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Abstract

Segregated direct boundary-domain integral equations (BDIEs) based on a
parametrix and associated with the Dirichlet and Neumann boundary value problems
for the linear stationary diffusion partial differential equation with a variable
Holder-continuous coefficients on Lipschitz domains are formulated. The PDE
right-hand sides belong to the Sobolev (Bessel potential) space H2(£2) or H2(£2),

15 <s< % when neither strong classical nor weak canonical co-normal derivatives are
well defined. Equivalence of the BDIEs to the original BVP, BDIE solvability, solution
unigueness/non-uniqueness, and the Fredholm property and invertibility of the BDIE
operators are analysed in appropriate Sobolev spaces. It is shown that the BDIE
operators for the Neumann BVP are not invertible; however, some finite-dimensional
perturbations are constructed leading to invertibility of the perturbed (stabilised)
operators.

MSC: 35J25;31B10; 45K05; 45A05

Keywords: Partial differential equations; Non-smooth coefficients; Sobolev spaces;
Parametrix; Integral equations; Equivalence; Lipschitz domain; Invertibility

1 Introduction

Many applications in science and engineering can be modelled by boundary-value prob-
lems (BVPs) for partial differential equations with variable coefficients. Reduction of the
BVPs with arbitrarily variable coefficients to explicit boundary integral equations is usu-
ally not possible, since the fundamental solution needed for such reduction is generally
not available in an analytical form (except for some special dependence of the coefficients
on coordinates). Using a parametrix (Levi function) introduced in [20, 25] as a substi-
tute of a fundamental solution, it is possible however to reduce such a BVP to a system
of boundary-domain integral equations, BDIEs, (see e.g. [38, Sect. 18], [43, 44], where the
Dirichlet, Neumann, and Robin problems for some PDEs were reduced to indirect BDIEs).
However, many questions about their equivalence to the original BVD, solvability, solution
uniqueness, and invertibility of corresponding integral operators remained open for rather
long time.

In [3, 5, 6, 8, 30], the 3D mixed (Dirichlet-Neumann) boundary value problem (BVP) for
the stationary diffusion PDE with infinitely smooth variable coefficient on a domain with an
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infinitely smooth boundary and a square-integrable right-hand side was reduced to either
segregated or united direct boundary-domain integral or integro-differential equations,
some of which coincide with those formulated in [29]. Such BVPs appear, for example, in
electrostatics, stationary heat transfer, and other diffusion problems for inhomogeneous
media.

For a function from the Sobolev space H*(£2), % <s< %, a classical co-normal derivative
in the sense of traces may not exist. However, the generalised co-normal derivative can be
defined in the weak sense, associated with the first Green identity and with an extension
of the corresponding second-order PDE right-hand side to H 5=2(Q2) (see [27, Lemma 4.3],
[31, Definition 3.1]). Since the extension is non-unique, the co-normal derivative operator
appears to be also non-unique and non-linear in # unless a linear relation between # and
the PDE right-hand side extension is enforced. This creates some difficulties in formulat-
ing the boundary-domain integral equations.

These difficulties are addressed in this paper presenting formulation and analysis of di-
rect segregated BDIE systems equivalent to the Dirichlet and Neumann boundary value
problems, on Lipschitz domains, for the divergent-type PDE with a non-smooth Holder—
Lipschitz variable scalar coefficient and a general right-hand side from H*2(2), extended
when necessary to H*2(R). This needed a non-trivial generalisation of the third Green
identity and its co-normal derivative for such functions, which essentially extends the ap-
proach implemented in [3, 5, 6, 8, 30] for the right-hand side from L,(2), with smooth
coeflicient and smooth domain boundary. Equivalence of the BDIEs to the original BVD,
BDIE solvability, solution uniqueness/non-uniqueness, and the Fredholm properties and
invertibility of the BDIE operators are analysed in the Sobolev (Bessel potential) spaces. It
is shown that the BDIE operators for the Neumann BVP are not invertible, and appropriate
finite-dimensional perturbations are constructed leading to invertibility of the perturbed
(stabilised) operators. Some preliminary results in this direction for the infinitely smooth
coefficient and domains were presented in [33].

Note that our analysis is mainly aimed not at the boundary-value problems, the proper-
ties of which are well known nowadays, but rather at the BDIE systems per se. The analysis
is interesting not only in its own rights but is also to be used further on for analysis of con-
vergence and stability of BDIE-based numerical methods for PDEs; see, for example, [16,
29, 34, 35, 46—48, 52, 53].

2 Spaces, co-normal derivatives and boundary value problems
Let Q = Q, be a bounded open n-dimensional region of R”, n > 3, and let 2_ = R” \§+
denote the corresponding exterior domain. For simplicity, we assume that their common
boundary 0€2 is a simply connected closed Lipschitz surface. Let 2, denote 2., 2_ or R”.
In what follows, D(£2y) := C‘C’;’mp(Qo) and D(Q) := {rq,¢ : g € D(R")}. Here and fur-
ther on, rq, denotes the restriction operator on €2¢; we will also use the equivalent
notation glg, := ro,g. Further, H*(Qo) = H3(20) and H*(dQ) = H;(92) are the Bessel
potential spaces, where s is a real number (see, e.g., [18, 26, 27]). We recall that H*
coincide with the Sobolev—Slobodetski spaces W3 for non-negative s. By H5(Q) we
denote the closure of D(Qy) in H*(R"). It is a subspace of H*(R"), and for Lipschitz
domains, H*(Q) = {g: g € H*(R"),suppg C Q0}. By H*(Q) and ﬁf(Qo) we denote

the spaces of restrictions on €2y of distributions from H*(R") and ﬁS(Qo), respec-
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tively:

H(Q) := {rgog :g € HS(R”)},

H(S20) 1= ra H* () = {ra,g 1 g € H*(Q)} C H' (),

endowed by the corresponding infimum norms and the Hilbert structure defined with the
help of orthogonal projections; see [27, p. 77] for H*(€2p). Note that the space ﬁf(Qo)
coincides with the one denoted as L£,(€2) in [41, Eq. (5.2)] and [40, Eq. (2.212)] for
p=2

Let us introduce the subspace Hjo ={g:g € H*(R"),suppg C 92} of H*(R") (and of
H*(R2)). By F(Q) we denote the closure of D(Q) in H ().

Definition 2.1 Let EQO denote the operator of extension of functions g € H*(Q), s > 0,
to the whole R” by zero outside Q. By, e.g., [27, Lemma 3.32 and Theorem 3.33] (see also
[31, Theorem 2.7]) the operator EQO : H (Q0) — ﬁS(QO) is continuous if 0 < s < %, and
we extend it also to the range —% <s< % defining it for —% < s <0 as (cf. the proof of [31,
Theorem 2.16])

(Equg Vo = (g EayV)ay YgeHY(Q), VveHS(RQ). (2.1)

Remark 2.2 Note the following known or easily deduced results:

1. There hold the continuous embeddings ﬁf(Qo) > H5(S20) > H*(Q); see [42,
Eq. (2.123)].

2. ﬁﬁ(Qo) = H5(Q,) for any s > 1/2 such that s — % is non-integer; see, e.g., [27,
Theorem 3.3].

3. H%(Q0) = H () for any s < 1/2; see [31, Theorem 2.12].

4., ﬁﬁ(Qo) = H5(Q0) = H*(Q) for any s < 1/2 such that s — % is non-integer; see, e.g.,
[31, Lemma 2.15].

5. Foranys e R, there evidently exists an extension from ﬁf(Qg) to H5(Q), and for
any s > —1/2, this extension is unique; see, e.g., [27, Lemma 3.39], [31,
Theorem 2.10(i)].

6. By [31, Theorem 2.16], for any s € (-1/2,1/2), the extension from
ITIf(QO) = F5(Q0) = H¥(S2) to H*() is unique and is given by the operator 10590.

Remark 2.3 Due to Remark 2.2(5), for s > —1/2, the space ITIf(QO) is isometrically iso-
morphic to the space H*(S), and sometimes these spaces are identified. Particularly,
if ¢, € Hﬁ(QO), then denoting by g1, € H*() the unique distributions such that
8 = rey&i in Qo, we have ||gil|7is ) = 118ill 715 (0g) and (€1, 82) 713 (2g) = (€1, 82)Fis(,) - Moreover, if
s € (~=1/2,1/2), then by Remark 2.2(6), & = Eq,g; hence implying ||g; 1 7is () = I|E2ogill7i5ay)-

There is no such isomorphism for s < —1/2 since in such a case the extension from
ﬁf(Qo) to ﬁIS(QO) is not unique. However, due to the definition of the spaces, there is still

an isometric isomorphism between the space ﬁf(Qo) and the quotient space ﬁs(Qo)/Hng.

Definition of the space 1~1f(§20), Remark 2.2, and Remark 2.3 imply the following asser-
tion.

Page 3 of 52
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Corollary 2.4 The following restriction operators are isomorphisms:

~ ~ 1

rQ, :HS(QO) g Hf(Qo), _E =s, (22)
~ ~ 1 1

Qo :HS(Q()) — HS(Q()) = Hf(Qo), —E <8< 5, (23)
~ ~ 1

I ZHS(Q())/HSQO d Hf(Qo), §< —5. (24)

The inverse to the operator (2.3) is rg, = Eq,; see Definition 2.1.

Definition 2.5 For a non-negative integer m and 0 < 6 < 1, let C"?(Q,) denote the
Holder—Lipschitz space in the closed domain . Similar to [32, Definition 3.1], g €
C () for ;1 > 0 means that

g € Loo(20) when = 0;

g € C*11(Qo) when 1 is a positive integer;

g € C™9*<(Q) for some € > 0 when 11 = m + 6, where m is a non-negative integer, and

0<06<1.

Employing this definition, Theorem 7.2 from Sect. 7 can be reformulated as follows.

Theorem 2.6 Let Q) be an open set in R", 0 € R, ve H°(Q), and g € C‘f‘(ﬁo). Then g
is a multiplier in H° (Q), i.e., gv € H° () for every v € H° (), and the corresponding
norm estimate holds.

Let us denote 9; := Ox; 1= 0/0%; (i=1,2,...,n),V=(01,0,...,9,). Let

0 < amin <alx) <amaxx <oo for almost every x € Q. (2.5)

We consider the scalar elliptic differential equation, which can be written in the following
strong form if # and a are sufficiently smooth:

Aux) = A(x, Vu(x) := V - (a(x)Vu(x)) =f(x), xeQq, (2.6)

where u is an unknown function and f is a given function in Q..
For u € H¥(2+), 1/2<s<3/2,and a € C'f_l‘(ﬁi), the partial differential operator A is
understood in the sense of distributions:

(Au, vy, = -Eq,.(m,v), VYveD(Qy), (2.7)

where

o, (u,v) = (aVu,Vv)g, := Y _(ad, dv)a,,
i=1
and the duality brackets (g, -)o, denote value of a linear functional (distribution) g extend-

ing the usual L, dual product. If s = 1, then

Ea,u,v) = / a(x)Vu(x) - Vv(x) dx.
Qi
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Since the set D(Q24) is dense in HZ‘S(Qi), (2.7) defines, due to Theorem 2.6 (see, e.g.,
[32, Theorem 3.4]), the continuous linear operator A : H(Q.) — H2(Q4) = [H>(Qu)]%,
where

(Au,vyq, = -Eq, V), YuecH Q) ve H*(Qy). (2.8)

Let us also consider the operator Ag, : H (Q4) — H*2(Qx) = [H25(Q4)]* (see [31,
Eq. (3.5)], [32, Eq. (5.1)]) defined by

(Agi U,V)qy = —g'gi (u,v) := —<Z°59i (aVu), VV)Qi

—(Iofgi (@Vu), Vve)p, =(V - Eq, (aVu), Ve)gn

YueH(Qu), ve H(Qy4), (2.9)

(V 'Egi (aVu), V)Qi,
which is evidently continuous. Here v, € H**(R") is such that rq, v, = v. Evidently, weak

definition (2.9) can be also written (in the strong-looking form) as
Ao, u=V-Eq.ro. [avVul. (2.10)

For any u € H*(24), the functional Agiu belongs to H5%(Q24) and is a specific extension
of the functional Au € H*2(Q4); recall that the functional Au € H*"%(Q24) is defined on
H?(Q.), whereas the functional Ag, u is defined on H25(Qy).

Remark 2.7 Note also that Definition 2.1 for Eq, and definition (2.9) imply that

(Aﬂi u, V) QL = _gﬂi (ur V) = _gvﬂi (V) M) = <ur1\49i V>Qi:

VueH(Q), ve H5(Qy4), 1/2 <s<3/2.

From the trace theorem (see, e.g., [11, 12, 26, 27]) for u € H*(21), 1/2 < s < 3/2, it follows
that y*u € H3 (0R2), where y* = yaiﬂ is the trace operator on 02 from Q.. If y*u = yu,
then we will sometimes write just yu. Let also y ! := 3! CH3 (0Q2) — H*(R") denote
a (non-unique) continuous right inverse to the trace operator y, i.e., yy~'w = w for any
weH"3 (092). Hence also y*y~'w = w for any w € H*3 (02).

For u € H*(Q4), s > %, and a € C(Q.), we denote by T* the corresponding classical
(strong) co-normal derivative operators on 9<2 in the sense of traces:

T u(x) := a(x)v(x) - yEVu(x) = a(x)d,u(x), xe i, (2.11)

where v(x) = v*(x) is the outward to €, unit normal vector at the point x € 92, and we will
sometimes write Tu(x) if T u(x) = T u(x). However, the classical co-normal derivative
is, generally, not well defined if u € H*(Q21), 1/2 < s < 3/2, (see an example in [33, Ap-
pendix A] of a function from H'(£2), where the classical normal derivative does not exist
at boundary points).

Inspired by the first Green identity for smooth functions, we can define the generalised
co-normal derivative (cf., e.g., [27, Lemma 4.3]), [31, Definition 3.1], [32, Definition 5.2]).
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Definition 2.8 Let1/2<s<3/2,uc H(Q4),a € Cf_l‘(ﬁi), and ro Au = rgjji for some
fi € ITIS‘Z(Qi). Then the generalised co-normal derivatives T* (}?i; u) € H53 (0L2) are de-
fined in the weak form as

:E(Ti(fi; u), W>BQ = (fi, ]/_lw)Qi + égi (u, y‘lw)

= {fi—AQiu,y_lw)Qi, VWGH%_S(BQ), (2.12)
ie.,

T*(fe,u) = £(y ™) (Fe - Ao, 1) (2.13)

Ifa=1, then A = A, and Ti(fi;u) become generalised normal derivatives denoted as
Tf(fi;bi)

The operator (y1)* : H(R") — H*3(3R) is dual to y‘l H3(0Q) — HY(R™) and is
defined as ((y 1)*y, w)aq := (¥, y 'w)rn for any w € Ht % , U € HY(R"),1/2<t<3/2.In
(2.13) it was employed for £ =2 —s.

Theorem 2.9 (Lemma 4.3 in [27], Theorem 3.2 in [31], and Theorem 5.3 in [32]) Un-
der the hypotheses of Definition 2.8, the generalised co-normal derivatives T*u(fy;u) are
independent of (non-unique) choice of the operator y =1, and we have the estimate

[T Fs0] 3 0 = Crlltll@n + el (2.14)

and the first Green identity in the form

i(Ti(/?i;u)»)/iV> (ft» Qs + Egi (u,v)

= (fL —Ag,u,v)a,, YveH Q). (2.15)

As follows from Definition 2.8, the generalized co-normal derivative is nonlinear with re-
spect to u for fixed fi but still linear with respect to the couple (}?i, u), i.e., for any complex
numbers a; and oy,

(051 Ti(];li;ul) + 052T+(f2i;u2) = Ti(alfli;alul) + Ti(ath;azuz)

= Ti(alfli + azj?zi;alul + 0lal).
Let us also define some subspaces of H*(2.); see [11, 15, 31, 32].

