the function of correlation coefficients
Pmn- In the standard Markowitz portfolio optimization problem, one can construct
more profitable portfolios when correlations are lower. In our setting, we can prove
that the value function has a local minimum at zero correlations ® = I. Correlations
between driving processes enable cross-hedging between positions in different assets
and these increase the value function. We have already seen a similar beneficial effect
of higher correlations in section for a special case of a single mean-reverting
asset hedged with Brownian motions and the following theorem demonstrates that
this effect holds in the general case as well.

Theorem 6.3. In the absence of immediate trading opportunities (x = 0) the value
function J(w, 0,t) as a function of pairwise correlation coefficients py,y, has a local
minimum at © = 1.
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Proof. Recall the representation of the value function:
w'y 1 T—t
J(w,0,t) = —expq = Tr (F(u)) du (6.18)

where matrix F' is equal
F= %(A+AT)@. (6.19)
Let us define a new matrix I" :
r=0 '«6 (6.20)

Note that I' is a result of a similarity transformation of the matrix & and
limg_jI' = k. For the matrix F' we have the following ODE:

60 -1) o

F' =2F* —§(kF + FT ,
( )T (6.21)

F(0) =0.

Let pmn be an arbitrary correlation coefficient at the position mn (i.e. mn = (ij),
©,; = ©; = pmn) and let us consider the following partial derivatives:

T—t
F
0J(w,0,t) _ J(w,O,t)/ Ty OF (u) du. (6.22)
8pmn d 0 apmn
2 T—t 2
F
0% J(w,0,t) _ J(w,O,t)/ Tr( 0*F(u) >du, (6.23)
0pmnOppq ) 0 pmnppq
9 J(w,0,t)  J(w,0,t) [T 0?F (u)
= Tr du. 6.24
o (G 020
We shall prove the following properties for any mn and pgq:
. 0J(w,0,t)
@111{1[ W = 0, (625)
2
im 27,08 (6.26)
©—I JpmnOppq
.. 0%J(w,0,1) ,
sign éanI W = signy, (ki # Kj), (6.27)
2 0,t
A CILL) S (6.28)

eI 8p$nn

From equation (/6.25)), the point ® = I is an extrema point. Equation (6.26)) implies
that the Gessian matrix at @ = I is a diagonal matrix. Using Silvester’s criterion
we prove that the Gessian matrix is a positive definite at the point @ = I, for more

details see 0



December 24, 2021 22:10 output

18 E. Boguslavskaya, M. Boguslavsky, D. Muravey

7. Wealth distribution moments and analysis of parameter
mis-specification

7.1. Closed form formulas

In practice, one does not know the true values for model parameters, so it is impor-
tant to understand value function sensitivities to errors in parameters estimation.
In this section, we present an ODE based framework for the analysis of parameter
mis-specification sensitivity. We provide semi-explicit formulas for the value func-
tion corresponding to misspecified parameters. Let K, &, © be estimates of reversion
rates, volatility and correlation. We consider the control & as a function of these
estimates

wo™ [-56 "k + (A" + 4)] 67 (7.1)

a

Here the matrix A is a solution to the following ODE

A'(r) = Re 5 54, 72)
A(0) =0,

where the differential operator fR is defined in l) The wealth process W, gen-
erated by the strategy & is a solution to the following SDE

AW, = &/ dX,. (7.3)

Theorem 7.1. Let P.(w,x,t) be the following expectation of a function of terminal
wealth Wr defined by

W5

€

P(w,z,t) =FE l ‘Wt =w, Xy = :13] . (7.4)

The expectation P.(w,x,t) can be explicitly found in the following form

€

T—t
P.(w,x,t) = w? exp {/0 Tr(0Q(u))du+z o 'Q(T — t)a’lm} , (7.5)

where the matriz Q is a solution to Riccati equation
Q' =3Q,

Q) = 0.

The nonlinear operator B is given by
(@-a’)o(e-a)

Q= 5
+ (e,@TG — &) (Q + QT) +
and the matriz 3 is defined as

B=06""[-06 "h+(a+4 )] 670, (7.8)

(7.6)

+

ele—1)

5 B'eB8 -8Bk (7.7)




December 24, 2021 22:10 output

Trading Multiple Mean Reversion 19

here the matriz A is a solution to the equation .

