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1. Introduction.

In this paper we are concerned with establishing the existence, both
locally and globally in time of solutions for a model equation describing
the longitudinal vibration of the material in a straight, thin cylindrical
rod. We refer to Green [3], Love [6] and Showalter [10]for a discussion
of the linear problem and to Jannzemis [4] for the more general nonlinear

setting.

The equation of motion is obtained most simply by setting 3L=0 where L
is the following Lagrangian

t2
L= [ [[ue® + 1B (ux)~ W(ux,Bluy))] dx dt (1.1)
t] Q
(t1,t2)xQ < (0,00)x (-0 ,00) .
In particular, we choose here Q = [0,1] and refer elsewhere, [7 ], for the

case when Q = R .

The term W(uyx,B) denotes a generally nonlinear strain-energy function

which depends both on uy (x,t), the longitudinal displacement gradient at

time t of a material point at x measured from some chosen point along

the rod, and on B(ux (x,t)), a measure of the lateral deformation undergone

during the motion. Throughout, we make only very mild assumptions con-
cerning the constitutive terms B(.), W(., .) and their first derivatives,
although some extra restrictions must be imposed if smoothness of

solutions is to be obtained.



We adopt the following notation:

n
Lor-p0 Lo - n-23.. a2

¢ do
%@,BW%@,B)B'EDW@,B), andDW@,B)+ 2K =0 (6,X). (13)

This implies the Euler equation of (1.1) nay be written

Ut _(sz(ux)uxtt +o(uy , uxt))x =0 . (1.4)

As an example, the special case when B'( . ) = 1 which is also discussed

in [8] reduces the equation (1.4) to the form

Uit - Uxxtt - O (Ux) x=0 . (1.5)

Here we consider the Cauchy problem for the rather general situation in
which (1.4) occurs, with the following list of hypotheses on the

constitutive terms.

(HI) (a) Let B(.) € CZ(R) , W(.,.) € C'(R x R) and assume each

of (). B (L), B(”m,%—‘g(d»,.) andaa—‘BV(.,mtobe

locally Lipschitz continuous. Therefore, in particular

for all ¢; , Xj € R, 1=1,2 such that for some R >0
|¢i| < R, |Xi| < R, there exists a constant I' (R) > 0,
such that
o(61,X1)—-0(d, X2)] < T(R) {lo1 -] +[X| -X2l}

(b) Let B'(.) satisfy, for all $ e IR ,

B” (¢) >
where o is a positive constant.
(c) (0,00=0
The above set (H1) will be used later to demonstrate local existence,

however only hypothesis (H1)(a) is important for the method of proof used.



(H1)(c) is inserted for physical reasons, whereas (H1)(b) may be relaxed

to let B'2 (¢) >0, Vo € IR, [8], (This latter condition is of physical in-

terest when one considers the constraint u x > - 1 required to avoid material

inversion).

To extend these solutions globally in time, the following additional set

will be required.

(H2) There exists J1, Jo > 0 such that forall ¢ € IR

@ Wo.po)=-1T; .
(b) [DW(O B0 | < W(H.B() +J| +Tp .
© B'Z(0)ISW(H BONH I

2
@ BD @) <p2(p)+Ia .

Again the first of these conditions is fundamental while those remaining

do not impose severe restriction and may be modified quite easily.

It is well known that the Cauchy problem for equations (1.4) with B'(.) =0

in general does not permit C' solutions existing globally in time (see,

for example, Lax [5]) since it is possible for the deformation gradient
Uy (X, t) to become infinite at some x€Q, t < oo, however in the situation

we consider, globally unique solutions are found whose regularity depends
only on the smoothness of the initial data and ono (., .). §2 and § 3 of

this paper deal respectively with the local and global existence problems.
We now provide an appropriate Banach space setting together with some
notation.

The space LP (0,1) denotes the class of measurable real-valued functions

on (0,1) for which

1
I£1lp = (PP <o0 1 <p <o, (1.6)
0



or |[fl]]leo = esssup|f(x)| < oo, whenp= oo. (1.7)
The Sobolev space whoP (0,1), m e IN consists of those functions in Lp(O,l) all

of whose generalised derivatives up to and including order m belong

to LP (0,1). We define a norm on w P (0.1) by

j. P
|Mmp—<zn ||WP1<p<w (1.8)
J= dx P
or me—zn—ww,mmp<n (1.9)
j=0 dx/

P (0,1) denotes the subspace of woP (0,1) consisting of those functions

in WP (0,1) which together with their generalised derivatives of order

less than or equal to m - 1 vanish at x =0 and x = 1.

