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The cracking mode of rock under dynamic loadings is significantly different from that under quasi-static load-
ings. One of the underlying mechanisms is the variation of the rate-dependent mechanical properties under
different loading rates. However, the rate-dependent mechanical properties cannot explain the transition of the
failure mode and the suppression of the tensile cracks under dynamic loading. In this paper, the interaction
between the rate-dependent properties and the geometrical effect of pre-existing flaws is investigated and suc-
cessfully explained these questions. The classical single-flaw model providing a good stress concentration at
possible crack initiation positions and material homogeneity is used to analyse the stress, strain, strain rate, and
rate-dependent strength fields experimentally and mathematically. The rate-dependent strength field in the
dynamic regime is proposed and seen as the key to the cracking mode change. Based on the dynamic tests on
intact specimens, the tensile strength is generally found more sensitive to strain rate than the compressive
strength. Due to the uneven strain induced by stress concentration around the flaw, the strain rate is also uneven
and proportional to the stress intensity naming the “localized strain rate effect”. In the analytical study, the
equations of the "transition strain rate" as a watershed for the different fracturing behaviours are given. The
theoretical study shows that the dynamic mechanical properties and the geometry-induced stress/strain rate
distribution non-uniformity should be coupled together to analyse the failure process of rocks.

1. Introduction randomly oriented zones of potential failure in the form of voids and

grain boundaries. Such defects induce very high stress concentration due

The rocks or brittle rock-like materials have different cracking pat-
terns when loaded under different rates, according to practical obser-
vations. For example, blasting on rocks in underground engineering or
mining activities usually produces significantly more cracks, including
both large size, small size and microscopic radial cracks as well as some
circular cracks, while hydraulic fracturing only produces very few radial
cracks. Not only in the engineering region, geological processes, like
earthquakes and meteorite impacts, involve very high-rate loadings
ranging typically from 10 to 10* s™! or even higher,'>°* also have
different failure modes compared with the quasi-static or creeping
distortion.

Rock masses are not intact but contain inherent defects such as flaws,
fractures, joints, caves or faults. In the mesoscopic and microscopic
views, a rock material is also not intact. It contains a large number of
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to the geometry effect. Cracks will initiate and develop around these
defects. The present study establishes a simplified model to investigate
the loading rate effects on the crack initiation and failure mode. In the
quasi-static regime, the crack initiation and propagation of rocks with
pre-existing artificial flaws have been comprehensively studied,® '* and
such investigation on the rock with pre-existing flaws in the dynamic
regime has increased recently,'> 2" rather than the investigation on the
fragmentation®>?! and the spalling phenomena.?” However, most of the
dynamic research concentrates the experimental observation. The
theoretical analyses of the different fracturing behaviour are still needed
to explain the mechanism behind the experimental results.

The geometry effect is not the only dominant factor. Most of the
mechanical properties of materials like wood, ice, concrete, soft mate-
rials, rocks and foams, also vary with the strain rate. The strain rate can
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also affect the cracking behaviour, according to the Griffith or other
fracture theories. The influences of the strain rate on various mechanical
properties of rocks, e.g. strength, fracture toughness and elastic
modulus, are studied by different laboratory methods such as drop
weight test,>>?* impact test,>>>° split Hopkinson pressure bar (SHPB)
test?” > and other dynamic techniques.**>” However, the definition of
‘high strain rate’ in engineering is different from the definition in tec-
tonics which is still in the quasi-static or creeping region.>® In these
studies, the tensile and compressive strength,****“C the shear strength*'
and the three modes of fracture toughness*>*® of rocks or rock-like
materials all illustrated obvious rate-dependence on different levels.
Due to the better accessibility of the strength of rocks than the three
types of fracture toughness under dynamic loadings, the concept of local
failure of small elements to represent crack initiation, and the connec-
tion of these failed elements to represent the propagation of a macro-
scopic crack, is introduced in the present study. The analysis method is
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named the ‘micro-element method’ in this study. The interactions be-
tween the rate-dependent mechanical properties of rocks and the rate-
dependent cracking behaviour are investigated through the single-
flawed marble specimens. The existence of the flaw leads to the stress
concentration and hence induces different strains at different positions
around the flaw. When the load is dynamic, such differences in strain
value cannot be neglected. This phenomenon induces the localized
strain and eventually produces the localized strain rate. The strain rate
will also affect the dynamic strength, resulting in the variation of micro-
elements’ dynamic strength, which brings in the concept of the rate-
dependent strength field. Since the increase rate of the tensile strength
is faster than that of the compressive strength, the initiation of the
tensile crack could be potentially suppressed, causing the transition of
crack initiation mode. Therefore, three new concepts, which are the
‘localized strain rate’, the ‘rate-dependent strength field’ and the ‘tran-
sition strain rate’, are proposed in the present study to explain the
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Fig. 1. (a) Setup of the SHPB testing system; (b) Typical strain-stress curve and failure mode of a single-flawed marble with the inclination angle of 30° under a quasi-
static loading; (c) Typical strain-stress curve, force equilibrium state and failure mode of the same single-flawed specimen under a dynamic loading.
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experimental rate-dependent fracturing phenomena theoretically.
2. Material and methods

2.1. Material and specimens

The Carrara marble with the low intrinsic crack density, even grain
distribution and low porosity is utilized to fabricate the single-flawed
specimen considering the repeatability of experimental results. The
cracking process of marble usually experiences two stages: white
patches®®**%> and macroscopic cracks.?® Previous studies indicate that
the initiation of white patches shares the same trajectories with the
further macroscopic cracks (macro-cracks), while it is noted that some
white patches will not evolve further to the macro-cracks. The white
patch helps track the potential stress concentration and the crack initi-
ation point easier. The geometry of the specimens used for this study is
shown in Fig. 1. The single-flawed prismatic specimens are fabricated by
an abrasive jet cutter which can provide a cutting width of less than 0.5
mm. The single-flawed specimens have different inclination angles,
which are defined as the angle between the maximum force and the
longer axis of the flaw, to investigate the influence of the load direction
on the cracking behaviour.

