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ABSTRACT. We consider sums of independent identically distributed random vari-
ables whose distributions have d + 1 atoms. Such distributions never admit an
Edgeworth expansion of order d but we show that for almost all parameters the
Edgeworth expansion of order d — 1 is valid and the error of the order d — 1 Edge-
worth expansion is typically of order n=42.

1. INTRODUCTION.
n
Let X be a random variable with zero mean and variance o2. Let S,, = Z X, where
j=1
X are independent identically distributed and have the same distribution as X. The
Central Limit Theorem says that for each z

Sn
. S
i (7 <2) =)

where
N(z) = /_ Z n(y)dy and n(y) = \/127

A classical problem in probability theory is computing higher order approximations

2
eV /2,

Sn : . . .
to P < N < z> In particular, the order » Edgeworth series of 5, is an expression
a\/n
of the form
— P(2)
E(2) =N(2) +n(2) E 2

k=1
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’itX) and

where Py, are polynomials such that the characteristic function ¢(t) = E(e
the Fourier transform &, of &, satisfy

t\" .
NI -
In particular,

E(X?)

£1(2) = 0e) 4 nla) g A1 2),
E(z) =N(z) +n(z) {gﬂ\(/‘%{al (1—2%) + E();BT;SU(?)Z —2°)
E(X?)? 3. .5
—W(wz —102° + 2°)

We say that S, admits an order r Edgeworth expansion if for all z

(1.1) lim 7"/2 [P( *f;_ < z) — 6}(2)} = 0.

n—o0 g\/ N

Recall that a lattice random variable is a discrete random variable taking values on
a set of points of the form a + nh,n € Z, where h > 0, a € R. It is known that S,
admits the first order Edgeworth expansion if and only if X is non-lattice (see [12]).
The problem of higher order expansion is more complicated. For example, a sufficient
condition for S, to admit the order r Edgeworth expansion is that E(|X| ™) < oo
and X has a density. But this condition is far from necessary. We refer the reader
to [I3, Chapter XVI| for discussion of these and related results. We also note that
[2, 5] discusses a weak Edgeworth expansion where the LHS of is convolved with
smooth compactly supported functions.

In this paper, we consider a case which is opposite to X having a density, namely we
suppose that X has a discrete distribution with d + 1 atoms where d > 2. d = 2 is
the simplest non-trivial case since the distributions with two atoms are lattice, and
as a result, they do not admit even the first order Edgeworth expansion.

Thus we suppose that X takes values aq,...,aq.1 With probabilities py,...,p4i1,
respectively. Since X should have zero mean we suppose that our 2(d + 1)—tuple
(a,p) belongs to the set

Q={p;>0, pi+- - +pa1=1 pias+-+pir1as = 0},
It is easy to see that S, never admits the order d Edgeworth expansion. Indeed,
n! m m
(1.2) Pop(S, < 2) = Z — P

|
>0, Smin mi:...Mg+1:
> mia; <z

The Local Central Limit Theorem (see [I8, Theorem 2.1.1]), applied to the time
homogeneous Z%-random walk which jumps to e; from the origin 0 with probability
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p; for i =1,...,d and stays at 0 with probability ps.1, gives us that for all € there is
no € N such that for all n > ng and all m € Z¢

1 (m-nq) T~ (m-nq) €
1.3 P(T, =m) — ————¢~ 2n < —
(13) (& ) (27n)? detl’ nd/2
where T, is the position of the random walk after n steps, I' is the associated co-
variance matrix and q = (p1, ..., pq). Also, if myq,...mg, mgyq are integers such that
my+---+mg+mgr1 =n and m; > 0, then, taking m = (my, ..., my), we have
]P)(T = m) = —n' pm1 pm"l"'1
" ml!...de! 1t fdtl e

As a result, if

> miai=n)_api+O(n),
then in ((1.3]), the exponent of e is O(1), and hence, for sufficiently large n,

|
n. myy1

m1
(P1 - Pava

n?P(T,, = m) = n¥?———
m1! <o Mata:

is uniformly bounded from below. Accordingly, from ([L.2)), it follows that P, 5 (S, < 2)
has jumps of order n~%2 On the other hand, £;(2) is a smooth function of z. So,
it can not approximate both P, (S, < z — 0) and P, (S, < 2+ 0) at the points
of jumps without making an error of O(n~%?). This means that it is not true that
Pap(Sn < 2) = E4(2) + o(n~Y?) for all z, showing that the order d Edgeworth
expansion fails.

However, in this paper, we show that for typical (a,p) this failure of the order d
Edgeworth expansion happens just barely. We present two results in this direction.
For the first result, let

bj:aj—al, fOI']IQ,,d—Fl
Then, the characteristic function of X, ¢, satisfies
P(s) = e"ah(s) where (s) = p1 + pae™® 4 - 4 payiethit,

Set

d(s) = dist(b;s, 27Z).
() = ey Bt 0is, o)

We say that a is S-Diophantine if there is a constant K such that for |s| > 1,

K
d(s) > —.
)2 G

It follows from the classical Khinchine-Groshev Theorem (see e.g. [I7, Theorem 1.1]

1
or [23]) that almost every a is S-Diophantine provided that 5 > PR
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Theorem 1. If a is B-Diophantine and

1
(1.4) 2(R—§)B<1
then

(59 -]

uniformly in z € R.

Thus, for almost every a the order (d — 1) Edgeworth expansion approximates the

Sn
ay/n

Note that Theorem [1| applies for all #s, and in particular, for 8s which are much

distribution of with error O(n°~%?) for any .

larger than

simplified. Namely, let  be the integer such that r < 2R < r + 1. (Note that (1.4))
1 1

can be rewritten as 2R < B + 1. So, provided that 2R is sufficiently close to B +1 we

T However, if § is large, then the statement of the theorem can be

1
can take r = <B> + 1 where (s) denotes the largest integer which is strictly smaller
than s.) Then,

o (55 2) oo 1)
= &(2)+o <niR) FOEi(2) - E(2)).

,
Since > R the first error term dominates the second and we obtain the following

result.

1 1
Corollary 1.1. Suppose that a is B-Diophantine, r = 1+ <E> ,andr < 2R < E—i—l.
Then S

li R IP>a — < - gr,« =0

o [ (35 2) - 60)

uniformly in z € R.

Corollary shows that for almost every a and for r € {1,...,d — 1}, the order r
Edgeworth expansion is valid. Our next results show that

S,
1.5 P, " <z)-&
(15) o (S <s) -
is typically of order O(n~%?) but the O(n~%?) term has wild oscillations. To for-
mulate this result precisely, we suppose that our 2(d + 1)-tuple is chosen at random
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according to an absolutely continuous distribution P on €. Thus, (1.5) becomes a
random variable.

Theorem 2. There ezists a smooth function A(a, p) such that for each z the random

variable
d/2

e e (552

converges in law to a non-trivial random variable X (defined below in Lemma |1.2)
whose distribution is independent of z and P.

The formulas for the normalizing factor A(a, p) and the limiting random variable X
are quite complicated and the next few pages are devoted to their definitions.

The normalization is defined as follows:

(1.6) Ala,p) =

|Gd+1 - a1|
(2742 /det(Dap) o(a, p)

where o(a, p) denotes the standard deviation of the distribution of the random vari-
able taking value a; with probability p; and D, p is a (d — 1) X (d — 1) matrix defined
as follows.

The matrix D, . Fix pi,...,p441 and consider a map
d+1 2
Cly) =) _pje™
j=1

where y = (y1,...,¥ar1) € R™™. Let Y be a random variable taking values y; with
probability p;. Then, for small y we have

B () =1 B0

+iE(Y)+ O (|lyl*) .

Hence,

(17) ) =1-EO?) BN+ 0 (yl) = 1-V(Y)+0 (Iyl*)
where V() is the variance.

Next, consider the quadratic form given by Q(y,y) = V(Y (y)). Let x,a € R be
fixed. In order to maximize s — ((x+sa), we want to minimize s — Q(x+sa, x+sa).
We have

Q(x + sa,x + sa) = Q(x,x) + 25Q(x,a) + s*°Q(a, a).
Q(a x)

(a,a)

D(x. %) = Q(x,x) — 202) _ QExx)Q(.2) —Qfa,x)

Q(a,a) Q(a,a)

It follows that the minimum is achieved at s* = — and its value is
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V(Y (x)V(X) — Cov’(X,Y(x))
N V(X)

where X is the random variable taking values a; with probability p;. Note that
D(x,x) > 0 on the subspace z; = z4,1 = 0 since Cov?(X, Y (x)) = V(X)V(Y(x)) iff
Y (x) = ¢ X +co. Note that the RHS takes (d+1) different values if ¢; # 0 and it takes
a single value if ¢; = 0. On the other hand, the LHS takes at most d different values
on {z; = x441 = 0} and it takes a single value only at 0. This implies that Q(x) # 0
unless x = 0, and hence, @) is non degenerate. Then D, is the (d — 1) x (d — 1)
positive definite matrix such that —4D, , is the Hessian of R 5 % ¢(0,x%,0).
The formula for D, will be proven in Section @ (see (6.8)).

We note that the infinitesimal computation described above is relevant because we
will show, in the course of proving Theorem [2| that the main contribution to the error
term come from the resonant points where the Taylor expansion could be used. See
Section [6] for more details.

To define X', we need some notation. Let M be the space of pairs (£, y) where

L is a unimodular lattice in R? and x is a character, that is, a homomorphism
x:L—T.

