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1 | INTRODUCTION

Analysis of Stokes and Navier-Stokes equations is an established and active field of research in the applied mathemat-
ical analysis; see, for example [1-7], and references therein. In [8-12], this field has been extended to the transmission
and boundary-value problems for stationary Stokes and Navier-Stokes equations of anisotropic fluids, particularly, with
relaxed ellipticity condition on the viscosity tensor.

In this paper, we present some further results in this direction considering space-periodic solutions in R", n > 2, to
the stationary Stokes, generalised Oseen and Navier-Stokes equations of anisotropic fluids, with an emphasis on solution
regularity. The periodic setting is interesting on its own, modelling fluid flow in periodic composite structures, and is also
a common element of homogenisation theories for inhomogeneous fluids. First, the solution uniqueness, existence and
regularity for stationary anisotropic (linear) Stokes and generalised Oseen systems with constant viscosity coefficients in a
compressible framework are analysed in a range of periodic Sobolev (Bessel-potential) spaces on n-dimensional flat torus.
By the Galerkin algorithm, the linear results are employed to show existence of solution to the stationary anisotropic
(nonlinear) Navier-Stokes incompressible system on torus in a periodic Sobolev space for any n > 2. Then the solution
uniqueness and regularity results for stationary anisotropic Navier-Stokes system on torus are established forn € {2, 3,4}.
This paper, particularly, extends to the Oseen system and to the Navier-Stokes system for n > 3 the results obtained in
our paper [13].

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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2 | ANISOTROPIC STOKES, NAVIER-STOKES AND OSEEN SYSTEMS

Let & denote the second-order differential operator represented in the component-wise divergence form as

(), = 0, (aZij/;(u)>, k=1, ...,n, (2.1)
whereu = (uy, ... ,u,)", Ejp(n) := %(aj up+0su;) are the entries of the symmetric part E(u) of Vu (the gradient of u) and
a*” are constant components of the viscosity coefficient tensor A := (a“/_i ) (cf. [14]). We also denoted 9; := 2.

kj ki J1<ijapsn ox;

Here and further on, the Einstein summation convention in repeated indices from 1 to n is used unless stated otherwise.
The following symmetry conditions are assumed (see [15, (3.1),(3.3)]):

af _ kp _ _aj
A = Ao = Qe (2.2)

In addition, we require that tensor A satisfies the (relaxed) ellipticity condition in terms of all symmetric matrices in
R™" with zero matrix trace; see [9, 10]. That is, we assume that there exists a constant Cy > 0 such that

CAangkagjﬁ 2 |C|2’VC = (gka)k,azl,..,,n € R™" such that ¢ = CT and Z Cie = 0, (23)
k=1

where |£|? = Cralra» While the superscript T denotes the transpose of a matrix.
The tensor A is endowed with the norm

A ::max{|a;§f| :k,j,a,ﬁ:l...,n}. (2.4)
Symmetry conditions (2.2) lead to the following equivalent form of the operator
(8u), = 9, (aZfaﬂuj) k=1, ... ,n (2.5)

Let u be an unknown vector field, p be an unknown scalar field, f be a given vector field and g be a given scalar field.
Then the linear equations

—2u+Vp=f,divu=g (2.6)
determine the anisotropic stationary Stokes system with viscosity tensor coefficient A = (A"”)

framework.
The nonlinear system

l1<ap<n 1R 2 compressible

—LQu+Vp+u-Viu=f,divu=g 2.7

is called the anisotropic stationary Navier-Stokes system with viscosity tensor coefficient A = (A"‘ﬁ)1 <ap<n in a
compressible framework.
In addition, we will also consider a linearised version of the anisotropic stationary Navier-Stokes system (2.7),

—2u+Vp+ U -Vyu=f£,divu=g, (2.8)

where U is a given function. We will call (2.8) the anisotropic stationary Oseen system. If U = 0, then (2.8) reduces to the
Stokes system (2.6).

If g = 0in (2.6), (2.7) and (2.8), then these equations are reduced, respectively, to the incompressible anisotropic
stationary Stokes, Navier-Stokes and Oseen systems.

In the isotropic case, the tensor A reduces to

@ = A8kadip + 1 (8ujSpk + Supbiy) s 1 S i joa f < m, (2.9)

85USD17 SUOLILIOD B0 8|eddde aU Aq pauRA0D 318 S3[o e WO 88N JO S3|NJ 0} AR1G 1T 8UIIUO AB]IM UO (SUORIPUOD-PUR-SWLIBYW0D A3 | 1M A1 1 [oUUO//STNY) SUORIPUOD PUe SW 1 8U3 S *[£202/90/0T] U0 Ariqi auluo AB|IM ‘ASIeAIuN punig A 6ST6BUWL/Z00T OT/I0P/W00" A3 1M Afeiq 1 BUI|UO//SANY W14 papeojumoq ‘6 ‘€202 ‘9LFT660T



MIKHAILOV W I L EY 10905

where 4 and u are real constant parameters with 4 > 0 (cf,, e.g., Appendix III, Part I, Section 1 in [7]) and &, is the
Kronecker symbol. Then (2.5) becomes

u = (4 + pw)Vdiv u + pAu. (2.10)

Then itis immediate that condition (2.3) is fulfilled (cf. [10]), and thus, our results apply also to the Stokes, Navier-Stokes
and Oseen systems in the isotropic case. Assuming 4 = 0, u = 1, we arrive at the classical mathematical formulations of
isotropic Stokes, Navier-Stokes and Oseen systems.

3 | SOME PERIODIC FUNCTION SPACES

Let us introduce some function spaces on torus and periodic function spaces (see, e.g., [16, p.26], [17, 18], [19, Chapter
3], [3, Section 1.7.1], [6, Chapter 2], for more details).

Let n > 1 be an integer and T be the n-dimensional flat torus that can be parameterised as the semiopen cube T =
[0,1)" c R" (cf. [20, p. 312]). In what follows, D(T) = C*(T) denotes the space of infinitely smooth real or complex
functions on the torus. As usual, N denotes the set of natural numbers, Ny the set of natural numbers augmented by 0,
and Z the set of integers.

Let & € Z" denote the n-dimensional vector with integer components. We will further need also the set

7" = 7"\{0}.

Extending the torus parameterisation to R", it is often useful to identify T with the quotient space R"\Z". Then the space
of functions C*(T) on the torus can be identified with the space of T-periodic (1-periodic) functions C;° = C;"(R”) that
consists of functions ¢ € C®(R") such that

dx+E =px) VEECZ", VxeR™ (3.1)

Similarly, the Lebesgue space on the torus L,(T), 1 < p < oo, can be identified with the periodic Lebesgue space
Lp# = Lpy(R") that consists of functions ¢ € Ly o(R"), which satisfy the periodicity condition (3.1) (for a.e. x € R").

The space dual to D(T), that is, the space of linear bounded functionals on D(T), called the space of torus distributions,
is denoted by D'(T) and can be identified with the space of periodic distributions D;, acting on C;°.

The toroidal/periodic Fourier transform mapping a function g € C;° to a set of its Fourier coefficients g is defined as
(see, e.g., [19, Definition 3.1.8])

88 = [Frgl®) := /T e "*g(x)dx, &£ € Z".

and can be generalised to the Fourier transform acting on a distribution g € Dj,.

1/2
For any & € Z", let |€] := <Z?:1 éf) be the Euclidean norm in Z" and let us denote

p(&) := (1 + |E]HV2.

Evidently,
1 .
SPE7 <8P < pe) vEel'. (32)
Similar to [19, Definition 3.2.2], for s € R we define the periodic/toroidal Sobolev (Bessel-potential) spaces H; :=
H;(IR{”) := H*(T), which consist of the torus distributions g € D'(T), for which the norm
1/2

gl == 11pBlle, = D A& B (3.3)
1=/
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is finite, that is, the series in (3.3) converges. Here, || - ||, is the standard norm in the space of square summable sequences.
By [19, Proposition 3.2.6], Hy are Hilbert spaces.
The dual product between g € H, and f € H,*, s € R, is defined (cf. [19, Definition 3.2.8]) as

@)1 =& Nz = ) 8EOF(=&). (3.4)

1=/

If s =0, that is, g, f € Lys, then (3.4) reduces to

(& f)r = /T 200 £ (0dx.