2.2. Loading conditions

The split Hopkinson pressure bar (SHPB), which can provide a strain
rate up to 10% s}, is used to perform dynamic compressive and Brazilian
tensile tests as well as the cracking tests on the single-flawed marble.
Pulse shapers are placed to produce a smooth and gentle incident wave
and hence arelatively stable strain rate. All the specimens have achieved
the force equilibrium state which is checked by both the experimental
result and the theoretical maximum allowable strain rate applied on the
specimen with a certain length given by Ravichandran and Subhash
(1994).46 The maximum allowable strain rate for the 60 mm long
specimen is determined to be 250 s in the SHPB test. To obtain the
variation of strength and cracking behaviour in the quasi-static regime, a
servo-hydraulic loading machine is conducted using the displacement
control mode (0.001 mm/s). High-speed video is applied in every test
with a frame rate of 40,000 fps. The average longitudinal wave speed V,,
of Carrara marble is about 5936 m/s. Since the cracking speed is usually
less than the shear wave speed (about 3000 m/s) and the actual crack
speed is generally much less than this value, from several hundreds to
1000 m/s,*” > the crack will propagate only a few millimetres to several
centimetres between two frames, this frame rate is enough to capture the
cracking details and sequencing based on the cracking speed and spec-
imen dimensions. The actual high-speed videos about the failure process
also confirmed this capability. The setup is shown in Fig. 1. In data
processing, data is processed as raw as possible with limited filtering and
revision to strengthen the data reliability.

3. Experimental results
3.1. Compressive and tensile DIFs

The dynamic increase factor (DIF), the ratio of the dynamic strength
and the average quasi-static strength, is introduced to depict the incre-
ment degree of strength with strain rate. The TDIF and CDIF represent
the DIFs for tensile and compressive strength, respectively. The varia-
tion of TDIF and CDIF of the Carrara marble with the strain rate is shown
in Fig. 2, which has been reported by the authors’ previous pa-
pers.!>?%%  The fast increase of the DIFs indicates obvious
rate-dependence of both tensile and compressive strength in the dy-
namic regime. The rising speed of dynamic tensile strength is about 2.5
times the compressive strength reflected by the ratio between the TDIF
and CDIF. Based on the empirical equations given in the literature,?®>!
the logarithmic equations fit well with the data, as illustrated in Eq. (1)
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Fig. 2. Compressive and tensile DIFs of Carrara marble under various strain
rates and the corresponding fitting curves compared with the TDIF/CDIF of
various brittle materials compiled from the literatures,'%>%4>°2 6273

and Eq. (2). Due to the difficulty in producing the semi-dynamic strain
rates from 10° to 1 571, there is a gap in testing data. The elongations of
the quasi-static fitting line and the dynamic fitting line are used to cover
this gap. The result indicates that the tensile strength is more sensitive to
the strain rate, and the hardening of tensile strength is more prominent,
which may raise the difficulty of tensile crack initiation and even induce
the suppression of the tensile cracks. Similar results were reported for
many rock types in literature like granite, tuff, mortar, concrete, sand-
stone, basalt, argillite et al.,193%4552-6273 a5 shown in Fig. 2. Therefore,
the findings in the present study can be applied to analyse the dynamic
cracking process of other rock types.

CDIF =1.426 + 1.390 logé for 0.5s™' < &<600s' CDIF =1 foré
<0.5s7!
Eq. 1

TDIF =2.414 + 3.784 logé  for 0.5 s~ < é < 600 s~' TDIF
= 1.229 + 0.043 logé foré < 0.5s7" Eq. 2

3.2. Fracturing processes of single-flawed marble

3.2.1. Stress around the flaw

The stresses around a single flaw with different inclination angles are
illustrated in Fig. 3, given by the finite element simulation with very fine
elements. Three types of stress states based on the stress vectors in the
two-dimensional model are classified in Fig. 4. If the principal stresses o7
and o3 of an element are both tensile, the element is under pure tension.
The assembly of these elements is defined as the pure tension zone.
Similarly, the assembly of those elements with the compressive principal
stresses is defined as the shear failure zone/pure compression zone. If
one of the principal stresses is tensile and another one is compressive,
the element can fail either under tensile mode or under shear mode.
Therefore, the assembly of these elements is defined as the mixed ten-
sion and compression zone. The pure tension zone, the mixed tension-
compression zone (abbreviated ‘the mixed zone’) and the pure
compression zone are marked by red, yellow and blue, respectively, as
presented in Fig. 3. The analysis based on the Mohr-Coulomb criterion
for these stress states is also shown in Fig. 4.

