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Abstract

A static and dynamic large deformation analysis of a tapered beam subjected to
concentrated and distributed loads is presented in this paper by using a direct integration
technique. The bending stiffness of the beam is coordinate dependent. The nonlinear
differential equation is numerically solved using an iterative technique without an algebraic
equation solver, thus the computational effort can be reduced. A concentrated mass fixed at the
free end and suddenly released is studied, and the time-dependent displacements are presented.
Comparison has been made with solutions obtained using Finite Element Analysis and

excellent agreement is achieved.
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1. Introduction

It is well-known that in the traditional beam bending theories, including thin and moderate
thick beams, the geometric nonlinearity is generally ignored. In the early study of the geometric
nonlinearity in the Euler—Bernoulli beam theory, analytical solutions for a uniform cross-
section and a concentrated force at the free end were derived by Bisshop and Drucker [1].
Numerical schemes were proposed by Saxena and Kramer [2] for non-linear differential
equations with concentrated force and moment at the beam's free end. Using elliptic integrals,
the large deflection of the fluid-saturated poroelastic beams which are permeable in the axial
direction and impermeable in the transverse directions were studied by Li et al. [3]. Seide [4],
Chucheepsakul et al. [5] and Chucheepsakul et al. [6] studied the large deflection of Euler-
Bernoulli beam due to geometric nonlinearity with simply supported conditions subjected to a
moment at the end. The shooting optimization technique was applied to deal with a simply
supported beam under both concentrated and uniformly distributed forces by Wang and
Kitipornchai [7]. Kimball and Tsai [8] solved the large deflection problem under combined end
loadings using elliptic integrals and differential geometry. More recently, Wang et al [9]
applied the homotogy analysis method for the large deformation of a cantilever beam under a
point load at the free tip with the explicit analytic formulas in terms of rotation angle at the free
tip, which provided a convenient and straightforward approach to calculate the vertical and
horizontal displacements of the cantilever beam with large deformation.

The influence of shear deformation and frictional end supports were introduced in the large
deformation of Timoshenko beam analysis by Li et al [10] and Peng et al [11]. Multiple
equilibrium solutions of the uniform cantilever under a dead load were derived by Batista and
Kosel [12]. The solution of large deflections of a beam under three-point-bending in terms of
Jacobi elliptical functions was obtained by Batista [13]. Argyris and Symeonidis [14] studied
static nonlinear analysis of a cantilever beam subjected to follower loads by the finite element
method in order to find the critical flutter loads. A direct method for the large deflection
problem of a non-uniform spring-hinged cantilever beam under a tip follower force was
proposed by Shvartsman [15].

In the optimization of structures aimed at reducing structure weight, the design with a
variable cross-section and functionally graded material has been introduced in engineering.
However, it is difficult to obtain analytical solutions due to the complexity of the differential
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equation. The most efficient way is the finite element analysis. Wood and Zienkiewicz [16]
studied the large deformation of a non-uniform column subjected to an eccentric axial
compressive force in the early years. A weight residual method was proposed by Baker [17]
and different numerical approaches by Lee et al. [18], Nguyen and Buntara [19], Banerjee et al
[20] and Saje [21]. Rao et al. [22,23,24] investigated large deflections for uniform/non-uniform
cantilever beams subjected to a moment at the tip using the elliptic-function and the shooting
method.

It has been shown that the finite integration method (FIM) proposed recently by Wen et al.
[25] is one of the most accurate and efficient methods to solve partial differential equations. It
has been extended to nonlocal elasticity [26] and multi-dimensions in engineering [27]. Yun et
al [28], Li et al. [29] and Li and Hon [30] have demonstrated the applications of FIM to solve
stiff PDEs problems with its unconditional stability and distinct advantage in smoothing
stiffness in terms of singularities, discontinuities and stiff boundary layers. Recently, Huang et
al. [31] investigated static large deformation under a dead concentrated vertical or horizontal
force with very extremely high accuracy by FIM. Based on the work [31], FIM is extended to
the static/dynamic large deformation of a beam subjected to different kinds of load with the
integration matrix by Trapezoidal rule in this paper. Brief introduction of the finite integration
method is given with a Lagrange series interpolation in Section 2. Analytical study and
application of FIM to the large deformation of the beam under follower concentrated forces are
given in Section 3. In section 4, the observation of a follower distributed force and the pressure
load is presented. A concentrated mass fixed at the free tip that is suddenly released is studied
in Chapter 5. Several examples are presented for a cantilever beam with constant or variable
bending stiffness under different loads and dynamic case to demonstrate the applicability of
FIM.

