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ABSTRACT 
 

A  n u m e r i c a l  m e t h o d  i s  d e s c r i b e d  f o r  t h e  s o l u t i o n  o f                 
two-dimensional moving boundary problems by tansforming                     
t h e  c u r v e d ,  f i x e d  a n d  mo v i n g  b o u n d a r i e s  i n  t h e  o r i g i n a l
c o - o r d i n a t e  s y s t e m  ( x , y )  i n t o  a n  o r t h o g o n a l  o r ,  i n  g e n e r a l ,  
n o n o r t h o g o n a l  c u r v i l i n e a r  s y s t e m (ξ ,η )  s u c h  t h a t  t h e  c u r v e d    
b o u n d a r i e s  b e c o me  (ξ ,η )  c o - o r d i na t e  l i ne s .  A l l  c ompu t a t i ons              
a r e  t h e n  c a r r i e d  o u t  i n  t h e  t r a n s f o r m e d  r e g i o n  u s i n g  a  f i x e d ,  
r e c t a n g u l a r  (ξ ,η )  me s h  w h i c h  c o r r e s p o n d s  t o  a  mo v i n g ,                       
n o n - r e c t a n g u l a r  ( x , y )  me s h .  A  o n e - p h a s e ,  t w o - d i me n s i o n a l          
p r o b l e m i s  s o l v e d  b y  u s i n g  t w o  d i f f e r e n t  s u c h  t r a n s f o r ma t i o n s          
a n d  t h e  r e s u l t s  a r e  c o mpa r e d  w i t h  t h o s e  f r o m f i n i t e - e l e me n t ,    
en tha lpy  and  i so therm migra t ion  methods .  
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Introduction

In  two (and higher) space dimensions,  moving boundary problems 

(MBPs)  involve  the  so lu t ion  of  par t ia l  d i f fe ren t ia l  equa t ions  over 
regions  wi th  curved ,  moving  and  f ixed  boundar ies .  S tandard  f in i te -  

di f ference or  f ini te-element  approximat ions are  inaccurate  near  such    

curved  boundar ies  and ,  in  order  to  main ta in  accuracy ,  spec ia l  t rea t -     

m e n t s  a r e  n e c e s s a r y .  I n  r e c e n t  y e a r s ,  a  g r e a t  d e a l  o f  i n t e r e s t  h a s        

been  shown in  the  so lu t ion  of  par t ia l  d i f fe ren t ia l  equa t ions subjec t             

t o  c u r v e d ,  f i x e d  b o u n d a r i e s  w h e r e  t h e  o r i g i n a l  c o - o r d i n a t e                 

s y s t e m  ( x , y )  i s  t r a n s f o r m e d   i n t o  a n  o r t h o g o n a l  o r ,  i n  g e n e r a l ,  

nonorthogonal system (ξ ,η)  such that  the curved boundaries become (ξ ,η)  

c o - o r d i n a t e  l i n e s .  A s s o c i a t e d  w i t h  t h i s  t r a n s f o r m a t i o n  i s  t h e  

g e n e r a t i o n  o f  a  c u r v i l i n e a r  ( x , y )  m e s h  s p a c i n g  c o r r e s p o n d i n g  t o  a  

r e g u l a r ,  s t r a i g h t - l i n e d  ( ξ , η )  s p a c i n g .  S i n c e  t h e  n e w  c o - o r d i n a t e s  

a r e  c h o s e n  s o  a s  t o  f i t  t h e  o r i g i n a l  r e g i o n ' s  s h a p e ,  t h e y  a r e  o f t e n  

ca l l ed  'body- f i t t ed '  o r  'na tu ra l '  co -o rd ina tes .  

The overheads  involved in using such transformations are the  

need to solve the subsidiary mesh generation problem and the increased 

complexity of the transformed governing equation and boundary conditions. 

In  re turn for  these overheads such methods have several  important  

advantages ,  s ince the numerical  approximat ion is  now over  a  s imple ,  

s t ra igh t - l ined  bounded  reg ion  wi th  no  loss  of  accuracy  near  the  

boundar ies .  Also ,  d i rec t  cont ro l  over  the  (x ,y)  mesh  spac ing  i s  now 

available thus enabling a finer mesh ( 'zoning') to be used in subregions 
of special interest (e.g. near moving boundaries (MBs) or singularities) 

a n d  a  c o a r s e r  me s h  t o  b e  u s e d  f o r  t h e  r e s t  o f  t h e  r e g i o n .  F u r t h e r ,      