The Haar measure on M. The Haar measure y on M can be defined in two
equivalent ways. First, note that y is of the form y(w) = ¢*™X™") for some linear
functional ¥ € (RY)*. SLy(R) acts on R @ (R%)* by the formula

Aw, %) = (Aw, A7)
Observe that if A(w,x) = (W, x) then
(1.8) X(w) = X(w).
The above action of SL4(R) induces the following action of SLg(R)x (R*)* on M
(A, X)(L,x) = (AL, e - (x 0 A7H)).

This action is transitive because SL4(R) acts transitively on unimodular lattices and
(R?)* acts transitively on characters. This allows us to identify M with

(SLyg(R) x RY) /(SL4(Z) x Z%)
and so M inherits the Haar measure from SLy(R) x R?.

The second way to define the Haar measure is to note that the space M of unimod-
ular lattices is naturally identified with SL4(R)/SL4(Z), and so, it inherits the Haar
measure from SL4(R). Next, for a fixed £ the set of homomorphisms x : £ — T is
a d dimensional torus. So, it comes with its own Haar measure. Now, if we want to
compute the average of a function ®(L, x) with respect to the Haar measure then we
can first compute its average ®(L) in each fiber and then integrate the result with
respect to the Haar measure on the space of lattices. In the proof of Lemma [1.2] given
in Section , the averaging inside a fiber will be denoted by E, and the averaging
with respect to the Haar measure on the space of lattices will be denoted by E.
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The random variable X. Given a vector w € R? we denote by y(w) its first
coordinate and by x(w) its last d — 1 coordinates. We also denote by || - || the
standard Euclidean norm.

Lemma 1.2. For almost every pair (L, x) € M with respect to the Haar measure the
following limit exists

(1.9) X(Lox)=Jm Y7
weL\{0}, [|w[<R

SITX(W)) w2
y(w

In this formula and below, we identify T with segment [0,1) equipped with addi-
tion modulo one, and thus, the characters x(w) are (after this identification) real
valued.

In particular, the proof of Lemma|l.2|shows that for almost every £, whenever w # 0,
y(w) # 0 (see Section and that each individual summand in (1.9) is finite almost
everywhere on M. In order to simplify the notation, we will abbreviate expressions

such as (1.9) by

(1.10) xX(Lo=Y SIETX(W)) w2
weL\{0} y(w)

even though ([1.10]) does not converge absolutely.

If we assume that the pair (£, x) is distributed according to the Haar measure on M
then X', defined by ([1.9)), becomes a random variable. This is the variable mentioned
in Theorem [2] Note that the distribution of X depends neither on P nor on z.

Next, we describe how we can use the second representation of Haar measure to

describe X. Let wq,...,wy be the shortest spanning set of L, i.e., wy is the shortest
non zero vector in £ and, for 7 > 1, w; is the shortest vector in £ that is linearly
independent of wy,...,w;_;. Given m = (my,...,my) € 72, let

(1.11) (y,x)(m) := mqywy + -+ mgwy € L

where y € R and x € R%"!. Let 6; = x(w;). Then 6, are uniformly distributed on T
and independent of each other. Set

(1.12) O(m) := myby + - - - + mgby.

Now, X (see definition in Lemma can be rewritten as

(1.13) x= 3 SIn(2mO(m)) _jjx(on) 2
meZa\ {0} y(m)

where £ is uniformly distributed on the space of lattices, (y,x)(m) is defined by
, and (6y,...60,) is uniformly distributed on T? and independent of £. We will
use the representation in Sections|8 and |§| in our proofs and in Section [10| when
establishing the convergence of X.
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Theorems [I] and 2| have analogues in case we are interested in probability that S,
belongs to a finite interval. In particular, our results have applications to Local Limit
Theorems.

Theorem 3. Let z(n) and z3(n) be two uniformly bounded sequences such that
|21(n) — 2z3(n)|n¥? = co. Then the random vector

(1.14)

AEL:/;) (ezf/ ; {&l(zn ~Pap (f—ﬁ = 2)1 L {&1(22) ~Far G_ﬁ = Z)D

converges in law to a random vector (X (L, x1), X (L, x2)) where X(L, x) is defined by
(T.10) and the triple (£, X1, x2) is uniformly distributed on (SLy(R)/SLy(Z))x T4 xT<.

Here and below the uniform distribution of (£, x1, x2) means that £ is uniformly
distributed on the space of lattices, and for a given lattice, x; and Y2 are chosen
independently and uniformly from the space of characters.

Theorem 4. Let z1(n) < zo(n) be two uniformly bounded sequences such that I, =
z9(n) — z1(n) — 0.

(a) If 1, > Cn==%? for some e > 0 then

IP’ap(zl < 0577% < ZQ)

1
Lon(z1) -

almost surely.

(b) If 1,n¥* = oo then

Sn
ov/n

lnﬂ(Zl)

Pa7p(21 < < ZQ)

=1

(here and below “=" denotes the convergence in law).

Sn

< z
ovn 2) — 1| = Y where
lnn(zl)

2 <

_ Clagyr — a4 Pap(
(C) ]f ln = W then H(a, p) [

H(a,p) = (27)¢ det(Dap)
and

V(L. ¢) = 1 Z sin(2mx(w)) — Sl;l(gg[x(w) - cy(vv)])€7HX(W)||2 |

wel\{0}

L,x are as in Theorem[d and Dy is from (1.6).
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Remark 1.3. The normalization in Theorem [4(c) comes from the following compu-

S :
tation. Denote A, (2) = E4(2) — P ( Tn < z) . Then, Theorem 2 can be informally
o\/n

restated as
A(a, p)v2mn(z)
Ap(z) = nd/2

Then under the assumption of part (c¢) of Theorem {4 we have
An(ZZ) - An(zl) ~ A(a7 p) V21

X.

n(z2) Xy — n(z)A]].

N T 1nd?
A V2 1
Since <E;;Sc)z Y a.p) we can rewrite the above equation as
An(z2) = Ap(z1) _ n(z2)
H ~ Xy — A
c (a7 p) lnn(21) n(Zl) 2 1

Thus, the proof of Theorem [ proceeds by describing the asymptotics of the joint
distributions of n%2A,,(z) and n%?A,,(z,) while Theorem [2| gives the marginal dis-
tributions.

The intuition behind the results of Theorem [4] is the following. Call y, dJ-plausible
if P(S, = y,) > on Y% The discussion following shows that for each ¢ there
are about C(8)n%? §-plausible values. Therefore, if I, < n~%? then the interval
[21(n), ze(n)] would typically contain no plausible values. Hence, we should not expect
a Local Limit Theorem (LLT) to hold on that scale. Theorem |4 shows that as soon
as interval [z1(n), 2a(n)] contains many plausible values then an LLT typically holds
for this interval.

Recall that

n!
— E mi Md+1
Pa7p<sn € [21,22]) = —m I m 'pl .. 'pd+1 .
m;>0, > m;=n Lie- d+1:
1< mja;<zp

So, in Theorem we just count the number of visits of a random linear form Z m;a;
to a finite interval with weights given by multinomial coefficients. It is also interesting
to consider counting with equal weight. In this case the analogue of Theorem (C)

is obtained in [19] while for longer intervals only partial results are available, see
[10), [15].

The layout of the paper is the following. Theorem [I]is proven in Section 2] The proof
is a minor modification of the arguments of [I3, Chapter XVI]. The bulk of the paper
is devoted to the proof of Theorem [2] In Section [3| we provide an equivalent formula
for X. This formula looks more complicated than but it is easier to identify
with the limit of the error term. Section [4] contains preliminary reductions. Namely,
we show that the integration in the Fourier inversion formula could be restricted to
a finite domain. In Section [6] we show that the main contribution to the error term
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comes from resonances where the characteristic function of S,, is close to 1 in absolute
value. The proof relies on the asymptotic analysis of the resonant term performed in
Section[f] Several technical estimates used in our analysis are established in Section [7]
In Section [§ we use dynamics on homogenuous spaces in order to show that the
contribution of resonances converges to completing the proof of Theorem .
The proofs of Theorems [3] and [4] are similar to the proof of Theorem [2] The necessary
modifications are explained in Section [9] Finally, Section contains the proof of
Lemma [T.2

As a notational remark, in the paper the constants denoted by ¢, C', or other implied
constants may change from line to line or even within the same line.

2. EDGEWORTH EXPANSION UNDER DIOPHANTINE CONDITIONS.
Theorem [T is a consequence of Lemma [2.1] and Theorem [5] below.

Note that the characteristic function of X is given by

(2.1) gb(s) = pleisal 4+ +pd+1ei5“d+1
and recall that d(s) = max dist(b;s, 2nZ) where b; = a; — a;.
je{2,...,d+1}

Lemma 2.1. There exists a positive constant ¢ such that

(2.2) 6(s)] < 1 — cd(s)>

Proof. Since
1 [9(s)? 1 6(s)]?

L= 16(s)| = T 2 g

it suffices to show that
(2.3) 1p(s)]? <1 —2cd(s)*.
Note that

B(s)> =PI +2> piprcos((a; — ax)s).
J J<k
Taking a constant ¢ such that cos(t) < 1 — ¢t* for |t| < 7 and letting ¢ = ¢(min p;)?
J
we obtain

6(s)]> < 1—2¢)  dist*((a; — ax)s, 277Z)
i<k

proving (12.3)). |

Theorem 5. If the distribution of X has d4+2 moments and its characteristic function
¢ satisfies

(2.4) 6(s)| <1 — 2=

|s[7
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and R < g 1s such that

1
then
(2.6) lim n® |P S —&14(2)| =0
' n—00 o'\/ﬁ '
In particular, if X z's discrete with d4+1 atoms a = (ay,...,aq41), a is B— Diophantine

and <R — —) g < , then ([2.6]) holds.

