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ON THE FAVORITE POINTS OF SYMMETRIC LEVY PROCESSES

BO LI, YIMIN XIAO, AND XIAOCHUAN YANG

ABSTRACT. This paper is concerned with asymptotic behavior (at zero and at infinity) of the
favorite points of Lévy processes. By exploring Molchan’s idea for deriving lower tail probabilities
of Gaussian processes with stationary increments, we extend the result of Marcus (2001) on the
favorite points to a larger class of symmetric Lévy processes.

1. Introduction

Let X = {X;,t > 0, P*} be a real-valued Lévy process with characteristic exponent ¢» which
is given by
EO[eiAXt] — e—td)()\)‘

Many sample path properties of X, including the existence and regularity of local times, can be
described explicitly in terms of 1. Building upon the seminal results of Kesten [14], Hawkes [12]
showed that the local times of X, denoted by {L¥,t > 0,2 € R}, exist as the Radon-Nikodym
derivative of the occupation measure with respect to the Lebesgue measure on R, namely, for all
t > 0 and all Borel measurable functions f : R — R,

/f ds—/f )LEdz,

if and only if Re(1/(1 +¢)) € L'(R). See also Bertoin [6, p.126] for more information. Several
authors have studied the a.s. joint continuity of (t,z) — Lf and, finally, Barlow and Hawkes [2],
Barlow [I], Marcus and Rosen [I7] established sufficient and necessary conditions for the joint
continuity of the local times of Lévy processes in terms of their 1-potential kernel densities. They
also determined the exact uniform and local moduli of continuity for the local time L¥ in the space
variable z. The approaches in [2 1] and [I7] are different. [2][1] considered general Lévy processes
and their method was based on Dudley’s metric entropy method; while [I7] considered strongly
symmetric Markov processes and made use of an isomorphism theorem of Dynkin, which relates
sample path behavior of local times of a symmetric Markov process with those of the associated
Gaussian processes. An extension of the results in [I7] to local times of non-symmetric Markov
processes was established by Eisenbaum and Kaspi [§]. Recently, Marcus and Rosen [19] extended
the sufficiency part for the joint continuity of local times in [I7] to Markov processes which are
not necessarily symmetric. Their arguments are based on an isomorphism theorem of Eisenbaum
and Kaspi [9] which relates local times of Markov processes with permanental processes. We
refer to the book of Marcus and Rosen [18] for a systematic account on connections between local
times of Markov processes and Gaussian processes.
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This paper is concerned with asymptotic properties of the local times of a class of symmetric
Lévy processes. Let X = {X;,t > 0} be a real-valued symmetric Lévy process. Recall that from
[3] the set of favorite points (or most visited sites) of X up to time ¢ is defined by

Vi={reR: L} :supo}
yeR
and the favorite points process of X is defined by
V, = inf{\x! eR: L} = supL%}.
yeR
As pointed out by Bass et al. [3] (see also Marcus [16]) the choice of V; is not significant. The
results on V; mentioned in this paper are still valid if it is replaced by any other element of V.

Bass and Griffin [4] initiated the study of favorite points and established a quite surprising result
for Brownian motion. Indeed one might expect that a real-valued Brownian motion starting from
zero admits zero as one of its favorite points in the long run, but Bass and Griffin showed that
the favorite points process of a Brownian motion is actually transient, namely, tlggo V; = oo.

Their proof relies on the Ray-Knight Theorem. Later, Bass et al. [3] proved that when X
is a symmetric stable Lévy process in R of index o € (1,2), its favorite points process is still
transient. They appealed to a generalized Ray-Knight Theorem [I0] and made a clever use of
Slepian’s Lemma. Marcus [16] adopted the approach of [3] and extended their result to a large
class of symmetric Lévy processes. On the other hand, Eisenbaum and Khoshnevisan [11] studied
the hitting probability of the set of favorite points V;. More specifically, they call a compact set
K C R polar for V := ;oo Vi if

P(3t>0:ViNK #0) =0.

It has been an open problem to establish a criterion for a general compact set K to be polar.
However, Eisenbaum and Khoshnevisan [I1] proved that all singletons are polar for a large class
of symmetric Markov processes, including symmetric stable Lévy processes in R with a € (1, 2).

The present paper is mainly motivated by Marcus [16] and a remark of Marcus and Rosen
18, p.527]. In his study of the asymptotic behavior of the favorite points process {V;,t > 0} as
t — oo, Marcus [16] assumed that the characteristic exponent () of a symmetric Lévy process
X in R satisfies the following two conditions:

(i) () is regularly varying at zero with index 1 < a <2 and 1/(1 +¢(\)) € LY (R, d));
(i) o3(x) is increasing on [0, 00), where
2 /OO dA
2
o5(x) = — 1—cos(\z))——, z€eR. 1.1

™

We remark first that the regularly varying condition in (i) is somewhat restrictive (e.g., as shown
by Choi [7, Proposition 2.4], the characteristic exponent of a general semi-stable Lévy process
may not be regularly varying. See Section [l below for more examples.) Secondly, condition (ii)
is not easy to verify even if condition (i) is satisfied. This issue was also noticed by Marcus and
Rosen [18, p.527] who suggested to generalize the change of measure argument due to Molchan
[20) 21] to obtain a key estimate instead of using Slepian’s Lemma which requires the monotonicity
condition (ii). In this paper, we will relax the conditions (i) and (ii) significantly and study the
asymptotic properties of {V;,t > 0} not only as t — oo, but also as ¢ — 0. Moreover, our
results also show that Theorem 1.3 and Proposition 1.4 of Eisenbaum and Khoshnevisan [I1] are
applicable to Lévy processes that satisfy Condition (C1). Hence all singletons are polar for the
set of favorite points of such a Lévy process.
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Now we introduce the conditions used in this paper. Recall that for a symmetric Lévy process
X in R, its characteristic exponent ¢ is nonnegative and has the following Lévy-Khintchine
representation:

P(N) = A%N% + / (1 — cos(zA))v(dz), (1.2)
0
where v is a Borel measure on (0,00) that satisfies [;°(1 A 2?)v(dz) < oo and is called the Lévy

measure of X. Except in Section 6.1, we tacitly assume that the following holds:

0 dA boax
1 W<OO and /OW—OO. (1.3)

The convergence of the first integral in (L3]) is equivalent to the existence of local times [12],
while the second condition in (L3)) is equivalent to the recurrence of X (see Port and Stone [22,
Thm 16.2]).

As in Bass et al. [3] and Marcus [16], we will focus on symmetric, pure-jump Lévy processes,
i.e., we assume that A = 0. Some results for symmetric Lévy processes with a Brownian motion
part can be derived from those for the pure jump part, see Section

We will further assume that the Lévy measure v is absolutely continuous v(dz) = dz/6(z). It
is possible to consider the case when v is discrete or singular using the methods in Berman [5] or
Luan and Xiao [15], respectively. Since this will increase the size of the paper and most of the
deviation is of technical nature, we do not carry it out here.