Finally let A S IR and X be a Banach space with norm || ||x . Then for
k
K eIN U{0}, C (A,X) is the class of k-times continuously differentiable
. dju .
mappings u(t),—(t):A—>X, 0 < j<k
dt’
k
C (A;X) has the norm .

S dJu
uleax= Z P =0k

Soter | dd (1.10)

When A =[0,T] and X = L” (0, 1), we simplify this notation to read

o0
lult = |ulos[0,T],L (0,1) . (1.11)
and lhull, =lul, ,[0,T],L* (0,1) . (1.12)

For information concerning the above spaces, which are all Banach, we
refer to Adams [I] and Yosida [12] There the following simple facts and

definitions may also be obtained.

Definition A sequence {u ,} of functions in L” (0,1) converges weak-* in
o0 . .
L (0,1) to u if and only if



jlu(x)v(x)dx — j(l)u(x)v(x) dx ,Vv(x) e ! (0,1)
0
which we write as  up (x) *\  u(x) in L (0,1) .

1 1
Similarly, the sequence {up} in W - (0,1) converges weak-* in W %0 (0,1)
to u if and only if

d
Yoow o W01y

up £\ uin L*(0,1) and ™

1,00
written up-*N u inw (0,1) .

: I, .
It may be shown that every bounded sequence {up } in W % (0,1) contains a

1,00
subsequence {up } which converges weak-* in W (0,1) to a member x of

1,00 i
W (0,1) , where [|x[| Lo € —T )]
1)

— 0

Furtnermore it is easy to demonstrate that, in particular if

. o -1
u e Wy P (0,1) , then identifying classes of measure zero u ¢ C m ([o,1]),

and for 0< j < m-1

dj su dj djJrl
IS5 p < P Tl —lplspse (1.13)
dx J x € [0,1]  gxJ dx IT
. . m,p dMy .
it is immediate that when u ¢ Wi 0,1, | 4 || .~ forms an equivalent
X

norm for || u || m,p



2. Local Existence.

We now consider the initial boundary-value problem, equation (1.4)

together with Cauchy data given by

ux,0= u(x) , ue(x,0) =ujx) , (2.1)
and boundary conditions

u@O,t) =0 , ul,t)y=0 , t >0 . (2.2)

The following Theorem concerns solutions of a nonlinear integro-differential
equation related to (1.4) through variation of constants. The Green's

function possesses standard properties described in an appropriate setting,

for instance, in Stone [1.1], We demonstrate that there exist unique

solutions locally to this related equation and subsequently we verify in

Lemma 1 that these solutions are weak solutions of (1.4).

To set up the problem, we note that for an arbitrary function

1
Vx,)esW % (0,1) , by hypothesis (H1)(b) the operator I_ai[} 2(vx)ai
X X

5

defined on Wy ” (0,1) is uniquely invertible. Thus integrating equation

. L 2 2
(1.4) twice with respect to time, substituting B' (ux) for B' (vyx)

and using (2.1), (2.2) we obtain the equation

t .1
u(x,t) = Up(x) + tuy (%) - jojo (t-7) G (x.&V)o(ug ,ugy)dédn

(2.3)
where we have integrated by parts with respect to & in the last term.

Here G(x, & ; v) is the Green's function found on inverting the above
operator together with (2.2). G(x, &; v) may be explicitly represented in
the usual way. In order to solve the partial differential equation (1.4)

we first show that (2.3) has a solution u(x , t) such that v(x , t) = u(x, t);
more succinctly, defining the right side of (2.3) to be A y u we prove
there exists a solution u(x , t) to the equation

u=Aju . (2.4)



Theorem 1.

Let hypotheses (HI) (a) , (b) and (c) be given and let Uy (x) , u; (x) belong

9

to Wy (0,1). Then there exists a unique solution

2 17 o0 . . . .
u(x,t) e C°(Jo,t ;W (0, 1)) which satisfies equation (2.4) and (2.2)
for some maximal interval [0, T[ , T > 0. If T<o0, [[u(., )|[ 1,00 [[u (-, 1,00
— o ast—1T-.