Theorem [5| follows easily from the estimates in [13, ChapterXVI] but we provide the
proof here for completeness.

Proof. Denoting

A, =P (af;ﬁ < z) —&i1(2)

we get, from the estimate (3.13) in [13, Chapter XVI], that for each T

T
_ 1 oV | " £
(27) N i e R
m™)__r T
oV
C c ¢ : :
Choose T' = Bn® with B = —. Then, =& Take a small 6 and split the integral
€ n

¢"(s) — 5d 1(sovn)|

¢"(5) = Ea—1(s0/n)

1 [0
(28) / /
T J_s 6<|s|<BnR-1/2/q

From the proof of Theorem 2 in Section 2 and Theorem 3 in Section 4 of [I3 Chapter
XVI], we have that the first integral of (2.8)) is O (n_d/2).

Also, / —Sd_l(sa\/ﬁ)
|s|>0

s
Thus, we only need to estimate

(2.9) /J 9"(s) ds < %/JW”(S)] ds < %/Jexp <—bn1_(R_%)7> ds

where the last inequality is due to (2.4)). By (2.5)) the integral decay faster than any
power of n. The result follows. 0

ds has exponential decay as n — oo. Put

J=1{s: § <|s| < Bo~'nf~1/2}
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Remark 2.2. The fact that the Edgeworth expansion of order (d — 1) holds for
almost every a is obtained in [I, Section 4] (with a weaker error bound). [5] shows,
among other things, that a Diophantine condition with any exponent is sufficient for
obtaining a weak Edgeworth expansion for sufficiently smooth functions. [6,[14] obtain
similar results for dependent random variable including finite state Markov chains.
The relation between the Edgeworth expansions and Diophantine approximations are
utilized in [II, 38, 4] to show that Edgeworth expansions hold for almost every member
of several multi-parameter families.

3. CHANGE OF VARIABLES.
Here, we deduce Theorem [2] from:

Theorem 2 For each z the random variable

e ()

converges in law to X where

X(a,p,L,x) =
(3.1) % 0411 — ay sin 2my(w) ¢—4mx(W) Dy x(w)
20(a,p)\/ﬁwec\{0} Coy(w)
(L,x) is distributed according to p, the Haar measure on M, a = (ay,...,04:1),

p=(p1,...,par1) and (a,p) € Q are distributed according to P, (a,p) and (L, x) are
independent, and D,y and o(a,p) are defined immediately after (1.6]).

We note that the convergence of (3.1)) for almost every (L, x) followsﬂ from Lemma ,
see Step 1 in the proof of Theorem [2| below.

Proof of Theorem [d assuming Theorem [3*. We divide the proof into three steps.

A

Step 1. We will show that e**/? o p) has the same distribution as X" (see (|1.9))). To
this end, we rewrite the sum in (3.1)) as

1 sin(2mx(w)) o473/ Dy x(w)
52 a2, T de( D)

Let A be the linear map such that

(3.3) Ay, x) = ((27r)d—1 Y 21/ Dqp X) .

det(Dqy) ’

ILemma shows that the convergence holds if the sum in is understood as a limit as
R — oo of the sums restricted to the domain ||[Aw| < R where A is the matrix given by (3.3).
However, the proof of Lemma [I.2 shows that this sum could also be understood as the limit of sums
over domains |w| < R.
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Put (£, X) = A(L, x)- Then, using (L), (8.2) can be rewritten as:
1 Y SETW)
(27)d-1 det(\/D_w) we b0} y(w

Since det(A) = 1, the pair (£, ¥) is distributed according to the Haar measure on M.

Thus, using ((1.6)),
X(a,p,L,x) =€ Aa,p) D

weL\{0}

sin(27r32(v_v))

—lIx(w)
€
y(wW)

where (£, Y) is distributed according to the Haar measure on M. So, from ({1.9)

22/2 X
A(a, p)

Step 2. Denote
(34) QM ={(a,p)eQ:Vi k<pi, |a|]<M and Vi#j |a;—a;| >k},

e and X have the same distribution.

Sh < 22 Ap

A, = E4(2) P(U\/ﬁgz), A, =c¢ Nap)

We claim that it is enough to prove Theorem [2| under the assumption that P has
smooth density supported on Qy for some x and M. Indeed, let p be the original
density of P. Let f : R — R be a smooth compactly supported function. Given &

3
there exists a smooth density p supported on some Qf such that ||p—pl/, < 2| flloe
D

If Theorem [2| holds for smooth compactly supported densities then we can find ng € N
such that for n > ng

[ 1 (2a,) pand - ms10)| <

//f (nd/zAn)ﬁdadp— //f (nd/2An>pdadp’ < lp = dllel|f]] oo S%

it follows that

DO ™

Since

<e.

[ 7 () piado - w500

Since ¢ is arbitrary, Theorem [2 follows for an arbitrary L' density.

Step 3. By Step 2, we can and will assume that (a,p) is distributed according to a
smooth density supported on QY for some x and M. Let f be a smooth compactly
supported test function. Divide 2 into small cubes {Q;} such that if (a;, p;) denotes
the center of ();, then for each j, each (a,p) € @); and each A € R we have

(sm) =7 ()

<e.
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Such a partition exists since A is continuous and bounded away from 0 on Q. Then

R L G ey
—z// (R st

where |6(n)| < e for large n.

Applying Theorem |2/ in the case where (a, p) is distributed according to P condi-
tioned on @);, we get

YR R A Ce)
= //jE (f (eﬁ/?%:p))) pdadp + J;

where |;] < eP(Q;).

By Step 1,
22/2 ‘)e _
/] ® (f ( T m)) pdadp = P(Q,)E(/(X).

Summing over j we conclude that for large n

‘//f d/2A pdadp E(f(X))‘<35

Since ¢ is arbitrary, Theorem 2] follows. ]

Remark 3.1. The argument of Step 3 provides the following extension of Theorem [2}

The triple (nd/2An(a, p),a,p) converges in law as n — oo to the triple (X, a,p)
where X has the distribution described in Theorem[d, and (a,p) is distributed according
to P and is independent from X.

Remark 3.2. The argument of Step 2 shows that it suffices to prove Theorem [2[* in
the case P has smooth density supported on QKM for some x and M.

Sections are devoted to the proof of Theorem . Note that similarly to (1.13])

we have

S a2 |Gap — o] sin 276 (m

e )l Tym) >

47r2x(m)Da,p~x(m) )

meZ4\{0}



AN ERROR TERM IN THE CLT FOR DISCRETE RANDOM VARIABLES. 15

Remark 3.3. The statements of Theorems [2] and [2]° look similar, however, there
is an important distinction. Namely, the proof of Theorem is constructive. In
the course of the proof, given n, a and z, we construct a lattice £(a,n) and a char-
acter x(a,p,n,z) such that the expression n_d/QX(a,p,,C(a, n),x(a,p,n,z)) well-
approximates the error in the Edgeworth expansion. We believe that such a construc-
tion could be made for more general distributions where the Edgeworth expansion
fails, and this will be a subject of a future investigation. So, the difference between
Theorems [2 and is that in the first case, we have only an approximation in law,
while in the second case, we are able to obtain an approximation in probability.

4. CUT OFF.

Here we begin the proof of Theorem [2. By Remark[3.2] we may and will assume that
P has a smooth density supported on QHM for some x and M. Moreover, all constants,
including the implied ones in O-estimates, may depend on d, k, M and P.

As in the previous section, let

A, =&i(z) — F.(2) where F,(2) =Pap (US—"\/E < z) .
1 1- T
Denote by vp(z) = — - % and let V(s,T) = (1 - ’iTl) 1j5<7 be its Fourier
T x =

transform

We use the approach of [I3, Section XVI.3]. Let T, = on?**®. Note that o = o(a, p)
is random. Since we assume that (a,p) € ny , 0 is uniformly bounded, and bounded
away from 0. So, Ty = O(n***%) uniformly in (a, p), i.e., there exist constants ¢, C' > 0
such that lim Ty/n**% € (¢, C).

n—oo
Decompose

(4.1) — A, =[F, — & * v, (2) + [Fr — Fp*vp,] (2) — [E4 — Ea * vp,] (2).
To estimate the last term, we split

(4.2) E4— Eavn] (2) = / E4(2) — Ea(z — 2)] om, (2)da

j2l<1

+ /x|21 [Ea(2) — Ea(z — )] vy (x)da.

The first integral in (4.2)) equals to

/ 5"(y(z,x)) )
451 falz) wvn (w)dz = / de vy, (7)dx

|z<1

2We use /eis‘”f(s) ds as definition of the Fourier transform of f € L' as in [I3, Chapter XVI].
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ENy(z,)) (1 — oS Tgx) ( 1 ) N
— der = 0O -0 (2d+6)
/|z§1 2 7TT2 T2 (n )

where the first equality uses that vy is even.

Since both £; and cosine are bounded the second integral in (4.2)) is bounded by

dz C
C -0 —(2d+6) )
oz Bo2® T n )

Thus, the last term in [@.1)) is O(n~?4*9). Here and below, the constant C' do not
depend on the choice of (a, p).