the techniques can be preprogrammed for  a  general  class of regions 

resul t ing in  automatic  mesh generat ion schemes.  
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F o r  M B P s ,  w h e r e  t h e  r e g i o n  c h a n g e s  w i t h  t i m e ,  a  f i x e d  ( ξ ,η )  
mesh  which  cor responds  to  a  moving  (x ,y )  mesh  can  be  used  fo r  a l l     
t ime .  The  movement  o f  the  boundary  and  mesh  po in t s  in  the  o r ig ina l  
r e g i o n  i s  r e f l e c t e d  o n l y  t h r o u g h  c h a n g e s  i n  x  a n d  y  a t  t h e  
c o r r e s p o n d i n g ,  f i x e d  (ξ ,η )  p o i n t s  a t  e a c h  t i me  s t e p .  T h i s  c o n c e p t  
combines the moving mesh features of an Eulerian representation of the 
g o v e r n i n g  e q u a t i o n s  w i t h  t h a t  o f  a  f i x e d  me s h ,  L a g r a n g i a n  o n e .  T h e  
mode l  p rob lem t rea ted  i s  a  one-phase ,  two-d imens iona l  MBP in  a  
rec tangle ,  the  four th  s ide  of  which  i s  the  MB.  The  problem is  so lved  
by  t ransforming  a l l  the  boundar ies ,  inc luding  the  MB,  in to  f ixed  (ξ ,η )  
co-ord ina te  l ines .  The  techniques  used  sugges t  obvious  ex tens ions  to  
reg ions  wi th  four  curved  s ides .  
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2. Body-fitted, curvilinear co-ordinate transformations

Cons ider  the  t ransformat ion  of  a  two-dimens iona l ,  four -      

s ided  reg ion ,  wi th  co-ord ina tes  (x ,y) ,  in to  a  rec tangular  reg ion ,    

with co-ordinates ( ξ ,η )  Fig. 1. 

 

Figure 1. Transformation from original (x,y) to transformed (ξ,η) region. 

The use of orthogonal transformations for the solution of flow 

problems in curved regions is well-known. For such problems one 

wishes  to solve (say) Laplace's equation for the potential function (x,y) φ

       (2.1) ,0yyxx
2
x,y =φ+φ≡φ∇

and an orthogonal, curvilinear system can be generated from the       

solution of the  'inverse' Laplace equations 

       (2.2) .0y2
,,0x2

, =ηξ∇=ηξ∇

Derivatives of   with respect to x and y are given by φ

,2h.y,1h/x /ηφ=φξφ=φ      (2.3) 

.)2y2x(2h,)2y2x(1h 2
1

2
1

η+η=ξ+ξ=where     (2.4)
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Thus (2.1) is transformed into 

.0
2h

h

2h1h
1

h
h

hh
1 1

1

2

21

=
η⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ηφ+

ξ
⎥
⎦

⎤
⎢
⎣

⎡
ξφ      (2.5) 

R e c e n t  a p p l i c a t i o n s  o f  t h i s  m e t h o d  h a v e  b e e n  g i v e n  b y                  

Hung and  Brown [13] .  

A  p a r t i c u l a r  c a s e  o f  ( 2 . 2 )  a n d  ( 2 . 5 )  o c c u r s  i f   ξ ,  η  a r e  

complex conjugates,  a well-known example of this being ξ  ≡  and η  ≡ ,  ψ  φ

the  potent ia l  and s t ream funct ions.  Use of  the Cauchy-Riemann 

condi t ions  reduces  the  so lu t ion  of  (2 .2)  and  (2 .5)  to  the  so lu t ion  of  
        (2.6)  ,0.y2

,,0x2
, =ψφ∇=ψφΔ

o v e r  t h e  r e c t a n g u l a r  ( )  r e g i o n .  T h i s  i d e a  o f  e x c h a n g i n g  t h e   ψφ,

d e p e n d e n t  a n d  i n d e p e n d e n t  v a r i a b l e s  h a s  l o n g  b e e n  i n  u s e ,         

Thorn  and  Ape l t  [  183 ,   and  has  recen t ly  been  ex tended  by  Boadway     

[ 3 ]  .  I n t e r c h a n g e  o f  d e p e n d e n t  a n d  i n d e p e n d e n t  v a r i a b l e s  f o r m s   

t he  ba s i s  o f  t he  I so the rm Mig ra t i on  me thods  u s e d  fo r  MBP s ,  s e e    

C r a n k  a n d  G u p t a  [ 7 ] ,  C r a n k  a n d  C r o w l e y  [ 6 ] .  C o n f o r m a l  

t r a n s f o r m a t i o n s  p o s s e s s  t h e  u s e f u l  p r o p e r t y  t h a t  t h e  L a p l a c i a n       

operator  remains invariant  and methods based on these t ransformations 

have been applied to two-dimensional MBPs by Kroeger and Ostrach [14]. 