2. Finite integration method for one dimension statics

The concept of the integration matrix was proposed firstly by Wen et al [25] and the first-
order integration matrix was directly obtained by integration with Trapezoidal rule, Simpson
rules, Cotes formula and Lagrange formula. By observing the applications in different areas of

science and engineering, we notice that the Lagrange formula provides the highest accurate
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results for static cases. By Lagrange interpolation, the function u(x) is approximated, in terms

of the nodal values, as

u(x) = ZH (X=X, X")J 0<x<1 (1)

—1kl k

where u; denotes the nodal value at node j . For the uniformly distributed node in the region,
we have
X =@1-1)/(N-1), i=12..,N, @)

where N denotes the number of nodes. For the non-uniformly distributed node, we preferably

select the node coordinate as

x.:l[l—cosM} i=12,...,N. 3
2 N-1

For the sake of convenience, Lagrange interpolation can be written, in terms of a polynomial,

as following
N
u(x) => ¢ x**, 4
k=1
where the coefficient vector {c, },, can be determined by nodal values of the function u(x)
c=B"u ' (5)
in which the matrix and vectors are defined as
1o X .ox c u,
.|l X X .. XéH,c: C, u- u; | ©)
1 Xy X Xy Cu Uy

Carrying out integration over both sides of Eq.(4) in the region of [0, x,], we obtain

, 1=12,..,N. (7)

Zkoyk
|
a k

U(x) :Tu(x)dx:ic

Considering the vector of the coefficient in (5), we obtain the nodal values of integration U (x;)

from Eq.(7) in matrix form
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U=Ac=ABu=Au 8)
where U ={U,,U,,...,U,, | and matrix

X x/2 x}3 .. x'/IN
A_| % X212 313 ... x) /N . ©)
Xy Xi/2 x313 .. X\IN

Extending the first integration concept to a multi-layer integration, we obtain

UP(x) =[[u@dax,  xe[o,a] (10)
00

From expression Eq.(7), we obtain double-later integrals

U@ (x) :ic—k (D =12, N (11)

Vo Ekk+) .

Considering the coefficient vector in Eq.(5), we obtain the nodal values of the double-layer
integration

U® =Ac=AB'u=A®y, (12)
where

X /2 x26 x /12 .. x'IN/N+2)

X212 X316 x3 /12 .. X2N+1/N/(N+1)' (13)
X212 x316 xy /12 ... x\™/N/(N+1)

This integration matrix can be easily extended to multi-layer integrals which are defined as

U™ (x)= j...ju(y)dy...dx, y,Z,..x€[0,a] (14)
0 0
For m-th multi-layer integration of function u(x) at each node, we obtain the nodal integration
value in matrix form, approximately, by

U™ =AMu=A"u (15)

The applications of FIM in elasticity and heat transformation can be found in [12,13].
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3. Analysis for concentrated follower forces
3.1 Analytical solution under a concentrated force and moment.

Consider a cantilever beam with a constant bending stiffness subjected to a concentrated
follower concentrated force P and moment M at the end shown in Figure 1. By Euler—

Bernoulli beam theory, the curvature of the beam gives

dé P A , N i
E:E[cos(ﬂeg)(xB—x )+Sln(,3(98)(WB—W)]+E, 6, ,=0,0<p<1, 0<Xx'<x, (16)

where @ denotes the rotation or slop of the beam, s' is the natural distance measured from the
fixed end, 6, is the rotation at the free end, and £ represents a dimensionless factor. If £ is
zero, it means that the concentrated force is a dead load such as gravity. If g =1, it corresponds
to the follower force which is always perpendicular to the deformed beam at the end.