When e = ~, we obtain the expected utility corresponding to the misspecified
parameters. The values € = 1 or € = 2 correspond to the first two moments of W,
so we can calculate the Sharpe ratio
P (w,x,t
Sh[d] _ 1( ) Ly ) )

V2P (w, z,t) — P (w,x,t)

It is worth to mention that the effects on a misspecified long term mean level @
can be also analyzed in the same way. In this case, we have to add the extra term
exp {wTV} to the equation . Here V is an n x 1 vector function of inverse time
T—t.

As an alternative, one can analyse the effect of parameter mis-specification by

(7.9)

using Monte-Carlo methods. However, from our point of view, the proposed ODE
approach is computationally much more efficient than Monte-Carlo simulations.

7.2. Impact of misspecified parameters

We illustrate the method presented above with the analysis of misspecified rever-
sion rates k and correlations ©. For simplicity, we consider the case of just two
assets. The results are presented on figures |3 and 4l We measure the effect of mis-
specification by the difference between the value functions corresponding to true
and misspecified parameters (color and value of z-axis respectively.)

7.2.1. Misspecified reversion rates

Similarly to the one-dimensional case, the influence of mean reversion coefficient
mis-specification is asymmetric. Depending on the value of the correlation, it is
more important to correctly estimate the ratio between reversion rates than to
estimate the exact value of each mean-reversion rate. It is not surprising given that
the optimal strategy hedges the faster mean-reverting asset with the slower one and
the hedging accuracy depends on the ratio between reversion speeds.

7.2.2. Misspecified correlation

According to the numerical results, the sensitivity to errors in estimation p* of
correlation coefficient is increasing for the large absolute values of true correlation
coefficient p. The influence of correlation coefficient mis-specification is symmetric,
i.e. the performance depends on the absolute value of the difference |p — p*|.

8. Conclusion

We have obtained quasi-analytical solutions for the problem of optimal trading in
multiple correlated Ornstein-Uhlenbeck and Brownian processes. In a general case,
the problem boils down to a Ricatti equation. We were able to solve that equation
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log (K IK2)

log(ks Ik2)

2 -1 2 -1 2 -1
log(ky /K1) log(ky /K1) log(ky /K1)

(a) Heatmap plot.

(b) 3D plot.

Fig. 3: Misspecified reversion rates. Heatmap plot and 3D plot. The influence of
mean reversion coefficient mis-specification is asymmetric. Depending on the value
of correlation, it is more important to correctly estimate the ratio between reversion
rates than to estimate the exact value of each mean-reversion rate.

for several special cases, including the case of non-correlated assets, the case of
correlated assets with identical mean-reversion speeds, and the case of a single
mean reverting asset in addition to multiple Brownian motions.

While our model is quite simple, it is sufficient to demonstrate that the optimal
trading strategy has a number of non-trivial properties, with the value function
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(a) Heatmap plot.

y=—2.0 ky/k;=0.05 y=-20 ky/k1=1.0 y=-20 Ky/k1=2.0

«U =)
«U =)
=« =)

sy og, )

—0.50
o %-5%_75—0.75

y=0.3 k/k1=0.05 y=0.3 kKa/k1=1.0

«* =
==

(b) 3D plot.

Fig. 4: Misspecified correlations. Heatmap plot and 3D plot for k; = 0.1. The
sensitivity to errors in the estimate p* of the correlation coefficient is increasing for
the large absolute values of true correlation coefficient p. The influence of correlation
coeflicient mis-specification is symmetric.

increasing with cross-asset correlations and also sometimes decreasing with some of
the reversion rates. We also show that zero mean reversion assets with zero drifts
can be quite valuable sources of portfolio diversification.

We also propose a semi-analytical solution for the effect of parameter mis-
specification, demonstrate its properties on several examples, and derive a semi-
analytical formula for the optimal strategy Sharpe ratio.
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Appendix A. Reducing the HJB equation to a linear PDE
A.1. Distortion transformation

The first order optimality condition on the control a* yields the following linear
system of equations in a*:

JwTw (e)'®+0a*] = kxJ,—OVJ,,

(A1)
Juww®a® = kxJ, — OVJ,.
The solution to this system is
* 1 -1
o :J—[G + kx — V| Jy. (A.2)
Using again the first order optimality condition, we get
() Tk, — (@*)TOVJ, = (o) Oa* Jy,. (A.3)

Substituting it into the HJB equation we arrive at the following terminal value
problem:

1 1
Ji — = (@) @a* Jypx KV + -V 'OVJ =0,
2 2
W (A4)
J(w,x,T) =—.
g

Substituting the solution for the optimal control a* yields a non-linear PDE

%— (kx)' O ke + %Jj—w (kx) VJy+V 'y (I@w)}

1
§J—VTJw@VJw — 2 kVJ+ 5VT®VJ =0.