To estimate the second term in (4.1]), we split the integral in F,, x vy, into regions
{lz| > 1/4/T2} and {|z| < 1/4/T3}. The contribution of {|x| > 1/4/T5} is bounded

by
i dx C
C/ = —— = O(n ),
P vy A G

On the other hand
/ [Fo(z) — F(z — x)]vp(2)de =0
|z[<1/VT2
unless there is a point of increase of F}, inside the interval
Jy = [z —1/\/Ta, 2 + 1/\/T2] .
The probability that J, contains a point of increase of F), is bounded by

(4.3) > P(Bw)

mi+-+mgp1=n

where

{m1a1+ +md+1ad+1 |:Z_1/\/T2,Z+1/\/T2:|} )

Note that B, = {|m a— oz\/_‘ < O'\/TL/TQ} . Since ¢ is bounded on QY there is
a constant L = L(M, k) such that B, C By, {‘m -a— crz\/ﬂ <L n/Tg}. To
estimate P(B,,) we consider the following variables on Q:

C - ((11, ceey Qdy1,P1y - 7pd—1>‘

Since ¢ is distributed according to the bounded density it suffices to estimate the
Lesbegue measure of B, in these coordinates. Without loss of generality we may

assume that my is the maximal among (my, ..., mgy1), whence my; > n/(d+1). Then
for large n we have that
0 n
—_ — — > =
8a1 [ ’ |:m1 Z\/_f)aj ‘ — 2d
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The last inequality follows because the second term is O(y/n). Accordingly, for each

fixed value of (ag,...,a4:1,p1,--.,Pa—1) the measure of a; such that ¢ € B,, belongs
to the segment of length O(y/n/T,) is O(y/1/nT;). Hence, each term in (4.3)) is

nd

1 1
@ (ﬁ)’ and so, the sum is O (\/n_Tg> . Thus, with probability 1 — O (W)’
we have that —A, = A, + O (TQ_I/Q) where

1 T |:¢n (_U\t/ﬁ) — éd(t)i| )
Apy = — Ty)e it

n,2 o /_T2 it V(t, 2)6 dt
1 ovn e—iszU\/ﬁ ¢ (S> B gd(SO'\/ﬁ) V(S, n, Tz)ds ’

2r J_ 1 18
ovn

so\/n

T

V(s,n,T)=1— and ¢(s) is the characteristic function of X given by (12.1)).

Let Ty = o Kyn%? for some constant K, > 0, and define
T o
1 o\/n . 7 — 5
e*lszo\/ﬁ ¢ (8) .d(SO'\/ﬁ) V(

2r J_ 1 15
avn

Apa s,m, Ty) ds.

Note that T} = O(n%?) with the implied constant independent of (a,p) € QY. Let
[,=An0—Aui. Put Jy = [11/(ov/n), Ty/(0+/n)] and

~ 1 ) n
r,=— e iszoVn 9"(s) (8) V(s,n,Ty) ds.
2T Islen 18

Note that, due to the exponential decay of &,

~ é —ncs“o
T, — T gc/ Mdsgc/ ‘ ds < Ce=T log | T/ T}).
|s|e 1 || |s|eJy ||

2.2

Hence, there exists € > 0 such that I',, = fn + 0 (6_6T12>.

Further, note that 7 /(cv/n) and Ty /(0v/n) do not depend on (a,p). Thus, I, is an
integral over the union of the two intervals J; and —J; whose lengths are independent

of (a,p).

The main result of Section []is the following.

Proposition 4.1.

N

(4.4) HF ’ ¢

" L2 \/Tlnd/g.

The proof of Proposition [4.1] relies on the following estimates.




18 DMITRY DOLGOPYAT AND KASUN FERNANDO

Lemma 4.2. For each integer | there is a constant C' = C(l) such that

B (j6"(s)]) < g

for all |s| > 1.

Lemma 4.3. If I is a finite interval with length of order 1 and | be an integer then

[1eenas=o()

(where the implicit constant depends on | and on the length of I but not on its
location).

Lemmas 4.2 and [4.3| will be proven in Section [7] and Section [3] respectively.

Proof of Proposition[{.1. Note that V is an even function in s and ¢(s) = ¢(—s).
Therefore, the complex conjugate of I',, is

- 1 , @
r,=— eisEoVn ¢—(S) V(s,n,Ts) ds
2T Is|leqy —18
1 . o (—
= — gi(=9)zavn m V(—s,n,Ty) ds
2 |—s|e1 1S
1 ) i ~
= — eisEoVn 9(s) (S> V(s,n,T3) ds =T,
21 |s|e 1 1S

To estimate the L*norm of T,,, we write

n 2
E(?) = LE </|| . etV qb_(s) V(s,n,T5) ds>

472 18

1 ; V,(s1)dsy V,(s2) ds
= _4_2 // E (e—z(s1+82)za\/ﬁ¢n(81)¢n(82)> ( 1) 1 ( 2) 2
= J Jisil lsolen

S1 52

_ 5]
- (1 2ty

where

so\/n

(4.5) Vi(s) =V(s,n,Tp) =1— 7

is independent of o, and 0 <V, <1 on J;.
We split this integral into two parts.

(1) In the region where |s; + so| < 1, we use Lemma [4.3| to estimate the integral by
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1=s1 dss, ds
B( [ e[ el 200
|51|EJ1 —1—s51 |82| |81|

-o( TR )

Plugging the estimate of Lemma into (4.6) and integrating we see that the con-
1

(2) Consider now the region where |s; + so| > 1.

Recall that on €2,

(4.6)

tribution of the first region to E(I'?) is O

(4.7) pr+-+pi1 =1, and pia; + -+ paprag = 0.

We use the 2d-dimensional coordinates (ay,v) where v := (p1,ps, ..., Pa, b2, - - ., bar1)-

Then there exists a compactly supported density p = p(a;,v) such that the contri-
bution of the second region is

// Irlsaled (// L ALY pdal dy) V (Sl)dSI Vn(sz)d82
S1 52E 1 S92

9(517 S, a1, I/) — e—i(51+82)ZU\/E€W(S1+82)!11wn(sl)wn(sﬂ'

where

To estimate this integral, we integrate by parts with respect to a;. Note that for each

k we have i
. 1 d .
elsnal — |: elsnar

isn daq
Fix a large k (for example, we can take k = 8d + 25). The integration by parts

d\" .

amounts to applying (d_) to e_z(lerSQ)z"\/ﬁp[w(sl)gb(sz)]” which leads to terms
3]

formed by products of

{(di) [ewszwﬁ]}, {(di) [p]}, and {(di) Wsl)w(sm"}

where k1 + ko + k3 = k. Note that all of the above expressions depend implicitly on
a; because py and pgyq depend on a; due to the second equation in (4.7). Rewriting

that equation in the form
d+1

ai + ijbj =0
j=2

0
we obtain ai =—1/b;, j =2 or d+ 1. We also observe that when we integrate by
a

parts, the boundary terms vanish because p is smooth and has compact support.
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Thus, the contribution of the above term to the integral is bounded by the expectation
of
dSl d82

k1/2)+ks ) .
C n—K3 n—R3 —.
//31'152511 |1+ 32!k’k1nk‘¢ SURC |51/ |s2]
s1+sg|>

To estimate the above integral we consider two cases, k1 > k — 3 and ky < k — 3.

In the first case, we use trivial bounds |s1| > 1, [so| > 1, |s1 + so|** > 1 and
n—ks : 3) n—ks s

|9 " (s2)| < 1, and Lemma to estlmat E(|¢" " (s1)]) to obtain the upper

bound:

C |12 CT? CT? C
d/2+h—k1/2—k dsidsy <~ 5 < s © cedaiis S :
n ' ? [s1]|s2|€J1 n n n V Tind/?

Since Ty = O(n%?), Ty = O(n**6) and k = 8d + 25, we have the last inequality. In
the second case, we observe that |s; + 32|k_k1 > |s1 + 32|3. We divide the integration
region into two parts.

(a) |s1 + s2] > 0.1]s3]. In this case the integrand is bounded by
C .
0" (s1)] -

[51]|s2/*
Using Lemma [4.2] to estimate the expectation of the last term and then performing
the integration, we obtain the bound
n3/21nn_ 1 n3/2Inn
nd2T3 i T

The second factor is smaller than 1 since 77 = KZo?n? and d > 2.

(b) |s1 + s2| < 0.1]sa]. In this case s;’s are of the same order:
1
- <
5 <
Accordingly, the integrand is bounded by

s+l 9 (5] o R (s)].
1

S1

52

< 2.

To perform the integration over sy, we divide the domain of integration into segments
I;(s1) of length of order 1, so that there exists ¢, C' > 0 such that on I,

cl] < sz + 81| < CII.
Using Lemma [4.3[ on each segment, we obtain

(48) / |¢n_ 3<32)|d82 SZ ZB% < %

3
2€J27|81+82‘<0.182 |Sl + 82| l

3Here we use the fact that Lemma applies to any absolutely continuous distribution of (a, p).
In particular, it applies to the integration with respect to the (normalized) Lebesgue measure.
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where the constant C' does not depend on s;. We now perform the integration over
s1. Using Lemma (4.2| we bound the expectation of the integral by

c[ oy
[s1|>T1/

4.9 — = —
( ) nd/2 (ov/A) 8% nd/2T,

Multiplying the bounds of (4.8) and (4.9)), we obtain that the integral over region (b)
is also within the bounds of Proposition 4.1 0

Proposition [4.1] shows that (by taking K, sufficiently large) the contribution from I,
to the L2—limit of n%?A,, can be made arbitrarily small. On |s| < Ti/o+/n, due to
(4.5)), we have

_ |s|
V(S,n,TQ) = <1 - nQd—Jr% .
Hence, A, 1 = A, + o(n_?’d/z) where

. 1 n(s) — & ‘
(4.10) A, = — ¢"(s) fs‘d(sax/ﬁ)e_wwﬁds.
2 |s|<T} /o/m 18

In summary, the analysis of Section 4| shows that n¥?||A, — A, ||z — 0 as n — co.
Hence, we only need to analyze n¥/2A,, for large n.