Hence for any s € R, the space H,* is adjoint (dual) to Hy, that is, H,* = (H;)*. Similar to, for example, [21, p.76], one can
show that

B I<g. /)l
gl = sup —=———.
rerz 0 1 f ey

3.5)
For g € H, s € R and m € Ny, let us consider the partial sums

gm(X) — Z g(g)eZJriX'f.

Eel’ |E|<m
Evidently, g, € C°, gm(§) = 8(&) if |£] < m and §,(§) = 0if |£| > m. This implies that ||g — gn|lz; — 0as m — co and
hence we can write

gx) = Z 8(&)e* ™4, (3.6)

=7/
where the Fourier series converges in the sense of norm (3.3). Moreover, since g is an arbitrary distribution from H;, this
also implies that the space C,° is dense in Hj, for any s € R (cf. [19, Exercise 3.2.9]).

There holds the compact embedding H, L < Hjift > s, embeddings H, C C;" ift m € Ny, s > m + n/2, and moreover,
NserH; = C° (cf. [19, Exercises 3.2.10 and 3.2.11 and Corollary 3.2.12]). Note also that the periodic norms on Hj are
equivalent to the corresponding standard (nonperiodic) Bessel potential norms on T as a cubic domain (see, e.g., [17,
Section 13.8.1]).

By (3.3), IIgIIﬁi = [g(0)]* + Iglfqi, where

1/2
gl := 10811, =] D, p@>B&OP
éeZn
is the seminorm in H;,
For any s € R, let us also introduce the space

Hy :={g€HS : (g 1)1 =0} (3.7)

The definition implies that if g € Hy, then §(0) = 0 and
gl = lgll = lgle; = 1178l - (3.8)

Denoting Cy :={g € Cy : (g 1) = 0}, then ﬂseRH;‘ =Cy.
Definition (3.7) also implies that the space adjoint to H can be expressed as the quotient space,

(Hy)* = (H)* /R = H;*/R.
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Identifying the quotient space H,* /R with the space H;’, we then identify the space H; with the space dual to Fy.

The corresponding spaces of n-component vector functions/distributions are denoted as Lgs 1= (Lgs)", Hj, 1= (H})",
and so forth.

Note that the norm IVl is an equivalent norm in Hy. Indeed, by (3.6),

Vex) =271 Y EXX4Q(E), Vg(§) = 27ikR(E) Vg € Hi,

A
and then (3.2) and (3.8) imply that
21612 — 97-26l12 — 272102 2 21512 — A-2116112 — A-21ol12 :

2l = 27 gl = 22°lgl7y < 1Vgly, < 47" Iglf, = 4n%lglly, = 4= lglly, Vg € . (39)

The vector counterpart of (3.9) takes the form

2 2 _ 2 2 2 2 2 _ 2 2 5 o

27|Vl =27 IIVIII-I; < IIVVII(Hi_l)m <4z IIVIII-I; =4r7|[vlly, Vv EHy (3.10)

We will further need the first Korn inequality

2 2 1

IVVIG oo < 2IEMWIG e YV € Hy (3.11)

that can be easily proved by adapting, for example, the proofin [21, Theorem 10.1] to the periodic Sobolev space; compare
also [15, Theorem 2.8].
Let us also define the Sobolev spaces of divergence-free functions and distributions,

Hig:={weﬁi:divw=0},seR, (3.12)

endowed with the same norm (3.3). Similarly, C3> and L, denote the subspaces of divergence-free vector-functions from
C;° and L, respectively, and so forth.

4 | STATIONARY ANISOTROPIC PERIODIC STOKES SYSTEM

Letn > 2.In this section, we generalise to the isotropic and anisotropic (linear) Stokes systems in compressible framework
and to a range of Sobolev spaces the analysis available in [6, Section 2.2].
For the unknowns (u, p) € Hi X Hi_l and the given data (f,g) € H;f2 X Hi_l, s € R, let us consider the Stokes system

—Lu+ Vp=f, 4.1)
divu=g, 4.2)

that should be understood in the sense of distributions, that is,

(-8u+Vp.¢)r = (f.¢)r V¢ €Cy, (4.3)

(div u, ¢)r = (g. o)1 Vo €CP. (44)

For & € 7", let us employ 2(x) = e~2"¢ as ¢ in (4.4) and &(x), multiplied by the unit coordinate vector, as ¢ in (4.3).
Then recalling (2.5), we arrive for each & € 7" at the following algebraic system for the Fourier coefficients, &1;(€), k =
1,2, ... ,n,and p(€).

4r*E,a gt (8) + 2715 PE) = &) VEEL k=12, ... ,n (4.5)
27iE;0,(E) = §(&) VEETL. (4.6)
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System (4.5)—(4.6) can be written in the form
(&) ) £ n
S = VEE€L, 4.7
© <ﬁ(§) (g«:)) te @7

where &€(&) is the (n + 1) X (n + 1) matrix with entries

are, sy, £j=1,...m

o, —27i&,, £=1,..,nj=n+1; 45
¢j(6) = .
! —2mig;, f=n+1l,j=1,...,n

0, f=j=n+1.

Here, i = —1,and & = (&, ... ,&,). The matrix &(&) is in fact the toroidal/periodic symbol (cf. [19, Section 4.1.1]) of
the anisotropic Stokes system (4.1)-(4.2).

Lemma 4.1. Let n > 2 and condition (2.3) hold. Then the matrix ©(&) is nonsingular for any & € 7" and hence the
solution of the algebraic system (4.5)-(4.6) can be represented in terms of the inverse matrix ©~1(&) as

{i(®) 1 [ £© . n
= 7 . .
<f><§)> © <§(§>> vee “49)

Moreover, the following estimates hold:

& ~ 18

[a(é)| < Cufw + ugm, (4.10)
N ~ /f( ) ~ ~ - n
D@1 < Cpr o + Cali®] Ve (1)

where

Cup = 2Ca, Cug = Cpy = 1+ 2C4 ||Al, Cpg = IIA[I(L + 2C4 [IA]D.

Proof. Introducing the new variables W = 271, § = ip, the algebraic system (4.7) can be represented in the equivalent

form
@ E A“’ (§)> f(g)/(Zﬂ) V . n, .12

where @(5) is a real matrix with the entries

faa;ffﬂ, £j=1,...,m

~ &, £=1,...,n,j=n+1;

©.5(8) = , (4.13)
§j3 I/ﬂ:n+1,.]:1,...,n;
0, f=j=n+1.

In order to show that é; (&) is nonsingular for any & € Zn, we use Theorem 7.1. To this end, for a fixed &€ € Zn, we
consider the bilinear forms ag : R*" X R" - Rand by : R" xR = R,

ao(W,¥) 1= We&aed; VW,V eR”, (4.14)

bo(v,q) :=¢&9,4 VVeER" geR, (4.15)
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as well as the closed subspace V; of R" given by
Ve :={VeR" : by(¥,9) =0, VgeR} ={VeR": &); =0}. (4.16)
It is immediate that these bilinear forms are bounded, as they satisfy the estimates:
lao(W, )| < ANIEPIWI IV, bV, I < [E]I19]1] YW, VER", VgeR.
The symmetry conditions (2.2) allow us to write the bilinear form a, as
(W, ¥) = af) (W ® &)}, ® &), (4.17)

where (W ® &)° is the symmetric part of the matrix W ® &, that is,

o 1, N
W&, = 5( pat Walp), Coa=1, ... ,n0. (4.18)

Due to (4.17) and the ellipticity condition (2.3), we obtain that a, satisfies the estimate
ap@,¥) 2 ¢ V@ &’|* = %cg [V|?|€]> VV € R" suchthat V-&=0, (4.19)

where V- & = Y7 (V® &), is the trace of the symmetric matrix (V ® £)*. Therefore, the bounded bilinear form
ao : Ve x Ve —» Ris coercive when & # 0.
In addition, an elementary computation shows that

: bo(V, §)
_inf —sup OA—Aq > €], (4.20)
GER\(0} ger 10y V1]

and accordingly that the bilinear form b, satisfies the inf-sup condition with the inf-sup constant |].