The failure mode for the elements in the mixed tension-compression
zone can gestate both tensile and shear failure judged by the stress state
and the failure envelope. According to Fig. 3, the pure compression and
tension zones dominate the elements around the flaw boundary, coin-
cident with the theoretical analysis. The pure tension zone dominates
the flaw boundary when the inclination angle is high and decreases fast
with the inclination angle. It occupies an inconspicuous region that can
be neglected when the inclination angle is 0°. In contrast, the pure
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Fig. 3. (a) Tension zone, mixed tension-compression zone and compression zones (other places) around the elliptical flaw with the inclination angle of 60° and (b)

the variation of these zones with the inclination angle from 0° to 90°.

compression zone replaces the space given by the pure tension zone. The
existence of the mixed zone explains the tensile property of the wing
cracks and the anti-wing cracks in the quasi-static loading conditions
(observed by Wong 2008 [63]) due to much lower tensile strength
compared with compressive strength for rocks, and the tip of the
anti-wing cracks might initiate at the mixed zone or the shear zone.

3.2.2. White patch development

There are two stages of the fracturing process, which are white patch
development and macro-crack development. Previous studies revealed
that the loading rate does not affect the initiation point of the white
patches but can affect the crack initiation, propagation and failure mode
of marble.”’ The appearance of white patches much earlier for the
stress-strain curve before macro-cracks despite the loading rate (Fig. 5a,
b). A pixel comparison code is used to enhance the white patches with
black dots in the figure. According to the definition of white patch
types,”” the area of the tensile white patches is significantly smaller than
the shear, which is understandable because of the very limited pure
tension area for this model, as shown in Fig. 3. The shear patches in-
crease accordingly with the load, while the tensile patches show no

significant development, which indicates that the shear deformation can
produce more white patches.

3.2.3. Cracking process

The crack initiation under dynamic loadings is completely different
from that under quasi-static loadings, though the initiated white patches
are not affected by the loading rate. Under dynamic loadings, the crack
initiation points appear as two pairs (shear cracks) simultaneously, or
one pair appears (shear cracks) closely following another pair (anti-wing
cracks) in an extremely rapid sequence.’’ No tensile wing patches will
develop into any visible macro-cracks. Moreover, according to the stress
state of the initiation point by the FEM modelling, the crack initiation
point around the flaw under quasi-static conditions is at the tensile zone,
while the initiation point under dynamic conditions is at the compres-
sion zone, which represents the shear cracks. The tensile cracks are
suppressed under dynamic loadings.

As shown in Fig. 5, there are two types of failure patterns under
quasi-static loadings®’: the visible cracks marked by blue lines and the
failure patterns without visible cracks marked by semi-transparent blue
lines. The failure patterns without visible cracks correspond to the
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early-initiated tensile or shear patches which are suppressed in the
process of loading increment. Tensile cracks or failure patterns are the
first to be observed by a high-speed camera. However, they are also

1

Op=—"0""—F 5 _
m? cos*a + sin® a

suppressed in the following compression due to the dominant
compressive stress state in all types of specimens. The visible anti-wing
cracks appearing as a pair lead to the diagonal failure mode. Therefore,
it can be concluded that tensile cracks dominate the early stage of
cracking, while shear cracks dominate the following failure stage under
quasi-static loading conditions.

4. Data analysis

As stated in previous sections, the variation of mechanical properties
with the strain rate affect distinctively the crack behaviour. The influ-
encing mechanism of the rate-dependent strength on the crack mode is
discussed in this section. The analytical solution of tangential stress
around an elliptical flaw®* is used for the analysis.

4.1. Round-tip straight flaw VS elliptical flaw

In the experimental study, due to the limitation of the fabrication
technique, the flaw is straight with two perfect round tips. In contrast, in
the theoretical analysis, the flaw is a perfect ellipse. However, the
analytical solution of the tangential stress around a round-tip straight
flaw is hard to obtain. Fortunately, the analytical solution for the
elliptical flaw has been given in the literature.®* The theoretical analysis
will be more practical if the problem can be simplified as an elliptical
flaw. Here, the influence of the flaw shape on the stress distribution
around the flaws is discussed using finite element analysis.

Fig. 6 illustrates the numerical results of the principal stress distri-
bution (i.e. normalized tangential stress) around these two types of flaws
under 1 MPa uniaxial compression.®® Since the stress state is nearly

{ay{m(m +2)cos® a—sin® a} + Ux{(l +2m)sin* a — m? cosza} — 14 {2(1+m?*)sin a cos a}}
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one-dimensional for the elements along the flaw boundary, the principal
stress can be regarded as the tangential stress. It is found that the dis-
tributions of tangential stress of these two flaws are very similar. When
the tangential stress is larger than zero, it is tensile; conversely, it is
compressive. The only significant difference is that the elliptical flaw
induces higher stress concentration in the narrow areas around the sharp
tips. The maximum compressive stress around the straight flaw is about
half of that around the elliptical flaw. However, the maximum tensile
stresses are similar to each other. Since the tensile strength of a brittle
material like rock is extremely lower than the compressive strength, the
tensile failure dominates the crack initiation. Therefore, the application
of the elliptical flaw model can reflect the stress variation in the
round-tip straight flaw model, though the estimated compressive failure
might be slightly over-estimated. The analysis and phenomenon ob-
tained based on the elliptical flaw model are reliable.

4.2. Tangential stress around an elliptical flaw

The tangential stress around an elliptical flaw had been given by
previous literature®* based on two assumptions to simplify the question:
(a) the space around the only flaw is infinite, or the adjacent flaws are far
away enough so the interactions can be ignored; (b) two-dimensional
stress state while the stress normal to the plane is zero (6, = 0). The
magnitude of the error introduced by these two assumptions was esti-
mated to be less than 10%.°* As the detailed deduction has been given by
Hoek,® the present study provides the key equations about the solutions
to stresses, including the tangential stress around the flaw (Eq. (3)). The
coordinate and flaw system are shown in Fig. 7.