Proof  We use the contraction mapping principle (see [2]). Let T > 0.

We start by demonstrating (2.3) has a fixed point in the space
C ([0, T]; Wy’ (0,1)) for some T sufficiently small. To do this it is

sufficient to verify that (see (1.12))

BI(R)= fue C ([0, Tk Wy .1 « luflt + [luxllt < R} (25)

is mapped into itself under the action of Ay for R large enough; then,

on checking Ay indeed to be contractive under conditions on R and T

which non-trivially intersect those found earlier, the hypotheses of the
contraction mapping principle will be met implying the existence locally

in time of a unique solution for (2.3).

The equivalence of the norms ||.| and || 0. onw%)’oo(O,l) (see 1.13)
1,00 X oo

permits the use of

1
B(R) = {ueC ([0.T] ; wg @, 1): u [l T < R} (2.6)
in place of B; (R). Taking the derivative of (2.3) gives

(Ay u) x (5,1 =ug(x) + tu; (x)

t 1
=] ] onGexgmotuzug)dsdn
t
= [ =B 01 oty &7

from which it is readily found by hypothesis (HI) (b) that



Ay wx Nl < [1ug' oo +(1+T) [[up Il 4,

+e+a HTA+T) [o(ux,ux))IT (2.8)

(see (1.11)) where c is a finite constant. Thus by hypotheses (HI) (a) ,
(c), (2.8) implies that

IHAvWx [T < llug lo +A+T) {01 [l

-1
+(cta )T (1+T) RT (R) (2.9)
Hence choosing R, T > 0 to satisfy

lug 1 +(1+T) uy floo +e+a HTA+TRT R) <R (2.10)

and noting Ay (0,t) =Ayu(l,t)=0,t > 0, we have that AyB (R)cB(R).
This result holds on replacing u(x , t) by v(x, t) ¢ B(R) in (2.7) and it
remains to be seen that Ay, v is a contraction, i.e. for 0 ¢ [0, I[ we show

that there exist R, T > 0 such that for all v, V € B(R)

I1(AyV)x —(AyV)x T <Olllvx —vx llIT - (2.11)

By (2.7) and hypotheses (H1) (a) , (b), (¢),
1
I(Ay)x ~(Ayx lliT <TA+T)] jo(ng<x,a;v>—Ggﬂx@w))o(vg,vgt)da
1
T jO<ng<x,&;v)<c<vg,vgt)—c(vg,vgt»da|T

FT+T) [[BRv OB (V)] 2B 2 (v )0 (Vs Vxt)

B 2(vx) o (v, V)| T

1
<T(1+T) RI(R)| jOIGgX@,a;v)—GgX(x,a;v)|dm

1
+T(1+T) T(R) [ vx —=vx [IT IIO(ng(X,é;V) ST



+T(1+T)a ™2 [B2 (v )(6(0x » Vxt) =6V Vxt)
+o(vy vxt)B'2 (V) B2 (vx)) by
<STI+T)TR) (Re'a ™ [B2 (v) =B (V) by

+efl[vx =vx llit
_2 12
o [ v =vx [l B (vx) I

+0 2R B2 (v)~B2 (vy) I7)

Here the last inequality obtains on applying Cauchy-Schwarz to the terms

under the integrals. ¢' > 0 is a finite constant. Letting y(R) be the

Lipschitz constant for B' 2, by hypotheses (Hl) (a) , (b) we obtain finally
-1
I (Ay v)x = (Avv)x [T = T (1+T) T (R) (c'[a Ry(R) +1]

+ 02 [2Ry2Ry+B 20)]) [l vy — v I 2.12)
=T(1+T) £ (R)| vy-vyll (2.13)

Thus Ay v is contractive whenever

TA+T)f(R)< 0<1. (2.14)

It is easy to see that taking R sufficiently large to dominate the
terms ||u'0 ||OO and ||u'l l,, 1n (2.10) makes it possible, by choosing T

to be small, for (2.10) and (2.14) both to be satisfied - which means the

conditions for a unique solution u(x , t) of (2.4) to exist have been met.