F o r  n o n o r t h o g o n a l  c o - o r d i n a t e  s y s t e m s  t h e  t r a n s f o r m e d  

equat ions  a re  more  compl ica ted .  Der iva t ives  of   (x ,y)  a re  g iven  by:  φ

        (2.7) ,J/)yy(x ηφξ−ξφη=φ

   J/)xy(y ηφξ−ξφη=φ ,      (2.8) 

w h e r e  J  i s  t h e  J a c o b i a n   a n d  w h e r e  t h e                ,0yxyx ≠ξη−ηξ

fo l lowing  d i f fe ren t i a l  r e la t ions  have  been  used  

,Jηxyξ,/Jηyxξ −==     (2.9) 

./Jξxyη,/Jξyxη =−=      (2.10) 
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Us ing  the  above  re la t ion ,  Laplace 's  equa t ion  for  (x ,y)  becomes  φ

  0EDCBA =ηφ+ξφ+ηηφ+ξηφ+ξξφ ,     (2.11) 

where       (2.12) ,2J/)2y2x(2
y

2
xA η+η=ξ+ξ=

     (2.13) ,2J/)yyxx(2)yyxx(2B ηξ+ηξ−=ηξ+ηξ=

       (2.14) 2J/)2y2x(2
y

2
xC ξ+ξ=η+η= ,

⎪⎭

⎪
⎬
⎫

η+η=

ξ+ξ=

.yyxxE

,yyxxD
)16.2(.)etc,y,xoftermsin
)15.2(ressionexpfor]5[ChuSee(

ξξ
   

S i m i l a r  e x p r e s s i o n s  f o r  m o r e  g e n e r a l  e q u a t i o n s  t h a n  L a p l a c e ' s  c a n        

b e  d e v e l o p e d ,  s e e  C h u  [ 5 ] ,  O b e r k a m p f  [ 1 6 ] ,  a n d  t h e s e  a u t h o r s    

h a v e  s h o w n  t h a t  t h e  e q u a t i o n s  d o  n o t  c h a n g e  t y p e  ( e l l i p t i c ,       

hyperbol ic  or  parabol ic ) .  

C o r r e s p o n d i n g  t r a n s f o r m a t i o n s  f o r  n o r m a l  d e r i v a t i v e s  o f       φ

on the  boundary  fo l low f rom 

,)x(gyon)yx'g(

]12)'g[(

1
n

2
1

=φ−φ

+

=φ    (2.17) 

[ ])xy'g()xy'g(

]12])'g[J

1

2
1 ξ+ξηφ−η+ηξφ

+

=           (2.18) 

where g' =dy/dx. 

T i m e  d e r i v a t i v e s  f o r  t h e  f u n c t i o n  φ ( x , y , t )  c a n  b e     

t r a n s f o r m e d  f r o m  a  g i v e n  ( x , y )  p o i n t  t o  t h e  c o r r e s p o n d i n g  ( ξ ,η )         

po in t  by  the  re la t ion  

ηξηφξ−ξφη−ηξφ=φ ,)tx)(yy(
J
1

,)t(y,x)t(    

ηξξφη−ηφξ− ,)ty()xx(
J
1             (2.19) 
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(x ,y , t )  can  be  expressed in  t e rms of  and  thus  a l l  de r iva t ives  o f  φ

d e r i v a t i v e s  a t  f i x e d  p o i n t s  i n  t h e  t r a n s f o r me d  r e g i o n  e v e n  i f  t h e      

o r ig ina l  mesh  i s  moving  ( t ime-dependent ) .  

The transformation functions ξ(x,y) and η(x,y) can be determined 

in  va r ious  ways .  Wins low [20] ,  wi th  l a te r  work  by  Chu  [5 ] ,  chose  

the  mesh  l ines  to  be  equ ipo ten t i a l '  l ines  where  ξ  and  η  s a t i s fy  
       (2.20) ,02

y,x,02
y,x =η∇=ξ∇

which  makes  x  and  y  so lu t ions  of  the  quas i l inear  equa t ions  

       (2.21) 
⎪⎭

⎪
⎬
⎫

=ηη+ξη+ξξ

=ηη+ξη+ξξ
,0CyByAy

,0CxBxAx

and  the  govern ing  equa t ion  fo r  $  becomes  
        (2.22)  .0CBA =ηηφ+ξηφ+ξξφ

T h e  m a i n  a d v a n t a g e  o f  u s i n g  ( 2 . 2 0 )  i s  t h a t  ( 2 . 1 1 )  s i m p l i f i e s           

t o  ( 2 . 2 2 )  s i n c e  D  =  E  =  0 .  A l s o ,  Wi n s l o w  n o t e s  t h a t  b e c a u s e  o f  t h e  

a v e r a g i n g  p r o p e r t i e s  o f  s o l u t i o n s  t o  L a p l a c e ' s  e q u a t i o n ,  i t  c a n  b e  

expected that  a mesh constructed in this way is,  in some sense,  smooth.  