By applying Theorem 7.1, we conclude that the modified symbol matrix @(5) given by (4.13) is invertible for any
& e 7", and hence that the symbol matrix &(&) given by (4.8) has the same property and the formula (4.9) is well
defined. Moreover, estimates (7.5) and (7.6) are applicable to the real and imaginary parts of system (4.12) and after
combining them, we get

& ~ 18©)
u Cu b
I omiEr T g

G P . n
Fomie * Crel8®1 Ve L

W) < C

13®)| <G,

Recalling that W = 271 and § = ip, we arrive at estimates (4.10) and (4.11). O

Note that the proof of Lemma 4.1 is essentially similar to the proof of [10, Lemma 15] given for the nonperiodic case,
where the ellipticity of the anisotropic Stokes system in the sense of Agmon-Douglis-Nirenberg was given but augments
it with estimates (4.10) and (4.11).

Remark 4.2. For the isotropic case (2.9), due to (2.10), system (4.5)—(4.6) reduces to
47* [(A+ wEE - () + uEIMA(E)] +27ikp(&) = £(&) vEe L, (4.21)

2miE - 0(E) = §(&) VEETL" (4.22)
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10910 WILEY MIKHAILOV
Taking scalar product of Equation (4.21) with & and employing (4.22), we obtain
£ )
b = S8 4 o). Vel (423)
27i|E|?

and substituting this back to (4.21), we get

vee" (4.24)

. 1 e, LE1© 6]
4O = er lf(‘:)_§ G ]+‘52m|¢|2’

(cf. [6, Section 2.2] for the case s = 1, g = 0, A = 0 and ¢ = 1). Expressions (4.24) and (4.23) evidently satisfy
estimates (4.10) and (4.11).

The anisotropic Stokes system (4.1)-(4.2) can be rewritten as

s(2)= ()

where
s(®) .= —Lu+ Vp
p/) div u ’

S:H,xH) ' - H) xH ! (4.25)

and for any s € R,

is a linear continuous operator.
Now we are in the position to prove the following assertion.

Theorem 4.3. Let n > 2 and condition (2.3) hold.

(i) Forany (f,g) € I'-I;f_2 X H;_l, s € R, the anisotropic Stokes system (4.1)-(4.2) in torus T has a unique solution
(u,p) € Hy x H;_l, where

u) = Y ), px) = Y )

-, - (4.26)
1374 3=/
with U(€) and p(&) given by (4.9). In addition,
”u”ﬁi < Cuf||f||ﬁ;—2 + Cug||g||i{ifl, 4.27)
||P||H;f1 < Cpf||f||ﬁ;-2 + Cpg”g”f_ljlv (4.28)

where

1 1
Cur = ;CA, Cug=Cpy = \/_—2(1 +2C4 lIAD, Cpg = [[ANI + 2C4 lIAID,
pa

and operator (4.25) is an isomorphism.
(ii) Moreover, if (f,g) € Ci x Cy , then (u,p) € Ci xCy .
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Proof.

@) EXpresswns (4.9) supplemented by the relations @(0) = 0, p(0) = 0, following from the inclusions (u,p) €
H, x Hy 1, imply the uniqueness. From estimates (4.10) and (4.11), we obtain the estimates

Il

. 51
lpll

IA

I/\

IA

IA

A~

1/2
W GNIGR
A
N ~ 1/2 N 1/2
Cuy % [F(@) Cug NGk
= 2 eyl B - 2 s
¢el gel
~ 1/2 ~ 1/2
Cus 2(s—2) 2/’(5) Cug 2(s—1) 29(5)
y 2 P& 2[E©)| o T Z Gl
§eZ §EZ
éuf C
~ 3 Il + —=— gl
\[ 2r
1/2
D &> 2PN
§eZn
6 1/2 1/2
2| T ner l(;l)z' +C| 3 p& NP
EEZ §ezn
. 1/2 1/2
C A~
2%: >, & 2>|f(§)lzpl(;’:|)2 +Cpg| D p(&* V121
662" éeZn

pf ~
L)) s + Cgllgll -
T # #

These estimates imply (4.27)-(4.28) and hence inclusions in the corresponding spaces and that operator (4.25)

is an isomorphism.

(ii) Theinclusion (f,g) € Cy xCy implies that (f, g) € H,  xH;  for any s € R. Then by item (i) (u,p) € HxH}
for any s € R and hence (u,p) € Cy x Cy -

O

If g = 0in (4.2), we can reformulate the Stokes system (4.1)-(4.2) as the vector equation

—Lu+Vp=~f (4.29)

for the unknowns (u, p) € Hi, X " and the given data f € I:Ii_z, s € R. Then Theorem 4.3 implies the following

assertion.

Corollary 4.4. Letn > 2 and condition (2.3) hold.

(i) Foranyf € I'-Ii_z, s € R, the anisotropic Stokes equation (4.29) in torus T has a unique incompressible solution
(u,p) € Hy, X H}i_l, given by (4.9) and (4.26) (and particularly by (4.24), (4.23), (4.26) for the isotropic case (2.9))
with g = 0. In addition,

llully < Curlifll -2 (4.30)
#

PN < CorlIfll 2, (4.31)
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where

1 1
Cus = ;CA’ Cpr = \/_—2(1 + 2Cx [IAID,
T

and the operator
£, xHy
where
L(u,p) :=Lu - Vp, (4.32)

is an isomorphism.
(ii) Moreover, iff € Cs, then (u,p) € Ca X Cy .

5 | STATIONARY ANISOTROPIC PERIODIC OSEEN SYSTEM

For the unknowns (u, p) € Hi X Hi_l, let us consider the Oseen system
—Lu+ Vp+ U-Vyu=f{, (5.1)
divu=g (5.2)

with given data (f,g) € Hi_z xHy ', s>1anda given function U.
The anisotropic Oseen system (5.1)-(5.2) can be rewritten as

“(2)-()

SU<u> :=<—2u+VP+(U~V)u>=S<u>+<(U'V)u>. (5.3)
p div u D 0

where

5.1 | Weak solution to the stationary periodic anisotropic Oseen system

For a fixed U, and the bilinear forms

ary(u,v) :=<qlf’jﬂ}3,ﬁ(u),Em(v)>T +{(U-Vyu,v)p, YuveH;, (5.4)

br(v,q) := — (div v,q)r, VveHy, VYqe iy, (5.5)

let us consider the following mixed variational problem:
. . - 1 .
Find (u,p) € Hi X Lou such that for given f € Hy and g € Loy,

{ ar,u(@,v) +br(v,p) = —(f,v)T VveE H, (5.6)
br(w,q) = —(g.¢)r Vq € Loy
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Let us note that the subspace I:I;,, of I:I; (see 3.12) has also the characterisation
I:Iig = {w € I:I; > br(w,q) =0 Vqe Lz#} . (5.7)

Let us now prove the well-posedness result for problem (5.6) (cf. Lemma 3.1 in [8], and Lemma 5 in [10], where similar
results were proved for the Stokes system in nonperiodic anisotropic settings).

Theorem 5.1. Let n > 2, condition (2.3) hold, and U € Lgys,, Where 0 € (2, 00) if n = 2, while § € [n, o) if n > 3.

(i) Then for all given data f € H. ! andg € Los, the variational problem (5.6) has a unique solution (u, p) € Hi X Lps

and
”u”Hi < Cufllﬂll'{;l + Cug;U”g”’Lz#» (5.8)
Ipll;,, < Coraollflys + Coulgly, (5.9)
where
Cur = 7172Cy, (5.10)

while the constants Cyg.y = Cps.u and Cpg.y depend only on Cy, ||Al|, n, and U.

(ii) Moreover, the anisotropic Oseen system (5.1)-(5.2) is well-posed in Hyx 104 and its unique solution (u, p) € Hy x4
is provided by the solution of the variational problem from item (i).

(iii) The operator 1. 21 .
Su i Hg X Ly —» Hy X Loy, (511)

where Sy is defined by (5.3), is an isomorphism.

Proof.

