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ABSTRACT 

 
A  n o v e l  a p p r o a c h  t o  t h e  s o l u t i o n  o f  t r a n s i e n t  h e a t  f l o w  

p r o b l e m s  i n  t w o  d i m e n s i o n s  i s  d e s c r i b e d .  T h e  m o v e m e n t s  o f   

i s o t h e r m s  a l o n g  o r t h o g o n a l  f l o w  l i n e s  a r e  t r a c k e d  i n   

s u c c e s s i v e  s m a l l  i n t e r v a l s  o f  t i m e  b y  s o l v i n g  a  l o c a l l y   

o n e - d i m e n s i o n a l  I M M  f o r m  o f  r a d i a l  h e a t  e q u a t i o n .  T h e   

d e t e r m i n a t i o n  o f  t h e  n e w  o r i e n t a t i o n  o f  t h e  o r t h o g o n a l   

s y s t e m  a t  t h e  e n d  o f  e a c h  t i m e  i n t e r v a l  i s  b a s e d  o n   

g e o m e t r i c a l  c o n s i d e r a t i o n s .  

T h e  m e t h o d  i s  a p p l i e d  t o  t h e  m o v i n g  b o u n d a r y  p r o b l e m   

p r e s e n t e d  b y  t h e  s o l i d i f i c a t i o n  o f  a  s q u a r e  p r i s m  o f  f l u i d   

a n d  t h e  r e s u l t s  c o m p a r e d  w i t h  t h o s e  o b t a i n e d  b y  t h e  e n t h a l p y   

m e t h o d .  
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1. INTRODUCTION 

Whe n  a  t e mpe r a t u r e  g r a d i e n t  e x i s t s  i n  a n  i s o t r o p i c  me d i u m f l o w  o f  h e a t   
a l w a y s  t a k e s  p l a c e  a l o n g  t h e  n o r m a l  t o  a n  i s o t h e r m .  T h u s  i n  a   
t w o - d i me n s i o n a l  r e g i o n  t h e  f l o w  l i n e s  c o mpr i s e  a  s e t  o f  c u r v e s  o r t h o g o n a l   
to  the  set  of  isotherms.  Tradi t ional ly  the  par t ia l  d i fferent ia l  equat ion  
of heat flow and its solutions express the temperature distribution  
throughout a given region and the way in which it changes with time.  
In analogous fluid flow problems this is what is called the Eulerian  
viewpoint. Recently the heat flow equations have been written in a  
form which concentrates attention on the movement of the isotherms,  
Dix and Cizek [1] ,Crank and Phahle [2]. The Isotherm Migration Method (IMM)  
tracks the movements through the medium of individual points on the isotherms.  
Thus it is analogous to the Lagrangian formulation of problems in fluid flow.  
Several authors have explored the computational advantages of using various  
curvilinear coordinate systems mainly in fluid flow problems in arbitrarily  
shaped regions. 
One group of papers is concerned with the generation of a curvilinear  
coordinate system with coordinate lines coincident with all  boundaries  
in the physical problem. The advantage of the IMM formulation of the type  
of  problem discussed in  this  paper  is  that  i t  y ie lds  just  such a  coordinate   
system.  A general  method of  generat ing an appropria te  gr id  is  to  le t  the   
curvi l inear  coordinates  be solut ions  of  subsidiary e l l ipt ic  par t ia l   
differential equations in the physical plane with Dirichlet  conditions on  
a l l  the  boundaries .  The curvi l inear  system is  not  necessar i ly  or thogonal   
but i ts  advocates claim that the freedom for arbitrary spacing of the grid  
l ines around the boundary is  more important than orthogonali ty.  Following  
a pioneer paper by Winslow [3] a succession of authors have proposed  
various ways of using a curvil inear grid.  A useful l ist  of references and  
an extension to multiconnected regions with any number of arbitrarily shaped  
bodies or holes is given by Thompson, Thames and Mastin [4]. Oberkampf [5]  
discusses some useful generalised mapping functions.  
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I n  t h e  t w o - d i m e n s i o n a l  v e r s i o n  o f  t h e  I M M  d e s c r i b e d  b y  C r a n k  a n d  
G u p t a  [ 6 ]  t h e  m o v e m e n t s  o f  i s o t h e r m s  i n  t h e  y  d i r e c t i o n  a l o n g  
e q u a l l y  s p a c e d  l i n e s  o f  c o n s t a n t  x ,  a r e  c o m p u t e d .  
T h i s  m e t h o d  c a n  b e  r e g a r d e d  a s  a  p a r t i c u l a r  c a s e  o f  t h e  u s e  o f  
c u r v i l i n e a r  c o o r d i n a t e s  i n  w h i c h  o n e  o f  t h e  n e w  c o o r d i n a t e s  i s  
i d e n t i f i e d  w i t h  t e m p e r a t u r e ,  u ,  a n d  t h e  o t h e r  i s  t h e  x  c o o r d i n a t e  i n  
t h e  o r i g i n a l  p h y s i c a l  p l a n e .   T h e  o r i g i n a l  y  c o o r d i n a t e  b e c o m e s  t h e  
new dependent  var iab le  to  be  computed  on  the  rec tangular  u ,  x  gr id .  
Thus  some,  bu t  no t  a l l  o f  the  advantages  of  a  genera l  curv i l inear  gr id  
are reaped in this IMM approach without the need to solve subsidiary 
e l l ip t i c  equa t ions .  The  same  idea  i s  used  by  Boadway  [7 ]  in  so lv ing  
Laplace's  equation in irrotational f low. 
The  present  paper  i s  c loser  in  concept  to  the  approach  of  Pot te r  and  
Tut t le  [8]  who refer  to  the advantages  of  maintaining an or thogonal  
grid when a two-dimensional problem is formulated in Lagrangian terms. 
They describe a method of constructing generalised discrete orthogonal 
coordinates, suitable for digital computation and which may be applied 
at each timestep to the Lagrangian solution of multidimensional initial  
value problems. We describe here a simpler method of solving two-dimensional 
heat flow problems using the orthogonal system of isotherms and flow lines. 
The motions of points on the isotherms along the orthogonal flow lines 
are computed. The solution proceeds in small steps ∆t in time and for 
each interval ∆ t  the partial differential equation to be solved contains 
only one independent variable other than time t. The changing shape and 
orientation of the orthogonal system are catered for by a geometric 
procedure.  
A s  a n  e x a mp l e  t h e  me t h o d  i s  u s e d  t o  s t u d y  t h e  s o l i d i f i c a t i o n  o f  a  
square prism of fluid.  

