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NON-INTEGRABLE STABLE APPROXIMATION BY STEIN’S METHOD
PENG CHEN, IVAN NOURDIN, LIHU XU, XIAOCHUAN YANG, AND RUI ZHANG

ABSTRACT. We develop Stein’s method for a-stable approximation with o € (0, 1], continuing
the recent line of research by Xu [40] and Chen, Nourdin and Xu [11] in the case o € (1,2).
The main results include an intrinsic upper bound for the error of the approximation in a variant
of Wasserstein distance that involves the characterizing differential operators for stable distri-
butions, and an application to the generalized central limit theorem. Due to the lack of first
moment for the approximating sequence in the latter result, we appeal to an additional trunca-
tion procedure and investigate fine regularity properties of the solution to Stein’s equation.

Key words: a-stable approximation; Stein’s method; generalized central limit theorem; rate of
convergence; fractional Laplacian; normal attraction; leave-one-out approach; truncation.

1. INTRODUCTION

1.1. Overview. Non-Gaussian stable distributions arise ubiquitously in probabilistic approxi-
mation of random phenomenon. The most fundamental example is the generalized central limit
theorem for the sum of independent random variables with common distribution that presents
heavy tails [ 18, p.161].

Recall that a real-valued random variable Z has a stable distribution if it satisfies the distri-
butional identity: for any a, b € R, there exist ¢, d € R, such that aZ; + bZ, A + d where
/4, 4y are independent copies of Z. It is called strictly stable, if the above relation holds with
d = 0 for any choice of a, b. In this work, we focus on non-Gaussian strictly stable laws, whose
definition is given equivalently by their characteristic functions as follows.

Definition 1.1. [36, p.86] Let Z be a real-valued random variable. It has the non-Gaussian
strictly stable distribution if there exists a € (0,2), 0 > 0, € [—1,1] (and 7 € R when
« = 1) such that for all A € R,

exp { — 0% A|*(1 — i §sign(\) tanZ2)} ifa e (0,2)\ {1},

INZ|
(L) E[¢V] = exp { — o|A| +irA) if o =1.

Here « is called the stability parameter determining the decay of the tail of Z; o the scale
parameter which is the stable analogue of the standard deviation; ¢ the skewness parameter
describing the asymmetry, and 7 the shift parameter describing the mode.

Remark 1.2. By a change of variables Z — Z /o inthe case a € (0,2)\{l}or Z — (Z—71)/c
in the case v = 1, we can and will assume that o = 1 and 7 = 0 throughout the paper. As such,
the strictly 1-stable law is symmetric in that Z = —Z in distribution, and the strictly a-stable
law with o # 1 is asymmetric unless 6 = 0. With this in mind, we adopt the unified notation
Z ~ S,(0) for strictly a-stable distributions, with ¢ being arbitrary in [—1, 1] if « # 1 and ¢
tacitly assumed to be 0 if &« = 1, corresponding to the symmetric Cauchy distribution. In this
paper, we exclude the case 0 € {1, —1} because the crucial Lemma 2.1 does not hold in such
case, see Remark 2.2.

This paper is concerned with the proximity between a random variable and a strictly stable

distribution in some appropriately chosen distance, and is along the recent line of research
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initiated by Xu [40], who proved an upper bound in the Wasserstein distance dy between
an integrable random variable F' and Z ~ S,(0) with 1 < a < 2. Recall that dw(F, Z) =
sup,ey |E[R(F)]—E[h(Z)]| where the supremum runs over all Lipchitz functions with Lipchitz
constant at most 1. Xu showed
(12 dw(F, Z) < sup [E[AS (F)] ~ ~E[FF(F)]|,

fer a
where A2 is the fractional Laplacian normalized in such a way that its Fourier multiplier is
|A|%, and F is the class of functions with first and second derivatives bounded by a generic
constant depending on . Later on, Chen, Nourdin and Xu [ ! 1] showed that a similar estimate
holds for asymmetric stable distributions with 1 < o < 2 where the fractional Laplacian was
replaced by other relevant non-local operators. This bound turned out to be effective in giving
rates of convergence for the generalized central limit theorem, see [40, Th. 2.6] and [1!, Th.
1.4].

The derivation of (1.2) relies on tools and ideas developed by Ch. Stein in the seventieth
for normal approximation. Stein’s idea is so robust that can be naturally extended to other
target distributions, Poisson, Gamma, Beta, to name just a few. We refer the reader to the
webpage [38] maintained by Y. Swan for an exhaustive list. Roughly speaking, Stein’s method
for approximating a probability distribution p is composed of three main steps. First, one
characterizes p by certain “differential" operator A, namely E[Af(Y")] = 0 for an appropriate
class of functions f if and only if Y is distributed according to x. Second, one establishes and
solves a “differential" equation,

(1.3) Af(z) = h(z) — E[h(Y)]

called Stein’s equation, so that E[h(F')] — E[A(Y)] = E[Af(F)] for any random variable F'.
Third, one studies the regularity property of the solution f to Stein’s equation with respect
to the regularity property of the function h, which will be used to estimate the expectation
E[Af(F)], thus providing the distance between F' and Y. In view of these steps, the bound
(1.2) hinges on the fact [40, Th. 4.1] that A% f(z) — 2z f'(x) characterizes a symmetric stable
law with 1 < a < 2. Also, the class F in the bound captures regularity properties of solutions
to Stein’s equation (1.3).

The goal of this paper is to carry out Stein’s method for a-stable approximation with 0 <
a < 1, continuing and completing the study of [40, 11]. For Z ~ S,(J), one prominent
difference between the cases & < 1 and a > 1 is that E[|Z|] < oo if and only if o > 1.
Therefore, in the case a < 1, the random variable of interest F' in the approximation, e.g.
sum of independent random variables with common distribution that has non-integrable tails,
typically does not possess finite first moment. The usual Wasserstein distance has to be changed
in order to obtain meaningful bounds. In this paper, we make use of

(1.4) dw,(F, Z) := Sup [E[R(E)] = E[A(2)]l, B <a,

where # 3 is the class of Lipschitz functions & : R — (R, ds) such that |h(z) — h(y)| <
dg(z,y), the real line being endowed with the metric ds(z,y) = |z — y| A |z — y|?. Itis
known [35, p.18] that E[|Z]°] < oo whenever 3 < «, thus dy, is an appropriate metric for
determining the proximity between F' and non-integrable stable laws. The advantage of using
dw , over the (non-smooth) Kolmogorov distance dko1 given by

dko(F, Z) = sup[P(F < z) — P(Z < )|
zeR

is that the solution f to Stein’s equation for i € Hz possess nice regularity properties in terms

of boundedness and Holder continuity of the (fractional) derivatives of f, which are crucial for
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obtaining rates of convergence in the generalized CLT. It’s worthy to point out that dyw, and
dxo satisfy a similar relation to that of dw and dk,, see Corollary 1.8 below.

Another complication for approximating Z ~ S, () with o« < 1 arises in applying a bound
like (1.2) to obtain the generalized CLT. The approach of [40] or [ | ] consists in applying regu-
larity properties of the solution to Stein’s equation to obtain a stochastic Taylor-like expansion
which, combined with Stein’s K -function or leave-one-out argument, yields the desired rates
of convergence for the generalized CLT. Such a program amounts to significant changes in the
case o < 1, e.g. finer (compared to the case @ > 1) regularity behavior of the solution to
Stein’s equation has to be established which may have merits on its own, and an additional
truncation term has to be handled.

The discussion around rates of convergence in the generalized CLT has been made by many
authors. Using the distance dx,.;, Hall [26] gave two-sided bounds (tight under some assump-
tion), see also [28] where the same distance was used. In [30, 16] were discussed the L°° or
L! rate of convergence of the density function of the approximating sequence. All these ef-
forts are made upon analysis of the characteristic function of the partial sum. By extending
Lindeberg’s approach and applying Dynkin’s formula, Chen and Xu [12] gave a real-variable
proof for the generalized CLT with explicit rates. Recently, Arras and Houdré [3] developped
Stein’s method for self-decomposable laws with finite first moment. The requirement of finite
first moment excludes a-stable distributions with o € (0, 1]. To the best of our knowledge, the
present paper is the first dealing with Stein’s method for nonintegrable random variables. In
view of far-reaching applications of Stein’s method [0, &, 9, 24, 31, 19, 21, 27, 32, 33, 34, 20],
we believe that the present work opens the way to non-integrable stable approximation in a
context where the dependence structure of the random phenomenon of interest is complex, e.g.
random graphs, interacting particle systems etc.