(i) We intend to use Theorem 7.1, which requires boundedness of the bilinear form ar.y(-,-) : Illi X ILI; — Rand
coercivity of the bilinear form ar.y(:, ") : Hio X Hig - R.
Indeed, by (2.4) and (3.10),

(a2 B, Eu)),

< n*AIE)|l g 1EW) |z

(5.12)
4 2.4
< n*||AlllIVallgpe | VY] e < 47°n IIAIIIIullﬁ;IIVIII-{;-
On the other hand, by (7.22) with U for v; and u for v,,
(U - Vyu,v)g| < [I(U - Vyullg: (Vi 513
< 27Co9/0-2# | UllL,, @l V] 3 -
Hence,
laT.y(w, v)| < @2*n* | Al + 22Ca -2 U I, )llall 1 1Vl 1 (5.14)
#

which proves boundedness of the bilinear form a.y(-,-) : Hi X Hi - R.
The first Korn inequality (3.11), the relation Z?:l E;(w) =divw =0forw € Hi(,, the ellipticity condition (2.3),
and equivalence of the norm ||V(-)|| pzen to the norm || - ”1'{1 in Hi (see (3.10)), imply that

#

) 1.

(/B w). Euw) ), 2 CHIEMIg0 2 565 IVWi, (515)

> 2CIWIE, Vw € Hi. |
H

#

On the other hand, since U € Ly, Section 7.3.4(iii) implies that

(U-V)w,w)p =0 Vw e Hj.
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Hence,
— -1
a'ﬂ';U(w, w) > ”ZCAI ”w”ill Vw € Hy,. (516)

#

Inequality (5.16) shows that the bilinear form at.y(:, ) : Hia X Hia — R is coercive.

The boundedness of the divergence operator div : HL — Los implies that the bilinear form b : Hi XLy —> R
is bounded as well. One can also check that for any g € L,4, the divergence PDE (5.2) has a unique solution in
Illi / ILIL(,. The PDE is equivalent to the algebraic Equation (4.6) for the Fourier coefficients, and the solution is
presented as

e = 8¢ veel'

¢
27i|€|?
Moreover, then the divergence operator
. .1 .1 .
—div : H#/H#O. - Lz#

is an isomorphism (cf. also, e.g., [22, Lemmas 7-9 in p. 30], [23, Corollary 2.4 and Theorem 2.3 in Chapter 1], [7,
Proposition 1.2(i) and Remark 1.4 in Chapter 1], [24, Theorem 3.1] and [9, Theorem 3.1] for some nonperiodic
settings). The isomorphism implies that there exists a constant ¢, > 0 such that for any g € L,4 there exists
vy € H; satisfying the equation —div v, = q and the inequality ||v||ﬁ; < ¢ollqllz,#. Therefore, the following

inequality holds for such v:
br(vg, @) = =(div vg,¢)p = (@ @) = llgll; = cglIvgllllglly,

This, in turn, implies that the bounded bilinear form b : Hi X L4 — R satisfies the inf-sup condition

. br(w, q) . br(vyg, @) O
inf sup ————— > inf e >
9€La\(0) ert'\o IIWIIﬁ;IIqIILﬂ g€y \(0) IIVqIIﬁ;IIqIILz#

Then Theorem 7.1 with X = Hi, M=ILyandV = }'Iig implies that problem (5.6) is well-posed, as asserted.
(ii) Due to (5.3) and (7.23), operator (5.11) is linear and continuous.
The dense embedding of the space ¢y in ILI; shows that system (5.1)-(5.2) has the equivalent mixed variational
formulation (5.6) thus proving item (ii).
(iii) Estimates (5.8)—(5.9) imply the existence of a continuous inverse to operator (5.11)

O
5.2 | Solution regularity for the stationary anisotropic Oseen system

For simplicity, we will further limit ourself with the case U € C? . Regularity of the nonperiodic isotropic Oseen problems
with less smooth U were considered e.g., in [25] and [26], and references therein.

Theorem 5.2. Let n > 2 and condition (2.3) hold. Let U € C3.

(i) Forany (f,g) € Hi_z X H‘;_l, s > 1, the anisotropic Oseen system (5.1)-(5.2) has a unique solution
(w,p) € Hy x [y " (5.17)
In addition, there exists a constant Cs = Cs(Cy, ||A]l, n, U, s) > 0 such that
Il + 1Pl < C (1€l + Nl ) (5.18)

and the operator
Sy i Hyx Hy ' — H) *x H) ' (5.19)
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is an isomorphism; Sy is defined by (5.3).
(ii) Moreover, if (f,g) € Cy X Cy , then (u,p) € Cy X Cy -

Proof. Since U € C3 C Lgy, for any 6 > 1, Theorem 5.1 implies that system (5.1)-(5.2) has a unique solution

s —1

(u,p) € Hil X H;l_l with s; = 1. Then (U-V)u € H, and
I(U - V)u”ﬁil’l < CO(U)”u”ﬁil (5.20)

implying, due to estimate (5.8) in Theorem 5.1,

10 - Vyullgres < CoU) (CurlEll g + Cugullgl o)

(5.21)
< C1,(0) (Il )
15s(O) (I IIH# 2+ ligll
Hence, the couple (u, p) satisfies the system
—Qu+ Vp=fD, (5.22)
divu=g, (5.23)

< gD
with fO :=f—(U-V)u € Hy ? where s = min{s, s; + 1}. By Theorem 4.3(i), the Stokes system (5.22)-(5.23) has
.« 5 .5 . (D . gD
a unique solution in Hio x Hy ! for any § < sV and thus (u, p) € Hig X HL ! with the estimate

(1)
I e e (L (5.24)

#

implied by estimates (4.27)—(4.28) and (5.21); CV) > 0 is a constant depending only on Cy, [|A||, n, and U. If sV = s,
this proves inclusion (5.17) and estimate (5.18).

Otherwise, s = s; + 1 < s and we arrange an iterative process by replacing in the previous paragraph s; with s
on each iteration until we arrive at the case sV = min{s,s, + 1} = s. Note that in each iteration, s; increases by 1,
which implies that the iteration process will stop after a finite number of iterations. This proves inclusion (5.17) and
estimate (5.18).

The continuity of operator (4.25) and estimate (5.20) together with representation (5.3) imply the continuity of
operator (5.19). Along with the existence of a continuous inverse to operator (5.19) implied by estimate (5.18), this
means that operator (5.19) is an isomorphism.

Moreover, if (f,g) € Cy x Cy, item (i) implies that (u, p) € I:Ii(, X H‘;_l for arbitrary s thus giving item (ii) of the
theorem. O

6 | STATIONARY ANISOTROPIC PERIODIC NAVIER-STOKES SYSTEM

6.1 | Existence of a weak solution to anisotropic incompressible periodic Navier-Stokes
system

In this section, using the Galerkin approximation, we show the existence of a weak solution of the anisotropic
Navier-Stokes system in the incompressible case, with general data in L,-based Sobolev spaces on a flat torus T, for n > 2.
Let us consider the Navier-Stokes system

—2u+Vp+u-Viu=f£, (6.1)

divu=0, (6.2)
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for the couple of unknowns (u, p) € I:I; X Hﬁ and the given data f € H, ' As for the Stokes system, the incompressible
Navier-Stokes system (6.1)—(6.2) can be rewritten as one vector equation

—Qu+Vp+@m-Viu=f~ (6.3)

for the unknowns (u, p) € Hio- X Hg#, with some g > 1, and the given data f € H; '

Next, we show the existence of a weak solution of the Navier-Stokes equation, generalising to anisotropic case the
Galerkin approximation arguments from [7, Chapter 2] (cf. also [27, Chapter 1, Section 7]).

First of all, let us define the space \7#,, and its norm as

1/2
~ . 1
Vie=Hi,NLu.  IIVllg, = <||v||; b Ilvlliﬂ,,) . (64)

#

For the adjoint operator, we have
~ .1 -1
Vi, = His N Lyg)* = (Hyo)™ U Lypjn-1ys- (6.5)

Ifn € {2,3,4}, then \7#,, = I:IL(,; otherwise \~’#6 is a proper subspace of I:I;,,. The space \7#0 is also the closure of Cy, in
the norm (6.4). Taking into account the mapping properties of operator (7.16), we give, similar to [7, Chapter 2, Equation
(1.25)] the following variational formulation of the Navier-Stokes system (6.1)-(6.2), that is, Equation (6.3), for any n > 2:

Forf € H;l,ﬁnd u € Hy, such that

<a;.’jﬂE,,,(u),Em(v)>T +{((u-Vyu,v)y = (£, V)7 VvV E Vy. (6.6)

Since Cy C \7#5, any u € Hih, satisfying the variational problem (6.6) is also a distributional solution of the
Navier-Stokes system (6.1)-(6.2) in the sense of Leray (i.e., for any v € Ci in (6.6)).
Now we are in a position to prove the following assertion.