2.  IMM FORMULATION OF HEAT FLOW IN CYLINDRICAL COORDINATES 

I n  n o n - d i me n s i o n a l  f o r m t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g   
heat  f low in  cyl indr ical  coordinates  ( r ,θ )  may be wri t ten 
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where u denotes temperature and the thermal properties are 
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a s s u m e d  c o n s t a n t .  T h e  r a d i a l  c o o r d i n a t e  r  i s  m e a s u r e d  f r o m   
a n  o r i g i n  w h i c h  r e m a i n s  f i x e d  a s  t i m e  t  c h a n g e s .  F o l l o w i n g   
D i x  a n d  C i z e k  [ 1 ]  t h e  c h a n g e  o f  d e p e n d e n t  v a r i a b l e  u ( r , θ , t )  t o   
r ( u ,θ , t )  l e a d s  t o  t h e  e q u a t i o n  
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T h i s  r a d i a l  f o r m o f  t h e  T M M  e q u a t i o n  a l l o w s  t h e  mo v e me n t s  o f   
i s o t h e r m s  t o  b e  c a l c u l a t e d  i n s t e a d  o f  t h e  m o r e  c o n v e n t i o n a l   
v a r i a t i o n s  o f  t e m p e r a t u r e  a t  f i x e d  p o i n t s .  

