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1 Introduction

Due to noise and lack of information in real world optimization problems, it is important to identify and
find optimal solutions that are immunized against data uncertainty. Robust optimization has emerged as a
useful and efficient deterministic approach to treat optimization problems under data uncertainty [3,4,7,8].
The cornerstone of robust optimization is that the so-called robust counterpart should be computationally
tractable. In that sense, the exact semidefinite programming (SDP) relaxation of a given robust optimization
problem is a highly desirable feature because SDP problems can be efficiently solved (e.g., using interior point

methods) [2,9,34, 38].

If we restrict ourselves to convex polynomial programs, then the notion of SOS-convexity (sum-of-squares-
convexity) [1,20] becomes essential since it has been proposed as a tractable sufficient condition for convexity
based on semidefinite programming. The SOS-convex polynomials cover many commonly used convex poly-
nomials such as convex quadratic functions and convex separable polynomials. The benefit of an SOS-convex
polynomial is that deciding whether a given polynomial is SOS-convex or not can be equivalently rewritten
as an SDP problem (and thus, can be efficiently checked). Furthermore, for an SOS-convex optimization
problem, its optimal value and optimal solution can be found by solving an SDP problem [27], that is, an

exact SDP relaxation holds for the special class of SOS-convex problems.

Regarding robust optimization problems with SOS-convex polynomials, exact SDP relaxations have been
shown to hold for robust convex quadratic optimization problems under ellipsoidal data uncertainty [3],
and more generally, for some classes of robust SOS-convex programs [25], including robust quadratically
constrained convex optimization problems and robust separable convex polynomial optimization problems.
With the help of the Slater condition, the authors of [25] characterized robust solutions and exact SDP relax-
ations of robust SOS-convex polynomial optimization problems under polytopic and ellipsoidal uncertainty.
In addition to that, tight SDP relaxations for a class of robust SOS-convex polynomial problems without
the Slater condition were obtained in [15]. This approach has been widely employed in the literature (see,

e.g., [10,13,14,23,30]).

Besides the exact SDP relaxation approach, another trend in robust optimization is to identify classes
of robust problems having relaxations which can be efficiently solved by means of a second-order cone
programming (SOCP) problem [31,34]. As a matter of example, it has been shown in [18] that a robust

convex quadratic optimization problem under restricted ellipsoidal data uncertainty can be equivalently
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reformulated as an SOCP problem. Concerning nonconvex polynomial optimization problems, a convergent
bounded degree hierarchy of SOCP relaxations was recently proposed in [16], whereas an exact SOCP

relaxation for minimax nonconvex separable quadratic problems was established in [24].

In this work, we consider a parametric robust convezr polynomial optimization problem under general
convex compact uncertainty sets, and then we focus on a parametric robust SOS-convexr polynomial opti-
mization problem where the constraint data are affinely parameterized and the uncertainty sets are assumed
to be bounded spectrahedra. The main purpose of this paper is to provide conditions that guarantee exact
conic relaxations for classes of robust convex/SOS-convex polynomial optimization problems. More precisely,

we make the following main contributions:

(i) We show that a parametric robust convex polynomial problem with convex compact uncertainty sets

enjoys stable exact conic relazations under the validation of a characteristic cone constraint qualification.

(ii) We also show that the stable exact conic relaxations obtained in (i) become stable exact semidefinite

programming (SDP) relazations for a parametric robust SOS-convex polynomial problem with spectra-

hedral uncertainty sets. In this sense, the characteristic cone constraint qualification can be considered

as the weakest regularity condition that guarantees the validation of exact SDP relaxations for robust
SOS-convex polynomial problems.

(iii) Under the corresponding constraint qualification, we derive stable exact second-order cone programming

(SOCP) relaxzations for some classes of parametric robust convex quadratic programs involving ellipsoidal

uncertainty sets.

Numerical examples are also given to illustrate the necessity of the assumptions and the significance of the

obtained results.

The outline of the paper is as follows. In Section 2, we first present a characterization of stable exact conic
relaxations for the class of robust convex polynomial problems, and then derive corresponding results for
the classes of robust SOS-convex polynomial/convex quadratic problems. Section 3 is devoted to presenting
characterizations of stable exact second-order cone programming relaxations for some classes of robust convex

quadratic problems.
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2 Stable Exact Relaxations for Classes of Parametric Robust Convex Polynomial Programs

We start this section by presenting some definitions and preliminaries that will be used in the paper. The
notation R" stands for the n-dimensional Euclidean space whose norm is denoted by || - ||2 for each n € N :=
{1,2,...}. The inner product in R™ is defined by (x,y) := 2"y for all #,y € R™. The origin of any space is
denoted by 0 but we may use 0,, for the origin of R™ in situations where some confusion might be possible.
For a nonempty set I" C R™, conv I" denotes the convex hull of I, while cone I" := R, conv I" stands for the
convex conical hull of I'; where R, := [0, +00) C R. As usual, the symbol I,, stands for the identity (n x n)
matrix. A symmetric (n X n) matrix M is said to be positive semi-definite, denoted by M > 0, whenever
"Mz >0forallz € R". If " Mz > 0 for all z € R"\ {0,,}, then M is called positive definite, denoted by

M = 0.

The space of all real polynomials on R™ is denoted by R[z] and the set of all n x r matrix polynomials
is denoted by R[z|"*". We say that f € R[z] is sum-of-squares (see, e.g., [2,28,29]) if there exist f; € R[z],
j=1,...,r,such that f = Z;:1 f]2 The set consisting of all sum-of-squares polynomials is denoted by X2,
which is a subset of the set of all nonnegative polynomials, denoted by P. Moreover, the set consisting of all
sum-of-squares (respectively, nonnegative) polynomials with degree at most d is denoted by X2 (respectively,
P4). We say that F' € R[z]"*" is an SOS matrix polynomial if F(z) = H(x)H (z) T, where H(x) € R[z]"*" is
a matrix polynomial for some r € N. A real polynomial f on R™ is called SOS-convez if the Hessian matrix
function F : 2 + V2f(z) is an SOS matrix polynomial [20]. Clearly, an SOS-convex polynomial is convex.
However, the converse is not true; that is, there exists a convex polynomial that is not SOS-convex [1]. It is
known that any convex quadratic function and any convex separable polynomial is SOS-convex. Moreover,
an SOS-convex polynomial can be non-quadratic and non-separable. For instance, f(x) := 2§ +x? + 2122+ 23

is an SOS-convex polynomial (see [20]) that is non-quadratic and non-separable.