As already said, throughout the paper, we assume Z ~ S, (0) for0 < o < landd € (—1,1),
with the convention that 6 = 0 if & = 1. We use ¢, C' to denote generic constants, and ¢, C,
constants that depend only the subscript, whose value may change in each appearance. All
random objects below are defined on some common probability space.

1.2. Statement of results. We start with some notation. Set for 6 € (—1,1)and 0 < a <1

1+9 1—9

Vas(dx) = d, ( 277 0,00 () + 2|77 o0 (x)) dz,

where

0 d {F(—a;ﬁ 1f0<0z<1,
< a = 2

% ifa=1.

Then, by applying [36, Eq. (14.18) and (14.20)] twice, one has
/(e“‘“” — Dy s(dr) = —|A]” (1 — idsign(\) tan ?) , O<a<l,;
R
/(e”‘m — 1 —idalpycr)vio(de) = —| Al
R

Therefore, v, s and v, o are the Lévy measures associated with S, (d) and S;(0), respectively.
As such, strictly stable distributions are infinitely divisible with zero Gaussian coefficient and

zero drift, see [36, p.37] for the general form of an infinitely divisible distribution. Define the
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operator

a, fR T+ U f(l’))l/aﬁ(du) fo<a<l
4 £ {fR f@+u) = f(z) —uf' (@) ly<violdu)  ifa=1

for any sufficiently smooth function f. Recall that £ is the generator of a stable Lévy process
(Zi)i>0 with Z; ~ S,(8), see [36, p.208]. When § = 0, £L>? is the usual fractional Laplacian.

Our first result is the following, providing an intrinsic upper bound in the spirit of (1.2) for
the dy ,-distance between S, (d) and any random variable F'.

Theorem 1.3. i) Let Z ~ S, (0) with 0 < a < 1. For 8 < «, we have

1
(1.6) dw,(F,Z) < sup [E[Lf(F)] — —E[F f'(F)]
fef[g Q
where each element of the class Fz satisfies the following.
a |f(2) = fy)] < caple =yl Az =yl
b. [l < car where |lgll, = llgll. +sup, , 2=l

c. HﬁaﬁfoY < Cap forany v € (0,1).

ii) Let Z ~ S1(0) and 3 < 1. The bound (1.6) holds with L replaced by L', and Fp
replaced by JF, composed of functions satisfying

a. |f(z) — f(y)| < caple —y| Az —y|°.
lg(z)—g(y)]

b. ||f/||1log < ¢, where ||9||110g 9l + SUDgy,|z—y|<1 Jo—y|(1—Tog |z—g])"
e 1LY f g <

Remark 1.4. The theorem is proved by solving Stein’s equation and studying the regularity of
the solutions. This is achieved by Barbour’s generator approach [5] where one is concerned
with a Markov process with stationary distribution being the stable law. We give details in
Section 2.3. Recalling the class F in (1.2), the properties satisfied by elements in F5 involve
less differentiability, but more on the Holder continuity. As first sight, the obtained upper bound
may be infinite for non-integrable F'. It turns out that such bound gives nearly optimal rates in
many examples by carefully making use the regularity estimates.

To illustrate an explicit use of our abstract Theorem 1.3, we compute the rate of convergence
in the generalized central limit theorem for the partial sum of a sequence of independent and
identically distributed random variables in the domain of normal attraction of an a-stable law
defined as follows.

Definition 1.5. A real-valued random variable X is said to be in the domain of normal attraction
D,, of an «-stable law if its cumulative distribution function F'x has the form

A+ e(x) A+e(—z

A7) 11— Fy(z) = (1+06) and Fx(—z)=

[
asx > 1,where o € (0,1],0 € [-1,1], A > 0, and € : R — R is a bounded function vanishing
at +0o0. We write for simplicity X € D,,. Since ¢ is a bounded function, we denote
K = sup |e(x)] < 0.
z€eR
Theorem 1.6. Let X, X, ... be independent and identically distributed random variables

defined on a common probability space. Suppose that X, has a distribution of the form (1.7)
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and there exists a positive constant L, such that for any |x| > L, the €(x) in (1.7) is C?, which
1
satisfies xe' () — 0 as |x| — oo. Set 0 = (2Aa/d,,) =~ and

1 o [X 4+ X, 0,1),
5 n{ Lt ae(0,1)

(1.8) =
X144 X, —nE[ X1l (IX1])], a=1.

i) When o € (0,1), we have
dWB (Sm Z)

1
ona

/
<Copar [n1+n;/ 1 ‘x|1+a}d@}+n“;ﬁ/> X \:c|5(]d‘”€ (x)}+’d€(x)’)+731,n]a

[ [ [

—onao
where ¢, 5 4K is a constant which depends on o, 6, B, A, K that can be made explicit and

1 1

(1+6) /Om Lﬁ)dx —(1-9) /Om 6(_x)dx’.

Rin= sup |e(x)|+ ns
x x

je|>on#

ii) When o = 1 and 6 = 0, we have
dw,(Sn, Z)

<cg.a K [n_l(log n)2 +nt /

—on

an

|x|2(2 — log |n71x|) }d%}

nt=* |8 € (x) e(x)
" /:'«“Zon| (Jd || |+ 2] ) +R2,n]7
where

Ron = nt (log n)2

/”" )=o)y

Xz

Remark 1.77. Let us explain heuristically why these bounds can be naturally derived from (1.6).
Recall the tail probability of Z ~ S, (4) (see [35, p.16])

do 140 _,
P(Z > ZL‘) ~ E 5 xr = Voz,é([xa OO))
do 1 =6 _,
P(Z < —x) ~ =~ 5 T = Uy s((—00, —2])

as x — oo. We formally regard £%°f in (1.6) as a weighted increment of f (the density
of Z being the weight function) which, together with regularity properties of f and Taylor-like
expansion, is comparable with S, f'(S,,). The fact that the common distribution of the sequence
does not behave exactly as Z in their tails makes the role of € in these bounds clear. That said,
more precise expansion for the tail behavior of Z may be used to improve the bounds. It is
plain that the decay at infinity of e affects the decay of the above bounds.

Moreover, by the same argument as the proof of [15, Corollary I.1], we get the following
convergence upper bound on di, (S, Z), which will be proved in the appendix.

Corollary 1.8. Keep the same notation and assumptions as in Theorem 1.6. Then
(1.9) dio(Sn Z) < Ca |y, (S0, Z)]

In Theorem 1.6, we observe that the function € is required to satisfy e¢(z) — 0 as z — +oo.
But that € vanishes is not a necessary condition for the generalized CLT to hold. Actually, by

slightly modifying the approach leading to Theorem 1.6, we can also consider examples where
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€ 1s a slowly varying function diverging at infinity. Because it would be too technical to state
such result at a great level of generality, we prefer to illustrate an explicit situation for which
our methodology still allows to conclude in appendix, and we will give a proof that rather relies
on the density function.

1.3. Examples and application. We present several consequences of our main results and
compare them with those previously obtained for stable approximation.
In our first example, we consider an independent sequence with common Pareto distributions,
namely,
1+6 1—0

P(X; >z) = x>1, P(X; <x)

— Al 1~ < _]-7
2|zl

BECE
fora € (0,1] and 0 € [—1, 1], whose sum scaled by n"w weakly converges to a stable distri-
bution. In the case 6 = 0, that is, a-stable distribution is symmetric, the authors of [16] proved
arate n~ Tr= in total variation distance and conjectured that a better rate n ! in total variation
distance should be valid. Our result gives a partial answer to their conjecture, that the rate n !
is valid for the dy,-distance. In the case o = 1, our result is within a log n factor of optimal.