Definition 2.10 Lets € R, and let A, : H*(2+) — D*(2+) be a linear operator. For ¢ € R,
we introduce the space

H(Qu;A,) = {g: g € H'(Q4),A,g € HL(Q))

)1/2

endowed with the norm ||g|| st (o, ,4,) = (”g”%IS(Qi) + ||A*g||,2;z(9 ) and the correspond-

ing inner product.
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Definition 2.11 Let Q be either Q, or Q_. By Remark 2.3, if g € H%(Q; A,) for some
seRand ¢t > —%, then there exists a unique distributionf € I:i‘(SZO) such that rQJ =A.g,
and hencef = A*Qog, where A*QO = ’"s_ztA*' The operator A*QO CHY Qo3 Ay) — HY(Q0),
which is continuous by Corollary 2.4, is called the canonical extension of the operator
Ayt HY(Q0;AL) — ]T[f(Qo), and moreover, if —% <t< %, then A*Qo = EQOA*.

We will mostly use the operators A or A as A, in the definition. Note that since Au =
3
alAu+Va-Vu, for 1/2 < s < 3/2, we have Ho% (Rp;A) = Ho% (Q0; A) if a € C2(Qyp), with
equivalent norms.

Let us now define the canonical conormal derivative; see [32, Definition 6.5].

Definition 2.12 For u € HS”%(Qi;A) and a € Cf_l‘(ﬁi), 1/2 < s < 3/2, we define the
canonical co-normal derivatives T*u € H3 (0€2) as

:l:(Tiu, W)asz = (Agi u, y’lw)Qi + ngi (u, y’lw) = <A9iu —Agi u, 7/’1W)Qi

= () Aguu-Ag,u)w),, YweHI(O%), (2.16)
ie,
T*u:=+(y ™) (Aq.u—-Ag, u). (2.17)
If 2 = 1, then T*u becomes the canonical normal derivative denoted as T u.

Theorem 2.13 (Theorem 3.9 in [31] and Theorem 6.6 in [32]) Under the hypotheses of
Definition 2.12, the canonical co-normal derivatives T*u are independent of (non-unique)
choice of the operator y 1, the operators T+ : Ho3 (Ry;A) — H3 (0R2) are continuous,
and the first Green identity holds in the form

:l:(Tiu, )/iv)aQ = (Aq.u,V)a, + év'gi (u,v)

= <AQ:EM—AQiM,V>Qi, VVGHZiS(Qi). (218)

The canonical co-normal derivatives in Definition 2.12 are completely defined by the func-
tion % and operator A only and do not depend explicitly on the right-hand sides f;, un-
like the generalised co-normal derivatives defined in (2.15), whereas the operators T+ are
linear in u. Note that the canonical co-normal derivatives coincide with the classical co-
normal derivatives Ty = T°*y if the latter do exist (see [32, Corollaries 6.11 and 6.14]),
which is generally not the case for the generalised conormal derivatives even for smooth
functions u, unless fi = ;19 . u is chosen. Thus the canonical conormal derivative is a con-
tinuous extension of the classical conormal derivative.

Let1/2<s<3/2and a € C‘ffl‘(ﬁi). Ifue HS"%(Qi;A), then Definitions 2.8 and 2.12
imply that the generalised co-normal derivative for arbitrary extensions fy € H2(Q) of

the distributions rq, Au can be expressed as

T*(fusu) = T*u + (y ) (e — Ao, ). (2.19)
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Ifue H(Q4)andv e H>5% (24;A), then swapping over the roles of # and v in (2.18),
we obtain the first Green identity for v:

:I:(Tiv,)/iu)aQ = gQi(V,M) + (Agiv,u)gi. (2.20)
If, in addition, ro, Au = rg ji, where f; € ﬁs‘z(Qi), then subtracting (2.20) from (2.15)

and taking into account that £, (1, v) = Eg, (v, u) by Remark 2.7, we obtain the following

second Green identity:
(feV) o, — (Aquv,u)a, = i(Ti(fi?”)’ViV>m + (Tiv’ Vi”)asz'

If, finally, u € HS"% (Q4;A)and v e H2‘S"% (R24;A), then we arrive at the familiar form of
the second Green identity for the canonical extension A of the operator A and the canon-

ical co-normal derivatives
(Ag,u,v)a, — (Ag,vii)q, = +(T*u, )/ﬂtv>3g2 F(T*v, yiu>89. (2.21)

3 Parametrix and potential type operators on Lipschitz domains
Recall that unless stated otherwise, we will assume that Q2 = Q,.

We will say that a function P(x,y) of two variables x,y € R” is a parametrix (the Levi
function) for the operator A(x, d,) in R” if (see, e.g., [19, 20, 25, 29, 38, 43, 44])

A(x, Vi)P(x,y) = 8(x — y) + R(x,), (3.1)

where §(-) is the Dirac distribution, and R(x, y) possesses a weak (integrable) singularity at

x =y, le,
R(x,y) = O(lx—y|™) with > <n. (3.2)
Letw, = I%’(ITH//;) denote the area of the unit sphere in R”. It is well known that the function

-1
(n = 2)w,lx - y|"-2’

Pa(x,y) = xy€eR”, (3.3)

is the fundamental solution of the Laplace equation, i.e., A PA (%, ¥) = A, Pa(x,y) = §(x - ).
It is easy to see that for the operator A(x,d,) given by the left-hand side in (2.6), the
function

-1

1
P(x,y) = —Pa(x%,y) = (1 - 2)wnaly)|x _y|n—2’

a(y)

x,9 € R, (3.4)
is a parametrix, whereas the corresponding remainder function is

R(x,y) = Va(x) - V,.P(x,y) = a%y)Va(x) - VP (x,y)

_ #=y)-Valn x,y € R", (3.5)

~ wua(y)lx—yn’
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and if a € C1(R"), then it satisfies estimate (3.2) a.e. with 3¢ = n — 1. Note also that

Ay, Vy)P(x,) = 8(x = y) + Ri(x,9), (3.6)

where

R.(%,y) ==V, - (P(x,y)Va(y))

_ Ana) -y Va()
(H—Z)wn|x—y|"’2 wnﬂ(y)|x_y|n7

x,y € R". (3.7)

Evidently, the parametrix P(x,y) given by (3.4) is related to the fundamental solution to
the operator A(y, V,) := a(y) A, with “frozen” coefficient a(y), and A(y, V,)P(x,y) = §(x — y).

Note that parametrix (3.4) and remainders (3.5) and (3.7) are not smooth enough for the
corresponding potential operators to be directly treated as in [27], which thus need some
additional consideration.

For g € D(IR") and sufficiently smooth coefficient a, the parametrix-based volume po-
tential operator and the remainder potential operator corresponding to parametrix (3.4)
and remainders (3.5) and (3.7) for y € R” are

Pg() = (P(7),8); = /R Pl g d, (3.8)
R0) = (RC.) e = [ R letw)d, 59)
R.g() := (Ru(+9), &)gn = / Ru(xy)g(x) dx, (3.10)

and from (3.1)—(3.10) we obtain,
PAg=g+Rg, APg=g+R,g inR". (3.11)

For the function g defined on a domain Q, C R, e.g., g € D(Q,), the corresponding
potentials for y € 2, are

Pe0) = (P, = [ Plyleds (312)
Re0)i= (R glo, = [ Relewd (313
R.g0)i= (R.Co)elo, = [ Rutsplgto)d (3.14)

From definitions (3.4), (3.5), and (3.7) we can obtain representations of the parametrix-
based potential operators in terms of their counterparts for a = 1 (i.e., associated with the
Laplace operator A; see, e.g., [21]), which we equip with the subscript A (see [3]):

1 1 \Y%
Pg=-Pag,  Rg=--V: PA(gVa), Rg=-V- (fPAg) (3.15)

a

1 1 \Y
Pg=-Pag  Rg=-_V-PalgVa), R*g=—V~<7ﬂ7’Ag>' (3.16)
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Hence
A(@Pg)=g inR", A(@Pg)=g inQ. (3.17)

Employing relations (3.16) and the well-known properties of the operator P, as the
pseudo-differential operator of order —2 together with Theorem 2.6, definitions (3.8)—
(3.10) can be extended to g € H*(R"), g € ITIS(Q) and lower-smoothness coefficient a. For
ge H¥(Q) and g € H*(Q2), the potentials P, R, R, defined on functions (or distributions)
having support on  are understood as

Pg:=rqPyg, Rg :=rqRg, R.g:=roR.g, ZEH(Q), seR; (3.18)
o o o 1
Pg:=rqPEqg, Rg:=roREqg, R.g:=roR.Eqg, gecH'(Q), s> —5 (3.19)
To prove mapping properties of the parametrix-based volume potential operators in
Sobolev spaces, we first provide some well-known results for the classical Newtonian vol-

ume potential associated with the Laplace operator.

Lemma 3.1 Let 2 be a bounded Lipschitz domain in R". The following operators are con-

tinuous:
uPs:H 2 (R") - H'(R"), seR,VueD(R"); (3.20)
Pa:H Q) > H(Q), seR; (3.21)
s—2 S 3 5
Pa : H%(Q) — H)(Q), 2 <8< 5; (3.22)
~ 3
Pa: H2Q) = H2(A), s> > (3.23)
+ T7s—2 s—1 1 3
Y Pa : H72(Q) > H2(3R2), §<s< 5; (3.24)
1
Y Pa  H(Q) » H'(3Q), -5 <8 (3.25)
~ 1
TxPa: H(Q2) — Ly(392), -3 <s; (3.26)
1
TXPA HS(Q) —> LZ(E)Q), —E <8s. (327)

If% <8< %,f’ € HX(Q), and fo € H™(S) is such that rofy = rof , then there exist constants
Co, C1 > 0 such that

| T2 Gos Paf)

RS PR Cillf lzs2(@) + Callfolls-2()- (3.28)

Proof Operator (3.20) and hence (3.21) are continuous since P, is a pseudo-differential
operator of order —2. The continuity of operator (3.22) follows from the first relation in
(3.19) for Pp and P, and from (3.21). Since APpg = g in , the continuity of operator
(3.21) implies that of operator (3.23).
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The continuity of operator (3.24) is implied by that of operator (3.21) and the trace the-
orem for Lipschitz domains; see, e.g., [11, Lemma 3.6] and [27, Theorem 3.38]. The con-
tinuity of operator (3.25) follows from that of operator (3.22) and from, e.g., [54], [31,
Lemma 2.5] for —% <s< %, and then by the embedding argument for s > %

The continuity of operators (3.26) and (3.27) is implied by that of (3.21) and (3.22), re-
spectively, and by [31, Corollary 3.14] since s + 2 > % in both cases. Estimate (3.28) follows

from the continuity of operator (3.21), relation APAf = f, and estimate (2.14). O

Now the following mapping properties of the parametrix-based operators can be ob-

tained.

Theorem 3.2 Let Q be a bounded Lipschitz domain in R”". The following operators are

continuous:
uP:H(R") - H'(R"), seR,acC(R"),VueDR"); (3.29)
P:H2(Q) — H(RQ), seR, aeCrl(Q) (3.30)
3 5 _
P H Q) »> H(Q), S <s<yac C:(Q); (3.31)
~ 3 _
P HXQ) —> H 1 (QA), 5 <5 acC@) (3.32)
uR:H ' (R") > H'(R"), seR,aeCl " (R"), VueD(R"); (3.33)
1 3 _
R:HY(Q) — H(Q), S <s<5rac CIIH(Q); (3.34)
1 3 _
R:H Q) —> H'(RQ), S <s<gyac Cs(Q); (3.35)
_1 1 3 3 —
R:H(Q) — H 2(A), 5 <s< X acCiH(Q); (3.36)
uR, : H°(R") > H**'(R"), seR, aeCF?(R"), Ve D(R"); (3.37)
Ry H(Q) — H*Y(Q), seR, aeCPH Q) (3.38)
N 3 3 _ 1
R.:H (Q) — H°(Q), <8 a € C}(R), for some o > —5 (3.39)
+ T7s—2 5—1 1 3 s
y*P H™(Q) > H*2(0RQ), §<s< X a e CL(2); (3.40)
1 3 __
yiPH(Q) — H'(3Q), 5 <8 ac CZ(Q); (3.41)
1 1 3 —
y*R:H(Q)— H2(0Q), 3 <s< X a € C(Q); (3.42)
~ 1 3 _
TP :H(Q) — L,(dR), -3 <s, ae€ CZ(Q); (3.43)
1 3 __
TP :H(Q) — L,(09), —5 <8 a € C(Q); (3.44)
_3 1 3 3 =
T'R:H(Q) — H2(3Q), S <8< e C2(Q). (3.45)

Moreover, operators (3.35), (3.36), (3.42), and (3.45) are compact.
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Ifi<s<3,ac C(Q), f € H (), and fy € H™(Q) is such that rofy = roAPf, then
there exist constants Cy, C1 > 0 such that

1T (o PP

R PR Cillf lgs2@) + Collfollzs—2(a)- (3.46)

Proof The continuity of operators (3.29)—(3.31) is implied by the first relations in (3.15)
and (3.16) and by the continuity of operators (3.20)—(3.22) together with Theorem 2.6.

The continuity of operators (3.30) and (3.31) and Remark 2.2(4) imply that of operator
(3.32) for s > % Let us now prove (3.32) for s = % Forg e "3 (2), we have, Pg € Hb ()
due to (3.30), whereas

APg=V. <aV|:£73Agj|) =g-V-[(VIna)Pag] in, (3.47)

where we have taken into account that APag = g. The first term in the right-hand side of
~_1 ~
(3.47) belongs to H, *($2), whereas the second term belongs to H? (2) = H? (2) for some
1

o € (=1/2,1/2) (cf. item 4 in Remark 2.2) since Va € C?(Q) and a > api, > 0, which com-
pletes the proof of the continuity of operator (3.32).

The continuity of operator (3.33) follows from the second relation in (3.15) together with
Theorem 2.6 and the continuity of operator (3.20). Indeed, let us take arbitrary u € D(R”"),
let B,, be a ball such that supp u C B,,, and let 41 € D(R”) be such that y; =1 in B,,. Then
for any g € H*"}(R"), we have

<al| V- (1iPagVa)|
HS(RN)

m
| LR | prs(rmy = H ;V - (11Pa(gVa)) HS®RM)

< ||,U«1PA(gV¢)|

sy = G3llgVallps-1we < callgllps-1@m), (3.48)

where ¢; are positive constants (depending on p, 41, and ), and we took into account that
CF Ry ¢ CI(RM) since |s] < |s— 1] + 1.