As in [9,37], for an extended real-valued function ¢ : R® — R := R U {#+00}, we set

domy :={z € R" | p(x) < +oo}, epip:={(z,n) €R" xR | p(z) < pu}.

The conjugate function of ¢, * : R™ — R, is defined by

¢*(w) =sup {{(w,z) —p(x) | z € domp}, weR".
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For a closed convex subset I" € R™, its indicator function 6 : R — R is defined as § r(x):=0ifx € I and

Or(x) :=+4oc if x ¢ I'. If one of the functions fi, fo is continuous, then we have

epi (f1 + f2)" = epi ff +epifs. (1)

Parametric robust convex polynomial problems. Let us first consider a parametric robust convex
polynomial problem that is defined as follows: For a convex polynomial f : R™ — R (regarded as a parameter),

one has the following robust convex polynomial program

(o] i S
leanf”{f )| 9)(x +Zv ) <0, Y= (vj,...,v7) €Vy,5=1,...,m}, (Py)
where v;,j = 1,...,m are uncertain parameters, V;, j = 1,...,m are the uncertainty sets that are assumed
to be nonempty, convex and compact, and g§ R* = R,7=0,1,...,q5,5 = 1,...,m are given polynomials

such that, for each fixed v; € V;, the function g;(-,v;) given by

g (z, v5) —gg +ZU ,z €R", (2)
is a convex polynomial on R™ for j7 = 1,...,m. In what follows, we use the characteristic cone of the
constraints given by

C := cone {(0,,,1) U epig; (-, v5) vy € V), =1,...,m}. (3)

The first theorem in this section characterizes stable exact conic relaxations in terms of the characteristic
cone for the family of robust convex polynomial problems defined by (Py) when f varies in the class of

convex polynomials.

Theorem 2.1 (Characterization of stable exact conic relaxations) Let F' := {z € R" | g;(z,v;) <
0, Yoj € Vj,j =1,...,m} # 0, where g;,j = 1,...,m, are given as in (2). Then, the following statements

are equivalent:

(i) The characteristic cone C in (3) is closed.

(ii) For any convex polynomial f on R™ with inf{f(x) | x € F} > —o0, one has

inf{f(x)\xeF}f max_ {t|f+22w - _te Py teR, (4)

’J’J 7j=11i=0

(w?, w} wi’) € cone ({1} x V)),j =1,...,m},

VR

where d is the smallest even number satisfying d > max{deg f, deg g}i =0,1,...,q5,=1,...,m}.
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Proof [(i) = (ii)] Suppose that (i) holds. Let f be a convex polynomial on R” such that inf {f(z) |z € F} >

—00. Setting
m  9j o
a*:= sup {t|f+ZZw;g;-—t6’Pd,t€R, (5)
(t,w?,w;) j=1 =0

(w?,w]l,...,w?j) €cone ({1} x V)),j =1,...,m},

we first prove that

inf{f(z) |z € F}>a". (6)

If the feasible set of the problem in the right-hand side of (5) is empty, then o*

= —o0, and in this case,
(6) holds trivially. Now, let (¢, w?, w;) be a feasible point of this problem. This means that ¢t € R, and there

exist aji > 0,vj; = (U]lk, ..,v%) €V, k=1,...,s5,j=1,...,m such that

Sj Sj
0 _ 1 9\ .
wj = E g, (wj,...,w)) = E RV, J=1,...,m,
k=1 k=1

(7)
m  qj o
f—I—ZZwég}—tePd. (8)
=1 i=0

Let j € {1,...,m} be arbitrary. We get by (7) that if w? =0, then wé =0foralli=1,...,q;. Now, choose

any v; := (ﬁ}...,ﬁ?)e% and set v; = (5;,...,5?) with
?f‘j ifw?z(),
o= i=1
J ) =1,...,4;
wl . 0
w,é if w; # 0,

Clearly, if w9 = 0, then ¥; = U; € V;. Otherwise, w) # 0, then, by the convexity of V;, it holds that

S; s; 8;
~ Ak A5k . Qe
‘ ik 1 Jk  a; ik )
v; = (E w0 Vjgs e -+ s E 0 vjk> = g 20 vjr € V.

k=1 J k=1 J k=1 J

Consequently, v; € V;. Therefore, for any € R,
o o qj o
S wigh(@) = uwlg(@) + 3 wigh(@) = wled(x) + 3 (wl)gi (x)
i=0 i=1 i=1

q;
= wl[g¥(x) + Y Vigi(2)] = wlg;(2,7;),
i=1

where we note that if w} = 0, then w} = 0 for all i = 1,.. ., g; as said above. So, due to (8), we find oo € Py
such that

f(x) = oo(z) — nggj(l"ﬁj) +t, VreR™
j=1
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m
Then, for any T € F, it follows that > w?gj(i, v;) <0 due to w? >0and g;(Z,0;) <Oforallj=1,...,m.
j=1
Keeping in mind the non-negativity of oq, evaluating (9) at Z, we arrive at f(Z) > ¢t. This justifies that (6)
holds.