We then apply the so-called distortion transformation

J = w%fl/é(x,t), b= ——. (A.6)

t:%§%7 Jw:%Ja wa:%b]
| (A7)

ivﬁ V.J, = ﬂivf

VI=357 wo f
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Substituting these expressions into the non-linear HJB PDE we obtain

lyT _1LJgr 11N g
2V @VJ—25fV @Vf+25<6 1) f2v fevf.
1421 J% w?

T e . v Al
270y OV T e P Y 1OV

11

=-_-V'fevfs (A.8)

1 J2
2 Juw 2 w? 7(7 - 1)J

(mc)T VJy+ V', (FL:E)} =_-—

N =
&
g
|
N | =
2
&g
=
2
|| &,
=
<
| —
B
4|
N
SHE
|
|
<4
~
N———

1 J [anVf n VTfm] (A.10)

This yields the following linear equation for the function f

1 -1 -1
—VOVf—a'kVf— LxTan — LVTf (k)
2 . 2 2 of (A.11)
+26(6—1) (kx) O ! (k) f + == = 0.
2 ot
The optimal control a* is then
o (w,x,t) =w |—60 'kx + v/ . (A.12)

f
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Appendix B. Derivation of the Riccati equation for matrix D
(A+AT)/ = (AT +A)0 (AT +4) (0~ 1r+r] (AT +A)

- (AT + A) (6=Dk+rK)+6(6—1)KO 'x
- (AT + A) <) (AT + A) — (6K) (AT + A)

- (AT +A) (6K) +6(5 — 1)kO® 'k (B.1)
~ (w0~ ~ D7) © (30 'k - D)

0k (6075 — D) — (38O~ = D7) 65+ 3(5 — 1)xO 'k
=D'OD - kO k.

Appendix C. The solution to the wealth SDE

The wealth process under the optimal control is

dW, = -W,; X, D" dX,. (C.1)
We can represent the process W; in a stochastic exponent form:
Wy = Woe Yt dY, = udt + ndX,. (C.2)
and apply It6’s lemma
dW, = W, [(ATdY, + %ATdYtdY: Al (C.3)
Note that
A= —%)\Tn@nTA (C.4)
An=-X/D" (C.5)
n' X = -DX, (C.6)
Au= JXZDT@DXf (C.7)
ATdY, = AT udt + AndY,. (C.8)
Ay, = —%XIDTQDXtdt - X/ D"dX,. (C.9)
Therefore,

t 1 [t t
/ ATy, = = / X! D(T - 5)TOD(T — )X ds — / X! D(T - 5)TdX,.
0 0 0
(C.10)
Since the matrix D is a solution to the following Riccati ODE
dD

- = D'OD - kO 'k, (C.11)
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we get

5[t 1
W, = Wo exp {—2/ X! Kk© kX ds — 5 {X:D(T — )X, — XJD(T)XO} }
0

t t
: exp{;/o Tr@D(T—s)der%/O X! [DfDT} dXs} (C.12)

Appendix D. Proof of Theorem

To prove Theorem [6.3] it is sufficient to demonstrate the following properties of F":

. oF .

Jim ( pmn)ij —0, (ij) ¢ mn, (D)

F
lim Tr 0 =0, (D.2)

©—=I Opmn

2
F

lim Tr 9 =0, (D.3)

O—I apmnappq

0’F
élglzﬁapgm >0, v>0, &K #Kk;j, (D.4)

0’F
éanITrap%m <0, v<0, K;# Ky, (D.5)

0’F

Cl)lianrap%m =0, 7v=0 or k;=s;. (D.6)

D.1. Proof of formulas and

Consider the partial derivative of F' with respect to the correlation pj,,:

<8F )/ 0 (2FF—5(RF+FI‘)+5(52_1)KI‘>

Opmn - Opmn
oF oF oF oF or
=2 F+F - L+ F D.7
(apmn * apmn) (R 0pmn * Opmn * ﬁpmn)( )
6(3—1) or