The second example concerns a sequence of independent random variables with common
distribution function

(X, > 2) = (Al2] " + Ala| H)(143), «>1,
P(X, < 2) = (Ala] ® + Aa| %1 -0), =<1,

for some A > 0, A > 0 and & > . We obtain the convergence rate n~' + n°s for a € (0,1)
which is the same convergence rate as [30] in Kolmogorov distance for the case § = 0.

The third example is suggested by Persi Diaconis, who proposed it as an open problem in
AMS workshop ’Stein’s method and its application in high dimensional statistics’ in August
2018 [17]. This problem originates from the fact Y =¢ % if Y follows the symmetric Cauchy
distribution S;(0). So we consider the reciprocal of sum of random variables and obtain the
convergence rate in Kolmogorov distance.

In Appendix B, we also consider an example where the common distribution has the regularly

varying density p(z) = ;e lelr| 1j¢,00)(||), which is not in the domain of normal attraction

2(T+a) Jolot]
of a stable law. We obtain the same convergence rate (logn)~! as [28] for the case p(z) =

o2e® log|z|
(1ta) Joo+t [e,oo)(x)-

1.4. Plan of the paper. The rest of the paper is organized as follows. Section 2 is devoted
to some preliminary facts and Barbour’s generator approach for solving Stein’s equation. In
Section 3, we study the solution to Stein’s equation in detail, and obtain the intrinsic bound
Theorem 1.3 as a byproduct. Making use of the regularity results obtained in Section 3, we
prove Theorem 1.6 in Section 4. Examples are worked out in Section 5 and auxiliary results
are given in Appendix.

Acknowledgements: We would like to gratefully thank Jay Bartroff, Larry Goldstein, Stanislav
Minsker, and Gesine Reinert for organizing a stimulating workshop [17], and the participants
for several discussions. We would also like to gratefully thank Persi Diaconis for very helpful
discussions and encouraging us to add his example in the paper.

2. PRELIMINARIES

2.1. Properties of stable densities. We recall some basic facts on the densities of a strictly

a-stable Lévy process (Z;);>o with Z; ~ S, (9). Denote by p;(x) the density of Z;. It is known
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[14] that p(t,z,y) := p;(y — x) is the fundamental solution of the operator £ in the sense
that

2.1) Owp(t,z,y) + L>p(t, -, y)(z) = 0.
The self-similarity of the process (Z;);>o translates to the following scaling relation
(2.2) pe(z) = cépct(céx), Ve > 0,t >0,z € R.

Write for simplicity p; () = p(z). In the following lemma, we list a few estimates of the stable
densities that will be useful for our purposes.

Lemma 2.1. Suppose that § ¢ {—1,1}. The following statements hold for all t > 0, x € R.

(1)
pi(z) < Coat :
(7 + |al)
2) .
£ < Gy oo
(3)

)~ nw)l < Ca (52 A1) 010 + i)

(4) In the case 6 = 0, we have for k € N,
Cyt
(tl/a + |x|)a+1+k'

|Okp(t,2)| <

Proof. By the scaling property, we only need to consider ¢ = 1. When § = 0, the aw—stable
process is symmetric, so by [13, Theorem 1.1 and Lemma 2.2], we immediately obtain the
results for « = 1. Now we consider « € (0,1). (1) and (3) are from [14, (2.7) and (3.1)],
respectively. By the same arguments as the proof of [13, (2.28)]

£opta) = do [ P Z PO () 45110 () 4+ (1= 6)1 () dy

oo 2y[HHe
<4 /°° Ip(t, x4 y) —p(t,x)\dy < Ca
> Uy - ‘y‘pra — (tl/a + ‘SL’|)O‘+1’
which implies (2). ]

Remark 2.2. The condition on 9 is necessary when v < 1, as one can see from the specific case

2
S1/2(1), where py(x) = #e*% 1,0 is the density of a 3-stable subordinator.

2.2. Distance dy,. By Kantorovich duality [39, p.19], the distance dy, used in the paper is
the Wasserstein distance corresponding to the cost function ds(z,y) = |z — y| A |x — y|# with
B < « such that the distance is meaningful for a-stable approximation. Though not explicitly
said, it is easy to see that functions in the space H g are bounded due to the following lemma.

Lemma 2.3. Let h € Hp with 3 < a. Then |h(y) — E[h(Z)]| < C.(1 + |y|?).
Proof. Let x — p(x) be the density of Z ~ S, (J). Write

) ~ EI(Z)) < [ p(@)lby) = ho)ldz < [ plo)(al + ol ds < Cal1 + 1)

where the last inequality thanks to Lemma 2.1. U
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Recall the Fortet-Mourier distance (see [33, Section C.2] )
dpi(X,Y) = sup [E[A(X)] — E[h(Y)

heHrm

I

where the class ) contains all Lipschitz functions / such that sup, . | (2)|+sup g |2 (2)] <
1. It is plain that dgy; < ZdWB' In view of the fact that the Fortet-Mourier distance metrizes
convergence in distribution of random variables, dy, is suitable for assessing the rate of con-
vergence of limit theorems.

2.3. Solving Stein’s equation by Barbour’s generator approach. First we show that stable
distributions are characterized by the operator

(2.3) Auosf(z) = L f(x) — éxf’(x)

Note that A, s is the generator of the Markov process solving the following Orenstein-Uhlenbeck
type stochastic differential equation

_ (t_1
(2.4) {Xt_fO_EXsdHZt ,
XOZ.CU

where (Z;)¢>o is an a-stable Lévy process with Z; ~ S,(9), see [2, Th. 6.7.4]. Such an
equation can be solved explicitly

t
2.5) XP = ze o + / e~ e dZ,,
0

see [30, p.105], and provides an interpolation between any Dirac mass and S, (). The corre-
sponding semigroup (Q¢):>o can then be used to solve Stein’s equation.

Proposition 2.4. Let Y be a real-valued random variable. Then Y ~ S, (9) if and only if
E[A.sf(Y)] = 0forall f € C*™ and fast decaying at infinity.

Proof. Let Z ~ S,(9) and (X7)¢>0 be the unique pathwise solution (2.5) to the SDE (2.4).
Since the Lévy measure of Z satisfies the condition (17.11) of [36, Th. 17.1], X con-
verges in distribution as ¢ — oo to a random variable with characteristic function A —
exp| fooo Y(e~a\)ds], where 1 is the principal log of the characteristic function of Z. It is
readily checked that this characteristic function coincides with (1.1). As a consequence, S, (6)
is the unique invariant distribution of the semigroup (Q);):>¢ associated with A, s by [36, Cor.
17.9]. Denote by p the distribution of Z. We have

[ t@ntan) = [[ 1w dyutas)

for any ¢ > 0 and smooth f. Taking derivative with respect to ¢ at t = 0 yields E[A, s f(Z)] =
0, as desired.

Now assume that E[A,sf(Y)] = 0 for all smooth f, namely, the distribution of Y is the
infinitesimal invariant distribution of (Q););> in the sense of Albeverio, Ruediger and Wu [!].
In the symmetric case § = 0, such a condition implies that Y ~ S,,(0), see [, Prop. 3.2]. This
statement continues to hold in the asymmetric case § # 0. We prove this in Appendix A.1. [J

Recall that the Ornstein-Uhlenbeck type process (X" );>o can also be represented by a time-
changed stable Lévy process. To see this, set Y; := fot eadZ,and V, = Yiog(1+¢)- Then (V;)i>0
has independent increments because (Z;):>o does. On the other hand, one can prove that

(2.6) E[ei/\(Vt—Vs)] _ (E[ez‘/\z])t—s



for any ¢ > s > 0. One concludes that (V;):>0 < (Z4)1>0. In view of (2.5), one has
Xy 2 ge = + e_ﬁZet,l 4 e + 2yt

where we used the self-similarity of (Z;);>¢ in the second identity. It follows that the transition
density of (Q);):>0, namely the density of X7, is given by

@.7) q(t,2,y) = proe-i(y — e”%) = s(t) "V p(s(t) M (y — e72)),
where s(t) = 1 — e™" and we used again the self-similarity of (Z;);>o. The proof of (2.6) is
given in Appendix A.2.