To prove the continuity of operator (3.34), we similarly employ the second relation in
(3.16) together with Theorem 2.6 and the continuity of operator (3.22). Then we obtain
for any g € H*"1(Q), 1/2 < s < 3/2, and some positive constants ¢;:

<q ||V . PA(gVa)|
H3(Q)

HS(Q)

1
IRgllrs) = H ;V -PalgVa)

< | PalgVa)l

() = 6sllgValls-1g) < callglips1(e)- (3.49)

Let us prove the continuity and compactness of operator (3.35). For 1 <s < %, we have
s=|s—1] + 1, and then the continuity of operator (3.34) implies the continuity and com-
pactness of (3.35). For % < s <1, we need a sharper estimate of the norm ||gVa/||ps-1(q).
First, by Definition 2.5 the inclusion a € C*(S2) implies that there exists ¢ € (s, 1) such
that g € C%(Q) = BL, (Q) = F,  (R); see, e.g., Proposition in [45, Sect. 2.1.2], and hence
Va e Fégloo(Q) Then, by Theorems 1 from [45, Sect. 4.4.3] we have

lgVallzr @ < CllVallp o lglie @)

< C||6Z||C0,t(§) ”g”H"(Q): Voe(l-ts). (3.50)
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On the other hand, by (3.49), item (ii) of Proposition from [45, Sect. 2.2.1], and (3.50) we

obtain

IRglsi@) < esllgVallsiie = eslgVall )

< GillgVallpet ) < CiCllall cor g lIglae @)-

Thus the operator R : H? (2) — H*(R2) is continuous, which implies the continuity and,
by the Rellich compact embedding theorem, also the compactness of operator (3.35) for

1
§<s<1.

3 _
Let us prove the continuity of operator (3.36). Since a € C?(£2), by Definition 2.5 there
exists € > 0 such that a € Cl’%*e(ﬁ), and let us choose any o € (l,min{s,% + €}). By the

continuity of (3.34) the operator R : H° (Q2) — H*(2) is continuous. Now let us prove

~_1
that the operator AR : H’ (2) — H, *(2) is continuous as well. Indeed, for some positive

constants ¢;, we have

||ARg||~,% =< ”ARg”ﬁ[g—](Q)
He = ()

< collARg yo-1()

V. [aV(lV : PA(gVa)):|
a Ho-1(Q)

=co|-V-[(VIna)V - Ps(gVa)] + A(V - Pa(gVa))

||H”‘1(Q)

<a|-(VIna)V - Pa(gVa) + (gVa) ”H"(Q)

< 62”61”61'%“ PalgVa) ||Ha+1(9) +cilgVallpe @)

<csllgVallpo-1q) + c1llgVallue @) < callgValne (@

< Cs||ﬂ||cl,%+e gl e (-

Hence we proved the continuity of the operator H° (2) — H5% (€2; A), which implies that
of operator (3.36) and by the Rellich compact embedding theorem also its compactness.

The continuity of operator (3.37) is implied by the last relation in (3.15), the continuity of
operator (3.20), and Theorem 2.6 in the chain of inequalities analogous to (3.48). Similarly,
the continuity of operator (3.38) is implied by the last relation in (3.16), the continuity of
operator (3.21), and Theorem 2.6. The continuity of operator (3.39) is implied by that of
(3.38) since a € C% (Q) implies that there exists € > 0 such that a € C¥/2*¢(Q), and we can
take o € (%,min{s +1, % +€}).

The continuity of operator (3.40) is implied by that of operator (3.30) and the trace theo-
rem for Lipschitz domains; see, e.g., [11, Lemma 3.6], [27, Theorem 3.38]. The continuity
of operator (3.41) for —% <s< —% + € with any sufficiently small € > 0 follows from that
of operator (3.31) together with, e.g., [54], [31, Lemma 2.5] and then by the embedding
argument for all s > —%. Similarly, the continuity of operators (3.43) and (3.44) is implied
by that of (3.30) and (3.31), respectively, and by [31, Corollary 3.14] since s + 2 > % in the

both cases.
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The continuity and compactness of operators (3.42) and (3.45) are implied by those of
operators (3.35) and (3.36), the trace theorem for Lipschitz domains, and Theorem 2.9.
Estimate (3.46) follows from the continuity of operator (3.30) and estimate (2.14). O

The parametrix-based single- and double-layer surface potential operators are defined

as
Ve(y) :=- /asz P(x, Y)Y (x)dSy, y¢ 0L, (3.51)

We(y) := - /d Q[Tc(x,n(x), ) P(x,9)|@(x) dS., ¥ ¢ 0%, (3.52)

where the integrals are understood as duality forms if ¥ and ¢ are not integrable. Partic-

ularly, for ¢ € H%‘S(aﬂ) and ¢ € H%‘S(BQ), % <s< %, we have

VY )= = (yPCy) ¥, = —(PC2), v Y )

- ByU) =~ Par Y O), (353)
Wo) = —(T°P(,9),¢)yq = ~{P(:9), T"¢)g,

= -PT%p(y) = —d%y)PA Tp(y), (3.54)

where y*y and T%¢ are well defined for any ¢ € H™1(3Q), ¢ € L,(0R2), and a € L, (3R),
in the sense of distributions, as

(Vv @)gn = (W, vPlae, Vo eD(R"), and
(T%0, @)pn = (0, T)yq = (0, aTR )y V& € D(R),

which evidently implies that supp y*y C 92 and supp T*¢ C 9S2. Moreover,

13
y* HITSOQ) > HyS, T HE(0R) — HpS <5<y (3.55)

are the continuous operators adjoint, respectively, to the continuous trace operator y :
HS

loc
Hf;CI(R”) — HS’%(BQ); for the continuity of 7¢ and T, it is also assumed that a €
1

C. 2 (09).
When a = 1, formulas (3.51) and (3.52) define the corresponding harmonic potentials,

(R") — H*3 (0€2) and to the continuous classical conormal derivative operator 7°¢ :

which we denote as V, and W, respectively. From definitions (3.51) and (3.52), similar
to (3.15)—(3.16), we have (cf. [3])

1 1
Vg = - Vag, Wg = p Wa(ag). (3.56)
Hence

A(aVg) =0, A(aWg)=0 in Q. (3.57)
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We will mainly need the restrictions of the layer potentials to 2, i.e., rqV and rq W, but
will often omit the restriction operator rg if this is clear from the context.

The mapping properties and jump relations for the single- and double-layer potentials
are well known for the case a = const and were extended to the case of infinitely smooth
boundary and variable coefficient a(x) in 3, 5]. Before proving the corresponding prop-
erties for the parametrix-based potentials on Lipschitz domains, we further collect the
following well-known mapping and jump properties for the harmonic potentials on Lips-

chitz domains.

Theorem 3.3 Let Q be a bounded Lipschitz domain in R”.

(i) If% <s< %, then the following operators are continuous for any . € D(R"):

Vst H"3 (0Q) — H*(R"), (3.58)

raWa :H 2(0Q) = H(Q),  urq Wa:H"2(3Q) — H(Q.). (3.59)
(ii) If% <s< %, then the following operators are continuous:

VEVA H2(0Q) - H1(0Q),  yEWa:H1(0Q) — H2(99), (3.60)

TEVA HY2(0Q) > H1(0S),  TEW,:H™I(0Q) — H1(9Q), (3.61)

(iii) If% <s< %, then, for any ¢ € H3 (0Q2) and y e H -3 (0K2), the following jump

properties hold:
Y Va¥ =y Vay =0, y"Wap-y Wap=-9p, (3.62)
TiVaY - TiVav¥ =%,  TiWag—-TxWag=0. (3.63)

Proof Items (i) and (ii) follow, e.g., from [11, Theorem 1(j,ii) and Remark], [22-24, 51] (see
also [27, Theorem 6.12]) if we take into account that the canonical co-normal derivative
operators in (3.61) are well defined since AV =0and AW = 0in Q4. The jump properties
of item (iii) for s = 1 are implied, e.g., by [11, Lemma 4.1]; see also [27, Theorem 6.11].
Hence they evidently hold if 1 <s < % and by the density argument also if % <s<1. O

Theorem 3.3 implies the following assertion.

Corollary 3.4 Let 92 be a compact Lipschitz boundary, and let % <§< % The following

operators are cContinuous:

Vai=y Va =y Va: H3(09Q) - H 2 (09), (3.64)
1

Wat= 2y Wa +y"Wa) CHSI(09) — H2(09), (3.65)
1

Wi = S (TAVa+ T Va) CHS1(0Q) - H1(39), (3.66)

La=TiWa =Ty Wa: H"2(3Q) — H™2(3<). (3.67)
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Employing relations (3.56), Theorem 3.3, and Theorem 2.6, we obtain the following

mapping properties for the parametrix-based potentials on Lipschitz domains.

Theorem 3.5 Let Q2 be a bounded Lipschitz domain.

. . . 1 3
(i) The following operators are continuous if 53 <s < 3,

uV:H3(0Q) — H (R"), aeC (R"),YueD(R); (3.68)
raW :H1(09Q) — H'(Q), ae C(Q); (3.69)
prg WiH"3(3Q) > H(Q.), aeC(Q),YueD(RY. (3.70)

3 __
(ii) The following operators are continuous if 5<S<3 and aec CHQ):

roV : H3 (99) — H 2 (Q;A); (3.71)
prg Vi H3(3Q) — Hfocz (Q;4), ¥ upeD(RY); (3.72)
raW : H3(9Q) — HY2(;A); (3.73)
prg WiH"3(9Q) — H*3(Q;4), ¥ pueD(RY). (3.74)

o . . 1 3.
(iii) The following operators are continuous if 5 <s < 3:

yEV H"2(0Q) —> H"2(0Q), ae C(Qu); (3.75)
yEW  HS2(0Q) > H2(9Q), ae CS(Qu); (3.76)
TV H3 (0Q) > H1(09Q), aeCl (@) (3.77)
TEW  H3(0Q) > H1(09Q), ae C(@Qy). (3.78)

Proof Relations (3.56), Theorem 3.3(i), and Theorem 2.6 immediately imply the continuity

3 _
of operators (3.68) and (3.69). Further, if a € C}(Q2), then there exists € > 0 such that a €
Cl’%“(ﬁ). For % <s< 2,g e H2 (Q) and anyo € ( ,min{s, % + €}), we have

1
lAVE | go-1() = HV (czV[;VAgiD

< [(Vina)Vag|,;» < Clal b hve g1 VagllHe @

= HV . [(Vlna)VAg]

@) “H"*l(Q)

< s
< C||a||cl,%+é(§)”VAg||H (@)

where we have taken into account that AV,g = 0 in Q. Hence, along with continuity
of operator in (3.58), this implies AVg € H°1(Q) and thus, by Remark 2.2(4), roAVg €
]?f’l(Q) CH, 2 (€2) with the corresponding norm estimate, from which the continuity of
operator (3.71) follows. The continuity of operator (3.73) is proved in a similar fashion.

The continuity of operators (3.70), (3.72), and (3.74) immediately follows from the con-
tinuity of their counterparts for the interior domain.
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The continuity of operators (3.75) and (3.76) for the potential traces is implied by the
continuity of operators (3.68)—(3.70) and the trace theorem, whereas the continuity of op-
erators (3.77) and (3.78) for the potential co-normal derivatives is implied by the continuity
of operators (3.71)-(3.74) and Theorem 2.9. O

Now we can prove the jump properties for the parametrix-based potentials on Lipschitz

domains.

Theorem 3.6 Let 0S2 be a compact Lipschitz boundary, % <s< %, @€ H"2 (0K2), and y €
H53(3<2). Then

Y VY -y Vi =0, Y Wo-y We=-¢, ifacC(R"); (3.79)
3
TV -T Vi =, T*Weo-T We=(0,a)p, ifacC}(R"). (3.80)
Proof Relations (3.56) and (3.62) along with Theorem 2.6 immediately imply jump rela-
tions (3.79).
To prove the first jump relation in (3.80), we generalise to the parametrix-based poten-

tials the arguments from the proof of Lemma 4.1 in [11]. Let ¢ € H -3 (0€2). From (3.53)
we obtain, in the sense of distributions,

1 Va
AVY = —A<;PAV*W> =-VY+V- (7PAV*¢)
=—y*y -V-((Va)Vy) inR", (3.81)

where we have taken into account that AP,y ™y = y*ir. Then, since the operator A is
formally self-adjoint, for any test function ¢ € D(R"), we obtain

fRn VY (0)A¢() dy = (AVY, @)rn = =(¥r, ¥y Pag = (V - (VA) V), ) (3.82)

3
Note that, for 2 € C?(R") and € H3 (02) with % <s< %, the continuity of operator
l+6
(3.68) and Theorem 2.6 imply that Vi € H} (R”) and (Va)Vy € H,,. (R”) for some € €

loc

(0,1). Hence, from the second Green identity (2.21) with v = Vi and u = ¢, along with
(3.81), we have

/Q Vi ()Ap() dy — (A, Vi, d)a,
+
_ /Q VU 0)ADW) dy— (Ea, ra, AV, d)a,
=+

= /Q VY (0)Ap(») dy + (Eq.ra, V- ((Va) V), 9,
=H(T%¢,y* V), F(T VY, v ), (3.83)

Here we employed that rq, y*¢ = 0 since suppy*y C 9. Let us take into account
that y*¢p =y ¢ =y¢p and T*¢p = T-¢ = T°¢ due to smoothness of ¢, whereas y* Vi =
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Y~V =y Vif by the first relation in (3.79). Moreover, we also have

(Equra, V- (Va)Vy),¢)g, =(ra. V- ((w)vw),isgiqs)Qi

=@y VY, y )y - (Va) VY, V), .

Then summing up (3.83) for 2, and 2_, we obtain

/R VYOAGG)dy = (T VY = TV, y)q + (VO Y, Vo). (3.84)

Comparing (3.84) and (3.82), we obtain (T*Vr — T~ VY, y@)sa = (¥, yd)sq for arbitrary
¢ € D(R"), which implies the first jump relation in (3.80).

Let us similarly prove the second jump relation in (3.80). Let ¢ € H*3 (0€2). From (3.54)
we obtain, in the sense of distributions,

1 Va
AW = —A<—PA T‘*(p) =-T%p+V- (—PA T”‘(p)
a a
=-T%p-V-((Va)W¢) inR", (3.85)

where we have taken into account that AP, T%¢ = T%¢. Then for any test function ¢ €
D(R"), we obtain

g WoAp() dy = (AW ¢, ¢)pn = —(T0 + V - (Va) W), d)p.

=0, T)yq + (V) W, V). (3.86)

3
Note that for a € C?(R") and ¢ € H*3 (02) with % <s< %, the continuity of operators
(3.69) and (3.70) and Theorem 2.6 imply that rq, Wo € H*(Q,), rq. Wo € H (Q_), and

loc

e
(Va)yrq, Wo € Hie (,), (Va)rg. We € H? "(Q_) for some € € (0, 1). Hence from the sec-

loc

ond Green identity (2.21) for v = W¢ and u = ¢, along with (3.85), we have
[ wetras0)dy- Gia. . .
Qi
= / Wo()AdY)dy — (Eq,ra, AW, d)a.
Qx

= | Wo»)Ap»)dy +(Ea,ra. V- (Va)Wg),8),

Qt

=+(T5¢,y* Wo),, F(T*We,y"¢),q,. (3.87)

Here we employed that ro T ¢ = 0 since supp 7" ¢ C 0S2. Let us also take into account
that y*"¢p =y ¢ =yp and T*¢p = T~ ¢ = T°¢ due to smoothness of ¢, whereas y*W¢ —
y~W¢ = —¢ by the second relation in (3.79). Moreover, we also have

(Eaura, V- (Va)We), g, = (resV- ((Va)ch),fEQiqb)Qi

= H@.@)y*Wo,y¢),q - (V) We, V), .
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Then summing up (3.87) for 2, and Q_, we obtain

[ o049 dy- (0,000,780 - (VW0 T,
=—(T°¢,¢),, — (T"Wo-T Wo,y¢),. (3.88)

Comparing (3.88) and (3.86), we obtain (T*W¢ — T-We,y¢)sq = ((0,a)p, yd)aq for ar-
bitrary ¢ € D(R”), which implies the second jump relation in (3.80). a

Theorem 3.5(iii) and the first relation in (3.79) imply the following assertion.