1,00 . .
We finish by showing u(x , t) e C*([0,1[; Wo (0,1)) over a maximal interval

of existence [0, T [, > 0. On differentiating (2.3) twice with respect to

time (we now consider u = v) the right side of the equation obtained belongs

1
to the class C ([ 0,T] ;WO’OO (0,1) ) for every interval [0,T] in which



10.

9

I, I
u(x, ) € -C'([0,T]; W, (0, 1) andsoug e C([0,T]; W, (0,1))also. Let

0

T be the supremum of the T defined above and let 0 < g < 1. We apply

a standard continuation argument to prove | u(., t)”lj-oo ||ut(.,t)||l o

cannot remain bounded as t — 1 in the case 1 < w . For suppose the

converse to be true. Then, since the length of the interval of existence

was shown to depend only on || ug [[1,00, || u1][1,00 and on a 6 , we may

take new initial data u (X, t—€) ,u ¢ (X, T - ¢) and ¢ sufficiently small

for the method of local existence to extend the solution to the interval
[t -&, T —¢ ], thus violating the maximality of © . This completes the

proof of Theorem 1.

Remark Regularity of the above solutions may be demonstrated very simply
on making further assumptions. Specifically, if we allow ¢ to be m
times continuously differentiable it follows immediately on differentiating

the right side of (2.3) m + 2 times with respect to t , that

1,00
ue C™ ([0, T[ ;WO (0,1)) with T as before. In addition, if we let
(m)

o be locally Lipschits continuous and consider up and u; to

1,2 1,2 1,00
70D N W, (0.1),m= 1, 0f W, (0.D)

then the preceding proof may be extended by replacing B{(R) in (2.5) with
Bo(R)={u e (0.1 W™ 20,1y A W52 (0.1) :‘am”u <R}

belong to the subspace Wer

100.T] L2

and, repeating the essential steps earlier, this shows
ue C™2([0, <[ ;W™ 0,) N W(l)’z(o,l)). The interval [0,7 [ is again

unchanged.

The foregoing remark makes it evident that under suitable conditions
there occurs no 'loss of derivatives' with time for solutions to the

integral equation. Let us now define, for a piecewise continuous function

o(x,.) ,



11.

o(e,.) , x=0,
[oo(, )](x) = lim o(x+e,.)—-ox—€,.) ,xe]0,1I[ , (2,15)
€20+ | _p-e,.) , x=1.

The lemma which follows illustrates to some extent the way in which initial
discontinuities in the data evolve. More exactly, we can elaborate on the
above assertion to show that no new discontinuities can travel into >
region of initially smooth data from a region where there exists a 'jump'

in the value of a derivative.

Lemma 1 Let u(x, t) be the solution to (2.4), and suppose
ug (x), uj(x) € C1 ([01]\ Yy) where Y, < ]10,1[,n=0,1,2,..., is a set

of n arbitrary points at which u'O(x) or ui(x) has a jump discontinuity.

Then u(x,t) € C2([0,1[;C ([01]\ Yy)), ie. for t>0, uy(xt),

uxt(x,t) and uxtt (X,t) possess jump discontinuities at most for xeYy.

Proof By Theorem 1 we have that u(x,t) satisfies the following:-

1 1
ux (%, 1) = u() + tu] (x) - j(; J (- Gex (x-Eruoog. ugy deds
- jg(t—n)[B'(uxn‘zc(ux,uxn)dn , (2.16)
' t ¢l
Uxe (%0 =u(x)— jo jOGgX (x,&)0)og , Uy dEdE

- j;m'(uxn‘zo(ux,uxn)dn 2.17)
and
uxtt<x,t>=—j(l)ng<x,a;u>o<ug,ugt>d&—m'<ux)]‘2o(ux,uxo. (2.18)
It is easily verified that the map

o(x) > j;GgX@(@da
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takes L"(0,1) into C([0,1] ) for I < p < o, implying that the third, second
and first terms respectively on the right sides of (2.16), (2.17) and
(2.18) are continuous. Therefore, by (HI) (a), (2.16), (2.17), and for
[0,T]c [0,T[

lux .0 TC) |+ [Tug ¢ (.01
<Luy (DTE]+ D[ uj() ]|
+(1+Ta TR j;q[ux(.,n)](x) #{Tuxn (-1 )dn

<{Jug (VG| + (1+T) [[u, ()@} exp { t(1+T)a™ I TR) (2.19)

where ¢ <o . The last line comes from Gronwall's lemma.