Now we consider and solve Stein’s equation

Ao (@) = £ () — é:c f(z) = h(z) — E[(Z)]

for h € Hz. Lemma 2.5 below may be explained by semigroup interpolation argument. The
operator A, s generates the semigroup (();):>o whose transition density satisfies (2.7). It fol-
lows that Qph = h and Q. (h) = E[h(Z)} Thus, setting f = — fooo (ch — Qooh)dt for an
appropriate class of i, we have A,sf = — fooo Ao sQihdt = — fooo 0:Qihdt = Qoh — Quoh,
as desired. In Appendix A.3, we give a detailed proof.

Lemma 2.5. Let Z ~ S, (§) with0 < o < land h € Hg with(0 < 8 < . Set
f(z) = —/ E[h(X]) — Eh(Z)]dt,
0
—— [ [ pcity = i) ly) — BRZ)dya
0

(2.8) = - /OOO /p(y) [h((1 = ey + e7"x) — h(y)] dydt.
Then
(2.9) Aasf(x) = h(x) — ER(2).

Note that the last two identities follow from (2.7) and a change of variables. We end this
section by verifying that (2.8) is well-defined. Since i € H g, we have

(1 = )Yy +e7u) — h(y)|
< ez e 4 (1= (1= e YY) A Jy(1 = (1= e V)P,
which is integrable with respect to 1;~¢dt ® p(y)dy, as desired.

3. STUDY OF STEIN’S EQUATION AND PROOF OF THEOREM 1.3

3.1. The regularity estimates of the solution f. Theorem 1.3 follows immediately once some
regularity properties of the solution to Stein’s equation are in place. Let us state these results
first and prove them in Section 3.3. Some of the results below actually play a crucial role in the
proof of Theorem 1.6. Indeed, we are going to make use of the regularity estimates in order to
control the error induced by the leave-one-out argument.

eac(0,1):

Proposition 3.1. Let o € (0,1). For any h € Hg with 8 € (0,«), let f be defined as (2.8).
Then the following statements hold:
(i). We have

3.1 1o < o,
9



(3.2) sup c,.
zy |z —ylo
(ii) For any r,w € R,
(3.3) f(z+w) = f(2)] < Caplw| Alwl?,
(3.4) 1L flloe < Cag.
Forany v € (0,1),
(3.5) L9 f () = L2 f(y)] < Capylz —y|".

e —1:

Proposition 3.2. Let « = 1. Forany h € Hg with 8 € (0,1) and f is defined as (2.8), we have
(i)

(3.6) 1l < 1,

and for any |x — z| < 1,

3.7) 1f(x) — f(2)] < C(Q—log\x—z\)\:c—z\.
(ii) For any r,w € R,
(3.8) (@ +w) = f(w)] < Cslw| Alfwl]?,

(3.9) 1L flloe < C.
Forany |z —y| < 1,
(3.10) 1LY f(x) = LY f(y)| < Cslz —y[ (1 —log |z —y]).
3.2. Proof of Theorem 1.3. Let Z ~ S,(), one has
e, (X, 2) = sup [BH(X) ~BA(Z)| < sup E[dosf(X)]

where the supremum runs over all the functions f of the form (2.8) with h € Hg and Parts a.-c.
follow from Propositions 3.1 and 3.2. U

3.3. Proof of Propositions 3.1 and 3.2. Now we prove Propositions 3.1 and 3.2 through some
lemmas below.

Lemma 3.3. Let o € (0, 1]. Forany h € Hg with 5 € (0, «), let f be defined as (2.8).
(1) We have
1Moo < .
(2)If o € (0,1), then
[f'(z) = ['(2)] < Calz — 2|

If « = 1, then for any |z — z| < 1,

@) = £ < C(2—loglz — 2| )| — 2|
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Proof: (1) Note that ||2/|| . < 1, from which it is readily checked that one can differentiate
under the integral sign in (2.8). Hence

(3.11) flx) = - / N / e op(y)h' (s(t)y + e~/ *x)dydt,
0

yielding |f'(z)| < aforall z € R.
(2) Choose B = |x — z|*. Applying successively (3.11), change of variables, and Lemma
2.1, we get that

(a) -
<[ e / Il = (1) 17 = ply = (1)) [ (ys(1) 1) dy s

< Calll / et (s(t) Yoo — ) A1) dt

B oo
< C’a(/ e Vet +/ e Mgty Vodt|x — z|)
0 B
< C, (B +/ t~Veemtogt|z — z|>,
B

where in the forth inequality, we use the fact that s(t)~/®e~%/® = (¢t — 1)~V < ¢~V If
€ (0,1), then

1f(x) — f(2)] < C. (B + /: 1tz — z|) < Culz — 2|,

If « =1, then for B = |z — 2| < 1,
1

If(z) — f'(2)| gc(3+ (/B t—ldt+/1°oe—tdt)|x—z|)

§C(2—10g|x—z|>|x—z|.
O

Lemma3.4. Leta € (0,1)and h € Hp with B € (0, «v). Let f be defined as (2.8). If . € (0, 1),
then for any x,w € R,

|f(z +w) = f(2)] < Caplw| Alwl”,

1£9° fllso < Cas.
Ifa=1and d =0, then for any x,w € R,
|fz +w) = f(2)] < Cplw| Afwl]?,
1L f|loo < Cs.
Proof: For a € (0, 1], one has by (2.8)
flz+w)—

/ / )Ver e (@ 4 w)) — h(s(t) V% + e7x)) dz dt.
Thus, for h € Hg with 8 € (0, )

et w) - |<// ﬁt/adzdtuwwwo Sl Al



It follows that , for « € (0, 1),

[t w) —f0) g, ¢ ode [ ol A
wltte =78 Jo Tl

1L f(x)] < dg dw < Cyp

Now it remains to bound ||£1’0f||oo. By Lemma 3.3, for |w| < 1, one has
|w]
o tw) = fa) = Pl < [ 1) - fla)lda
0

[w]|
gCA (2 + log(1/u))du < Cuw?log(1/|w]),

It follows that

sl o( [ tos o [

Jw|>1

|w|? 2 dw) < Cp.

Lemma 3.5. Let a € (0, 1] and h € Hz with 5 € (0, a).
(1) If a € (0,1), then for any a > 0,

/ L*°p(y)h(ay) dy) < Gy pa”.
R

(2)If « = 1 and 6 = 0, then for any a > 0,

/510 h(ay dy‘ <Ca5( +a).

Proof: (1) Let ks(x) = (1 4 6)1(0,00)(z) + (1 — 6)1(_s0,0)(x). By Fubini’s theorem (justified
by the fact that ||h]| , < oo, see Lemma 2.3), we have that, for any a > 0,

/R(Ea"sp)(z)h az) dz

<d,

plztw) = plz >>]{;5<u}>iz(cz,7:) dw dz
2|w‘1+a

az —aw) — h(az)) dwdz

2|w‘1+a
p(2)|w| A wl” Iw\ﬁ o
<d,a / dw/ S dz < C, pa”.
(2) Note that
d — d _ _
£ (z) = _1/ p(fv+w)2 P) s G p(z + w) p(Qx) Pw
2 Jjw>1 w 2 Jjw<1 w
By Fubini’s theorem,
pz +w) 5 p<z)h(az) dw dz
|w|>1 |w‘

_ /w>1 i W(h(az — aw) — h(az)) d= dw'

<a / / |ZU‘ dz < Cg a’
Jw|>1 |w‘



Applying Fubini’s theorem, integration by parts and the estimate of p’(x) (Lemma 2.1), we get

/R/w|§1 S _\S;T‘j) T, (az) dwdz
B ‘/lwgl ﬁ dw/R (/0“’@,(2 +u) —p'(2) du) h(az) dz
/wlg ﬁ dw/m </ow(p<z +u) —p(2)) dU) W (az) dz

< Ca /w|§1 ﬁ dw/R </Ow| lul(p(z +u) + p(2)) du) dz < Ca.