Considering dx'/ds'=cosé and dw'/ds'=sin &, we obtain the second-order derivative of the
rotation from Eq.(16)

d’e déo
El =-P 6.-6), § =0, —| =M/EI 17
g7 = ~Peos(Bl~0). 8.,=0. 5 (an
Introducing new dimensionless notations
2 1 1 1
a=i,m=&,x=£,w=ﬂ and s:i (18)
El El L L L
expression (17) becomes
doy : : )
T = 2a(sin( B0, — ) —sin( f-1)0,]+m*, 6| =0, 0<s<1 (19)

By one integration, we find

- 1 T de
V2a 5 [sin( B, — 6) —sin( f-1)0, + m* [ 2

(20)

At the free end (s =1), we obtain
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Py

o

Figure 1. Cantilever beam in natural coordinate under concentrated forces at the end.

dég
1= . (21)
V2a !Jsin( B, —0) —sin( f-1)0, + M’ | 2a
For adead load, i.e. #=m=0, expression (21) becomes
Ja =.[2sin 6, (22)
I \/1 sin? 4, (1 t )
For a follower force, =1, m=0, we have
%
1 Jd—g (23)
V2 5 +/SIN(0—65)

By integrations, either analytically or numerically, we obtain the load factor « in terms of the
rotation &, with elliptical functions [12]. In addition, two displacements of the beam are

evaluated by
w(s) = jsin &s, x(s) = _[cos &s, (24)
0 0

and at the free end, we have

_ J- sin @
V2a 5 \[sin( B8, - 0) —sin( B-1)0, + M | 2ax

(25)
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and

Lo L T cosedo
° 2a ) [sin(po, - 0) —sin( f-1)0, +m* [ 2

(26)

From EQ.(19), it can be seen that the following relations between rotations and load factors

must hold
[sin( 86, —6) —sin( B —1)6,]1+m* [ 2a > 0. (27)

If m*/2a>2, Eq.(27) is always satisfied for any solutions of @ and &, . This requirement of

rotation divides the entire plane (6;,60) into a network of alternating positively and negatively

signed regions. Seeing from Figure 2 to Figure 9, the regions in dark blue are those where a

solution is not possible.

Let #=0 in Eq.(27) in order to determine points a and b in those figures, we obtain
sin 6, —sin( f—1)0, +m* /20 =0 (28)

Therefore, a series of roots collocated on the horizontal axis €=0 such as points a and b in
those figures can be determined. In order to determine the coordinate of points ¢ and d, we

rewrite rotation @ in terms of 6, from Eq.(27), as
0 = 36, —arcsin[sin (8 —1)6, +m’ / 2a] (29)

and then the horizontal coordinates corresponding to the points ¢ and d are obtained

respectively by
1 : m?
6 =—— 1—— 30
b=1" arcsm( ZaJ (30)
o - 6, I(1-p) for po_lnt d 31)
-6, +)I1-p) for point ¢

The vertical coordinates of rotation @ for those two points are determined

6?*:,86?;+%+2k7r k=0,+1+2,.. (32)
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Let us observe the solutions of rotation at free end &,/ in the region of [-2,2]. It is clear that
the rotation & must satisfy =6, (s=1) and 8 =0 (s =0) at two ends of the beam. Three load

environments are observed:

Case (1): =0 (dead load), Figures 2, 3 and 4 show the domains of possible solution
collocated in the plane (6,,6) for different ratio of load factors m?/« . Seeing from Eq.(32), as
S =0, rotation angle @ at points ¢ and d are independent of force factors m and « . It is
obvious that the rotation angle at the end &, must locate in the regions of Ca and bD shown in

those figures. It can also be seen from Figure 2 that in those regions the integration starts from

6 =0 in any direction between the points E and F , where we can reach the line , =& (shown

in thick dark line). The coordinates of those points are listed in Table 1.

Table 1. The locations of critical point for §=0.

Poit m?*/2a =0 m®/2a =0.5 m®/2a =1

O, 17 ol r ;17 ol O, 17 ol r
a -1.0 0.0 -5/6 0.0 -0.5 0.0
b 0.0 0.0 -1/6 0.0 -0.5 0.0
C -1.5 0.5 -716 0.5 -1.0 0.5
d 0.5 0.5 1/6 0.5 0.0 0.5
C -1.5 0.0 -11/6 0.0 -2.0 0.0
D 0.5 0.0 5/6 0.0 1.0 0.0

Case (2): p=0.5, Figures 5, 6 and 7 show the domains of the possible solution in the plane
(6,,0) for different ratios of load factor m?/« . When m?/a =0, the horizontal coordinates
for points C and a, b and D are the same respectively. The solution of rotation &, has to be

collocated in the regions of Ca and bD. The coordinates of those points are illustrated in Table

2 for different load ratios m?/2« .
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. Oslm

Figure 2. Domains of possible solutions for parameter #=m=0.

