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ABSTRACT 

 

 

Let  f  be  the funct ion which maps conformally  a  s imply-connected 

domain  Ω  on to  the  un i t  d i sc .  Th i s  paper  i s  concerned  wi th  the  

problem of  determining the dominant  poles  of  f  in  comp1(Ω∩∂Ω ) ,  and 

of  using this  information in  order  to  obtain  accurate  numerical  

approximations to  f  by means of  the Bergman kernel  method.
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1. Introduction

 Let  Ω  be  a  bounded s imply-connected domain with boundary ∂Ω  

i n  the  complex  z -p lane  and  assume,  wi thou t  loss  o f  genera l i ty ,  tha t  

the  o r ig in  0  l i e s  in  Ω . Also ,  l e t  

 w = f (z) ,       (1.1) 

be the function which maps conformally Ω  onto the unit disc 

 ,}1w:w{D <=      (1.2) 

so that f (0) = 0 and f’ (0) > 0. 

 This  paper  is  concerned with  the problem of  determining the 

dominant  poles  of  the mapping funct ion f  in  comp1 ),( Ω∂ΩU  i .e .  the  

po les  o f  the  ana ly t i c  ex tens ion  o f  f  which  l i e  c lose  to  the  boundary  

∂Ω . Our motivat ion for  consider ing this  problem emerges from the 

s tudy of  cer ta in  expansion methods for  numerical  conformal  mapping.  

These methods lead to  approximations to  f  of  the form 

   f     (1.3) ∑
=

=
n

1j
,)  z(juja)z(n

and  t he  s i gn i f i c ance  o f  knowing  t he  po l e s  o f  f  conce rns  t he  cho i ce  

o f  the  se t  o f  bas i s  func t ions   More  spec i f i ca l ly ,  the  )}.z(u{ j

s ignif icance of  the work of  the present  paper  emerges f rom the 

observat ion that  the computat ional  eff ic iency of  the numerical  mapping 

techniques improves considerably when the basis  set  includes terms 
that  ref lect  the s ingular  behaviour  of  the dominant  poles  of  f ; see 

Levin et  a l  [5] ,  Papamichael  and Kokkinos [7]  and El lacot t  [1] .  

 
The dominant  poles  of  f  can be determined easi ly  by means of  the 

Schwarz reflection principle in the case where the boundary ∂Ω  consists 

of  s t ra ight  l ine  segments  and circular  arcs . If this  is  so,  then f  
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has  s imple poles  a t  the  f ini te  inverse  (symmetr ic)  points  of  the or igin 

with respect  to  the s t ra ight  l ine  segments  and the c i rcular  arcs; see 

e.g. Nehari [6,  p.  l84] and Henrici [4,  p.389]. If ∂Ω is more general  

than a  curve consis t ing of  s t ra ight  l ines  and circular  arcs ,  then the 

s i tuat ion regarding the locat ion and nature  of  the poles  of  f  is  much 

more  involved . However ,  in  many cases ,  i t  i s  poss ib le  to  de te rmine  

the dominant poles of f  by using a method based on a generalization of 

the ref lect ion pr inciple . This  general izat ion concerns  the cont inuat ion 

o f  t h e  ma pp ing  func t i on  a c r o s s  a n a l y t i c  a r c s ,  and  i s  o f t en  r e f e r r e d  t o  
as the symmetry principle of analytic arcs; see e.g. Henrici [4, p.391] 

and Sansone and Gerresten [9,  p .102] .  

 
The de ta i l s  of  the  presenta t ion are as  fo l lows . In Sect ion  2  

we explain how the general ized symmetry pr inciple  can be used to  

determine the poles  of  f  corresponding to  an analyt ic  arc  Γ . In 

Sect ion 3 we present  three specif ic  appl icat ions,  by consider ing in  

d e t a i l  t h e  t h r e e  c a s e s  w h e r e  Γ  i s  r e s p e c t i v e l y  a n  a r c  o f  a n  e l l i p s e ,  

a  parabola  and a  hyperbola . Final ly ,  in  Sect ion 4 we present  several  

examples  i l lus t ra t ing the s ignif icance of  the work of  the present  paper ,  

in  connec t ion  wi th  numer ica l  conformal  mapping  techniques . In  each  

of  these examples  the approximation to  f  is  computed by using an 

expansion method based on the theory of  the Bergman kernel  funct ion 

of  Ω . This  method has  been s tudied recent ly  in  [5]  and [7] .  

 

2 .  The poles  of  the mapping funct ion with respect  to  an analyt ic  arc .

 

With the notat ion of  Sect ion 1,  le t  Γ  be  an analyt ic  arc  of  ∂Ω  

wi th  parametr ic  equat ion 
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 2ss1s),s(pz <<=  

i.e. 

 2ss1s),s(pz:z{ <<==Γ      (2.1) 

A l so ,  l e t  G*  a  s i mp l y - c o n n e c t e d  d o ma i n  i n  t h e  c o mpl e x  ζ - p l a n e ,   be

ζ  =  s  +  i t ,  s u c h  t h a t  t h e  f o l l o w i n g  t w o  c o n d i t i o n s  h o l d .  

 

C 2.1. The funct ion 

 z = P (ζ ) ,      (2.2) 

is  one-one analyt ic  in  G*.  

C  2 .2 . The domain G* has a symmetric partition with r e s pe c t  t o  
t h e  s t r a i g h t  l i n e  s e g m e n t  

 ,}0t,2ss1s,its:{L =<<+=ζζ=   (2.3) 

so  tha t  

       (2.4) ,2GL1G*G UU=

w h e r e  t h e  i ma g e  1 o f   ,  u n d e r  t h e  t r a n s f o r ma t i o n  ( 2 . 2 ) ,  i s  Ω 1G

contained within Ω, i.e. .1 Ω⊆Ω  Clearly, the symmetric subdomains 

1G  and   o f  G*  ma y  be  g iven  e i t he r  by  2G

1G  = }0tand*G:{ >∈ζζ  and  =  2G ,}0tand*G:{ <∈ζζ  (2.5) 

o r  by  

  = {ζ : ζ ∈ G* and t  < 0} and  = {ζ : ζ 1G 2G ∈  G*  and   t  >  0}. (2.6) 

I f  t he  cond i t i ons  C2 .1  and  C2 .2  ho ld  t hen  t he  func t i on  (2 .2 )  

ma ps  con fo rma l lyG*  on to  a  doma in  

 ,21* ΩΓΩ=Ω UU       (2.7) 

so that the straight line L and the domains ;  j  = 1,2, are mapped jG

respec t ive ly  on to  the  a rc  Γ  and  the  domains  jΩ ;  j  =  1 ,2 ,Thus  the  

function 

   ,))(p(f)(h ζ=ζ       (2.8) 



4. 

 

w h e r e  f  i s  t h e  m a p p i n g  f u n c t i o n  ( 1 . 1 ) ,  i s  o n e - o n e  a n a l y t i c  i n  

 a n d  L1G ∪

 w = h ( ζ ) ,       (2.9) 

ma p s  t h e  s t r a i g h t  l i n e  L  o n t o  a n  a r c  o f  t h e  u n i t  c i r c l e . There fo r e ,  

b y  t h e  r e f l e c t i o n  p r i n c i p l e ,  t h e  f u n c t i o n  

 ( )
( )

( )⎢
⎢
⎢

⎣

⎡

∈ζζ

∈ζζ
=ζ

,G,h/1

,LG,h
H

2

1 U

     (2.10) 

i s  m e r o m o r p h i c  i n   a n d  d e f i n e s  t h e  a n a l y t i c  c o n t i n u a t i o n  o f  h ,  2G

a c r o s s  L ,  i n t o  .  2G

 Le t  q  be  the  inverse  func t ion  o f  p ,  i . e .  