C o n s i d e r  n o w  a  g e n e r a l  h e a t  f l o w  p r o b l e m  i n  t w o  s p a c e  d i m e n s i o n s .   
T h e r e  w i l l  b e  a  f a m i l y  o f  i s o t h e r m s  a n d  a n  a s s o c i a t e d  f a m i l y   
o f  f l o w  l i n e s ,  o r t h o g o n a l  t o  t h e  i s o t h e r m s . I n  a n  i s o t r o p i c   
m e d i u m ,  a n y  p o i n t  o n  a n  i s o t h e r m  m o v e s  a l o n g  t h e  f l o w  l i n e s ,  n o r m a l   
t o  t h e  i s o t h e r m  a t  t h a t  p o i n t . H e a t  f l o w  i s  e v e r y w h e r e  n o r m a l   
t o  t h e  i s o t h e r m s  a n d  n e v e r  a c r o s s  f l o w  l i n e s .  P r o v i d e d  w e   
c o n f i n e  a t t e n t i o n  t o  a  s m a l l  s e g m e n t  o f  a n  i s o t h e r m  f o r  a  s h o r t   
i n t e r v a l  o f  t i m e ,  w e  c a n  r e g a r d  t h e  i s o t h e r m  e l e m e n t  a s  p a r t   
o f  a  c y l i n d r i c a l  s y s t e m  a n d  i d e n t i f y  t h e  c o o r d i n a t e  r  i n  ( 2 )   
a s  t h e  l o c a l  r a d i u s  o f  c u r v a t u r e  o f  t h e  i s o t h e r m me a s u r e d  f r o m  
t h e  l o c a l  c e n t r e  o f  c u r v a t u r e  a s s u me d  f i x e d  i n  i t s  p o s i t i o n  
a t  t i m e  t .  E q u a t i o n  ( 2 )  y i e l d s  t h e  v e l o c i t y  d r / d t  o f  t h e  s e l e c t e d  
e l e me n t  o f  t h e  i s o t h e r m a l o n g  t h e  n o r ma l  t o  i t s e l f .  

B e c a u s e  t h e  g e n e r a l  s y s t e m i s  d i s t o r t i n g  a n d  r o t a t i n g ,  b o t h  t h e   
cen t re  o f  curva tu re  fo r  the  e lement  o f  the  i so the rm cons ide red   
and  the  curva ture  i t se l f  may change  wi th  t ime as  wel l  as  f rom  
p o i n t  t o  p o i n t  i n  t h e  s y s t e m .  T h e  f l o w  l i n e s  w i l l  n o t  s t r i c t l y   
b e  r a d i a l  l i n e s  o f  c o n s t a n t  θ  a n d  t h e  l o c a l  i s o t h e r ms  w i l l  n o t   
b e  e x a c t l y  c o n c e n t r i c  c i r c u l a r  a r c s .  B u t  b e c a u s e  r  i n  ( 2 )  i s   
chosen  to  be  a long  the  loca l  normal ,  the  t e rm 22u θ∂∂  w i l l  in   
genera l  be  smal l  bu t  non-zero .  In  th i s  paper  we  approximate   
i t  to  zero  in  order  to  ca lcu la te  the  movement  of  a  po in t  on   
t h e  i s o t h e r m i n  t h e  d i r e c t i o n  o f  i t s  n o r ma l  i n  t h e  t i me  i n t e r v a l   

t ,  i . e .  w e  s o l v e  t h e  e q u a t i o n  Δ
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W e  t h e n  c a r r y  o u t  a  s e p a r a t e  c a l c u l a t i o n  o f  t h e  n e w  d i r e c t i o n   
o f  t h e  n o r m a l ,  a t  t h e  e n d  o f  t h e  s a m e  i n t e r v a l  Δ t .  

W e  s h a l l  d e s c r i b e  a  g e o m e t r i c a l  d e r i v a t i o n  o f  t h e  n o r m a l  d i r e c t i o n   
b e f o r e  p r o c e e d i n g  w i t h  a  n u m e r i c a l  s o l u t i o n  o f  ( 3 ) .  
 