W i n s l o w  s o l v e d  t h e  q u a s i l i n e a r  e q u a t i o n s  ( 2 . 2 1 )  b y  s u c c e s s i v e       

o v e r - r e l a x a t i o n  s o l u t i o n  a t  e a c h  s t e p  o f  a  c o r r e s p o n d i n g  s e q u e n c e     

o f  l i nea r i s ed  equa t i ons .  Godunov  and  P rokopov  [11 ]  have  u sed  t h i s  

method  to  cons t ruc t  moving  meshes  for  t ime-dependent  problems.  

Thompson et  al .  [19] have extended the above ideas to multi-connected 

r e g i o n s  a n d  h a v e  s h o w n  h o w  t h e  s p a c i n g  o f  t h e  c o - o r d i n a t e  l i n e s       

c a n  e a s i l y  b e  c o n t r o l l e d  b y  a l t e r i n g  t h e  e l l i p t i c  s y s t e m  u s e d  t o  

genera te  ξ  and  η .  

B a r f i e l d  [ 2 ]  u s e d  a n  e q u i v a l e n t  a p p r o a c h  w h e r e  x  a n d  y  

s a t i s f i e d  a  l i n e a r  e l l i p t i c  s y s t e m  i n  t h e  ( ξ , η )  p l a n e ,  w h i c h  
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m a d e  ( ξ , η )  s o l u t i o n s  o f  a  q u a s i - l i n e a r  s y s t e m  i n  t h e  ( x , y )  p l a n e ,     

t o  p r o d u c e  a  ' n e a r  o r t h o g o n a l '  ( i n  t h e  l e a s t  s q u a r e s  s e n s e ) ,  

c u r v i l i n e a r  m e s h .  A m s d e n  a n d  H i r t  [ l ]  u s e d  t h i s  a p p r o a c h  t o        

g i v e  a  i n t u i t i v e l y  s i mp l e  s c h e me  fo r  d e fo r mi n g  a  g i v e n  r e g u l a r  (ξ ,η )  

mesh  in to  the  requi red  (x ,y)  mesh  by  moving  the  mesh  poin ts  smal l  

s t e p s  a t  a  t i m e .  P o t t e r  a n d  T u t t l e  [ 1 7 ]  h a v e  g i v e n  a n  o r t h o g o n a -

l i sa t ion  p rocedure  fo r  the  t r ans format ion  o f  d i sc re te  nonor thogona l  

co-ord ina tes .  

Ins tead  of  choos ing  ξ  and  η  to  sa t i s fy  (2 .20) ,  Oberkampf  [16] ,  

used  equa t ions  (2 .11)  -  (2 .16)  wi th  the  mappings  on to  the  un i t  square :  

 

,
)y(x)y(ux

)y(xx

l

l
−

−
=ξ        (2.23) 

 

,
)x(y)x(uy

)x(yy

l

l
−

−
=η       (2.24)   

 
w h e r e   a r e  t h e  f o u r  c u r v e d  s i d e s  i n  F i g u r e  1 .  uy,y,ux,x ll

I n  g e n e r a l ,  ,  e t c .  r e p r e s e n t  s e t s  o f  d i s c r e t e  v a l u e s  o f  b o u n d a r y  lx

p o i n t s  a n d  a r e  s p e c i f i c a l l y  c h o s e n  s o  a s  t o  g i v e  a  r e q u i r e d  m e s h  

s p a c i n g .   S i n c e  ξ ,η  a r e  t h e n  k n o w n  ( d i s c r e t e )  f u n c t i o n s  o f  x  a n d  y ,  
t h e  d e r i v a t i v e s  e t c .  r e q u i r e d  f o r  t h e  c o e f f i c i e n t  A - E  a r e  ,y,x ξξ

r e a d i l y  a v a i l a b l e  b y  s u i t a b l e  d i s c r e t e  a p p r o x i m a t i o n s .  A l t e r n a t i v e  

m a p p i n g s  t h a n  ( 2 . 2 3 )  a n d  ( 2 . 2 4 )  a r e  a v a i l a b l e  b y  u s e  o f  t h e  f i n i t e  

e l e m e n t  t e c h n i q u e s  o f  b i v a r i a t e  b l e n d i n g - f u n c t i o n s ,  G o r d o n  a n d       

H a l l  C - 1 2 J ,  o r  i s o p a r a m e t r i c  c u r v i l i n e a r  c o - o r d i n a t e s ,  Z i e n k i e w i c z  

and  Phi l l ips  [21] .  