        ,]1[pq −=

 (2.11) 

and le t  

 ( )( ) .zqp)z(a =        (2.12) 

T h e n ,  i n  v i e w  o f  ( 2 . 8 )  a n d  ( 2 . 1 0 ) ,  t h e  f u n c t i o n  

 F (z) = H (q (z)) 

 
( )

( )( )⎢
⎢
⎢

⎣

⎡

Ω∈

ΓΩ∈
=

,z,zaf/1

,z,zf

2

1 U

    (2.13) 

is  analyt ic  in   ,  meromorphic  in  1Ω 2Ω  and def ines  the analyt ic  

con t inua t ion  o f  the  mapping  func t ion  f  ac ross  Γ  i n to  2Ω .  Th i s  

ana ly t i c  ex tens ion  o f  f  i s  a  pa r t i cu la r  case  o f  the  symmet ry  p r inc ip le  

o f  ana ly t i c  a rcs ,  and  the  po in t s  z  and  a  (z )  a re  ca l l ed  symmet r ic  

points  with  respect  to  the arc  Γ . As i t  is  shown in [9,  p .103] ,  

symmetr ic  points  are  independent  of  the  parametr izat ion of  Γ .  
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 The  above  ana lys i s  l eads  to  the  fo l lowing  resu l t s  r egard ing  the  

locat ion and nature  of  poles  of  the funct ion F.  

 

 R2.1.  I f  0  ∈  Ω1  then the equat ion 

 p  (ζ ) = 0 ,        (2 .14)  

has  exact ly  one root  ζ 0   in  G1 . Hence,  i t  fol lows easi ly  from (2.8) ,  

( 2 . 1 0 ) ,  a n d  ( 2 . 1 3 ) ,  t h a t  t h e  f u n c t i o n  F  h a s  a  s i m p l e  p o l e  a t  t h e  

point  ,  where 20z Ω∈

 )0(p0z ζ=  

 =  a  (0)  ,         (2 .15)  

is  the  inverse  point  of  the  or igin with  respect  to  Γ .  

 R2.2 . If  0   then  the  equa t ion  (2 .14)  has  a t  l eas t  one  ΓΩ∂∈ /1

root L/G0 ∂∈ζ  and we may assume, without  much loss of general i ty ,  

t h a t  p  i s  a n a l y t i c  a t  0ζ  and  0ζ • Howeve r ,  p  i s  no t  n e c e s s a r i l y  o n e -

one in  the neighbourhood of  these points . For this  reason,  we le t  

   (2 .16)  ,1m,0)(1p,)(1pm)0()(p ≥≠ζζζ−ζ=ζ

 ,1n,0)0(2p,)(2pn)0()0(p)(p ≥≠ζζζ−ζ=ζ−ζ  (2 .17)  

and,  in  order  to  determine the behaviour  of  F at  the  point  

 ,/2)0(p0z ΓΩ∂∈ζ=       (2 .18)  

we proceed as  fol lows.  

 The mapping funct ion f  is  of  the form 

 f  (z = z) 1f  (z) ,       (2 .19)  

where  (0)  ≠  0 . Therefore ,  f rom (2.13)  ,  when z  ∈  Ω1f 2 ,  the  funct ion 

 G (z) = l /F (z)  ,               (2 .20)  

has  the form 
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 G(z) = ,)z(G)z(a 1       (2 .21)  

w h e r e  G 1  i s  a n a l y t i c  a t  .0)0z(1G and 0z ≠  A l s o ,  f r o m  ( 2 . 1 2 )  a n d  

(2.16)  

 ,)z(a))z(q)z(q()z(a 1
m

0−=      (2 .22)  

and,  f rom (2.17) ,  

 ,      (2 .23)  )z(q)zz()z(q)z(q 1
n/1

00 −=−

w h e r e   a r e  a n a l y t i c  a n d  n o n - z e r o  a t  Z1q and 1a 0 . H e n c e ,  b y  

combining (2.22)  and (2.23) ,  

 ,)z(a))z(q()zz()z(a 1
m

1
nm

0−=    (2 .24)  

and therefore ,  f rom (2.21) ,  

 ,      (2 .25)  )z(G)zz()z(G 2
n/m

0−=

where  is  analyt ic  and non-zero at  . Thus,  the  nature  of  the 2G 0z

s i n g u l a r i t y  o f  F  a t  Z 0  d e p e n d s  o n  t h e  v a l u e s  o f  t h e  i n t e g e r s  m a n d  n  

in  (2 .16)  and (2.17) . The fol lowing three cases  occur  f requent ly  in  

appl icat ions .  

(a)  m = n =  1 . his  case F has  a  s imple pole  a t  zIn t 0 .  

(b)  m = 2, n = 1. In this  case F has  a  double  pole  a t  z0 .  

(c)  m  =  1 ,  n  =  2 .    I n  t h i s  c a s e  F  h a s  a  s i n g u l a r i t y  o f  t h e  

m 2
1

)0zz( −− .  for

 R.2.3. If 0 )/1(U1 ΓΩ∂Ω∉   then F has no poles in )/1(U2 ΓΩ∂Ω . 

 N a t u r a l l y ,  i f  Γ  i s  a  s t r a i g h t  l i n e  o r  a  c i r c u l a r  a r c  t h e n  t h e  

above  p rocedure  fo r  de te rmin ing  the  po les  o f  F  l eads  to  the  we l l -

known resul ts  predicted by the ref lect ion pr inciple . That  is ,  i f  

( ΓΩ∂Ω∈ /11O U )  then F has a simple pole at the point ,)/2(2)0(p ΓΩ∂Ω∈ζ U  
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w h e r e  t h e  s y m m e t r i c  p o i n t  )0(p ζ  c o i n c i d e s  w i t h  t h e  m i r r o r  i m a g e  o f  

0  w i t h  r e s p e c t  t o  t h e  s t r a i g h t  l i n e  o r  w i t h  t h e  g e o m e t r i c  i n v e r s e  o f  

0  with  respect  to  the c i rcular  arc .  

 In  what  fol lows we refer  to  a  s ingular i ty  of  F,  of  the type 

descr ibed in  R2.1 and R2.2,  as  "a  pole  of  the mapping funct ion f  with  

respect  to  the  arc  Γ" .  

 

 

3 .  Par t icular  cases  

 In  this  sect ion we i l lus t ra te  the appl icat ion of  the  technique of  

Section 2 by considering in detail  the three cases where Γ  is respectively 

a n  a r c  o f  a n  e l l i p s e ,  a  p a r a b o l a  a n d  a  h y p e r b o l a .  N a t u r a l l y ,  i n  e a c h  

of  these cases ,  the  poles  of  f  can also be determined by arguments  based 

on the use of  the known exact  conformal  maps of  an el l ipse ,  a  parabola  

a n d  a  h y p e r b o l a . The  r e a s o n  f o r  p r e f e r r i n g  t h e  u s e  o f  t h e  t e c h n i q u e  

of  Sect ion 2 is  that  i ts  appl icat ion is  not  res t r ic ted to  arcs  of  curves  

whose exact  conformal  maps are  known.  

 

3 .1 .  El l ipt ical  arc  Γ .  

 Let  Γ  be  an arc  of  the  e l l ipse  

  a > b ,  ( ) ,12b/2)cyy(2a/2
cxx:E =−+−

and le t  the  parametr ic  equat ion of  Γ  be  

 z  = p  (s)  

 ,2ss1s,)ηis(cosaecz <<−+=   (3 .1)  

where .π21s2sande/1ηcosh,2a/2b1e,ciycxcz 2
1

<−=⎟
⎠
⎞⎜

⎝
⎛ −=+=  
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Then the funct ion 

 its,)(pz +=ζζ=       (3 .2)  

is  one-one analyt ic  in  the s t r ip  

 { }η<<∞−<<+=ζζ t,2ss1s,its:  

and,  with the notat ion of  Sect ion 2,  we may take as  domain G* a  

symmetr ic  subdomain of  the rectangle  

 { }.ηtη,2ss1s,its: <<−<<+=ζζ    (3 .3)  

 To s implify  the presentat ion we assume that  the  condi t ion C2.2 

holds  when G* is  the  whole  rectangle  (3 .3) . Then the domain 

21* ΩΓΩ=Ω UU  can be deduced easi ly  by determining the images under  

t h e  t r a n s f o r m a t i o n  ( 3 . 2 )  o f  t h e  f o u r  s i d e s  o f  t h e  r e c t a n g l e  ( 3 . 3 ) .  

T o  i l l u s t r a t e  t h i s  w e  a s s u m e ,  t h a t  t h e  o r i e n t a t i o n  o f  Γ  w i t h  r e s p e c t  

t o  Ω  i s  s u c h  t h a t  G 1  a n d  G 2  a r e  g i v e n  b y  ( 2 . 5 ) ,  a n d  i n  F i g u r e s  3 . 1 -

3.4 we present  four  typical  domains Ω*. These domains correspond to  

the four  cases  where s1=0 and the parameter  s2  is  such that  

,π22s2/π3,2/π3,2/π32sπ,π2s2/π,2/π2s0 <<≤<≤<≤<  

r e s p e c t i v e l y .  