Now, letting « := inf{f(x) | € F'}, it holds that @ € R and so
f(x) +dp(z) > a for all z € R™.
This together with (1) implies that
(0p, —) €epi(f +dp)* =epi f*+epidp

due to the continuity of f on R™. Moreover, we have (cf. [21, Page 951]) that epid}. = C = C~', where the

last equality holds as the cone C is assumed to be closed. Consequently,

(0p, —x) € epi f* + 5’,

which means that there exist (u,8) € epif* and v, := (E;k,...,ﬁgfc) €V, (ﬂjk,Bjk) € epig; (- Ujn),

a;r>0,k=1,...,55,7=1,...,m and @ > 0 such that

On:u+ZZEjkﬂjk, —Oé:a-i-ﬁ“r‘z %13 k- (10)

Observe by (ﬂjk,Bjk) € epig;f(-,ijk), k=1,...,s5 7 = 1,...,m that, for each x € R", one has Bjk >

ﬂ;rka: — g;(x,7;1). This together with (10) and the relation (u, ) € epi f* implies that, for each z € R™,

m  Sj
f@)y=u'z =8> =Y ang(x,0i) + a. (11)
j=1k=1
It shows that
m  Sj
flx)+ Zzajkgj(x,@k) —a>0, VreR".
j=1k=1
Hence, by setting w? =Y @, € Ry and wz- = sz:lajw;k forall i =1,...,q5, j =1,...,m and

taking into account (2), we have

m  Sj qj . ‘ m 9 .
F+ Zzaﬂc(gg + Z@;kg;‘) —a=f+ ZZw;g; —a € Py
i=1

j=1 k=1 j=11i=0

In addition, we observe that

Sj
(w?,w},...,w?j) = Z@jk(l,i}k,...,ﬁgz) econe({1} xV)), j=1,...,m,
k=1
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0 w?) is a feasible point of the

as @jp > 0 and Ty, € Vj forall k = 1,...,s;, j = 1,...,m. Therefore, (o, w3, w;

problem in the right-hand side of (5). So, a@ < a*, which together with (6) proves that (4) is valid, i.e., we

obtain (ii).
[(ii) = (i)] Suppose that (ii) holds. Observe (cf. [21, Page 951]) that
epidf = clC = clcone {(0,,1) U epig;(,v;) |v; €V, i =1,...,m}. (12)

To prove that C is closed, let (b,8) € clC. Then, by (12), one has b’z < 8 for all x € F, and so,
inf{(=b)"z | x € F} > —p. By (ii), we find ajr > 0,v; := (vjl-k,...,vjq»i:) eVj,k=1,...,85,j=1,...,m,

t € R and @ € P, such that

Sj Sj
—0 _ —1 —4i\ _ _—
w; = E ajg, (Wy,...,w)") = E RV, J=1,...,m,
k=1 k=1
m  qj

—b'z+ ZZE;g;(x) —t=0o(x), VYVzeR",

j=1 =0

and t = inf{(—b) "z | z € F}. Hence, we have

m o4
bzt Y S wigi(z) > —B, Voe R (13)
j=14i=0

Arguing similarly as in the proof of [(i) = (ii)], we can find v; € V;,j =1,...,m, such that
a o B
> w;g;(x) = w;g;(x,v;), Vo eR™
i=0

Then, we get from (13) that 8 > bTaz — Y w}g;(x,v;) for all z € R". Hence,
i=1

(b, B) € epi ( w?gﬂ-,@)) C cone {(0,,1) Uepig;f(~,vj) |v; €Vj,j=1,...,m},
j=1
which shows that C is closed, and consequently, (i) holds. The proof of the theorem is complete. O

Remark 2.1 Let us make some remarks regarding the above theorem.

(a) A closer inspection of the proof of [(ii) = (i)] reveals that the convex polynomials f in the statement of
(ii) to be replaced by affine functions is sufficient for this implication. That is why the exact relaxation in
Theorem 2.1 is called stable, since it continues to hold when the objective function of the primal problem
is perturbed with any affine function. We refer the interested reader to [17] for characterizations of stable
robust duality for a class of general optimization problems under convexity and closedness assumptions.

(b) If the Slater constraint qualification holds, i.e., if there exists € R™ such that g;(Z,v;) < 0 for all v; €

V;,j =1,...,m, then the characteristic cone C in (3) is closed (see, e.g., [22, Proposition 3.2]).
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Parametric robust SOS-convex polynomial problems. Let us now focus on a parametric robust SOS-
convez polynomial problem that is defined as follows: For an SOS-convex polynomial f : R"™ — R, one

has the robust SOS-convex polynomial program defined as in (Py), where the polynomials g;» :R" - R,

i=0,1,...,q;,7 =1,...,m are given such that, for each fixed v; € V;, the function g;(-,v;) given by
g;(z,v5) fgj +Zv ), z € R", (14)
is an SOS-convez polynomial on R™ for j = 1,...,m, and the uncertainty sets V;, j = 1,...,m are nonempty

and bounded sets, which are of the spectrahedral forms (see e.g., [36,39]) described by
={v; == (v},...,v7) €RY |A°+Z vi AL = 0} (15)
with Aj-, i=0,1,...,q5, j =1,...,m, symmetric matrices of order n; € N.

It is worth mentioning here that checking whether g;(-,v;),5 € {1,...,m}, in (14) is SOS-convex for
each v; € V; is, in general, NP-hard. For example, consider a quadratic polynomial defined by g(z,v) :=
"B + Zq: vi(z"Biz),z € R"v := (v},...,v%) € V := [-1,1]9, for given symmetric (n x n) matrices
B'i = 0,1,...,q and assume that we need to check if g(-,v) is SOS-convex (equivalently in this case,
convex) for all v € V. This is the so-called matriz cube problem of Ben-Tal and Nemirovski [6], which is NP-
hard [33]. However, in some special circumstances, the afforesaid assumption is automatically satisfied. For
instance, if gé,i =0,1,...,q5,5 = 1,...,m are convex quadratic functions or convex separable polynomials
and V;,j = 1,...,m are contained in the nonnegative orthant of R%, then g;(-,v;),j = 1,...,m are SOS-

convex polynomials for all v; € V.

In this setting, we obtain a characterization of stable exact semidefinite programming (SDP) relaxations
in terms of the characteristic cone for the family of robust SOS-convex polynomial problems defined by (P )

when f varies in the class of SOS-convex polynomials.