Corollary 3.7 Let 92 be a compact Lipschitz boundary, and let % <s< % The following
operators are continuous:

Vi=y'V=y ViH"2(0Q) > H1(09), aeC (Qu); (3.89)
W= %(ww +y W) HTI(0Q) > HU(0Q), ae C(Qu); (3.90)
W' = %(T*V +T7V) CHSI9Q) > H1(3Q), ac C? (Qu); (3.91)
L= %(T*W +T"W) CHS1(0Q) —> H2(3Q), ac C? (Qu). (3.92)

For the case of smooth boundary, the boundary operators defined in Corollary 3.7 (see
[27, Eq. (7.3)] for the fundamental solution-based potentials on Lipschitz domains) cor-
respond to the boundary integral (pseudo-differential) operators of direct surface values
of the single-layer potential, the double-layer potential 1V, and the co-normal derivatives
of the single-layer potential W' and of the double-layer potential (see [3, Eq. (3.6)-(3.8)])
for the parametrix-based potentials on smooth domains. See also [27, Theorems 7.3, 7.4]
about integral representations on Lipschitz domains of the boundary operators associated
with the layer potentials based on fundamental solutions.

If a = 1, then we equip the operators defined in Corollary 3.7 with subscript A. Then,
under the hypotheses of Corollary 3.7, we have (see [3, Eq. (3.10)—(3.13)] for the potentials

on smooth domains)

1 1
Vg = ;VAg, Wg = ;WA(ag), (3.93)
dya 0ya
We=Wig~-_Vag  Lg=Laslag) -~ Wslag). (3.94)

Indeed, relations (3.93) immediately follow from (3.89), (3.90), and (3.56). Further, T* Vg =

T+(%VAg). Let {1} C D(R) be a sequence such that ||v; — VAg”HS'*%(QA)

— 0 as k — oo. Then (see [32, Lemma 6.10])

— 0as k — oo,

hich implies that also || 2v; — V
which implies that also || - vk g”HS"%(Qm)

1 1 0y
T Vg = lim TC<—vk> = lim aTZ(—vk> = lim (8,,1/,( - —ay"vk)
k— 00 a k— o0 a k— o0 a

+ 8”“ +
=T\Vag- 7 Vag.
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Similarly, T-Vg = T, Vag— (’Z—“ y~ Vg, which, together with (3.91), implies the first relation
in (3.94). The second relation in (3.94) is proved by similar arguments.

Employing definitions (3.89)—(3.92), the jump properties (3.79)—(3.80) can be re-written
for y € H55 (02) and ¢ € H5% (02) with % <s< % as follows:

1
yEVY =V, in<p=:F§<p+W(p ifaeCi(]R”); (3.95)
+ 1 / + 1 s % n
T Vl/lzztil//%—Wlﬁ, T W/go::i:E(ava)go+/.:<p ifaeC; (R ) (3.96)
4 The third Green identity and integral relations

In this section, we apply some limiting procedures to obtain the parametrix-based third
Green identity.

Theorem 4.1 Let Q2 be a bounded Lipschitz domain, u € H*(S2), % <s< %, anda € C5(Q).
(i) The following generalised third Green identity /olds:

u+Ru+ WV+MZPAQM in 2, (4.1)
where, by (2.9) and (2.10),

PAqu(y) = (Aqu, P(-9))q, = ~Ea (1, P(y)) = ~{Ea(aVu), VP(,)),

1 o
= ——V - PrEq(aVu)(y), aeyeQ, (4.2)
a(y)
and, particularly, if s =1, then
PAquly) = - / a(x)Vu(x) - V,P(x,y) dx, a.e.ye Q. (4.3)
Q

(ii) Moreover, if Au = rof in Q, where f € H%(Q2), then the generalised third Green
identity takes the form

u+Ru—-VT*(f;u)+ Wy'u=Pf inQ. (4.4)

Proof (i) Let first u € D(Q). For y € , let B.(y) C Q2 be a ball centred in y with sufficiently
small radius €, and let . := Q \ B.(y). For any fixed y, evidently, P(-,y) = QL(”PA(yy) €
D(Q.) C HY*(A; Q) and has the coinciding classical and canonical co-normal derivatives
on 9€2.. Then from the first Green identity (2.20) applied to 2. with v = P(:,y) we obtain

T PC.y) v u)yp ) = (T PG Y )y + (RC9), 1),

=—(VP(,y),aVug, . (4.5)

€

Since

!Er})(T+P("y)r V+”>aB€(y)

i “%7) fh—r’r‘l’ aBs(y)[av(x)PA(x’y)]a(x)y+”(x) ds(x) = —u(y),
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by passing to the limits as € — 0 equation (4.5) reduces to the third Green identity (4.1)
for any u € D(R). Taking into account the denseness of D(Q) in H*(2) and the mapping
properties of the volume potentials (3.30) and (3.35) in Theorem 3.2 and of the double-
layer potential (3.69) in Theorem 3.5(i), we obtain that (4.1)—(4.2) also hold for any u €
H*(Q2) with % <8< % in the sense of H*(2), which also implies (4.3) for s = 1.

(i) Let {uz} € D(Q) be a sequence converging to u in H*(2). By (4.2), (4.3), and (2.18)

we have

PAgui(y) = - lim f alx) Viur(x) - VP, y) dx = = lim Eq (. P(9))
€—> QE €—>

- lim [ /Q o) (9P ) s~ /a o PEDT )56

- fa . P, y) T uy(x) dS(x)] = PAquc(y) + VT ug(y). (4.6)

Let now f; := ES?ro(Aquy — Aqu) +f, where E5? : H2(Q2) — H*2(RQ) is a (non-unique)
continuous extension operator, which exists by [31, Theorem 2.16]. Since rQ;lQu = rgf ,
we obtain rgfk = rgzz:lguk = rgzzlguk. Hence

reAouy — roAqu = roAq(ux —u) — 0 in H*2(Q),
andfk —>f in H%(Q) as k — co. Then by (4.6), (3.53), and (2.19) we obtain

PAquy = PAqug + VT u = PAquy + VT*(fk; uy) — V(y’l)*(fk — Aquy)
= PAqui + VT (fis ux) + P(fi — Aqui) = VT (fis we) + Phi
where we took into account that y*(y’l)*(fk —Aquyr) :fk — Aquix by [31, Corollary 2.11]
since f, — Aquy € Hic2. Passing to the limits as k — 0o, we obtain PAqu(y) = Pf +

i (f ; u), which by substitution into (4.1) gives (4.4). O

For some functions f , ¥, ®, let us consider a more general “indirect” integral relation
associated with (4.4):

u+Ru-VW+Wd=Pf inQ. (4.7)

The following lemma extends Lemma 4.1 from [3], where the corresponding assertion was
proved for f € L,(R), s = 1, a € C*(2), and the infinitely smooth boundary.

Lemma 4.2 Let } <s< 2 and a € C:(Q). Let u € H'(Q), ¥ € H*7(3Q), ® € H1(39),
and f € H () satisfy (4.7). Then

Au=rof in%Q, (4.8)
V(U =T (f;u) - W(®-y*u)=0 inQ. (4.9)

Proof Subtracting (4.7) from identity (4.1), we obtain

VW - W(®-y*u)=PlAqu—-f] inQ. (4.10)
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Multiplying equality (4.10) by a, applying the Laplace operator A, and taking into account
(3.57) and (3.17), we get rgf =rq (zzlgu) = Au in Q. This means thatf is an extension of the
distribution Au € H2(2) to H*2(Q), and u satisfies (4.8). Then (2.15) implies

PlAau ~f10) = (Aqu~f,P(,9)), = ~(T*(F;u), P(-,9)),q,
=VT*(f;u)(y), ye. (4.11)

Substituting (4.11) into (4.10) leads to (4.9). O
For % <8< %, ac Ci(ﬁ), and g € H*"}(Q), let us introduce the operator Ay, as

AYg:=-V - Eq(gVa). (4.12)

3
E .
(i) Ifae Cf_”*l(ﬁ), then the following operator is continuous:

Lemma 4.3 Let % <s<

AYHH Q) » HX(RQ). (4.13)
(ii) Ifa € C5(R), then the following operator is continuous and compact:
AYHY Q) — HX(RQ). (4.14)

Proof (i)Ifac Cf_ml(ﬁ), then Va € C'f_ll(ﬁ), and by Theorem 2.6, Va is a multiplier in
H*1(Q), which implies the continuity of operator (4.13).

(if) For 1 <s < %, we have s = |s — 1| + 1, which by item (i) implies the continuity of
operator (4.13) and thus the continuity and compactness of operator (4.14).

For % < s < 1, we need an estimate of the norm ||gVa|| ys-1(q). First, by Definition 2.5 the
inclusion a € C () implies that there exists ¢ € (s, 1) such that a € C%(Q) = Bl o (R) =
F, .(Q) (see, e.g., Proposition in [45, Sect. 2.1.2]) and hence Va € Fi. (Q). Then, by
Theorem 1 from [45, Sect. 4.4.3],

lgValles @ < ClVallpt g lgle @)
< C||ﬂ||co,t(§)||g||Ha(Q), Voe (1 - t,S). (4-.15)

On the other hand, by (3.49), item (ii) of Proposition from [45, Sect. 2.2.1], and (4.15) we
obtain

v
|Age] 52y = esllgVallse) = esligVal gy o)
= GillgVal g1 o) = CiCllallcos g g1 (@)
Thus the operator Ag, : H? (Q) — H~2(Q) is continuous, which implies the continuity and,

by the Rellich compact embedding theorem, also the compactness of operator (4.14) for
% <s< 1 g
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In accordance with notation (2.10), let us also denote
AQg =V EQrQVg

Let us now discuss the trace and two forms of the co-normal derivative associated with
equation (4.7).

Lemma 4.4
(i) Under the hypotheses of Lemma 4.2,

y+u+y+Ru—V\IJ—%d>+W<I>:y+P_}~’ on 0%, (4.16)
T*(f;u) + Tx (Agu; aRu) — %\II WLV + La(ad)
= TL(f;Paf) on oS (4.17)
(ii) If, moreover, a € C? (Q), then
T*(f;u) + T"Ru — %\If WY+ T WO =T*(f + ER.f;Pf) ondQ, (4.18)
where R, is defined in (3.14) and (3.16).

Proof (i) Equation (4.16) is implied by (4.7) and (3.95).
To prove (4.17), let us first multiply (4.7) by a to obtain

—VpW + Wr(a®) = Paf —au—aRu in Q. (4.19)

Since A{=V AW + Wx(a®)} = 0, for the both sides of (4.19) the canonical co-normal deriva-
tive TX is well defined,

~TLVAY + TE W (a®) = TE(Paf — au— aRu), (4.20)
and by (2.17)

Tg(?Af —au—aRu) = —(y_l)*AQ(PAf —au — aRu), (4.21)
because by (4.19),

Aq(PAf — au — aRu) = Eq A(PAf — au — aRu) :EQA{ — VAV + Wa(a®)} =0.
Note that, by the second equality in (3.16),

A(aRu) ==V - [APs(uVa)] ==V - (uVa) =reAdu inQ, (4.22)

which implies that AT € H2(RQ) is an extension of A(aRu) € H*>(R2). Further (see
(2.10)),

Aglau) =V - EqroV(ua) =V - EqrquVa) + V - Eqrq(aVu)
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= —Agu +Agu in R”.
Then
—Aq(Paf —au—aRu) =f — AqPaf — (f — Aqu) — [Agu - Aq(aRu)] inR”,
and by (2.13)
T (Paf — au—aRu) = TL(f; Paf) - T*(f; u) - Ty (ASu;aRu).
Substituting this in (4.20), we obtain
T*(f;u) + Tx (Agu;aRu) — TAVAY + Tx Wa(a®) = TX(f; Paf) ondg.

Taking into account jump relation (3.63) and (3.66) with (3.67), we arrive at (4.17).
(ii) To prove (4.18), let us first remark that

APf=f+R.f inQ, (4.23)

which implies, due to (4.8), that A(Pf~ —u)= R*f in 2, where R, is defined in (3.14) and
(3.16), and since a € C? (R), we obtain by (3.39) that R*f € H°(2) for some o > —%. Then
A(Pf — u) can be canonically extended to A(Pf —u) = EQR*j € ﬁ[”(Q) - j:ls‘z(Q). This
implies that there exists a canonical co-normal derivative of (Pf — u), for which, due to
(2.17) and (2.13), we have

T*(Pf —u) = (y ) [APf - w) - APf + Agu]

— (yfl
(r 1) [EQR.f - Ao Pf + Aqu]
(™
-

)'If + EaRof — APf + Aqu —f]
=T'(f + EaRf, Pf) - T* (f,u), (4.24)

wheref + EQR*f € H"2(R) is an extension of APf due to (4.23). From (4.7) we have
Pf—u=Ru-VV¥+ W in Q. Substituting this in the left-hand side of (4.24) and taking
into account jump relation (3.96), we arrive at (4.18). O

Note that, unlike (4.17), the co-normal derivative form (4.18) of relation (4.7) is written
without referring to the corresponding constant-coefficient potentials.

Remark 4.5 Let 3 <s<3 and f € H2(Q) c H2(Q).
(i) Then evidently PA}? e H¥ 2(Q, A) and

T4 (f; Paf) = TLPAf. (4.25)
(ii) Furthermore, if the hypotheses of Lemma 4.2 are satisfied and f € H-%($2), then

(4.8) implies that u € H>V2(Q, A) and T*(f; u) = T*(Au; u) = T* u. Henceforth,
(4.17) takes the simpler form

1 -
T'u+ Th(AGu;aRu) - ;Y- WAV + L} (a®) = TA\Paf on i (4.26)
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If, in addition, au € H*"V2(, A), then by (4.22)
~_1
A(aRu) = rqAgu =V - (uVa) = Au— Alau) € H, ? ().

Hence the canonical co-normal derivative T (a¢Ru) is well defined, and by (2.13),
(2.17), (3.16), and (4.22)

Ty (Agu;aRu)

)*[Agu - AQ(ﬂRM)]

) [Agu — A(@Ru)] + T (aRu)

)*[—V -Eo(uVa) + EqV - (uVa)] + TX(aRu)

(™
("
("
(y‘l)*[zzku —Au] + (y_l)*[—ﬁ(au) + A(uu)] + TX (aRu)
=-T"u+ Tx(au) + T (aRu). (4.27)
This reduces (4.26) to the relation
1 -
TS (au) + T} (aRu) - Ellf - WOV + L (a®) = TiPaf ondQ (4.28)

with only canonical normal derivatives associated with the Laplace operator
involved.
(ili) If the hypotheses of Lemma 4.2 are satisfied and, moreover, f’ e HV2(Q), and

3 - I
a e C2(Q), then, by (3.32) and (3.39), Pf € H*"2 (4 A) and R.f € H12(R),
implying T*(f + EqR.f; Pf) = T*(Pf). Henceforth, (4.18) reduces to the relation

1 -
T'u+ T " Ru- E\If - WY+ T*WO=T*Pf ondQ
with only canonical co-normal derivatives associated with the operator A involved.
Remark 4.6 (i) Let the hypotheses of Lemma 4.2 be satisfied and suppose that a sequence

{ﬁ} cH3 (€2) converges tof" in H2(Q). By the continuity of operators (3.30) and (3.34),
estimate (2.14), and relation (4.25) for f', we obtain that

Ti(F; Paf) = lim TiPaf; in H 2 (3Q);
j—00

see also Theorem 7.1.

3 _
(ii) If, moreover, a € C; (2), then, similarly,
T*(f + EQR.f, Pf) = lim T*(f; + EQR.f, Pf) = lim T*P¥f,.
j—00 j—00
Lemma 4.4 and the third Green identity (4.4) imply the following assertion.