I n  e a c h  d i a g r a m  Γ  =  a r c  P  a n d  t h e  p a r a m e t r i c  e q u a t i o n s  o f  Q

Γ ' = arc  P 'Q'  and γ  =  are  Q'R are  respect ively 

 z  = p(s  -  iη ) ,  ,2ss0 <<      (3 .4)  

and 

 z  = p(s2  + i t ) ,  -η  <  t  <  η  .      (3 .5)  

That  i s  Γ '  and  γ  a re  respec t ive ly  a rcs  of  an  e l l ipse  E '  and  a  hyperbola  

H,  where E '  and H have common foci  with the el l ipse E. Natural ly ,  the  

h y p e r b o l a  H  c u t s  t h e  e l l i p s e s  E  a n d  E '  o r t h o g o n a l l y .  We  o b s e r v e  t h a t  

γ  i s  an arc  of  the r ight-hand branch of  H i f  coss2  >0,  and of  the lef t -

hand branch i f  coss2  <  0 . We also observe that  i f  s 2  = π /2 ,  π  or  3π /2  
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then  the  hyperbola  H degenera tes  in to  a  s t ra igh t  l ine . More  prec ise ly ,  

i f  s 2  =  π /2  o r  3π /2  then  the  po in t  R  co inc ides  wi th  the  cen t re  C  of  E  

and γ  becomes a  segment  of  the minor  axis  of  E ' . Similar ly ,  i f  s 2  = π  

then  the  poin t  R  co inc ides  wi th  the  focus  F 2  =  (x c  -  ae ,  y )  and  γ  

becomes a  segment  of  the major  axis  of  E ' .  

 

 

 

 

 Figure 3 .1       Figure 3 .2  
 

 

 

 

 Figure 3 .3       Figure 3 .4  
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 In  each diagram Ω 1   i s  the  shaded region,and Ω 2  i s  the  region 

bounded  by  the  a rcs  Γ  and  Γ '  and  the  subarc  Q 'Q of  γ . I t  i s  impor tan t  

to  observe that  i f  s 2  > π  then the domain Ω 1  involves  a  cut  a long the 

s t r a igh t  l ine  jo in ing  the  focus  F 2  to  the  po in t  R . This  i s  due  to  the  

fac t  tha t  under  the  mapping  (3 .2 )  the  po in t s  (π  ±  s )  +  in ,  s  >  0 ,  have  

the common image  –  ae  cos  s .  cz

 The nature  of  the domain Ω* corresponding to  any arc  Γ  with 

π22s1s0 <<≤  c a n  b e  d e d u c e d  e a s i l y  f r o m  t h e  d o m a i n s  i l l u s t r a t e d  

in  F igures  3 .1  -  3 .4 . For  example ,  the  domain  cor responding  to  an  a rc  

Γ  wi th   and  2/π1s0 ≤< ,2/π32sπ <<  i s  ob ta ined  by  de le t ing  the  domain  

of  Figure 3.1  f rom that  of  Figure 3.3 .  The domain Ω* corresponding to  

an arc  Γ  which includes the two ver t ices   ± a  of  E can also be deduced cz

f r o m t h e  d o ma i n s  o f  F i g u r e s  3 . 1  -  3 . 4 .   F o r  e x a mp l e ,  i f  -  01sπ/2 <<

and  then Ω* is  given by the union of  the domain of  Figure ,2/π32sπ <<

3.3 with that  obtained by ref lect ing the domain of  Figure 3 .1  about  the 

major  axis .  

        Cor responding  to  the  genera l  r e su l t s  R2 .1  -  R2 .3  o f  Sec t ion  2 ,  

the  s i tuat ion regarding the nature  of  poles  of  the mapping funct ion f  

wi th  respec t  to  an  e l l ip t ica l  a rc  Γ ,  o r ien ta ted  so  tha t   a re  2G and 1G

given by (2.5) ,  is  as  fol lows.  

 

R.3.1.1. If  then the equat ion 10 Ω∈

 ,        (3 .6)  0)p(ζ =

has exact ly  one root  in  G1 given by 

 ).ae/cz(1cosin0 −−+=ζ      (3 .7)  
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This  means that  f  has  a  s imple pole  a t  the  point  Z Q  ∈  Ω2 ,  where 

 )0(p0z ζ=  

 .)2b2a()2
cz2b2a(abi2cz)2b2a(cz 2

1

−
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−−+−=   (3 .8)  

( In  (3 .8) ,  the  branch cut  of  the  square  root  is  taken to  be a long the 

posi t ive  real  axis  and .)i)1( 2
1
=−  

R .3 .1 .2 . If  ΓΩ∂∈ /0 1  t hen  the  s i tua t ion  regard ing  the  po les  o f  f  

may be different  f rom that  descr ibed in  R3.1.1 only i f  0  l ies  on the 

major  axis  of  E between the foci  F1  and F2 . More precisely,  i f  

0cy and aecxae =≤≤−  then the fol lowing three cases  ar ise ,  

 ( a ) The reg ion  Ω 1  invo lves  a  cu t  and  0  l i e s  on  the  cu t  bu t  

does not  coincide with a  focus of  E.  

 I n  t h i s  c a s e  t h e r e  a r e  t w o  d i s t i n c t  v a l u e s  o f   )ae/x(1cos −−

i n  t h e  i n t e r v a l   a n d ,  c o r r e s p o n d i n g  t o  t h e s e ,  t h e  e q u a t i o n  )2s  ,1s(

( 3 . 6 )  h a s  t w o  d i s t i n c t  r o o t s  o n  t h e  s i d e  t  =  η  o f  . F o r  t h i s  1G

reason,  f  has  two s imple poles  a t  the  two points  of  Γ '  g iven by 

 .)2b2a()2
cx2b2a(abi2cx2b20z /2

1
−

⎭
⎬
⎫

⎩
⎨
⎧−=    (3 .9)  −−±

 ( b ) 0  d o e s  n o t  l i e  o n  a  c u t  o f  Ω 1  a n d  d o e s  n o t  c o i n c i d e  w i t h  

a  focus of  E.  

 I n  t h i s  c a s e  t h e r e  i s  e x a c t l y  o n e  v a l u e  o f   i n  )ae/cx(1cos −−

t h e  i n t e r v a l  2s  ,  a n d ,  b e c a u s e  o f  t h i s ,  ( 3 . 6 )  h a s  o n e  r o o t  o n  t h e  )1s(

s i d e  . F o r  t h i s  r e a s o n ,  f  h a s  a  s i m p l e  p o l e  a t  t h e  p o i n t  1G  of  t η=

oz  given by (3.9) ,  where the s ign in  the square  brackets  is  chosen so 

that  z  l ies  on Γ ' .  



12.  

 

 (c) 0 coincides with one of the foci, i.e. xc = ± ae, yc = 0. 

 This  case corresponds to  the s i tuat ion descr ibed in  R2.2(b)  of  

S e c t i o n  2 . T h a t  i s ,  t h e  e q u a t i o n  ( 3 . 6 )  h a s  a  d o u b l e  r o o t  a t  0ζ  ηi=

o r  ,  d e p e n d i n g  o n  w h e t h e r  0  c o i n c i d e s  w i t h  Fηiπ0ζ += 1  o r  F 2 . F o r  

th i s  r eason ,  f  has  a  doub le  po le  a t  one  o f  the  ve r t i ces  o f  the  e l l ipse  

E ' ,  i .e .  a t  one of  the points  

 2
1

)2b2a(2b20z −−±=      (3 .10)  

where  the  ±  s igns  cor respond  respec t ive ly  to  the  cases  where  0  i s  a t  

1F  and 0 is  a t .   2F

 R3.1.3. If 0 )/(1 ΓΩ∂Ω∉ U  then f  has  no poles  in   .'2 ΓΩ U

 I f  t h e  o r i e n t a t i o n  o f  t h e  a r c  Γ  w i t h  r e s p e c t  t o  Ω  i s  s u c h  t h a t  

2G and 1G  are  given by (2.6)  then,  in  Figures  3 .1  -  3 .4 ,  the  roles  of  

2  and 1 ΩΩ  a r e  r e v e r s e d ,  i . e .  i n  e a c h  f i g u r e  t h e  s h a d e d  r e g i o n  d e n o t e s  

the domain . The conclusions contained in  R3.1.1 and R3.1.3 remain 2Ω

unal te red  but ,  in  th i s  case ,  R3.1 .2  must  be  rep laced  by  the  fo l lowing .  