Theorem 2.2 (Characterization of stable exact SDP relaxations) Let F := {z € R" | g;(z,v;) <
0, Yo € Vj,j=1,...,m} # 0, where gj,j =1,...,m, are given as in (14), and V;,j =1,...,m, are given
as in (15). Then, the closedness of the characteristic cone C in (3) is equivalent to the following statement:

For any SOS-convex polynomial f on R™ with inf{f(z) |z € F} > —oo, one has

inf{f(x)|m€F}— max {t|f+zm:Zw Lete X2 w OAO—i—ZwAl%O (16)

’J’J 7j=11i=0 i=1

tGR,w26R+,w§GR,izl,...,qj,j:1,...,m},
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where d is the smallest even number satisfying d > max{deg f, degg]i-,i =0,1,...,¢;,5=1,...,m}.

Proof [=>] Let the characteristic cone C in (3) be closed, and let f on R™ be an SOS-convex polynomial

with inf{f(z) | x € F} > —o0. Then, by Theorem 2.1, we have

inf{f()|x€F}— max {t|f—|—ZZw . —te Py, teR,

j=11:=0

(w?,w;,...,w?j) €cone ({1} x V)),j=1,...,m},

where d is the smallest even number satisfying d > max{deg f, degg;-,i =0,1,...,¢;, = 1,...,m}. To

justify (16), it suffices to show that
(max {t | f—i—ZZw - te X w OAO—&—szA’%O
t,w?, wi

j=11:=0 =1

tER,wQER%w?eR,i:L...,qj,j:l,...,m}

= {t | f+ZZw _tePy, teR,

’7’J j=11i=0

(w§,wj,...,wj’) € cone ({1} x V;),j =1,...,m}. (17)

To see this, let ¢t € R, w? >0, w €eR,i=1,...,q5, 5 =1,..

; .,m. In this setting, we can verify that

(w9, wj,...,w") € cone ({1} x V;),j = 1,...,m amount to wyA? + 71" wiAl =0, j =1,...,m, and that

m 9
Z Z %95 —t € Py is equivalent to f + Z Z wigh —t € X7 (see e.g., [26, Cor. 2.1]). So, the equality
j=1i=0 j=11i=

in (17) is valid.

[<=] Assume the statement in (16) holds. In this setting, it holds that
inf{f(z) |xeF}— max_ {t | f+ZZw - _tePy teR,
bW 7’ 3) j=11i=0

(W}, wj,...,wj") € cone ({1} x V;),j =1,...,m}

for any SOS-convex polynomial f on R™ with inf{f(z) | z € F} > —oo. To prove that C is closed, we just

follow similar arguments as in the proof of Theorem 2.1. O

Remark 2.2 Let us make some remarks regarding the above theorem.

(a) As the sum-of-squares constraint of each relaxation problem in Theorem 2.2 can be equivalently written
as a linear matrix inequality (see, e.g., [28, Proposition 2.1]), the corresponding relaxation is an SDP

problem.
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(b) Theorem 2.2 continues to hold if the sets V; in (15) are assumed to be compact projections of spectrahedra
(compact SDP-representable sets [20]), which cover bounded spectrahedra (bounded LMI-representable
sets). So, this fact constitutes an extension of the obtained result since projections do not necessarily
preserve spectrahedrality. However, for the sake of simplicity in the notation, we just show the result for

the case of bounded spectrahedra as above.

It is well known that the family of spectrahedra covers a range of commonly used uncertainty sets in the
literature such as polytopes, balls, ellipsoids and intersection of ellipsoids. Next, we point out how Theorem
2.2 can be used to derive a characterization of stable exact SDP relaxations for the family of robust SOS-
convex polynomial problems defined by (Py), where the uncertainty sets V; C R%,j =1,...,m, are replaced

by the following intersection of ellipsoids (see e.g., [15])
Vj = {’Uj € R% | ’U‘;rEé-’Uj + bé—TUj + 5; < O,Z = 1, .. .,Sj} (18)

bl,qj) c ng-75; c

with positive semidefinite symmetric (¢; X ¢;) matrices E;,l =1,...,s; and bé = (bé-’l7 s b;

R,l =1,...,s;. In what follows, for each j € {1,...,m} and I € {1,...,s,}, we use the notation Lé =
(Léfl, . .7Ll-’q'7) to denote a decomposition factor of EJL, ie., Eﬁ = (Lé»)TLé-. Note further that the sets

J

Vi,j=1,...,m, in (18) are assumed to be nonempty and bounded.

Corollary 2.1 (Stable exact SDP relaxations with intersection of ellipsoids uncertainty) Let

F:={z eR"|g(z,v;) <0, Vv; €V;,j=1,...,m} #0, where g;,j =1,...,m, are given as in (14), and

g5 .
Vi,j=1,...,m, are given as in (18). Then, the conclusion of Theorem 2.2 holds with w?Ag + > wiAL =
i=1

3%
I, 0 4G 0o LY
0,7=1,...,m beingreplacedbyw? +Zw; =0,l=1,...,85,5=1,...,m,
0 —/Bé =1 (Lﬁ,z)T _bé,l
wherew?GRJr,w;€R7i=1,...,qj,j:1,...,m.

Proof Let j € {1,...,m} and w9 € Ry,w} € R,i = 1,...,¢;. In this setting, we can verify that w)A9 +
I(Ij O qj . 0 Lé’l
+ 2 wj =0,l=1,...,s;. So, the proof is

4; L
; w;Az = 0 is nothing else but w? > N y
= 0 _5; = (Lj,Z)T _bj,l

complete.
Remark 2.8 Tt is worth mentioning here that the exact SDP relaxation result in Corollary 2.1 is verified by

the closedness of the characteristic cone, and so it is more favourable than that of [15, Theorem 3.2], which

was obtained under the so-called KKT Qualification Condition.
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Parametric robust convex quadratic problems. Let us now consider a parametric robust convex
quadratic problem that is defined as follows: For a convex quadratic function @ : R — R (i.e., Q(x) :=
2TCx+c'x+¢, where C = 0, c € R" and ¢ € R for z € R"), one has a robust convex quadratic problem

of the form:
0 NS aj o
xlEIID{n{Q ) | Qj(x) + g U’QZ ) <0, Yoj == (vj,...,v;") € Vj,j=1,...,m}. (Pg)

Here, QE :R* - R, ¢ =0,1,...,¢5,5 = 1,...,m are quadratic functions that are defined by Q;(x) =

xTB;x + (b;)—rx + B}, where b; € R",ﬁ; € R and Bji-,i =0,1,...,¢;,5 = 1,...,m are symmetric matrices
satisfying BO +>°8, ;Bl > 0 for all v; := (vjl., . ,v?j) €V, and V;,j = 1,...,m are spectrahedra given

as in (15).