Eq. 3

where « is the eccentric angle; m = b/a is the ratio of the minor to the
major axis length of the ellipse; f is the inclination angle between the
loading direction of o7 and the long axis of the elliptical flaw; oy, is the
tangential stress on the ellipse boundary. When 6, < 0, the stress is
tensile and denoted by oy,; when o, > 0, the stress is compressive and
denoted by op.. The flatness of cracks or defects in brittle material like
rocks could be very high. In other words, the coefficient m is usually
assumed as very small.

The tangential stress distribution around an ellipse is illustrated in
Figs. 8 and 9, based on the results of finite element simulation with very
fine meshing and coincident with the result given by Eq. (3). When the
flaw’s inclination angle increases, the tension zone and the peak
compressive stress decrease gradually. Interestingly, the variation of the
peak tensile stress is not monotone. The maximum tensile and
compressive strength are shown in Fig. 10 and Table 1. The inclination
angles of 45° and 60° exhibit the highest tensile stress concentration. As
the compressive strength is several times the tensile strength for most of
the brittle rocks (e.g. granite, marble, sandstone, etc.), tensile cracks will
occur first during the loading. In Fig. 10, the normalized stress/strength,
which is the ratio of the maximum stress (tensile or compressive) to the
corresponding strength, is the key factor in depicting the micro-element
state: (1) when it is less than one, the element is stable and at the ‘safe
zone’; (2) when it is over one, the element is not stable and at the
‘cracking zone’.

For Carrara marble, since the ratio of the normalized compressive
stress to the corresponding compressive strength is always lower than
one (safe zone), while the ratio of the normalized tensile stress to the
corresponding tensile strength is larger than one (cracking zone), the
tensile wing cracks always occur first, as given by Table 1. In other
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words, for a quasi-static load with a constant loading rate, the tensile
crack generally occurs first. The corresponding applied force is lowest
for specimens with the inclination angle of 45° and 60°. Such theoretical
analysis well explains the experimental findings.®°

4.3. Micro-element method

Unlike the Griffith theory of fracture based on energy, this study uses
the concept of ‘micro-element’ to depict the mechanical state of
microscopic rock elements. In the ‘micro-element method’, the early-
stage failure of the micro-element causes the initiation of new cracks,
while the following failure of more micro-elements leads to the propa-
gation of the initiated cracks or the developing of new cracks. The failure
of the micro-element is dependent on the stress state. Generally
speaking, the failure can have two types: tensile and compressive failure,
corresponding to the tensile and shear crack. Using the micro-element
method will make it easier to understand the crack type intuitively
and link the macroscopic mechanical properties to the cracking process.

In addition, for those model who do not have analytical solutions for the
stress around the flaw boundary, this method can be used with the FEM
simulation to deal with the flawed specimens with complicated geom-
etries. By updating the FEM model, the crack trace can also be obtained
for these complicated specimens or application conditions.

In Fig. 7, the normal stress of the micro-elements at the ellipse
boundary is zero. The micro-elements are considered as the one-
dimensional stress state. Hence, the maximum principal stress co-
incides with the tangential stress in the same direction, while the min-
imum principal stress is zero. It is noted that the tensile stress is negative,
and the compressive stress is positive in the present study. When the
stress is negative, and the absolute value exceeds the tensile strength, the
micro-element will fail as a tensile mode. In contrast, when the stress is
positive and exceeds the uniaxial compressive strength, the micro-
element will fail in a compressive mode.

For the quasi-static loading conditions, the strength is considered
uniform at any location for the analysis of failure in a homogeneous and
intact material. When there are defects or flaws inside the material, the
stress concentration and the induced strain concentration do exist.
Theoretically, the strain rate around such defects is different. However,
according to the experimental studies, the strain rate effect on the
strength can be neglected under quasi-static loading conditions due to its
insensitivity to strain rate. In other words, the strength of every micro-
element is also uniform.

As stated in section 3.1, the strength of material changes with the
applied loading rate or strain rate for the dynamic loading conditions or
the high strain rate. As we know that the stress of the micro-elements
inside material with defects or flaws is not identical, the stress concen-
tration cannot be ignored. If the elastic modulus is constant with the
strain rate, we can say that the strains of micro-elements are different,
and the strain of the micro-elements with higher stress concentration is
higher. Divided by time, the strain rates of micro-elements with stress
concentration zone are also higher, as shown in Fig. 11. Here, we pro-
pose a new concept, ‘strain rate field’, in the dynamic regime. Ac-
cording to Fig. 11b, the range of the strain rate increase significantly
with the applied axial strain rate £y. When the applied axial strain rate is
low, the influence of the strain rate variation can be neglected. But when
the applied strain rate reaches the dynamic regime, such influence
should be taken account. Therefore, considering the strain rate-
dependent strength, the actual strengths of the micro-elements around
the defects are different, which indicates the ‘localized strain rate ef-
fect’. Then, another new concept, ‘strength field’, is used to depict
strength distribution in the dynamic mechanics. This concept is rarely
discussed in previous studies on rock mechanics because most of them
are quasi-static.

The ratio of the elementary strength to the corresponding stress of
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the micro-elements along the flaw boundary is defined as the
‘elementary safety factor A’. For the tensile stress state, the tensile
safety factor 4, is the ratio of tensile strength to tensile stress 6,/ 6¢—max,
while the compressive safety factor A. is 6¢/0c max- If the elementary
safety factor A is less than one, the corresponding microelement is unsafe
and will fail immediately. Since the compressive strength is generally an
order of magnitude higher than the tensile strength for brittle materials
like rocks under quasi-static conditions, the A is always higher than one
before any element failure, so the tensile failure occurs typically. The
point which has the maximum tensile stress is the crack initiation point.