 R 3 . 1 . 2 ' . I f  ΓΩ∂∈ /1O  t h e n  f  h a s  a  s i m p l e  p o l e  a t  t h e  p o i n t  

oz  g i v e n  b y  ( 3 . 8 ) ,  e x c e p t  w h e n  0  c o i n c i d e s  w i t h  o n e  o f  t h e  v e r t i c e s  

of  the e l l ipse  E ' ,  i .e .  when 

 0cyand)2b2a()2b2a(cx 2
1

=−−+±=   (3 .11) .  

The values  (3 .11)  give r ise  to  the s i tuat ion descr ibed in  R2.2(c)  and,  

because of  this ,  f  has  a  s ingular i ty  of  the form 

 ,)0zz( 2
1−−        (3 .12) .  

a t  one of  the foci  of  E,  i .e .  a t  one of  the points  

 .)2b2a(2b20z 2
1−−±=      (3 .13) .  
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3 .2 . Parabol ic  arc  Γ .

 Let  Γ  be  par t  of  the parabola  

  ,0a),vxx(a42)vyy(: >−=−π

and le t  the  parametr ic  equat ion of  Γ  be  

 z  = p(s)  

     (3 .14)  ,2ss1s},12)is{(avz <<+++=

where  Then,  the funct ion .viyvxvz +=

 ,its,)(pz +=ζζ=       (3 .15)  

is  one-one analyt ic  in  the s t r ip  

 }t1,2ss1s,its:{ ∞<<−<<+=ζζ  ,  

and we may take as  domain G* a  symmetr ic  subdomain of  the rectangle  

 .}1t1,2ss1s,its:{ <<−<<+=ζζ     (3 .16)  

 Two typical  domains Ω* are  i l lus t ra ted in  Figures  3 .5  and 3.6.  

These are  obtained under  the assumptions that  the  condi t ion C2.2 holds  

when G* is  the whole  rectangle  (3 .16) ,  and the or ientat ion of  Γ  wi th  

respect  to  Ω  i s  such that  G1  and G2 are  given by (2.6) . The domains 

i l l u s t r a t e d  c o r r e s p o n d  r e s p e c t i v e l y  t o  t h e  t w o  c a s e s   and 2s1s0 <<

2s01s <<  wi th  2s1s < . 

 I n  e a c h  d i a g r a m Γ  =  a r c  P Q ,  a n d  t h e  p a r a me t r i c  e q u a t i o n s  o f  

Γ '=  arc  P’Q' ,  γ1  =  arc  R1P’  and γ2  = arc  R2Q'  are  respect ively 

 ,2ss1s,)is(pz <<+=      (3 .17)  

 ,1t1,)i1s(pz <<−+=      (3 .18)  

and 

 z  = p(s2  + i t )  ,    -1  < t  < 1  .      (3 .19)  

That  is  Γ ' ,  1γ  and 2γ  are  respect ively arcs  of  three parabolas ,  each 

having the same focus as  Π .  
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 Figure 3.5      Figure 3.6  

 In  each diagram, Ω1  is  the  shaded region and Ω2  is  the  region 

bounded by Γ , Γ '  and the subarcs PP' and QQ' of .2  and  1 γγ  The domain 

1Ω  of  Figure 3 .6  involves  a  cut  a long the s t ra ight  l ine  joining the 

point   to  the focus F of  Π . This is  due to  the fact  that  under  the 1R

mapping (3.15)  the points  ± s- i  have the common image  ).12s(avz ++

 I f   are  given by (2.6)  then the fol lowing resul ts  can 2G  and  1G

be establ ished easi ly ,  by using arguments  s imilar  to  those used for  

establishing the corresponding results R3.1.1 - R3.1.3 of Section 3.1. 

 R3.2.1. If  then f  has  a  s imple pole  a t  the  point  10 Ω∈

2oz Ω∈  where 

 
⎭
⎬
⎫

⎩
⎨
⎧

−−−= 2
1

)1a/vz(i1a4viy2oz     (3 .20)  

( In  (3 .20)  the branch cut  of  the square  root  is  taken to  be along the 

posi t ive real  axis  and .)i)1( 2
1
=−
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 R3.2.2. If 0 ∈  ∂Ω1  ⁄Γ  then the situation regarding the poles 

of  f  may be different  f rom that  of  R3.2.1 only i f  0  l ies  on the axis  

of  the parabola ,  i .e .  only i f  xv  ≤  -a  and yv  = 0. The fol lowing 

three cases  ar ise .  

 (a) The region Ω1  involves  a  cut  and 0 l ies  on the cut  

but  does not  coincide with the focus of  I I .  

I n  t h i s  c a s e  f  h a s  t w o  s i m p l e  p o l e s  a t  t h e  t w o  p o i n t s  o f  Γ '  

g iven by 

 .)1a/vx(i1a4oz 2
1

⎭
⎬
⎫

⎩
⎨
⎧ −−±−=      (3 .21)  

 (b)  0  does not  l ie  on a  cut  of  Ω1  and does not  coincide with 

the focus of  Π .  

I n  t h i s  c a s e  f  h a s  a  s i m p l e  p o l e  a t  t h e  p o i n t   g i v e n  b y  oz

( 3 . 2 1 ) ,  w h e r e  t h e  s i g n  i n  t h e  s q u a r e  b r a c k e t s  i s  c h o s e n  s o  t h a t  oz  

l ies  on Γ ' .  

(c)  0  coincides  with the focus of  Π ,  i .e .  xv = -a ,  yv = 0.  

In  this  case f  has  a  double  pole  a t  the  point      

 ,        (3 .22)  a4oz −=

i .e .  a t  the  ver tex of  the arc  Γ '  .  

 

 R3.2.  3 . If  0  )/1(1 ΓΩ∂∪Ω∉  then f  has  no poles  in   .'2 Γ∪Ω

 I f  t h e  o r i e n t a t i o n  Γ  w i t h  r e s p e c t  t o  Ω  i s  s u c h  t h a t   a n d  1G

2G  are  g iven  by  (2 .5 )  then ,  in  F igures  3 .5  -  3 .6 ,  the  ro les  o f   and  1Ω

2Ω  are  reversed. The only other  change concerns  the resul t  R3.2.2 

which,  in  this  case,  must  be replaced by the fol lowing.
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 R 3 . 2 . 2 ' . I f  0 ΓΩ∂∈ /1  t h e n  f  h a s  a  s i m p l e  p o l e  a t  t h e  p o i n t  

oz  g iven  by  (3 .20) ,  except  when the  or ig in  co inc ides  wi th  the  ver tex  

of  the parabol ic  arc  Γ  ' ,  i .e .  when 

  .0vyanda3vx ==        (3 .23)  

In  this  case f  has  a  s ingular i ty  of  the form 

  2
1

)0zz( −−         (3 .24)  

a t  the  point  

 ,a4oz =         (3 .25)  

i .e .  a t  the  focus of  I I .  

 

3 .3 .  Hyperbol ic  arc  Γ .  

Let  Γ  be  an arc  of  the r ight  hand branch of  the hyperbola  

      (3 .26)  ,12b/2)vyy(2a/2)vxx(:H =−−=

and le t  the  parametr ic  equat ion of  Γ  be  

          z  = p (s)  

        ,2ss1s),iη(scoshaevz <<++=     (3 .27)  

where  zv=xv  +  iyv ,  e  =  (1  +  b
2

/a ) ½  and  cosη   =  1 /e . Then ,  the  

funct ion 

 z  = p(ζ ) ,    ζ  =  s  + i t ,     (3 .28)  

is  one-one analyt ic  in  the s t r ip  

 {ζ :   ζ  =  s  + i t ,  s1 < s  < s2 ,  -η  <  t  <  ∞} ,  

and we may take as  domain G*a symmetr ic  subdomain of  the rectangle  

 {ζ: ζ = s + it, s1 < s < s2, -η < t < η}.    (3 .29)  
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T w o  t y p i c a l  d o m a i n s  Ω*  a r e  i l l u s t r a t e d  i n  F i g u r e s  3 . 7  a n d  3 . 8 .  