The following result provides a characterization of exact stable SDP relaxations for the parametric robust
o
convex quadratic problem defined by (Pg). As above, we denote g;(x,v;) == Q9(x) + > viQ}(x), z € R,
i=1

forj=1,...,m

Corollary 2.2 (Characterization of stable exact SDP relaxations of (Pg)) Assume that F :=

{r e R" | Q)(x) + X0, viQi(x) < 0, Yu; € Vj,j = 1,...,m} # 0, where BY + 37, v!B! = 0 for

alv; € V; and Vj,j = 1,...,m, are given as in (15). Then, the conclusion of Theorem 2.2 holds with

. ) m 9j .
f=Q, 49, =Qi=0,....q5, ] =1,....om,d:=2and f+ > Y wigi—1t¢€ X2 being replaced
j=1i=0
m  4j m  4j

2(C+ 3 E:?H-Bl) ct+ ) §:1U
by :@ 1(12 Tfl 1q; > 0, where t € R,w) € Ry,w) € Ryi =1,...,q5,j =

(et 3 3 wity) " 20+ 3 30wl — 1)

j=li= j=11i=

1 m.

yeeey

Proof Let t € R, w? > O,wé eR,j=1,...,m,i=1,...,q;. In this setting, we can verify that the relation

Q-+ Z] 1 o wiQ% —t € X3 is equivalent to the matrix inequality

o+ 35 S - deT+ 3 iw;ib;'U

j=1i= j=1i=0 -0,
1 m 45 m 45 -
ﬂ+ZZw) C+EZw
j=li= j=li=
and so the proof is complete. O

We now give an example, which shows how one can find the optimal value of a robust SOS-convex
polynomial problem by solving its corresponding SDP relaxation problem using the characterization of

stable exact SDP relaxations established in Theorem 2.2.
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Ezxample 2.1 Consider a parametric robust SOS-convex polynomial problem of the form:

inf {f(x) | 2% 4+ 2012 + vy — 4 <0, Y(v1,v2) €V,
z€eR

zt + 227 + vz 4+ 201 — 8 <0, V(vy,v2) € V}, (EP1)

where f is an SOS-convex polynomial and V is an uncertainty set given by

2 ”% U%
Vi={v:=(v,v2) €ER |Z+§§1’U1SO’U2SO}'

The problem (EP1) can be expressed in terms of problem (Pj), where the spectrahedra are given as V; :=

V5 := V with
40000 001 0 0 0000 0
08000 0000 0 0010 0
AY:=1o00100 -4 =]10000]| 4=|01000 |,i=12
00000 000-10 0000 0
00000 0000 0 00001

and the polynomials are given by ¢0(x) := 2* — 4, g{ (v) := 22, ¢%(z) := 1,¢9(zx) := 2* + 222 — 8,gd(x) :=

2,93(z) :==z,x € R.
In this setting, the Slater constraint qualification holds, and thus, the characteristic cone C' := cone {(0, 1)U

2 .
epi g7 (-,v) |v €V, j = 1,2} is closed, where g;(x,v) = g?(m) + Z vig;(w),j = 1,2 for z € R,v = (v1,v2) €

i=1

V. So, we assert by Theorem 2.2 that the exact SDP relaxation holds for the robust SOS-convex polynomial

program (EP1) for any SOS-convex polynomial f on R whenever inf (EP1) > —oo.

Let us now consider the problem (EP1) with the objective function f(z) := 2% + 222 + 2, i.e,

in&{x‘l +222 +2 | 2t + 2z +vo — 4 <0, Y(v1,10) €V,
xEe

x4+ 22% 4+ vox + 201 —8 <0, V(v1, 1) € V}, (EP1-1)

where V is defined as above. In this case, it can be checked that inf (EP1-1) € R, and so, the exact SDP

relaxation holds for the problem (EP1-1), i.e.,

inf (EP1-1) = max (SDP1), (19)
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where (SDP1) is the relaxation problem for (EP1-1) given by

2 2
0,0 i i 2
(trggii) s+ Z (wjgj + ijgj) —te Xy, (20)
A j=1 i=1
2
wAJ+) wjAj = 0,t €R,wj €Ry,wj €Ri=1,2,j=1,2} (SDP1)

i=1
From (20), there exists oo € X% such that

2

2
F+Y (whel +
Jj=1 7

w;g;) —t=o09. (21)
1

We conclude by o € X2 that there exists a symmetric (3 x 3) matrix B such that 0p = X ' BX and B = 0,
By B> Bs

where X := (1,z,2%) (see e.g., [35, Lemma 3.33]). Letting B := | B, B, By |, we derive from (21) that

Bs Bs Bg
By = 2 — 4w +w? — 8w + 2wl —t, By :w}+%w%,2Bg+B4 =2+2w), Bs = 0, Bg = 1 +wY +w). Putting

B3 := w € R, we see that By = 2+ 2w§ — 2w. Then, the problem (SDP1) becomes the following semidefinite

programming problem

2 — 4wl + w? — 8wl + 2wl —t w%+%w% w
max {¢ | wi + %w% 2 + 2wl — 2w 0 = 0,
w 0 1+ w) +wd
4w 0 wi 0 0 4wy 0 wi 0 0
0 8wfw? 0 0 0 8wy w: 0 0
wi w? w) 0 0 =0, wl wiw) 0 0 =0, (SDP2)
0 0 0 —-wf O 0 0 0 —wj O
0 0 0 0 —wi 0 0 0 0 —w3
w) 0 0 ; . .
0, teRweRw; eRw;, eR,i=12,j= 1,2}.
0 w)

Using the Matlab toolbox CVX [19], we solve the SDP problem (SDP2), and the solver returns its optimal
value as 2.000.