2 6pmn
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As O tends to I, we get

under Lemm
N 2ATHOA) [ RA LA+ T [RIT T

0(0—1
—
under Lemm@
A =205 (W4 + W5 — 6 [k + Kj]) — 52 Z Uik I — i I ki)
s=1k=1
nskaJ nisI;'}c”l@kj.} (D.9)
s=1 k:l
Xy = Xij (2% + 2% 5 — b [k + Kj]) = OIS [k — K]
(6 —1
+ %IQIZL” [Iii - Klj] . (DlO)

1-6
Agj = A5 2w, + 2W,; =6 [lﬁi + Hj]) — (51?}” [Hi — Hj] [‘I’ii + 2/€i:| (D.11)

Ai;(0) = 0. (D.12)

We have I}" = 0 for (ij) # mn, hence A;; = 0. Moreover, for diagonal elements
(#4) # mn, Vi = 1..n, therefore TrA = 0.

D.2. Proof of formula

O°F ) B) ( 5(6—1) )
= 2FF — 6 (kF + FT") + &I D.13
( OpmnOppq OPpmnOPpq ( ) 2 ( )
( 0°F OF OF OF OF 0°F )
=2 + + +
8pmnapzoq Opmn 8pzoq appq O0pmn 5Pmna,0pq
O?’F O°F oF Or OF OT
-k + +
OpmnOppg  OpmnOppg  Opmn Oppg  OPpq Opmn
o°T 0(0—1) 0T
+ F K .
IPpmnOppq > 2 9PpmnOppg
Let us define
2 ~
n= hmI % A= lim a@F (D.14)
Pmn0Ppq ©—=1 Uppq
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therefore

n' =2n¥+ ¥y -4 [nnJrrer)\(nIpq —IPR) + X (RI™ — I™"K) + ©Q

0(0—1
( 5 )KQ (D.15)
Ny ” Pl K pmm & 5(6 —1)
Sy Nk T2 = Ao + Mk I = Moo T b | + = kiQy
Ny = 2m;; 2% — 0ky] — 6 Z [AisﬂsIg;] — NIVl ki + XismI?Z,?" - 5\1‘5127;”"643-17)
s=1
N =20y 2% — 0ki],  1;;(0) =0 (D.18)
n,; =0 (D.19)
Trn = 0. (D.20)
D.3. Proof of formulas -
From the definition of ¢, we obtain the following ODE:
’ mn mn 5(5 — 1)
@ =2[pP +Pp| -0k +pr +2A(kI™ —I""K) + O P] + kP
©(0) = 0. (D.21)

or in the element-wise notation

0(6—1

P = i [AW4i — 20K4] + 20X, I} (ki — k) — 0Py (‘I’ii + f%‘) (D.23)

(1 V3) Vo 4 ;% 24)

2 e2'€i\/g7' + L\U ’

Phi = Pii [4%ii — 20k5] + 20177 (ki — Ky) [)‘ij — Ki
(0) = 0. (D.25)
It is easy to check that for x; = &;

Eq. also holds for the special case v = 0 (§ = 1). Indeed, for this case A;; =
Aji = 0. It turns out that the right hand side of the last equation for ¢, is equal
to zero, so ¢;; = ;; = 0.

We proceed with the case i ¢ mn. Each element P;; equals 0, i.e. ¢,;(7) = 0.
Therefore, the trace of the matrix ¢ contains only two non-zero terms with multi-
index mn. For simplicity of notation, we denote it as ¢ and j, i.e mn = (ij). The
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summands ¢;; and ¢;; can be found via the following ODEs

;o o ' o o ‘(1_\/5)62/%\/37_,’_1
P — Pii AW — 20K;) = 20(k; — K;) [)\” Ki—— T (D.27)
(1 o \/g) e2nj\/g7' +1
@i — i 405 — 20k,] = 26(k; — ) [Aji B (D.28)
©;i(0) = ¢;;(0) = 0. (D.29)

Lemma concludes the proof.