These are  obtained under  the assumptions that  the  condi t ion C2,2 holds  

w h e n  G *  i s  t h e  w h o l e  r e c t a n g l e  ( 3 . 2 9 ) ,  a n d  t h e  o r i e n t a t i o n  o f  Γ ,   

w i t h  r e s p e c t  t o  Ω ,  i s  s u c h  t h a t  G  a n d  G  a r e  g i v e n  b y  ( 2 . 5 ) . The  

domains  i l lus t ra ted  cor respond  respec t ive ly  to  the  cases   2s1s0 <<

and  with . 2s01s << |2s||1s| <

 
 

Figure 3.7       Figure 3.8   

 

I n  e a c h  d i a g r a m  Γ  =  a r c  P  a n d  t h e  p a r a m e t r i c  e q u a t i o n s  o f  Q

Γ '  =  arc  P 'Q' ,  γ1 ,  =  arc  R1P '  and γ2  = R2Q are  respect ively 

 z  = p(s  + iη ) ,  ,2ss1s <<     (3 .30)  

 z  = p( 1s  + i t ) ,  -η  <  t  <  n ,     (3 .31)  

and 

 z  = p(  + i t ) ,  -η  <  t  <  η  .     (3 .32)  2s

 

T h a t  i s  Γ ' ,  γ 1  a n d  γ 2  a r e  r e s p e c t i v e l y  a r c s  o f  a  h y p e r b o l a  H '  a n d      

two ellipses E1 and E2, where H ', E1 and E2 have common foci with H. 
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In  the diagrams we assumed that  0  < b < a  and,  for  this  reason,  Γ  '        

i s  an  a rc  o f  the  r igh t  hand  b ranch  o f  H  '  .    I f  a  <  b  then  Γ  '  i s  an         

a rc  o f  the  l e f t  hand  b ranch  o f  H  ' ,  and  i f  a  =  b  then  Γ '  degenera tes     

i n to  a  segment  o f  the  s t ra igh t  l ine  x  =  x v . Also ,  i f  one  o f  the        

v a l u e s  s i  ;  i  =  1 , 2  i s  z e r o  t h e n  r e s p e c t i v e l y  o n e  o f  t h e  a r c s  γ 1 ;                

i  =  1 ,2  degenerates  into a  segment  of  the axis  H .  

 
 In  each diagram f t  is  the  shaded region and Ω2  is  the  region 

bounded by Γ '  and the subarcs  PP'  and QQ'  of  γ1  and γ2 .   The domain 

Ω1  of  Figure 3 .8  involves  a  cut  a long the s t ra ight  l ine  joining the 

point  R1  to  the focus F of  H. This  is  due to  the fact  that  under     

the  mapping  (3 .28)  the  points  ± s  -  in  have the common image          

vz + aecoshs.  

 
 I f  G1  and G2 are  given by (2.5)  then the resul ts  regarding the 

nature  of  poles  of  f  are  as  fol lows.  

 
 R3.3.1. If  0  ∈  Ω1  then f  has  a  s imple pole  a t  the  point      

z0  ∈  Ω2 ,  where 

 )2b2a/()2b2a2
vz(abi2vz)2b2a(vzoz 2

1
+

⎭
⎬
⎫

⎩
⎨
⎧ −−+−−=  .   (3 .33)  

( In  (3 .33)  the branch cut  of  the square  root  is  taken to  be along the 

posi t ive real  axis  and .)i)1( 2
1
=−  

 R3.3.2. If   0  ∈  ∂Ω1 /  Γ  then the s i tuat ion regarding the poles  of  

f  may be different  f rom that  of  R3.3.1 only i f  0  l ies  on the axis  of     

H,  i .e .  only i f  xv  ≤  -  ae  and yv  = 0. The fol lowing three cases  ar ise .  

 
(a) The region Ω1  involves  a  cut  and 0 l ies  on the cut  but  does  

not  coincide with the focus F of  H.

 
In  this  case f  has  two s imple poles  a t  the  two points  of  Γ '  g iven 

by 
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 )2b2/(a)2b2a2
vab(xi2vx2b2o =z 2

1
+

⎭
⎬
⎫

⎩
⎨
⎧ −−±  .    (3 .34)  

 
      (b) 0 does not  l ie  on a  cut  of  Ω1  and does not  coincide with 

the focus F of  H.

 

In  this  case f  has  a  s imple pole  a t  the  point  z0  given by (3.34) ,  

where the s ign in  the square  brackets  is  chosen so that  z0  l ies  on Γ ' .  

 

(c)  0  coincides  with the focus F of  H,  i .e .  xv  = -  ae  and 

y v  = 0.

 In  this  case f  has  a  double  pole  a t  the  point  

     Z0 = - 2b2(a2+b2)
2
1

−

 ,       (3 .35)  

i .e .  a t  a  ver tex of  the hyperbola  H '  .  

 R3.3.3. If )/(0
11

ΓΩ∂∪Ω∉  then f  has  no poles  in .  '2 Γ∪Ω

I f  the  or ientat ion of  Γ  wi th  respect  to  Ω  i s  such that  G I  and G2  

are  given by (2.6)  then,  in  Figures  3 .7-3.8,  the  roles  of  Ω1  and Ω2  are  

reversed. The only other  change concerns  the resul t  R3.3.2 which,  in  

this  case,  must  be replaced by the fol lowing.  

 
 R.3.3.2 ' If ΓΩ∂∈ /0

1
 then f  has  a  s imple pole  a t  the  point  z0  

g iven by (3.33) ,  except  when the or igin coincides  with the ver tex of  the 

hyperbol ic  arc  Γ' ,  i .e .  when 

   0vyand)2b2)(a2a2(bvx 2
1

=−+−= .    (3 .36)  

In  this  case f  has  a  s ingular i ty  of  the form 

   2
1

)oz(z −−  ,        (3 .37)  

a t  the  point  

   2
1

)2b2(a2b2oz −+= ,      (3 .38)  

i .e .  a t  the focus F of  H.
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4 .  Numerical  Examples .

In  th i s  sec t ion  we  p resen t  severa l  examples  i l lus t ra t ing  the  

prac t ica l  s ign i f icance  of  the  resu l t s  o f  Sec t ions  2  and  3 ,  in  connec t ion  

with numerical  conformal  mapping techniques. Each example concerns  

the numerical conformal mapping of a simply-connected domain Ω,  where 

the approximation to  the mapping funct ion f  is  computed by using the 

so-cal led Bergman kernel  method (BKM). This  is  an expansion method 

based on the theory of  the Bergman kernel  funct ion K (z ,  0)  of  Ω .  

 
 Let L2 (Ω) be the Hilbert space of all  square integrable analytic 

function in Ω. Then the kernel K (z,0) has the reproducing property 

 
 ,)(Ω2Lh,dxdy)0K(z,Ωh(z))0h( ∈∀= ∫∫     (4 .1)  

and is  re la ted to  the mapping funct ion f  by means of       

 ;)0K(z,
)0,0K(

π(z)'f
2
1

⎭
⎬
⎫

⎩
⎨
⎧

=          (4 .2)  

see e .g .  Bergman [1] ,  Gaier  [3]  and Nehari  [6] .  

In  the BKM the approximation to  f  is  obtained from (4.2)  af ter  f i rs t  

approxim at ing the kernel  K(z,0)  by a  f ini te  Fourier  ser ies  sum. More 

s p e c i f i c a l l y ,  i f  { }(z)jη  i s  a  c o mpl e t e  s e t  o f  L 2  (Ω )  t h e n  t h e  d e t a i l s    

of  the BKM are as  fol lows:  

The set {  is orthonormalized, by means of the Gram-Schmidt }n 1j(z)jη =

process ,  to  give the set  of  or thonormal  funct ions { }n 1j(z)jη =
∗  Then,  

because of  (4 .1) ,  

 ∑
=

∗∗=
n

1j
,(z)jn)0(jn)0(z,nK        (4 .3)  

is  the  nth par t ia l  Fourier  sum of  the kernel  funct ion,  and hence,
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f rom (4.2)  

 ∫
⎭
⎬
⎫

⎩
⎨
⎧

=
z

0
,)dζ0,(ζnK

)0,0(nK
π(z)nf

2
1

      (4 .4)  

Is  the nth BKM approximation to  the mapping funct ion f .  