Now, taking into account the validation of the exact SDP relaxation for the robust SOS-convex polynomial
program (EP1-1) given by (19), we conclude that the optimal value of problem (EP1-1) is inf (EP1-1) =

max (SDP1) = 2.
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3 Stable Exact SOCP Relaxations for Classes of Parametric Robust Convex Quadratic

Problems

In this section, we employ stable exact SDP relaxations obtained earlier to derive characterizations of stable
exact second-order cone programming (SOCP) relaxations for some classes of parametric robust convex
quadratic problems under ellipsoidal uncertainty.

Parametric robust convex separable quadratic problems. Let us first focus on a parametric robust

convex separable quadratic problem that is defined as follows: For D := diag(ws,...,wp), wp > 0, ¢ =
(c1,...,¢n) € R™ and d € R, one has a robust convex separable quadratic problem of the form

m]Rg {e"Dx+cTz+d | 2" Mj(v))z+a;(vy) "z +bj(v;) <0,Yv; € Vj,j=1,...,m}, (SQP)

TER™
where V; C R%, j =1,...,m, are ellipsoidal uncertainty sets given by

V= {v; ERY | v/ Eju; <1},j=1,....m, (22)

with symmetric (g; x ¢;) matrices E; > 0,57 = 1,...,m, and M; : R% — R"*" a; : R% — R” and
bj :R% = R,j7=1,...,m are affine functions defined respectively by

M;(v;) == M —I—Zv , aj(vg) = a; —i—Z ;i (V) 7b0+2vbl (23)

for v; := (vj,...,v]) € RY with M} := diag(ufy,...,u},),uly € Rk = 1,...,n, a} = (d}y,...,d,) €
R",b; eR,i=0,1,...,s,5=1,...,m fixed.

We assume that M;(v;) = 0 for all v; € V;,j = 1,...,m. In what follows, we use the notation L,
to denote a decomposition factor of E; (ie., E; = L;'—Lj) for each j € {1,...,m}, and put g;(z,v;) :=

o M;(vj)x + a;(v;) Tz + bj(v;) for x € R and v; € V;,j =1,...,m.

We are now ready to derive a characterization of stable exact second-order cone programming (SOCP)

relaxations for the parametric robust convex separable quadratic problem defined by (SQP).

Theorem 3.1 (Characterization of stable exact SOCP relaxations of (SQP)) Assume that F :=
{z eR™ | 2" M;(vj)z+aj(vy)  z+bj(v;) <0, Vo; € V;,5=1,....,m} #0, where V;,j =1,...,m, are given
as in (22). Then, the closedness of the characteristic cone C is equivalent to the following statement: For any

D := diag(wy, ... ,wp) withw, >0, k=1,...,n, ¢c:= (c1,...,¢,) € R?, and d € R with inf (SQP) > —o0,
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one has
{t| Zﬂk—z %80 + ZAW +t—-d<0,teR
j=1
q; o
afy + > Nal))ll2
i=1

inf (SQP) =
A =

”(Nk_wk—z

Jj=1

udy + Z/\Ju]k cr + Z
U5k +Z)‘§“§k)7

< pk + wg + Z()\
j=1
warZ (\u °k+ZAJ i) =0, >0,k =1
ILj (AL A% S AN € RN ER =1, q;, = 1,...,m},
where Lj is the decomposition factor of E; for each j € {1,...,m}.
Proof Let L; := (L;7 ..., L%) and
o _ 0 L; . .
Aj =Ty, Aj = si=1,...,¢,5=1,..., (24)
T
(L))" 0
) o b
Gy V) EV 1fandonly1fAj+i;v;A}§0
). Moreover, by letting Q(x)

As we have seen in the proof of Corollary 2.1, one has v; := (v
m, we see that the

It means that the ellipsoids in (22) are expressed as spectrahedra in (
i i =1,...

"Dz +c'z+dand Qi(z) :=a" Mz + (af) Tz +bj,z e R",i =0,1,.

problem (SQP) is a particular case of problem (Pg)
Invoking Corollary 2.2 and keeping in mind Remark 2.1, we conclude that the closedness of the cone C' is
=1,...,n,¢c:=(c1,...,cp) €

ywn) with wg >0, k=1

=)
<8

equivalent to the assertion that for any D := diag(w1,

R™, and d € R with inf (SQP) > —o0, one has
m 4j m i
2D+ 3 S NM) e+ 30 3 Naj
inf (SQP) = max {t| J=1i=0 J=1 =0 -0,
(t, /\0 )\1) m 9 m 4 it
(c+ ZZ ay) " 2(d+ 30 X0 b —t)
j=1i=0 j=1i=0
45
0 40 i pi
AJAG + 545 =0, (25)
i=1
.,m}.

teRN eR N eRi=1,...,¢;,j=1,..

Granting this, we can justify that
max (SCP),

inf (SQP) =
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where (SCP) is the following problem

(Agb0+2xbl +t—d<0,t€eR,
i=1

I

s I

sup {t | Zuk —
k=1

) i
(627,25 1) j

k—wk—z )\0 Ok+Z)\jujk Ck+z /\0 Ok+z/\]a]k HQ
j=1 =1
< pk +wi + Z(A?U?k + Z A;”;k%

wk+z (A0u Ok+Z)\] W) >0, > 0,k=1,...,n,

L (Ab o A9l < A2 00 € Ry A €Ri= 1, g5, = 1,...,m}. (SCP)
The proof is completed by combining (25) and (26). O

Parametric robust convex quadratic problems with affine constraints. We now examine a para-
metric robust conver quadratic program with affine constraints that is defined as follows: For C' = 0,c € R™

and d € R, one has a robust convex quadratic program with affine constraints as

me {£"Cx+c'ox+d|aj(v) = <bj(v;),Yv; €Vj,j=1,...,m}, (QLP)
zE€Rn

where V; C R%,j = 1,...,m, are ellipsoidal uncertainty sets given as in (22) and a; : R% — R",b; : R% —
R,7 =1,...,m are affine functions given as in (23).