           3.  CURVATURE AND NORMAL DIRECTION
 
F i g . 1 .  s h o w s  a  s e c t i o n  o f  a n  i s o t h e r m  w h i c h  w e  a p p r o x i m a t e  b y  
a  c i r c u l a r  a r c  A B C  t h a t  i s  c o n c a v e  d o w n w a r d s  a n d  t o  w h i c h  w e  a s s i g n  
a  p o s i t i v e  c u r v a t u r e .  T h e  t a n g e n t s  a t  t h e  m i d p o i n t s  P , Q  o f  e a c h  
o f  t h e  a r c s  A B ,  B C  a r e  p a r a l l e l  t o  t h e  c o r r e s p o n d i n g  c h o r d s  A B ,  B C .  
T h u s  t h e  c h a n g e  i n  t h e  d i r e c t i o n  o f  t h e  t a n g e n t  a l o n g  t h e  a r c  P B Q  
is  given by 1mm +ψ−ψ  where  the  'ψ s  are  the angles  made by the  
p e r p e n d i c u l a r  b i s e c t o r s  o f  t h e  c h o r d s  A B  a n d  B C  r e s p e c t i v e l y  w i t h   
t h e  x  a x i s  a s  i n  F i g . 1 .  T h e  a r c  l e n g t h  P B Q  ma y  b e  a p p r o x i ma t e d  b y  
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++  w h e r e   d e n o t e s  t h e  l e n g t h  o f  t h e  c h o r d  A B ,  l a b e l l e d   ms

c h o r d  m .  T h e n  t h e  r a d i u s  o f  c u r v a t u r e  mr  a t  t h e  p o i n t  )y,x(B mm  
ma y  b e  w r i t t e n  
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R e g a r d i n g  B Q  a s  a  c i r c u l a r  a r c  o f  r a d i u s  mr  a n d  l e n g t h    1ms +

w e  a p p r o x i ma t e  t h e  a n g l e  ma r k e d  mγ  on  F ig .1  a s  m1m r/s
2
1

+  and   

h e n c e  t h e  d i r e c t i o n  o f  t h e  r a d i u s  a t  B ,  n o r m a l  t o  t h e  i s o t h e r m  i s  
s p e c i f i e d  b y  t h e  a n g l e   w h e r e  mθ
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  4. NUMERICAL METHOD 

 
C o n s i d e r  t h r e e  a d j a c e n t  i s o t h e r m s  a s  i n  F i g .  2 .  o n  w h i c h  t h e   
t e mpe r a t u r e s  a r e  ( j - 1 )   a n d  (  j + l  )uj,u δδ uδ  a s  i nd i ca t ed  and  ABC a r e   
t h r e e  p o i n t s  w h o s e  c o o r d i n a t e s  a r e  k n o w n  o n  i s o t h e r m  j .  uδ

T h e  p o i n t s  G  a n d  F  a r e  f o u n d  b y  t h e  i n t e r s e c t i o n s  o f  t h e  r a d i u s   
mr  a t  B  w i t h  t h e  c h o r d s  a p p r o x i m a t i n g  t h e  i s o t h e r m s  (  j - 1  )  a n d  uδ
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( j + l ) .  L e t   =  uδ mn mr  b e  t h e  d i s t a n c e  o f  B  f r o m  t h e  c e n t r e  o f   

c u r v a t u r e  o f  t h e  a r c  A B C  a n d  l e t  +
mn  and  −

mn  d e n o t e  t h e  d i s t a n c e s  o f  

F  a n d  G  f r o m t h i s  s a me  c e n t r e  o f  c u r v a t u r e  r e s p e c t i v e l y .  T h e n  
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Thus  i f  we  deno t e  by    t h e  mo v e me n t  o f  t h e  p o i n t  m o n  t h e  m,jnΔ

i s o t h e r m j  a l o n g  t h e  n o r ma l  i n  a  s ma l l  i n t e r v a l  uδ Δ t ,  we  ma y   

r e p l a c e  ( 4 )  e x p l i c i t l y  b y  
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I f  t h e  c o o r d i n a t e s  o f  t h e  p o i n t  m o n  t h e  i s o t h e r m j uδ  
a t  t i m e  i t  a r e  d e n o t e d  b y  ,  t h e n  t h e  n e w  c o o r d i n a t e s  Δ i

m,j
i

m,j y,x

a t  t i me  ( i + 1 ) t  a r e  Δ

 
    ,     ( 9 )  i

m,j
i

m,j
i

m,j
1i

m,j cosnxx θΔ+=+

        (10) .i
m,j

i
m,j

i
m,j

1i
m,j sinnyy θΔ+=+

  
w h e r e   i s  g i v e n  b y  ( 8 )  a n d   b y  ( 5 ) .  i

m,jnΔ i
m,jθ

T h u s  i f  t h e  i n i t i a l  d a t a  i n  a  t w o - d i m e n s i o n a l  h e a t  f l o w   