However, the dynamic fracturing process is different. According to
Fig. 12a, the dynamic tensile strength increases faster than the dynamic
compressive strength. The dynamic compressive stress/strength ratio
Gc—max/0c—dyn increases faster than the dynamic tensile stress/strength
ratio 6;_max/6t—gyn- Under a certain strain rate, the two ratios oc_max/
Gc—dyn and 6t max/0t—ayn Will be equal. Alternatively, the dynamic A, and
Ac are equal to be one (Fig. 12b). After that, the compressive failure will
occur first instead of the tensile failure. The point having the maximum
compressive stress is the crack initiation point. Such a strain rate is
defined as the ‘transition strain rate’. The present study is trying to

determine the analytical solution of the transition strain rate based on
the analytical solution for the tangential stress around the flaw and the
experimental results about the dynamic increase factors. The analysis
process is the so-called ‘micro-element method’ with the idea flow-
chart shown in Fig. 13.

4.4. Tangential stress and crack initiation under quasi-static loadings

The inclination angle f of the pre-existing flaw significantly affects
the stress distribution around the flaw. As shown in Fig. 14, the
tangential stress is normalized by being divided by the applied uniaxial
stress. A higher inclination angle results in higher maximum stress
(compressive) but with little influence on the minimum stress (tensile).
The positions of the extreme values also change with the inclination
angle. With the increase of f, the maximum value moves to the flaw tips,
while the minimum value moves to the flaw centre. Meanwhile, the
compressive zone becomes more concentrated with the expansion of the
tensile zone. Under quasi-static loadings, the determination of the crack
initiation point is based on the comparison of maximum tensile stress
and compressive stress with their corresponding strength, namely, the
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Table 1

(1) Maximum normalized tensile stress and normalized compressive stress along
the boundary of the elliptical flaw with different inclination angles; (2) Stress/
strength ratio for the tensile and compressive stress conditions (Carrara marble:
compressive strength 90 MPa, tensile strength 6.9 MPa).

Inclination 0 15 30 45 60 75 90
angle

Max normalized 1.00 1.16 1.54 1.90 1.94 1.43 0.69
tensile stress/
MPa

Max normalized
compressive
stress/MPa

Normalized 1.00 1.16 1.54 1.90 1.94 1.43 0.69
tensile stress/
strength

Normalized 0.99 0.90 0.81 0.62 0.42 0.21 0.10
compressive
stress/
strength

-12.97 -11.78 -10.58 -8.05 -537 -2.76 -1.34

Ot—max/ Ot—static and the 6c_max/0c—staric i larger than 1.
For the analytical model of a single elliptical flaw, the maximum
tangential stress along the flaw boundary can be obtained when

doy,
T Eq. 4

Assuming that the flatness of a flaw is very high, meaning a very
small axis ratio m, which is consistent with the natural cracks in rocks. In
the last section, it is determined that the tensile crack generally initiates
first. Hence, determining the position of the maximum tensile stress is to
determine the crack initiation point around the flaw. According to Fig. 8,
except for the case with a flaw inclination angle equal to 0°, the eccentric
angle a at the maximum tensile stress point is with a small value. Hence,
when a — 0, sin @ = a and cos a — 1. Therefore, the terms of the second
order or the higher order of sina, m and their combination can be
neglected to simplify the equation. The tangential stress equation Eq. (3)
can be rewritten as Eq. (5) by substituting these simplifications:

_2(c,em—1,e a)

Op = - a? Eq 5
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Substituting Eq. (5) to Eq. (4) gives

—Txy

— 2 Eq.
Op o q 6
Or
— Ty
—_ Eq. 7
a o q

The value of a corresponding to the maximum tangential tensile
stress provides the position of the crack initiation point. From Eq. (5)
and Eq. (6), the relationship between the maximum tensile stress opmqx
and the external applied stress can be obtained

Opmax @M= — 0, = /02 + 72,

4.5. Tangential stress and crack initiation under dynamic loadings

Eq. 8

Under dynamic loadings, the determination of the crack initiation
point is different from that under quasi-static loadings due to the rate-
dependent strength. Nonetheless, the dynamic stress/strength ratios
Gc—max/Oc—dyn A0 O¢_max/0¢_gyn are still the criterion for crack initiation.
As stated in the previous sections, due to the strain rate effect, the rate-
dependent strength field and strain rate field of rock should be consid-
ered during the dynamic load. The stress, strain, strain rate and strength
are localized and vary at different positions, especially around the flaw,
due to the significant stress concentration.

A comparison between theoretical and simulated results is conducted
to verify the validity of investigating the localized strain rate effect on
the strength and crack initiation in the single-flawed specimen. In the
theoretical study, the definition of the sign system is different from that
in the numerical study. If the strain is tensile, the tensile stress and the
corresponding strain rate is negative, contrary to the compressive stress
and strain rate. For the micro-element method, the region around the
flaw is divided into many virtual elements to evaluate localized stress,
strain, strain rate and rate-dependent strength. The strain rate of a
micro-element around the flaw &, defined by the tangential strain
variation over time can be obtained by dividing the derivative of
tangential stress by the material elastic modulus E, assuming that the E is
constant, as shown in Eq. (9). Previous experimental results show that
the variation of the dynamic elastic modulus can be neglected in such a
strain rate range (10-500 s'l), and this assumption is reasonable. %7

The present analysis has another assumption that the plastic defor-
mation before the peak strength can be neglected, which is acceptable in
dynamic tests for brittle materials. The typical stress-strain curve for a
brittle rock is shown in Fig. 1. The quasi-linear elastic deformation
dominates the loading period. Unlike the quasi-static loading condi-
tions, the pre-peak plastic deformation is not obvious.

