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Abstract: We consider the scattering of time-periodic electromagnetic fields by metallic obstacles,
or the eddy current problem. In this interface problem, different sets of Maxwell equations must
be solved both in the obstacle and outside it, while the tangential components of both electric and
magnetic fields are continuous across the interface. We describe an asymptotic procedure, applied for
large conductivity, which reflects the skin effect in metals. The key to our method is a special integral
equation procedure for the exterior boundary value problems corresponding to perfect conductors.
The asymptotic procedure leads to a great reduction in complexity for the numerical solution, since it
involves solving only the exterior boundary value problems. Furthermore, we introduce a FEM/BEM
coupling procedure for the transmission problem and consider the implementation of Galerkin’s
elements for the perfect conductor problem, and present numerical experiments.
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1. Introduction

We present asymptotic expansions with respect to inverse powers of conductivity for
the electrical and magnetic fields and report the algorithm of MacCamy and Stephan [1],
which allows us to compute the expansion terms of the electrical field in the exterior domain
by successively solving only exterior problems (so-called perfect conductor problems). We
use various data for the interfaces between the conductors (metal) and the isolator (air).
We solve the exterior problems numerically by applying the Galerkin boundary element
method to boundary integral equations of the first kind, which were originally introduced
by MacCamy and Stephan in [2]. This system of integral equations on the interface X results
from a single layer ansatz for the electrical field and has unknown densities, namely, a
vector field and a scalar function on X~ which we approximate with lower-order Raviart
Thomas elements and continuous piecewise linear functions on a regular, triangular mesh
on Y. As in the two dimensional case investigated by Hariharan [3,4] and MacCamy
and Stephan [5], the asymptotic procedure gives for the computation of the solution of
the transmission problem a great reduction in complexity, since it involves solving only
the exterior problem, and furthermore, only a few expansion terms must be computed.
We describe in detail how to implement the boundary element method for the perfect
conductor problem. As an alternative to the asymptotic expansions for the solution of
the transmission problem, we introduce a new finite element/boundary element Galerkin
coupling procedure which converges quasi-optimally toward the energy norm.
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2. Asymptotic Expansion for Large Conductivity and Skin Effect

Let O be a bounded region in R3 representing a metallic conductor and Q) :=
R3\Q_ represent air. The parameters ¢, 1o, 0p denoting permittivity, permeability and
conductivity, are assumed to be zero in ()1 with positive ¢, 4 and ¢ values in ()_. Let the
incident electric and magnetic fields, E° and H?, satisfy Maxwell’s equations in air. The total
fields E and H satisfy the same Maxwell’s equations as E’ and H” in Q;, but a different
set of equations in ()_. Across the interface X := 0Q)_ = 9(), which is assumed to be a
regular analytic surface, the tangential components of both E and H are continuous. E — E°
and H — HY represent the scattered fields. All fields are time-harmonic with frequency w.
As in [1], we neglect conduction (displacement) currents in air (metal).

Then, with appropriate scaling, the eddy current problem is (see [6,7]).

Problem (P,g): Given a > 0 and B > 0, find E and H, such that

culE=H, curlH=a?E in Q. (air)
curlE=H, curl H=iB’E in Q_ (metal) 1)
Ef =E;, Hf =Hj, on X.

d , 1 .
gE(x) —iaE(x) = O(ﬂ) with r= x|, as |x| — co.

Here a® = w?pupeg and B2 = wpuo — iw?ue are dimensionless parameters, and 2 =
wpo > 0, if displacement currents are neglected in metal (¢ = 0). The subscript T denotes
a tangential component, and the superscripts plus and minus denote limits from ) and
Q.

At higher frequencies, the constant f§ is usually large, leading to the perfect conductor
approximation. Formally this means solving only the () equation and requiring that
Er = 0 on X. If we let E and H denote the scattered fields, we obtain

Problem (Pyoo): Given a > 0, find E and H, such that

curlE=H, curlH=a’E in Q. o)
Er = fE(%, on 2.

Remark 1. There exists at most one solution of problem (Pyg) for any & > 0and 0 < p < oo
(see [8]).

Remark 2. There exists a sequence {ay}5> ,, such that if « # ay, then curl E = H, curl H = o°E
inQy, Er =0o0n X implies E=H = 0in Q).