p r o b l e m  a r e  g i v e n  a s  t h e  c o o r d i n a t e s  o f  a  s e t  o f  p o i n t s  o n  e a c h  o f   

a  number  of  i so therms  we can  use  the  above  numer ica l  method to   

a d v a n c e  e a c h  p o i n t  i n  a  s u c c e s s i o n  o f  s m a l l  t i m e  s t e p s  ∆ t .  P o i n t s   

on  and  near  the  boundary  wi l l  need  spec ia l  t rea tment  depending  on   

t h e  n a t u r e  o f  t h e  b o u n d a r y  c o n d i t i o n s .  
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5.   MOVING BOUNDARIES 

In  many problems of  prac t ica l  impor tance ,  one  or  more  condi t ions  a re   
specif ied on boundaries  which move through the dium. They include   me
problems of  mel t ing  and  f reez ing  in  which  a  moving  in te r face  separa tes   
t h e  l i q u i d  f r o m  t h e  s o l i d  p h a s e .  T h e  t e m p e r a t u r e  o n  t h e  i n t e r f a c e   
remains  constant  a t  the  mel t ing temperature  . A second boundary  ou

c o n d i t i o n  e x p r e s s e s  t h e  h e a t  b a l a n c e  a t  t h e  i n t e r f a c e  a n d  d e t e r mi n e s   
i t s  v e l o c i t y .  I f  t h e  p h a s e - c h a n g e  s u r f a c e  i s  S ( r , t  )  =  0  t h e s e  c o n d i t i o n s   

ma y  b e  e x p r e s s e d  a s  
   
            (11) ,Sonuu O=

and  

     
−+ ∇∇−∇∇=

∂
∂ S.uS.u

t
SL      ( 12 )  

 

Whe r e  ( −+ ) d e n o t e s  t h e  l i mi t  a s  S  i s  a p p r o a c h e d  f r o m t h e  

l i q u i d  ( s o l i d )  p h a s e .  

P r o b l e m s  o f  t h i s  g e n e r a l  k i n d  a r e  d e s c r i b e d  a s  S t e f a n  p r o b l e m s  [ 9 ] .   
E a r l y  w o r k  w a s  l a r g e l y  c o n f i n e d  t o  p r o b l e ms  i n  o n e  s p a c e  d i me n s i o n   
b u t  r e c e n t l y  m o r e  a t t e n t i o n  h a s  b e e n  g i v e n  t o  t w o  a n d  t h r e e  s p a c e   
d ime ns ions  [10 ]  [11 ]  [12 ]  [13 ] .  T h e  I M M  me t h o d  i s  e s s e n t i a l l y   
concerned  wi th  the  t r ack ing  o f  i so the rms  th rough  a  medium and  i f   
t h e  p h a s e - c h a n g e  b o u n d a r y  i s  i t s e l f  a n  i s o t h e r m a l  s u r f a c e ,  a s  i t   
c o mmo n l y  i s ,  n o  s p e c i a l  p r o b l e ms  a r i s e  i n  c a l c u l a t i n g  i t s  mo t i o n   
except  the  necessary  convers ion  of  the  mel t ing  condi t ion  to  IMM form.   
I f  n  i s  t h e  l o c a l  r a d i a l  c o o r d i n a t e ,  me a s u r i n g  d i s t a n c e  f r o m t h e   
c e n t r e  o f  c u r v a t u r e  o f  S ,  ( 1 2 )  b e c o me s  j u s t  

   
+

⎥⎦
⎤

⎢⎣
⎡
∂
∂

−
−

⎥⎦
⎤

⎢⎣
⎡
∂
∂

=
∂
∂ −− || 11

u
n

u
n

t
nL      (13) 

o n  t h e  i s o t h e r m .  ( 1 3 )  i s  t h e n  u s e d  i n  p l a c e  o f  ( 3 )  t o  0uu =

c a l c u l a t e  t h e  mo v e me n t  o f  t h e  f r e e z i n g  f r o n t  0uu = .   O n e  v e r s i o n   

of IMM has been described and applied to a two-dimensional Stefan  
p roblem [6] .  We now i l lus t ra te  the  use  of  the  present  vers ion  by   
a p p l y i n g  i t  t o  t h e  s o l i d i f i c a t i o n  o f  a  p r i s m o f  f l u i d .  
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6.  EXAMPLE:  SOLIDIFICATION OF A SQUARE PRISM OF FLUID
 