Appendix E. Properties of F' in the zero correlation case

This appendix demonstrates several properties of matrix F' for the zero correlation
case that were used in proofs above. Let us define matrices ¥, A and ¢ as

2

¥ =1lim F, A= lim oF =1 (E.1)
[CE=S§

051 Opmn’ L Opt..

Lemma Appendix E.1. The matriz ¥ is a diagonal matriz with the following
entries

U =diag (V(k1,7), U(Kk1,7)y .o, U(kn,T)). (E.2)

Here the function U(k,7) can be defined as a solution to the following one-
dimensional Riccati equation

o -1
chT =20% — 26KV + %52, T(0) =0, (E.3)
-

which can be solved explicitly:

KVO(VE — 1) e2rVom 1 1—V6

U(k,T) = , w= . EA4
( ) 2 e2fm/gr +w 1+ \/S ( )
The function U has the following properties:

0 0 1
/\I/(KJ, T)dT = i \[fw ——-In (eQR‘/gT + w) +C, (E.5)

2 2

16 1—/3) e2Vor 11

Wi, 7) 4 10k = ) VT & (E.6)
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Proof.
PP W) Gl 1)112, (E.7)
dr 2
dv
T = S0 25m0 + 603 — 22 (E8)
dv
/dT_/Q\IJZf25/€\IJ+5(5f1)I€2/2 (E-9)
1 ok — 2W ok — 20
+¢c=—+—|In|————+1)—In(1-— E.10
e s () (- 2)] m
1 8k — 20 + ok
+c= 1 E.11
e 2\/gnn<5/<;+2\11+\/3/<;> ( )
Sk + Vor Sk — 20U + ok
2ok +In | ——Y— | =1 E.12
T n(—éfi—l—\/g/i) n<—5m+2\11+\/5m> ( )
Sk — 20 + ok 14+6
2WokT =1 —1 E.13
T n<—6/<;+2\11+\/5/<;> n(l—\/g)( )
ok — 20 + ok ) (1 — V/5)
62\/3117': ( ) (E14)
(755 + 20 + \/Sn) (1+ %)
eQ\/SRT — 2\11(\/5 B 1) + \/Sﬁ(l _ 5) (E15)
20 (V6 4 1) + Vor(1 — )
Hence for ¥ we have
1 V(1 —0) (1—e2‘/g’”)
= - (E.16)
2e2ﬁm(1+\/5)+1—\/3
\/S,‘Q (1_\/3) (1_6—2\/5117')
V= - Y g (E.17)
T+ e
_ 2/-;\/37’_ _
yo WOV De L Ve (E.18)
2 e2rVOT 4y 1+v/5

Lemma Appendix E.2. Fach element A;; of the matriz X can be represented as

s — K V(1 —5)
1] 7 2(62’“\/37 + w)(QZI{]‘\/gT + W)
o [B (erenani ) (i ) (£.19)
Ky + K;

+ 6214,7;\/37- (e(nj—m)\/gT _ 1) (e(nj—m)\/gT 4 OJ)
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Proof. Differentiating the matriz equation with respect to time t and taking
the limit © — I, we get the following element-wise ODEs for the A;;:

)‘Iij = >\ij (2‘1’” =+ 2‘I’jj -0 [K)i + I{j]) -0 [Iii — Iij] |:'I’” + 71 ; 5/€1:|

Ai;(0) = 0. (E.20)
The corresponding homogeneous ODE can be solved explicitly:
ef'ii\/gT-‘rKj\/gT

. E.21
(6251‘\6‘/’ +w)(e2h}j\/g7' +w) ( )
Thus, the solution to the non-homogeneous problem is
,%(1 _ \/S) em\/g7'+njﬁ7-
Aij = =0 [ki — £
2 (eQ’fi‘/ST er)(e%jx/gr +w)
o [T E A D@+ w) d¢ (E.22)
0 eﬁi\/gc+ﬁj\/gc ’
i 1— 5 ni\/g'rJrnj\/gT
:—5[/%7!@]#;( \[) °

2 (8251'\/37' _’_w)(eQﬁj\/g'r +w)
% /T [e(ﬂr‘rﬁj)\/g( 4 we(m—ﬁj)\/& + e(ﬁj—ﬁz‘)\/& _;’_we—(ﬁr‘rﬁj)\/gq d¢
0

ki(1 = V/0) e(mitri)Vor
2 (6251-\/57' +w)(e2nj\/g‘r +(U)

=0 [r; — kil

[e(Ritr)VET _ o= (Ritr)VET 4y 1 olrki=r)VET _ o= (rj—r)VET 4 (5 ]
CETSNG ’ () — )V ]
N V(1 —/56)

12(e2m\/57 + w)(e%j\/gr +w)