Theorem 6.1. Let? > 2 and condition (2.3) hold. Iff € Hy 1, then the anisotropic Navier-Stokes equation (6.3) has a
solution (u,p) € Hy, x Hg# (in the sense of distributions), where ¢ = 2 forn € {2,3,4} and q = n/(n — 2) forn > 5.
Moreover, the following estimate holds

lullye < 272Cllflly 6.7)

Proof. Asin [7, Chapter 2, Theorem 1.2] and [27, Chapter 1, Theorem 7.1], we will use the Galerkin approximation.
First of all, let wy, W, ... ,wy, ... be a system of linearly independent functions from C. that is complete in Vy,.
For each integer m > 1, let us look for a solution

m
uy, = Z MmWi, Mm € R (6.8)
=1

of the following discrete analogue of the variational problem (6.6),

(af;ﬁEjp(um),Em(Wk))T + (- Vuy, wi)T = (£, wi)r Vke {1, ... ,m}. (6.9)
For a fixed m, Equations (6.9) give an algebraic system of nonlinear (quadratic) equations for #;,, I € {1, ... ,m}.
Existence of a real solution of this system follows from Lemma 7.2. Indeed, let  := {mm},, Q) = {Qu(m}_,

denote the m-dimensional vectors, where

Qc(n) := <a;~ﬂEjﬂ(um)’Eia(Wk)>']1‘ + (@ - VU, W) — (£, Wic),
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and u,, = u,(n)is given by (6.8). Note that E;;(u,,) = O since div u,, = 0. Then by representation (6.8), equality (7.25),
the ellipticity condition (2.3), the first Korn inequality (3.11) and the norm equivalence inequality (3.10), we obtain

Q). m) = (@} Ejp(Wm), Eia(@m))T + (W - V)W, W) = (£, War)T
= (af) Ejp(m). Ea(@m)) — (£, W)
> CLH B, o = 1l 1l e (6.10)
> 2Cy = Il el

_ 2—1 _ L .
= (22C; Il = gl

Thus, (Q(n),n) = 0 Vn : |n| = p, where p is sufficiently large (so that Il = CAn'_ZHf”ﬁq vn : nl = p).

Hence, by Lemma 7.2, there exists 7 = {#, }l’il such that || < pand Q() = 0, and zhen u,(n) solve#s (6.9).
Multiplying Equations (6.9) by {#k.,} and summing them up in k € {1, ... ,m}, we obtain

<a?jﬂEjﬂ(um), Eia(“m))']l' + <(um - V)uy, um)']I' = <f’ um>T- (6.11)

Similar to (6.10), this implies
R C Nl < CHIE@IE,

< (@ Ejp(m), Eig(n)) T (6.12)
= (£, w7 < Il lamllyy

Thus, foranym = 1,2, ...,
s < 772l (6.13)

This means that the sequence u,, is bounded in Hi and in Hig and thus there exists a subsequence u,y weakly
converging in Hi and in Hig to a functionu € Hia. On the other hand, since H; is compactly embedded in L, and
Illi,, is compactly embedded in L4, there exists a subsequence of u,,, for which we will use the same notation, that
strongly converges in L, and Loy, to u.

Then due to Lemma 7.3, we can take limit in (6.9) as m — oo to obtain

(@ Ejp(n), EuW)T + (- V)u, V)1 = (£, V)7 (6.14)

forany v € {w; } oo, - Since by definition the set v € {wy Ve, 18 complete in Vi, and operator (7.16) is bounded and
continuous, we conclude that Equation (6.14) holds for any v € \7#(,; that is, u solves variational problem (6.6), and
moreover, (6.13) implies that u satisfies estimate (6.7).

Afteru € Hia satisfying (6.6) is obtained, the pressure p € i); can be found from Equation (6.1) rewritten using
notation (2.1) as

Vp=f—(u-V)u+ 2u (6.15)

and understood in the sense of distributions. In the right-hand side of (6.15), f € Hy ' Qu e H;', while (u-Vyu € Hy !
ifne{2,3,4},and(u-V)u e Ln/(n_l)# if n > 5(cf. (7.15) and (7.16)). This implies that in fact p € L,y if n € {2,3,4},
andp € Lz U H;/(n_l)# C Lujn-2# if n > 5 (cf. [2, Theorem IX.3.1, Remark IX.3.1], [3, Section 5.1]). O

6.2 | Solution uniqueness for the anisotropic periodic Navier-Stokes system

In this section, we show that under additional constraint on the norm of the given data, the weak solution of the
Navier-Stokes equation (6.3) is unique.

For the uniqueness in the nonperiodic setting, for the isotropic case (2.10) with A = 0 and ¢ = 1, compare, for example,
[4, Lemma 3.1]; for the anisotropic case, compare [9, Theorem 5.4], [11, Theorem 7.3].
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Theorem 6.2. Letn € {2,3,4} and condition (2.3) hold. Let f € H;l and

||f|| a < —c 2c 2

\/—A4#’

(6.16)

with the constants Cy and Cqs from the ellipticity condition (2.3) and the Sobolev embedding inequality (7.10), respectively.

Then the anisotropic Navier-Stokes equation (6.3) has a unique solution (u, p) € Hy, X Hy.

Proof. Assume that the Navier-Stokes equation (6.3) and thus the variational problem (6.6) have two solutions
@, pM) and (u?, p@) in the space H,L, x Hy. Note that Vi, = Hi(, if n € {2,3,4}. Then the first Korn inequal-
ity (3.11), the ellipticity condition (2.3), the variational formulation (6.6) and the norm equivalence inequality (3.10)

give for k € {1,2},
(P (k)yy(2
IVa®I2 ., <2AB@)2 .,

< 2C4(aEjpu®), Biy(a®))p

=2C, (£, u®)p <2C4 |If|| - [[u®]|
H# H#

V2 ®
< 7CA||f||ﬁ;1”V“ Il 2y
Hence,

2
1V < ‘/T—CAnfnﬁ;l, ke (1,2).

The variational formulation (6.6) also implies

a -1
<aijﬂE,~ﬂ(u<1> —u®), B (v ))T +{@®. Vyu® - @® . Vu?, vy =0 Vve H,.

Then by choosing v =u® — u® in (6.19), we obtain

<a;ﬂEjﬁ(u(1) —u?),E,(u? — u(z))>T
— _< ((u(l) _ u(Z)) . V)) u(l)’ u® — u(2)>']1‘

—(@® - V)u® —u®),u® —u®),
Due to the membership of u” and u® in Hig, relation (7.25) yields
(@ Vyu® —u?),u® —u®), =0
which shows that Equation (6.20) reduces to
<a;’jﬁEjﬂ(u<“ —u®), B, u® - u(2>)>T = —((@ —u®)- V) u®,u® —u®),
On the other hand, in view of condition (2.3) and the first Korn inequality (3.11), we deduce that

||V(u(” _ u(z))”(sz#)nxn < 2CA<a;;ﬂEjﬁ(u(l) _ u(z)),Eia(u(l) _ u(z))>T

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)
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By inequalities (7.20), (7.10), (3.9) and (6.18), we obtain

|(((u<” —u®).V)u®, u® - “(2)>1r‘
<Ju® - U-(Z)”i“||V11(1)||(L2,,)nxn

< Ci#llu(l) _ u(Z)”f{i ”Vu(l)”(Lz#)nxn (6.24)

<

1 2 1 2112
CACRIVE® — )R IEll
273 #

Then equalities (6.22)—(6.24) imply that

V2 (6.25)

2
@ _ @2 VNZ2 2 @D _ @2 L
”V(u u )“(Lz#)nxn < 3 CAC4#”V(u u )”(Lm)nxn”f”H#1 .