5. CONTRIBUTION OF RESONANT INTERVALS.

5.1. Definition of resonant intervals. Denote

2wk
S =
|Day1]
2
and let I be the segment of length I T | centered at s;. Let Ky be a constant such
d+1

that Ky > K. Due to the results of the previous section, it is sufficient to study
A= Y I
|k|SK2n(d—1)/2

where

k — .
21 I

Zo = o(n™%?) due to [I3, Section XVI.2]. Next, £;(so+/n) decays exponentially with

respect to n outside of . So, its contribution to Zj is negligible for k£ # 0. Accord-

ingly,
R 1
A, = 7 —_—
Z s ko (nd/2>

0<|k|<Kan(d—1

~ 1 _iswn¢”s—c‘f so\/n
Z oy 1 Sd( )ﬂws\gn/aﬁd&

where

1 ’ "
I, = — e—zsza\/ﬁ (8)

= 1 ds.
2mi Jp, s lsIsTi/ovm 45
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Write

5, = argmax |p(s)|, @ (5;) = rre'r.
sely

Call the interval I resonant if r;; > n1% and call it non-resonant otherwise. By

definition, if the interval I is non-resonant, then Z, = O(n~'%?). Since there are
O(n'*~1/2) number of intervals (both resonant and non-resonant), the total contribu-
tion of the non-resonant intervals is at most O(n~19%4t1/2) which is negligible. So,
from now on, we focus only on the contribution of the resonant intervals.

5.2. Asymptotics of the resonant terms. The following lemma is similar to the
results of [8, Section 5.2].

Lemma 5.1. Suppose that

(5.1) > p,—100d
and
T

5.2 4 I

(5.2) T ¢ I,

Then

I = ;ﬂe_ﬁ/z pindr—isnzo/n (1 ) (1113 n))
* 1V 2mno Sk Jn .

Proof. Let ¢™+% = '@+ ®) with |8;(k)| < 7. Then

d+1

(5.3) TR = ij cos f;(k),
j=1
and
d+1
(5.4) > " pjsinB;(k) = 0.
j=1
From (j5.1)), we have
C1
(5.5) S iy
n
(5.5) along with (5.3) give
as Clnn

n

(5.6) ijﬁj(k)2 < ,
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and hence, |8;(k)| < C \/ Comblnmg this with we obtain
n

d+1 ] 3/2
(5.7) ijﬁg (”—/> -

Next, by the definition of 5, o(5k + 0) is perpendicular to ¢(5;) and whence

0
55150
(5.8) > pja;sin (k) =

Let s € I, then s = 5; + ¢ for some d. Using Taylor expansion,

a’6?
etGrtd)a; _ ity ,iB;(k) (1 + z'aj5 _ J_> +0 (53>
2

= ¢'P¥ (COS Bi(k) + isin B;(k) + ida; cos B;(k) — da; sin 53(k)>
252

— €' (cos B(k) + isin 3;(k)) - 5t O (6%).
Thus,
d+1
o(5k +9) Zp ik to)a; —
d+1 252 3/2
. . azo 1
Py 4 el ij cos f3;(k) (iaj5 - ]T) +0 (% + 53)
j=1
A 0_2(52 . d+1

(5.9) = rpe'* <1 ~— ) + ideir ijaj(cos B;(k) —1)

j=1

62 . s In®?n
—e Pk ija?(cosﬁj(k) —15)+ O i + 53
j=1

where we have used (5.4), (5.7)), (5.8) as well as
2

pia; + -+ pap1aa1 =0 and  pai+ - +pd+1a?z+1 =0

The main term in ([5.9)) is the first one since

Joos 30) = ] < Jeos () 1]+ 11 =l = O 0 + 22 )

n
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Hence, using (5.6)), we obtain

. 262 1 In®/?
¢(5 + 0) = rpe* <1 - 02 ) + 0O ((6+ 52)2) + 0 (% + 63>

n
252 n*?n
_ i _ a 3
_Tkek<1 2 )+O<n3/2 0
In summary,
- o252 In®2n
(5.10) ¢(55 + 6) = rpe' (1 - T) +0 (W +0° .

C1
Next, split I, = I UI} where I} is the part of I, where {|5| < \/n_n} and I}] = I\I}.
n

Note that, if (5.5)) holds, then Lemma shows that sj is close to sg. So, the set
Cl
{\6] < \/n_n} is completely contained in ;. Lemma also shows that for s € I,
n

|6(s)|™ < n~¢™". So, the contribution of I} to T, is negligible.

In®n
Next, on I, the error term in (5.10]) is O < 372 ) . Hence, the contribution to Z; from
n

I is

n ) ~ 252 1 3 n ]
ki) / (1 -0 <—n3/7;)> (1+0(8)) e 72V dg
27T28k |6]<CInn//n 2 n

n
_ 71]?7 e’i(nqﬁk_\/ﬁgzgk) / 6—0262n/2—i05ﬁ260(1n3 n/\/ﬁ) (]_ + O(n54 + 5)) d(s
2715y, 5|<C'Inn/\/n

n 3
_ Tllc_ ei(nqﬁkf\/ﬁazEk) 14+0 In"n / 670262n/27i06\/ﬁz ds.
2715y, Vn |6|<Clnn/v/n

Making the change of variables 0dv/n = t, we can rewrite the last expression as

n,—22/2

3
L€ i(ngr—+/nozsy) < (ln Tl)) / —(t4i2)%/2
P r— 2 1+0 e dt
27”‘9160\/% \/ﬁ |6|<Colnn
TZ@‘ZQ/

? ilnt— oz 140 o’ n / —(t+i2)2/2 gy
= ——————=¢€ (&
2isRo\/1 vn R

n,—z2/2 3
_ e / 6i(n¢k—\/ﬁaz§k) 1+ O In"n ]
V27isgo\/n NLD

This completes the proof of the lemma. U

5.3. Proof of Lemma [4.3l.
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Proof. Note that if [¢™(s)] < n7'%% then [¢"7'(s)] < n™° and if |¢"(s)| > n 10
1
then |p(s)] > 1 — ¢ nn’ and hence, |¢'(s)| < 2. Therefore

(5.11) 6] < 2067 +

Thus it suffices to prove the result for [ = 0. We can cover I by a finite number of
intervals I;. For the intervals where ry < n™ ' we have

I
S [ ereas< ol

n<n—100d

For resonant intervals where r’ > n 1% and k # 0, the proof of Lemma shows
that

1
|67 (s)|ds < C (1—¢6*)"ds+ O (n~"") =0 <—> .
n>;ood |6]<C'Inn/y/n \/ﬁ
Finally, the case k = 0 is analyzed in [13, Section XVI.2]. O

6. SIMPLIFYING THE ERROR TERM.

Inn
As noted above, in the resonant case, Lemma gives d(8;) < C'\/ —. In particular,
n
. _ Inn
dist(bg115k, bay15k) < C/ — because byi15, € 2nZ. So, & 1= 5k — Sy, satisfies
n

|
|6kl < C\f — =1
n

1
Since d(sg) = d(5x) + O(sr — S), we also have d(sg) < C an
n
2mkb 2mkb;
Noting that b;s), = ZT%%5 we define Nik = T + 27l y, for j =2,...,d+ 1, where
b1 ] [basa
l; 1 is the unique integer such that
27kb,
(6.1) —r< 2+ 27l < .
|bar1]

Then, 1441 = 0 and the foregoing discussion gives

lnn
(6.2 el < 020

Define the random vector

Xy, = V/nmy,
where m;, is the vector with components (124, - .., 74x), and let
k
Y, =

nd-1)/2
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Also, for the remainder of the paper, we fix a constant «:
1

(6.3) o= Sd-1)

The main result of Section [0]is the following.

Proposition 6.1. Let A n(0, K) ==

s |e=7/? sin (2“" (vVna; — zo)Yy + (vV/nq + zow) - Xk> I
[ S e a,p
noy/2m kES(n,6,K) Y

where

(6.4) Sn,8,K)={k>0|6 <Y, <K, |Vi]*|| Xe|| <25t}

and the vectors w = (wa,...,wq) and q = (qa, ..., qq) satisfy

2 m (b — b
(6.5) Wy = leplp( ) . Qm =Pm, m=2,...,d.

i S p (b — by)?
Then, given € we can find 6, K such that

P (|An ~ AL K)| > 6/nd/2) <

Before proving this, we obtain an approximation for r; and use it to obtain an ap-
proximation for Z.

Sublemma 6.2. There exists a (d — 1) x (d — 1) matriz Dap such that
(6.6) e =1—=nDap M+ O(me]).

Proof. Writing 17 = 1(31)¢(5%), 31 = sx + & and substituting 7, + b;&, for b;5, we
obtain,

dt1
= 05 +2 > pipjeos|(b = b)& + k= Njk] + 2pas1pr cos bayi&
Jj=1 1>5,5#1

d

+2 ijpl cos(b;&k + k).
=2
Therefore,
= > oil(b = 0)6k + Mk — mix)* — Payipibi &
1>5,j#1

_Zp]pl b +mix)* + O <fk+z771k)

=2
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Note that the implied constants here and below can be chosen to be independent of
(a,p) € Q.