Our conditions are on the asymptotic behavior of the Lévy measure v.

(C1) There exist constants o and @ such that
x/0(x) _

0
1<g:liminfﬂ <limsup —————— =a < 2.
z—0 v(z:|z| > x) 0 Vv(z:|z| > o)

(C2) There exist constants 3 and 3 such that

0
1< p= liminfM <limsup ———————
= a—oo v(z:|z| > x) =00 V(22| > 2)

x/0(x) _Foo.

Remark 1.1. Some comments about Conditions (C1) and (C2) are in order.

e Berman [5] used (C2) type conditions to prove local nondeterminism property for a cen-
tered Gaussian process Y = {Y(t),t € R} with stationary increments whose variance
of increment E[(Y (¢t + X) — Y (£))?] can be represented (up to a constant) by (L2) with
A =0. Xiao [20] extended Berman’s argument to the random field setting and proved that
a similar condition implies strong local nondeterminism for Gaussian random fields. Here
we show that Conditions (C1) and (C2) imply asymptotic properties of the characteristic
exponent Y(A) of X as A — 0o and A — 0; see Lemma [21] and [Z.3 below.

e [t follows from Lemma that, under Condition (C1), the function o3(z) decays at a
power rate as x — 0. Then, by applying the criterion of Barlow and Hawkes [2] or Marcus
and Rosen [IT], one can show that X has a jointly continuous local time.

o It follows from Condition (C2) and Lemma [Z1 that fol % = o0. Hence X is recurrent
thanks to the Spitzer-type criterion (see [22, Thm 16.2] or [6, p.33]). By [18 p.140], the
0-potential density of X satisfies

0 dA
u(O,O):/O m:oo,



4 BO LI, YIMIN XIAO, AND XIAOCHUAN YANG

and P*(Ty < 00) = 1 for all z € R, where Ty = inf{t > 0 : Xy = 0} is the first hitting
time of zero by X.

Let us explain the novelty of our techniques. The function o2(z) in (L)) plays an important
role in characterizing the joint continuity and other analytic properties of the local times of X.

Set the tail function
> dA
o(x) = 2/ —— x>0
=2 ] .50

It is clear that ¢(x) is nondecreasing in x. It follows from Lemma 2.3 and Theorem 2.5 in [20)]
that, under Condition (C1), the functions ¢(z) and o2 (z) are comparable as z — 0. In Section 2,
we establish further connections between the asymptotic behaviors of o3(z) with those of 1(\).
These allow us to remove the monotonicity assumption (ii) on 03(z) in Marcus [16]. Following [3],
through the generalized Ray-Knight Theorem we transfer some important estimates for the local
times to certain estimates of the associated Gaussian processes. In [3[16], the Gaussian estimates
were obtained by Slepian’s Lemma. Here we obtain these estimates by applying the Cameron-
Martin change of measure formula, together with a uniform upper bound for the maximum
location of Gaussian processes with stationary increments.

The following are the main results of this paper. Part (ii) of Theorem is an extension of
Theorem 1.1 of Marcus [I6] and Theorem [[.4]is an extension of Theorem 5.2 of Eisenbaum and
Khoshnevisan [I1].

Theorem 1.2. Let X be a symmetric Lévy process with characteristic exponent 1 that satisfies
@3).
(i) Assume that (C1) holds. For alla >2(a—1)/(2 — @),

lim —W
t—0 1 L?
¢ < (log i?)“ >

(ii) Assume that (C2) holds. For all a >2(5 —1)/(2 — 5),

fm
100 451 ( LSO >
(log LY)e
Remark 1.3. Our conditions impose certain asymptotic behavior of the Lévy measure, which in
turn tmplies certain asymptotic behavior of the characteristic exponent and a ratio control for
the tail function of the Lévy measure, see (ZI)-Z2) and ZIM)-ZII) in Section 2. In fact,
from the proofs below we may see that Part (i) of Theorem[L2 (resp. Part (ii)) is valid as long
as 2I0)-@2) (resp. @I0)-@II)) hold. Both sets of conditions are useful since Lévy processes
encountered in the literature may be specified explicitly either by the Lévy measure or by the
characteristic exponent. From this and Proposition 2.4 of Choi [T], it follows that Theorem [I.2
holds for any symmetric semi-stable Lévy process in R with index o € (1,2]. In Section[d, we also
present an example where (C1) fails, but (2.1)-22) hold, thus Part (i) of Theorem[I.2 continues
to hold.

=00 Plg.s.

=00 Plog.s.

Theorem 1.4. If Conditions ([L3)) and (C1) hold, then all singletons are polar for the set V of
favorite points. Namely, for every x € R,

P* (Elt > 0 such that x € Vt) =0.
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The rest of the paper is organized as follows. Some preliminary results are presented in Section
2l We obtain upper and lower tail estimates for the maxima of Gaussian processes in Section [3]
Using these estimates, we prove Theorems and [[.4] in Section [l Some examples are given in
Section [l Possible extensions are discussed in Section

We end the Introduction with some notations. We use P* and E* to denote the law and the
expectation of any Lévy process with starting point z € R. For simplicity, we write P and E
when z = 0. In Sections 3 and 4, the law and the expectation of any auxiliary Gaussian process
are denoted by P and E. We use ¢, C' to denote generic constants whose value may change from
line to line.

2. Preliminaries
2.1. General facts

Introduce the tail function of the Lévy measure v:

* dz
w(x) =2 —, Vo > 0.
w=2[ 75

The function 7(x) is important because, under our condition, it is equivalent to ¥ (\) around
infinity and has the advantage of being a monotone function. More precisely, the following
lemma which is a reminiscence of [26] Lem 2.3 and Thm 2.5] gathers useful facts derived from

(C1).

Lemma 2.1. Assume that (C1) holds. For any ¢ € (0,min(a — 1,2 — @)), there exists a finite
positive constant K such that for all y >z > K,

PN PN

fiminf YY) < limsup )~ o) 9.9
0 < limmf 7y < imsup 227 < o0 (22)

Proof. The proof which led to [26, Lem. 2.3] yields plainly (21 by considering z,y around
infinity. Using similar arguments that led to |26, Thm. 2.5], but for large A rather than for small
ones, entails (2.2). Let us prove ([2.2]) for the sake of completeness. By (L2)), we can write ()
as

Moreover,

1/X dz 00 da
V() = /0 (1= con(a)) 55 + /m(l — cos(Aa)) 5 = 1+ Do

By (C1), there exists 0 < ryp < 1/K( such that for any x < rq,

©/0(z)
&TES L)

a—+e.

IN
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So for A > K, it follows from (2.1) that

Do [ sy T do
7T()\)z(g 6)/0 (1 — cos(Ax)) ) @

> (a—e¢) /01//\(1 — cos(A\z)) (%)Q_a %

1
dx
:(g—z—:)/o (1—COS:E)WZC>O.