A n  i n f i n i t e l y  l o n g  p r i s m  i s  i n i t i a l l y  f i l l e d  w i t h  a  f l u i d  a t  t h e   
fus ion  t empera tu re  u=1 .  The  t empera tu re  on  i t s  su r face  i s  subsequen t ly   
ma i n t a i n e d  c o n s t a n t  a t  u  = 0 ,  b e l o w  t h e  fu s i o n  t e mpe r a t u r e ,  s o  t h a t   
inwards  so l id i f ica t ion  occurs .  The  pr i sm extends  be tween  ,  1x1 ≤≤−

1y1 ≤≤− .  Assuming thermal properties to be constant,  we require a  
so lu t i on  o f  t he  equa t i on  
 

      ,
y
u

t
u

t
u

2

2

2

2

∂
∂

+
∂
∂

=
∂
∂       (14) 

 
s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n s  
 
  u  =  0  on  (x  –  1 )  ( y  –  1 )  =  0  ,       (15)  
   
  ,0yon0yu;0xon0xu ==∂∂==∂∂     (16)

  .0)t,y,x(SonS.utSLand1u =∇∇−=∂∂=
−

   (17) 

 
I n  o r d e r  t o  i l l u s t r a t e  t h e  m e t h o d  w e  s h a l l  s t a r t  t o  a p p l y  i t   
a t  a  t i m e  t o  w h e n  a n  o u t e r  l a y e r  o f  t h e  p r i s m  h a s  a l r e a d y   
s o l i d i f i e d  a n d  t h e r e  i s  a  t e m p e r a t u r e  d i s t r i b u t i o n  i n  t h e  s o l i d .   
The  coo rd ina t e s  o f  s e l ec t ed  po in t s  on  a  numbe r  o f  i s o the rms  a t   
c o n s t a n t  i n t e r v a l s  o f  t e mpe r a t u r e  w e r e  i n t e r p o l a t e d  f r o m a  n u me r i c a l   
s o lu t i on  ob t a ined  p r ev ious ly  by  t he  en tha lpy  me thod  [13 ] .  Because   
o f  s y m m e t r y  a b o u t  t h e  d i a g o n a l  y  = x  i t  i s  s u f f i c i e n t  t o  w o r k  i n  t h e   
t r i a n g u l a r  r e g i o n  1y0,yx0 ≤≤≤≤ .  

We  may  app ly  t he  p rocedu re  o f  §4  t o  c a l cu l a t e  new  pos i t i ons  fo r  
a l l  i n t e r i o r  p o i n t s  a t  t i me  tt0 Δ+ .  
S u c c e s s i v e  s t e p s  i n  t h e  c a l c u l a t i o n  a r e :  
i )  E v a l u a t e  a t  e a c h  p o i n t  t h e  d i r e c t i o n  o f  t h e  n o r ma l  t o  t h e  
 i s o t h e r m a n d  t h e  l o c a l  c u r v a t u r e  u s i n g  ( 4 )  a n d  ( 5 )  a t  t i me   ο= tt .
i i )   Evaluate  the normal  movement  of  each point  and hence i ts  new 
      c o o r d i n a t e s  a t   u s i n g  ( 8 ) ,  ( 9 ) ,  ( 1 0 ) .  tt Δ+ο
i i i )  P roceed  s imi la r ly  f rom tittott Δ+οΔ+ο  i n  success ive  t ime  s teps  tΔ .  