Taking 7, , = b; = 0, we can write the above as

==& (b - Q&cZPZPJ )k — Mjk)

>3
+1—Zplpg My — k)’ <fk+z771k>

where the sum in Z is taken over the pairs (I, j) such that [ > j and (I, j) # (d+1,1).

Since r} is approximated by a quadratic polynomial in &, (the unknown) we can
approximate &, by determining argmax 73 (£), obtaining

S ooy (b — b)) (s — 1) >
= — ’ - @

C=—Ts -y O UmdD)
67 ST (b — bk o )
o RS ied v TR TR LR

=1 J J

We recall that b; = 0 and 7, = 1441, = 0. Substituting back we find r; in terms of
n;, only. Namely,

~ 2
—— > oipi (b — ;) (g — ﬁj,k)] d

r2=1- Dip; — i)’ + [ + 0O o] -

k E , ;i (e — jk) ij pup; (b — b;)? ?:1 ke

—1
> pipi(b—b;)°

. Then,
I>j

Put R =

re=14> pp; [P (b — b;)’R = 1] (g — k)

d
+ > PiPiPmPm (b1 — b5) (b — b ) Rk — 1j.k) Mg — M) + O (Z nig’k)

I>j,m>m =1

(L,3)#(m,m)
(L,3),(m,m)#(d+1,1)

d d
(6.8) =1-2 Z Dy ;(a, p)minix + O (Z W?k) -

1,j=2 =1
Thus,

rp=1- Z Dyj(a, p)manix + O (Zm) =1 =1 Dap - 1+ O(Imill®)

1,j=2
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where Dy, is the (d — 1) x (d — 1) matrix with

(6.9) [Daplij = Dij(a,p),

proving . 0
Lemma 6.3. The matriz D,y defined by satisfies

722 n
e (1=mDap - my + O ]?)) pinbn—isizoyi
W 2mno Sk

where m;, = (7]2,k7 e 777d,k)'

Iy =

(140(1))

Proof. Follows directly from Lemma and . O

We next consider the Zj at the two ends. Let B(a,p) be the contribution of these
T

o\/n

B(a,p) <

boundary terms, i.e. from k such that +

€ [;. By Lemma ,

1

Recalling that 77 = Kion%?, we see that we can make n% ’B(a,p) as small as we
wish by taking K large. So, from now on, we ignore these terms.

Lemma 6.4. Let
i = TeLjpjent/an, izt 211
For all sufficiently large K > 0, there is a constant ¢ such that

< L k@ ~02K
E g E l Zg| | =O (WQ (@1 exp (—c2°™)
0<|k|<Knld=1)/2
— KE*v1
where the sum in E is over | satisfying | > K and 2' < 1—nn
nl/4
Kk*/Inn

nl/a
the discussion at the beginning of Section [0, it is enough to consider the intervals
satisfying (6.2) and we can take K > C' where C' is the constant from (6.2)).

Remark 6.5. We could restrict to { satisfying [ > K and 2! < since, by

The proof of the above lemma will be given in Section [7] Lemma [6.4] shows that we
should focus on the contribution of Z; with

0< |kl < Kon D2 and 1< K.

Next, we prove a result that allows us to simplify A, even further. Recall that we
are dealing with resonant £, that is, we assume that r > 1004,
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Lemma 6.6. (a) 5, = s, — w - 10 + O(||n.||?) where w = w(a, p) is the 1 x (d — 1)
vector defined in (|6.5)).
Inn
(b) If ||l = O (%) then ngx, = nsiar + npanay + - -+ + npanar + o(1).
Proof. Since 5, — s, = &, part (a) follows by (6.7)).

Recall that ¢(5;) = rre’®, and by ([5.10)

n*?n
¢ = arg ¢(sy) + O <|5k — sl + |

Note that,
G(sk) = €4 (py + pae™ + - 4 pgeit 4 py.y).
Thus,
B sin + -+« 4 pgsin
arg(¢<3k)) = spa4 + tan 1 ( P2 772,k Pd 77d,k >
P1+P2COSNyk + -+ 4 PqCOSNgk + Pdi1
d
= Spa1 + mel,k + O([|n 1)
=2

since the denominator in the first line is 14 O(||n,||?). Part (b) now follows easily. (]

Proof of Proposition[6.1]. First, we show that it is enough to consider Z;; when
onld=1/2 < |k| < Kon @12 and 1< K,

for appropriately chosen 6 and K.

Recall from Section [(5.1] that

~ 1
An: Z I]f—{—O(W)

0<|k|< Kan(d-1)/2
for Ky, > K;. By Lemma , the contribution of Z; with
0 < k| < Kon™ P2 and 1> K,
can be made arbitrarily small by choosing K5 large.

Next, we claim that the distribution of 1, has bounded density. Since (a,p) has a
bounded density 0 QM the vector

b_( b2 b >
|bay1] |bay1]

4Recall that QM is defined by (3.4).
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has a bounded density on VM := {(z1,...,z41)[Vj k(2M)™" <z; <2Mk™"'}. Let
L denote the supremum of the denS.lty of b. Since 7, is obtained by rescaling b by
27k and taking mod 27, its density is bounded by

L dr Mk AML
X <
2k -

where the second factor on the LHS accounts for the multiplicity of the fractional

part on VM. Since the RHS of (6.10) is independent of k, the claim follows.
Next, define
A ={(a,p)| Ty = 0 Vk,l s.t. 0 < |k| < on' /2 and | < K5}

(6.10)

K K

(a, p)| E”C,l s.t. 0 < |]€| < 5n(d_1)/2, ) < KQ, ]l|’€|D‘n1/4||”7kH€[2l72l+1) = 1}
(a,p)| 3k s.t. 0 < |k| < on@=Y72 |k[*nt/4||n,|| < 282711,

(611)  PMAH< ) P ([ n! Il < 2)
0<|k|<dn(d=1)/2
C 2(Kz+1)(d-1)

_ (K2+1)(d-1)
S Z || (d=Dap(d-1)/4 O <\/S2 )

0<[k|<n(d—1)/2

where a = [2(d—1)]™" (see (6.3])) and the probability estimate follows from 1, having
a bounded density.

Hence, for K5 and 9 such that V§2KeA(d-1) i small, we can approximate A,, by the
sum of Tp,’s with 6 < |k|n=@"V/2 < K, and |k|*n'/*||n,| < 282+,

Combining terms corresponding to k£ and —k, we obtain the following approximation
to the distribution of A,, for large n

—22/2

|bas1le Z sin(ngy — gkza\/ﬁ)e—XkDa,p~Xk

nt2o/ 2m keS(n,6,K) Y
for appropriate choices of K and §, and where S(n,d, K) is defined in (6.4). The
restriction Y > § in S(n,d, K) comes from (6.11)), the upper bound Y < K comes
from (£.10]), and the restriction |Y;|*[| X < 2" comes from Lemma [6.4. We have

also used Lemma (a) and the fact that |s;| > con@~Y/2 in the region we consider
to replace Si by sg.

Recall (see (6.5)) that q := (p2, ..., ps). Lemma[6.6(b) shows that
ney — Spzoy/n = si(nay — zov/n) + nq - Ny, + zov/nw - N, + o(1)

v ——(Vnay — z0)Yy, + (Vngq+zow) - X + o(1).

~ Jbas]
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Therefore, for large n and K and o such that Vo2 EFN[E-1) 4o very small, the distribu-
tion of A,, is well approximated by A,,(d, K') completing the proof of the proposition.
O

7. EXPECTATION OF THE CHARACTERISTIC FUNCTION.

Proof of Lemma[.3. As in the proof of Lemma [4.3] the inequality (5.11]) shows that

is suffices to consider the case [ = 0. Recall that d(s) = ,nax 1d(bjs, 0) where the
<j<d+

distance is computed on the torus R/(27Z). Lemma [2.1]shows that there is a positive
constant ¢ such that

(7.1) 9" (s)] < e,

To prove the lemma we decompose E(e_cnd(s)2) into the pieces where d(s)y/n is of
order 2! for some | < (log,n)/2.

Since P has a bounded density, the distribution of the (bys, ..., bsy15) has bounded
density on T where the bound is uniform for |s| > 1. Hence

P(c; <d(s) <) =0 (c§ — )
for all 0 < ¢; < ¢ < 1 uniformly in |s| > 1. Therefore,

(logyn)/2

%) +C Y P (d(s)vn e [2,2h)) e

(logy n)/2

E (|6"(s)]) < CP (d<s> <

C 2 . C
< atC nd2® = ane
1=0

where the constant C' can be chosen uniformly for all |s| > 1. This completes the
proof. 0

Proof of Lemma[6.4. Since, by (6.6), 7. = 1 — 9, Dap - 1 + O(||m,]|*) where the
implied constant is independent of (a, p) € QY and |k|*n'/*||n,|| € [2!,2"""), we have

4l
C—7
CRNE

where ¢ is independent of (a, p). Accordingly,

T‘kgl—

NG
ry < Ce K2

Also, similarly to the proof of Lemma [£.2] we get

OQl(d_l)
P(|k[*n'*|n| € [2,2") € ————.
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Hence,
L e e
B(Zeil) < Valkl k-0~ kPp@DA

Thus,

CQZK\/E

- C2K(d—1)€7 | k|2
ZEQIMD < ]k|3/2n(d+1)/4
l

Therefore, we need to estimate

2.

