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Abstract

We consider reaction-diffusion systems for which the trivial solu-
tion simultaneously becomes unstable via a short-wave Turing and a
long-wave Hopf instability. Brusseletor, Gierer-Meinhardt system and
Schnakenberg model are prototype biological pattern forming systems
which show this kind of behavior for certain parameter regimes. In
this paper we prove the validity of the amplitude system associated to
this kind of instability. Our analytical approach is based on the use
of mode filters and normal form transformations. The amplitude sys-
tem allows us an efficient numerical simulation of the original multiple
scaling problems close to the instability.

1 Introduction
We consider reaction-diffusion systems
Ou = DO>u + f(u), (1)

with space variable z € R, time variable ¢ > 0, solution vector u(z,t) € R™,
diffusion matrix D € R™*™ and smooth nonlinearity f : R™ — R™. We



assume that (1) depends on a control parameter v € R. Moreover, we assume
that System (1) possesses a trivial stationary spatially homogeneous solution
u = u* € R™ for all values of &« € R. The linearization around u = u* is
given by

O = DO?v + V f(u*)v,

and it is generically solved by
U(l‘, t) _ 6>\j(k)tg0j(]€)€ikx,

with eigenvectors ¢;(k) € C™ and eigenvalues \;(k) € Cfor j =1,...,m and
k € R. We assume that the trivial solution ©v = u* simultaneously becomes
unstable via a short-wave Turing and a long-wave Hopf instability, i.e., we
assume

Hypothesis A: There are k., > 0, a = a,, and wy > 0 with Ay (k, ) = 0,
A1 (0, @) = iwp, and Ag(0, o) = —iwp. For all other values of (7, k) we have
Re);(k,a.) < 0.

Remark 1.1. Hypothesis A includes systems with m > 3, too. We assume
that the other eigenvalues (except for the three eigenvalues stated in Hy-
pothesis A) have negative real part and are uniformly bounded away from
the imaginary axis near the bifurcation point. A consequence of Hypothesis
A is that in leading order the dynamics is in the direction of the correspond-
ing eigenvectors, see (2). Other scenarios which are possible in the general
case m > 3 have been excluded by assuming Hypothesis A.

Brusselator, Gierer-Meinhardt system and Schnakenberg model are ex-
amples of reaction-diffusion systems possessing this kind of spectral picture
in certain parameter regimes, see Section 4. There are other examples falling
into this class such as the the Gray-Scott model.

In order to derive the amplitude system for the description of the dynam-
ics close to the bifurcation point @ = a. we introduce the small bifurcation
parameter €2 = a — . and set as = 9\ (ke, ) and Bo = 9.\ (0, ). Using
the reflection symmetry of the problem, we can conclude from Hypothesis A
that the spectral picture is as plotted in Figure 1.

Then for small 0 < £ < 1 we make the ansatz

u(z,t) —u =~ eV, (x,t),



Re) ImA /
2

/N

Figure 1: The spectrum of the linearization around the trivial solution be-
coming simultaneously unstable via a short-wave Turing instability (red) and
a long-wave Hopf instability (blue).

with
eV pp(2,1) = cA(ex, %) e oy (ko) + e B(ex, e%)e™ 01 (0) + c.c.,  (2)

with (short-wave Turing) amplitude function A(X,T) € C and (long-wave
Hopf) amplitude function B(X,T) € C. Inserting this ansatz into (1) and
equating the coefficients in front of e3¢, (k.) and in front of e3¢0ty (0)
to zero yields a system of coupled Ginzburg-Landau equations

OrA = 0% A+ asA+ asA|A]* + a,A|B, (3)
OrB = [10%B + 2B + B3B|B* + B4B| A, (4)

with coefficients aq,..., a4 € R and (y,...,84 € C. It is the goal of this
paper to prove the following approximation theorem:

Theorem 1.2. Let (A, B) € C([0,Tq], (H}',)?) be a solution of (3)-(4). Then
there exist o, C' > 0 such for all € € (0,e0) we have solutions u of (1) with

sup sup |u(z,t) — u* — eV, (2, 1) < Ce’
t€[0,Tp /2] z€R
Remark 1.3. The space of uniformly local Sobolev functions H ﬁu is equipped
with the norm

[ullgo. = sup [[ul| ogy,y41)
’ yeR

and is the completion of C'* w.r.t. this norm. In contrast to functions in
Sobolev spaces HY, functions in Hﬁu need not decay to zero for |z| — oo.
See [SU17, §8.3.1] for more details.