This proves the left inequality in ([2.2]).
To prove the right inequality in (2.2]), we control both I3 and I5. Firstly, for A > Kj, we still
use (2] and derive

L v m(1/z) do
0 §(a+€)/0 (1 — cos(A\x)) ) @

< (a+e) /Om(l — cos(Az)) (%)M de

X

i 1 dx
:(a+€)/0 (1—COS:E)WZC<OO,

where we have used the fact @ +¢ < 2. Next, bounding from above the integrand by 1, we obtain
Ir/m(A) <1 for all \. Combining the two bounds completes the proof. [J O

Next we show that the ratio control ([2ZI]) and the equivalence ([22) on ¢ as A — oo imply
similar properties of ¢(x) and the maxima of o2(z) as z — 0. The tool is [I3, Prop. 1], see also

[24].
Lemma 2.2 ([I3| Prop. 1]). Let

H(m):/l/\ (%)2%

and G (h) = max|, <, 05 (x). There exists a constant ¢ > 0 such that for all 2 > 0,

1/z
o [ Oap s < bt < 201/,

cH(1/x) <62(z) < 2H(1/x).

Lemma 2.3. Assume that (C1) holds. There are positive finite constants a; < o such that for
any 0 < € < oy, there exists rog > 0 such that for 0 < x <y < rg,

OaE NO

~2 ~2
0 < liminf %(2) < lim sup %(2)

=0 ¢(33) z—0 ¢(33)
Proof. A direct application of [26] Lem. 2.3] yields (23] as long as we show

= limin WALCY im su WALCY
Ve =Rntsamn =P 5

Further, one has

< 00. (2.4)

= g < 00. (2.5)
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Let us start with the left inequality in (235]). By Lemma 2] there exist constants 0 < ¢, C' < 00
such that for all A > C,

Me) A e e\ et
- 0o P(A — oo w(A = [ a— = 0 :
d(1/N) 2 f)\ wEZ§ dz N n%z; dz fA (A/z)2—edz
Similarly, there exists ¢’ < oo such that for A > C,
A/P(N) dA dA ,
< < — 1= ¢y < 00,
o/N) = [P T O T 0T

which implies the desired right inequality in (2.3]).
Next we show (Z4)). Thanks to Lemma [ZZ] it suffices to show (Z4) with 3(x) replaced by

H(1/z). Observe that
DYy [ @Ay [
n(z)=2f o0t iy 20

Thus, the left inequality in (24]) holds trivially. On the other hand, for x < 1/C,

N S LV TS LTS
oo </0 ot L, W(A))‘

The first integral in the parenthesis is finite and the second integral goes to infinity as z — 0
(I8, Lem.4.2.2]). Therefore,

le 2& 2 le o dA cz® l/xT/)(l/fﬂ) 2
/0 () ¢<A>§“”/c A ¢(>\)_¢(1/$)/c o) N ?

which by Lemma 2] is bounded from above by

cx? 1z m(1/x) cx? 1z 1 ate 9
«m/x)/c = A‘Mzm/:c)/c <m> A

< m /01 (%)MH dA. (2.7)

We can assemble the last integral in ([2.7)) into the constant ¢ since @ > 1 and ¢ is small. To finish
the proof of the right inequality in (24), it remains to show that

1 / < dA
— <c —. 2.8
woU/a) =y 500 25
for all > 0 small. Indeed, combining (2.0), (27) and (28], together with Lemma 22 shows
that 52 (x) < cp(z) for all > 0 sufficiently small, as desired. By Lemma[T], for all 0 < z < 1/C,

> 4h(1/x) /°° ( 1 >a+€ c /00 dA
/I/x Tz[)()‘) B 1/x Az T J1 Aote ( )
from which (2.8]) follows. The proof is now complete. [J O

Remark 2.4. In fact, the two terms in (2.6]) are of the same order under Condition (C1). To
see this, it remains to prove that there exists ¢ > 0 such that

Vo da < d\
2 2 OGN A .
2[NS Zc/l/x ooy 0w

This is true since one can reverse inequalities in (7)) and (Z3)) if we replace all @ + ¢ by a — «.
Consequently, 02(z) < ¢(z) as |z| — 0 by the first inequality in Lemma 22
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Interchanging the roles of zero and infinity, one deduces similar facts under (C2).

Lemma 2.5. Assume that (C2) holds. For any e € (0,min(8 — 1,2 — B)), there exists a finite
positive constant r1 such that for all 0 < x <y <y,

B )
QY

)
1 f 2 <1 REMEA . 2.11
0 < limint -y < lmsup 22 < o0 (2.11)

Moreover,

Lemma 2.6. Assume that (C2) holds. There are positive finite constants 1 < o such that for
any 0 < € < By, there exists K1 > 0 such that for all y > x > K1,

B =5=0)"

2
0 < liminf 0( ) < lim sup %0(2)

vmoo ) T ameo O(2)

Proof of Lemmas[2.3 and[2.6 The ratio control (2.10)) is exactly [26] Lem. 2.3], and the equivalence
211) is [26] Thm. 2.5]. To prove (2.12), it suffices to show that

MU i ADO)
O(1/A) a0 o(1/A)
This can be handled in exactly the same way as (Z3]) is proved, with an application of Lemma
instead of Lemma 2]l Let us prove (ZI3]). Since there is no obvious way to control the value
of fa, one cannot apply directly Lemma 2.1 to derive (2I3]). But Lemma which holds for all

x > 0 is still applicable. Observe that the left inequality of ([ZI3]) follows from (2.6). On the
other hand, for z > 1/ry,

Y= o dA 271) 1/517
/0 507 = w7 / A

i [ <>w

where we have used Lemma 25]in the second inequality and 3 < 2. To finish the proof, it remains
to show (2.8]) for all large x. For x > 2/rq, write

> dA "odA > dA

Observe that Jo < oo by assumption (which is the necessary and sufficient condition for the
existence of local times). Using again Lemma 25| one has for = > 2/ry

1 )
I = ) /W ooy P

i ) e s (8 e

as desired. This finishes the proof. [J

Further, one has

< 0. (2.13)

0< fp1 = hm 1nf

= [y < 00.
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2.2. An isomorphism theorem

We recall a generalized second Ray-Knight Theorem due to Eisenbaum et al. [I0]; see also
Marcus and Rosen [I8]. Let X = {X;,t > 0} be a strongly symmetric Borel right process with
values in R with continuous a-potential densities u®(z,y). Then the local times {L{,¢ > 0,z € R}
exist and satisfy

E® [ /O h e—atdLg] - (2.14)

Denote ur, (r,y) = E*[Lf, ] which is the O-potential density of X killed at the first time it hits
zero. Set 7(t) = inf{s > 0: L? > t}. We state the generalized second Ray-Knight Theorem in
the recurrent case from [10, Thm 1.1] or [I8, Thm 8.2.2].