The choice of the use of orthogonal or nonothogonal co-ordinates 

depends on the degree of sophistication required of the mesh generation 
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s c h e m e .  A n  o r t h o g o n a l  s y s t e m  c a n n o t  b e  a c h i e v e d  w i t h  a r b i t r a r y  
s p a c i n g  o f  t h e  n a t u r a l  c o - o r d i n a t e  l i n e s  a r o u n d  t h e  b o u n d a r y  a n d ,  i n  
c e r t a i n  s i t u a t i o n s ,  t h i s  c a p a b i l i t y  i s  m o r e  i m p o r t a n t  t h a n  o r t h o g o n -  
a l i ty .  However ,  nonorthogonal  systems do involve more complicated 
govern ing  equat ions  and  boundary  condi t ions  and  grea te r  overheads  in    
t h e  c o mp u t a t i o n  o f  t h e  r e q u i r e d  t r a n s f o r ma t i o n  f u n c t i o n s .  
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3. Model problem
 

 
 
F i g u r e  2 . Phys i c a l  p l a ne .    Figure 3. Transformed plane. 
 

The  one-phase ,  two-dimens iona l  MBP of  Bonnero t  and  Jamet  [4]      
i s  t a k e n  a s  t h e  m o d e l  p r o b l e m ,  s e e  F i g u r e  2 .  T h e  p r o b l e m  i s  t o  
s o l v e  fo r  u (x ,y , t )  and  the  MB y  =  s  (x , t )  

 
    (3.1) ,0t,)t,x(sy0,1x0.inuuu yyxxt >≤≤≤≤+=

subject to 
     (3.2) ,0t),t,x(sy0,1xand0xon0xu >≤≤===
  ,0t,1x0,0yon1u >≤≤==     (3.3) 

⎭
⎬
⎫

π+−=
π+=

,)xcos2/(y1)0,x(u
,xcos2)0,x(s

)5.3(),0,x(sy0,1x0
)4.3(conditionsinitial

≤≤≤≤
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⎭
⎬
⎫

−=
=

,nunv
,0u

,0t),t,x(syMBtheon >=   
)7.3(
)6.3(

w h e r e  v  d e n o t e s  t h e  v e l o c i t y  o f  t h e  M B  i n  t h e  n o r ma l  d i r e c t i o n ,  n .  n

T h e  M B  mo v e s  u p w a r d s  a n d  b e c o me s  t h e  l i n e  y  =  4  f o r  t  > 7 .  

The  phys ica l  p lane  con ta in ing  the  curved  MB i s  t r ans formed  

i n t o  t h e  u n i t  s q u a r e  o f  F i g u r e  3  u s i n g  t h e  t r a n s f o r ma t i o n s  

   ξ = x, η = η (x,y)         (3.8) 

U n d e r  t h e s e ,  i n  g e n e r a l ,  n o n o r t h o g o n a l  t r a n s f o r m a t i o n s ,  t h e  

d i f f u s i o n  e q u a t i o n  ( 3 . 1 )  b e c o me s ,  f r o m ( 2 . 1 1 )  a n d  ( 2 . 1 9 ) ,  

   ( 3 . 9 )  ,0t,10,10,uEuDCuBuAuu ''
t >≤η≤≤ξ≤++++= ηξηηηξξξ

,)xyyx(
j
1DD tt

'
ηη −+=where          (3.10) 

,)yxxy(
j
1EE tt

'
ξξ −+=        (3.11) 

a n d  A  t o  E  a r e  g i v e n  b y  ( 2 . 1 2 )  - ( 2 . 1 6 ) .  

S i n c e   x=ξ  t h e s e  e q u a t i o n s  s i m p l i f y  t o  g i v e  

  (3.12) ,0t,10,10,euducubuautu >≤η≤≤ξ≤η+ξ+ηη+ηξ+ξξ=

With       (3.13) 
⎪
⎭

⎪
⎬

⎫

+η+=

=+=

−==

η

η

ηξ

.y/yne
,0d,)2/b()y/1(c

,y/y2b,1a

tyyxx

22

 

and the boundary conditions (3.2) and (3.3) become 

            (3.14) ,0t,10,1and0on0uyuy >≤η≤=ξ=ξ=− ηξη ξ

            .0t,10,0on1u >≤ξ≤=η=       (3.15) 

T h e  M B  c o n d i t i o n  ( 3 . 7 )  c a n  b e  w r i t t e n  i n  t e r ms  o f  mo v e me n t s  

along the y ordinates only, see [7,10], as 

.)t,x(syon,u})Y(1{Y Y
2

Xt =+−=     (3.16) 
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From this the transformed MB conditions can be writ ten as 
 

{ } .0t,1ηon
,ηy/ηu2y1ty

0u
>=

⎪⎭

⎪
⎬
⎫

ξ+−=

=
       

)18.3(
)17.3(

 
The movement of the MB is now monitored by the change of y values  

for points (ξ ,  η) on n =1 using (3.18). 