Assumption (6.16) shows that estimate (6.25) is possible only if u® — u® = 0.
Hence, Equation (6.3) implies V(p®” — p@) = 0 in Q. Then p® — p@ is a constant, that is, p® = p@ in . O

Note that in the second inequality in (6.24), we used that by the Sobolev embedding theorem, |[u®™—u® ||, < Csyllu®—
u(2)||H;, which is however not available for the dimensions n > 4. This limited our uniqueness proof to the cases n €
{2,3,4} only.

6.3 | Solution regularity for the anisotropic periodic Navier-Stokes system

In this section, we show that the regularity of a solution of the anisotropic incompressible Navier-Stokes system on T",
n € {2,3,4}, is completely determined by the regularity of its right-hand side, as for the Stokes system. To prove this,
we use the inclusions of the nonlinear term (u®” - V)u given by Theorem 7.5 and the unique solvability of corresponding
(linear) Stokes system along with the bootstrap argument. This is sufficient to prove the regularity for n € {2, 3}. However,
to prove the regularity for n = 4, we needed to accommodate more subtle norm estimates from [28] first.

Theorem 6.3. Let n > 2 and condition (2.3) hold.

(i) Lets, > -1+ n/2. If (u2, p) € Hf;a X H;l_l is a solution of the a:zisotropic Navier-Stokes equation (6.3) with a
right-hand side f € Hy? ~, where s, > s, then (u,p) € Hy, x H}? .
(ii) Moreover, iff € Cy, then (u,p) € Ci xCy .

Proof.

(i) Let(u,p) € Hi’g X Hil_l be a solution of (6.3) with f € Hiz_z. Then by Theorem 7.5, for the nonlinear term, we
have the inclusion (u® - V)u € H;’ witht; = 25y — 1 —n/2ifs; < n/2, with t; = s; — 1if s; > n/2, and with
any t; € (51 — 2,51 — 1) (and we can further use t; = s; — 3/2 for certainty) if s; = n/2. Hence, the couple (u, p)
satisfies the equation

—Qu+ Vp =fV (6.26)

with f® :=f—@® - Vyu e Hil)_z, where s = min{s,, t; + 2}. By Corollary 4.4(i), the linear Equation (6.26)
has a unique solution in Hy, X iy for any s < s and thus (u,p) € Hf;: X Him_l. If sV = s,, which we call
case (a), this proves item (i) of the theorem.

Otherwise, we have case (b), when sV < s,, that is, s = t; + 2, by the definition of s). Then we arrange an
iterative process by replacing s; with s’ = #; + 2 on each iteration until we arrive at case (a), thus proving item

(i) of the theorem. Note that in case (b),
sV —s; >6 :=min{s; +1-n/2,1,1/2} >0

in the first iteration, and 6 does not decrease in the next iterations since s; increases. This implies that the
iteration process will reach the case (a) and stop after a finite number of iterations.
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(ii) Iff € Cy, then for any s, € R, we have f € I:I;f_2 and item (i) implies that (u,p) € H:fa X Hff_l. Hence,
(u,p) € Gy x Cy -
O

Combining Theorems 6.1 and 6.3, we obtain the following assertion on existence and regularity of solution to the
Navier-Stokes system on torus for n € {2, 3}.

Theorem 6.4. Let n € {2,3} and condition (2.3) hold.

) Iffe H;_Z, s > 1, then the anisotropic Navier—Stokes equation (6.3) has a solution (u, p) € H;a X Hi_l.
(ii) Moreover, iff € Cy, then Equation (6.3) has a solution (u, p) € Cy xCs.

Note that in the isotropic case (2.9) with A = 0, similar results for the Navier-Stokes system in flat torus as well as in
domains of R" are available (e.g., in [2-5, 7]).

One can easily check that the arguments leading to the regularity Theorem 6.4 are at this stage not applicable for n > 4
since to apply them we would need the existence of (u, p) in H;SU X Hf;_l for s; > —1 + n/2, which Theorem 6.1 does
not provide. Nevertheless, in the following assertion, it appeared to be possible to accommodate arguments of [28] to our
anisotropic periodic setting and to prove the solution existence with s; = 2 and then the regularity for n = 4.

Theorem 6.5. Let n € {2,3,4} and condition (2.3) hold. Iff € Hg, then the anisotropic Navier-Stokes equation (6.3)
has a solution (u,p) € I'-Iic, X Hi and the estimate
2
Illze + il < Culllls + a1 (6.27)

holds for some constants C1,C_1 > 0.

Proof. Let(u,p) € Hig ng be the solution of (6.3) provided by Theorem 6.1 and thus satisfying (6.7). Let u; € C, bea
sequence converging tou in Hi,, and let us consider the following Oseen equation (a linearised version of Equation 6.3)

for (ﬁk,f)k) ,
—uy + Vpr =f — (u - V). (6.28)

By Theorem 5.2, for every k, there exists a solution (ﬁk, [)k) € Hfm xHi of the linear Oseen equation (6.28). Moreover,
since uy € Cy,, estimate (5.8) from Theorem 5.1 implies that

1Bl < Cam o (6.29)

In addition, considering (6.28) as a linear anisotropic Stokes equation with a given right-hand side, by Corollary
4.4, we obtain the estimate
Iell e+ 1Bell e < € (Il + e - Vel ) (6.30)
with C = Cy + Cpy-
Letd € Rbesuchthat2 < 6 < oo ifn = 2, while § = nifn € {3,4}. Employing Lemma 7.7 with uy for u,

the sequence {uy} for Kps, and Vuy for w, we obtain by (3.10) and (6.29) that for any § > 0 there exists a constant
Cs = Cs5(Kgs) > 0 such that

- V)Bell o < 1 VTelagyoor + Colluell Vil
< 276l + 27Cs gl el (631)
# #
~ -1 ~
< 26l g + 277 CaConCs lluell g I

Here, we also took into account that for 2 < n < 4, there exists a constant Cyy > 0 independent of v, such that
v, < C9#||V||H; foranyv e H;, due to the Sobolev embedding theorem.

Since uy converges to u in I:I;G, estimate (6.7) means that there exists ky € N such that for k > k, (which we will
further assume)
ol < 2lully <207 Chlifl o
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and hence (6.31) implies
Il (o - V)ﬁk”ﬁ: < 27[5”l~lk”ﬁz + 4ﬂ‘3CgC9#C5IIf||g_1- (6.32)

#

Substituting (6.32) in (6.30) with § = 1/(4xC), we obtain

¥kl 2+ 1Pxll;r < 2CIEl 0 + CalIfll% s 6.33
H,, Hy H, H,

where C_; :=8773CC2 CsC;.
Together with (6.28), this implies that there exist subsequences of {u;} and {p, } weakly converging in Hi,, and Hi,
respectively, to a weak solution (U, p) € Hig X H; C Hih, X Hﬁi of the Oseen equation
—Qu+Vp=Ff—(u-V)u (6.34)
satisfying the estimate
~ = 2
IIuIIﬁ:{T + IIpIIH; < 2CIIfIIﬁ: + C—1IIfII}.I;1. (6.35)
Since (u,p) € Hj, x5 satisfy (6.3), the solution uniqueness for the Oseen equation (6.34) with a fixed u in Hj, x Eo
(see Theorem 5.1(ii)) implies that (u, p) = (W, p) € Hfh, X Hi and estimate (6.27) holds with C; = 2C. O

Note that in the third inequality in (6.31) we used the Sobolev embedding theorem that implied that there exists a
constant Cy¢ > 0 independent of v, such that ||v]|y,, < C9#||V||H; foranyv € H;. This estimate is however not available
for the dimensions n > 4, which limited our regularity proof in Theorem 6.5 to the cases n € {2, 3,4} only.

Combining Theorems 6.5 and 6.3, we obtain the following assertion on existence and regularity of solution to the
Navier-Stokes system on torus for n € {2, 3,4}. Note that for n € {2, 3}, the assertion is already obtained in Theorem 6.4.

Theorem 6.6. Let n € {2,3,4} and condition (2.3) hold.