Theorem 2.7. Assume that the 0-potential density of X satisfies u(0,0) = oo and P*(Ty <
o0) > 0 for all x. Let n = {n,,x € R} be a mean-zero Gaussian process on a probability space
(8, Fy), Pyy) with covariance function ur,(x,y). Then for any t > 0 and any countable subset
D C R, under P x Py, in law

2 1
{Lf(t)+772—x;xeD} = {E(nzﬁx/ﬂ)z;éEGD}- (2.15)

As we have mentioned earlier, we will write the probability P, as P and its expectation as E.

It follows from Theorem 6.1 of Eisenbaum et al. [I0] that, for a recurrent symmetric Lévy
process with characteristic exponent (), the associated Gaussian process 7 is centered with
stationary increments such that its covariance ug,(x,y) is given by

1
ury (2,y) = 5(05(2) + o5 (y) — oi(z — y)). (2.16)
or equivalently it has variogram E[(n(x) — n(y))?] = 02(z — y). Here, 03(x) is defined in ().

The following is the Cameron-Martin (change of measure) formula for Gaussian processes.

Theorem 2.8 ([I8 Thm 11.4.1]). Let {Gy;t € S} be a mean zero Gaussian process with contin-
uous covariance I'(z,y) and let H(T') be the reproducing kernel Hilbert space generated by I'. Let
f € H(). Then for any measurable functional F,

E[F(G. + f()] = e WIP2E[F(G eV,

where || - || is the norm on H(T') and G(f) is a Gaussian random variable with mean zero and
variance || f||?.

For the Gaussian process associated to a Lévy process with characteristic exponent ¥ () in
Theorem 2.7] the reproducing kernel Hilbert space is endowed with the norm

1

1= 1O = 3= [ wIFOEa,

where f is the Fourier transform of f, see [I8, Sec 11.7].
2.3. Location of the leftmost maximum

The next lemma is adapted from Theorem 3.1(b) of Samorodnitsky and Shen [23], see also

[25].
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Lemma 2.9. Let n be a continuous process with stationary increments. Define Tj,y to be the
leftmost maximum location for n on the interval |a,b], that is

Tla,) = inf {x € [a,b] : n(z) = Jnas n(U)}-

Then the distribution function of Tj,y) salisfies
Flay(z) = Fop—q(r —a), VreR

Further, the law of Tjo 1) restricted to (0,T) is absolutely continuous with respect to the Lebesgue
measure on R and its density has the following universal upper bound

1 1
t) < {——} t<T.
fr(t) < max T3 0<t<

3. Gaussian tail estimates

In this section, we estimate the upper and lower tail probabilities for the associated Gauss-
ian processes {n(z),x € R} in the second Ray-Knight Theorem. Recall that {n(x),z € R} is a
centered Gaussian process with stationary increments satisfying

E[(n(z) —n(y))*] = o5z — y).
The first two lemmas give upper tail estimates for the maxima of 7.

Lemma 3.1. Assume that (C1) holds. There exist finite positive constants cg, ¢1, ¢2, ¢3, 11 such
that for all 0 < h < ry and u > czog(h),

B( s Ina) ) < i)

lz|<h

u? >
Pl su ) >u) <crex - .
<|:c|<ph|77( ) > ' p< 253 (h)

Proof. By Marcus and Rosen [I8, Lem 7.2.2], for any increasing o(z) satisfying o(0) = 0 and
oo(x) < o (x),

E(lilllfhm(x)o < C<5(h) + 01/2 J%du). (3.1)

Actually, B.I)) holds with o(-) replaced by Go(-) = max,<|. oo(z) (see [I8, p.301]). Applying
Lemma [2.3] yields that

1/2 30(hu) 1/2 ular—e)/2
————=du < cop(h —————=du < ¢o
0o uy/logl/u olh) 0 uy/logl/u ’

for all h > 0 sufficiently small. Combining (3] and ([B2]) yields the first moment estimate.
To derive the upper tail probability, consider u > 3c¢yao(h) (we take ¢g > 1/4/27) and let a be
the median of sup|,|<j, 7(z) which satisfies

(h) (3.2)

o — E sup n(w)| < Fo(h)/v2r,

lz|<h
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see [I8, Cor. 5.4.5]. Using the concentration inequality (cf. [I8) Rem. 5.4.4]) in the third
inequality below, one gets

P sup o) > ) < P( sup (o)l ~ 0> u— cudo(h) ~ Goli)/ v

|z[<d |z[<6
<r(

U2
< -
= dexp ( 1888(6))’

where @ is the distribution function of N(0,1). For smaller u, this inequality holds trivially with
3 replaced by some generic constant. [J O

sup |n(z)| — a‘ > u/3> < 3(1 - @(33:;(5)0

|lz| <6

Lemma 3.2. Assume that (C2) holds. There exists K > 0 such that for all h > K, the conclusion
in Lemma [31) holds with possibly different constants cg,c1, ca, c3.

Proof. Let Ky be the constant in Lemma and h > K7. As was shown in the proof of Lemma
Bl the upper tail probability estimate follows once we establish the first moment estimate for
the maxima of {n(z),z € R}. Following Marcus [16], we use Dudley’s entropy bound ([I8, Thm.
6.1.2])

E< sup 77(:17)) < 16\/5/080(h) \/log N([—h,h},d,,u)du,

lz|<h

where d,(x,y) = oo(z — y) is the canonical metric of the Gaussian process {n(z); + € R} and
N([—h,h],d,,u) is the minimal number of balls with radius at most u in the metric d,, to cover the
interval [—h, h]. Observe that by the stationarity of the increments, d,(z,y) = d,(x — y,0), thus
N([=h,h},dy,u) < (h/K1)N([—K1, Ki],d,,u]). For any increasing function o(z) that satisfies

oo(x) < o(x), one has by the subadditivity of the square root function

F(K1)
/ \/log N([~h, h], dy, w)du
0

o (K1)
< 5(KY) log(h/Kl)—i—/O V1o N([~1,1], dy, w)du.

That the last integral is finite follows from Fernique’s Theorem [I8, Thm. 6.2.2]. Also, a d,-
ball of radius u covers at least an interval of Euclidean length &~ 1(u) because [0,5 (u)] =
{x>0:0(x) <u} C{zx>0:00(z) <u}. Hence,

a(h)

V108 N ([=h, h], dy, u)du < / " log —2_qy,

F(K1) R = Jaky o 1(u)
ho [ 1 (Y2 5(2h

:/ log —hdc~f(8) SE(h)(log2)1/2+—/ &ds. (3.3)
K s 2 Ji1/2n) 54/10g(1/s)

Since oo(z —y) = dy(z,y) < dy(z, (£+y)/2) +dy (2 +y)/2,y) = 200((x—y)/2) < 260((x—y)/2),
one gets for all z,

Go(22) < 250(z).
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Taking limits (through a sequence of finite measures do,, on [1,h] that converges to doy), one
obtains ([B.3)) with o replaced by 7y. To summarize, we have proved that

1/2 Go(hs)
E Supnx>§0 v/1og h + ao(h —1—/ ———~ds
<x<h ) o K1/(2h) 8/log1/s

=C(A1+ Az + Ag).
It follows from Lemma [2.6] that A; < cAy. Similarly,
1/2 861 —&

—————=ds < cop(h).
0o sy/logl/s o(h)

This ends the proof. [ O

Az < cog(h)

Next, we consider the lower tail probability for the maxima of {n(z),z € R}. Lemma[33is the
key technical estimate of this paper. As suggested by Marcus and Rosen [I8] p.527], we explore
Molchan’s idea [20] 21] without using scaling.