Thus, the assertion is proved. O

=a

Lemma 3.6. Let o € (0,1) or « = 1 with § = 0. Then

/ ’Ea"sp(z)} dz < C,
R

Proof: If o € (0,1), then by Lemma 2.1 (3),
‘ﬁa’ép(Z)‘ dz < da |p(z+w) —p(2)| dw dz
R R JR |w|!Fe

A1
< Ca/ |w|1+ dw/p(z+w) +p(z)dz < C,.
R Jw|te R

If « = 1 and § = 0, then by Lemma 2.1 (4), we get that, for any |u| < 1,
C < C
(L4 |z +ul)t = (1T + 2

where in the last inequality, we use the fact that 2(1 + |z +u|) > 2+ |2| — |u| > 1+ |z]. It
follows that, for any |w| < 1,

p"(z +u)| <

'(2)w LMQ

Thus, we have that

[1ee) az < [0 [ RO,

w

dy Ip(z +w) —p(z) — p'(2)w]
+§/R dz/w|§1 dw

w2
dl/ / C
2d1+ —= [ dz ———dw < C.
P R lw|<1 (1+ 2]

Lemma 3.7. Let o € (0,1] and h € Hg with 3 € (0, a).
(1) If « € (0, 1), then for any v € (0,1),
L2 f () = L2 f(y)] < Capale =yl
(2) If a« = 1 and § = 0, then for any |x —y| < 1,

1LY f () — LY f(y)] < Cale —y| (1 —log |z —y|).
13



Proof: (1) Set s(t) =1 — e~ and h = h — E[h(Z)]. We claim that

@) == [ [ £ttt )@l dy
(3.12) = —/0 s(t) ™ _tdt/R(Eo”S )(z )h( ()1/0‘2+6_t/0‘x) dz.

The second equality follows from (2.7). To see that the first one holds, note that & € Hz so that
Fubini’s theorem implies

eofa) == [ ([ attaibnay) @

For each fixed ¢ > 0, applying Lemma 2.1 (3) justifies a further use of Fubini’s theorem, we
are led to

o ( / " .,yﬁz(ymy) (2) = / £9q(t, -, y) (@) h(y)dy

and the claim follows. By Lemma 3.6, we get that

/R (L2p) (2) (h(s(t) /2 + 7w = Bls(t) /%2 4 e1/7y)) da

<o —y| [ (L0 dz < Cale ol
R
By Lemma 3.5 applied to h(- + e~ */*z), h(- + e~/ y) € Hga, we get that,

S CaﬁS(t).

/R(Eo"ép)(z)% ((s(®)*z + e"*z)dz / (Lp ((s(t)"2 + e7*y)dz

Thus, we get that, for any y € [0, 1],

(L) (2)h (s(t)Vz + e7tox) dz — / (L) (2)R (s(t) /2 + e7t/y) dz
R R
(3.13) < Cup (s(t) A |x — y|) < Cops(t)(IA st) Mo —y|)7 < C’aﬁﬁs(t)l_Wx —yl|".
Then, by (3.12) and (3.13), we get that

L9 f(2) = L F(y)] < Cpo / S0 s() e dele — g
0
< Copr / s(t) e dile -y
0
< Ca,ﬁ,'y/ et dt|3j - y‘fy < Ca,ﬁ,'y‘x - yl”-
0

(2) Case = 1 and 6 = 0. In the following, we assume that |z — y| < 1.
By Lemma 3.6, we get that

LD (s(0)175 + e71a) = hs(e)' 2z o) d

<=yl [ 1)) =

14



By Lemma 3.5, we get that, for ¢t < 1,

/R(El’op)(z)h (s(t)*z + e *z) dz — /(Ll’op)(z)h (s(t)Vz +e7*y) dz

R

(3.14) < Cu(s(t) + s(t)%) < Cys(t)”.
Let B = |z — y|*/5. Then by (3.12), we get that
B 00
£05(@) — 95w < Ca [ s s s [T st e e — )
0

B

< C’g(BBJr/ t_le_tdt|x—y|>
B

1 o)
:CB(BB+ /Bt—ldt+/1 e_tdt> |a;—y|>

< Cslz —yl (1 —loglz —yl),
ending the proof. O
4. PROOF OF THEOREM 1.6

4.1. Alternate expressions for £°. The following proposition gathers useful alternate ex-
pressions for the operator £,

Proposition 4.1. Let a € (0,1] and f € C*(R). We have, for all z € R and a > 0,
a.) When o € (0,1),

(L>f)(z) = du

da /°° (L+6)f/(x+u) = (1=)f(z )
a Jo 2u~

al—a

— /Ruf’(:c + au) vy s(du)

«

: |f (z+t)—f ()| |f' (z+t)]
provided that [, e dt < coand Ja edt < oo
b.) Whena =1,6 =0,

€0py(a) =y [ LD SO0 O) 7 =0 = e 0)

dt
2t

- /OO t(f'(w +1) = f'(@) L) (@)o(di)

(e o]

|f(z4t)—f(x)—f'(x)1(_1,1)(t)
[t]2

|f"(@4t)—f"(2)1(—1,)

- Mgt < oo,

provided that [, Nt < oo and Je

Proof. Note that the conditions on f ensure that all the integrals are well defined and we can
use Fubini’s theorem in the following proof. We first consider o € (0, 1).
1. One can write

(L))
= (1+5)/00025%/0udtf’(x+t)—(1—5)/ #/ dt f'(z +1t)

= (1+5)/Ooodtf’(a:+t)/too25ﬁa—(1—5)/0 dtf’(ert)/t #

LN et ) (-t h
4.1) a/0 = d

L.
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2. One can write

L as 1+ dt
(L) a) = / flat e —/ Fla+ g
_ : (1+0)10,00)(t) + (1 = 0)L(—o00)(t)
a'~® : (1 +0)L(0,00)(w) + (1 = 6)1(—c0,0)(w)
4.2) = — /Ruf (x + au) 0 e A
Now we deal with a = 1 and 6 = 0. We have that
1 “du [, ,
@ = [ 5 [ e = oyt
0 du 0
- [ 5t [ e - rac)an
43) _ /°° fll+t) - fl@)lon) ,, /0 fla+t) - fl@)lw)
0 2t 2|t|
i [ ) L),
o 2[¢|?
combining (4.3) and (4.4), we immediately obtain the results in the case o = 1. [

4.2. Taylor-like expansion. In order to prove Theorem 1.6, we shall make use of the following
lemmas. Recall the definition of k; in the proof of Lemma 3.5.
e« € (0,1): Forany o € [—1, 1], we have

/yl( L)Y )]%( iy =

2|y|Hte 1—«

which follows that for any a > 0, we have

1. 0f(x) 1 : oy Fe(u)
@5 Of(x) — m == /R (uf (x4 u) —ul_gp(u)f (x)) 2|u|1+adu
(4.5) :a1aé /R (uf’(SU -+ au) — ul(_Ll)(au)f/(:L’)) ;ﬁﬁ)a

According to (4.5), we have the following Taylor-like expansion.

Lemma 4.2. Consider a € (0,1). Let X have a distribution Fx with the form (1.7), and X
have a distribution F'; defined in (4.7). Y is a random variable, which is independent with X

and X. Forany 0 < a < (2A)*§ AL A 1and f defined as above, denote

T, := )E[X £V +aX)| —E[X111)(@X)E[f/(Y)] — 235‘2 a® 'E[Lf(Y) — %] ,
then
e a! ral ,€(2) S . xe () ()
h SC&’B’A[ + /a 1 g ’d| |O‘}+ /|m|2a—1| ||« ’+}d|x|a’)}
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Proof. We have by (4.5)

2A02
de

dda f'(Y)
a(l —a)

a®'E {5%5 ) —

:2AaE[/OO [wf'(Y + au) — ul_1p(au) (V)] ks(u) dU]

N | 2l

=E wf' (Y + au) —ul_y 1y (au) f (Y Aaké(u)du +R,
(-1.1) H
u|>(24) & |ul*
where
(24) @ A
(4.6) R = E[/ Cuf (Y + au) = ul g py(au) f'(Y)] %‘sﬁodu}
—(24)«
Since f > (24)% ﬁz‘ljﬁf) du = 1, we can consider a random variable X which is independent of
Y and satlsﬁes
~ Al ~ Al —
@n P >a) =S e R <n) =S o<
x|« x|
it follows that
2A0* odo f'(Y ~ - - -
d—a‘klE [ﬁaﬁ fY) - %(a)} =E[Xf(Y +aX)] —E[X1_1(aX)f' (V)] +R.