We are interesting in an asymptotic expansion of the solution of problem (P,g) with
respect to inverse powers of conductivity. With T denoting the distance from X~ measured
into ()_ along the normal to X, the expansions reads:

E~E'+ Y Ep™" in Qy 3)
n=0
H~H'+ Y H,p" in O (4)
n=0
E~e VPTY E,L in O (5)
n=0
H~e VY Hp in O (6)
n=0

Here E, and H,, are independent of B, which is proportional to y/o. The exponential
in (5) and (6) represents the skin effect. Next, we present from [1] these expansions for
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the half-space case where the various coefficients can be computed recursively. Note Eg
and Hj in (3) and (4), respectively, are simply the perfect conductor approximation, that is,
the solution of (Pye). E, and Hy, in (3) and (4) can be calculated successively by solving
a sequence of problems of the same form as (P ) but with boundary values determined
from earlier coefficients. The E,, and H;, in (5) and (6), respectively, are obtained by solving
ordinary differential equations in the variable x3.

For the ease of the reader, we present here in the half-space case (3, = Ri, ie, x3 >0,
and Q_ = R3, ie., x3 < 0, a formal procedure to compute E,, H,, which was given by
MacCamy and Stephan [1]. They substituted Equations (3)-(6) into (Paﬁ) for . = R? and
equated coefficients of ~". Here, we give a short description of their approach.

Let x = eV % and decompose field F into tangential and normal components:

F=3+ fes, $:f1e1+.7-'2e2, ?)

with orthogonal component - = e3 x §, and unit vectors e; (i = 1,2,3).
Then, one computes with the surface gradient gradr, the rotation

curl F = &é — (grad; f)* — (div §)es 8)

and

curl (xF) = x[vV—iB§* + 33%3 — (grad )t = (div §H)es). 9)
Now, by setting E,, = &, + {,,e3, one obtains for x3 < 0

curl E ~ x{v—ipE + PR —iE5 1+ Sn%,% — (grady €,)* — (div & )es]p"},  (10)
n=0
and

curl curl E ~ X{iﬁz&) — V=&, + V—ipdiv Eges + Y {i,BE'nH —V=i&y 1,2,
n=0

— vV —idiv ;183 — V—ifEnx; — Enxgxy T div Ey xse3 + vV —ifgrad £,

(11)
+(grady €n)x, + div grad £,e3]p~" + grad div f"e3}

= x[iB*Eo + if*loes + iBE1 + iBlies + Y (i€uia + ilyioes)p "] ~ ip*E.
n=0

Hence, matching coefficients of B2 and B, respectively, yields ¢y = 0, i¢; = v/—idiv &
and 50,3(3 =0 implying 50(X1, X2, X3) = 50 (xl, X2, 0).
As coefficients of %, one obtains

—V =€y, +V —igrad {1 =0,

V—idiv & +div &y, — grad div & = il5.

Now the gauge condition div & = 0 implies ¢; = 0 and div &y, = 0; hence &1, = 0
and v/ —idiv & = ily. Thus, & (x1, X2, x3) = E1(x1, x2,0).
Equating coefficients of B! in (11) gives

—V =&y, — V =iy, + V —igrad £, = 0,

Vv —idiv & — grad div &; = il3.
Setting

[ee)

H=x) (Hn+hnes)p™", (12)
n=0
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MacCamy and Stephan obtained in [1] with ¢; = 0, hp =0, & = 0:

V=il + &y, = Ho, V—iHg =i&, hy=div & =0. (13)

and
V—i& + &y =M1, V=it + Hy,, = i& (14)
hy = —div &, —div Hy = il,. (15)

and

HO,X3 = gl,x:; =0
(16)
Ho = v —iElJ‘ in x3<0

For x3 > 0, we have that curl E = H yields

(e ) (e )

curl B2+ Y curl E,p" =H’+ }_ H,p "

n=0 n=0

Matching coefficients of 7", one finds in x3 > 0
curl E° =H°, curlE, =H,, n>0,
(and corresponding due to curl H = «%E)
curl H® = #?E°, curl H, = &E,, n > 0.

With the above relations, the recursion process goes as follows. First one use (6.10) for
n = 0 and (6.13), in [1], to conclude that

curl Eg = Hy, curl Hy = a?E, in x3 >0
Ef = —(E%), on x3 = 0.