 
 

4. Method 1 - solution based on transformations of Oberkampf 16],  
 

Following the transformations of Oberkampf [16], equations

(2.23)  and (2.24)  def ine the t ransformations 

 
ξ = x,     η = y/s(x, t),        (4.1) 

 
which is simply the two-dimensional version of the fixing of the 
boundary, Landau [15] , transformation.  (It has since been found 
that  this  idea has  a l ready been used by Duda et  a l .  [8]   for  
two-phase,  two-dimensional  MBPs.)  

 
Using (4.1), the coefficients of the transformed diffusion 

equation (3.1) are, from (3.13) with  ,s/ysyandsy ξ=ξ=η

⎪
⎪

⎭

⎪
⎪

⎬

⎫

+ξξ=
=+=

ξ−==

,s/ty)s/y(e
,0d,2)2/b()2s/1(c

,2s/ys2b,1a

     (4.2) 

S imi la r ly ,  the  de r iva t ive  boundary  cond i t ions  (3 .14)  a re  
 

    (4.3) 1and0on0)s/ηuys(us =ξ=ξ=ξ−ξ
 

and the MB condition   (3.18)   is 
 

{ } .1on,ηu2s1
s
1

ty =ηξ+−=        (4.4) 

 
If Figure 3 is discretised into a mesh of size h2N1N ×

with =kh, k = 0,  l , . . . ,  N  ,  and  = 0,1, . . ,  N ,then lll ,h=ηkξ 1 2



12 
 
 
 
suitable discrete approximation for  , and are ξs ξξs
 

.11N,...,2,1k

h
ss2ss

,
h2
sss

2
1kk1k

1k1k

−=

⎪
⎪
⎭

⎪⎪
⎬

⎫

+−
=

−
=

−+
ξξ

−+
ξ

    (4.5) 

At k =0 and k =N  , s  =0 since u1 ξ x =0 and u = 0. 
 
The  numer ica l  so lu t ion  p roceeds  by  d i sc re t i s ing  the  t ime  

nvar iable  t  by t  = nδ t  ,  n  = 0,1,2, . . . . .and by using sui table  

approximations for the derivatives of u over the unit  square. 

Central finite-difference approximations, with simple explicit 

time-differencing approximations, are used in order to illustrate 

the ideas, the presence of the cross derivative term resulting in 

a nine-point formula.  To maintain 0(h2) accuracy for derivatives of 

u at the boundaries of the square, three-point end-on formulae may 

be used. Alternatively, use of the fictitious point idea results in 

two-point formulae which have the added advantage of possessing 

lower truncation error.  
 

To develop fictitious point approximations for MB conditions of

the form (4.4), i.e. 

 ,0t,1onu)t,(kyt >=ηξ−= η      (4.6)                            
it is necessary to combine (4.6) with the governing equation (3.12) 

applied at η  =1.   This idea is well-known in heat conduction 

problems, Eyres et al. [9].  Combining (3.12) and (4.6) on η = 1 

gives the tridiagonal system for the velocity y   at the point ξ  ,  t k

notated by  
,kt )y(

  (4.7) .h/)uu(c4)k/y(b)k/y)(eh2c4()k/y(b 12N,k2N,k1ktkt1kt −+− +− + + = − −

The tridiagonal system, rather than an explicit formula, arises

because of the cross-derivative terms. This system is readily solved 
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using s tandard t r idiagonal  a lgori thms,  and the posi t ion of  the

MB is  given by the approximation 

 
            (4.8) ).ht(0errorwith,)y(tyy 2

kt
n
k

1n
K +δδ+=+

 
The numerical  solution algorithm is as follows: 
 
i)  given u and s at t ime level n, relate (ξ ,  η) points

to (x,  y) points using (4.1) ;  

 

ii) compute the new position of the MB at time (n+1) by a

simple explicit  approximation developed (a) from

three-point end-on formulae for u or (b) from the 

ficti t ious point formulae (4,7) and (4.8) ;  

 

iii) use (4.1) to relate the changes in y at the points (ξ, η) ; 
 

iv) solve the diffusion equation (3.1) with coefficients

(4.2) using a simple explicit time-differencing and

(a)  three-point  or  (b)  f ic t i t ious  point  approximations

at the boundaries. Go to step (ii)  and repeat for each

time level. 
 

The results of the three-point, Method 1(a), and fictitious point, 

Method 1(b), schemes are compared in Table 1. 
 