As aresult, denoting by F'; the distribution function of X, we have
48 T <E| / [0/ (Y + az) = 21y an) f' (V)] d(Px(2) = Fg(@) |+ R),

and it is easy to verify by (3.2),

(4.9) R| < 24a /(QA E[f'(Y + au) — f(Y)]

_(QA)Clx ‘u‘a du < Ca,ACLa-

For the first term, we have

] [ a0+ ) = 1) O 0) — )

gE) (/ + /> ) [2f/ (Y + az) — 2111y (az) f/(V)] d(Fx (x) FX(x))) =T +1T.

According to (1.7) and (4.7), we immediately obtain

Fx(z) ~ Fy(a) =(5 - %ﬁ)(l )1 8 (@) — |(|) (L4011 (@)
4.10) + (A‘*T;f‘c) - %)(1 — Oyt () + %( O (@),

On the one hand, we have by (3.2) and (4.10),

—1

T<s[ [ Bl a0 - F0)d(Ex ) - Fea)]]
< Cua® /a_l |;p|1+“‘d(FX(x) - FX(:E))} < Cpala®+ a® /a_l |2 |1+a‘ %})
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On the other hand, noting that € is C* and x¢'(z) — 0 as |z| — oo, we have by integration by
parts that

E /ool a:f’(Y—l—a:c)d%‘

<E /0: of (Y + ax)x;;gi) dx h :Ef'(Y + ax)oze(xl)

=E /Oo f’(Y+ax)dw/wdt€ E’/ £ Y+ax)dx/ooda€(t)’

tOé
e te ae(t)
_E S +ar)da i f(Y+a:c)d:c’
a—1 a—1 a—1
t
:alE‘/ (f(Y+at)—f(Y+1))d IE‘/ f(Y +at) — f(Y+1))da§£) ,
a1
then, we have by (3.3)
oo oo t
E)/ xf’(Y+ax)d€g(C—z)’ saﬁ—lf |t|ﬁ}d }+ A= 1/ |t|ﬂyd%(¥)}.
Using the same argument, we get that
701—1 t / t —a~
E)/ F(Y + azx)d @] < aﬁ—lf 21", +aﬂ—1/ |t|ﬁ}d aclt))
| ] oo 12 oo 12
These imply
@.11) Izgaﬂ—lf mﬁﬁm} +a5—1/ |x|ﬁ}da€(x) :
|z|>a—1 |x|a |z|>a—1 |x|a
the desired conclusion follows. U
ea=1:

Lemma 4.3. Consider o« = 1 and 6 = 0. Let X have a distribution F'x with the form (1.7), X
andY are independent. For any 0 < a < (2A)"' A1 and f is defined as above, denote

2A

Ty:= ’E (X /(Y + aX)]| —E[X 110 (aX)E[f/ (V)] - d—lE[ﬁl’Of(Y)]),

then

-1

€(z)
1 |x|2(2 —log |ax|) ‘dm‘

+a ).

a

T < 057A[a—aloga+a/

—a—

—|—a61/ mﬁ(‘ SL’€
|z|>a—1

Proof. By the same argument as (4.8), we have
7, <E| [ [of (v + a2) - a1y an) O] d(Fx (o) — F ()] + R,

where F'y and R are defined by (4.7) and (4.6) with &« = 1 and § = 0, respectively. Moreover,
by (3.7), it is easy to verify

A / ! A _
|R|§A/2 ’f(YJrau) f(Y)’dUSCAa/Q (2 log|au|)|u|du

—(24) |ul —2A |ul
(4.12) < Ca(a—aloga).




For the first term, we have

| [ fa 0+ a) - 1 o) OB ) - F (o)

<E|( /_ + /| " e O+ aw) = 21 an) (V)] d(Fx (@) = Fy(@))] = 1 + e

On the one hand, we have by (3.7) and (4.10)

J1 <Ca /a_1 |;p|2(2 —log |ax|) }d(FX(x) — FX(x))}

—a

§C<a+a/

—a

-1

B |2|* (2 — log |az|) ‘d%‘)

a

On the other hand, by the same argument as the proof of (4.11), we have

/
R T R
|z|>a—1 ‘SL’| |

z|>a

|x|ﬁ\d%},

—1

the desired conclusion follows. ]

4.3. Truncation for random variable X. Let X have a distribution of the form (1.7), then it
is obvious that E| X|* = oo in the case a € (0, 1]. Due to this, we need to truncate random
variables Before giving the truncation Lemma, we first recall the [ 12, Lemma 2.6], which will
be used from time to time later.

Lemma 4.4 ([12, Lemma 2.6]). Let X > 0 be a random variable and t > 0, then
t
E[X10y(X)] = / P(X > r)dr —tP(X > t).
0

Now, we are in a position to give the truncation lemma.

Lemma 4.5. Consider o € (0, 1] and when o« = 1 we assume 6 = 0. Let X have a distribution
of the form (1.7) and f be defined as above. Then for any 0 < a < 1 and z € R, we have
1.) when o € (0, 1)

E[[£29f(2) = £29f(2 + aX)]|| < Capaxa®

2.) whena = 1,

E[[£10f(2) = £ (2 4+ aX)|| < Coape(1 +loga™! + (loga)?)a.
Proof. Observe

E[}E“"Sf(z) — Lo f (x4 aX)”
- E[\La"sf(z) — L9 F (2 + aX) | [Lamr o) (IX]) + 1((0@_1))(\)(0]] =1+1L

When o € (0, 1), one can write by (3.4) and (1.7)

[ < CogP(IX]>a™") < Cap(A+ sup [e(x)])a® < Capara®,

|z|>a—1
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whereas by (3.5) with v = 1£2 € («, 1) and Lemma 4.4
-1

< Cory@ B[ XL 0,071 ([X])] < Caﬂ(ﬂ/ P(IX| > y)y'~'dy
0

1
T 2A+ K

< Ca,fya’y/ gdy < Ca,A,Kaa-
0

ya77+1
When o = 1 and 0 = 0, one can write by (3.9)
I< CgIP’(|X| > a_l) < C’B(A+ sup |e(x)|)a < Cpa.xa,

|z[Za™"
whereas by (3.10)
IT < CoaB[|X|(1 — log |aX )L, (|1X])].
Further, by integration by parts

E[|X|(1 - log [aX|)1gn(|X])] = / " 2(1 — log(az))dFx ()

—1

/ / ~log(ay) dydmx|<> | ozt (v < 1X <) ay

2(A+ K)
y

g/o( 1og(ay))dy+/1 ( log(ay)) dy

(4.13)  =1-loga+ (A+ K)(loga)®.
Hence, we have
II< C’gvA’K(l +logat + (log a)Q)a,
the desired conclusion follows. 0

Lemma 4.6. Consider « = 1 and 6 = 0. Let X have a distribution of the form (1.7) and f be
defined as above. Then for any (0 < a < 1and z € R, we have

E|f'(2) = f'(z + aX)| < Csax(1+loga™ + (loga)?)a.
Proof. Observe
E|f/(2) = /(2 +aX)| = E[|F(2) = (= + aX)| [La,00 1 XD) + Loy (1X)]]
< P(X| > a) + cﬁaE[\X|<2 — log |aX[)1 -1 (1 X])]
<Cl(A+ sup |e(w)l)a+ B[X|(2 - loglaX D La (1Y )]a]

< 057,47;((1 +loga~! + (log a)Q)a,

where the first inequality thanks to (3.6) and (3.7), the last inequality thanks to (4.13). The
proof is complete. O

4.4. Leave-one out method and proof of Theorem 1.6. With the above results, we can extend
the celebrated Stein’s leave-one out approach of normal approximation (see [ 10, pages 5-6]) .