The  end  poin ts  on  the  boundar ies  x  =  0  and  y  =x  need  spec ia l  cons idera t ion .  
A  c i r c l e ,  w i t h  i t s  c e n t r e  o n  t h e  a x i s  a t   o r  o n  t h e  d i a g o n a l  )y(0, ο
a t  ( a . a )  a s  a p p r o p r i a t e ,  i s  f i t t e d  t h r o u g h  t h e  e n d  p o i n t  a n d  t h e  n e x t  



8 

p o i n t  i n s i d e  t h e  r e g i o n  o n  e a c h  i s o t h e r m  t o  f i n d  t h e  c u r v a t u r e s .  
T h e  a n g l e s   o n  t h e  y  a x i s  a n d  οθ ,j M,jθ  s a y ,  o n  t h e  d i a g o n a l  a r e  a l r e a d y  

known.  

Thus  on  the  y  ax is  

               (18) 222 r)yy(x =−+ ο

and we f ind  f rom   tha t  )y,x(,)y,O( 1,j1,j,j ο

 
            (19)  )yy(2/]x)yy([r 1,j,j

2
1,j

2
1,j0,j −+−= ο

 
w i t h  .  O n  t h e  d i a g o n a l  t h e  u s e  o f  2/,j π=οθ

222 r)ay()ax( =−+−           (20)  
y ie lds  
  )1M,jy1M,jxM,jyM,jx(2/]2)1M,jyM,jy(2)1M,jxM,jx[(r −−−−+−−+−−=

              (21)  
w i th    .4/M,j π=θ

W e  u s e  ( 1 9 )  o r  ( 2 1 )  i n  s t e p  ( i )  o f  t h e  c a l c u l a t i o n  i n s t e a d  o f  
( 4 )  a n d  ( 5 ) ,  a n d  a s  a p p r o p r i a t e  i n  ( 8 ) ,  ( 9 )  a n d  ( 1 0 ) .  
 

RESULTS AND DISCUSSION
 
T h e  c o m p u t a t i o n s  w e r e  c a r r i e d  o u t  a s  d e s c r i b e d  i n  t h e  p r e v i o u s  
s e c t i o n s .  E a c h  c a l c u l a t i o n  w a s  s t a r t e d  a t  t = 0 . 0 5  w i t h  i s o t h e r m  
p o s i t i o n s  o b t a i n e d  p r e v i o u s l y  u s i n g  t h e  e n t h a l p y  m e t h o d  [ 1 3 ] .  I f  
t h e  p o i n t s  o n  a n y  i s o t h e r m mo v e d  s o  t h a t  t h e y  b e c a me  v e r y  c l o s e ,  
t he  mi dpo in t s  o f  t he  l i ne  s egmen t s  we re  t aken  a s  new  po in t s  i n  such  
a  way  as  to  ach ieve  a  more  even  spac ing .  Th is  p rocedure  was  necessa ry  
nea r  t he  d i agona l  on  t he  f r e ez ing  f ron t .  I n  t he  c a l c u l a t i on  o f  Δ n  
at  the freezing front  f rom (13)  a  three-point ,  one-s ided der ivat ive 
formula was used for un ∂∂ ,  as this gave increased accuracy near the 
d i a g o n a l .  

The  e f f ec t s  o f  va ry ing  t he  t ime  s t ep  Δ t ,  a nd  t he  s pa c ing ,  δ u ,  
o f  t h e  i s o t h e r m s ,  w e r e  i n v e s t i g a t e d .  F o r  a  g i v e n  δ u ,  a s  t h e  t i m e  
s tep  was  increased ,  pers i s ten t  k inks  appeared  on  the  i so therms (which  
shou ld  be  smoo th  cu rves  a s  shown  in  F ig .3 ) ,  i nd i ca t i ng  t he  onse t  o f  
i n s t a b i l i t y .  T a b l e  1  s h o w s  t h e  v a l u e s  o f  t h e  x - c o o r d i n a t e s  o f  t h e  
f r e e z i n g  f r o n t  o n  t h e  a x i s  a n d  o n  t h e  d i a g o n a l  a t  v a r i o u s  t i me s  a s  
calculated with u = 0.2,  11 points on each isotherm, δ Δ t  =0.0001 and 

t  =0.0002. The values are very close throughout.  For Δ t=0.0005 Δ
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Signs  of  ins tab i l i ty  appeared ,  a l though the  resu l t s  were  s imi la r   

except near the centre. 