Remark 1.4. The approximation result is non-trivial because solutions of
order O(g) have to be controlled on a time scale of order O(1/¢?). There
exist various counter-examples where amplitude equations make wrong pre-
dictions although they are derived through a correct expansion w.r.t. a small
perturbation parameter 0 < e? < 1, cf. [Sch95, SSZ15, BSSZ20, HS20].

Remark 1.5. The introduction of only one small parameter 0 < ¢ < 1 is
no restriction. The parameters aq, ..., 84 appearing in the amplitude system
(3)-(4) allow us to exhaust a neighborhood of the origin.

Remark 1.6. The situation of a trivial solution, which becomes simulta-
neously unstable via a short-wave Turing and a long-wave Hopf instability,
has not been considered before in the mathematical literature about the
justification of modulation equations. The validity of the Ginzburg-Landau
approximation in case of a short-wave Turing instability has been considered
for instance in [CE90, vHI1, Sch94a, Sch94b]. The validity of the Ginzburg-
Landau approximation in case of a long-wave Hopf instability has been con-
sidered in [Sch98]. In fact, the proof of Theorem 1.2 is a combination of the
proofs given in [Sch94a] and [Sch98] based on the use of mode filters and
normal form transformations.

Remark 1.7. The kind of instability considered in this paper appears in all
systems, where the parameter regime, in which a short-wave Turing instabil-
ity occurs, and the parameter regime, in which a long-wave Hopf instability
occurs, have a common boundary. Besides Brusselator, Gierer-Meinhardt
system and Schnakenberg model, which are discussed in Section 4, various
other reaction-diffusion systems show this kind of instability. The scenario
around these bifurcation points, which are sometimes called Turing-Hopf
points, has been analyzed in the case of systems on bounded spatial domains,
see for instance [LI80, ADG85, DWLDB96, MDWBS97, JBBT01, PLNW20].
We remark that in case z € R? with d > 1 for the modes at £k = k. no
degenarated Ginzburg-Landau equation can be derived due to the rotational
symmetry of (1).

Remark 1.8. Similar to the analysis which we will make subsequently at the
beginning of Section 3.1, by adding higher order terms to the approximation,
the approximation error can be made arbitrarily small. The construction of
such an improved approximation is possible because the group velocities at
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the wave numbers k£ = 0 and k = k. are the same, namely zero. Making the
approximation error arbitrarily small is for instance not possible in case of a
Hopf bifurcation at k = k. because then the group velocities in general are
different leading to a non-consistent perturbation ansatz.

Remark 1.9. In case that the coefficients ag, oy, f3, and £y in (3)-(4) allow
to prove the existence of an exponentially absorbing ball for (3)-(4) in some
H fu—space, the combination of approximation results, like Theorem 1.2, with
attractivity results allows to prove the global existence of the solutions of (1)
in a small O(1)-neighborhood of u* in some H} -space. See [MS95, SU17]
for the description of the approach for a single Ginzburg-Landau equation as
amplitude equation. Attractivity results show that the set of solutions which
is described by (3)-(4) is attractive for initial conditions of order O(J) with
0 < e < 6 small. The first attractivity result has been established in [Eck93].

Remark 1.10. The system of coupled Ginzburg-Landau equations (3)-(4)
allows an efficient numerical simulation of the original reaction-diffusion sys-
tem (1) close to the threshold of instability through a discretization of (3)-
(4). Error estimates for this numerical approximation of the multiple scaling
problem (1) close to the threshold of instability can be obtained through the
triangle inequality, similar to the analysis given in [FS14]. This approach
based on the amplitude equations (3)-(4) avoids a very expensive discretiza-
tion of the original system. The oscillations in time and space occurring in
the original system no longer have to be resolved and so instead of discretiz-
ing a spatial domain of size O(1/¢) and a time domain of size O(1/¢?) a
discretization of the amplitude system is sufficient, i.e., a spatial domain and
a time domain of size O(1).

Notation. The Fourier transform of a function u is denoted by u. Con-
stants which can be chosen independently of the small perturbation param-
eter 0 < ¢ < 1 are denoted with the same symbol C'.
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lence ’SimTech’ under EXC 2075-390740016. Matthias Winter thanks the
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erees for carefully reading the paper and making valuable suggestions for
improvement.