Lemma 3.3. Assume that (C1) holds. For all v < 1/(@ — 1), there exists a finite constant Ko
such that for any h <1 and § < 1,

P(n(az) < \/ho3(d); for all |z| < 5) < Koh'.
Proof. Set

&s(x) = n(oz). lz| < 1.

The probability in question becomes
P(&5(x) < Vh; for all x| < 1).

It is plain that for each 0 < § < 1, the mean zero Gaussian process {{s(x), |z| < 1} has stationary
increments. Furthermore, its variogram has the following spectral representation:
o2(0x) 2 [ 1—cos(z))
E[(&(y+2) — &(1)] = = = / —————dA.
Thus, by Section 11.7 in Marcus and Rosen [I8] the reproducing kernel Hilbert space of {¢5(z), || <
1} is endowed with the norm

I£ = SO = 5= [ B53EO/E]FNF

Let f be a non negative smooth function with support in [—1,1] and f(0) = 1. Set fn(z) =
Vhf(x/h®) and fy(z) == Vh — fu(x) = f(0) — fr(x), where a > 1 is to be chosen later. The
Cameron-Martin formula (Theorem 2.8) applied to {&s5(x), |z| < 1} yields

P(&(2) < Vhsla < 1)

= P(&(@) — fule) < fula)ifo] <1)

— £ 2 - f
— eIl /QE[e gé(fh)1{56(x)<fh(x);‘x\§l}i|7

where 15 is the indicator of the event F'. By using Holder’s inequality, one bounds the last term
from above by

eV 2P (¢5(2) < fi(2); |2] < 1)Y7, (3.4)
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where 1/p+1/q =1 with p,q > 1.
Below we show that there exists a finite constant M (depending only on f) such that

1 fall® < M (3.5)
and
P(&(2) < fu(@);|z] <1) < MR® witha=1/(@+e—1) (3.6)

for all 9,h < 1. As ¢ can be chosen arbitrarily close to 1, and e arbitrarily small, the desired
estimate follows.

To show (), observe that fi,(\) = h2T4f(AhS) and || ful = || fn — f»(0)]), thus

17 = [ 18530081 () P

=§&%wwﬂ”{/mwuﬂmfuwm%u

= Lz [ () 1Foorar )

We split the last integral into two parts. For A < Kpdh® (recalling that K is the constant in
Lemma [2.T]), the integrand concerning 1 is bounded due to the continuity of ¢, then

Kobhe A\ ~
[ (G ) ioRar< e [TIF0Rar = el

since Fourier transform is an isometry from L?(R) to L?(R). For A > Kydh?, we use Lemma 21}

~ 1\ [ e
[ o (aioravs e (52) [ areiora

where we can assemble the last integral into the constant ¢ because f is a Scharwz function.

Therefore, one obtains for A < 1 and § sufficiently small,
_ 1 _
170l < cop@n o (s ) < AT @R BAM )

where we used again Lemma 2] in the second inequality.
By Lemma [2Z3] one has

52(5) 1/5<5//5 0 5//5<5A>_ dA = c.

Letting a = 1/(@ + ¢ — 1) yields ([B.3).

Now we prove (B.6]). Denote by 75 the leftmost maximum location of the process {{5(x), |x| <
1}. Since f, vanishes outside of [—hY/(B=1) p1/(B=D] one has

P(&5(x) < fu(x);]x| < 1) < P(j75] < hV/E-D),

By Lemma 2.9 the density at zero of the law of each 75 is bounded from above by 2, uniformly
for all 6 > 0. This implies ([B.6]) and completes the proof of the lemma. O O

We end this section with a similar lower tail estimate, but for large 4.
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Lemma 3.4. Assume that (C2) holds. For all v < 1/(B—1), there exists a finite constant K3 > 1
such that for any 6 > 1 and h < 1 so that ShY/(F+e=1) > 1/r1 (the constant defined in Lemma
(2.3),

P<77(:1:) < \/hB2(0); |z] < 5) < Ksh.

Remark 3.5. This lemma merely says that when A — 0 and § — oo in such a way that h® — oo
for some a < 1/(B — 1), the lower tail probability behaves like a power function of h.

Proof of Lemma Since ([B4) holds for all h,¢ > 0, we only need to show that there exists a
finite constant M such that (3.5 and (B8] hold with a = 1/(8 + & — 1), uniformly for all A < 1
and all § > 1 so that 6hY/Bre=1 > 1/p).

Let us start with (8.5). One has as in (3.7) that

_ 1 o0
172l = 2aagome [ (5 ) 0P

Write

[ (5 ) 1foar
1 e - A F(M|2d)\ =: By + By + B
_/()+/1 +/Tl§ha1/1<W>’f( ) =: B1 + By + Bs.

B—e 1
) A 1F(A \dA§c¢<5ha>,
r10h® i
> NFEF() d>\<c¢<5ha>.

Further, a variable change, 1¥/(\) = 0(\2) at infinity ([I8 Lem. 4.2.2]), and the fact that f is a
Schwarz function implies that

By = 6h° /OO Y| FSROA)[2dA

By Lemma [2.5] one gets

Bl§1/1<

B2§¢<

< c6h® / MZSRhANTFdN = ¢(6n)F
r1

for arbitrarily large k € N. Setting ¥ = 3 and using Lemma 2.5 one obtains (6h*)~2 <
c(0h)=P=¢ < 4)(1/(5h%)), which implies By < ¢y (1/(6h?)). Combining these estimates yields
that

r -~ a 1 -~ a—a(f
170l < cod@mt e (iz ) < OO/t

where we have used Lemma again in the second inequality. Applying Lemma as in the
proof of Lemma 2.6] entails that 652 (5)(1/9) < c for all § large enough. Letting a = 1/(8+&—1)
gives (3.0)).

Remark that, by Lemmal[2Z9] the uniform density bound for the maximum location 75 holds also
for large 6. Repeating the same lines as in the proof of Lemma B3] yields (3.6 which completes
the proof. [
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4. Proofs of Theorems and [1.4]

Following [4l B [16], the strategy is to first find an upper function for the local times with
relatively small space variable, then to obtain a lower function for the maximal local times, where
the order of the upper and lower functions are the same. This would give enough information to
derive asymptotic results for the favorite points. Precisely, we prove the following two lemmas.

Lemma 4.1. Let h,(t) = ¢! ( a> with a > 0.