0<|k|<Kn(d=1)/2

C 1 22K (d=1)p(d=1)/2 22K m
(72) = — i n e ‘k|2a .
nd/? 2 k| k|
0<|k|<Kn(d—1)/2

Split the sum over

22K

CQK(d*l)e_ k|2
PRGN

(7.3)

Knld-10/2 fpd-1)/2
e

for ¢ € N. Then, for a fixed ¢ we have

K
K=o (2—“5) .

So, each term in the sum ([7.2)) is of order
oK (d-1)+(3¢/2) 2K+
K3ipa-nz P\ T o ]

(d=1)/2

K
The number of terms in ([7.3)) is O (HT> Hence, the sum over k in ((7.3)) is

o 9K (d—1)+q/2 2K +a
—_— e —_——— pr—
VE P\ T TS

9K (d—1) 22K 24/2 2/(d—1)
(’)( exp(— - ))x(’) 21/ oxp —< ) )
VK Ko VK
Sincdl

CQQ/2 2/(d-1)
(7.4) 292 exp —( )
2 VR

°To see this, one can, for example compare the sum in (7.4) with the integral

/00 exp (70(‘%/\/?)2/@71)) dx =0 (\/E) .

0

<OVK
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we obtain the lemma upon taking ¢ < ¢/K T O

8. RELATION TO HOMOGENEOUS FLOWS.

Given u € R%! v € R consider the following function on the space M of unimodular
lattices in R?:

(8.1) Z(L;u,v) = Z

(y:x)eL\{0}

sin 27 (u - x + vy)
Y

—4m2%xDa p-x
e P L scy<K, 2myo||x||<2K+1} -

b b
Define v = (]b 2 T d ’) . Introduce the following matrices
d+1 d+1
(1 0% B e~ (d=1)t 0
Hy = (oT Id1> ’ Gi = ( 0" el )’
Then, we get
~ ’bd 1’6 22/2
(8.2) n?A, (5, K) = ; = 2(L(na)iu,v),
where
nd/2
(8.3) u=+nq+zow, v= W(\/ﬁal —z20),
d+1

w and q are given by (6.5), and £(n,a) is the unimodular lattice Z* H, G -
2

To see this, note that, for an arbitrary vector (k,moy,... ,max) € z,

—(d-1)/2
n n
(]f s m27k e ,md7k> H’Y Gln(2n) = (k , mz,k goee ,md’k) ( OT \/%3]1)

k
g (W,\/ﬁk7+\/ﬁ(m2,k7 7md7k)>

= (Yi, @m) ' X+ vV (may — log, ... ,mak — lak))

where Y, and X} are as in Proposition and [; are given by (/6.1). Note that the
second term has norm at least /n unless mjy = ¢; for j = 2,...,d. It follows that
the only term which contributes to the RHS of (8.1) is the term with m;, = ;4

justifying (8.1) and (8.2)).

Let w;(n,a) = (y;(n,a),x;(n,a)), j = 1,...,d with y; € R and x; € R*! be the
shortest spanning set of £(n,a). Put

0;(n,(a,p)) =u-x;(n,a) +oy;(n,a), j=1,...,d.

Proposition 8.1. If (a,p) is distributed according to P then the distribution of the
random vector

((a,p), £(n,a),8(n, (a,p)))
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converges to P X 1 as n — oo, where p is the Haar measure on

[SLa(R)/SLa(Z)] x T°.

If we restrict our attention only to ((a,p),L(n,a)) then the result is standard (see
[20, Theorem 5.8], as well as [11, 16, 21]). We refer the readers to [7, Theorem
3], [24] and the references therein for extensions to [SLy(R)/SLy(Z)] x (T%)? under
various conditions. Our proof of Proposition follows the approach of the proof of
Proposition 5.1 in [9].

Proof. We need to show that for each bounded smooth test function f,

(8.4) /Qf((a,p),ﬁ(n,a),G(n, (a,p))) dP — F((a,p), £, 8) dP dL dO

QX MxTd

as n — oo. Write the Fourier series expansion of f with respect to 6

(8.5) fap),L(n,a),0)= > fil(a,p) L(n,a)) &7,

Then, it is enough to prove (8.4 for individual terms in ({8.5).
If k = 0 then by [20, Theorem 5.8] we can conclude that

/fo((a,p),ﬁ(n,a))dP — fo((a,p), £)dP dL d6
Q Qx M xTd

as n — 0o.
Next, assume that k # 0. Since €2 is 2d dimensional, we can use

(a1,v) := (a1, (p1,p3,-- - Pa- b2, - - -, bat1))

as local coordinates. In these coordinates, £ is independent of a;. Hence, y;’s and
x;’s are independent of a;. Note that there exists a compactly supported density
p = p(a1,v) such that

(86) Jn,k _ /fk e27rik.6 dP = //e27ri(v2yjkj+zazkjw-x]-—I—\/ﬁijq-xJ-)(fk p) da, dv
where we recall that v is defined in (8.3). Note that
/ fi €% dh, ... dBydP dL =0
TdxQx M
because
/ ™ 0dp, ... db, = 0.
Td
Therefore, it is enough to prove that J, i converges to 0 as n — oo.
To this end, we use integration by parts as follows. Define
D25y

2mi fa _ int D2 g(w)a

glag,v) =e " Taril
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21 > yik;

where ¢(v) = b

, and

-2 % ™ jwx; |zo(a1,v)—/n QX
har,v) = (fip)lai,v)e 2 (( Faral 4™ ks a) (a1,0)=vn 3 kjq ])‘

Then, the inner integral in is / g(ay,v)h(ay,v)da; .
Let € > 0. On the set Qx = {¢(v) > ¢}, we can write

1 iarn(d+1)/2
(CLl, )da1 Wde ! ¢(V).

Integrating by parts on Qx (note that h has compact support) and using trivial bounds
on (., we can conclude that

eV 2ow) gy,

| Jnxe| < Cm'ilX )T Doy —(ay,v)da;| + CP({p(v) < e})
C oh
S W/max 8@1 (CLI, ) da1 + OP({¢(V) S 5})
for small enough . But
Oh

(ab V) = O(nd/z)v

day
and hence, the first term is O.(1/y/n). Therefore, first taking n — oo and then taking
¢ — 0 we have the required result. 0

Recall the definitions of (y,x)(m) and 6(m) given by (1.11)) and (1.12]), respec-
tively. With this notation, Proposition implies that as n — oo the distribution of
n%?A,, (6, K) converges to the distribution of

lagi1 — alle_ sin 270 (m

v (K,5) —
87 XL ) 20(ap) ¢2_ 2 ()

—47r2xDEl pX
' Uk,s

wherd]|
(8.8) Uks = {0 < [y(m)| < K, 27 [y(m)|*||x(m)]| < 251}

and (£, x) € M is distributed according to p. Therefore, Theorem [2* follows from the
result below.

Lemma 8.2. X9 converges in law as K — oo and § — 0 to the random variable

X given by (3.1)).

Lemma [8.2], proven in Section completes the proof of Theorem [2]*.

SNote that (8.7) contains an additional factor of 2 in the denominator comparing with (8.2). This
is because in (8.7)) the sum is over all lattice vectors (see (8.8])) while in (8.2) we only consider the
vectors with positive y coordinate.
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9. FINITE INTERVALS.

The proofs of Theorems [3] and [4] are similar to the proofs of Theorems [I] and [2] so we
just explain the necessary changes leaving the details to the readers.

Proof of Theorem[3. The random vector (I.14)) can be approximated by (21, 22))
where Z) are defined as in (8.I) but with u and v replaced by
u” = /nq+ zow and 0@ =

/2
= (Vnay — z0)
[ba1]

respectively. Define 0" as in Proposition but u and v replaced by u® and v®@.

n

To complete the proof, we prove an analogue of Proposition [8.1] Namely, we prove
that the distribution of

((a,p), L(n,a),0W(n, (a,p)), 6% (n, (a,p)))
converges to P X p as n — oo where p' is the Haar measure on [SLy(R)/SLy(Z)] x
T? x T

As in the proof of Proposition [8.1] we prove that for individual terms in the Fourier
series of a smooth function f on [SLy4(R)/SLy4(Z)] x T x T¢

> fasl(@p)£n,a) erriled e 0000
(k1 7k2)EZd x 74

we have

Jn,kl,k2 = / fkl,kQ((ay p)7E(n’a)>€27ri[k1'6(1)+k2-(0(1),g(2))] JP
Q

= / farke((a,p), L) 01tk 01261 4P 4 £ 46, d6,.
QXM xTexTe
The case k; = ky = 0 follows from [20, Theorem 5.8]. Note that

nd/2
ks - (00— 0%) = (z(n) — 21(n) (W Sk~ xj) 0

If k; = 0 choose appropriate local coordinates in which ¢ is a coordinate. Integrating
by parts with respect to o = o(a, p) and using |z (n) — z2(n)|n%? — oo, we see that
Jnok, — 0asn— oo.

If k; # 0, then using the same local coordinates (aj,r) as in the proof of Proposi-
tion , we can integrate by parts to conclude that J,x, x, — 0 as n — oo. The
proof follows through because the leading term of k; - 8% + ks, - (0(1) — 9(2)) is still
20 (v)ay. O

Proof of Theorem [ To prove part (a) pick & < e. Applying Theorem [I| we obtain
that for almost every (a, p)

Sn s
Plap) (Zl < a—\/ﬁ < Z2> =&p-1(22) = Eaa(21) + O (n (d )/2)
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=n(z1)l, + O(2) + O(l,/v/n) + O (n’(d{m) .
According to the assumptions of part (a), the first term is much larger than the
remaining terms proving the result.