Now (Ep, Hp) is just the solution of (Pye), which can be solved by the boundary
integral equation procedure introduced in MacCamy and Stephan [1] and revisited below.
However, from (1)3 we obtain

Hy =He = (Ho)F on x3=0. (17)
Now, the right side of (17) is known and easily computed. Then (1)3 and (17) yield
(B)p = (B1)p = & = —Vi(Hy)~ = —Vi((Ho)7)™ (1)

Therefore, by (6.10), in [1], we have, again, a new solvable problem for (E;, H;) which
is just like (Pyo), that is

curl E; = Hy, curl Hy = a?E; in x3 >0,

but with new boundary values for Et as given by (18).
For the complete algorithm see [1]. Note, with A = v/—i, we have & (x1,x2,0) =

1
fX(n x curl Ep) yielding in x3 < 0

Ey(x1,x2,x3) = /0 MPBET (x1,xp,0)d%3 = _/\T[;(n x curl Bg)[e P — 1]

A comparison with Peron’s results (see Chapter 5 in [9]) shows that W]C-d (Ya hp) =
e_ﬁﬁTEj, j >0, in O A\Y; =/ —iBT and w; = éj. Furthermore, we see that the first
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terms in the asymptotic expansion of the electrical field for a smooth surface 3. derived by
Peron coincide with those for the half-space x3 = 0 investigated by MacCamy and Stephan,
namely, fo = Wy = 0, 61 = w1 = 0, 50 = ng =0.

Remark 3. From Theorem 5 in Chapter 3 of [10], there exists only one solution to the electromag-
netic transmission problem for a smooth interface. This solution which can be computed by the
boundary integral equation procedure is shown below, where we assume that (19) holds. Then,
for the electrical field E obtained via the boundary integral equation system, we have that in the

tubular region O+ (0) = {x € O, dist(x,X) < 0}, there holds for the remainders gs(ed)
by truncating (3) and (5) at n = m

obtained

”Ezﬂsl,pHW(CLlrl’Qis) < Clp_m_l and ”E%PH < C2€C3T

for constants C1, Cp, C3 > 0, independent of p.

3. A Boundary Integral Equation Method of the First Kind

Next, we describe the integral equation procedure for (Pyg) and (Pyeo) from [1,7,11,12].
Throughout the section, we require that

aFEou, k=1,2,... (19)

These methods, like others, are based on the Stratton—-Chu formulas from [6]. To
describe these, some notation is needed. Let n denote the exterior normal to 2. Given any
vector field v defined on X, we have

v=vr+oyn, vr=nx(vxn) (20)

where vr, which lies in the tangent plane, is the tangential component of v.
Define the simple layer potential V; for density ¢ (correspondingly for a vector field)

for the surface X by

eiKr

T 4

V() = [ 9(3)Gellx—yl)dsy, with Ge(r) ey

For a vector field v on X, define Vi (v) by (21) with v replacing .
We collect in the following lemma some of the well-known results about the simple
layer potential V.

Remark 4 (Lemma 2.1 in [1]). For any complex x, 0 < argx < g and any continuous P on %,
there holds:
(i) V() is continuous in R3,
(i) AVe(p) = —x*Ve(9) in Q- UQ,
ix|x|
(iii) Ve(y)(x) = O (6 ) as |x| — oo,

x|

(iv)
IV 1
() =500+ [ Kmwpas, on Z,
where K (x,y) = O(|x —y| Y asy — x.
(v)

(n x curl Vi(v)(x))* = i%v(x) + % /ZKK(x, y)v(y)dsy,

where the matrix function Ky satisfies K¢ (x,y) = O(|Jx —y| V) asy — x.
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For problem (1), in Q_, the Stratton—Chu formula gives
E:V\/iﬁ(an)—curl V\/iﬁ(an)—i—grad V\ﬂﬁ(nﬁ), )
H = curl V\fiﬂ(n x H) — curl curl V\ﬁﬁ(n x E).
Similarly, for problem (1)q, in Q4
E = V,(n x H) — curl V,(n X E) 4+ grad V,(n - E), 23)

H = curl V,(n x H) — curl curl V,(n x E).

For given n x H, n x E and n - E, (23) yields a solution of (P,«). However, we know
only n x E. The standard treatment of (Pyeo) starts from (23), setsn x H=0andn-E =0
and replaces —n x E with an unknown tangential field L yielding

E = curl V4 (L), H = curl curl V,(L). (24)

Then the boundary condition yields an integral equation of the second kind for L in
the tangent space to X.