¢
(log 1/)
(i) Assume (C1). For all v < a/2,
(log 1/75)7(Lf(t) —t)

lim sup =0 a.s.
t—)OIxISha(t) t

(ii) Assume (C2). For all v < a/2,

(log 1/2)7(L7 ) — 1)
lim sup =0 a.s.
190 |3|<ha (1) t

Lemma 4.2. Set L}y = sup, L}.
(i) Assume (C1). For anyy > (@—1)/(2 — @),

I (log 1/’5)7(1/:@) —t) B
lim ; =00 a.s.

(i1) Assume (C2). For any vy > (8 —1)/(2 — ),

(log 1/’5)7(Li(t) — )
tlim ; =00 a.S.
—00

Proof of Lemma [].1] Let 0 < 6 < 1. By Theorem 2.7,

]P’( sup LI, —t=(1+ E))\)
0<<ha(t)

§P><IP>< sup ( f(t)+"2;$) —t) 2(1+5)A>

0<<ha(t)
7 (x)
= P< sup ( + v2tn(z)> > (1+ E))\>
0<z<h(t) > 2

< P< sup  n*(z) > 2€/\> + P( sup  V2tn(z)| > /\> =P+ DB.
0<a<ha(t) 0<z<ha(t)

Set

- \/Qt - ¢362(ha(t))(1 + ¢) loglog 1/t
- ; .

Then the upper tail estimate in Lemma [B.1] yields,

(1—%6)10glog1/t>
3 .

P, < coexp <—
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By Lemma 23] 53(h,(t)) =< (log1/t)~ around zero, one deduces

P=p( sw o)z VER)

0<w<ha(t)

2t(1 +¢)loglog 1/t
< —2
—Czexp< ¢ ¢33 (ha(1))

) (14 ¢)loglog1/t
= cyexp <—05\/ 6/(log 1/t)* )

(14 ¢)loglog 1/t>

< coexp <— 5

for ¢ sufficiently small.
Let t;, = exp(—k5 ). When t = t;, both P; and P» are the general term of a convergent series.
By the Borel-Cantelli Lemma, a.s. for all k large enough,

log ty|¥2(LZ, | — ti
sup | ) ) < ¢/V. (4.1)

0<lz|<ha(ty)  tx\/loglogl/ty, —

Thus, one has a.s. for all large k, and t_1 <t <t}

log ty| /2 (L%, —t _
sup | |47%( (t) ) < C/\/g—i- (ty — tr—1)|log ty

0<|z|<ha(ty) tky/loglog1/ty ti+/log | log t|

where the second term is bounded from above by V. Therefore, a.s.
|log ¢|*/2(LZ ;) — 1) t. log log 1/t
sup ® §<i+\/<_5> kloglog 1/t §2<i+\/5>
e|<ha(t)  ty/loglog1/t Ve te—1loglogty_1 NG

for all ¢ sufficiently small. The first claim follows.
To show the second claim, the proof is identical except that we use Lemma instead of
Lemma B.1], and that we choose t;, = exp(k®). We omit the details. [J

Proof of Lemma [{.3 Define the events

|a/2

By = {Lm(t) —t < Cythy|z] < ¢—1(ht)} ;

T

2
Ey = {77 éx) < Cith;|z| < ¢_1(ht)} ;

2
E3 = {Li(t) + # —t < 201th; |z| < ¢—1(ht)} .

By the Markov inequality and the second moment estimate in Lemma B.Il we can choose the
constant C7 in the event Fs large enough such that P(E3) > 1/2 uniformly in h,t < 1. Observe
that by the independence and Theorem 2.7 one has

@ < P(E1)P(Ey) <P x P(E3)

2
<P (nlw) < V2O ViRV [e] < 671 (ht))

—p <"2<“> + V2t (z) < 204th; |x| < ¢—1(ht>>
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Recall that by Lemma 23] 53(¢~1(d)) < § for § sufficiently small, in other words, we can choose

(5 < oo such that
V2016 < Cado(p71(62)).

In particular, for all v < 1/(a@ — 1) and t, h sufficiently small, one has by Lemma [3.3] that

P(Ey) < 2P <n(w) < O9y/hod (¢~ 1(th));|z| < ¢_1(ht)> < Kh'

with some finite constant K. It follows that

Now let 0 < d < 2 —@, t =t := exp(—k?%) and h = hy, = k=@ D0+ with 0 < ¢ <
(1 —d)/(@—1) — 1. The Borel-Cantelli Lemma implies that almost surely for all k sufficiently

large,
. Ciiy
Lrwy — % 2 tanare
Let t, <t < tp_q, then,
* City
LT(t) —t Z —(t — tk) + m
and
L, —t _ _
) S kD) Cit _op-(-y , G111 —9)
P @D = 2k T @ Dre)
for all § > 0 and large k. By our choice of d and ¢, one deduces
A _ i1 -29) Ch (1 — 36)
t = k@-1)(1+e) — (log 1/t)(a—1)(1+e)/d'

As d can be chosen arbitrarily close to 2 — @, the first claim of Lemma follows.
Similarly, applying the second Ray-Knight Theorem and Lemma B4 yields

P(Ey) < Kh

for h < 1, § > 1 such that 5h1/_(3+5_1) > 1/r1. Repeating the arguments in the last paragraph
for t, = exp(k?) and hy = k~(#~D0+9) (with some tuning in the choice of €) gives the second

claim of Lemma O
We are ready to finish the proof of Theorem

Proof of Theorem [ We only proof part (i) asymptotic behavior of {V;,¢ > 0} around zero,
the proof of (ii) is similar. Combining Lemma [A.]] (i) and Lemma (i) entails that for v >

2@-1)/(2—w),

Lt
Vet 2 9 ((log t)7>

for all ¢ sufficiently small. In other words, for all small ¢,
(L
V2o (i)
which implies that
lim _
0 ¢_1 <(l LEG w)
og LY)

This finishes the proof of Theorem O

= OQ.

(4.2)
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We end this section by proving Theorem [[41

Proof of Theorem [I.4] By Theorem 1.3 and Proposition 1.4 of Eisenbaum and Khoshnevisan
[11], it is sufficient to verify that there is a sequence {x,} such that lim z, = 0 and
n—oo

uTy, (l‘m, $n)

lim (In k)*/2 sup =0, (4.3)
k—o0 |n,m € |N; ) \/uTO (Trmy T )Ty (Ty )

where ug, (x,y) is the function given in ([2.I6]). The verification is similar to the proof of Theorem
5.2 in [I1] and we give it for the sake of completeness. It follow from (2I6]) that for any z,y € R,

uty (2, y) < Loo() | |of(y) —oj(x —y)]

Vur (@, 2)ur, (y,y) ~ 200(y) oo(x)oo(y)

(4.4)

Under Condition (C1), we apply Remark [Z4] to see that for any 0 < z <y < 1,

oo(7) < <f>a_€7 (4.5)

where a > 0 is a constant and € € (0,«). In order to bound the second term on the right hand
side of (44]), we use the fact that the covariance function wug,(x,y) of the associated Gaussian
process is the O-potential density of X killed the first time it hits zero. By [I8 Formula (7.232),
p.324],

a5(x) = |og(y) — a5y — 2)].

oo(x)
o0(y)

Therefore, the second term is bounded from above by . We have thus proved

el <(5)

Once this is in place, the rest of the proof is almost the same as that in the bottom on page
254 of [II] and is omitted. O

5. Examples

In this section, we provide more examples of symmetric Lévy processes (besides the semistable
Lévy processes in [7] that we have mentioned earlier) that satisfy the conditions of the present
paper, but not those in Marcus [16]. To avoid repetition, we only present examples concerning
the asymptotic behavior of the favorite points around zero.