Corollary 4.7 Let 2 be a bounded Lipschitz domain, and let % <8< %, acCi(Q),uc
H(R), and f € H2(Q) be such that Au = rof in Q.
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(i) Then

1 ~ -
5y*u+y*Ru—VT*(f;u)+Wy*u=y*Pf on 3L2, (4.29)

%T*(/;, )+ Th(AgusaRu) =W T (F,u) + La(ay*u)
= TL(f; Paf)  on 0 (4.30)
(ii) If, moreover, a € C? (Q), then
%T*(f, u) + T*Ru-WTH(f,u) + T*Wytu
= TH(f + EQR.f, Pf) ond, (4.31)
where R, is defined in (3.14) in (3.16).

Let us extend to Lipschitz domains and s € (%, %) Lemma 4.2(i,ii) from [3], which is
proved there for smooth domains and s = 1.

Lemma 4.8 Let Q be a bounded simply connected Lipschitz domain, and let a € CS(Q)

with % <8< %
(i) IfW* € H3(39) and rq VW* = 0, then W* = 0.

(ii) If ®* € H2(3Q) and rqWd* = 0, then ®* = 0.

Proof To prove (i), let us multiply equation ro VW* = 0 by 4, which by the first relation in
(3.56) reduces it to ro VaW* = 0 in Q. Taking the trace of this equation on 92 and using
the first relation in (3.95) (for the case a = 1), by Theorem 7.3 we obtain item (i).
Similarly, multiplying the equation ro W®* = 0 by 4, the second relation in (3.56) re-
duces it to ro Wa(a®*) = 0 in Q. Taking the trace of this equation on 92 and using the
first jump relation in (3.95) (for the case a = 1), we obtain —% &* + W, d* = 0 on 92, where
®* = ad*. Since this equation for ®* is uniquely solvable (see Theorem 7.3), by condition
(2.5) this implies item (ii). a

Theorem 4.9 Let Q be a bounded simply connected Lipschitz domain, and let a € CS(Q)
with % <s< % Letf H(Q). A function u € H*(2) is a solution of PDE Au = rof in Q if
and only if it is a solution of boundary-domain integro-differential equation (4.4).

Proof If u € H*(2) solves PDE Au = rgf in €, then by Theorem 4.1(ii) it satisfies (4.4). On
the other hand, if u solves the boundary-domain integro-differential equation (4.4), then
using Lemma 4.2 for W = T*(f;4) and ® = y *u completes the proof. O

5 Segregated BDIE systems for the Dirichlet problem
For % <s< %, let us consider the Dirichlet problem:
Find a function u € H*(Q2) satisfying the equations

Au=f inQ, (5.1)
y*u=¢y onag, (5.2)

where f € H*"2(2) and gy € H* 2 (3<).



Mikhailov Boundary Value Problems (2018) 2018:87 Page 27 of 52

Equation (5.1) is understood in the distributional sense (2.7), and the Dirichlet boundary
condition (5.2) is understood in the trace sense. The following uniqueness assertion is well

known for s = 1 and follows from the first Green identity; hence it also holds for 1 < s < 3/2.

Theorem 5.1 Let a € C™'(Q) with 1 < s < 3. The Dirichlet problem (5.1)~(5.2) has at

most one solution in H*($2).

5.1 BDIE formulations and equivalence to the Dirichlet problem
Let % <s< % In this section, we reduce the Dirichlet problem (5.1)—(5.2) to three differ-
ent segregated boundary-domain integral equation (BDIE) systems. Two of these formu-
lations, for s = 1 and infinitely smooth coefficients and infinitely smooth boundary, were
analysed in [33].

Letf € ITIS‘Z(Q) be an extension of f € H*2(Q) (i.e., f = rgf), which always exists; see
[31, Lemma 2.15 and Theorem 2.16]. Let us substitute into (4.4), (4.29), (4.30), and (4.31)

the generalised co-normal derivative and the trace of the function u as
T*(f;u) =¥, Y u = go,

where ¢ is the known right-hand side of the Dirichlet boundary condition (5.2), and ¥ €
H"3 (0R2) is a new unknown function that will be regarded as formally segregated from u.
Thus we will look for the unknown couple (i, ) € H*(2) x H*3 (0R2).

BDIE system (DI1). Let a € C*(2). To reduce the Dirichlet BVP (5.1)~(5.2) to the BDIE
system (D1), we will use equation (4.4) in Q and equation (4.29) on d2. Then we arrive at
the following system of the boundary-domain integral equations, (D1), which is similar to

the corresponding system in [33]:

u+Ru—-Vy=FP' inQ, (5.3)
Y Ru-Vy =FP' ondQ, (5.4)
where
FD1 ED .
FDL _ = 0 and FP.=Pf-W in Q. 5.5
[Fz’” v - P o

Note that, for ¢, € H*~2(3<) and f € H%(2), we have the inclusion FP € H*(R2) due to
the mapping properties of the Newtonian (volume) and layer potentials; see (3.30) and
(3.69). Hence FP! € H¥(Q) x H*2(3<2).

BDIE system (D2,). Let a € C (R). To obtain a segregated BDIE system of the second
kind, we will use equation (4.4) in  and equation (4.30) on d2. Then we arrive at the
following BDIE system (D2, ):

u+Ru-Vy=FP inQ, (5.6)

1
51& + Th(Agu;aRu) - Wiy = F** on g, (5.7)
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where

]:DZA ,PJ; _ WQD()
i A P ' 5.8
|:]:2DZAi| |:T£ (f;Paf) - »CA(Wﬂo):| (5.8)

Due to the mapping properties of the operators involved in (5.11), we have FP?4 ¢
HY(Q) x H3 (32).

BDIE system (D2). Let the coefficient be smoother than in the first two cases, a € C? (Q).
Now we will use equation (4.4) in Q2 and equation (4.31) on 2. Then we arrive at another
BDIE system of the second kind, (D2), which is similar to the corresponding system in [33]:

u+Ru-Vy=FP? inQ, (5.9)
1
Exp + T*Ru-W' = F2* ondQ, (5.10)
where
D2 r
Fo2 o f}n | P . (5.11)
‘FZ T*(f + EQVQR*f; Pf) -T* W(/Jo

Due to the mapping properties of the operators involved in (5.11), we have FP? € H*(2) x
H3(39).

Letus prove that BVP (5.1)—(5.2) in 2 is equivalent to each of the three systems of BDIEs,
(D1), (D24), and (D2).

Theorem 5.2 Let a € C5(Q) with % <s< % Let ¢o € HS‘%(BQ),f € H%(Q), andf €
H*2(RQ) be such that rof =f.
(i) If a function u € H*(2) solves the Dirichlet BVP (5.1)—(5.2), then the couple
(u, ) € H5(R2) x HS‘%(GQ), where

W =T*(f;u) ondQ (5.12)

3 _
solves the BDIE systems (D1), (D25) and, if a € C2(2), then also the BDIE system
(D2).
(i) Vice versa, if a a couple (u, ) € H*(2) x H*3 (0R2) solves one of the BDIE systems,
3

(D1), (D24), or (D2) (if a € CE(2)), then this solution solves the other BDIE systems,
whereas u solves the Dirichlet BVP, and  satisfies (5.12).

Proof (i) Let u € H*(Q2) be a solution to BVP (5.1)—(5.2). Setting v by (5.12) evidently im-
plies ¢ € H3 (0€2). Then it immediately follows from Theorem 4.9 and relations (4.29)—
(4.31) that the couple (&, ¥) solves systems (D1), (D2),, and, ifa € CJr% (), then also (D2),
with the right-hand sides (5.5), (5.8), and (5.11), respectively, which completes the proof
of item (i).

(ii) Let now a couple (i, ¥) € H*(Q2) x H* 3 (3R2) solve BDIE system (5.3)—(5.4). Taking
the trace of equation (5.3) on 92, and subtracting equation (5.4) from it, we obtain

y*u=¢y onaQ, (5.13)
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i.e., u satisfies the Dirichlet condition (5.2). Equation (5.3) and Lemma 4.2 with ¥ = ¢ and
® = ¢y imply that « is a solution of PDE (5.1), and

VU* - Wo*=0 in(,

where W* = i — T*(f; u) and ®* = ¢y — y*u. Due to equation (5.13), ®* = 0. Then
Lemma 4.8(i) implies ¥* = 0, i.e., condition (5.12). Thus « obtained from solution of BDIE
system (D1) solves the Dirichlet problem and hence, by item (i) of the theorem, (u, )
solves also BDIE system (D2,) and, ifa € CJr (), then also (D2).

Let now a couple (i, V) € H*(2) x H*3 2(9<2) solve BDIE system (5.6)—(5.7). Lemma 4.2
for equation (5.6) implies that u is a solution of PDE (5.1), and equation (4.9) holds for
W =9 and ® = ¢,, whereas Corollary 4.7 gives equation (4.30). Multiplication of (4.9) by
a reduces it to

(1// T*(f u ) ( ((po -y u)) 0 inQ. (5.14)
Subtracting (4.30) from equation (5.7) and taking into account (5.14) give
Y —T*(f;u)=0 ondg, (5.15)

that is, equation (5.12) is proved. Equations (5.14) and (5.15) give WA ®* =0 in Q, where
®* = a(py — y*u). Then Lemma 4.8(ii) implies ®* = 0 on 9L2. This means that u satisfies
the Dirichlet condition (5.2). Thus u obtained from solution of BDIE system (D2, ) solves
the Dirichlet problem, and hence, by item (i) of the theorem, the couple (u, ) solves also
BDIE system (D1) and ifae C (Q), then also (D2).

Let, finally, a € C (), and let a couple (1, V) € H5(RQ) x H* 3 (02) solve BDIE system
(5.9)-(5.10). Lemma 4.2 for equation (5.9) implies that u is a solution of PDE (5.1), and
equation (4.9) holds for ¥ = ¢ and ® = ¢y, whereas Corollary 4.7 gives equation (4.31).
Subtracting (4.31) from equation (5.10) and adding to it the canonical co-normal deriva-
tive T of equation (4.9) lead to (5.12). Equations (4.9) and (5.12) imply W®* =0 in €,
where ®* = ¢y — y*u. Then by Lemma 4.8(ii) we deduce ®* = 0 on 9€2. This means that
u satisfies the Dirichlet condition (5.2). Thus u obtained from solution of BDIE system
(D2) solves the Dirichlet problem, and hence, by item (i) of the theorem, the couple (z, {)
solves also BDIE systems (D1) and (D24). O

5.2 Properties of BDIE system operators for the Dirichlet problem
BDIE systems (D1), (D24), and (D2) can be written as

@luD — ]_‘Dl’ QZAZ/{D — ]_‘DZA, and ©2uD — ]_‘DZ,

respectively. Here U := (u, )T € H5(Q) x H"3(39),
o [I-R -V
V"R V|

9A I+R -V s |I+R -V
S TH(AY;aR) ir-w |’ S TR r-w|’
A Q 2 A 2
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whereas FP1, FP24 and FP? are given by (5.5), (5.8), and (5.11), respectively. Note that
Tg(Ag;aR)uzz (y’l)*(Agu— AQ(&{RM)). (5.16)

Let % <s< % The operators

DL HN(Q) x H2(3Q) — HY(Q) x H2(3Q) ifa e C:(Q), (5.17)
DM HY(Q) x H2(0Q) — HY(Q) x H2(0Q)  ifa e C (), (5.18)
D’ H(Q) x HH(0Q) - H'(Q) x H3(0Q) ifae CL (), (5.19)

are continuous due to the mapping properties of the operators constituting them (see
Sect. 3), whereas for the right-hand sides of the BDIE systems, we have the inclusions
FPl e H3(Q) x H3(3), FP2A € H (Q) x H3(3<), and FP? € H¥(Q) x H3 (3<).

3

Theorem 5.3 Let Q2 be a bounded simply connected Lipschitz domain, and let % <§< 3.

Operators (5.17)—(5.19) are Fredholm operators with zero index.

Proof The continuity of operators has been already proved.
To prove the Fredholm property of operator (5.17), let us consider the operator

1 -V
D)= [0 V] HA(Q) x H2(9Q) — HY(Q) x H2(9S). (5.20)
As a result of compactness properties of the operators R and y*R given by (3.35) and
(3.42) in Theorem 3.2, operator (5.20) is a compact perturbation of operator (5.17). The
operator D] is an upper triangular matrix operator with the following scalar diagonal in-

vertible operators:

1 H(Q) — H (),

VH"2(0Q) > H 2 (3R),

where the invertibility of the operator V is implied by the invertibility of operator V4 in
(7.4) and by the first relation in (3.93). This implies that operator (5.20) is invertible. Thus
(5.17) is a Fredholm operator with zero index.

The operator

D2:= [(I) 11_‘;\}, } CH(Q) x H3(0Q) — HY(Q) x H3(9) (5.21)
21 7 7VA

is a compact perturbation of operator (5.18). Indeed, the operators R : H*(2) — H*(<2)
is compact due to Theorem 3.2. The compactness of the operator T} (Ag;aR) : H () —
H53 (9R2), defined by (5.16), follows from that of the operator A$ : H*(Q2) — I?S*Z(Q) given
by Lemma 4.3(ii) and of the operator R : H*(2) — H*(R2), i.e., operator (3.35) in Theo-
rem 3.2.
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Consider the diagonal operators of the upper triangular matrix operator D3. The op-
erator [ : H*(Q2) — H*(2) is evidently invertible, whereas the invertibility of the operator
%I - W, :HS’%(E)Q) — HS’%(E)Q) is stated by Theorem 7.3. This implies that operator
(5.21) is invertible, and hence operator (5.18) is Fredholm with zero index.

Operator (5.21) is also a compact perturbation of operator (5.19). Indeed, the opera-
tors R : H¥(Q) — H*(R) and T*R : H*(Q) — H3 (0€2) are compact due to Theorem 3.2.
From the first representation in (3.94), for a € C? (), the operator W) — W' = %VA :
H53 (02) — H? (0R2), where o = min{%,s - %}, is continuous, which implies that the op-
erator W), - W' CHS3 (0Q2) — HS‘%(B Q) is compact. Since operator (5.21) is invertible,
this implies that operator (5.19) is Fredholm with zero index. d

Theorem 5.4 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, and o =
max{1,s}. The following operators are continuously invertible:

DL HN(Q) x H2(3Q) — HY(Q) x H1(0Q) ifae Co (%), (5.22)
DM HY(Q) x HT2(0Q) — HY(Q) x H2(3Q)  ifae C°(Q), (5.23)
D% H(Q) x H(0Q) — H(Q) x H3(0Q) ifae CL(Q). (5.24)

Proof First, let 1 <s< % Then o =s, and the injectivity of operators (5.22)—(5.24) is im-
plied by the equivalence Theorem 5.2(ii) and the BVP uniqueness Theorem 5.1. Indeed,
consider, for example, the injectivity of operator (5.22). For the homogeneous equation
D'UYP = 0, its zero right-hand side FP! = 0 can be represented as in (5.5) in terms of f = 0
and ¢o = 0. Then, by Theorem 5.2(ii), P = (u, T*(0;u))", where u is a solution of the
Dirichlet problem (5.1)—(5.2) with the right-hand sides f = 0 and ¢, = 0, which has only
the trivial solution # = 0 due to Theorem 5.1. The arguments for the injectivity of opera-
tors (5.23) and (5.22) are similar.