 
 The s ignif icance of  the resul ts  of  Sect ions 2  and 3 concerns  the 

choice of  the basis  funct ions )}.z({
j

η  A computat ional ly  convenient  

basis  is  the  set  of  monomials  

   ......,3,2,1j;1jz =−                        (4 .5)  

However ,  the  convergence  o f  the  resu l t ing  po lynomia l  approx imat ions  

i s  o f t en  ex t remely  s low and ,  fo r  the  reasons  exp la ined  in  [5 ,  Sec t .  2 ]  

and  [7 ,  Sec t .  4 ] ,  the  success fu l  appl ica t ion  of  the  BKM requi res  tha t  

t h e  b a s i s  s e t  c o n t a i n s  t e r ms  t h a t  r e f l e c t  t h e  ma i n  s i n g u l a r  b e h a v i o u r  

of f in compl (Ω). This can be achieved by using an "augmented basis",  

formed by introducing appropria te  s ingular  funct ions into  the set  (4 .5) .  

In  par t icular  the  augmented basis  must  contain  terms that  ref lect  the  

s ingular  behaviour  of  the dominant  poles  of  f . The purpose of  the 

examples considered below is to il lustrate the importance of introducing 

such terms into the basis  set .  

 
 I f  Ω  involves  sharp corners  then the augmented basis  must  a lso 

contain terms that  ref lect  the  s ingular  behaviour  of  f  in  each of  these 

corners .  The problem of  choosing appropriate  s ingular  funct ions for  

deal ing with corner  s ingular i t ies  is  discussed ful ly  in  [5]  and [7] ,       

and is  not  considered fur ther  in  the present  paper . For this  reason,       

in  each of  the examples  considered below,  the domain is  constructed so 

that  any two consecut ive analyt ic  arcs  of  i ts  boundary intersect  a t     

r i g h t  a n g l e s .  I n  t h i s  w a y  t h e  r e s u l t i n g  c o r n e r  s i n g u l a r i t i e s  a r e  n o t  
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ser ious and can be ignored;   see  [5 ,  Sect .  2 .2]  and L7,  Sect .  4 .2] .  

  

 The computat ional  detai ls  of  the BKM procedure used in  the 

e x a mp l e s  a r e  e x a c t l y  a s  d e s c r i b e d  i n  [ 5 ,  S e c t .  3 ]  a n d  [ 7 ,  S e c t .  5 ] .  

In  par t icular ,  the  es t imate  En  of  the  maximum error  in  )z(nf  is    

obtained,  as  in  [5]  and [7] ,  by computing 
 
  (z)nf1(z)ne −=  ,        (4 .6)  

a t  a  number  of  "boundary tes t  points"  zj ∈ ∂Ω ,  and then determining 

   .)j(zne
j

maxnE =        (4 .  7)  

Also,  in  each example,  the  numerical  resul ts  presented correspond to  

the approximation  where n = Nopt  is  the 'opt imum number '  of  ,
optN

f

basis  funct ions which gives  maximum accuracy in  the sense descr ibed 

in  [5 ,  p .177]  and [7,  p .295] .   That  is ,  th is  number is  determined         

by computing a  sequence of  approximations ,  where a t  each s tage )}z(nf{

the number  n  of  basis  funct ions is  increased by one.   I f  a t  the  (n+l) th  

s tage the inequal i ty  

En+1 < En         (4 .8)  

is  sat isf ied then the approximation 2nf +  i s  computed. When for  a  

certain value of n,  due to numerical  instabil i ty,  (4.8) no longer holds 

then we terminate  the process  and take n = Nopt .  

 

 I n  p r e s e n t i n g  t h e  r e s u l t s  w e  a d o p t  t h e  n o t a t i o n  u s e d  i n  [ 5 ]  a n d  

[7],  and denote the BKM with monomial basis (4.5) by BKM/MB and the 

BKM with augmented basis  by BKM/AB.



23.  

 

Example 4.1.  

 
 Le t  Ωb ,  be  the  domain  bounded  by  the  e l l ip t i ca l  a rc              

DAB =  {z : z  =  5  ( -e /2  +  coss )  +  ibs ins ,  -  π /2  <  s  <  π  / 2} ,  0  <  b  <  5 ,  

and the s t ra ight  l ine  

,}byb,2/e5x,iyxz:z{BCD <<−−=+==  

where 

5/)2b25(e 2
1

−=  
 

i s  the  eccentr ic i ty  of  the e l l ipse;   see  Fig.  4 .1 .  

 

 
Figure 4.1 .

 
Since the or igin 0  l ies  halfway between the centre  C and the  

focus F of  the e l l ipse ,  the  s i tuat ion regarding the poles  of  the mapping 

funct ion f  with respect  to  arc  DAB is  as  descr ibed in  3 .1 .2(a) .  That      

i s ,  f  has  s imple poles  a t  the  points  z  1 ,  z2  where,  f rom (3.9) ,  

 .1z2zand)2b25}/(b35i2{b1z 2
1

=−+=  
 

The funct ion f  a lso has  a  s imple pole  with  respect  to  the s t ra ight  l ine  

a t  the  point  BCD

   ,)2b25(3z 2
1

−−=  
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the  mirror  image of  0  in  .BCD  Thus the augmented basis  set ,  used 

in  the BKM/AB for  approximating the kernel  

   ,'(z)f
π

)0,0K()0K(z,
2
1

⎭
⎬
⎫

⎩
⎨
⎧=  

i s  

.,...3,2,1j;1jz3jη,3,2,1j;
'

jzz
z(z)jn =−=+=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
=  

The numerical  resul ts  obtained for  var ious values  of  b  are  

l is ted in  Table  4 .1 .  

 

Table  4 .1 

 

BKM/MB BKM/AB   

 b  
Nopt  EN o p t Nopt EN o p t

3  43 1.5 x 10- 8 11 4.8 x 10- 1 1

2 30 2.9 x 10- 8 15 1.3 x 10- 1 0

1 24 7.9 x 10- 4 16 4.8 x 10- 9

1/2 22 3.6 x 10- 2 20 2.5 x 10- 7

1/3 20 1.1 x 10- 1 19 3.4 x 10- 5

1/4 21 1.7 x 10- 1 19 2.2 x 10- 4

1/5 19 2.3 x 10- 1 21 5.0 x 10- 4

 

 

 
Example  4.2.

 
The purpose of  this  example is  to  i l lus t ra te  the  cr i t ical  effect    

that  the  posi t ion of  the or igin has  on the qual i ty  of  the approximation.  

In  order  to  do this  we consider  the domain Ωb  Ex.  4 .1  t ranslated 
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by an amount  5e/2  in  the  negat ive x-direct ion so that  

DAB  =  {z :   z  =  5(-e + coss)  +   ibsins, -  π /2  < s <  π /2} 

and 

BCD =  {z  :   z = x + iy,     x=-5e,   -b<y<b}. 

 
In    th is   way   the   or igin 0   coincides  with  the   focus  F and,  from 

R3.1.2(c) ,  the  mapping funct ion f  has  a  double   pole  with  respect      

to  arc  DAB  a t  the  point  

 .)2b25(2b21z 2
1−−=  

 
As in  Ex.   4 .1 ,  f  a lso has  a  s imple pole  a t  the  mirror  image of  0  

with respect  to  BCD, i .e .  a t  the  point  

.)2b25(22z 2
1

−−=  

Thus,  in  this  case,  the  augmented basis  used in  the BKM/AB is  

 

.,...3,2,1j;1jz(z)2jη,
'

2zz
z(z)2η,

'

2)1z(z

z(z)1η =−=+
⎭
⎬
⎫

⎩
⎨
⎧

−
=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
=

 

Table    4 .2 .  