Example 5.1. Let 1 < a < 2 and 0 < ¢; < ¢g be constants such that coa/(2¢;) < 2 and
c1a/(2c2) > 1. For any decreasing sequence {b,;n > 0} such that by = 1 and b,, — 0, define

0(2) — cife]*th, ] € (bapya, baktal,
calz|*th, fz| € (bogr1, bok]-

Then (C1) holds with o = c1a/(2¢2) < coax/(2¢1) = @.
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Example 5.2. Let 1 < a3 < ag < 2 and {b,;n > 0} be a real sequence decreasing to zero such
that bg = 1, by = %, and for any integer k£ > 1,

bor, < bop—1/(k + 1), (5.1)
bay, d bak—1
bk 41 zo2t bak zet
bar g bart1
/ T < / . (5.3)
bk 41 T2 0 1

This can be done inductively. We choose first by satisfying (5.1]) which ensures the convergence
as k — 0o, then chose bog11 close to by so that (5.2) and (B.3]) hold. Let

o(z) = z| 7+ 2| € (baggas bargal,
|2t ] € (bag, bak)-

We claim that the following properties hold:

(i) w(A) < |A|* for |A| large enough;
(ii) P(A) < |[A|* for |A| large enough;
(iii) Condition (C1) fails.

In particular, the conclusion of Lemma2Ilholds with @ = o = a even if (C1) fails. Consequently,
Part (i) of Theorem [[ 2 still holds with @ = «;.

Let us show the claims (i)-(iii). Observe by ([2]) and the integrability of 1/0(x) at infinity
(dz/0(x) is a Lévy measure) that

A" < () < CJA[™ (5.4)
for all |A| large enough. Similarly,
A" < m(A) < CJA1*

for |A| sufficiently large. To show (i), it suffices to show 7(\) < C|A|** for large |A|. For any
A > 1, there exists a constant ky such that either 1/A € (bagy+2, bagg+1] or 1/A € (bagg+1, bag,]. In
the first case,

(/2 < o <)\°‘1 byl + byt = bty e by = b

*© dx
1 O
Plainly, the first sum is bounded from above by CA*! and the integral is finite. It follows from (B.2])
that the second sum is bounded from above by CA®!. In the second case when 1/X € (bogy+1, bok, ]

1 _ _ _
o (bzk(zil baky. + Doyt — Dapyrg o 017 = by az) +

1 - —a —a —«
m(A)/2 < o <b2k byt F b = by 1)
> dz

1 —Q (0% — —Q
+a—2<b2k02+1 b2 + bty = by b+ B = B2 ) ey 69

Again the both sums are bounded from above by CA*! by (.2]) and the integral is finite. Hence,
T(A) < CA* for A > 1, as desired.
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Now we verify (ii). Recalling (5.4]) and Lemma (applied to the Lévy measure rather than
the spectral measure), we only need to show that

1/ dux
2 2 < (o5} .
A /0 g < O (5.6)

for X\ large enough. Let A > 1 and k; be the integer so that either 1/A € (bag, 42, bok,+1] or
1/X € (bagy+1, b2k, |- In the first case, by (B3]

A
o[ e
0 0(z) —
\2 /X dz baki+2  qop boky+a (g
Ilfal_l + :Eocg—l + :Eocg—l +
0 bokq +3 bakq +5

< PR v < O\,
2 — (651 2 — (%)

as desired. We prove similarly in the second case that (5.6]) holds.
Finally, it follows from (5.5]) that

limsup ———2%— = o0.
0! vy Jyl > @)

Thus (C1) is not satisfied.
6. Extensions
6.1. Transient case

In this subsection we assume that the characteristic exponent v of the pure jump symmetric
Lévy process X satisfies

<A\ L)\
1 W<OO and /OW<OO. (6.1)

Consequently, X is transient, its local times exist, and its O-potential density u(z,y) is bounded
and continuous. Further, the support of potential operators of X is R, it follows from [6] p.55]
and the absolute continuity of potential operators that

hy =P*(Th < 00) >0, VrelR. (6.2)
We state the generalized second Ray-Knight Theorem for transient symmetric Markov processes

due to Eisenbaum et al. [10], see also [I8, Thm. 8.2.3]. Set 7~ (¢) = inf {s: L) > t}.

Theorem 6.1. Assume that h, = P*(Ty < 00) > 0 for all x € R. Let n = {ny,z € R} be a mean

zero Gaussian process with covariance ug,(x,y). Then for any t > 0 and any countable subset
D C R, under PY x P x P,, in law

2 1
{8 gy + Live D} = [+ hovBER 0 € D, (63

where p is an exponential random variable with mean u(0,0).

We also need the following fact in [6, p.26] which says that the excessive functions of a Markov
process with absolutely continuous potential operators are lower semi-continuous.

Lemma 6.2. h, is lower semi-continuous.
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Now let us focus on deriving an asymptotic result for V around zero. It suffices to prove
analogue of Lemma (1] (i) and (i) for transient processes. We reduce the proof to the point
where we can apply Gaussian tail estimates as in Section Ml

Lemma 6.3. Let hy(t) be as in Lemma {1l Under Condition (C1), for all v < a/2,

log t/(L2_ ) — h21)
lim sup (*) =0, a.s.
202 <ha(t) t

Proof. Define the events
Ey={L% >1,p>1};

2
Es = sup w—khx 2t Ap)n(z) +hE(tAp —t AL ) > (1+e)Xp;
jo|<ha(tALY) 2

Es = { sup () +V2tn(z) > (1 +E))\}.

je|<ha(t) 2
Note that F4 N E5 C Eg for 0 < t < 1. By Theorem [6.1],

P ( sup LT a0y — hE(EA L) > (1 +a))\> < P x P, x P(E;).
|| <ha(tALL,)

By the independence and the fact that LY, p are exponential with mean 0 < u(0,0) < oo, we

have for 0 <t < 1,

P sup L% gy~ RAEALY) > (L)) < e0mP(Ey),
2l <ha(tALS,) =

where the Gaussian upper tail estimates have been applied. Set t; = exp(—k‘;) with 0 < § < 1.
It follows that under Condition (C1), a.s. for all k sufficiently large, (A1) holds with L) — th
replaced by LT_ .10 ) — h2(t;. A L) and hg(ty) replaced by hg(tp A L%). Since a.s. LY > 0,
one deduces