Ol

Oslm

Figure 3. Domains of possible solutions for parameter g =0and m*/2a =0.5
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o
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Figure 4. Domains of possible solutions for parameter 8 =0and m*/2a =1

Ol

-2

Oslm

Figure 5. Domains of possible solutions for parameter g =0.25and m=0
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Oln

Oslm

Figure 6. Domains of possible solutions for parameter 8 =0.25and m*/2a =0.5.
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Figure 7. Domains of possible solutions for parameter g =0.25and m*/2a =1.
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Figure 9. Domains of possible solutions for parameter g =1.0and m*/2a =0.5.
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Case (3): g =1 (follower force), Figures 8 and 9 present the regions of solutions with different

load factors at the end. The collocations of the negative region, in this case, become the roots of

the following equation

sin(d, —0)+m?/2a =0 (33)

Table 2. The locations of critical point for g =1/4.

_ m?/2a =0 m?/2a =0.5 m?/2a =1
Point

0,17 ol 0,1z ol 0,17 ol
a -2.0 0.0 -1.524 0.0 -1.264 0.0
b 0.0 0.0 -1.6 0.0 -0.348 0.0
C -2.0 0.0 -14/9 1/9 -4/3 1/6
d 2/3 2/3 2/9 5/9 0.0 0.5
C -2.0 0.0 -2.0 0.0 2.0 0.0
D 2/3 0.0 10/9 0.0 4/3 0.0

All collocations of those critical points can be obtained easily. In this case, the regions of the
realistic solution become a series of strip and region Ca disappears. Obviously, the strip of the
negative region becomes narrow when the ratio of factor m?/« increases. However, if

m?®/2a >1, the negative regions disappear completely.

3.2 Numerical solution for uniform cross-section and tapered beams

Let us consider the finite integration method in order to solve the nonlinear differential
equation (16) numerically. We have two options for the node distribution. The first option is

the uniform distribution over the region [0,1] and the coordinates are specified as

ss=0-1)/(N-1, i=12..,N, (34)
where N denotes the number of nodes. The second option is the non-uniform distribution over
the domain

S =1[1—COSM}, i=12,...,N. (35)

2 N-1

-14 -
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The curvature of the beam bending in (16) is rewritten, in the normalized form, as

Z—f = alcos(B6,)(x, — x)+sin( BO,) (W, —w)|+m, 0< <1, 0<s<1. (36)

Considering a cantilever non-uniform cross-section beam using FIM with the integration matrix

in Eq.(8), we obtain

0=Ah (37)

in which

h=fhh, hf . h=alcos(BEP) X — xP)+sin( SEP) W —weP )|+ m,

(38)

where subscript p denotes the number of the iterative step. Applying the iterative technique, we

obtain the nodal rotations at each step and the vectors of deformation from Eq.(36)

w = Af, and x = Af, (39)

in which f, ={sin §}" and f, = {cosé}". Therefore, we obtain the numerical solutions by the

following steps:

Step 1: Set p=0 and initial rotation 6 =0;
Step 2: Calculate vectors h'?, £* and f";

Step 3: Determine the rotations for current step using integration matrix

9( p) — AR (P) (40)
Step 4: Calculate displacementsw!** and x*** from (34)
Step 5: Check the relative error at free end
)

n=r——>—"if n<10°goto Step 8; (41)
wiP)

B

Step 6: Modify rotation for next step
0P — 29P 4 (1_1)9(%1)’ (42)

Step 7: set p=p+1 and go to Step 2;

-15 -
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Step 8: Print results and Stop.

In addition, the computation procedure is demonstrated in the flowchart in Figure 10.

Input: Node distribution (34)(35) and

beam bending stiffness section El

Y

Initialization 0 =0

Y
=| Calculate h £ ¥

p=p+1

\
Determine slop 0¥ = Ah¥

Y

‘Deflection w

(p+1) X(P+1)

!

If nz‘wép”)—w;p)|/|wfgp)‘<10’5 Stop

Modify 0% = 0% +(1-1)0®*

Figure 10. Computation iterative steps for nonlinear problem.

Let us begin with a uniform cross-section beam subjected to a concentrated force only at
the free end. Non-uniformly distributed nodes are considered and the node number in total is
N =11. Figures 11(a)(b) and (c) present the deformation of the cantilever beam in the cases of
4<a<14,16<a <50 and 52<a <120, respectively while the speed factor is A =0.8. In
the case of o <13.75, the analytical solutions [12,13] correspond to the first equilibrium
configuration of the beam. In the region of 13.75<« <55.0, the results correspond to the

second equilibrium configuration. We find three equilibrium configurations from Figures

-16 -
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10(a)(b) and (c) precisely. Obviously, the rotations satisfy 0<6, <z and 0<6 <7 and these

have been demonstrated in Figure 8.