The element strain rate around the flaw &y, is given by Eq. (9).

db O'.b 0:1 U.b .
9% _0p 01

é‘pbiEi(fl E:OTIS] Eq.g

Based on the fitting curves of dynamic strength of different rocks
from literatures, the increase of dynamic strength is depicted as the
common logarithm of strain rate for both the uniaxial compressive and
tensile strength.l(”32’45’52 62,68 The dynamic increase factors (DIF) for
compressive strength (CDIF) and tensile strength (TDIF) are then
expressed by the following equations:

CDIF = A, + B, Ig &,,in dynamic regime m. < &y, < n. CDIF

= C, + D, Ig &,in quasi — static regime &, < m, Eq. 10
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TDIF = A, + B, Ig &,yin dynamic regime m, < &,, < n, TDIF Based on Eq. (3), the tangential stress on the boundary of the ellipse
= C, + D, Ig &,in quasi — staci regime &,, < m, Eq. 11 oy becomes
B o 11 o, 11
where A, B, C, D., A¢, B;, C; and D, are the coefficients for CDIF and =5 costatsinta 5*5’0052'5 [m(m+2)cos® a—sin® a] + D)
TDIF, respectively; m., n., m; and n, are the lower and upper limits.
Combining Eq. (9), Eq. (10) and Eq. (11), the dynamic tensile strength ®cos Zﬂ) [(142m)sin* a—m® cos*a] — (1+m*)sin2 fsinacosa }
o4 and the dynamic compressive strength o4, can be expressed by the
following equations. =M(a,p,m)o,
Eq.17
64 =TDIF e 6, = (At—&-B, log!é,,,,|) e o, form, < |é,,,,{ <n, Eq. 12
Substituting Eq. (17) into Eq. (9) gives:
. Gy, € 11 , 11
Ep=—€t=—————< | z+ze0cos2f | |m(m+2)cos  a—sin“a|+|(=—=
g m2c0s2a+sin2a{<2 2 /)[ ( ) ] 2 2
®cos 2 ﬂ) [(1 +2m)sin* a —m? cosza} — (14 m*)sin 2 B sin a cos a} =M(a, B, m)€; Eq. 18
G4 =CDIF o 6. = (A + B. log &) ® 6., for m. <&y, <n. Eq. 13 According to the definition of sign of stress, positive &y, represents

the compressive strain rate, while negative &, represents the tensile

For the uniaxial compression tests (62 = 0, and 63 = 0), we obtain strain rate.

that Under dynamic loadings with the element strain rate &y, the crack
6 o e . . .
6= 1 % acos2p Eq. 14 initiation is determined by the ratio of tangential stress to s'trength.
2 2 Along the flaw boundary, when Z=2 > 1 and %=z > 1, the tensile crack
—dyn c—dyn
6, o will initiate. On the contrary, the compressive crack or the shear crack
Oy=" =5 ®cos2f Eq- 15 will initiate.
c
Ty :?1. sin2 g Eq. 16

11
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5. Transition strain rate

For the single-flawed specimen, the transition strain rate & is
defined as the strain rate corresponding to the inflection point of the first
crack mode initiated along the flaw boundary from tensile to compres-
sive (shear). It is necessary to differentiate the element strain rate and
the applied strain rate: the former is the local strain rate of each micro-
element. At the same time, the latter is the strain rate of the applied force
on the specimen boundaries, which can be considered the average strain
rate of the whole specimen. The transition strain rate belongs to the
applied strain rate. When the applied strain rate of the specimen is
higher than the transition strain rate, the initiation mode, initiation
position, failure mode and propagation of the first crack will be signif-
icantly different from those under quasi-static loadings.

When the element along the flaw boundary of the single-flawed
specimen reaches the transition strain rate, the dynamic tangential
stress equals the strength for both the compressive and tensile failure
modes. In the compression zone (o, > 0 or M(a, , m) > 0) with the
dynamic strain rate range m. < &y, < n., the maximum tangential stress
under uniaxial compression (6; > 0, 63 = 0, and 62 = 0),

Opmax = Odc Eq 19
M(amaxvﬂ’ m)o-l = (Ac +B£ lg é‘pb)l’c = [A(‘ +Bc lg(M(a/nax7ﬁ7 m)e.tr)]gc

Eq. 20

At this moment, the absolute value of the minimum tangential stress

(tensile and negative) should equal the corresponding dynamic tensile
strength.
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specimen with the inclination angle of 60°°°.