) Iff e Hi_z, s > 2, then the anisotropic Navier—Stokes equation (6.3) has a solution (u, p) € Hia X Hi_l.
(ii) Moreover, iff € Cy, then Equation (6.3) has a solution (u, p) € Ci xCy .
7 | SOME AUXILIARY RESULTS

7.1 | Abstract mixed variational formulations

Let us produce the well-posedness result for the abstract mixed formulation, related to Babuska [29] and Brezzi [30,
Theorem 1.1] (see also Theorem 2.34 and Remark 2.35(i) in Ern and Guermond [31] and Brezzi and Fortin [32]).

Theorem 7.1. Let X and M be two real Hilbert spaces. Let a(-,-) : X XX — Rand b(-,*) : X X M — R be bounded
bilinear forms. Let f € X’ and g € M’. Let V be the subspace of X defined by

Vi={veX:bv,qg=0 Vge M}. (7.1)
Assume that a(-,-) : V XV — Ris coercive, which means that there exists a constant C, > 0 such that
aw,w) > C'|wlly YweV, (7.2)

and that b(:,-) : X X M — R satisfies the Babuska-Brezzi condition

b )
inf BLUL VN c,'. (7.3)
aeM\ (0} vex\ (o} [IVIIxIlgllat
with some constant Cp, > 0. Then the mixed variational formulation
a(u,v) + b(v,p) = f(v) VveX, (7.4)
b(u, q) =g(@ YVgeM :
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has a unique solution (u,p) € X X M and

llullx < Call fllx + Co(1 + llallCa)llgllar (7.5)

IPlla < Co@ + NlaliCll fllxr + llallCoL + llallCa)llglaes (7.6)

where ||a|| is the norm of the bilinear form a(, -).

7.2 | Brower fixed point theorem application

In the main text, we need the following well-known result that follows from the Brower fixed point theorem (see, e.g.,
[27, Chapter 1, Lemma 4.3], [2, Lemma IX.3.1]).

Lemma 7.2. Let n — Q() be a continuous map of R™ to itself, such that for some p > 0,

QUm),n) >0 Vn : |nl=p. (7.7)

Here, forn = {n;},¢ = {¢;} € R™, we denote
m
1.8) 2= Y mgys Inl 2= (,m*2,
j=1
Then there exists n such that |n| < p and Q(n) = 0.

7.3 | Advection term properties

Let the quadratic operator B : w — Bw be defined as Bw := (w - V)w.
Let in this section the dimension #n > 2. To formulate assertions valid both for n = 2 and n > 2, let us define the set I, as

L :=12,0), I, :=[n,o00) if n> 2. (7.8)
Let 0 € I,, and let us denote gy := 26/(6 — 2). Then
2<20/(0-2)<o0 if n=2;2<20/(0-2)<2n/(n-2)if n>2. (7.9)

By the Sobolevembedding theorem (see, e.g., [33, Section 2.2.4, Corollary 2]), for any 6 € I, the space H; is continuously
embedded in the space Ljg/9—2# and there exists a constant Cy4/9—2# > 0 independent of v, such that

IVl < Cao/0-21 VI, YV E H,, V0€I,. (7.10)
By the Holder inequality, for any 6 € I,
K1 - VIV2, Vi) 1| < Vil o I VV2ll @,me 1V3 L, YV Vi € Logj-2, V2 € H., v; €Ly, VO €I, (7.11)
Due to (7.10) and (3.10), inequality (7.11) gives

(V1 - VIV2, va) 1| < 27Cog/0—2IV1 e IV2llez [1V3]IL,, V V1, V2 € H,,v; €Ly, VO€EI, (7.12)
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This implies that the trilinear form ((v; - V)v,, v3)1 is bounded and continuous on H; X Hi X Loy, VO € I,. Taking

into account that the space Lg/-1)# is dual to the space Ly, this implies that if vi, v, € H;, then
(v1-V)va € Lojo-14, VO € I,
and the following estimate holds for the bilinear term
vy - VIVl < 27Co0 0-2¢IVillm IV2llmy, VO € In.
This means that the quadratic operator
B:Hj > Loy, VOEI,

is bounded and continuous.
Moreover, if v; € H}_and v, € Hj, then

/(V1 - V)vadx = /ai(vl,ivz)dx - /(diV vi)Vadx = 0,
T T T

and hence (v; - V)v, € Ly /0-1% VO € I, implying the boundedness and continuity of the quadratic operator
B : Hy, — Lo, VO €I,
For n > 3, taking 6 = n, this particularly implies that the quadratic operator
B : Hi, =V, = (Hi)" U Lujuos

is also bounded and continuous. In fact, operator (7.16) is bounded and continuous also for n = 2.
Indeed, for n = 2, estimate (7.12) with @ = 4 leads to the estimate

[{(v1 - V)Va,v3)T| < 27Ca Vil V2l V3 le,, YV, v2 € Hi, V3 € L.

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

Assume now that v; € H; and again take into account that by the Sobolev embedding theorem the space H; is

continuously embedded in the space L4y and
Ivslle,, < Cagllvsllm: Vvs € Hyn=2.

Due to (7.18), inequality (7.17) gives

[{(v1 - V)Va,v3)T| < Zﬂci#”Vl”H;||V2||H;||V3||H;VV1,V29V3 € Hi, n=2.

(7.18)

This implies that the trilinear form ((v; - V)v,, v3)T is bounded and continuous on Hj, X H} x H. Taking into account

that the space H;! is dual to the space Hy, this implies that if vi, v, € Hj, then
vi-Viv, eH;', n=2,
and the following estimate holds for the bilinear operator

2
v - V)Vallir < 22C2 vl V2l 1 = 2.
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This means that the quadratic operator
B:H,->H;' ' n=2

is bounded and continuous. Moreover, if v; € H}m and v, € H., then by (7.14) we also obtain (v; - V)v, € H. ! and the
continuity of the quadratic operator

B:Hi, - H; , n=2 (7.19)

Since H;' = (H))* c (H, )* C (I:I;g)* ULpjn-1y = V:;U, the continuity of operator (7.19) implies also the boundedness
and continuity of operator

B:Hiy -V . n=2,

#o°

that is, of operator (7.16) also for n = 2.
Let us also give another well known result, which proof can be easily accommodated to the periodic case from the one
found, for example, in [7, Chapter 2, Lemma 1.5]; see also [27, Chapter 1, Teorem 7.1].

Lemma 7.3. Let u; converge to u weakly in Hig and strongly in Lay,. Then (Bug, v)T — ((u- V)u,v) Vv € Cy,.

Similar to (7.11), we have
(V1 - VIV2, va) | < [IValle,, IVV2lla,me 1V3 L, ., Y VI € Lo, V2 € H,, v3 € Lygjo-2s- (7.20)
Due to (7.10), inequality (7.20) implies
(V1 - VIV2, Vi) 1| < 27Co0s0-2 IV lIL,, V2l 1V3 [l VVL € Loy, Vv, v3 € H;. (7.21)
This implies that if v € Lgg, v, € HL, then (v; - V)v, € H;l and the following estimate holds for the bilinear operator
Vi - VIVa|lg;r < 22C00 60—V I, 1 V2| - (7.22)
Moreover, if vi € Lgss, V2 € H;, then again (7.14) holds, implying that by (7.22),

vi-V)vp € H;I,

(7.23)
I[(vy - V)"Z“ﬁ;l < 27Cop/0-2#lIVilIL,, V2 llm -
The divergence theorem and periodicity imply the following identity for any vy, v,,v3; € Cy°.
((vi - V)va, v3)p = /V ~(v1(v2 - v3)) dx = ((V - v)vs + (V1 - V)V, Vo)
T (7.24)

= —((v1 - V)v3, Vo) — ((V - V1)V3, V).
In view of (7.24), we obtain the identity

(V1 - VIVo, v3)p = —((v1 - VIV3, Vo) Vv € CP, v, vz € CY,
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and hence the following well-known formula for any v; € C;‘;, v, € CY,
((v1 - V)V, Vo) = 0. (7.25)

(i) The dense embedding of the space cy into H; and into Lys, the dense embedding of the space Ccy into H;ﬁ, and

{0}

estimate (7.12) ensuring the boundedness of the corresponding dual product in (7.25) imply that relation (7.25)
holds also for any v; € Hj,_ and v, € H} N L.