Recall the notation introduced in Theorem 1.6, we have ¢ = (Qé‘i)é and let S,,; = S, —
n_ o

— X;. By observing that Sy.,i and X; are independent, one can write

E[Sf'(Sa)] = aB[(£27 £)(S)] | < T+TT+11L
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where

_1 n

Q=

=3 [E[XGS (S + =—X0)] —E[XiL, 2 (XD]E[/(S0)]
2402 n = o1 o od., /
- d, (T) E[(‘C 6f)(5n,z) - a(l — Oz)f (Sn7z)j| s

g oty (XDIELF (S00)] |
and in the case « = 1, 0 = 0,

n!l & n1 A
= Z ’E[Xif/wm + TXZ')} — E[XiL(0,0m) (1K) f(Sn0)] — Z—E[(ﬁl’of)(sn,zﬂ

=" S (R g (X0 [E[£(S.) — (S0 + )]

1) When « € (0, 1), we have by Lemma 4.5,
I <Chparxn

By Lemma 4.2, we have

1
o

1+ad )+°‘QB/ ﬁd d }
L ’||a’ me ||a’ ’|a:|a’

In addition, we have by Lemma 4.4

E|Xi1,,,.1(1%0D)] = ZAad(”_é)“‘1+(14—5xzfn

l—a' o

11 S Ca,B,A |:7’L_é -+ n_;/

—on

1 1
o o

%dx —(1-9) /m e(a;x)dx

+ (D) (1 = 0)e(—ane) — (1 + 8)e(on=)],

g

(1+5)/0m i—i)dx-u—a)/om

2) When o« = 1 and 6 = 0, we have by Lemma 4.5,
I SC@A,K(l + logn + (log n)Z)n_l.

which follows that

Q=
Q=

IIISCQ[ sup |e(z )|+na

1
jo|>on®

o]

By Lemma 4.3, we have

an —1
I<Csa [n_l(l +logn) + n_1/ |z[*(2 — log |n_x|) \d@‘

—on o ||

’ /mzm' (=51 + gD
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In addition, we have by Lemma 4.4

’E[Xil(om)ﬂ)(i\)] ) - ) /m de +e(—on) — e(an))

‘/ dx‘+2K

[y,

Combining all of above, the desired conclusion follows. U

which follows from Lemma 4.6 that

III < Cg ax (1 +logn + (logn)?) (nfl +n7!

5. THREE EXAMPLES

Example 1: Pareto distribution case [ 16, 30]. Our first example is the simplest situation, that
is, the case where X is distributed according to a (possibly non-symmetric) Pareto distribution
of the form

1+6 1—90
2|+|a x>1, P(X; <x)=

with @ € (0,1] and § € [—1,1].
In this case, (1.7) holds with A =
that L = 1, ¢(x) = 0 and

]P)(Xl > l‘) < -1,

,e(z) = |$|a_11(,171)(x) and K = % Clearly, we see

According to Theorem 1.6,
1) When « € (0, 1), we have

1_05 a—1

on «)

dWB (Sn, Z) S Caﬁ,(;(n’l +

a
where Z ~ S,(6). In particular, when § = 0, we immediately obtain dyy, (S,, Z) = O(n™").
2) When o« = 1 and § = 0, we have

dw,(Sn, Z) < Cgn~'(logn)?
where Z ~ 51(0). O

Example 2: Heavy tail with mixed decay rate [30]. We consider

5.0) P(Xy > x) = (Alz|™ + Alz|)(1+06), z>1,
' P(X) < @) = (Al2[=* + Al2["%)(1 = 4), 2 < -1
witha € (0,1, 0 <& A+ A="Llandd e [-1,1].
In this case, (1.7) holds with

Al.|Ja—a |x|a
(@) = Al Loy (o) + (G- — A) 11 (@)
and K = AV A. Since z€(z) = A(a — @)|z|*% for any |z| > 1, we have by Theorem 1.6
with L =1
2



1) When a € (0, 1), we have

n_é /‘O’no‘ |x|1+a}d@‘

on ||
1 - 1 d*}l*“l a>1+a,
<C, gi(n s 4+n=)+C,  n = log(ons), a=1+aq,
B ’ slta—a lta-a ~
Taa” ° > a<a<l+a,
o xe (x e(x o—a
W[ (e ) < 0
|z|>ono ‘SL’| |.T‘ o
and
B B o L, 1 a>1,
(5.2) Rin <Chsai (nT + 5n7) + 2A6n o loggana), a=1,
2 inS, a<l.

Combining all of above, we have when & # 1
dw,(Sn. Z) = O(n™t + 05" + 00",
and when & = 1,
dw, (Sn, Z) = O(n_1 T logn),
where Z ~ S5,(9).
Remark 5.1. In (5.2), when 6 = 0, we immediately obtain
dw, (Sn, Z) = O(n~' +n37).
2) When o« = 1 and § = 0, we have

n! /U" |z[*(2 — log |n7_1:p|) }d@’

—on |z]

SCKA(n_l +n"tlogn + nl_&) +Cin ' log(on), a=2,

B |8 z€ (z) e(x) o
/5B20n| | (‘d |:U‘ }+}d }) <C A .

and
Ron = 0.
Hence, we have when & > 2,
dw, (Sn. Z) = O(n"'(logn)?),
and when & € (1,2), we have

dw, (Sn. Z) = O(n'~%).
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Example 3: Cauchy approximation for the reciprocal of independent sums [17]. It is known
that for Z having the Cauchy distribution S;(0), the following distributional identity holds:

a1
7z =—.
Z
We consider
B on
" )(1_’_—|—)(n—’I’I,IE[)(11(070,1)“)(1|):|7
where X1, - - - , X, are independent and identically distributed random variables and X, has a
distribution of the form (1.7) with o = 1,6 = 0.
Since
P(Z<i)y—-Ps, <
P <o)~ B(Z<a)= 00 =2~ HE=2) 270
P(S, <z)—-P(Z < z), x =0,

we have by (1.9) that
dir(Tns Z) = dica(Su 2) < Caldw, (., 2) |
Therefore, dy, (Sn, Z) — 0 implies dxo(Sn, Z) — 0. In particular, if Xy has the Pareto law
as in Example 1, we have
dKOl(TTH Y) < Ca,ﬁn_% log n.
If X4 has the tail of the form (5.1) as in Example 2, we have

1-a

O (n’ %ylog n) , a >
O(nT), €

2,
(1,2).

joN

dxo(T,,Y) = {

APPENDIX A. AUXILIARY RESULTS

A.1. Extending a result of Albevio et al. Suppose that EA*°f(Y) = 0 for all f in the
Schwarz space of smooth fast decaying functions. Let A be an operator defined by Af(z) =
—xf'(z) + 2f"(x) for all f in Schwarz space, A generates an OU process with an ergodic
measure N(0,1). Let N be an N (0, 1)-distributed random variable, then EAf(N) = 0 and
Y + N has a density function p. Moreover,

E[(AY +A)f(Y + N)| =E[Af(Y + N)] + E[Af(Y + N)] =0,
Applying Parseval identity (that involves Fourier transform in the sense of distribution) as in
the proof of [ 1, Prop. 3.1] 10 E [(A™° + A) f(Y 4+ N)] = 0, we obtain the following:
- d
(log E[e™**M)p(A) = iA=p(h)  ae.,

where p is is Fourier transform of p. We see that the unique density function such that the above
differential equation holds is that of Z + N, ending the proof. U

A.2. Stationarity of increments of the process (V);>0. By [36, Eq. (17.3)], one has

_ log(1+t) Y
E[e04-V)] = exp [ / w<eax>du] = expl(t — s)u(V)],

og(1+s)

where 1)()\) = log E[e**?], as desired. O
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A.3. Solution to Stein’s equation. Before proving Lemma 2.5, we first give the following
lemma:

Lemma A.1. Let (Q;)i>0 be a Markovian semigroup with transition density q(t, x,y) = p(1 —
ety — e o). Then we have

(Al) 8,5ch($) = Aaﬁ@th(l‘).
forany h € Hgwith 0 < 3 < o
Proof. Recall that q(¢, z,y) = p(1 — e™',y — e~ ax). Then

9] e,
_ta—zt)(l —e iy — e‘ﬁx) + oz_le_Ea—];(l —e iy — e‘ﬁx)

0
EQ(L z, y) =€

C, 1 . Cy(1 — e t)la=D/a

S t + t
(L—e)Votfy—e sa)lre - ar ((L—e)la |y —e saf)i+e
Co(1+ (e —1)71/)
T (et gy — e aal)iv

where the second inequality above follows from %(t, x) = LYp(t, z) and [14, (3.2)]. Thus,
fort > 0, s > 0 small enough such that (1 — e=*/*)|z| < (e — 1)V,

Ca21+oz<1 4 (et . 1)—1/a>
(L= e+ ly = e Fal) oo
In addition, according to (2.3) and (2.4), we have
(A2) dq(t, z,y) = Aasq(t, z,y).