Hence, for x ¢ Y, , te [0,1.]

ux (-, )1(x) = [ux(-.t)1(x)=0 . (2.20)
Finally from (2.18)
I[uy ¢ (DI < a_lr(R)(l[ux(-,t)(X)Hl[uxt(-,t)](X)l)
implies that when (2.20) holds
[uxtt .,O1(x) =0 . (2.21)
Remark As in the Remark after Theorem 1 , the result of the Lemma can
inductively be extended to higher derivatives in both x and t given

suitable conditions of smoothness on up, uy and on o .

The solution to (2.4) will next be used to demonstrate there
exist solutions to the partial differential equation (1.4) when inter-
preted in a weak sense. The existence of more regular solutions for

which (2.4) holds directly is then an immediate consequence of our
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earlier remark.

Let(.,.)and <.,.>denote inner products over L2 (0, 1) and L2 (]1t1,t2[x]0,1])

respectively, where 0 <ty <tp) <t

We have the following result.
Lemma 2

Let hypotheses (H1) (a), (b) and (c¢) be given. Then for every

o(x, t)eCl([O,r[;W(l)’l(O,l)) , the solution u(x,t) to (2.4) satisfies

'2 2
<uL,Q >+ <B Uyt @y >+ BtB( )uxt ,Px >

=<DW, ox >+ (u; a(P)|tl + (B Tuy . 0x )’tl ) (2.22)
where DW(uy g )= + V) (2.23)
duy | P

(cp. (1.3)).

Proof In the following, integration by parts is justified by Theorem 1.
We define

a(2). 2 2
A=<pBPuZ oy > - <BPu . 0x>, (2.24)
and

a2 a2

(2.22) is written in the form

t t
<ug,@ > +A-<DW, gy >:(ut,(p)|t12 4 (B[guxt’(PXNtlz LA-B. (2.26)

t
Noting that A—B:—(Blgux,[,(px)“2 , 1t remains to be seen that the
1

integral equation solution u(x , t) satisfies

t
<ut,(pt>+A—<DW,(pX>:(ut,(p)|t12 (2.27)
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By (2.18)

B2 uxye + BB PuZ, + DW +p2 j(l)Géx cdE=0,.

Thus by (2.28) and the t-derivative of (2.3)(v=u), the left side of

becomes
—<ut,pt >+ <B’2 IlGéxcdé, Qx>
0
t rl ) 1
=<u1,(pt>—<j0 J-OGécdédn,(pt>+<B jOngodg,cpp.
But
©
<up, et > =(u1,<P)|tl
t t
= (ug,0)|, % ~ug—up.0)| >
1 1
= w2 +[ ([ G odz.p(.t2))d
t-P t & Q.12 il
I °0°0
t, ol
— (] Geode, o, t1))dn
0 "0
and so from (2.27) it remains to show

j;z(j;Ggﬁdé,@(-,tz))dn I(;l(f;Gz;Gd&,tp(-,tl))dn

t ol 9l
=< jo fOchdédn, or > - <sz()ng ode, gy >

(2.28)

(2.27)

(2.29)

(2.30)

2.31)

which follows immediately on integrating by parts the first term on the

right side with respect to nm and the second with respect to x

concludes the proof.

This
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Finally in this Chapter we prove a result on the dependence of the
solution of (1.4) on the data Uy, Uy . This will imply, of course, that

the solution solving (2.4) is also the unique solution for (1.4) .

Lemma 3 Let hypotheses (HI) (a) - (c) be given and suppose u(x , t), umn (X,t)
are solutions of (2.4) corresponding to initial data U(p(X),U1(X) and
ugm (x), upn (x) respectively, where {ugm (x)} , (ujp(x)} are bounded

1,00
sequences in W (0, 1) such that
. 1,2
ug, () =>up() ,in W 0,1) , (2.33)

u O->w() . oin Wy.) | (2.34)

asm,n—oo ,

Then forallte. [0, T], T< ,asm,n —ow

umn (-, ) = u(., ), inC([0, T Wy (0,1)) (2.35)
L1,
umn. = u(, ) weak T LinW (0, 1) (2.36)
and
Umn, (,t =N ut(.,t) weak * ,in Wl’oo 0,1). (2.37)

Proof (We preface this proof with the usual remark that in particular
higher order t-derivatives converge in the above sense also, on assuming

extra smoothness of the constitutive term o .)