2 Some preparations

In order to prove Theorem 1.2 we introduce the deviation v of the stationary
solution u* through
u=u"+0.

The deviation v satisfies
O = DO?v + g(v) = DO*v + Biv + By(v,v) + Bs(v,v,v) + Ny(v), (5)

with g(v) = f(u*4wv), By alinear mapping, By a symmetric bilinear mapping,
Bj a symmetric trilinear mapping, and Ny satisfying Ny(v) = O(]|v]|*) for
v — 0. The major difficulty to come to the long time scale of order O(1/g?)
with our error estimates are the quadratic terms B, which could lead to
an exponential growth of order O(e") for solutions of order O(e). In order
to prove that such a growth does not occur, we have to use the oscillatory
character of the modes at k = 0 associated to the eigenvalues +iwy and the
fact that the quadratic interaction of the modes with wave numbers k& = +k,
gives non-resonant terms at £ = 0 and exponentially damped modes at k =
+2k., but no modes at k = +k.. In order to use these properties, in Section
2.1 we separate the critical modes, i.e., the modes with positive or only weakly
negative growth rates, from the exponentially damped modes. Then, in
Section 2.2 we make a number of near identity change of variables eliminating
various quadratic interactions of these critical modes. Background on the
functional analytic approach will be provided in Section 2.3.

2.1 Separation of the modes
In Fourier space (5) is given by
0 = —Dk*o+g(?) (6)
= —DI* + B0 + By(3,79) + B5(D,9,0) + Ny(d).
The spectral assumptions from the introduction allow us to make some nor-
mal form transformations which simplify (6) near k¥ = 0 and near k = +k..

In order to extract the modes in a neighborhood of the wave numbers k£ = 0
and k = %k., we introduce a C§°-function

=1, for k] <1,
x(k) § €10,1], for [k| € (1,2),
=0, for k| >2.



Near k = 0 we will use new scalar variables w;(k,t) € C and w_y(k,t) € C,
corresponding to the eigenvalues iwy and —iwg and to the eigenvectors ¢ (k)
and o(k), where w_q(k,t) = wi(—k,t) and ¢s(k) = ¢1(—k) near k = 0.
Near k = k. and k = —k. we will use the new scalar variables zj(k,t) € C
and z_1(k,t) € C corresponding to the eigenvalues \; (k) and the eigenvectors
1(k), where z_;(k,t) = z1(—k,t) and (k) = ¢1(—k) near k = —k.. Since
we consider a real-valued system, by controlling w; and z; we also get control
of W_; and Zz_;.

We define mode filters F,, and E, to extract the critical modes, i.e., the
modes with positive or weakly negative growth rates. Moreover, we define
the complementary mode filter E, which extracts the remaining part of the
solution which is linearly damped with some exponential rate. In detail, the
mode filters E,, and F, are defined through their actions in Fourier space,
namely

Bu(bitk) = x(D)pi(h)a(h),

B(kt) = x(“ )01k o k),

BRI = 1 xR0k (k) — x(DesR) Tk palk)
T B () — X ko (),

r

for an r > 0 sufficiently small, but independent of the small perturbation
parameter 0 < ¢ < 1. The ¢} (k) are the adjoint eigenvectors. Since we work
in Hﬁu—spaces, we need operators which are smooth multipliers in Fourier
space, like y, cf. Lemma 2.1. Since the eigenvalues are simple for fixed
k € R, the associated eigenvectors and adjoint eigenvectors depend smoothly
on k near k = 0 and near k = k..

We introduce the new variables w; and Z; as the solutions of the system

oy (k,t) = M (k)wy(k,t) 4+ gu(wr, 21, 0,) (K, 1), (7)
Oiz1(k,t) = M(k)Zi(k,t) + 9. (01, 21, 0) (K, 1), (8)
Ovs(k,t) = Ny(k)0s(k,t) + gs(w01, 21, 0s) (K, 1), 9)



where

Gu(@1,21,0,)(k,t) = Eu(k)(G0) — Bio)(k, 1),

3.(01,21,0,) (k,t) = E.(k)(G(0) — Bio)(k,1),

9:(01, 21, 0,) (k. t) = Ey(k)(G(0) — Bio)(k, 1),
As(K)B,(k,t) = E,(k)(—Dk* + By)0,(k, ).