He
D

08 16 4
=
% 8
8 o~ a=2
o 10 —
o
ot 12 =
o
% 04 114
£
(@}
y—
[«5)
a 02

(@)
0.4 0.2 0.0 0.2 0.4 06 0.8 10
X
04 {16
1 18
20

; 0.2 A
=
8 X
— T 0-:0— == T
2 ol 0212 0P _ 6 0.8 100
i<l ]
2 ]
g 0.2 A1
= 50
o
y—
[«5]
o

-0

0.6

(b)
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Deformation of beam w

Figure 11. Deflection at the end W against normalized transverse force « .

We notice that the number of iteration circle is less than 20 in each case without algebraic
equations being solved in the computational procedure. It means that the computational effort is
reduced even for a nonlinear problem. Compared with the numerical solutions by Mutyalarrao
et al [32] and Batisata [33], excellent agreement is achieved.

Secondly, we consider a tapered cross-section beam shown in Figure 12(a). The thickness
of such a beam is usually a function of the nature coordinate s while the width is kept constant.
The bending stiffness is defined as

El(s)=(2-s)’El,, El,=8El;. (43)
In this case, non-uniformly distributed nodes (N =19) are applied as expressed in Eq.(10)
along with m=0 and speed factor A =0.8. The deformed configurations of the cantilever beam

are shown in Figure 13 for o <80 versus the load factor « . Numerical results show that the
rotation at the end satisfies 8, < in all situations and the deformed tapered beams are located
in the first and the fourth quadrants, i.e. X(s)>0. The first and the second equilibrium

deformations are observed easily in those curves. Changing the fixed/free ends with same

geometry of the beam shown in Figure 12(b), we have bending stiffness

El(s)=(1+s)°El, /8, El,=El,/8. (44)

-18 -
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'
g A h(s)
2hg jh—i
A El El, B
" (a)
|
7 A h(s)
h? 2h s
A, El, B

(b)

Figure 12. Variation of height against the natural coordinate.

0.8

Deformation of beam w

-0.6

Figure 13. Deformation of beam under transverse force versus the transverse load factor « .
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Deformation of beam w

P
o

0.8 -1
0.6 A+
5 ]
e
3 2 ]
o 04 -
Y—
5 ]
c
2
<
c |
S
o
Y—
(b
a 1
B : —X
06 0.4 b2 0.2 ol
04 (a)
ol6

(b)

Figure 14. Deformation of beam under transverse force versus the transverse load factor ¢ .
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Using the same parameters in the previous example, we present the deformation curves of
the tapered beam in Figure 14(a) for 1<« <11 and Figure 14(b) for 12 <« <20, with the first

and second equilibrium configurations, respectively.

4. Tapered beam under the constant follower distributed load

A cantilever beam is subjected to a uniformly distributed load of the intensity g, as shown

in Figure 15. From classical Euler—Bernoulli beam theory, we obtain the equation of curvature

do

= (S)I [(w(&) —w(s))sin 0+ (x(£) — x(s)) cos I HE 45)

E

oy

- XB -

Figure 15. Cantilever beam subjected to a uniformly distributed load q, .

Considering expression (24), we obtain

do
ds EI()

=h(x,w,8,s)

( Wy —W(s)]- ()X(S)[ X(S)](46)

Applying the integration matrix in FIM over the two sides of Eq.(46) with the boundary

condition, we have

0=Ah, . (47)

in which

-21 -
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1

h(s) = =0 [[W(&)sin 0+ x(£)cos OBE — 0 w(s,)[w —w(s,)]

El(s) El(s,) 48)
% _
E1(5) < X))
To evaluate the definite integral in (47), we apply the integration matrix directly
[[@)sin 0+ x(©)cos0Hz = > (A ~ A3, (49)

where g, =w(s,)sin 6, +x(s,)cosd, , w(s;) and x(s,) are the vertical and horizontal nodal
displacements in Eq.(24). By using the same iterative algorithm as above, we find solutions for
a tapered beam which carries a uniformly distributed load of density ¢, as follows:

Step 1: Set p =0 and specify the initial rotation 8 as zero;

Step 2: Calculate vectors f{”, f( and then h® from (48)
Step 3: Calculate nodal values of rotations

9P = AR (50)

Step 4: Check the relative error of the deflection at the tip

P _ P
ws ™ —vig|

= if 7 <107°go to Step 7; (51)
B

Step 5: Introduce the speed up iterative factor A and modify the deflection for the next iteration
0" = 20P + (1- 1), (52)
Step 6: set p=p+1 and go to Step 2;

Step 7: Print results and terminate the computation.