BKM/MB BKM/AB  

 b  
Nopt  EN o p t Nopt EN o p t

3  14 2.8 x 10- 4 15 2.3 x 10- 7

2 13 2.2 x 10- 2 14 8.3 x 10- 5

1 11 2.7 x 10- 1 13 3.3 x 10- 3

 

 

 The  numer ica l  resu l t s  ob ta ined ,  for  the  th ree  cases  where  

,1,2,3b =  a r e  l i s t e d  i n  T a b l e  4 . 2 .  T h e s e  r e s u l t s ,  l i k e  t h o s e  o f  

Table  4 .1 ,  i l lus t ra te  the improvement  in  accuracy achieved by 
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i n t r o d u c i n g  i n t o  t h e  b a s i s  s e t  f u n c t i o n s  t h a t  r e f l e c t  t h e  s i n g u l a r  

behav iour  o f  the  dominan t  po les  o f  f .  However ,  bo th  the  BKM/MB 

and BKM/AB approximations to the present f are considerably less         

a c c u r a t e  t h a n  t h e  c o r r e s p o n d i n g  a p p r o x i m a t i o n s  t o  t h e  m a p p i n g     

f u n c t i o n  o f  E x .  4 . 1 .   T h e  r e a s o n  f o r  t h i s  i s  t h a t  i n  t h e  p r e s e n t  

e x a m p l e  t h e  o r i g i n  0  l i e s  c l o s e  t o  t h e  b o u n d a r y  o f  Ω .  T h e  

d i f f icu l ty  i s  due  en t i re ly  to  the  pos i t ion  of  0 ,  and  can  be  overcome 

qui te  s imply  by  observ ing  tha t  f  i s  connec ted  to  the  mapping  func t ion  

f  o f  E x .  4 . 1  b y  m e a n s  o f  

.)2(ae/1fα,
(z)1fα1
α(z)1f

α
α

f(z) =
⎭
⎬
⎫

⎩
⎨
⎧

−
−

=      ( 4 . 9 )  

If the BKM/AB approximations to f1 are used in (4.9) then the           

resulting approximations to f are of comparable accuracy to the BKM/AB 

a p p r o x i m a t i o n s  o f  E x .  4 . 1 .  

 

 

E x a m p l e  4 . 3 .

 

    L e t  Ω  b e  t h e  d o m a i n  b o u n d e d  b y  t h e  e l l i p t i c a l  a r c  L M N ,  t h e  

s t r a i g h t  l i n e s  NP  a n d  LR  a n d  t h e  c i r c u l a r  a r c  P Q R ,  i l l u s t r a t e d  i n  

F i g u r e  4 . 2 .  T h e  d e t a i l s  o f  F i g u r e  4 . 2  a r e  a s  f o l l o w s :  

LMN = {z: z = (- 17/2 + 5 cos s )  + 3i sin s,  -  π /5 < s < π /5}, 

K  i s  t h e  p o i n t  w h e r e  t h e  n o r m a l s  t o  t h e  e l l i p s e  a t  L  a n d  N  c u t  t h e  

x-ax is ,  NP and LR  are  segments  of  these  normals  and  PQR is  an  a rc  of  

the  c i rc le  wi th  cent re  a t  the  poin t  K and  rad ius  KQ,  where  Q =  (7 /2 ,0) .  
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F i g u r e  4 . 2  

The  co-ord ina tes  x c   =   -  17 /2 ,  y c   =  0  o f  the  cen t re  o f  the  

e l l i p s e  s a t i s f y  ( 3 . 1 1 ) ,  i . e .  t h e  o r i g i n  0  a n d  t h e  f o c u s  F  =  ( - 9 / 2 , 0 )  

a r e  i n v e r s e  p o i n t s  w i t h  r e s p e c t  t o  a r c  L M N .  T h e r e f o r e ,  f r o m  

,'2.1.3.R  the mapping funct ion f  has  a  s ingular i ty  of  the form 

    2
1

)2/9(z −+  

a t  F .  T h e  f u n c t i o n ,  f  a l s o  h a s  s i m p l e  p o l e s  a t  t h e  m i r r o r  i m a g e s  

z 1 ,  z 2  o f  0  w i t h  r e s p e c t  t o  NP and  ,LR ,  a n d  a t  t h e  g e o me t r i c  i n v e r s e  

z 3  of  0  wi th  respec t  to  a rc  PQR.    Thus ,  the  augmented  bas i s  used  in  

the BKM/AB is  

  ,

'

)2/9(z

z(z)4η,3,2,1j;
'

jzz
z(z)jn

2
1
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
==

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
−  

    ,...,3,2,1j;1jz(z)η
4j

=−=
+

w h e r e  i n   t h e  b r a n c h  c u t  o f  t h e  s q u a r e  r o o t  i s  t a k e n  a l o n g  t h e  4η

l ine  x  < -9/2,  y  = 0.  
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The  numer ica l  resu l t s  ob ta ined  a re  as  fo l lows;  

  BKM/MB:  Nopt  =  35 ,  E 3 5  =  1 .8   x  10 - 2  .  

 BKM/AB:  Nopt  =  23 ,  E 2 3  =  4 .4   x  10 - 5
 . 

 

Example  4 .4 .

Le t  Ωα  be  the  domain  bounded  by  the  two parabol ic  a rcs  

 ABC = {z:   z = (-0.4 - 0.6a2  + s2) -  2is,  -  α  < s <α}, α  > 1, 

and  

 CDA = {z :  z  =  (0 .6  +  0 .4a 2  -  s 2 )  +  2 iαs ,  -  1  <  s  <  1} ,  

which  in te rsec t  o r thogonal ly  a t  the  po in ts  A and  C;   see  F igure  4 .3 .  

 

F igure  4 .3 .

 

Because  of  the  pos i t ion  of  the  or ig in ,  the  poles  of  the  mapping  

func t ion  f  wi th  respec t  to  the  a rcs  ABC and CDA are  as  descr ibed  in  

R3.2 .2(a)  and  R3.2 .1  respec t ive ly .  That  i s ,  f  has  two s imple  poles  
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wi th  respec t  to  a rc  ABC a t  the  poin ts  

 ,1z2zand)6.02α6.0(i441z 2
1

=−+−=  

and  a  s imple  pole  wi th  respec t  to  a rc  CDA a t  the  poin t  

 }.)6.02α6.0({αα43z 2
1

−−=  Thus  the  augmented  bas i s  used        

in  the  BKM/AB is  

 .,...3,2,1j;1jz(z)3jη,3,2,1j;
'

jzz
z(z)jn =−=+=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
=  

T h e  n u m e r i c a l  r e s u l t s  o b t a i n e d ,  f o r  t h e  t h r e e  c a s e s  w h e r e     

α  =  2 ,5 ,10 ,  a re  l i s ted  in  Table  4 .3 .  

 

Table  4 .3  

 

BKM/MB BKM/AB 
α  

  Nopt  E N o p t Nopt E N o p t

2  32  5 .8  x  10 - 9 13  1 .8  x  10 - 1 0

5  36  1 .6  x  10 - 7 16  2 .4  x  10 - 1 0

10 24 2 .2  x  10 - 3 18  1 .5  x  10 - 8

 

 

Example  4 .5

Let  Ω  be  the  domain  bounded  by  the  two hyperbol ic  a rcs  

ABC ,}2ss1ss),sinh0y(is)cosh20x({z:z <<+−++−==  

and  

 CDA = {z :z  =  (X 0  -  2  coshs)  +  i (y 0  -  s inhs) ,  s 1  <  s  <  s 2 } ,  

where  

 X 0  =  cosh  s 1  +  cosh  s 2 ,  y 0  =  ( s inh  s 1  +  s inh  s 2 ) /2  
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a r e  t h e  c o - o r d i n a t e s  o f  t h e  c e n t r e  o f  a r c  C D A .    W e  t a k e  

12s =  a n d  c h o o s e  s 1 ,  s o  t h a t  

 .012stanh1stanh4 =+  

I n  t h i s  w a y  t h e  t w o  a r c s  i n t e r s e c t  o r t h o g o n a l l y  a t  A  a n d  C ;  s e e  

Figure 4 .4 .  

                 

Figure 4 .4

 

 Because  o f  the  pos i t ion  o f  the  o r ig in  the  po les  o f  the  mapping  

funct ion f  with respect  to  both arc  ABC and arc  CDA@ are as  descr ibed         

i n  R 3 . 3 . 1 .  T h a t  i s ,  f r o m  ( 3 . 3 3 ) ,   f  h a s  s i m p l e  p o l e s  a t  t h e  p o i n t s  

 ,1z2zand5}/)52
0z(i40z3{0z1z 2

1
−=−+−=  

w h e r e  z 0  =  X 0  +  i y 0 .  T h e  s y mme t r y  o f  t h e  d o ma i n  i mp l i e s  t h a t  t h e  

po lynomia l  r epresen ta t ion  o f  the  ke rne l  func t ion  invo lves  on ly  even  

powers  of  z ,  and that  the augmented basis  may be taken to  be 

 ....,3,2,1j;)1(j2z(z)1jη,

'

2
1z2z

z1z2(z)1η =−=+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
=
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 The  numer ica l  resu l t s  ob ta ined  a re  as  fo l lows:  

 BKM/MB:   Nopt  =  13 ,    E 1 3    =  1 .5  x  10 - 4 .  