|Cbmin| = Car Eq. 21
7M(amin~,ﬁ7 m)o-l = (Ar JFB! lg|épb ‘)Ut = [At +Bl lg( - M(amimﬂv m)g;f)]af
Eq. 22

where ey and ami, are the eccentric angles corresponding to the po-
sitions of the failure element for the maximum and minimum tangential
stresses.
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Table 2
Equations of the transition strain rate for specimens with different inclination angles.
p/° Equation for transition strain rate Qmin Mmin Qmax Mmax Eer
0 o 0 -1.0 90.0 1.3 0.5
1.33Bte — 1334 28— Ac 1/ Be-1. 33&. —
. (100 ccx10 O
for = 1.33%
15 o 6.4 -1.1 166.1 2.2 0.5
2.01Bte — 2. OlAto — —Ac, 1/ zowu
. (110 % x10
for = 2208
30 13.0 -1.2 173.1 4.4 0.5
3.74Bte — 3. 74At- — —Ac Bc—3.74Bte
. 1.19 Oc x 10
for = 4.445¢
45 21.2 -1.2 175.9 7.3 0.5
6.31Bte — 6 31At- — —Ac Be—6 313[.
. (116 Oc x 10
for = 7.335%
60 o o; 335 -1.1 177.6 10.2 5.95
9.33Bte — 9.334te — — AC\ 1/ Bc-9. 33&. £
) 224 0cx10 o
for = 10175
75 o o o 54.7 -1.0 178.9 12.2 2.2
11.94Bte — 11.944te — — AC\ 1/ Bc-11.94Bte —
. (103 Oc x 10 Oc oc
for = 12.245¢
90 oy o 6 920 -1.0 180 13.0 1.77
13Bte — 13Ate — — AC\ 1/ Bc-13Bte —
. 1.00 Oc x 10 Oc Oc
for = 13.00%

Divide Eq. (20) by Eq. (22), the &, becomes the only unknown
variant except for these coefficients for the material properties:
M(amax7ﬂ! m) _ A.+B. lg(M
_M(amirn/),ﬂ m) _Ar + Br lg(

(Tar, fym)EY) O
= M(&pin, B, m)ey) 0

Eq. 23

Therefore, the transition strain rate ¢, is finally given by the
following equation.

BiM(amay f.m)or 41M[“mur Bmor_y B 7R,M(ul,,m_/\. oy
& = ( - M(aminvﬂa m)) M{@in ) ¢ 1Q-M(emin B M@y pm)oc Eq. 24
r M ' q'
(@nars B, m)"

This equation is for general conditions. The equation can be
simplified and more practical for specimens with a specific single flaw,

. in? sos? ;i R
35cosasinae <65 g _ 247 v @ 4’”‘/5“1’;“ sin “) 637 cos asina _ 481v3sin’ @ 4 481v3cos?
_ 9 18 18

Omin and Amay.-

In order to obtain the value of the eccentric angles amin, and amax, the
derivative of the M(a, #, m) equal to zero is solved, as shown in Eq. (25).
Substituting the value of f and m by 60 and 1/6 gets Eq. (26). However,
it is an implicit equation. The explicit equation based on the analytical
solution is hard to obtain. A numeric solution by MATLAB coding is used
to solve this equation. The solutions of the eccentric angles dpmi; and dpmqy
are 33.5° and 177.6°, while the corresponding values of the M(dmin, #, m)
and M(amax, f, m) are determined as —1.09 and 10.17, respectively.

OM(a, f, m)
Jda

~ OM(a, 60, 1/6)

=0 Eq. 25
oa 4

where a varies from 0 to 180°.

=0 Eq. 26

2 . 2 cos? a 202
18 e (—°°;6"+51n2 (1) et +sin” a

as stated in the following sections.

5.1. Single-flaw with 60° inclination angle

In this section, the transition strain rate equation for a single-flawed
specimen with a 60° flaw inclination angle is derived. The equations for
other inclination angles are given in the next section. The specimen
under uniaxial compression contains an elliptical flaw with a 60°
inclination angle (# = 60°) and the flatness m = 1/6. With these values
of inclination angle and flaw flatness, the variation of ¢}, regarding the
eccentric angle @ under uniaxial compression stress 67 can be obtained
by Eq. (17) and illustrated in Fig. 15. The tangential stress is normalized
for better illustration by being divided by o;. According to Eq. (17), the
normalized tangential stress equals the function M(a, §, m). The two
extrema Opp; and opmey in Fig. 15 represent the maximum tensile stress
which is negative and the maximum compressive stress which is posi-
tive, respectively. The corresponding eccentric angles are marked by

13

Substituting the values of dmin and amex to Eq. (24), the & is then
obtained, as illustrated by Eq. (27). Specimens with an applied strain
rate higher than &, will change the failure mode from tensile to
compressive or shear if the original failure mode is tensile for a rock.

o o 1/ | Be—9.33BreZt
) 0 04933Biezt ()9 33A1eF—Ac / 2
£, =

10.175¢

Eq. 27

5.2. Single-flaw with other inclination angles

Similar solution processes to section 5.1 are conducted for the single-
flawed specimens with inclination angles from 0° to 90° with an interval
of 15°. For the same flatness m of 1/6, the equations of the transition
strain rate are listed in Table 2, which also provides the normalized
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Fig. 16. Tangential stress, strain rate and the corresponding strength of the
micro-elements along the flaw boundary for Carrara marble (B = 60°) under
dynamic loadings.

values of the maximum and minimum tangential stress as well as the
corresponding eccentric angles.

5.3. Transition strain rate of single-flawed carrara marble

As determined by the experiments, the CDIF and TDIF of the Carrara
marble versus strain rate have the forms shown in Eq. (1) and Eq. (2).
The average quasi-static uniaxial compressive strength and tensile
strength of the Carrara marble are 90 MPa and 6.86 MPa, respectively.
The coefficients A., B, A;, and B; for the marble are determined to be
1.426, 1.390, 2.414 and 3.784 in the dynamic regime (0.557! < |é ).
According to the equations given in Table 2, the transition strain rate of
Carrara marble specimens with different flaw inclination angles can be
calculated. For those transition strain rates less than 0.5 s, the result is
revised to be 0.5 s because the equation is only valid in the dynamic
regime. The results are also given in Table 2.