The method (24) is analogous to solving the Dirichlet problem for the scalar Helmholtz
equation with a double layer potential. However, having found L, it is hard to determine
Hr, or equivalently n x H, on X. Note that calculating n x H on X involves finding a
second normal derivative of V,(L).

The method in [1] for (Paeo) is analogous to solving the scalar problems with a simple
layer potential (see [13]). MacCamy and Stephan use (23), but this time they setn x E =0
and replace n x Hand n - E by unknowns J and M. Thus, they take

E = Vi(J) +grad Vi(M), H = curl V,(]). (25)

If they can determine J, then in this case, they can use Remark 4 to determine n x H;
hence, Ht on X.

With the surface gradient grad ;¢ = (grad ¢)r on X, the boundary conditions in (1)
and (25) imply, by continuity of V,,

nxE=nxV,(J)+n xgrad V,(M) = —n x E°,
or equivalently,
Va(J)1 + grad; Va(M) = —Ej. (26)

Note that for any field v defined in a neighborhood of X, one can define the surface
divergence divr by

d
divv =divyr v+ —Un.

on
As shown in [1]), there holds, for any differentiable tangential field v, that div Vi (v) =

Vi (divr v) on X.
Setting divE = 0 on X yields, therefore, with (25),
0 = div E = div V,(J) + div grad Vs (M),
and div gradV, (M) = —a?V, (M) gives immediately

Va(divr J) — a?Ve (M) = 0. (27)
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4. FEM/BEM Coupling

Next, we present a coupling method for the interface problem (P,g) (see [10,14-17]).
Integration by parts gives in ()_ for the first equation in (Pyg), with yNE = (curl E) x n,
vypE =n x (E X n)

1E - curl vd —/ iB2E - vd —/ “E - y5vds = 0. 28
/Q cur curl vdx Q,Zﬁ vdx Z’)/N YpVds (28)

Therefore, with yyE = 7E + ynE° and setting E = V,(J) + grad V(M) in Q.
we obtain

/Q curl E - curl vdx — /Q iB%E - vix — /Z 75 (Va()) + grad Ve (M)) - 779ds = /Z YNEO - s,

Note that {;(Va(J) + grad Vi (M)) = %] + %Ka (J), where K, is a smoothing operator.

As shown in (Lemma 4.5 in [1]), there exists a continuous map J,(J)r from H'(X) into
H'1(%), for any real number r with

divy Va(J)1 = Ve(divr J) + Ju(J) 7. (29)

As shown in [2], the system of boundary operators on X (which is equivalent to (26)
and (27)),
Va(J)T + grad; Va(M) = —EY

~Ju()r = (D +a?)Va (M) = divr Ef, (30)

is strongly elliptic as a mapping from H 2(X) x H? () into H? (2) x H? (X), where
grad(divr) denote the surface gradient (surface divergence) and At the Laplace-Beltrami
operator on ..

Now, the fem/bem coupling method is based on the variational formulation: For

given incident field E” on ¥, find E € H(curl,Q_),J € H? (X)and M € Hz (X) with
_ ) _ 1 _ _
/Q, curl E - curl vdx — /Q, iB%E - vdx — 3 /):(J +Ka(]))) - vpvds = /Z'YNEO -y vds
/ZVA(J)T 5 ds —&-/ZgradTV,x(M) 5 ds = —/ZE(} jds, (1)

- /z T ()77 dS — /Z (At + a2) Ve (M)7ii dS = /Z divy Edids,

Vv e H(cur,L ), j € H*%(Z), m e H%(Z)_
In order to formulate a conforming Galerkin scheme for (31), take subspaces H} C

1 1

H(cur,Q-), H,* C H’%(Z), Hy C H? (X) with the mesh parameter / and look for
_1 1

E, € H},J, € H, 2, M), € H? such that

(ACEp I, My), (Vi my)) = (F, (Vi mu)) (32)

where A is the operator given by the left-hand side in (31), F = ('yNEO, —E(%, divy E(%)

Theorem 1. 1. System (31) has a unique solution (E,J, M) in X = H(curl,Q_) x H? (Z) x
H:(%).
_1 1
2. The Galerkin system (32) is uniquely solvable in X, = Hj x H, > x Hj, and there exists
C > 0, independent of h,

IE = Elmcurto) 1= Tall g )+ M= Ml g
(33)

o ) p .
C(v,j,%fexh{'E ol =il 1+ 1M ’“”H%@}
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where (E,J, M) and (Ey, J},, My,) solve (31) and (32), respectively.