Hence, using dominated convergence theorem, (A.2) and Fubini’s theorem, we have

A Qih(z) = &, / a(t, 2, y)h(y)dy = / dua(t, . y)h(y)dy

R

|q(t + S,l‘,y) - q(t,x,y)| S S

== / Aa,éQ(ta z, y)h<y>dy = Aa,5 Q<t7 x, y)h<y)dy = Aa,éch('r)7
R

R
the desired conclusion follows. ]

Proof of Lemma 2.5.

(A3) Qih(x) = /p(l —ety— e_ﬁx)h(y)dy = /p(l,y)h((l — e_t)éy + e_ix)dy,
R R
and
’h((l - e’t)éy e a(z+ z)) —h((1 - e’t)éy + e’isc)’ < e’%(|z\ Alz]?).
By (A.3), we immediately have
(ad) | Qble+2) = Q)] < [ p1p)eF (1 Ay = 5 (2 A 1),

Recall Ao sf(x) = L* f(x) — 2 f'(x). By (A.4), using the dominated convergence theorem,
we get that

fl(x)=— /OOO %ch(x) dt.
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When o € (0,1), we have

£ f(z) // (Qih(z + 2) — Quh(x)) dtve,5(dz)

and we have by (A.4)
Qt (x4 2) — Qih(x)|dtves(dz) < C, Tzt z) = Q)]
|z‘a+1

I e N ELS
<C, ~ dt —_— < (5.
When oo = 1 and 6 = 0, we have

d
Lo (Sf / / Qt T -+ z Qt ( ) — 21(,1,1)(Z)%ch(l‘))dtl/aﬁ(d?l)

/ / / h(z + zs) — —Qt (z))dsdtva,s(dz)
i / N /0 (Qeh(z + 2) — Quh(x)) dtva 5(d2)
and by integration by parts,
} b+ 25) — - Quh()

dx
/ ’p (1—e e x4+ zs)) — p(y —(1- e_t)_le_tx) ’ }h'((l — e_t)y) ’dy

—e ) le M zs| AL,

these lmply

/ / ‘Qt .T+Z Qt ( )—Zl ( )_ch<x)‘dtl/a75(dz)

ft ft) 1 ft‘z| /\1 00 ,f‘
<C dtdz + 5 dtdz < Cj.
1 2| |z]>1 |2|

Thus, by Fubini’s theorem, we get that, for o € (0, 1],
L% 5f / L% 5@ h
Hence, according to Lemma A.l, we can obtain

Ausf = — / Au sQihdt — — / 9:Qihdt = Qoh — Quoh.
0 0

here Qoo = |1, the unique invariant distribution of the semigroup (Q;)>o associated with A, s
by [36, Cor. 17.9]. The proof'is complete.

APPENDIX B. EXAMPLE 4: REGULARLY VARYING TAILS [28]

Assume that X1, Xy, - -+ be i.i.d. with a common density function px (z)

a?e®  log ||

1600
2(1+a) Jzfer1 ™
26
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Then, we can prove

1
(B.1) dw, (g7 (X1+...+Xn),Z> :O((logn)*l).
According to [ 18, Theorem 3.7.2], we define the sequence (Vy,)n>1 zmpllcztly by % = (n log %) é.

2 ~

Observe that X, is integrable and centered. We set 0 = (L> E, X, = n XZ, Sn =

(1+a)da
—n_E(X1+ +X)andSm—S — X.
To prove (B.1), we shall use Theorem 1. 3 with § = 0. Let f be defined as above. We can
write

,l
]

E[Suf'(Sa)] = «E[(£2°f)(S,)]

(67

_ Ei(E (£°5)(500)] ~E[(£*°1)(50)])

. n-e ade®
_'_O' ;( f( gt pn )] da(1+oz)a n [<£ il 7)]>
We have, using among other that n-y, * bgl%
-t
E|X, f'(Sp; + —X))
o
ke / (PGt "2y~ (3 A))Mog(”_é%}uw (n= e ful)d
— 2(1+a) . n,i o (% n,i |u|a+1 10g7n [e,00)\TV > |U U

Q=

70426& "o n 1 U _1
= Yt a) E /R (f'(Sni + Tu) —¢ (Sm-))|u|T+1 Lie00) (R0 |ul) du]

1

a’e” = n-a - ulog(n~a |ul) .
7E / . - ! ) It =2 S e P 1 -1 d '
+2(1 + O[) [A (f (Sn,z + o U) f (Sn,z)) |U|a+1 log " [6700)('” Yn |U|) U

_1
On the other hand, the Proposition 4.1 with a = *—= yields

20 1— oy, 771 a, o noe 1o U
) S) = [ (it ) = ()

As a result,

E X, f/(S.+ nTXi)

N Q(Tia)E /R(f (Sna ) f/(§n7i>)| |Z+1 Loe(n ’Vn\U\)dUI
a’e® , “a = ulog(n™=|ul) )
+72(1+Q)E /R(f (Snyi+—u) = f'(Sn,)) e Tog o) (M7 |u|)du]
= I+1IL

Then, when o € (0, 1), we have by (3.2)



By (3.2), (2.9) and (3.4), we have

1
-1

n ne 1 na e 1+n’§\u\5
/1 |log(n™ou)|du + / du)
log 7y, Jena logv, Jo&  |ul®
n

1_q 1 [e%S)
1+ v 1 -1
< | = a (1 .
Caﬁlog*m(/ | og(v)\du—i-/1 mE du) O(n (log ) )

£

I <Cos(

When o = 1, we have by the same argument as the case o € (0, 1) with (3.2) and (3.4) replaced
by (3.7) and (3.9), respectively,

I=0(v,"logv,), II=0((logv,)™").
On the other hand, when o € (0, 1), we have by (3.4) and (3.5),

E[(£2°0)(500)] ~E[(£*°)(5)]| = On
When o = 1, we have by (3.9) and (3.10),
E[(£)(500)] — E[(£191)(S)] | = O(n~" (log m)?).
Putting everything together, we get that

dy (Sn, Z) = O((log7,)™") = O((logn)™"),

which is the desired conclusion. O

APPENDIX C. PROOF OF COROLLARY 1.8
Assume hy € Hg and ho : R — [0, 1] such that hy(s) = 1 for s < 0, ho(s) = 0 for s > 1.

Fix any © € R, and define h(s) = iho (¢(s — x)) for some ¢ > 1. Then, for any y,z € R, we
have

1

1) = k(=) = Flho (bly —2)) —ho (b= = 1)) < 7 ~ (ly — 21 A wly — )
<ly—z"Aly— =z,

which implies h € Hg. Then,

P(S, < 1) < E[h(4(S, — ))] = VE[h(5,)]

< YE[MZ)] +dw, (Sn, Z)

i) + iy, (S, 7).

Furthermore, by boundedness of the stable densities, P(Z < x + i) -P(Z <x) <C,
which implies

<P(Z <

1

w7
1

P(S, < z) = P(Z < z) < ¢pdw, (Sn, Z) + C%.

Hence, we take ) = [dw, (S, Z)] %,

l\)\»—l

P(S, < x) —P(Z < 2) < Cy[dw, (Sn, Z)] 2.

This gives one half of the claim. The other half follows similarly.
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