Table  2  compares  the  va lues  of  the  x-coord ina tes  of  the  f reez ing  f ront   
on the axis and the diagonal calculated with Δ t=0.0001, δ u =0.1 and  

u=0 .2 .  These  a re  cons iderab ly  a f fec ted  by  the  va lue  o f  u ,  pa r t i cu la r ly   δδ

as  the  f reez ing  f ront  approaches  the  cent re .   Those  for  δ u=0.2  a re  more   

accura te ,  and  are  in  good agreement  wi th  those  obta ined  by  the  en tha lpy   

me thod ,  as  shown in  F ig  .4 .  Th i s  d i f fe rence  may  be  due  to  the  e r ro rs  in   

the  geometr ica l  p rocedure  a r i s ing  f rom the  use  of  the  in te rsec t ions  of   

the  perpendiculars  with  the s t ra ight  l ine  segment  approximations to  the  

next  isotherms rather  than with the actual  isotherms,  in  calculat ing  
2u/n2 ∂∂  .  These errors are independent of δ u, and hence proportionately  

less  as  u ,  is  increased,  being perhaps of  order  of  2  -3% of  the dis tance  δ

between the isotherms when u=0.2.  These errors are l ikely to be greatest   δ

for  small  values  of  n ,  such as  occur  near  the diagonal ,  par t icular ly  as   

the  f reez ing  f ront  approaches  the  cent re .  A typica l  computa t ion  for   
u=0.2, t=0.0002 with 11 points on each isotherm took 72 seconds on CDC  Δδ

7600. 
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Table 1. Comparison of x-coordinate of the freezing front on axis and 

diagonal,  calculated with δ u=0.2, Δ t=0.0001 and 0.0002. 

 
              On axis On diagonal 

t tΔ =0.0001 tΔ =0.0002 tΔ =0.0001 tΔ =0.0002 
0.05 0.775 0.775 0.732 0.732 
0.1 0.675 0.675 0.623 0.623 
0.15 0.600 0.600 0.541 0.541 
0.2 0.535 0.535 0.471 0.471 
0.25 0.477 0.477 0.409 0.409 
0.3 0.422 0.422 0.352 0.353 
0.35 0.368 0.368 0.300 0.301 
0.4 0.314 0.315 0.250 0.252 
0.45 0.259 0.261 0.202 0.204 
0.5 0.201 0.204 0.153 0.156 
0.55 0.138 0.143 0.102 0.108 

 
 

Table 2. comparison of x-coordinate of the freezing front on axis and 

diagonal,  calculated with δ t=0.0001, δ u=0.1 and 0.2 

 

 
              On axis  On diagonal 

t uδ =0.2 uδ =0.1  uδ =0.2 uδ =0.1 
0.05 0.775 0.775  0.732 0.732 
0.1 0.675 0.676  0.623 0.619 
0.15 0.600 0.601  0.541 0.535 
0.2 0.535 0.536  0.471 0.463 
0.25 0.477 0.477  0.409 0.399 
0.3 0.422 0.420  0.352 0.342 
0.35 0.368 0.364  0.300 0.288 
0.4 0.314 0.308  0.250 0.237 
0.45 0.259 0.249  0.202 0.188 
0.5 0.201 0.188  0.153 0.139 
0.55 0.138 0.119  0.102 0.087 
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CAPTIONS 

F i g . 1 .  S k e t c h  i l l u s t r a t i n g  t h e  g e o me t r i c a l  p r o c e d u r e  u s e d   
t o  d e t e r mi n e  t h e  n o r ma l  t o  e a c h  i s o t h e r m.  
 

F ig .2 .  Ske t ch  showing  r e l a t i v e  pos i t i ons  o f  i s o the rms .  
 
F ig .3 .    Pos i t i ons  o f  i so the rms  ha v ing  t e mpe ra tu r e s   

u=0 .0 (0 .2 )1 .0  a t  t=0 .5 .  
 

F ig .4 .   G raph  o f  x  coo rd ina t e s  o f  t he  f r eez ing  f ron t  on  t he   
a x i s  a n d  o n  t h e  d i a g o n a l  a g a i n s t  t i me ,  c o mpa r e d   
w i th  r e su l t s  ob t a ined  b y  t he  e n tha lpy  me thod .  
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