The proof of part (b) is similar except that we apply Theorem [3|instead of Theorem .
So, we only get convergence in law.

To prove part (c) we first prove the following analogue of Theorem [3[in the case where
clagsr — a1|
n/ 2o

gy (2[5 —2an (G <2 o e P (5 2 2

converges in law to a random vector (Xy, X5)(£L, 6, ¢) where

(sin f(m),sin(f(m) — cy(m))) :

22221+

o Ilx(m)]2

y(m)

Once this convergence is established, the proof of part (c) is the same as the proof of
part (b). The proof of convergence is similar to the proof of Theorem |3| except that
0 and 6 are now not independent. Namely, using the same notation as in the
proof of Theorem [3] we have that

(9.1) u® = u® + 0 (n~?) and v® = oV — ¢,

By Proposition (L(n,a), 8% (n,a)), converges as n — oo to (L, 8*) where (L*, 0")
is distributed according to the Haar measure on SLy4(R)/SLy4(Z) x T¢. Combining
this fact with we obtain that (£(n,a),0% (n,a),0® (n,a)) converges as n —
0o to (£*,0%,0°) where (£*,0%) is distributed according to the Haar measure on
SLy(R)/SLy(Z) x T and é: = 0} — cy;. This justifies the formula for (X, &), O

(X1, Xo)(L,0,c) = Y

meZd\ {0}

10. CONVERGENCE OF X.

We need some background information. Given a piecewise smooth compactly sup-
ported function g : R? — R, its Siegel transform is a function on the space of lattices
defined by

S@L)= Y glw).

wel\{0}
An identity of Siegel, see ([19, Section 3.7] or [22, Lecture XV]) says that

(10.1) E.(S(g)) = / g(w)dw.

In particular, if B is a (bounded) set in R? with piecewise smooth boundary not
containing 0 then

(10.2) P.(LNB#£0) <Ps(S(1p)(L) > 1) < Ex(S(1p)) = Vol(B).
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We shall use the following consequence of this result.

Lemma 10.1. Let § > d. Then for almost every lattice L, there exist C' = C(L)
such that for all w € £\ {0} it holds |y(w)| > C||w]".

Proof. For k > 1 let By, € R? denote the following set
B ={(x,y) eR"™ xR x| € [k, k+1),[y| <k},
and denote Dy, = {£: LN By, # 0}. By (10.2), Pz(Dy) < Kk™7. Since 8 > d,

Z PL(D],C) < 00.

So, by the Borel-Cantelli Lemma, for almost every L, there exists k(L) such that
LN By, =0 for k > ky. Since £ contains finitely many vectors satisfying |[|[w]|| < ko,
we can choose C'(£) < 1 so small that |y(w)| > C||w|| =" for all non-zero w in the
ball of radius kg. The result follows. O

Proof of Lemma[I.3 Let LT ={w € L : y(w) > 0}. Since
sin(2mx(w))
y(w)
is even, and almost every lattice contains no vectors w with y(w) = 0 and w # 0
(this follows immediately from Lemma , it is enough to restrict the attention

to w € L1. Throughout the proof we fix two numbers € > 0 and 7 < 1 such that
e<(1-7)x 1.

By applying Lemma with g = d + 1, for almost all £ we have

Z Sin 2mX(W) (w2 | < S Cffw] e v
N _y(w) A
weLt: [la(w)l|=]|wl weL
converges absolutely. Hence, it suffices to establish the convergence of
Xy = 3 SI 27X (W) a(w) 2
+. 5 5 y(W)
weLlt: lz(w)|<[wlls<R

Let R\, = ok 44278 i =0,...,[29"7%]. To prove the convergence of X, we will
show that almost all £ and almost all y satisfy the two estimates below:

(10.3) V sequences {ji}, /'\?Rjk,k converges as k — 0o,
(10.4) max sup ‘/\?R — Xg,,| = 0as k — oco.
J R k<R<Rji1k '
To prove (|10.3)), let
Sy = 3 SIN 2T (W) _jia(w)2

y(w)

weLlt: lz(w)|[<[[w|l®, R x <[WI[<Rji1k
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Using that E, (sin(27(x(w)))) = 0 and for wy # £wo,

E, (sin(27 (x(w1))) sin(27 (x(w2)))) = 0,
we see that E, (5;;) = 0 and

e~ 2lx(w)lI?
Var, (S;x) = Z 2 )
weLt: |lz(w)[[<[[w Rk <[IWI<Rj i1k
1
< gaerr Card(w s flz(w)ll < [wl*, Bjp < [[wl] < Rjia)
C(£)
< S Vol(w  [le(w)l) < W], By < Iw] < Byir)

< C<£)2(7+s(d71)72)k'
Hence, by Chebyshev’s inequality for each j
P, (S| > 27(7m+ak) < O(L)2E@D=k,
Therefore
P, (3 [Sja] > 2707Tk) < O ()20 el =20k,

Thus, if € is sufficiently small and 7 is sufficiently close to 1 then Borel-Cantelli Lemma
shows that for almost every Y, if k is large enough, then for all j, |5 x| < g (I=r+e)k,

and thus, Z S| < 27°F proving (10.3)). Likewise,

J

- 1 ,
sup | Xr — X, | < > el e~ llew)l
Rk SRRy weL: [la(w) | <IWIFIWI Ry pByen ) D

< C(L)2 Vol(w : [lo(w)l| < W, By < W] < Rya) < C(£)20 460015
proving (10.4). Lemmall.2is established. O

Proof of Lemma[8.3. Given a domain U € R* let

XM(‘C?X) = Z

meZd\ {0}

sin 276 (m)

y(m)

—472xDq p-x
ap ]11/{.

Then
—22/2
O(K,6) _ |aar1 — aile v

2o(a p)VamT e
where U 5 is given by . Let I'r = ABR where Bp, is the ball of radius R centered
at the origin and A is the linear map given by . Lemma (after the change
of variables £ — AL) tells us that Ap, (L, x) — X (L, x) as R — oo almost surely
where X = AXga. Therefore it suffices to show that for each 1 there exist d, and K
such if 0 < g and K > Kj then

P (“)EFQK/&Q - ‘)EUK,(S

>77><?7-
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Note that Uk s C Iy /52 (for sufficiently small §) and so

- in 270
o XZ/IK,(; — Z S &7 <m> ef4ﬂ2xDu,p-x:n_

(105) .X_‘I‘ y(m> FQK/(;Q\Z/{K,(?'

2K /52
meZd\ {0}

Below, we choose K so large and  so small that

(10.6) P (25 5) < 7/100

where g 5 is the set of lattices £ satisfying the following conditions:

(i) the shortest non-zero vector in £ is longer than 36°;

(il) w = (x,y) € L then |y| > max(K, 1/5)||W||—(d+1);

(iif) £ contains no vectors (x,y) with |y| < ¢ and 27 ||x|| < 67/,
It is easy to see using ((10.2)) that the measure of lattices not satisfying at least one

of the above conditions is small (cf. the proof of Lemma [10.1)). We now estimate the
contribution to ([10.5) coming from six different regions in yx /52 \ Uk 5.

(1) Consider first the terms with ||x|| > ||w||®. Then for £ € 2k s each term in the
sum is bounded by C||w]|¢+!e=cwI*

the restrictions on y.

. We now consider several cases depending on

(a) If |y| > K then ||w|| > K and so the sum over this region is bounded (in absolute
value) by

Wi, = Z C«”WHd—f—le—cHwH%‘

weL: [|wl>K

By the Siegel identity, (10.1), Ex(Wiala, ;) < Ce "™ and so the contribution com-
ing from domain (1a) is negligible in view of the Markov inequality.

(b) If 6 < |y| < K, then 27 |y|¥||x|| > 25*" whence ||x|| > 2X/(7K®). Denoting by
Wi, the contribution from this region we obtain using property (ii) of the definition
of A 5 that

Wy, < > C|w]|*H eI,
weL: |[w|>2K /(rKe)
Hence, by (10.1), Ex(Wily,,) < Ce= 2" /K" which shows that the contribution

from the region (1b) is negligible in view of the Markov inequality.

(c) If Jy| < &, then ||w| > ||x|| > 6/%?/(27) because £ € A s. Hence, if Wy,
denotes the contribution of the terms from (1c), then, similarly to the case (1b),
E(Wilyy, ;) < Ce™™ """ and the contribution of region (1c) is negligible as well.

(2) Now we discuss the terms with [|x| < ||w]|°.

Again, we shall consider three cases:
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(a) |y| > K. Note that in case (2) we have ||x||*/¢ < ||w]|| < |[x|| + |y|. Therefore
[yl = [1x]'* = lIx]| > (|}x]|/2)"/* for sufficiently large ||x[|. So, |x| < 2|y|*. Thus
taking the L?—norm and integrating first with respect to y we get the L?—norm of
the terms in (2a) is bounded by

x e y2 - Kl—&‘d
(Xay)ELm(FQK/(;z\UK,a)ﬂ{|y\2K} lIxll<2lyle, |y > K
where the first inequality relies on ((10.1)).

(b) § < |y| < K. In this case, ||x||"/¢ < ||x||+K. Thus, K > ||x||"/—|x|| > (||x]||/2)"¢
for sufficiently large ||x||. So, ||x|| < 2K° < K, and hence, (x,y) € Uks. So, the
region (2b) does not contribute to our sum.

(c) |y| < 6. In this case, [|w]| < ||x]| + |y| < 30°. However, (ii) implies that ||w]| >
62/(d+1)  Hence, this case is impossible.

Combining the six cases considered above, we obtain the result. 0]
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