Since, by Theorem 5.3, operators (5.22)—(5.24) are Fredholm with zero index, this im-
plies their invertibility for 1 <s< %

Let now % <s<1.Theno =1,ie,aeC! (Q) for operators (5.22)—(5.23),and a € C? Q)
for operator (5.24). Hence, for a fixed function a satisfying the corresponding conditions
in (5.22)-(5.23), all these operators are continuous for 3 < s < 1. By Theorem 5.3 they
are also Fredholm with zero index. Since, as already proved, at s = 1, these operators are
also invertible, Lemma 7.5 implies that their kernels (null-spaces) consist of only the zero
element for any s € (%, 1], which implies that the operators are invertible for all s from this
interval. O

Theorems 5.4 and 5.2 imply the following assertion.

Corollary 5.5 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, fe
H2(Q), ¢y € Hs‘%(BQ), and a € C°(Q) with o = max{1,s}. Then the Dirichlet problem
(5.1)=(5.2) is uniquely solvable in H*(Q). The solution is u = (AP)\(f, )", where the
inverse operator (AP)™! : H"%(Q) x HS‘%(afz) — H*(RQ2) to the left-hand side operator

AP H(Q) — H2() x H5% (0K2) of the Dirichlet problem (5.1)—(5.2) is continuous.

Remark 5.6 For a given function f € H*2(Q), its extension f € ﬁS’Z(Q) is not unique.
Nevertheless, since the solution of the Dirichlet BVP (5.1)—(5.2) does not depend on this
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extension, equivalence Theorem 5.2(ii) implies that « in the solution of BDIE systems (D1)
and (D2) does not depend on the particular choice of extension f although v obviously
does; see (5.12).

6 Segregated BDIE systems for the Neumann problem
Let us consider the Neumann problem: Find a function u € H*(Q2) satisfying the equations

Au = rng in Q, (6.1)

T*(f;u) =y ondL, 6.2)

where Vo € H*3 (92) and f € F*-2(%).

Equation (6.1) in understood in the distribution sense (2.7), and the Neumann bound-
ary condition (6.2) in the sense (2.13). The following assertion is well known and can be
proved, e.g., using variational settings and the Lax—Milgram lemma.

Theorem 6.1 Lets=1anda € Lo.(2).
(i) The homogeneous Neumann problem (6.1)—(6.2) admits only one linearly
independent solution u® = 1 in H'(Q).
(i) The non-homogeneous Neumann problem (6.1)—(6.2) is solvable if and only if

(f’ ”0>Q - (‘/’0’ VJr”O)aQ =0. (6.3)

Remark 6.2 Item (i) in Theorem 6.1 evidently implies that, for 1 <s < % anda € C* 7”(5),
the homogeneous Neumann problem associated with (6.1)—(6.2) also admits only one lin-
early independent solution «° = 1 in H*().

6.1 BDIE formulations and equivalence to the Neumann problem

Let % <s< % We will explore different possibilities of reducing the Neumann problem
(6.1)—(6.2) to a BDIE system. Let us represent in (4.4), (4.29), (4.30), and (4.31) the gener-
alised co-normal derivative and the trace of the function u as

T+(]?;u) =1/fo, y+u:¢;

where 1 is the known right-hand side of the Neumann boundary condition (6.2), and
XS H3 (092) is a new unknown function that will be regarded as formally segregated
from u. Thus we will look for the unknown couple (u, ) € H*(2) x H5% (0L2).

BDIE system (N1,). Let a € C$(Q). Using equation (4.4) in  and equation (4.30) on 9%,

we arrive at the following BDIE system (N1, ) of two equations for the couple of unknowns

(u, ¢):
u+Ru+Wep= ]—'{VIA in €, (6.4)
Ty (ASu;aRu) + Lalap) = Fo'*  on 0, (6.5)
where

Fa Pf + Vi
FNIA =T = ol . 6.6
[fé“} [T;(ﬁpm—%wwg%} (66
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Due to the mapping properties of the operators involved in (6.9), we have FN14 € H*(Q) x
H3(39).

BDIE system (N1). Let the coefficient be smoother than in the previous case, a € C% (Q).
Now, using equation (4.4) in Q2 and equation (4.31) on 9€2, we arrive at the following BDIE
system (N1) of two equations for the couple of unknowns (i, ¢), which is similar to the
corresponding system in [33]:

u+Ru+We=FN' inQ, (6.7)
T*Ru+T*We=F)" ondQ, (6.8)
where
N1 7
L T L A A I (6.9)
F, T*(f + EraR.f; Pf) — 590 + Wi

Due to the mapping properties of the operators involved in (6.9), we have FN! € H5(Q) x
H3(39).

BDIE system (N2). Let again a € C¢(Q). If we use equation (4.4) in 2 and equation (4.29)
on 9%, we arrive for the couple (1, ) at the following BDIE system (N2) of two equations
of the second kind, which is also similar to the corresponding system in [33]:

u+Ru+Weo=FN inQ, (6.10)
1
E(p+y*Ru+W(o:}"ﬁW, on 0%2. (6.11)
where
FN2 EN _
FN2 _ |:]-‘§V2i| - |:y+(l)DN , Fév =Pf+ Vi inQ. (6.12)
2 0

Due to the mapping properties of the operators involved in (6.12), we have F¥? € H*(Q) x
1
H*2(0%2).

Theorem 6.3 Let 3 <s<3,a€ C5(Q), Yo € H3 (392), and f € H2(Q).

(i) If a function u € H*(2) solves the Neumann problem (6.1)—(6.2), then the couple
(u, @) withp =y*u e H5% (0K2) solves BDIE systems (N14), (N2), and, if a € C? (Q),
also (N1).

(i) Vice versa, if a couple (u, ) € H*(2) x H* 3 (0K2) solves one of the BDIE systems,
(N1a), (N2),0r (N1) (ifac C? (RQ)), then the couple solves the other two BDE
systems, whereas u solves the Neumann problem (6.1)—(6.2) and y*u = ¢.

Proof (i) Let u € H*(Q2) be a solution of the Neumann problem (6.1)—(6.2). Then from
Theorem 4.9 and relations (4.29)—(4.31) we see that the couple (4, ¢) with ¢ = y*u solves
BDIE systems (N14), (N2), and (N1) with the right-hand sides (6.6), (6.12), and (6.9), re-
spectively, which proves item (i).

(ii) Let a couple (u,¢) € H*(Q2) x HS’%(BQ) solve BDIE system (N1,). Lemma 4.2 for
equation (6.4) implies that u is a solution of PDE (6.1), and equation (4.9) holds for ¥ = 1,
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and @ = ¢, whereas Corollary 4.7 gives equation (4.31). Multiplication of (4.9) by a reduces
itto

Va(Vo—T*(f;u)) - Wa(a(p—y*u)) =0 inQ. (6.13)

Subtracting (4.31) from equation (6.5), we get T* (f ;1) = Yo on 9L, i.e., u satisfies the Neu-
mann condition (6.2). Further, from (6.13) we derive Wx(a(¢ — y*u)) = 0 in 2, whence
y*u = ¢ on 9Q by Lemma 4.8, completing item (ii) for BDIE system (N14).

Let a couple (1, ¢) € HY(Q) x H? (0€2) solve BDIE system (N1). Lemma 4.2 for equation
(6.7) implies that u is a solution of PDE (6.1), and equation (4.9) holds for ¥ = ¢, and
® = ¢, whereas Corollary 4.7 gives equation (4.31). Subtracting (4.31) from equation (6.8)
gives T* (f ;u) = Yo on 982, i.e., u satisfies the Neumann condition (6.2). Further, from (4.9)
we derive W(y*u — ¢) = 0in 2, whence y*u = ¢ on Q2 by Lemma 4.8, completing item
(ii) for BDIE system (N1).

Let now a couple (1, ) € HY(Q) x H 3 (0€2) solve BDIE system (N2). Further, taking the
trace of (6.10) on 92 and comparing the result with (6.11), we easily derive that y*u = ¢ on
9. Lemma 4.2 for equation (6.10) implies that u is a solution of PDE (6.1), and equations
(4.9) holds for ¥ = ¢y and ® = ¢. Further, from (4.9) and relation y *u = ¢ we derive

V(¥o-T"(f;u))=0 ing,

whence T* (f; u) = Yo on 92 by Lemma 4.8, i.e., u solves the Neumann problem (6.1)—(6.2),
which completes the proof of item (ii) for BDIE system (N2). d

6.2 Properties of BDIE system operators for the Neumann problem
BDIE systems (N14), (N1), and (N2) can be written, respectively, as

mlAuN :JT_'NIA’ mluN :]_‘Nl, mZuN :]:N2’

where UN = (u, )T € H(Q) x H* 2 (3S2),

ga._| [*R W s |ItR W
TH(AS;aR) Lo "R T*W|

mZ-—[“R Wj|
y'R 3 I+W

and we denoted Log := L (ag). Let % <s< % Due to the mapping properties of the poten-
tials (see Sect. 3), the operators

ML H(Q) x H2(0Q) — HY(Q) x H2(3Q)  ifa e C (), (6.14)
N (Q) x HH(09Q) — H(Q) x H3(99Q) ifae CLE), (6.15)
M2 HY(Q) x H2(3Q) — HY(Q) x H™2(3Q)  ifae C(Q) (6.16)

are continuous, whereas for the right-hand sides of the BDIE systems, we have the inclu-
sions FN12 ¢ H5(Q) x H=3 (0R), FN! € H¥(Q) x H*3(3R2), FN? € H(Q) x H* 3 (3R).
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Theorem 6.4 Let Q2 be a bounded simply connected Lipschitz domain, and let % <s< %

Operators (6.14)—(6.16) are Fredholm operators with zero index.

Proof The continuity of operators is already proved.
Let us consider operator (6.14). Due to estimate (2.5) and Theorem 7.3, the operator £ :

H*3 (0Q2) — H*3 (0€2) is a Fredholm operator with zero index. Therefore the operator

N o= [é ZV] Q) x H2(9Q) — HY(Q) x H 3 (3R) (6.17)
0

is also Fredholm with zero index. Operator (6.14) is a compact perturbation of 91} since

the operators

R:H(Q) — H(Q), (6.18)

T3 (AY;aR) : HY(Q) — H™3 (0Q) (6.19)

are compact due to Theorem 3.2, as has been shown in the compactness proof related to
operator (5.21). Thus operator (6.14) is Fredholm with zero index as well.

Operator (6.17) is also a compact perturbation of operator (6.15). Indeed, the operators
(6.18),

T*W = Lo: H2(3Q) — H 3 (0Q),

T*R : H(Q) — H* 3 (3Q)

are compact, due to relations (3.94) and (3.96) and Theorem 3.7. Thus operator (6.15) is
Fredholm with zero index as well.

To analyse operator (6.16), let us consider the auxiliary operator

rw 1 s 51
N := [0 %I+W:|:H5(Q)><HS 2(0Q) > HY(Q) x H2(0Q). (6.20)

For any function g, we can represent (%I +W)g = é(%l + Wa)(ag), which, by Theorem 7.3,
implies that the operator %1 T W HSS (02) — HS‘%(B ) and hence operator (6.20) are
Fredholm with zero index. Due to the compactness of operator (6.18), operator (6.16) is a
compact perturbation of operator (6.20) and thus is Fredholm with zero index as well. [J

Theorem 6.5 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, and o
max{l,s}. The following operators have one-dimensional null-spaces, ker M2 = ker Nt
ker 92, in HY(Q) x H 2 (%), spanned over the element (u°, ¢°) = (1,1):

M H(Q) x H2(09) — HY(Q) x H1(3Q)  ifae C°(Q), (6.21)
N L HY(Q) x H=3(99Q) > HY(Q) x K3 (0Q) ifae CL(@), (6.22)

M2 HY(Q) x H2(3Q) — HY(Q) x H2(9Q) ifae C?(RQ). (6.23)
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Proof The conditions on the coefficient 4 imply that, for s = 1, operators (6.21)—(6.23) are
continuous. Then the equivalence Theorem 6.3 and Theorem 6.1(i) imply that the homo-
geneous BDIE systems (N14), (N1), and (N2) have only one linear independent solution
U = 0,07 = (1,1)7 in HY(Q) x H?(3<). Indeed, consider, for example, the homoge-
neous equation 9M'AUYN = 0. Its zero right-hand side 7N = 0 can be represented as in
(6.6) in terms of f = 0 and ¥ = 0. Then, by Theorem 6.3(ii), UN = (1, y*u)T, where u is a
solution of the Neumann problem (6.1)—(6.2) with the right-hand sides f = 0 and ¥ = 0,
which has only the one linearly independent solution, u = 1, due to Theorem 6.1. This
proves the theorem for s = 1, and then Lemma 7.5 and Theorem 6.4 complete the proof
3

1
for 5 <s<3. O

Lemma 6.6 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, and

a € CI(Q) with o = max{1,s}. For any couple (F1,F;) € H(Q) x Hs‘%(aﬁ), there exists
a unique couple (f*, ®,) € H2(Q) x H*3 (0L2) such that
Fi=Pf-Wd, in%, (6.24)
Fo=TL(f; Ph) — La(a®,) on 0. (6.25)

Moreover, (}?*,CD*) = Cu(F1, F2), and C, : H¥(QQ) x HS’%(aQ) — F[S‘Z(Q) X HS’%(BQ) isa
linear continuous operator given by

fi=AqlaFy) +y* F (6.26)
1/ 1 B . .
o, = - _51+ Wa ) vH{-aFi+Pa[AaaFy) + y* F]}. (6.27)

Proof Let us first assume that there exist (f*, d,) e ﬁS’Z(Q) x H5% (0€2) satisfying equa-
tions (6.24) and (6.25) and find their expressions in terms of F; and F,. Multiplying (6.24)
by a, we get

aFi - Pafe = -Wala®,) inQ. (6.28)
Applying the Laplace operator to (6.28), we obtain

A@Fy = Pafy) = A@F) —fo =—AWa(a®,) =0 in €, (6.29)
which means

A@F) =rof, inQ (6.30)
and aF, — Paf, € H°(2; A). Applying the canonical co-normal derivative operator T to
both sides of equation (6.28) and taking into account that A Wa(ad,) = A(a]:l - PA}?*) =

0 because W (a®d.) is a harmonic function in €2, we obtain, due to (2.17) and (2.13),

—La(a®,) = -TxWa(ad.)
= T!(aFi - Pafs)
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= (y ") [Ag@F - Paf) - Aa(aFi — Paf)]
=—(y ™) Aa(@Fi - Paf) = T(0;aFy — Pafe), (6.31)
where (6.30) was taken into account. Substituting this into (6.25), we obtain
Fy = Tg(f*,a}"l) on 9L2. (6.32)
Due to (6.30), we can represent
fo=BalaF) +fie =V - EqV(aF)) - y* Vs, (6.33)

where f;, € H3ZZ2, which, due to, e.g., [31, Theorem 2.10], can be in turn represented as
fl* = —y*W, with some ¥, € H5 3 (0€2). Then (6.30) is satisfied, and
Fo=TiFuaF) = () [f - AaF)]
=(r ) Fu =)y v =-w, (6.34)
because ((y 1)*y*W,, whya = (¥ U,y W) = (¥,,w)sq for any w € H3-5(3<). Hence

(6.33) reduces to (6.26).
Now (6.28) can be written in the form

WA(dq)*) = ]:A in Q, (635)
where
Fa=—aFi + Pafe = —aF + Pa[AqaF)) + y* F] (6.36)

is a harmonic function in € due to (6.29). The trace of equation (6.35) gives
1
_Ead)* +Wala®,) =y Fa onodf. (6.37)

Since the operator —%I + Wha :Hs‘%(aQ) — HS‘%(BQ) is an isomorphism (see Theo-
rem 7.3), this implies

1/ 1 -
(D*=— ——]+WA Y .FA
a\ 2

1/ 1 - .
== (—51 + WA) y*{~aFi + Pa[Aa(aF)) + y* Fl},

which coincides with (6.27).