Proof. First, note that system (31) is strongly elliptic in X, which follows by considering .A
as a system of pseudodifferential operators (cf. [2]). The only difference from [2], is that
here we additionally have the first equation in (31). Since AE = curlcurlE — graddivE, by
taking divE = 0, the principal symbol of A has the form (with [¢|? = &2 + ¢3)

&2+ &2 0 0 1 0 0
0 &2+ &2 0 0 1 0 Eq
0 0 lg2+¢ o o0 0 E,
dA@OELM = o 0 0 \1?\ 0 it il CT
0 0 0 0 L mt J?
el el M
0 0 0 0 0 4

where (E1, Ey) = Er and Ej is perpendicular to x3 = 0.

Obviously the two sub-blocks are strongly elliptic (see [2] for the lower sub-block). Assuming
that («, v/iB) is not an eigenvalue of P, p, we have existence and uniqueness of the exact solution. Due
to the strong ellipticity of A, there exists a unique Galerkin solution and the a priori error estimate
holds, due to the abstract results by Stephan and Wendland [18]. O

5. Galerkin Procedure for the Perfect Conductor Problem (P,o)

Next, we present implementations of the Galerkin methods (see [7,10,19,20]) and
some numerical experiments for the integral equations (26) and (27). These experiments
were performed with the package Maiprogs (cf. Maischak [21,22]), which is a Fortran-
based program package utilized for finite element and boundary element simulations [23].
Initially developed by M. Maischak, Maiprogs has been extended for electromagnetic
problems by Teltscher [24] and Leydecker [25].

We investigate the exterior problem (Pyo0) by performing the integral equations proce-
dure with (26) and (27):

Testing against arbitrary functions j € H 2 (X)andm € H 2 (X) in (26) and (27), we get

/VQ(J)T.de+/ grad;Vy(M) -] dS = f/E(%idS,
> > JX
(35)
~0

—/ Ve(divr]) - 77 dS +a2/ Ve(M) -7 dS =
by by
Partial integration in the second term of (35)1
/)E grad, Vy(M) -j dS = — /2 Ve(M) - divyj dS

shows that the formulation (35) is symmetric: by definition of symmetric bilinear forms a
and ¢, of the bilinear form b and linear form ¢ through

a0,j): = [ VaO)r-jas,
b(J,m) : = —/Zv,x(divT]) 7 S
= — [ Va(m)-divT as,
(M, m) : :a2/zva(M)-mds,

() =~ [ B§-jds
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the variational formulation has the form: find (J, M) € H? () x H 2 (X) such that

a(1,j) +b(j, M) = £(j)
b3, m) + (M, m) =0 ©6)

forall (j,m) € H 2(X) x H2(X).
We now work with finite dimensional subspaces R, C H? (X) of dimension n and

M, CH 2 (X) of dimension m, and seek approximations J;, € R, and M;, € M, for J and
M, such that
(Jhr )+C(Mh, ) —0

forallj € Ry and m € M,,.
Let {4;}"" , be a basis of R, and {(p]} be a basis of My, J;,, and Mj, are of the forms

n m
), = Z)\illil- and Mj := Z Hi@j. (38)
i=1 j=1
Inserting (38) in (37) provides

Aia(;, y) +Zﬂ] (¥ ) = L(py)
j=

'M= L‘M“

(39)
Aib(9;, 1) + Z uic(@j, ¢1) =0
i=1 j=1
forall ppand ¢, 1 <k <n,1 <1< m.
With matrices and vectors
A= (a(gp;, 9y))ik € C,
B:= (b(¢;, ¢1))i) € C™™,
C:= (C(‘P]/q’l))]l e Ccmxm,
A= ()); €CT, (40)
pi=(uj)j €C",
£:=(l(yy)r€C

(39) has also the form
t
(5 e)()-(5) @

We have considered {#;}" ; a basis of Rj, and {q)] " | abasis of Mj,. These functions
were chosen as piecewise polynomials. To obtain these bases we considered suitable basis
functions locally on the element of a grid, i.e., on each component grid.