We obtain the equations (7)-(9) by applying the mode filters Ew(k), Ez(k:)
and F,(k) to (6), respectively. The solution v can be reconstructed through

6(1{77 t) - ﬂ71(1{37 t)@l(k)+@—l(k7 t)@?(k)+%\1(kv t)gpl(k>+/z\—1<kv t)gpl(k)+@\s(k> t)'

2.2 Change of variables

In order to prove our approximation result we have to control the quadratic
interactions of the critical modes w4, and Zzy;. We do so by using the fact
that the quadratic interactions are non-resonant in time or in space. The
terms which are non-resonant in time will be eliminated by a number of
change of variables. A quadratic interaction term is called non-resonant in
space if it is exponentially damped, for instance the quadratic interaction of
z1-modes is located in Fourier space at k = 2k, for which the linear modes
are damped with an exponential rate.

In this section we explain the interaction structure and why near identity
transformations allow to eliminate various quadratic interactions. Functional
analytic details underpinning the approach will be provided in Section 2.3.

Since the nonlinear terms in (7)-(8) have a convolution structure w.r.t.
z1 and w; we need to investigate how terms of the type u;, (k —1)u;, (1) in the
equation for @;(k) can be eliminated by a near identity change of variables.
It is well known that elimination is possible if the non-resonance condition

Aj(R) = A (k= 1) = A5, (1) # 0,

is satisfied where \;(k) is the eigenvalue associated to the variable @;(k).
As an example we consider the term w;(k — [)w;(l) in the equation for
w; (k). The eigenvalue associated to @; (k) is iwp + O(k?) for small ||, such



that

Aj(k) = Ay (k= 1) = X, (1)
= in + O(k2) - in + O((/{? — l)2) — in + O(l2)
= —iwg+ Ok*>+ (k—1)*+1?) #0,

i.e., W (k —1)w;(I) can be eliminated in the equation for w; (k) for k* + (k —
1)? + 12 sufficiently small.

We use this idea to eliminate a number of terms in the equations for (7)
and (8). In the following table we collect the temporal and spatial wave
numbers of the quadratic terms w.r.t. wy; and z4;. Let us consider one
example. Since the quadratic interaction w;(k — [)@w;(l) has a support in
Fourier space located around Ok. and oscillates in time approximately as
e?wol we write 0k, 2iwy at the position labelled horizontally and vertically
with w;.

L [ e | ey [ & [ =
w1 O]{?c, ZiOJO Okc, OWQ k’c, in —kc, in
w_q Okﬁc, OCU() Ok'c, —22@)0 ]{JC, —in —k’c, —iu}o
Z1 k’c, ’in ]{30, —in 2]{36, Ou}o Ok‘c, O(,U()
Z_1 —kc, in —kc7 —in OI{ZC, Ou)() —2k'c, Owo

i) In the w;-equation by a near identity change of variables all terms
can be eliminated if they do not have a 0k, iwy in the previous table. In the
following table the terms which can be eliminated in the w;-equation by such
a procedure are denoted with NF'. The terms which are not present in the
w1-equation due to disjoint supports in Fourier space are denoted with DS

L Jw Joa] s [z
w, | NF|NF| DS | DS
w_, | NF|NF| DS | DS
2 | DS | DS | DS | NF
=, | DS | DS |NF| DS

Hence, in the w;-equation all quadratic interactions of critical modes are
gone after such near identity changes of variables.



ii) In the zj-equation by a near identity change of variables terms can
be eliminated if they do not have a k., Owy in the previous table. In the
following table the terms which can be eliminated in the zj-equation by such
a procedure are denoted with NF. The terms which are not present in the
Z1-equation due to disjoint supports in Fourier space are denoted with DS

R EEIENE
w, | DS | DS | NF| DS
w_, | DS | DS | NF| DS
5 |NF|NF| DS |DS
=, | DS | DS | DS | DS

Hence, in the Z;-equation all quadratic interactions of critical modes are
gone after such near identity changes of variables.