Relations (6.26) and (6.27) can be written as (f*, ®,) = Ci(F1, F2), where C, : H(R2) x
H3 (0Q) — H2(Q) x H 3 (02) is a linear continuous operator, as claimed. We still have
to check that the functions f, and ®,, given by (6.26) and (6.27), satisfy equations (6.24;)
and (6.25). Indeed, @, given by (6.27) satisfies equation (6.37) with Fx given by (6.36), and
thus y* Wa(a®.) = y* Fa. Since both Wy (a®..) and F, are harmonic functions belonging

Page 37 of 52
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to the space H*(R2), this implies (6.35) and, by (6.26), also (6.24). Finally, (6.26) implies by
(6.34) that (6.32) is satisfied, and adding (6.31) to it leads to (6.25).

Let us now prove that the operator C, is unique. Indeed, let a couple (f*, ®,) € H2(Q) x
H5% (0L2) be a solution of linear system (6.24)—(6.25) with F; = 0 and F, = 0. Then (6.30)
implies that rgf* =0in Q, i.e.,f* € Hg;zz - ﬁ5‘2(9). Hence, (6.32) reduces to 0 = Tg(f*,O)
on 9%2. By the first Green identity (2.15) this gives

0= <T£(ﬂ,0),y+v)m = (fuva VveH™(Q),

which implies f, = 0 in R”. Finally, (6.27) gives ®, = 0. Hence, any solution of non-
homogeneous linear system (6.24)—(6.25) has only one solution, which implies the unique-
ness of the operator C,. g

Theorem 6.7 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, and a €
C?(Q) with o = max({1,s}. The co-kernel of operator (6.14) is spanned over the functional

g=01" (6.38)

in [H(Q) x H2(0Q)]" = H(Q) x H3=(0), i.e. g2(F1, o) = (Fary*u®)ag, where
u®=1.

Proof Let us consider the equation 9'4U = (F;, )7, ie., the BDIE system (N1,) for
(u,9) € HY(Q) x H2(3Q),
u+Ru+We=F ing, (6.39)

Ty (Agu; aRu) + Lalap) =F, ondQ, (6.40)

with arbitrary (F1, F2) € H*(2) x H53 (0€2). By Lemma 6.6 the right-hand side of the sys-
tem can be presented in the form (6.24)—(6.25), i.e., system (6.39)—(6.40) reduces to

u+Ru+W(p+d,)= Pf* in Q, (6.41)

Ty (ASu;aRu) + Lalap +ad,) = T (f.;Pf.) ondg, (6.42)

where the couple (}7*, ®,) € H4(Q) x H5% (0Q2) is given by (6.26)—(6.27). Up to the no-
tations, system (6.41)—(6.42) is the same as (6.4)—(6.5) with the right-hand side given by
(6.6), where 1y = 0.

First, let s = 1. Then Theorems 6.1 and 6.3 imply that BDIE system (6.41)—(6.42) and
hence (6.39)—(6.40) are solvable if and only if

(fiou®), = <Ag(a]-'1) +y* Fa,ul),
= (V- EqQV(aF1) + y* Fa,u®)y,
= —(Egv(a]—]), Vuo)R,, + (.7-'2, y*uo)m

=(Fo vy u’),, =0, (6.43)
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where we took into account that #° = 1 in R”. Thus the functional g*1* defined by (6.38)
generates the necessary and sufficient solvability condition of equation AU = (F1, F,) .

*14 g a basis of the co-kernel of 914 (and thus the kernel of the operator 91!4*

Hence g
adjoint to 9'4) for s = 1.

Let us now choose any s € (%, %). By Theorem 6.4, operator (6.14) and thus its adjoint
are Fredholm with zero index. We already proved that, at s = 1, the kernel of the adjoint

*1A

operator is spanned over g*!2. For any fixed coefficient a € C?(<2), the operator

NA . H(Q) x HY2(09) — HY (Q) x H°~3(39) (6.44)

is continuous for any s’ € (1,0] and particularly for s' = s and s’ = 1. Then Lemma 7.5
implies that the co-kernel of operator (6.44) is the same for s’ = sand s’ = 1 and is spanned
over g*12, O

Lemma 6.8 Let Q be a bounded simply connected Lipschitz domain, % <s< %, and

3 _
a € CX(Q). For any couple (F1, ) € H(Q) x HS‘%(Z)SZ), there exists a unique couple
(ﬂ*, ®,,) € H2(Q) x H5% (32) such that

Fi=Pl-Wo,, inQ, (6.45)

Fo =T (fur + EqRfrss Plow) = T* WD, on 0. (6.46)

Moreover, (fu, @) = Con(F1, Fa), and Cy : H(R) x HS‘%(E)Q) — H2(Q) x HS‘%(E)Q) is

a linear continuous operator given by

fox = BoaF) + y*(Fa+ (v Fi)da), (6.47)
-1
b, = é(—%[+ WA> )/+{—6l]:1 + PA[AQ(a]:l) + )/*(.7:2 + ()/+]:1)anﬂ)]}~ (6~48)

Proof Let us first assume that there exist (f**, d,,) € HS‘Z(Q) x H 3 (0€2) satisfying equa-
tions (6.45) and (6.46) and prove that they are then expressed in terms of F; and F, by
(6.47)—(6.48). Let us rewrite (6.45) as

Fi—Plu=-Wo,, ingQ, (6.49)
Multiplying (6.49) by a and applying the Laplace operator to it, we obtain

A@F, - Pafur) = AaF1) = for = =AW (a®y,) =0 in L, (6.50)
which means that

A@Fy) =rofis  inQ (6.51)

and aF; - PA}?** € HO(Q; A). By equality (6.49) and the continuity of operator (3.73) in
Theorem 3.5, we also have F; — ’Pﬂ* e HY0(Q; A), which implies that the canonical co-
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normal derivative T*(F; — Pf,,) is well defined. Applying the canonical co-normal deriva-
tive operator 7" to both sides of equation (6.49), we obtain
~T*W®,, = T*(Fi — Pf) = TH(AF - Pha)i Fi — Pha)
= T*(EqV - (aV(F1 = Ph)); Fi = Pfus)
= T*(EaA@Fy = Pafu) = EQV - (F1 = Pha)Va); Fi - Phis)
= T*(~-EqV - (F1Va) - EqR.fus; Fi = P, (6.52)

where (6.50) and the third relation in (3.16) were taken into account. Substituting this into
(6.46), we obtain

Fo =T (fu —EQV - (F1Va), Fi) ondQ. (6.53)
Due to (6.51), we can represent
Fe = Aq(aF) +fin = V - EqV(aF) - y* W, (6.54)

where fl* € HcZ, which, due to, e.g., [31, Theorem 2.10], can be in turn represented as
ﬁ* = —y*W,, with some ¥,, € H -3 (0€2). Then (6.51) is satisfied, and
Fo = T*(fus — EQV - (FiVa), F1) = (y ) [ - EaV - (Fi1Va) - AF]
= (y N[V EqV(aF) — y* Ve — EQV - (F1Va) — V - Eq(aV )]
= (v)[V-EalFiVa) -y "V — EqV - (FiVa)] = W, — (v F1)0ua,  (6.55)

because for any w € H%’s(a Q),

(r )V EaFiVa) -y W~ EoV - (FiVa)| W),
= (V- Eo(F1Va) - y* V. - EQV - (F1Va), y '),
=(V - Eo(F1Va),y " W)g, — (v Vs v W)y — (EaV - (F1Va), ¥ '),
= ~(Eq(F1Va), Vy W, — (W, Whag + (F1Va, Vy~lw),
— -y RV, vty Tiw),g = (v Fr)dua, w),q — (Wee Whag.

Hence (6.53) reduces to V.., = —F, — (y*F1)d,a, and (6.54) to (6.47).
Now (6.49) can be written in the form

Wr(a®,,) = Fa inQ (6.56)
where
Fai==aF1 + Pafu = —aF1 + Pa[Aa@F) + y*(Fa + (v Fi)daa)] (6.57)

is a harmonic function in  due to (6.50). The trace of equation (6.56) gives

1
_an)** +Wala®,,) =y Fa onadQ. (6.58)
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Since the operator —%I + Wha :Hs’%(BQ) — HS’%(BQ) is an isomorphism (see Theo-

rem 7.3), this implies

which coincides with (6.48).

Relations (6.47) and (6.48) can be written as (ﬂ*, D) = Cyi(F1, F2), where C,. : H¥(R2) X
HS’%(E)SZ) — ITIS‘Z(SZ) X HS’%(E)SZ) is a linear continuous operator, as claimed. We still
have to check that the functions f** and P, given by (6.47) and (6.48) satisfy equa-
tions (6.45) and (6.46). Indeed, ®.. given by (6.48) satisfies equation (6.58), and thus
Yt Wa(a®d,s) = y* Fa. Since both Wi (ad,,) and Fa are harmonic functions belonging
to the space H*(£2), this implies (6.56)—(6.57) and by (6.47) also (6.45). Finally, (6.47) im-
plies by (6.55) that (6.53) is satisfied, and adding (6.52) to it leads to (6.46).

Let us now prove that the operator C,, is unique. Indeed, let a couple (ﬂ*,d)**) €
H2(Q) x H5% (3£2) be a solution of linear system (6.45)—(6.46) with F; = 0 and F, = 0.
Then (6.51) implies that er** =0in Q, i.e.,ﬂ* € Hgg?2 C ITIS’Z(Q). Hence, (6.53) reduces to
0 = T*(f.s,0) on 3S2. By the first Green identity (2.15) this gives

0= (T (a0 Vg = vl Ve (@),

which implies ﬁ* =0in R”. Finally, (6.48) gives &, = 0. Hence, non-homogeneous linear
system (6.45)—(6.46) has only one solution, which implies the uniqueness of the opera-
tor Cyy. O

Theorem 6.9 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, and a €

Cé (RQ). The co-kernel of operator (6.15) is spanned over the functional

¢l= (") 0m1)’ (6.59)
in [H(Q) x H=2(0Q)]* = H5(Q) x H1(3Q), i.c.,

N FLF) =((y* F)oa + Fa, )/+M0)m,
where u® = 1.

Proof Let us consider the equation MU = (F1, F) ", i.e., the BDIE system (N1) for (u, @) €
H3 () x H*"2(3%2),

u+Ru+We=F ing, (6.60)

T'"Ru+T*W*re=F, ondS, (6.61)
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with arbitrary (F1, F2) € H*(2) x H53 (0€2). By Lemma 6.8 the right-hand side of the sys-
tem has form (6.45)—(6.46), i.e., system (6.60)—(6.61) reduces to

u+Ru+W(p+d,)=Pl ing, (6.62)

T*Ru+ T W(p + ®us) = T (fur + EqRofoss Pfi) 0N 02, (6.63)

where the couple (]7**, ®,.) € H2(Q) x H3 (0K2) is given by (6.47)—(6.48). Up to the no-
tations, system (6.62)—(6.63) is the same as (6.7)—(6.8) with the right-hand side given by
(6.9), where 1y = 0.

First, let s = 1. Then Theorems 6.1 and 6.3 imply that BDIE system (6.62)—(6.63) and
hence (6.60)—(6.61) are solvable if and only if

(f**,uo>Q = (Ag(a]-"l) +y* (Pt (y*]—"l)ana),u())Q
= (V- EqV(aF) + y*(Fa + (v* F1)dua), u)y,
= —(EQV(a]:l), VM0>R,, + (]-"2 +(y*F1)0ua, y*u°>m

= <(y+.7:1)8,,a + Fa, y*uo)m =0,

where we took into account that #° = 1 in R”. Thus the functional g*! defined by (6.59)
generates the necessary and sufficient solvability condition of equation MU = (F1, F,) .
Hence g*! is a basis of the co-kernel of 91! (and thus the kernel of the operator adjoint to
M) for s = 1.

Letnows € (%, %). By Theorem 6.4 operator (6.15) and thus its adjoint are Fredholm with
zero index. We already proved that, at s = 1, the kernel of the adjoint operator is spanned

over g*1. Then Lemma 7.5 implies that the kernel is the same for any s € (%, %). O

To find the co-kernel of operator (6.16), we need some auxiliary assertions. Lemma 6.10
and Theorem 6.11 were proved in [33, Lemma 6.4 and Theorem 6.5] for the infinitely
smooth coefficient 4 and boundary 0€2. We further only slightly modify these proofs for

the non-smooth coefficients and Lipschitz boundary.

Lemma 6.10 Let Q2 be a bounded simply connected Lipschitz domain, s > %, aeC(Q),
and f € HX(Q). If

roPf=0 inQ, (6.64)
then f =0 in R".

Proof Multiplying (6.64) by 4, taking into account (3.16), and applying the Laplace oper-
ator, we obtain rof = 0, which means f € HZ If s> %, then f = 9 by Theorem 2.}0 from
[31]. If % <8< %, then by the same theorem there exists v € H*2(3dS2) such that f = y*v.
This gives Pf =Py*v = -Vv in R”; see (3.53). Then (6.64) reduces to Vv = 0 in 2, which

implies v = 0 on 9Q by Lemma 4.8(i), and thus f = 0 in R". O
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Theorem 6.11 Let Q be a bounded simply connected Lipschitz domain, L < s < %, and

aeC; (Q). The operator ’

roP: HX(Q) — H'(Q) (6.65)
and its inverse

(roP)!: HY(Q) — H2(Q) (6.66)
are continuous, and

(roP) g = [Afg (I —ro VAVgl)ﬁ) - y*V;lyq(ag) inR", Vg e H(Q). (6.67)

Proof The continuity of (6.65) is given by Theorem 3.2. By Lemma 6.10 operator (6.65) is
injective. Let us prove its surjectivity. To this end, for arbitrary g € H*(£2), let us consider
the following equation with respect to f € H*2(S):

raPaf =g inS. (6.68)

Let g1 € H*(£2) be the (unique) solution of the following Dirichlet problem: Ag; = 0in €2,
y*g@ = y*g, which can be particularly presented as g1 = VaV;!y*g; see, e.g., [11] or proof
of Lemma 2.6 in [31]. Let gp := ¢ — rog1. Then go € H*(2) and y*gp = 0, and thus gy can be
uniquely extended to Eq 20 € F[S(Q). Thus by (3.53) equation (6.68) takes form

raPalf +y*Vily'gl=g0 inQ. (6.69)
Any solution fe H52(R2) of the corresponding equation in R”,
Palf +y*Vi'v'g] =Eagy inR", (6.70)

evidently solves (6.69). If f solves (6.70), then applying the Laplace operator to (6.70), we
obtain

f = Qg:: AEQg() - y*V;l)ﬁg = AEQ(g— ro VAVKIJ/*g) -y* gl)ﬁg inR”.  (6.71)

On the other hand, substituting f given by (6.71) into (6.70) and taking into account that
PAAh = I for any he ﬁS(Q), s € R, we obtain that Qg is indeed a solution of equation
(6.70) and thus of (6.69). By Lemma 6.10 the solution of (6.69) is unique, which means
that the operator Q is inverse to operator (6.65), i.e., Q = (roP)™L. Since A is a continuous
operator from ﬁS(Q) to HS‘Z(Q), equation (6.71) implies that the operator (rqP)™! = Q:
H(Q) — ﬁS‘Z(Q) is continuous. The relations P = iPA and a(x) > dmin > 0 then imply the
invertibility of operator (6.65) and ansatz (6.67). a

Theorem 6.12 Let Q2 be a bounded simply connected Lipschitz domain, % <s< %, anda €
c? (Q) with o = max({1,s}. The co-kernel of operator (6.16) is spanned over the functional

gyl / -1,,+,,0
g2 = ay 1(2 + KVA)KA 3’ 0” (6.72)
—a(5 - WiV y'iu
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in [H (Q) x H2(0Q)]* = H5(Q) x H2(3Q), i.e.,
$HFLF)
= <—ay+* (l + W/A)VAly+u0,]-'1> + <—a< WA)VAI)/+MO,.7:2> ,
2 Q 2 a0
where u®(x) = 1.
Proof Let us consider the equation 92U = (F, )", i.e., the BDIE system (N2),
u+Ru+We=F ing, (6.73)

1
i y*Ru+We=F, ond, (6.74)

with arbitrary (F1, F») € HS(Q) x H*"2(3R) for (1, 9) € H*(Q2) x H"2(3S).
Introducing the new variable ¢’ = ¢ — (F, —y * F1), BDIE system (6.73)—(6.74) takes form

u+Ru+W¢' =F, ing, (6.75)

1

Eq)/ +y*Ru+We¢'=y*F ondQ, (6.76)
where

Fi=F1-W(F -y Fi) e H(Q).
On the other hand, by Theorem 6.11, we can always represent | = ’P];, with
fo=[AEq(I - roVaVRy") — v Vily*](aF]) e HA(Q).