Start from a grid

(R, with | Z==X
1<k<N

with N elements, and let {$,}"_; and {@}7’;1 be the basis of a square reference element ¥.

The local basis functions on an element ¥ are each {#,}*; or {¢; ;nz"l
Therefore, we should calculate first

= (a(¢;, ¥;))ij € C,
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where ¢, or ¥, are the basis functions of R, and

N
() = Ve )r i dS = 1 [ Valg)r v dS,

Test each local basis function against any other local basis function and sum the result
to the test value of the global basis functions, which include these local basis functions.

Let Iy = {1,..., N} be the index set for the grid elements, I; = {1,...,7} the index
set for the basic functions on the reference element and I, = {1,...,n} the index set for the
global basis functions.

Let £ : Iy x I — I, be the mapping from local to global basis functions, such that
(ki) = j, if the local basis function ¢, ; component of the global basis function is ¢ i

Let g—1 be the set of all pairs of (k, j) with {(k, j) = i; then,

/Vﬂé(lpjs)T'll)iz as= 3, ) /Vuc(ll’z,j)T'll’k,idS
JZ (ki)e (Lj)e 7
776 TG

/2 o Galhx = ¥ () Sy S
l, k
4 71(12)
We are dealing in this 1mp1ementat10n with Raviart-Thomas basis functions. The
1
transformation of these functions requires a Peano transformation ¢, ; = [det Ag| Actp;.

ai X ap

flar x az |’
transformation of the local basis functions to the basic functions on the reference element

then gives

1= ¥ Z _/Zk L Gullx =y 0)' - 0 dy s

Thus, if Ay = (ay,az), detAy is calculated by detA; = (a; X ap) - , then the Peano

2 // ~ Gu(lx—yl) 3R (A - A 5) 45, dSs (42)
(ke (e [det A, - det A ¥ 19y
g 1( )g l(]s

with x = a; + AyXand y = a; + Ay, and referent element 3.
The calculation of the integrals with Helmholtz kernel G, is not exact. We consider
the expansion of the Helmholtz kernel in a Taylor series. There holds

1ty 17 1 +M,+(o<i)2|
4 |x—y|  4m||x—y| 2

Gallx—yl) = Xx—yl+...

The first terms are singular for x = y, and their corresponding integrals are treated by
analytic evaluation in Maiprogs (cf. Maischak [21,22,26]), but the integrals of all other terms
can be calculated with sufficient accuracy by Gaussian quadrature.

Compute

b(.. 91.) = —/ Va(Vr-9;)- ¢, dS

- / / Ga(x =yDVr1 -y (y) - ¢1,j(x) dSy dSx. (43)
(kz) Z
(1,, b Cq} (]s
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with ¢ v 1= { described above, and ¢ (;1, the analogously defined map for the basic functions
of M he

While a transformation of the scalar basis functions is not required, the transforma-
tion of the surface divergence of Raviart-Thomas elements is carried out by Vr - ¢, ; =

\detA IV ¥, and we have

N Gullx=yDg 4 e
") == L // Y By(3) 91 (R) dSy dy

Cfm&, (w

(44)

with y = a; + Ay and x = a; + AjX. The calculation of c(¢;, ¢;) is similar to the one
mentioned before.

The calculation of the right-hand side appears simple at first glance, since there
are no single layer potential terms. However, the right-hand side must be computed
by quadrature.

The quadrature of an integral over f on the reference element is determined by the
quadrature points Xy, and the associated weights wy, = w; - w,, which are processed
in x and y directions. Perform the two-dimensional quadrature as a combination of one-
dimensional quadratures in each x and y direction, and use here the weights from the
already implemented one-dimensional quadrature formula. With 7, quadrature points in
x-direction and 7, quadrature points in y-direction, the quadrature formula reads:

||
e
P

y
Z xl] CWiw;. (45)

The quadrature points on the square reference element and the corresponding weights
for Gaussian quadrature were implemented in Maiprogs already. For triangular elements,
use a Duffy transformation.