6. Discussion
6.1. Dynamic strain rate and strength along the flaw boundary

The variation of tangential stress, strain rate and the corresponding
strength of the micro-elements along the flaw boundary (8 = 60°) in the
Carrara marble is illustrated in Fig. 16. The applied strain rate is 150 s°!,
much higher than the transition strain rate. Normalized tangential stress
and the strength of these micro-elements are calculated to show the
comparison between them. Two cases are designed to evaluate the
importance of considering the strain rate field and the rate-dependent
strength field in rock dynamics: (1) Case A - strain rate field not
considered; (2) Case B - strain rate field considered. This case study will
help understand the concept of strain rate and rate-dependent strength
fields in flawed rock. From Fig. 16, it is found that the maximum dy-
namic strengths for both compressive and tensile modes in Case B are
larger than the dynamic strength in Case A.

(1) Case A - strain rate field NOT considered

In this case, the strain rate of the micro-elements along the flaw
boundary is constant and equal to 150 s'. Hence, the dynamic
compressive and tensile strengths of these micro-elements are invariant
with a value of 90 MPa and 6.86 MPa, respectively. As shown in Fig. 17,
since the tensile strength is much lower than the compressive strength,
tensile failure occurs first, which contradicts the experimental phe-
nomenon. All the stresses and rate-dependent strengths are normalized
by being divided by the uniaxial stress o7.

14

International Journal of Rock Mechanics and Mining Sciences 163 (2023) 105340

[ 30 60 90 120 150 180 210 240 270 300 330 360

20 I L 1 1 I 1 L I 1 I 1 20

| sm—Normalized tangential stress
—— Normalized dynamic strength

1 considering localized strain rate

Normalized quasi-statec strength
-+~ Normalized dynamic strength NOT
considering localized strain rate

Normalized tangential stress /
Normalized strength

150 180 210 240 270 300 330 360

Eccentric angle a (°)

Fig. 17. Change of failure mode based on (1) quasi-static strength, (2) dynamic
strength NOT considering localized strain rate, and (3) dynamic strength
considering localized strain rate along the flaw boundary for Carrara marble (3
= 60°) under dynamic loadings (applied strain rate 150 sH.

(2) Case B - strain rate field considered

When the strain rate field or the localized strain rate effect is
considered, the strength of the micro-elements will not be equal again
but vary with the positions. The localized strain rate changes the micro-
element strength. Then, the normalized tangential stress and the
normalized strength vary with the eccentric angle. In Fig. 17, the dy-
namic compressive stress will first reach the dynamic compressive
strength and lead to the compressive failure mode. The crack initiation
point and the crack type are all changed. The compressive or shear crack
will initiate first.

This case study indicates that the influence of strain rate on strength
must be considered in high strain rate loading. Otherwise, inferences
about the cracking behaviour will become unreliable.

6.2. Dynamic failure mode

In the SHPB tests, the single-flawed marble generally fails with an X-
shaped crack pattern. The previous analysis only interprets the sup-
pression of tensile cracks and the change of first cracks to shear cracks.
According to Fig. 17, the maximum normalized tensile stress is also close
to the corresponding strength when the normalized compressive stress
reaches the strength. Because of the limited crack propagation speed, the
tensile failure will also be achieved in a very short time. Therefore, it
looks like these two groups of cracks initiate simultaneously and forms
the X-shaped failure pattern.

6.3. Inertia effect

The inertia effect can be neglected compared with other influencing
factors in SHPB tests and is therefore not considered in the present study,
though the inertia effect is inevitable in dynamic problems. The inertia
force depends on the acceleration at the corresponding direction.
Several theories and equations have been given to calculate the inertia
stress applied on the specimen in the SHPB tests.”” Samanta (1971)
proposed a corrected equation to calculate the actual dynamic stress on
the specimens in SHPB tests.”’ From this equation, when the specimen
length-to-diameter ratio is close to V3 /4 and the strain rate is constant,
the inertia force or stress can be eliminated. Gorham (1989) and For-
restal et al. (2006) also provided the explicit expression of the inertia
stress.”"’? According to these equations, it is found that the inertia stress
has an amplitude of about 1 MPa or below for specimens without large
plastic deformations. In other words, for brittle rocks or most engi-
neering rocks, the contribution of the inertia stress to the dynamic
strength can be negligible because of the normal dynamic strength as a
value about 100-1000 MPa. The influence of the inertia effect on the
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total dynamic stress is less than 1%.
7. Conclusions

“Localized strain rate effect” depicting the uneven distribution of
deformation and strain rate around a flaw in rock is the key point of the
present research. The localized distribution of the rate-dependent
strength of flawed rock is prominent under dynamic loadings, under
which rock strength is sensitive to the strain rates. For materials with
defects or flaws, this uneven strain rate and rate-dependent strength
distribution should be considered in crack initiation. Thus, the concepts
of the strain rate field and strength field are proposed. The cracking
behaviours under dynamic and quasi-static loadings are significantly
different. The present study establishes the connection between the rate-
dependent strength and rock cracking behaviour and explains why
tensile cracks are commonly suppressed under dynamic loadings. With
the experimental rate-dependent strength, the mathematical expression
of the transition strain rate is obtained by an analytical solution, which
theoretically explains the experimental phenomenon. The findings can
provide some interpretations for high strain rate-related earth science
problems, like earthquakes, volcano eruptions and meteorite impacts.
Further experimental and numerical investigations on other types of
mechanical properties and their influences on fracturing are warranted.
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