1
From the boundedness of the sequences {upy}, {Uln} in W % (0,1), (2.37)

and (2.34) we have (see Chapter 1)

. 1,
wom(.) =N ug(.) weak L inW (0, 1) (2.38)
and

1,00
Uln(. )= uj(.)weak ™, inW = (0,1), (2.39)
Also (2.36) and (2.37) follow from (2.35) provided

{umn (LY} {umnt (., t)} stay bounded for t € [0,T] in WI’OO(O,I) . This

l ,00
can be ensured as a result of Theorem 1 by suitably bounding the W 0,1



16 .

norms of {ugm (.) } and (ujn( . ) } , and means the choice of t before (2.35),

strictly the infimum of the existence intervals over all the data given,
converges towards T of Theorem 1 as m , n — o .

To verify (2.35), let

2
30m = llupm —uo H1 5 : (2.40)
0 = |[ujp — u ||2 (2.41)
In In 1 12 ) .
and
wmnX,t) = uymp(x,t) - ux,t) (2.42)

2
Then by Lemma 2, <., . > representing the inner product over L (]0,t[x]o, 1[),

Wmn satisfies the relation

2 2
<Wmnt 0t >+ <B'mn Umny —Buxt,oxt >

' 2) 2 n(2) .2
+<anﬁ$n21umn t_BB( )uxt Px >
X

T T
=< DWmnn ~DW,0x > + (Wmn, »9)lg + BF umn , ~Buxe 001

(2.43)
where Wy = Wmn, > BOmn,) > Pmn = BUmn, )- (2.44)

Since, in particular (2.43) holds for (p=wmnt , integration by parts

and rearrangement implies

t

|
7||Wmnt ||2 . +<PB'mn (umnxtt ~Umn >

12 2
=<B” —B'mn Uxtt » Wmnxt >

+<DW ~ DWinn . Wing > - (2.45)
X
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So, by (HI) (a) , (b) and the proof of Theorem 1 ,

t

2
: “dalwin (O = SRYR) +B2OD] Wi (- OV

7l Wmn |
0
< [a_l +c]RY(R) T'(R) < ‘Wmnx , Wmnxt >
+cI(R) < ‘wmnx‘ +wmn [ [Wmn > (2.46)

where ¢ < o and the term uxtt has been majorised using (2.18). Letting
2
a=inf{l,a}, b = Ry(R)+B' “(0) and d=3[(a1+ )Ry R)TR) +3cI(R),
(2.46) and the inequality 2AB < A* + B? yield
2 -1 —14 0 2
W Lt <a " (b+1)6, +a 'd W ., +
IWin (DI <a” (0+D3, jo(u mn (0 1
2
+||w ., dn.
| mnn( n)lll,z) n

(2.47)
Also, from the identity

2 2 t
Wmn (X,t) =wmpp(x, 0) + 2I0Wmn(xaﬂ)wmnn (x,n)dn
there follows trivially

2 t 2 2
IWmn Ol SSOm +I (W mn (> W +menn(-an)|| )dn . (2.48)
1,2 0 1,2 1,2

> 9

(2.47), (2 48) and Gronwall's lemma now combine to form the inequality

2 2 - —
| Wann G0 7+ Wm0 < (Bom +a™ (b+DdinJexpl(1+a” ]

>

(2.49)

from which we obtain (2.35) on letting .00m , 61n — O.
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3. Global Existence.

The conditions we have so far considered (1.4) under are by themselves
insufficient to guarantee the global existence of solutions. It is
necessary to strengthen hypotheses (HI) (a) - (¢) by making some additional
demands of the constitutive terms, which we do by applying (H2) (a) - (d)

of Chapter 1. This poses a mild restriction but is important in making

.. . .. 1,00
the anticipated energy estimate relevant for obtaining later W bounds,

which in turn permit a continuation of the local existence procedure of
Theorem 1. (H2) (b) - (d) could also be generalised, however, as they

stand only the two types of estimate just mentioned will be needed.