It is well-known that any symmetric matrix is diagonalizable and thus, we can assume that the matrix

C given in the problem (QLP) can be decomposed as
C =U"DU, (27)

where U := (Uy, ..., U,) is an orthogonal (nxn) matrix and D := diag(ws,...,w,) withwg, >0,k =1,...,n

The following corollary provides a characterization of stable exact second-order cone programming (SOCP)

relaxations for the parametric robust convex quadratic program with affine constraints defined by (QLP).

Corollary 3.1 (Characterization of stable exact SOCP relaxations of (QLP)) Assume that F :=
{z € R" | a;(v;) T2 < b;j(vy), Vvj € Vj,j = 1,...,m} # 0, where V;,j = 1,...,m, are given as in (22).
Then, the closedness of the characteristic cone C := cone {(0n, 1) U (aj(vy),b5(vy)) |vj € V5 =1,....,m}

is equivalent to the following statement: For any C = 0,c € R™ and any d € R with inf (QLP) > —oc0, one
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has
n m
inf (QLP) = max  {t +37 009+ S N 4t —d < 0,t€R,
(QUP) = e A 2 mr D >

H(Nk: _wkak Z )\OCLO Z)\l : )||2 < pr + wi,

we €ERyE=1,...,n,

LML A9l S AN € Ry N €R i = 1,5, = 1,...,m}, (28)
where U := (Un,...,U,) is the orthogonal matriz given as in (27) and L; is the decomposition factor of E;

for each j € {1,...,m}.

Proof Let y = Ux,¢ := Uc,a;(v;) := Ua;(v;) for x € R",v; € V;,5 = 1,...,m. We see that the prob-

lem (QLP) becomes
1nf {yTDy+ Ty+d \ aj(v])—ry —bi(vj) <0,Vu; €V;, j=1,...,m}, (AQL)

which is a particular case of problem (SQP) due to D := diag(ws,...,w,) with wy > 0,k = 1,...,n. Let

gj(z,v;) :==a;(v;) T —b;(v;) for x € R* and v; € V;j,j = 1,...,m. In view of Theorem 3.1, we assert that the
closedness of the cone C := cone {(0,,,1) U epig; (-, vj) | v; € Vj,j =1,...,m} is equivalent to the assertion

that for any D := diag(wy,...,wy), where wy > 0,k =1,...,n, and any ¢ € R™ with inf (AQL) > —o0, one

has
inf (AQL) = max {t +3 09+ S M)+t —d <0, €R,
(AQL) (LMD A ) |;uk Z( ! Z -
m q; o
| (1 — wr Ch + Z()\(;a?k + Z)\}aék))llz < pg + Wi,
=1 =1
wr Ry k=1,....n
||Lj(A;,...,Ajf)||2<A9,A96R+,Ag’.eR,i:L...,qj,j:1,...,m},
where ¢, —Ukc,ajk =U] S,Ajk '—U,;raj-,i:1,...,qj,k:1,...7n,j:1,...,m.

In this setting, it holds that C = cone {(On, 1Hu (Zij(vj),bj(vj)) |v; €eV,i=1,... ,m}. Moreover, we
can show that the closedness of the cone C is equivalent to the closedness of the cone C. So, the proof is

complete due to inf (AQL) = inf (QLP). O

It is worth mentioning here that the closedness of the characteristic cone C implies the exact SOCP
relaxation in (28), which was obtained in [12, Theorem 3.1] by using a dual approach of quadratic semi-

infinite programming problems.
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Parametric robust linear programs with convex quadratic constraints. Let us now focus on a
parametric robust linear program with convex quadratic constraints that is defined as follows: For ¢ € R"

and d € R, one has a robust linear program with convex quadratic constraints as

in]Rf {c"e+d | 2" Br+a;(vj) Tz +bi(v;) <0,Yv; €V;,5=1,...,m}, (LQP)
zER?

where V; CR%,j =1,...,m, are ellipsoidal uncertainty sets given as in (22), B > 0 and a; : R% — R",b; :
R% — R,j =1,...,m are affine functions given as in (23).

As said earlier, we may assume without loss of generality that the matrix B given in the problem (LQP)

can be decomposed as
B=wWTM'W, (29)

where W := (Wi,...,W,) is an orthogonal (n x n) matrix and M° := diag(ul,...,u)) with u) > 0,k =

n
1,...,n. Let gj(z,v;) := 2" Bz +a;(v;) "o + b;(v;) for x € R* and v; € V;,7 =1,...,m.
In this case, we obtain a characterization of stable exact second-order cone programming (SOCP) relax-

ations for the parametric robust linear program with convex quadratic constraints defined by (LQP).

Corollary 3.2 (Characterization of stable exact SOCP relaxations of (LQP)) Assume that F :=
{z €eR" | 2" Bz +a;(v;) "2 +b;(vj) <0, Yo € Vj,j=1,....,m} £ 0, where Vj,j = 1,...,m, are given as
in (22). Then, the closedness of the characteristic cone C is equivalent to the following statement: For any

¢ € R™ and any d € R with inf (LQP) > —oo, one has

(EANE )

n m q;
inf (LQP) = max {t > = S SN 4t —d <0t R,
k=1 j=1 =1

m m q; m
(o = DA W (et D000 + D N )l < g+ 3 A
j=1 j=1 i=1

Jj=1

Hk€R+,k:17...,n7
VEREY]

1L Ak A9l < A%, 00 € Ry, AL E]R,i:1,...,qj,j:1,...,m},

where W := (Wh,...,W,,) is the orthogonal matriz given as in (29) and L; is the decomposition factor of

E; for each j € {1,...,m}.