5. Method 2 - solution by 'equipotential’ transformations, Winslow [20]  

The 'equipotential' transformations (2.20) of Winslow [20]

allow greater flexibility in the control of the mesh spacing, see the

discussion in Thompson et al. [19].  Since ξ = x, the quasilinear

system (2.21) for generation of the transformation reduces to the

single quasilinear equation 

 
 

       (5.1) ,0yy2y =ηηγ+ηξβ−ξξα



14 
where        (5.2)                            .2y1,ηyy,2

ηy ξ+=γξ=β=α

Control over the spacing of the co-ordinate lines is obtained by

the choice of boundary points for the boundary conditions 

 

⎭
⎬
⎫

=ξη==ηξ=
=ξη==η=

,0on)t,0(sy,1on)t,(sy
,1on)t,1(sy,0on0y

   (5.3) 

 
and by the addition of terms to the  el l iptic system (5.1),  see

Thompson et al. 

 
The overheads of having to solve (5.1) at each time step are

very expensive, and so an efficient numerical solution of (5.1) is

a necessity.  Winslow [201 and Chu [5] linearised the quasilinear

equation (4.1) to the sequence of linear equations 

,.....,2,1r,0)r(
ηηy)1r()r(

ηy)1r(β2)r(y)1r( ==−γ+ξ
−−ξξ

−α    (5.4) 

and used successive over-relaxation, iterative solution for each linear

equation.  The coefficients α, β, γ at the next step r were under-

relaxed using the scheme 

 .1ρ0,)1r()ρ1())r(y(ρ)r( <<−α−+α=α        (5.5)                            
An advantage of co-ordinate transformation methods is that,

for a reasonably accurate solution, the number of mesh points ( )21 NN ×

in the transformed plane need not be very large, c.f. the large number

of mesh points often needed in the physical plane.  This suggests the

use of a direct, rather than an iterative, solution of equations (5.4).

With this in mind, a high-speed, banded matrix routine has been used

for the solution of the nine-point, non-symmetric finite-difference

equations resulting from central, finite-difference approximations

of (5.1). 
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T h e  n u me r i c a l  a l g o r i t h m i s  t h e n  a s  f o r  me t h o d  ( 1 )  b u t  w i t h

s teps  ( i )  and  ( i i i )  r equ i r ing  the  so lu t ion  o f  (5 .4 )  to  de te rmine

the (ξ  ,  η  )  t ransformation.   Note  that  the  set  of  co-ordinate  l ines  

generated by Methods 1 and 2 are different.   This must be so since

the t ransformations (4.1)  of  method 1 do not  sat isfy (2.20) . 

 
6 .   Numerical  resul ts  and conclusions
 

Methods 1(a), 1(b) and 2(a) were programmed in Fortran on a

CDC 7600 computer and the results are presented in Tables I and II 
For methods of type (a),  three-point end-on approximations are used 
for the  der iva t ives  a t  the  boundar ies .  I f  the  va lue  of  u  i s  a lmos t  η

zero (as  i t  i s  near  ξ  =  0  on η  =  1  where the boundary is  moving very 

slowly) then it  was found that three-point approximations could give

the wrong sign for u  .  If this happened then the 0(h) two -point end-η

on approximation was used since this always gave the correct sign. 

Methods of  type (b)  use the f ic t i t ious  point  approach descr ibed in  

sect ion 4 and these methods always gave the correct  s ign for  u .  η

Explicit  t ime-differencing schemes were used, the stability requirement 

being δ t  ≤  h2 /4 .   Using this  as  an upper  bound,  the t ime s tep was 

successively halved unt i l  the  values  agreed to  4  s ignif icant  f igures .  

 
The results are compared with those given by Bonnerot and Jamet 

[4] who used a finite-element method in both space and t ime based 

on an integral  formulat ion of  the problem.   Their  f ini te-element  

method uses a variable space, triangular mesh so that the MB is 

always approximated by a polygonal curve whose vertices are nodes of 

the t r iangulat ion.   The use of  f ini te  e lements  in  t ime resul ts  in  a  

generalisation of the Crank-Nicolson implicit  scheme.  An explicit  

scheme is used to approximate the MB condition (3.7) and the MB 

position y = s( ) is calculated from a geometrical procedure based nt,kx
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on  approximat ions  of  u  over  the  two ad jo in ing  s t ra ight  l ine

segments.   Their  best  results (δ t  = h = 1/64) show good agreement 
with those of  methods 1 and 2,  but  for  smaller  values  of  h  and δ t 
the agreement is not so good. Although the implicit method allows 
large  t ime s teps  to  be  used ,  i t  i s  sugges ted  tha t  a  smal le r  t ime

step might  give improved resul ts  for  (say)  h  = 1/16. 