We do not consider existence under uniform Lipschitx hypotheses (I' no
longer dependent on R - see (HI) (a)) due to the obviously severe
restriction this makes on the response functions at large values of the

strain, although it is not difficult to find that then
2 wrls2
ueCo ([0, o ;W= (0, 1)) (see [9]).
The first part of the continuation argument rests on the following

Lemma.

Lemma4 Letu(x,t)eC* ([0, [; W(l)’oo (0,1)) be the solution of (2.22)

and let T < t. Then for every te[0,T] ,
Ly 2 102
jo{f uf +3B7 (ux) +Wuy , Blux))}ydx(t)
1 1 . ' 2 ' '
- IO{%u12+EB2(u0)u1 +W(ug ,B(ug)}dx = E. (3.1)

Proof In (2.22) we let t; — 0 and take tp = t. It is evident from

the integral representation that u(x,t) takes up initial data, and since
ugeClO,T] s W™ (0, 1) ce([0,T:W) (0, 1)) the result follows on

letting ¢ =uy¢ .
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We now state and prove the main Theorem of the Chapter.

Theorem 2

Let hypotheses (H1) (a), (b), (¢), (d) and the conditions of Theorem 1 be
given. Then the solution u(x , t) of (2.22) is a priori bounded in the

space Cl([O,T];Wé’oo (0,I) ), forevery T<Tt.

Proof For this proof we take ¢ > 0 to be a generic constant. By

(1.3), (2.28), for all t€[0,T] and almost every x €(0,1)

1B %u g +BBPuZ +DW < cp 2 [IDW + ppPud ja (3.2)

and from Lemma 4, (H1) (b) and (H2) (a) ,
%jlugtdé <o E+)] . (3.3)
0

Consider the integral in (3.2) -Lemma 4, (H2) (b) and (d) , and (3.3)
imply

j(1)| DW(ug ,B(ug)) + B‘(ua)ﬁ(z)(ui)“é |d&

IA

I;{W(ug Blug)) + (B2 (ug) +112) + Iy +I2}de

2E + oV Ig[E +Ja] 40 + Jg. (3.4)

IA

We therefore have. from (3.2), that
2 (2) 2 "2
(B2 u, g + BB P2 + DWu [<c [B2uy|

and so, on integrating with respect to t and applying (H2) (c¢),

2 2

t 12
~J <1iB uXt+W£E1+cIO B uxy dn



20.

<E| +zj (B ugy + B} dn

<E1+-ZI (B2 ugy + Widn + Sy +12)

(3.5)
_1a'2 .1 2 ,
where E1 =5 (uo(x))u1 x)+ Wu'(x)) . (3.6)
a
Hence by Gronwall's lemma and becausee -1<ae |,
2 2 ct g
—J <4BTu + WS [+ (I +15)le? . (3.7)

Since (3.7) is valid for almost every xe (0, 1), (1.13) and (H1) (b)
provide the following estimate for all t € [0,T]:-

Ct
lug G0l <40 ) +[E1+ Ly Il (3.8)
From this there follows immediately that
t
(., Bl < luoOll1,e0 + jouun(.,n)nl,oo dn
ct
< NunOl - +4ate(d, +[E, +S0, +7,)]e2 (3.9)
= 1MoLl oo I IRECA S IS PR ’

(3.8) and (3.9) therefore prove the Theorem.
Corollary  Under the -conditions of Theorem 1 with Theorem 2, the solution

u(x,t) of (2.22) belongs to C*( [0, T] ; (O 1)) for every T > 0.
Proof  The regularity argument given in Chapter 2 leads to u(x , t) being
a priori bounded in C ([0, T] ; 100 (0,1)) - one obtains the estimates

simply using (2.18) and (HI) (a) together with (3.8) and (3.9). Thus the
final part of the statement of Theorem 1 shows that since

luC, Y [1,00 + llug(,t) /1,00 remains bounded for every finite t >0,

then the maximal interval of existence [0 , T [ must be unbounded, which

proves the result.
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Remark The earlier Remark after Theorem 1 can quite easily be seen

to remain true when [0, t[ is [0, o[ We omit the proof. (See [8])
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