We will now calculate the right-hand side in the Galerkin formulation, i.e., the linear
form ¢, applied to the base functions ¢;, i = 1,...,n. The quadrature takes place on the
reference element. Decompose global functions into local basis functions and then use the
Peano transformation for the Raviart-Thomas functions. Therefore,

() =~ | (BR60)" -, (0 asy
== ) />5(EOT("))t‘Ak'171k,i(?) dS;

(ki)e
¢ i)
with x = a; + Agx. Applying (45) with 71, = 71, := 7, leads to
LN 0 t 7
Q(g(lpl)) = - Z 2 Z (ET<xi1,i2)) : Ak . 1pk,i(xi1,i2) : wilwiz (46)
(ki)e i1=1i=1
(i)

with x;; = ay + AgX;;. As before, the task is carried out by looping through all grid
components, and the values are added to the entries for each of its base function.
The electrical field can be calculated by

E, = Vu(J,) + grad Vy(My,). (47)
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We have for the first term in (47) with (38);
n
X) = YA [ Gullx=yDy,(y)dsy. )
i=1
Then using Peano transformation, it follows that
Va)) = [ Gullx=yDg, (y)as
Ga(|x —yl) (49)
= ,\ Al dSA
(Li)e /2 |det 4] #ilh) 455
¢
For the second term in (47), one gets
grad Vi(gp) (0 = ¥ [ grad,Ga(x— y))3(3) d;.
(Lj)e '& (50)

¢ Ge)
The calculation of HfTE is done as follows (compare Remark 4 (v)).

1

200+ 3000 x [ grad, Gallx—y]) xJ(y)dSy. (5D

HE = [n x curl V,(J)]* = :t2 5

6. Numerical Experiments

Here, consider one example to test the implementation. As the domain, take the cube
Q_ = [-2,2]3. We tested the Galerkin method in (37). We chose the wave number & = 0.1
(or « = 0.5,1.5) and the exact solution

0
]:;( (1= x1)(1—x2) - 13 ) (52)
—(1=x1)(1—=x2) - n
and 1
M= o(n—1)m 53)

where n = (n1, 1y, n3) denotes the outer normal vector at a point on the surface X = nglzk.
We can write each term of Equation (26) as:

6
(0 =Y [ Galbe=yD0(y))' dSy, 4
k=1"~k
and
grad; V(M Zgrad / «([x = y|[) My (y) dSy. (55)

Then, from (26), (54) and (55), the following holds.

6

Br = Y. ([, Gol—¥D0k))" 5y + grady [ Gullx—yDMily) dsy ). G

k=1

We used different values of « for our investigation. In Table 1, we present the results of
the errors in energy norm and L2-norm for « = 0.1, 0.5, 1.5 for the uniform / version with
polynomial degree p = 1. In Figures 1 and 2, we compare the h-version with different a.
The exact norm, known by extrapolation, for « = 0.1 is |C| = 8.580798, for « = 0.5is |C| =
1.6171534, and for &« = 1.5 is |C| = 1.8042380. Here, C = Re(E},J) and C; = Re(E},J,,)
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(see [27]). The exact L2-norms, known by extrapolation, for a« = 0.1 are ||J||;2 = 2.1066356
and || M||;2 = 81.9249906; for « = 0.5 are ||J||;2 = 2.1977966 and || M|| ;2 = 3.9588037; and
for w = 1.5 are |[J|| > = 2.3826646 and || M| ;» = 0.7763804.

Table 1. Errors in L2-norm and energy norm with respect to the degrees of freedom for a = 0.1,0.5, 1.5.

N DOF  |c| |c=cGl Wl Ml T=Tullz  [IM—Myll2
a=0.1
1 144 8.502965 1.153119 2.085189 80.704374  0.299829 14.08929
2 576 8.568451 0.460150 2.104369 81.690279  0.097681 6.196968
3 2304 8578833 0.033717 2.106395 81.879637  0.031823 2.725645
4 9216 8.654072 0.073274 2.117002 83.123825  0.010367 1.198835
a = 0.5
1 144 1.603519 0.209552 2.149511 3.8937090  0.458159 0.714952
2 576 1.614451 0.093436 2.185426 3.9467491  0.232851 0.308704
3 2304 1.616616 0.041661 2.194608 3.9565591  0.118342 0.133293
4 9216 1.617260 0.018576 2.198619 3.9592220  0.060145 0.057554
a=15
1 144 1.774450 0.326497 2.350909 0.7243729  0.387707 0.279375
2 576 1.800799 0.111334 2.365011 0.7422644  0.343627 0.227618
3 2304 1.803838 0.037965 2.382843 0.7539064  0.304558 0.185450
4 9216 1.804284 0.012946 2.397906 0.7909461  0.269932 0.151093

error in L2 norm

0.1

alpha=0.1, M —+—

alpha=0.1, J

alpha=0.1, M+J ---%---

error in L2 norm

100

1
1000
degrees of freedom

10000

0.1 F

0.01

alpha=0.5, M
alpha=0.5, J
alpha=0.5, M+J

i

100

Figure 1. Errors in the L2-norm for « = 0.1,0.5.