Let us consider a cantilever beam with a constant bending stiffness El; subjected to a

uniform distributed follower load. A uniform distribution of nodes expressed in (11) is selected

and the nodes' number is N =19 in total. The configurations of the beam are plotted in Figures
16(a) and (b) versus the load factor w(=q,L°/Elg) in the regions of 6<y <60 and
66 <y <114 respectively, where the speed factor 4 =0.8. It can be seen from Figure 16(b)
that the second equilibrium mode starts from w =114 . Finally we consider a tapered cantilever

beam with bending stiffness shown in Eq.(43) and present the deformed curves in Figure 17 for

-22 -
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different force factors y in the case of w <400. By observing the numerical solutions of the
deformation in Figure 17, we notice that there is only the first equilibrium configuration of the

tapered beam under a distributed load of density ¢, .

Deformation of beam w

-0.6

0.3 A

114

0.1 0.2 0.3 04

Deformation of beam w

0.1 4

(b)

o
LS

Figure 16. Deformation of beam under transverse force versus the transverse load « .
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0.8
0.7 A

= 0.6 -

e

(3]

[«5]

o 05 -

(V-

o

c

2 0.4 A

i5]

£

o 0.3 A

Y

[«5]

(&)
0.2 A
0.1 A
0.0 A

0.2 0.0 0.2 0.4 0.6 0.8 1.0

Figure 17. Deformation of beam under transverse force versus the transverse load « .

5. Cantilever beam with a concentrated mass at the free end

Consider a concentrated mass of m attached at the free end of the cantilever beam as
shown in Figure 15 under the gravity force. The accelerations along horizontal and vertical

directions are given by Newton's second law

2 2
maat“; —_F.(1), maat"!B —_mg—-F,@), 0<t<T (53)
with initial conditions
ou oW
Uy (0,X)=—2 =0, w,(0,Xx)=—L =0 54
5(0,%) p 5(0,%) p (54)

where T is the terminated value of time, F, and F, are reaction forces between concentrated

mass and beam at the free end, and displacements satisfy

Ug =

O e

1
cosdds -1, w;, = I sin &ds. (55)
0
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Figure 18. Large deformation of cantilever beam with concentrated mass.

By Euler—Bernoulli beam theory, the curvature of the beam gives

(:i_f - %[Fw(t)(XB - X)_ F (t)(WB _W)]’ 0|5 0~ 0, 0=<x< Xg (56)

In the dynamic case, the first order integration matrix with Trapezoidal rule is more
efficient and direct, which can be derived [21]

0 0 0 0 0 O
1/2 1/2 O 0O 0 O
oy |12 1 12 0 0 0
A =@P)= At. (57)
1/2 1 1 1/2 0 O
1/2 1 1 1 1 1/2
where
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0.5At i=0
At i=12..k-1

al) =0, af= 0EAL Lo M=TIN, (58)
0 >k

where N, is the number of time increment. The second order integration matrix gives

0 0 0O 0 0 0
1/4 14 0 0 0 0
3/4 1 14 0 0 O
A® = (3@)= A2 = A 50
CoED=A 5/4 2 1 wua o o|™M (9)
[L+2(N,-2)]/4 N,-2 N,-3 .. 1 1/4
in which
[1+2(k — 2)](At)?/ 4 i=0
a® =0, a? = (k —i)(At)* i=12,..,k-1 0
L (At)2/4 i~k
0 i >k

Considering the initial conditions and applying integration matrix over two sides in Eq.(53)

give

A’F, =1-mug,, A’F, =-mgA?l —mw, (61)

tu

where vectors

F,={F,F%...F"}Y F,={F, F. . F}, 1={1,1,...1%},

urty o wr Dy

1,2 N T 2 N T
Ug Z{UB’UB""’UB[} » Wg :{WlB’WB’---’WBt ,

in which the superscripts indicate the number of time step. From Eq.(53), we have
displacements at the free end
N N
Ug = > Aysin 6 (t) —1, wy =D A cos6(t,). (62)
i i=1

i=1

Integration matrix A can be obtained by Trapezoidal rule as
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o 0 0 ©
1/2 1/2 0 O
1/2 1 1/2 0