After these change of variables, for details see Section 2.3.2, our system
is of the form

OWi(k,t) = M(K)Wi(k,t) + ho(Wi, Z1, Vo) (k, 1), (10)
0.2 (kt) = M) Zi(k,t) + h (Wi, 21, V) (K, 1), (11)
OVa(k,t) = A(k)Vilk,t) + ho(Wy, Z0, Vi) (k, 1), (12)

where formally

W(W, 20, V) = O(WAP + |20 + WAl |Vall + | Z2] Vel + [Va),
hs(WbZlu‘/S) = O<|W1’2 + |Zl|2 + ||‘/S||2)7
for x = w, z. In order to simplify the notations in the following we introduce

V. = (W4, Zy) such that (10)-(12) can be written, with a slight abuse of
notation, as

OVu(kyt) = N(k)Volk,t) + he(Ve, V) (K, ),
OiVi(k,t) = AJk)WVi(k,t) + he(Va, V) (K, 1),

For estimating the solutions we consider this system in physical space

at‘/C - AC‘/C + hc(‘/m ‘/8)7 (13>
at‘/s - As‘/s + hs(‘/ca ‘/s)a (14)

10



where A; = ]—“711/{]-]: for j = ¢,s and where the nonlinear terms obey the
estimates

(Ve Vidllg, < CUIVellhy, + IVl IVallg, + 1Vl
(Ve Vdllg, < CUIVelle, + IVal%0 ),

in a neighborhood of the origin for § > 1.

2.3 Some functional analytic details

So far all calculations in Section 2 have been made in Fourier space. In order
to work with (13)-(14) in physical space and to prove Theorem 1.2 we need

estimates for the mode filters E; = F _1Ej]: in H fu—spaces. They are given
in Section 2.3.1. Details and bounds for the normal form transformations
used in Section 2.2 are provided in Section 2.3.2.

2.3.1 The mode filters

The mode filters E,,, E,, and E; are bounded linear mappings in every H, fu—
space due to the following multiplier lemma, cf. [Sch94b].

Lemma 2.1. Let m € Z, q € No withm+q > 0, and k — (1+k>)™2M (k) €
Cy(R, L(RY,RY)). Then M = F'MF : H{, — Hﬁ:m is bounded with norm

< O(q7 m)Hk = (1 + k2)m/2M(l€)||C§(R,L(Rd,Rd))a
where C(q,m) does not depend on M.

2.3.2 The near identity change of variables

The near identity change of variables which transforms (7)-(9) into (10)-(12)
is of the form

wy = Wi+ M(wy,w) + May(w_1,W_1) + Ms(wy,w_1) + My(Z1,2-1),
31 — Zl+M5(/Z\1,?/1}71)+M6(/Z\1,@1),

and similarly for w_; and z_;, where the ]\/4\3 are suitably chosen symmetric
bilinear mappings. Let us consider one example. Let Qi(w;,w;) be the

11



bilinear terms in the w;-equation. In Fourier space this term is of the form
Q@30 h0) = [ k= LDT(k ~ LOT L)L

with a bounded kernel ¢ = q(k,k — [,1). Following [SU17, §11.4] we have to
choose

V@1, 0)(0kvt) = [ (u(B)=M=D = 0) (b k=1, DT (k1,001 (1, )

in order to eliminate @1(@1, w1) in the wi-equation. Since all bilinear terms
in the transformations have compact support in Fourier space and since as
an example (A (k) = A (k—1) =X 1(1))Yq(k, k—1,1) is smooth w.r.t. the wave
numbers k and [ in a neighborhood of the Fourier support of w; the bilinear
terms are arbitrarily smooth as a mapping from Hﬁu to Hﬁu and so in a
neighborhood of the origin (w, z1,vs) = (0,0,0) the normal form transform
can be inverted using Neumann’s series. Therefore, we have

Theorem 2.2. For each 6 > 1 we have 9,q9,C > 0 such that for all € €
(0,e0) the following holds: There exists a smooth change of coordinates ¢ :
Hfuﬂ{HuHHle < o} — H}, such that the inverse Fourier transform of (7)-(9)

transforms into the inverse Fourier transform of (10)-(12). The transform
Vo= ®(v) fulfills |®(v) = v, < C’Hvangu.

3 The error estimates

By adding higher order terms to the approximation ®(eW,,,), with e¥,,,
defined in (2), we can construct an approximation U for which the terms
which do not cancel after inserting the improved approximation eW into the
equations (13)-(14), are sufficiently small for our purposes. The terms which
do not cancel are collected in the residual

ReSC<‘/;, %) = _at‘/:: + AC‘/C + hc(‘/cy ‘/;)7
RQSS(‘/C, ‘/s) = _at‘/s + As‘/s + hs(‘/;7 ‘/s>

For our purposes it is sufficient to have an approximation ¥ with the fol-
lowing properties:

12



Lemma 3.1. For (A, B) € C([0,Ty], (H},(R))?) there exists an approzima-
tion eV = (eW,, e2WV,) with

i) sup  |[Resc(eW) | n < Crese?,
t€[0,Tp /2] bu

ii) sup  ||Res(eW)||g1 < Crese?,
t€[0,Ty /2] b

and
| = BV |y, = O()

te[0,Tp /2]

Proof. We start with the approximation for (7)-(9) and set A, = A, A_; =
A, B, = B, and B_; = B. The approximation is then given by

eV, (z,t) = eA(ex,e’t)e™"

&2 Ay, (e, %) ekt 4 @2 A, (ex, £2¢)eiher om0t

+e® A1 (ex, e%t)eReme? ot 1 B Ay | (ex, e%t)eReT e 20t
eV, (z,t) = eBi(ex,e*)e™ + ?By(ex, %t)

+e2By(ex, %)™ + e B_y(ew, %t)e 0!

+&3Bs(ex, %)™ + 3 B_1, (ex, e*t)e ! + & B_s(ex, £¥t)e 20",
U, (1,t) = £2So(ew, e2)e¥ T 4 28 (e, 2t)e ket 4 228 (ex, £2t)

428y, (ex, £%)e?™0t 4 28, (ex, £2t)e 2ot

128, (e, £2t) et 1 228, | (ex, e3¢ )etkeremiwnt

+€25,11(€x, 5215)6_““’36“"“ + 525,1,1(533, szt)e_lkcxe_’wot

and similarly for e¥, | and e¥,, ,. Inserting this ansatz into (7)-(9) and
equating the coefficients in front of e2e?Fe® g2e=2iker o2 o2e2iwol gpd g2~ 2iwol
to zero yields equations of the form

= By+by(A1, A1) + bo(By, B_1),
= By +by(By, By),

= B_o+b_s(B_y,B_y),

Ay + a1 (Ay, By),
= A1+ a1-1(41, By
= Ap+a (A, B
A1 +a11(Ay, By),

),
)

)

o oo oo oo
Il
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where as, ...,a_1_1 are smooth bilinear mappings,

0 = Sy+s2(A1,A),
0 = So+s9(Aq,A),
0 = So+ so(A1, A1) + bo(B1, B_1),
0 = Sy + 594(B1, By),
0 = S_o.+s_9.(B_1,B-1),
0 = Su+su(d,B),
0 = Sio1+s1-1(A1, B-y),
0 = S_u+s5-11(4_4, By),
0 = S_i+s-1-1(A-y, Boy),
where so,...,s_1_1 are smooth bilinear mappings and
0 = Bs+b3(By, By, By),
0 = Bo1.+b_1.(B1,B_1,B_1) + b_1(A1, A1, B_y),
0 = B3+bg3(B.1,B1,B,),
0 = A +a1(Ay, By, By),
0 = A1+ ai-1-1(A1, B4, B-y),
0 = A +a_111(A_y, By, By),
0 = A 11+a1-1-1(Ay, By, By),
where the b3, ...,a_;_;_; are smooth trilinear mappings. By construction we

canceled in the w;-equation and in the z;-equation all terms of order O(e?).
Moreover, in the vs-equation all terms of order O(e?) are canceled. The state-
ment follows by defining e¥ as ® applied to the constructed approximation
for (wn, z1,vs). In order to derive the Ginzburg-Landau equations in Fourier
space we have to expand \; at k = k. and k = 0 up to quadratic terms. In
order to estimate the error made by this approximation we use Lemma 2.1
and so there is a loss of three derivatives. O

Proof of Theorem 1.1. We set eV, = E.(¢V) and £?¥, = E (V).
By construction we have that e, = O(¢) and *¥, = O(e?) in H},. By
Sobolev’s embedding theorem the same is true in C}.

We introduce the error made by the improved approximation (V. £2¥,)
through

(Vo, Vi) = (eV,, 20, + (?R., e* R,).