For F| = Pf*, the right-hand side of BDIE system (6.73)—(6.74) is the same as in (6.12) with

f=f.and ¥ = 0.
First, let s = 1. Then Theorems 6.1 and 6.3 imply that BDIE system (6.75)—(6.76) is solv-
able if and only if

(forri’)q = ([AE(I = raVaVyly") -y " Vily ](@F), u')g,
= <EQ(I -rq VAV£17/+)(‘{]:{)’ AuO)R,, - <V£l7/+(“}-{)’ V+“0>asz
=~y (aF),Valy ')y

< “aF) + @F)] - Wala(Fs - y* F)]. VA1y+u°>
I
<]-"1,ay ( +W/>VA1 + 0> —<.7:2, < WA>VA1 * 0>
Q o

Thus the functional g*? defined by (6.72) generates a necessary and sufficient solvability

MI»—t

(6.77)

condition of equation M2 = (Fy, F,)T. Hence g*? is a basis of the co-kernel of operator
(6.16) for s = 1.
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Let us now choose any s € %, %). By Theorem 6.4 operator (6.16) and thus its adjoint
are Fredholm with zero index. We already proved that, at s = 1, the kernel of the adjoint
operator is spanned over g*2. For any fixed coefficient a € C?(<2), the operator

N2 H(Q) x H "2 (39) — H* (Q) x H*~2(3%) (6.78)

is continuous for any s’ € (1,0] and particularly for s’ = s and s’ = 1. Then Lemma 7.5
implies that the co-kernel of operator (6.78) is the same for s’ = s and s’ = 1 and is spanned

over g*2. O

Theorems 6.3, 6.5, and 6.7 (or 6.9) imply the following extension of Theorem 6.1 to the

3

range % <s<3.

Corollary 6.13 Let 2 be a bounded simply connected Lipschitz domain, % <s< %, fe
H2(Q), o € H3(3Q), and a € C?(Q) with o = max{1,s).

The homogeneous Neumann problem (6.1)—(6.2) admits only one linearly independent
solution u® = 1 in H*(Q). The non-homogeneous Neumann problem (6.1)—(6.2) is solvable
in H*(2) if and only if condition (6.3) is satisfied.

Proof Assuming that a function u is a solution of the homogeneous Neumann problem,
by Theorem 6.3 the couple (u, ¢) = (&, y.¢) solves the homogeneous BDIE system (N1,),
and then Theorem 6.7 implies that u is spanned over u° = 1.

Assume that solvability condition (6.3) is satisfied. Then the right-hand side (6.6) of the
BDIE system (N1, ) satisfies its solvability condition g*12 (Fy, F,) = (F, ¥ *u®) s = 0 given
by Theorem 6.7. Indeed, due to the first Green identities (2.15) and (2.18) applied to the
operator A and Remark 2.7, since VA is a harmonic function in € and u° = 1, we obtain

~ ~ 1
(]:21 V+M0>3Q = <TZ(f;PAf) - ?ﬂo + W/Alﬁo: )/+M0>

0Q

= (Tz(};; PAf) - I//0 + TZ VAI,Z/O; y+uo>3g

- () + Ea(PaFo i) = oy ),
+ (A VAI/fo, MO)Q + gQ(VAwo, MO)

() =y 679)

Hence the BDIE system (N1,) is solvable, implying solvability of the Neumann BVP due
to Theorem 6.3(ii). This proves that condition (6.3) is sufficient.

Let us now assume that there exists a solution of the Neumann BVP. Hence Theo-
rem 6.3(i) implies that the BDIE system (N1,) with the right-hand side (6.9) is solvable,
implying that its solvability condition (5, *u%)sq = 0 is satisfied. Then (6.79) implies
condition (6.3), proving that it is necessary. O

6.3 Perturbed (stabilised) segregated BDIE systems for the Neumann problem

Theorem 6.5 implies that even when the solvability condition (6.3) is satisfied, the
solutions of BDIE systems (N1,), (N1), and (N2) are not unique, and moreover, the
BDIE left-hand side operators D114, 91!, and 91, have non-zero kernels and thus are
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not invertible. To find a solution (#,¢) from uniquely solvable BDIE systems with
continuously invertible left-hand side operators, let us consider, following [28], some
stabilised BDIE systems obtained from (N1,), (N1), and (N2) by finite-dimensional
operator perturbations. Note that other choices of the perturbing operators are also pos-
sible.

We further use the notations UN = (u,¢)7,U° = (1,1)T, and |32 := fasz ds.

Let us introduce the perturbed counterparts of the BDIE systems (N1,), (N1), and (N2):

‘)A'IMUN _ ]:NIA, ;jtlz/{N _ ]:Nl’ ‘JA‘(ZZ/{N _ ]_-Nz, (6.80)

where D14 .= 9112 4 H1A N .= 9L 4 1L, N2 .= N2 + 92, and

°1AN_°1N._0N1_L 0
NEUNG) = RUNG) 1= )G 0) = /mgo(xw(l), (6.81)
that is,

0(7/N ._L 1) (©

&LUN) = 39 /mgo(x)dS, G'0):= (1) (6.82)
whereas

. 1 al(y)
UN = g (UN)G? = — ds ,
ST =g J, (Wﬂ_l(y))

that is, g°(UN) is as in (6.82), and

2003 . a ' (y)
o) (V*a‘l(Y)) ‘
1

Theorem 6.14 Let Q2 be a bounded simply connected Lipschitz domain, 5 < s < %, and

o = max{l,s}.

(i) The following operators are continuous and continuously invertible:

T Q) x H2(09) — HY(Q) x H<2(3Q) ifae C” (), (6.83)
i+ HY(Q) x H=3(09) > H'(Q) x H=3(0Q) ifac C3 (), (6.84)
T2 HY(Q) x H2(3Q) — HY(Q) x H1(0Q) ifae C7 (). (6.85)

(ii) Ifthe conditions g*'*(FN12) = 0, g/ (FN) = 0, or g*2(FN?) = 0 are satisfied, then the
unique solutions of the perturbed BDIE systems in (6.80) give the solutions UN of the
corresponding original BDIE systems (N1,), (N1), and (N2) such that

OUN) = — 0dS=—— y*udS =0.
£ =5ar g 02l Jie
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Proof For the functional g*1# given by (6.38) in Theorem 6.7, g*14(G') = |0Q|. Similarly,
for the functional g*! given by (6.59) in Theorem 6.9, g*1(G!) = |3Q|.

For the functional g*? given by (6.72) in Theorem 6.12, since the operator V;' :
H%(BSZ) — H‘%(aﬁ) is positive definite and u°(x) = 1, there exists a positive constant
C such that

*2(g2) — <—ay+*(% +W/A>VAIV+MO a IMO>Q
1 ’ 1.,+,,0 0
+<—a(§—W )V y ul,yt(a! )>
191

1
_<<§'+VVZ)>ZIV*MO+-< VVA)Lkly*w)V u>
Q2
_ —(V 1y+u0 ]/ u >

<~Clr* @[y ey = =17l ya0

= -C|aQ? <0. (6.86)

On the other hand, g°(U4°) = 1. Hence Theorem 7.4 from [28] implies the claims of the
theorem. 0

7 Auxiliary assertions
We provide here some auxiliary results used in the main text.

Theorem 7.1 Let Z<s< 2, u € HY(Q), a € C?(Q) with o = max{1,s}, Au = rgf in an inte-
rior or exterior Llpschitz domain Q for some f € H*2(Q). Let {fc} € H.? (Q) be a sequence
such that ||f - E{lﬂ||ﬁs—2(g) — 0as k — oo.

Then there exists a sequence {uy} € Hs’"%(Q ;A) such that Auy = fi in Q and |u -

ui || ms(@) — 0 as k — oo. Moreover, || T* (uy) — T*(f uwl .

— 0ask— oo.
H Q)

W
2(
Proof Let us consider the Dirichlet problem

Aup=fr in<, (7.1)

vy ur=y*u onodQ, (7.2)

By Corollary 5.5 the unique solution of problem (7.1)—(7.2) in H*(82) is ux = (AP) " (fr, 1) T,

where (AP)™!: H2(Q) x H*3(3Q) — H*(S) is a continuous operator. Hence the func-
~_1

tions u; converge to u in H*(Q2) as k — oo. Since Auy = fi € H, *(2), we obtain that

U € H5 % (£2; A) and the canonical conormal derivative T 1y is well defined. Then sub-
tracting (2.16) for u; from (2.12), we obtain

T*(f; u)— T uy = (y‘l)*[)?—égfk +Ao(u - uk)].
Hence

|7 (F; ) - < C(IIf - Eafillgs2( + Crllu — uells(e) (7.3)
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for some positive C and C;. Since the right-hand side of (7.3) tends to zero as k — 00, so
does the left-hand side. O

Note that since D(Q) C ﬁ:% (Q2) is dense in H*2(R), the sequence {f;} € ITI._%(Q) from
the hypotheses of Theorem 7.1 does always exist.

The following multiplication theorem is well known; see, e.g., [15, Theorems 1.4.1.1,
1.4.1.2], [54, Theorem 2(b)], [1, Theorems 1.9.1, 1.9.2, 1.9.5], [32, Theorem 3.2].

Theorem 7.2 Let Q2o be an open set.
(1) If g € Loo(S20), then gv € Ly(20) and |1gvLye) < cllgllio@o)IVIiLyqo) for every
VAS LQ(Q())
(ii) If o is a non-zero integer and g € C\°\"11(Qy), then gv € H° (Q) for every
v e H?(Q), and ||gvllne (@) < cligllciol-11@g) 1Vl Ho (20)-
(ili) Ifo is a non-integer, |o| = m + 6, where m is a non-negative integer and 0 < 0 < 1,
then for g € C"™"(Qo) with 6 < n < 1, we have gv € H° (Q) and
lgvllm @ < cliglcmngam IVIlie ) for every v e H ().
In all cases, c is a positive constant independent of g, v, or Q.

Theorem 7.3 Let Q2 be a bounded simply connected Lipschitz domain, and let 0 < o < 1.
The operators

Va:H°H Q) — H(3Q), (7.4)
-%1 + Wa :H° (0Q) — H° (39), (7.5)
—%1 + W, H(0Q) — H° Q) (7.6)

are isomorphisms, and the operators

%1 + Wa : H°(0Q2) - H° (3), (7.7)
%1 + WL H0Q) — H(3R), (7.8)
LA :HO Q) — HH3Q) (7.9)

are Fredholm with zero index.

Proof The properties of the boundary integral operators (7.4)—(7.9) related to the har-
monic layer potential are well known; see, e.g., [51], [39, Theorem 4.1], [14, Theorem 8.1]
for the invertibility of operators (7.4)—(7.6) and the Fredholm properties of operators
(7.7)-(7.8). The Fredholm property of operator (7.9) for o = % is also well known; see,
e.g., [27, Theorem 7.8]. Then the corresponding result for 0 < ¢ <1 can be proved as in

[27, Theorem 7.17] by using a sharper regularity result from [11, Theorem 3]. O

Theorem 7.4 further is implied by [28, Lemma 2] (see also [50, Sect. 21], [49, Sect. 21.4],
where the particular case h;‘(fc,») = X7 (hj) = 8; has been considered). Another approach,
although with hypotheses similar to those in Theorem 7.4, is presented in [17, Lemma
4.8.24].
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Theorem 7.4 Let B, and B, be two Banach spaces. Let A : Bl — B, be a linear Fredholm
operator with zero index, and let A* : By — B; be the adjoint operator with dimkerA =
dimker A* = n < oo, where ker A = span{%;}’.,; C By and ker A* = span{x}}, C Bj. Let

k
Ayxi= Y ikt (x),
i=1

where hf and h; (i = 1,...,n) are elements from B} and B, respectively, such that
det[/}(%))] # 0, det[%](h)] #0, ij=1,...,n. (7.10)
Then:

(i) the operator A—A, : By — By is an isomorphism;
(ii) if'y € By satisfies the solvability conditions

X(=0, i=1,...,n, (7.11)
of the equation
Ax =y, (7.12)

then the unique solution x of equation

A-Apx=y, (7.13)
is a solution of equation (7.12) such that

H@x)=0 (@(i=1,...,k). (7.14)

(ili) Vice versa, if x is a solution of equation (7.13) satisfying conditions (7.14), then
conditions (7.11) are satisfied for the right-hand side y of equation (7.13), and x is a
solution of equation (7.12) with the same right-hand side y.

Note that more results about finite-dimensional operator perturbations are available in
[28].
The following known result (see, e.g., [42, Lemma 11.9.21]) is useful for us.

Lemma 7.5 Let X, Xy and Y1, Ys, be Banach spaces such that the embeddings X, — X,
and Y1 — Y, are continuous, and the embedding Y1 — Y; has a dense range. Assume that
T:X,— Y1 and T : X, — Y, are Fredholm operators with the same index, ind(T : X; —
Y1) =ind(T : X5 — Y>). Then Ker{T : X; — Y1} =Ker{T : X; — Y3}.

8 Concluding remarks
The Dirichlet and Neumann problems on a bounded Lipschitz domain for a variable-
coefficient second-order PDE with general right-hand side functions from H*%(Q2) and

H(Q), % <s< %, respectively, were equivalently reduced to three direct segregated
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boundary-domain integral equation systems for each of the BVPs. This involved system-
atic use of the generalised co-normal derivatives. The operators associated with the left-
hand sides of all the BDIE systems were analysed in the corresponding Sobolev spaces.
It was shown that the operators of the BDIE systems for the Dirichlet problem are con-
tinuous and continuously invertible. For the Neumann problem, the BDIE system opera-
tors are continuous but only Fredholm with zero index; their kernels and co-kernels were
analysed, and appropriate finite-dimensional perturbations were constructed to make the
perturbed (stable) operators invertible and provide a solution of the original BDIE systems
and the Neumann problem.

The same approach can be implemented to extend to the general PDE right-hand sides,
non-smooth coefficients and Lipschitz domains: the BDIE systems for the mixed prob-
lems, unbounded domains, BDIEs of more general scalar PDEs and the systems of PDEs,
and the united and localised BDIEs, for which the analysis is now available for the right-
hand sides only from L2(£2), with smooth coefficients and smooth domain boundaries; see
[2-10, 13, 30, 36, 37].
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