L
1000

degrees of freedom

10000
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error in L2 norm

0.1

alpha=1.5, M —+— ' alpha=0.1 —+—
alpha=1.5,J alpha=0.5
alpha=1.5, M+J ---%--- alpha=15 ---x---

error

01

—

100

L 0.01 L
1000 10000 100 1000 10000

degrees of freedom degrees of freedom

Figure 2. Errors in the L2-norm for « = 1.5 and the energy norm |C — C;| = O(h") fora = 0.1,0.5, 1.5.

The convergence rates 7, for « = 0.1 are, for the energy norm 5 = 1.325363, and
for the L2-norm 7; = 1.617988 and 77,y = 1.184964. With a = 0.5, the energy norm of
nc = 1.165255, the L?-norms of 75 = 0.976440 and 77)y = 1.211619 and a = 1.5, for the
energy norm 7jc = 1.552163, and for L2-norm 7y = 0.174124 and 175y = 0.295586.

Let us compare the numerical convergence rates above for the boundary element
methods obtained in the above example with the theoretical convergence rates predicted
by Theorem 1. Note that we have implemented the boundary integral equation system
(26), and (27) and note the strongly elliptic system (30), where convergence is guaranteed
due to Theorem 1. Nevertheless, our experiments show convergence for the boundary
element solution, but with suboptimal convergence rates. Theorem 1 predicts (when
Raviart-Thomas elements are used to approximate J and piecewise linear elements to
approximate M) a convergence rate of order 7 = % in the energy norm for smooth solutions
J and M. Our computations depend on the parameter a which is a well-known effect with
boundary integral equations where it may come to spurious eigenvalues diminishing the
orders of the Galerkin approximations. Due to the cube Q_ = [-2,2]3, the numerical
solution might become singular near the edges and corners of ()_; hence, the Galerkin
scheme converges sub-optimally.

Next, we applied the boundary element method above to compute the first terms
in the asymptotic expansion of the electrical field considered in Section 1 (Remark 1). In
this way we obtained good results for the electrical field at some point away from the
transmission surface X by only computing a few terms in the expansion.

Algorithm for the asymptotic of the eddy current problem:

1. First solve the exterior Problem (P ) by integral Equations (26) and (27), i.e., (35)
with given incident field —EJ.

Compute Hf from (51).

Go back to 1: Solve the exterior problem (Pyo ) with new right hand side from (18).
Go back to 2.

E = Eg + B 'E; + B 2E; + Ry, where Ej is the solution of the step 1 and E; and E;
are solutions of step 3.

We have E = Eg + B~ 'E; + B2E,, and calculate the error |E — Eayact(X/)|, i = 1,2,3,
where x; = (3,0,0), x = (6,0,0) and x3 = (9,0,0). To find Eeyact, Equations (25)-(53) are
used. We present the results in Table 2 and in Figure 3.

SRR
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Table 2. Errors for electrical field in x1, X3, and x3.

DOF |E — Eexact (x1)| |E — Eexact(x2)| |E — Eexact(x3)|
144 0.4959 0.6499 0.8049

576 0.1043 0.0910 0.0347
2304 0.0998 0.0067 0.0378

01 Y+

error

0.001 L
100 1000 10000

degrees of freedom

Figure 3. Errors for the electrical field with respect to the degrees of freedom for x;, X, and x3.

7. Conclusions

In this article we have studied the scattering of time-periodic electromagnetic fields by
metallic obstacles, or the eddy current problem. An asymptotic procedure was described,
applied for large conductivity, and reflects the skin effect in metals. A special integral equa-
tion procedure was introduced for the exterior boundary value problems corresponding to
perfect conductors. In addition, an FEM/BEM coupling procedure was presented for the
transmission problem, and the implementation of Galerkin’s elements was considered for
the perfect conductor problem. The numerical experimentation showed good behavior by
the procedure.
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