 BKM/AB:   Nopt  =  12 ,    E1 2    =  3 .1  x  10 - 8 .  

 

Example  4 .6 .

 Le t  Ω  be  the  domain  bounded  by  the  s t ra igh t  l ines  

 AB  = {z :   z  =  x  +  iy ,  -2  <  x  <  2 ,  y  =  -  1 /3} ,   

 BC  =  {z :   z  =  x  +  iy ,  x  =  2 ,  -  1 /3  <  y  <  1} ,  

 EA  = {z :   z  =  x  +  iy ,  x  =  -  2 ,  -  1 /3  <  y  <  1 /3} , 

 

and  the  a rc  

 EDC = {z :  z  =  c (s ) ,  -  2  <  s  <  2} ,  

where  

 c (s )  =  s  +  i{2 /3  +  s /4  -  s 3 /48};  

see  F igure  4 .5 .  In  the  f igure ,  the  po in t  D has  x-coord ina te  

  ,156.0Dx −=

and  i s  chosen  so  tha t  the  l ine  OD  is  near ly  normal  to  a rc  EDC.  

 

 
 

F igure  4 .5  
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A  B K M  a p p r o x i m a t i o n  t o  t h e  m a p p i n g  f u n c t i o n  f  i s  g i v e n  i n  

[ 8 ,  E x .  2 . 2 ] .  T h i s  a p p r o x i ma t i o n  i s  c o mp u t e d  b y  u s i n g  a n  a u g me n t e d  

b a s i s  o b t a i n e d  b y  i n t r o d u c i n g  i n t o  t h e  m o n o m i a l  s e t  ( 4 . 5 )  t h e  

f u n c t i o n s  

 ,3,2,1j;
'

jzz
z

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
     (4.10) 

and 

 ,

'

~
0zz

z

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

−

      (4 .11)  

where 

 ,43z,42z,3i/21z −==−=  
 

a re  the  mir ror  images  of  0  wi th  respec t  to  AB , BC  and  EA ,  and  

.335174912555.1i312.0
Dz2

~
0z

+−=

=  

T h u s ,  t h e  b a s i s  s e t  u s e d  i n  [ 8 ]  c o n t a i n s  t h e  t h r e e  s i n g u l a r  f u n c t i o n s  

(4 .10)  which correspond to  the s imple poles  that  f  has  with  respect         

to  the  s t ra ight  l ines  AB , BC  and EA ,.   However ,  the choice of  the  

s i n g u l a r  f u n c t i o n  ( 4 . 1 1 )  i s  b a s e d  e n t i r e l y  o n  i n t u i t i v e  a r g u me n t s ,   

which  sugges t  tha t  f  might  have  a  s imple  pole  wi th  respec t  to  a rc  EDC   

a t  s o me  p o i n t  n e a r  t h e  p o i n t .oz~  T h e  p r e c i s e  n a t u r e  o f  t h e  p o l e s  o f        

f  w i t h  r e s p e c t  t o  a r c  E D C  c a n  b e  d e t e r mi n e d ,  b y  me a n s  o f  t h e  

t e c h n i q u e  o f  S e c t i o n  2 ,  a s  f o l l o w s .  

By us ing  the  Newton-Raphson method we f ind  tha t  the  equat ion  

 0)(c =ζ  

has  a  roo t  a t  the  po in t  

 27820932622.0i90271775159.0oζ −−=  
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and that  

 
.54640865245.1i81543550319.0

)0ζ(coz

+−=

=
 

Also,  i t  can be shown easi ly  that  

  ,)2,ζ1(ζR)2ζ1(ζ)2(ζc)1(ζc −=−

Where 

  .48)/2
2ζ2ζ1ζ22

1(ζi)4i/1()2,ζ1R(ζ ++−+=

Since 

 0),(R 21 ≠ζζ  

for  a l l  points  ζ 1 ,ζ 2  in  the  rectangle  

 G = {ζ :  ζ  =  s  + i t ,  -2<s<2,  -  1  < t  < 1},  

i t  f o l l o w s  t h a t  t h e  f u n c t i o n  c ( ζ )  i s  o n e - o n e  i n  G .  T h u s ,  t h e r e  

exis ts  a  region G* sat isfying the condi t ions C2.1 and C2.2 and 

c o n t a i n i n g  t h e  p o i n t s  ζ 0  a n d oζ  T h e r e f o r e ,  b y  R 2 . 1 ,  f  h a s  a  s i m p l e  

p o l e  w i t h  r e s p e c t  t o  a r c  E D C  a t  z 0 .  F o r  t h i s  r e a s o n ,  w e  c o n s t r u c t  

the augmented basis  for  the BKM/AB by introducing into the monomial  

set  the  three funct ions (4 .11)  and the funct ion 

 
'

0zz
z

⎭
⎬
⎫

⎩
⎨
⎧

−
       (4 .12)  

Our BKM/AB resul ts  are  l is ted below and are  compared with the resul ts  

of  the BKM/MB and also the resul ts  BKM/ ,  obtained in  [8]  by using 
≈

AB

t h e  s i n g u l a r  f u n c t i o n  ( 4 . 1 1 ) ,  i n s t e a d  o f  ( 4 . 1 2 ) .  T h e  n u m e r i c a l  

r e su l t s  jus t i fy  comple te ly  the  cho ice  o f  the  s ingu la r  func t ion  (4 .12) .  

BKM/MB     :   Nopt  =23,     E2 3  = 5.3 x 10- 2  

BKM/AB,[8]:   Nopt  =22,     E2 2  = 4.9 x 10- 5  

BKM/AB     :   Nopt  =20,     E2 0  =  5 .5  x  10- 7  
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We end  th i s  sec t ion ,  by  po in t ing  ou t  a  d i f f i cu l ty  which  occurs  

w h e n  t h e  r e g i o n s  Ω 2  c o r r e s p o n d i n g  t o  t w o  s e p a r a t e  a n a l y t i c  a r c s  o f  

∂Ω  over lap .  Le t  Γ 1  and  Γ 2  be  two  such  a rcs  and  deno te  by   and    )1(
2Ω

)2(
2Ω  t he  cor responding  Ω2  r eg ions .  Then ,  in  genera l ,  the  mapping  

f u n c t i o n  f  w i l l  h a v e  t w o  d i f f e r e n t  c o n t i n u a t i o n s  i n   )2(
2

)1(
2 ΩΩ I

and ,  fo r  th i s  r eason ,  i t  migh t  no t  be  poss ib le  to  reach  any  conc lus ions  

regard ing  the  po les  o f  f  wi th  respec t  to  Γ 1  and  Γ 2 .  Th i s  s i tua t ion  

a r i ses  f requen t ly  when  Γ 1  and  Γ 2  a re  the  a rms  o f  a  corner ,  where  f  has  

a  b ranch  po in t  s ingu la r i ty  which ,  in  genera l ,  i s  much  more  se r ious  

than any poles  with  respect  to  Γ 1  and Γ 2  that  our  method might  predict .  

For tuna te ly ,  the  appropr ia te  s ingu la r  bas i s  func t ions  needed  fo r  

dea l ing  wi th  b ranch  po in t  s ingu la r i t i e s  can  be  de te rmined ,  a s  in  [5 ]   

and [7],  by considering the asymptotic expansion of f  in a neighbourhood 

of  a  corner .  

 

5 .  Discuss ion

 

The  numer ica l  examples  o f  Sec t ion  4  i l lus t ra te  how the  resu l t s  

o f  Sec t ions  2  and  3 ,  concern ing  the  na tu re  o f  the  "po les"  o f  the  

mapping funct ion f ,  can be used to  improve the BKM approximations to  

f .  Na tura l ly ,  the  accuracy  o f  o the r  expans ion  methods  fo r  numer ica l  

conformal mapping can be improved in exactly the same way, by ensuring 

tha t  the  bas i s  se t  used  fo r  approx imat ing  f  con ta ins  func t ions  tha t  

r e f l ec t  the  s ingu la r  behav iour  o f  the  dominan t  po les  o f  f .
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