[log 4|2 (L2, | — haty)

(tr)
sup <c¢/Ve
|| <ha(tr) tiy/loglog 1/t
for all k sufficiently large. A routine interpolation ends the proof. [ O

Lemma 6.4. Recall L} = sup, L. Under (C1), forv> (@ —1)/(2 — @),

| logt|7(Lj7(t) — h3t)
im = 00.
t—0 t

Proof. Define the events
Br = {2 (g, — P2 A LY) < Caths o] < 671 (t) }

2
L nne) e — BA(EALS) < 201th fo] < <z>‘1<ht>} ;

n(x)?
2

2
Ey = {n(az) + ha /2t A p)ne + RE(E A p—t A L2 < 2C1th; |z] < gb_l(ht)} ;

+aBine) < 2Cuthsle] < 67 0) |
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Observe that F7 N Ey C Eg. For Cy large, one has P(E7) < 2P x P(Eg) = 2P x P x P,(FEy) by
Theorem [6.1l That E4N Eg C Eyp for 0 <t <1 and P, x P(Ey) = e~2/u0.0) yields

P(E7) < 2e2/"O0P(E), 0<t<1.

By Lemma[6.2] and the fact that P(T) = 0) = 1, there exists r > 0 such that h, > 1/2 for |z| < 7.
Hence,

P(Ey0) < P(n(z) < 2vV2C1VthVh; |z| < ¢7'(ht))

for all ¢ sufficiently small. Now the Gaussian lower tail estimates apply and the proof goes exactly
as that of Lemma O O

It is worthy to point out that the generalized second Ray-Knight Theorem does not work well
when we wish to study the asymptotic behavior of favorite points around infinity for transient
processes. Indeed, in the transient case, the local time process at each fixed state is finite at
infinity L%, < oo a.s. In particular, LY < oo, hence its inverse 7(¢) is (finite) constant for all ¢
sufficiently large, a.s. It would be natural to consider the local times under the true time scale
L{ rather than the time changed local time Lf(t), but we have not been able to do so.

On the other hand, we can consider another type of favorite sites at infinity of transient
processes. Let U, = {y € [=rr]isuppy <, L = Lgo} be the set of favorite points within [—r, 7]
at infinity and define the favorite points process by r +— U, = inf {|y| : y € U, }. We expect that
Eisenbaum’s Isomorphism Theorem [I8, Thm. 8.1.1] plays the role of the second Ray-Knight
Theorem. This is beyond the scope of the present article, and will be studied in a separate paper.

6.2. Symmetric Lévy processes with a Gaussian component

In this subsection, we assume that A # 0 in (LZ). Denote 1g(A\) = ¥(A) — A2\2. Tt follows
from [I8, Lem. 4.2.2] that

A2 A> 1,
v = {wd()\) 0< A< 1. (6.4)

Therefore, the local times exist and the process X is transient or recurrent according to fol mdA

converges or diverges. It may be seen from the proof that the asymptotic behavior of the favorite
points relies on the asymptotic properties of o3(x) defined in (L)), which is presented in the
following lemma.

Lemma 6.5. Let 03(z), 03(z), m(N), ¢(x) be defined in Sections [ and 2.
(i) o3(z) < ¢(z) < |z| as |z] — 0.
(ii) Under (C2), () < 7(A) as A — 0 and 53(x) < ¢(x) as |x| — occ.

Proof. (i) holds by a Tauberian type result [I8, Thm 7.3.1], and (ii) follows from (6.4]). O O

Since the large time behavior of V' depends only on the asymptotic property of o3 (x) at infinity,
we have that under Condition (C2) and recurrence, Part (ii) of Theorem [[.2] holds when A # 0.

The small time behavior of V' cannot be derived from the present proof when A # 0, the
problem being that the lower tail estimate obtained through Cameron-Martin formula is not
strong enough. In such case 03(z) =< |z| around zero (the associated Gaussian process behaves
locally like a Brownian motion), one sees that our proof of Lemma B3] gives an upper bound ch”
for any v < 1 but not for v = 1. The decay is not fast enough for the subsequent computations
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involving local times. This kind of phenomenon appeared already in the case of stable Lévy
processes as recalled in the following remark.

Remark 6.6. For a-stable Lévy processes, the Brownian case (o« = 2) and the pure jump case
(1 < a < 2) may amount to different treatment regarding the lower tail estimate of the associated
Gaussian process. Recall [18], p.498] that the associated Gaussian process 1, for a-stable process
with 1 < o < 2 is a fractional Brownian motion with covariance C(s,t) = %(|8|Ol_1 o —
|s — t|*~1). Note that 1y is a two-sided Brownian motion. The decay of the lower tail estimate
obtained by Cameron-Martin formula is good enough for our purposes when 1 < a < 2, but is not
sufficient for the subsequent computations when o = 2. Indeed, [I8, Lem. 11.5.1] shows that for
alll<a<2,¢e>0,

P< sup 1, (z) < A) < A (6.5)
lz[<1

In the critical case o = 2, we have the upper bound c\? for any v < 1, a bound that is not

sufficiently small for computations in the sequel, as pointed out by Marcus and Rosen [18, p.519].
However, the reflection principle and the the independence of {n2(x),x > 0} and {nz2(x),z < 0}

actually implies
2
P< sup n2(x) < )\> < \/j)\, (6.6)
|o[<1 T

a better bound that is sufficient to derive results for V', see [I8] Sec. 11.2].

In both references [3|[16], the authors viewed the associated Gaussian process as a time-changed
Brownian motion and made use of (6.0]) through Slepian’s lemma. This approach remains valid
for the small time behavior of the favorite points of a Lévy process with both a Gaussian part
and a pure jump part. Indeed, by replacing o3(z) by |z| back and forth (and by the argument
developed in Section if the process is transient), we can remove the monotonicity condition of
Marcus [16] so that [16, Thm 1.1] holds as ¢t — 0 when o2 (x) < |z| around zero. Summarizing the
discussion, we have proved the following theorem. Part (i) states that the small time behavior of
V' is the same as that of the Brownian part of X without any condition on the pure jump part.
Part (ii) states that (under recurrence condition) the large time behavior of V' is the same as that
of the pure jump part of X subject to (C2).

Theorem 6.7. Let A # 0 in (L2).

(i) Fora >8,
lim 75 =00 a.S.
t—0 Lt
(log LY)@
(ii) Under Condition (C2) and fol ﬁ()\)d)\ =00, for alla>2(B—1)/(2 - B),
) vi
ti>120 ¢_1<—L?) =0 a.s.
(log LY)«

We finish the paper with an open problem: can one describe the small (resp. large) time
behavior of V when the Lévy measure satisfies (C1) with @ = 2 (resp. (C2) with 8 = 2) and X
is a pure jump process? One may still obtain lower tail estimates with the approach of [3] [16].
However, [21))-([22]) fail to hold and it is not clear to us how to find a monotone function which
is equivalent to o (z).
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