(ii) Particularly, for n = 2, Hi NLgs = Hi VO € (2, ); for n € {3,4}, we can choose § = n and take into account that
H, N L,s = Hj. Hence, if n € {2,3,4}, (7.25) holds for any v; € H, andv, € H,.

(iii) Taking into account also the dense embedding of C;‘; into Lys,, along with estimate (7.21) ensuring the bounded-
ness of the corresponding dual product in the left hand side of (7.25), we conclude that when n > 2, (7.25) holds
for any v; € Ly, and v, € Hy,.

Due to Theorem 1 in Section 4.6.1 of [33] and equivalence of the Bessel potential norms on square and norms (3.3) for
the Sobolev spaces on torus, we have the following assertion.

Theorem 7.4. Letn > 1,5 <5, and§ +35, > 0.

() If 3, < n/2, then there exists a constant C; = C;(51,5,, n) such that for any v; € H and v, € HSZ, we have
# #

vV, € Hiﬁgz_n/z and
”Vle”Hil*iz*"/Z < Gyl g lvall e (7.26)

ii 5, > n/2, then there exists a constant C, = C,(51,3,,n) suc at for any v; € S an v, € ~,we ave
(i) If § 2, then th ist tant C C(31,5,, n) such that H,' and Hp h
Vv, € H,' and
vzl < Callvallgs lIvall gz (7.27)

Theorem 7.4 immediately leads to the following result.
Theorem 7.5. Letn > 2.

() If 0 < s < n/2 then the quadratic operators

B:H, > H (7.28)
B:H), - H (7.29)

are well defined, continuous and bounded; that is, there exists Cn5 > 0 such that
BW |10z < Cn,SIIWIIiI; Yw € Hj,. (7.30)

(ii) Ifs > n/2, then the quadratic operators
B:H, > H", (7.31)

B:H, — H, (7.32)
are well defined, continuous and bounded; that is, there exists Cp, s > 0 such that

IBWlgy < Cosliwlly, Vw € Hy,. (7.33)

Proof. If a function w is periodic, then evidently the function Bw is periodic as well.

(i) Let0 < s < n/2. Theorem 7.4(i) implies estimate (7.30) and then the boundedness of operator (7.28).
Further, ifu € I:Ii,,, then due to the periodicity,

(Bu, 1) = (u-V)u, 1)1 = —((div w)u, 1) = 0.
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Together with estimate (7.30), this implies that quadratic operator (7.29) is well defined and bounded.
Letw,w’ € H, . Then by (7.26), we obtain
”BW — BW/”His—l—nﬂ < ”(W . V)W - (W’ . V)W,”His—l—n/z
< |l(w —w') - VI)w + (W' - V)(w — W,)”st—l—n/Z

< Chl|w —W'|

w, (Wl + W[l ) -

This estimate shows that operator (7.28) and (7.29) are continuous.
(ii) Lets > n/2. Theorem 7.4(ii) implies estimate (7.33). Then by the same arguments as in item (i), one can prove
that operators (7.31) and (7.32) are also well defined, bounded and continuous. O
The following assertion is essentially an adaptation of a result from [28, Lemma and Remark 2.3(ii)] to the periodic
setting for the particular case of L,-based Sobolev spaces.

Lemma 7.6. Letn > 2 and 0 € I,,. Then for any u € Lg4 and any ¢ > 0, there exists a constant c.(u) > 0 depending
only on u, n and €, such that

/T|u|2 [w]2dx < €||W||12q; +elwllf, Yw e Hy. (7.34)

Proof. Let us recall that gy :=26/(0 — 2) > 2; see (7.8) and (7.9). Due to the Sobolev embedding theorem, the space
H; is continuously embedded in L, 4 and hence w € Ly 4. By the Hélder inequality, this implies that |u|* [w|* € L4
and integral in the left hand side of (7.34) is bounded.

Let us employ the contradiction argument and assume that there exist u € Lys and € > 0 such that for any constant
¢ > 0 there exists w,, such that

/ Jul? [we x> effwellZ, + cllwell?, - (735)
T #

Inequality (7.35) does not hold if w, = 0 a.e. on T; hence, we can assume that ||w,|| m # 0. Inequality (7.35)
then implies that for any c it will also hold for W, = w./||w¢|| m- We evidently have ||Ww,|| m =1 and by the Sobolev
embedding theorem ||, || Loy is bounded by a constant that does not depend on c. By the Holder inequality for u € Ly«
and W, € Lg,4, we have

Il 2, > > 4 el (7.36)
Choosing ¢ € N and taking limit of (7.36) as ¢ — oo, the inequality implies that
eIz, = Iibcl2, — 0 as ¢ - co. (7.37)

Note that go/2 > 1. The boundedness of sequence ||w.|| Lyys is equivalent to the boundedness of the sequence
[11We | Loy and implies that there exists a subsequence of {|w.|*} weakly converging in Ly, >4 (and hence in Ly4) to
a function W € Ly, /24, and then by (7.37), W = 0. Then the integral in inequality (7.36) converges to zero, and the
inequality implies that e = 0, which contradicts the assumption e > 0. This implies (7.34). 1

Let us now prove a stronger version of Lemma 7.6 (cf. [28, Remark 2.3(iii)]).

Lemma 7.7. Letn > 2 and 6 € I,. Let Kys be a compact subset of Lgs. Then for any 6 > 0 there exist constants

ag(Kg#) > 0 and Cs5(Kys) > 0 (depending only on n, 0, Ky and &) such that for allw € H; and u € Kys,

luwllz,, < éllwlla: + Cow,p llellL,, WL, (7.38)

< olwllm + Cs(Ko)IWl|L,,- (7.39)
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Proof. Let us first prove that for any e > 0, there exist a constant €. > 0, depending only on n, 6 and ¢, such that
2 2 2 ~ 2 2
/T Jul? wi?dx < ellwll?, +Elull?, w7 (7.40)

Let us recall that gy :=26/(0 — 2) > 2 (cf. (7.8) and (7.9)). For u = 0 or w = 0, inequality (7.40) evidently holds. To
prove that it holds also for ||u]|z,, # 0 and [|w|| m#0 let us assume the contrary, namely, that there exists ¢ > 0 such
that for any constant ¢ > 0 there exists u, € Kg» and w, € H; such that

|ue|? [wel>dox > ellwell7, + cliuellz, lIwell7,- (7.41)
T H, o4 24

Inequality (7.41) does not hold if w, = 0; hence, we can assume that |jw,|| m # 0. Inequality (7.41) then implies that
for any c it will also hold for w. = w./||w.|| - We evidently have ||[Ww,|| m =1 and by the Sobolev embedding theorem,
all ||we|| L, aTre bounded by a constant that does not depend on c. By the Holder inequality for u. € Loy and W, € Ly 4,
inequality (7.41) reduces to

2 =~ 112 21512 2 =2
lucll?, el | > /1T Juel? x> & + clluel (1l (7.42)

Let us choose the sequence {c} = N. Inequality (7.42) implies that
well?, | > elliel?, (7.43)
Since all [|w.|| L, are bounded by a constant independent of ¢, inequality (7.43) implies that

Wellz,, — 0 as ¢ — co. (7.44)

The boundedness of sequence ||W,|| Lyps is equivalent to the boundedness of sequence |||W.|?|| Loy and implies that
there exists a subsequence of {|W.|?} weakly converging in Lg,/2# (and hence in L) to a function W € Ly, 24, and
then by (7.44), W = 0. Here, we took into account that gy/2 > 1. On the other hand, since the set Kp4 is a compact
subset of Lgs, there exists a subsequence of { |u.|?} (with the indices ¢ belonging to the subset of indices of the previous
subsequence) strongly converging in Lg/24.

Then (see, e.g., Problem 6.33 in [34]) the integral in inequality (7.42) converges to zero, and the inequality implies
that e = 0, which contradicts the assumption e > 0. This implies (7.40), which after choosing € = 5% and Cs = \/Z'_g
leads to (7.38). The set Kyx is compact and hence bounded in Lgs, which then implies inequality (7.39). O

Note that Lemma 7.7 particularly holds true when Ky is a sequence converging in Lyy.
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