14



Inserting this into (13)-(14) shows that the error functions satisfy

OR. = A.R.+ N.(eVU,, &R, %V, *R,), (15)
R, = AR,+ Ny(eV,,&*R., %V, *R,), (16)
where
INellmz, < Cre®(I1Relliy, + 1Rsllay,)
+0270(MC7 MS)€3<’|RCHHl1,u + HRSHH}’“>2 + CTGSEQ,
[Nz, < Curs(Bellmy, + el Rl )

0o, (M, M) Rell, + 1Bl + Core

as long as ||Rellmp < M. and [|Rs|[n < M, for any e-independent, but
fixed constants M, and M;. We apply the variation of constants formula to
the equations for the error (15)-(16) and obtain

t
R.(t) = “'R.(0)+ / eMIN (€W, 2R, €2V, €% R,) (7)dT, (17)
0
t
Ry(t) = eAStRS(O>+/ eAs(t*T)NS@\IJC,52RC,52\IIS,53R5)(T)CZT, (18)
0

where the semigroups obey the estimates

ost

a682t and ||€Ast”H1 S HL S CAe_ 5
lLu Lu

eIy, < Cae
with o, > 0 and o, > 0. We introduce

Se(t) = sup [|Re(7)|lgy,  and  Si(t) = sup [[Rs(7)l[my,-

0<7<t 0<7<t

Using the semigroup estimates we find the inequalities

t
IR (), < Cae™™S.(0) + / Cpe” (O (Se(r) + Ss(7))
’ 0

+Cyo( My, M) (So(7) + Ss(7))?)d7 + ToCre7 0 Ches,
||Rs(t)||Hll7u < OpS5(0) + CACH(C 5Se(t) 4+ Cy 585(t)

+C s (Mo, My)e(Se(t) + Ss(1))?) + CaCrCres,

15



where Cy = sup,cpn, /2 f(f e (=" dr < oo is independent of 0 < ¢ < 1.
The functions Cy (M., M) and Cs (M., M) are smooth functions w.r.t.
M., M. This is now exactly the set of inequalities which appeared in [SU17,
p.342], and so the rest of the proof of Theorem 1.2 follows line for line as
in [SU17, §10.4]. The sup-estimate stated in Theorem 1.2 follows from the
H} -estimate by a generalization of Sobolev’s embedding theorem. O

U

Remark 3.2. For completeness we recall the underlying idea of the rest of
the proof. Since the right-hand sides of the last estimates increase monotoni-
cally w.r.t. ¢ we can replace || Rc(t)||z: and [[R(¢)| 5 on the left-hand side
by S.(t) and S,(t), respectively. From the second inequality we then obtain
an estimate Ss(t) < CS.(t) + C for € > 0 sufficiently small. Inserting this in
the first inequality yields

¢
S(t) < C+ 82/ CS.(7)dr,

0

again for € > 0 sufficiently small. Gronwall’s inequality immediately yields
the required estimate. We refer to [SU17, §10.4] for the missing details.

4 Examples

In this section we show that the Brusselator, the Gierer-Meinhardt sys-
tem and the Schnakenberg model are three examples of systems for which
the trivial solution becomes simultaneously unstable via a short-wave Tur-
ing and a long-wave Hopf instability. The Gierer-Meinhardt system is of
activator-inhibitor type, whereas the Brusselator and Schnakenberg model
are activator-substrate systems. Our presentation of the Brusselator is based
on [Kur84] and our presentation of Gierer-Meinhardt system is based on
[HOT7S|.

4.1 The Brusselator

The Brusselator [Kur84] is a two component system given by

& = il +a— (b+ 1)+,
Om = 2020+ b — &,
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where a, b, dy, dy are non-negative constants. The two components £ and 7
are real-valued functions of ¢t > 0 and € R. There exists a unique spatially
homogeneous trivial solution (&y,70) = (a,b/a). The deviation

(u,v) = (€ = &,n— o)
from (&g, mo) satisfies the system
ou = (b—1Du+a*v+di0%u+ flu,v), (19)
o = —bu— a*v+ dyd’v — f(u,v), (20)
with nonlinear terms
f(u,v) = (b/a)u® + 2auv + u?v.

The stability of the trivial solution (u,v) = (0,0) is determined by the lin-
earization of (19)-(20) which is solved by

(u,v) = (@, B)ehztA®)

The eigenvalues \ are the roots of the quadratic equation
N+ a(k)A + B(k) = 0,

where

a(k’) = 1+ (12 —b+ (dl + dQ)k‘g,
Bk) = a*+ (a®dy + (1 — b)dy)k* + dydak™.

In the following we fix d;, do, and a, and take b as a control parameter.

i) The long-wave Hopf instability occurs at the critical wave vector k = 0
and for b = byepr(a) = 1+ a?

ii) The short-wave Turing instability occurs at the critical wave number
k =k, = \a/\didy if b = bying(a, D) = (1 + a/v/D)? for the control
parameter, where D = dy/d;.