Proof Let y = Wa,¢ := We,a;(v;) == Waj(v;) for @ € R*,v; € V;,5 = 1,...,m. We see that the

problem (LQP) becomes

iGDRf {ETy+d | yTM0y+Ej(vj)Ty+ bj(’l)j) <0,Vv;€V;, j=1,... ,m}, (ALQ)
y n
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which is a particular case of problem (SQP) due to M := diag(u?,...,u2) with v > 0,k = 1,...,n.

r'n

Invoking Theorem 3.1 and arguing as in the proof of Corollary 3.1, we arrive at the desired conclusion. O

We close this paper with an example, which illustrates that the stable exact SOCP relaxations hold
for a parametric robust convex separable quadratic program without the validation of the Slater constraint
qualification. This example also shows how one can find the optimal value and an optimal solution of a robust

convex separable quadratic program by employing the characterization of stable exact SOCP relaxations.

Ezample 8.1 (Stable exact SOCP relaxations without the Slater condition) Consider the following

parametric robust convex separable quadratic program

inf {xTDx +clz4d | a2+ (64+v)23 + vz + (1 +v2)xe <6, —voxe <0, V(v1,v2) € V}, (EP2)

rER2

where D := diag(wi,ws), wx > 0, k = 1,2, ¢ := (c1,¢c2) € R?, d € R, and V is an ellipsoid uncertainty set
given by V := {v := (v1,v2) € R? | % +v3 <1}

The problem (EP2) can be viewed in the form of (SQP), where Vi := V, :=V, and M; : R? — R q; :
R? — R%b; : R? — R,j = 1,2 are defined by M := diag(1,6), M := diag(0,1), M? := diag(0,0), M3 =
My = M3 := diag(0,0),af = af := (0,1),a} := (1,0),a3 = a3 := (0,0),a3 := (0, 1), b := —6,b5 := 0, :=
0,i=1,2,j=1,2.

Denote g;(z,v) := 2" M;(v)z+a;(v) z+b;(v),j = 1,2 for z € R? and v € V. By taking v := (—5,0) € V,
we see that go(z,7) = 0 for all z € R?, which means that the Slater constraint qualification fails. A direct

calculation shows that, for each v := (v1,v2) € V,

. _(wr—wm)? | (wg =1 —wy)?
g1 (,’U)(UJ) - 4 4(6+Ul)

+6, w:=(wy,ws) € R?,

0 if w = (0, —v2)
ga (- v)(w) =

400 otherwise,

and then the characteristic cone C is computed by

(wy —v1)? (w2 —1—wy)?
4 4(6 4 v1)

‘- Cone{(07071>,<w1,w2,u>,<07 ST +6.A20,
1)2

w1, Wa GRQ, V1, U2 €R2,—1+v2§1 =R? x 0, +00),
25 | 2

which is closed.
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So, we assert by Theorem 3.1 that the exact SOCP relaxation holds for the robust convex separable
quadratic program (EP2) for any D := diag(wi,ws), wx > 0, k = 1,2, ¢ := (c1,¢2) € R%, d € R, whenever
inf (EP2) > —

Let us now consider the problem (EP2) with the following data for the objective function, D := diag(1, 1),

= (—2,0) and d := —3, which is given by

iélﬂgz {x% + a2 =221 —3 |27 4+ (6 +v1)x3 vy + (1 +vo)wy <6, —vowy <0, V(vg,v2) € V}, (EP2-1)

where V is defined as above. In this case, it can be checked that inf (EP2-1) € R, and so, the exact SOCP

relaxation holds for the problem (EP2-1), i.e
inf (EP2-1) = max (SCP1), (30)

where (SCP1) is the second-order cone programming relaxation problem for (EP2-1) given as

2 2
max {t|2uk72)\0b0+2)\1b’ +t—d<0,t R,
k=1 j=1

(&A% )

2

2 2
Il (e — wie — Z(Agu?k + Z Azu;k), cr + Z(Aga?k + Z )\éa;k)) Il (SCP1)
i=1 j=1 i=1

j=1

SM’“—H’J’“—FZ( 2k+z ij

]

2 2
we+ Y (AJuly + > Mudy) > 0, > 0,k =1,2,

j=1 i=1

IL; AL A2l < A% 00 € Ry A € Ryi = 1,2, = 1,2}

77770 77770

0
with L; := ,j7 = 1,2. Using the Matlab toolbox YALMIP [32], we solve the second-order cone

01
programming problem (SCP1), and the solver returns its optimal value as —4.000. This together with (30)

(S

entails that

inf (EP2-1) = —4. (31)

Granting this, we can verify independently that Z = (1, 0) is an optimal solution of problem (EP2-1). Indeed,
we can see that 7 is feasible for (EP2-1). Now, let Q(z) := 2% + 23 — 221 — 3 for = (z1,22) € R2. It follows

from (31) that —4 = Q(Z) > inf (EP2-1) = —4. So, T is an optimal solution of problem (EP2-1).
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4 Conclusions

In this paper, we have examined classes of parametric robust convex polynomial problems involving uncer-
tainty in the constraint data. A parametric robust convex polynomial problem with convex compact uncer-
tainty sets has been shown to admit stable exact conic relaxations under a characteristic cone constraint
qualification. We have proved that such stable exact conic relaxations become stable exact SDP relaxations
for the class of parametric robust SOS-convex polynomial problems involving spectrahedral uncertainty sets.
Therefore, the characteristic cone constraint qualification can be regarded as the weakest regularity condi-
tion that guarantees the validation of exact SDP relaxations for robust SOS-convex polynomial problems.
Under the corresponding constraint qualification, we have also derived stable exact SOCP relaxations for
some classes of parametric robust convex quadratic programs under ellipsoidal uncertainty data.

It would be of great interest to see how the proposed approach can be developed to provide stable
exact SDP relaxations for more general classes of optimization problems such as the class of difference of
SOS-convex polynomial programs over SOS-concave matrix polynomial constraints in [30] or the class of

SOS-convex semialgebraic programs in [11].
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