A (63)
12 1 1 1/2

o O o o
o O O O

/2 1 1 1 1 1/2
in which A=1/N. Considering a cantilever uniform cross-section beam with the integration

matrix above, we obtain

0(6) = AN, (64
where
16 == (R (ke (60~ 60)- (e 60 -, )] (65)

In these equations, we have five unknows, i.e. ug, W;,8, F,and F, for each time step and that
are to be solved from five equations in Egs (61)(62) and (64). In order to solve this highly non-

linear equations, we need to use the iterative technique and the interaction forces F*and F,

for each time step t, =KkA, . Apart from that, we have the following objective

k . 2 k . 2
R = Minimum {(Zakj F) -1+ mué] +(Zakj F)+mg+ mwgJ } (66)
j j

which is equivalent to Eq.(61). Assume that there are no external forces except the constant
gravity acting on the concentrated mass, which is suddenly dropped. By using the same
iterative algorithm as in the static cases, the dynamic solutions of deflection can be obtained by

the following procedure with double loops (k for time step and p for beam deflection):
Step 1: Setk =1 and specify the interactions F' = F, =0;

Step 2: Setk =k +1, time t = (k —1)At, and F" =Ff, Ff*" =F);

Step 3: Set p =0 and specify the initial rotation 8(p) =0*" :

Step 4: Calculate vectors TP f*® and then h®"” from (48)

Step 5: Calculate nodal values of rotations

kP = AR (67)
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Step 6: Check the relative error of the deflection at the tip, if 7 <10°go to Step 9;

Step 7: Introduce the speed up iterative factor 4 and modify the deflection for the next iteration
0P = 2P 4 (1- 2)pt P+ (68)

Step 8:set p=p+1 and go to Step 4;

Step 9: Calculate the objective function R in Eq.(66), if R <107, print interaction forces

F*, F, displacements uf™, wi™, and if the time incremental step k = N, , computation is

terminated,

Step 10: Determine new interaction forces F**, F, " then go to Step 2;

Consider a uniform cross-section cantilever beam attached with a concentrated mass of m at
the free end, and the mass is suddenly released and vibration occurs consequently. Uniformly

distributed nodes of beam and time axis are considered with N =50 and N, =20 respectively.
Speed factor is 1 =0.8. The normalized gravity is defined as o =mgL*/El and normalized

time t =t,/g/L . Figures 19(a) and (b) present the normalized deformations ug(t)/L and
W, (t)/ L. In order to illustrate the degree of accuracy, computational results by ABAQUS are

shown in Figure 20 when « =4. The difference between these two numerical solutions can be
seen in Figure 20. For the material input in ABAQUS, the mass density of the beam has to be
specified as a small value rather than zero. In addition, the variations of beam deflection are

presented in Figure 21 for different times.

Deformation of beam wg/L

10 77—
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Figure 19. Large deformation of cantilever beam with concentrated mass.
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Figure 20. Large deformation of cantilever beam with concentrated mass when o =4.
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Figure 21. Large deformation of cantilever beam with concentrated mass when o =4 ..

6. Conclusion

In this paper, large deformation analysis for a cantilever beam with a variable bending
stiffness under both static and dynamic loads are investigated by the direct integration scheme.

The conclusions are summarized as follows

(1) The solutions of rotation, vertical and horizontal displacements can be obtained without an

algebraic equation solver.

(2) The new computational algorithm with its iteration strategy is highly convergent and

accurate.

(3) Higher-order equilibrium configurations for a uniform cross-section beam under

concentrated follower force can be observed.

(4) There are no second equilibrium configurations for certain tapered beams under a
distributed load.
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(5) Time dependent solutions of large deformation can be obtained with an integration matrix

efficiently.

The presented computational technique can be extended to more complicated problems in
engineering including the large deformation analysis of beam of material nonlinearity. There
are many complicated cases can be observed including (a) the effect by axial deformation by
axial force in the beam, (b) the plasticity of beam under large bending moment and (c) the

damping effect caused by the friction force. This will be discussed in a future study.
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In addition, the computation procedure is demonstrated in the flowchart in Figure
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Figure 10. Computation iterative steps for nonlinear problem.