. (e(*@ﬁ"‘ﬁi)\/&' — 1) (e(ﬁj'i"w)\/gT _|_w)
Kj + K;

+ 625“/87- (e(ﬁj—m)\/gr _ 1) (e(ﬁj—m)\/gr +w) O

Lemma Appendix E.3. Any diagonal element ¢;; of the matriz ¢ is a solution
to the following ODE

eQHi\/gT —w
@l = —2riVo—————p; + 0(1 — VO)ki(ki — Kj) X (E.23)
62117;\/37' +w
x e2riVOT 1] Kj — ki el tRIVIT ] elmitr) VT 4y
62““/37 +w Kj —+ Ki eZmi\/ST +w 6211]-\/37' 4+ w

+ V5 o 5 €RTTROVET 1 gl —RVET 4,
e k2

©;;(0) =0

6251-\/57' +w e2KZj Vor +w
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Moreover, the following inequalities hold for any k; > 0, k; >0, T >0 and § > 0:

T
| Teatw+ eyl auso, 61 it
T
/0 [pii(u) + ;)] du=0, §=1 or r;=r, (E.24)

T
/ [goii(u)—kcpjj(u)] du<0, 0<dé<1 Ki 7# Kj
0

Proof. Can be checked by direct calculations. O

Appendix F. Properties of correlation matrices

In this section we use two special types of square symmetric matrices, I"™" and
I"". They are defined as follows: matrix I"™" has zero entries, except elements with
multiindex (mn); these elements are equal to 1:

I;;" = 0,9(ij) # (mn), Ij" =1,(ij) = (mn), or (ji)=(mn).  (F.1)

ij ij

Matrix I™" is a traceless matrix, TrI™" = 0. The matrix I** also has zero entries,
except only one element on (u,w). This element is equal to 1.

The following lemma describes several properties of the correlation matrix @
and of the similarity transform I' = @ "1k© of the matrix k.

Lemma Appendix F.1. Correlation matric © and its similarity transform T
satisfy the following equations:

00! L 00
=-0" Ch F.2
Opmn Opmn ( )
: ar mn mn
éanI Do RI™ — Tk, (F.3)
o°T
lim —— =Q, i =0,Yi=1.n. F4
O—1I 0ppmn0ppq Q @ (F.4)
. 0T .
lim =P, P;;=2I(ij € mn)[k; —Kj]. (F.5)

=1 0py,y,
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F.1. Proof of formula (F.2).

e =1
0 o1
(@071) =
8pmn apmn
-1
639 _ 00 0!
ap?nn apmn
007" 098 o,
007! _ o199 g
F.2. Proof of formula
(0 'O
lim 9 = lim ( g )
eI apmn 01 8pmn
-1
®
= lim kO + lim © 'k 9
O—=I 0Ppmn 00— apmn
-1
= lim kI + Ik lim
©—I Opmn ©—I 0pmn
. 0
= — lim K+ Kk lim
[CEEY 4 Gpmn O—I 0pmn

— RI77LTL _ ITHTLH.

(F.11)
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F.3. Proof of formula

2 2
o __ %  eke (F.12)
0pmn0Ppg  OPmnOppg
9re! K + a@—lli 00 a@—l,i 0 g1, C)
9pmnOppq Opmn Oppq Oppg  Opmn pmnOppq
_ 0 {@‘1 00 @_1} O 0 00 P 00
9Ppq Opmn Opmn Oppq
o109 g1, 00
Oppq Opmn
—1 -1
_ 0071 08 oy o g1 00 007
Oppg Opmn Opmn Oppq
Opmn Oppq Oppg pmn
= @*1—‘9@ @*1786 0 kO + @*17‘9@ @*1—86 0 kO
Oppq Opimn Ipmn Oppq
01 09 g1 0O 00 ., 00
Opimn Oppq Oppg Ipmn
Q= I"I""k + I "k — Ik IP! — [P I™ (F.13)
Qi = > Y NI ki + I I kg — I kg I3 — Ind ko I"] (F.14)
s=1k=1
Qi = > NI ki + I Iy — I kg 10 — TR T (FL15)
s=1
Qi =0. (F.16)

Here we used I = 0 if I?? = 1 for each s = 1..n and vice versa.
18 St

F.4. Proof of formula

Pii=2) [ ki — I kas L") (F.17)

s=1
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