In this paper we are interested in the case when both instabilities occur
simultaneously, i.e., when byyying(a, D) = bpops(a), or equivalently when

VD =a/(V1+a2—-1).

We introduce the small bifurcation parameter 2 = (b—bpops)/bhops. Drawing
the curves of eigenvalues \; o gives a figure similar to Figure 1.
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4.2 The Gierer-Meinhardt system
The normalized Gierer-Meinhardt model [GM72] is given by

2

oa = d0%a+ % — pa + p, (21)
8th = dgaih + CL2 - h, (22)

where dy, do, i, and p are non-negative constants. The activator a and the
inhibitor A are real-valued functions of ¢ > 0 and x € R. There exists a
unique spatially homogeneous trivial solution (a, h) = (ag, ho), with

1
GOIE(P‘FU, ho = ag.

The deviation (¢1,q2) = (a — ag, h — hg) from the trivial solution (ag, ho)
satisfies

2 2
B = hdPqg + p(—— — g — — o+ Ni(qr, ),
tq1 1041 'u(p—i—l Ja (p_l_l)Q% 1(q1, ¢2)
2
Dgy = doO2qo+ ;(p +1Daq1 — @2 + No(q1, @),

with |N;(q1, ¢2)| = O(¢} + ¢3). The linearization yields the eigenvalues

_ a(k) o?(k)
where
2
_ 2 o —

alk) = —(di+do)k +p—|—1 p—1,

2,&612](32
k) = (dik? 1+ dok?) — .

B (k) ( 1 +,U)( 2 ) P

i) Therefore, a long-wave Hopf instability at & = 0 occurs if

2
0
a(0)=0  and O‘i ) B0y =—pu<o.
This leads to
pw—1 .
Phops (1) = 1 and  A4(0) = Liy/p.
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ii) A short-wave Turing instability at & = k. occurs if A\, (k.) = 0. Hence,
we immediately obtain the condition § = 0. Additionally we have to satisfy
OkA4(ke) = 0. This finally leads to

2/ D /
pturmg(:ua D) = a 1 -1 and ke =} ﬁa
24 vuD + —=
+ VD + D

where D = dy/d;. As before, we are interested in the case when both instabil-
ities occur simultaneously, i.e., when pyyring (14, D) = props(ft), or equivalently

when
VD = \/i+/pu+1.

We introduce the small bifurcation parameter €2 = (p—phops)/Phops- Drawing
the curves of eigenvalues Ay gives a figure similar to Figure 1.

4.3 The Schnakenberg model

As the third example we consider the Schnakenberg model [Sch79] (see also
[GMT72]) which is given by

D€ = 0% —aé + &,
om = da02n+0b— &,

where a, b, dy, ds are non-negative constants. The two components £ and 7
are real-valued functions of ¢t > 0 and x € R. There exists a unique spatially
homogeneous trivial solution (&, 79) = (b/a,a?/b). The deviation

(u,v) = (§ = &o,m — o)

from (&, 1) satisfies the system

b?
Ou = dlagu +au+ —U + f(ua U)? (23>
a

b2
O = dyd*v — 2au — poLi f(u,v), (24)
with nonlinear terms

f(u,v) = (a*/b)u® + 2(b/a)uv + u*v.
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The stability of the trivial solution (u,v) = (0,0) is determined by the lin-
earization of (23)-(24) which is solved by

(u7 U) _ (a’ @\)eikx—i-)\(k)t‘

The eigenvalues A are the roots of the quadratic equation

N+ a(k)N + B(k) =0,

where
b2
Oé(k) = ? —a-+ (dl + dg)kz
b2 2
B(k) = — (Edl — ady)k* + dydok*.

In the following we fix d;, ds, and a, and take b as a control parameter.
i) The long-wave Hopf instability occurs at the critical wave vector k = 0
and for b = by,pf(a) = a’/2.

ii) The short-wave Turing instability occurs at the critical wave number

ko= yJa/(di(1+ V) if

b= btum'ng(a, D) = (1 + \/5)*1\/5&3/2

for the control parameter, where D = dy/d;.
In this paper we investigate the case when both instabilities occur simul-
taneously, i.e., when byyping(a, D) = bpeps(a), or equivalently when

VD =1+2.

We introduce the small bifurcation parameter 2 = —(b—bpopy)/bhopy- Draw-
ing the curves of eigenvalues \; o gives a figure similar to Figure 1.
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