Crowley (private communication) has applied both the enthalpy

and the Isotherm Migration (IMM) methods described in Crank and 

Crowley [6]  to  this  problem, and the resul ts  are  compared in

Tables  I  and II .  The enthalpy formulat ion corresponding to  the 
model  problem   was  d iscre t i sed  us ing  expl ic i t  f in i te -d i f fe rence  

approximations and the position of the MB was located by extrapolation 

from the last two (u >0) mesh points along each x line.  The solution

is over the fixed domain {0 ≤x ≤1, 0 ≤y ≤4} thus necessitating 400 

squares of side h = 0.1 for comparable accuracy to Methods 1 and 2. 
The IMM method uses the novel approach of working along the flow 
lines ,  o r thogonal  to  the  i so therms .  This  resu l t s  in  a  loca l ly  one-

dimensional, radial form of the IMM equation for the radius of curvature, r 
as a function of u and t.   The values presented in Tables I and II are 

the resul ts  of  ear ly  experiments  and the authors  expect  that  la ter  

experiments will  improve the accuracy near x = 0.  A further useful 

comparison would be the IMM method of Crank and Gupta [7], where

y is expressed as a function of u,  x and t . 

 
Conclusions 
 

Co-ordinate  t ransformations based on Methods 1(a)  and (b)  

provide a  s imple,  eff ic ient  and accurate  solut ion of  the problem, 
with 1(b) being the most accurate.  Method 2 is  more expensive due 
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t o  t h e  n e e d  t o  s o l v e  ( 5 . 1 )  a t  e a c h  t i m e  s t e p  b u t  d o e s  o f f e r  a  

smoother  and  more  f lex ib le  cont ro l  over  the  curv i l inear  mesh 
spacing.  Both methods compare favourably with those of Bonnerot 
and Jamet,  Crank and Crowley, and can be readily extended to implicit  

schemes, e.g. see Duda et al. [8]. 
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TABLE I - Comparison of Methods land 2 with those of Bonnerot and 

Jamet  [4] ,  Crank and Crowley [6] 

 

Posit ions of the moving boundary y = s(x,  t)  for x = 0,  0.5 and 1 at  

time t = 2. 

 
 

Method s(0,t) s(0.5,t) s(1,t) 
Execution 

  time per 
  time step 

Method 1(a), 100 squares of 
side h=0.1, δ t = 0.001. 3.072 2.830 2.651 0.0017 

Method 1(b), 100 squares of 
side h=0.1, δ t = 0.001. 3.068 2.789 2.596 0.0017 

Method 2(a), 100 squares of 
side h=0.1, δ t = 0.001. 3.084 2.841 2.599 0.1325 

Crank and Crowley enthalpy, 
400 squares of side h = 0.l,     
δ t - 0.002. 

3.085 2.777 2.602 0.0147 

Crank and Crowley IMM, 
8 points on 5 isotherms  
(δu-0.2), δ t=0.0004 

3.248 - 2.523 0.0527 

Bonnerot and Jamet, 256 
triangles, h = δ t = l/16, 3.122 2.902 2.679 0.0367 

4096 triangles, h =δ t = l/64. 3.068 2.810 2.610 - 

 
Notes

The execut ion t imes are  a l l  for  runs on a  CDC 7600 computer .  The only 

execution t ime quoted by Bonnerot and Jamet is  for 200 triangles with 

h=  so this  value has  been scaled up to  256 t r iangles .  Method ,10/1t =δ

2(a)  involves  on average 6 i terat ions of  (5 .4)  to  obtain convergence of  
-6the y values to an accuracy of 10 .



19 
 

 TABLE II -  Comparison of successive mesh refinements 
 
P o s i t i o n s  o f  t h e  m o v i n g  b o u n d a r y  y = s ( x , t )  f o r  x  =  0 ,  0 . 5  a n d  1  
at time t = 2. 
 
 

 
Method 

 
s(0,t) 

 
s(0.5,t) 

 
s(l,t) 

 
 
 

Method 1(a)                      
⎪
⎩

⎪
⎨

⎧

=
=
=

32/1h
16/1h
8/1h

 
3.089 
3.053 
3.052 

 
2.866 
2.797 
2.780 

 
2.685 
2.610 
2.587 

 
 
 

Method 1(b)                       
⎪
⎩

⎪
⎨

⎧

=
=
=

32/1h
16/1h
8/1h

 
3.068 
3.066 
3.062 

 
2.794 
2.781 
2.777 

 
2.600 
2.589 
2.585 

 
Crank and  

Crowley [6],                      
⎩
⎨
⎧

=
=

16/1h
10/1h

enthalpy method 
 
 

 
3.085 
3.051 

 
2.777 
2.799 

 
2.602 
2.566 

 
 
Bonnerot and  
Jamet [4],           
finite-element 
method 

 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=
=
=
=

64/1h
32/1h
16/1h
8/1h

 

 
3.181 
3.122 
3.085 
3.068 

 
2.978 
2.902 
2.843 
2.810 

 
2.712 
2.679 
2.635 
2.610 
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