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1. Flexural behavior of deep beam prestressed with multi-tendons is analyzed for both post- and
pre- tensioning processes.

2. Solutions for displacements and stresses are obtained based on Timoshenko beam theory.

3. The compatibility condition between beam and tendons needs to be found to solve the increase
in tendon force.

4. The proposed method is capable of estimating the displacements, stresses and the increase in

tendon force.
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Abstract: External prestressing is one of the most powerful techniques to retrofit and strengthen
the existing beams and columns. In this paper, the flexural behavior of deep beam prestressed with
multi-tendons is investigated under concentrated forces for both post- and pre- tensioning
processes. Solutions for displacements and stresses are achieved based on Timoshenko beam
theory. Besides, a statically indeterminate system was established, and a compatibility condition
between the beam and tendons was founded to solve the increase in tendon force in loading period
in pre-tensioning. Verifications were performed in tables by applying Finite element analysis.
Finally, parameter studies were carried out to examine the effects of tendon force and eccentricity
on the flexure of beams. Numerical results were summarized into a series of curves indicating the
distribution of warping stresses on flanges and the increases in sub-tendon forces.

Keywords: Prestressed deep beam; Multi-tendons; Post-tensioning; Pre-tensioning; Compatibility
condition

1. Introduction

Steel deep beams with large height-to-span ratio are widely used in buildings and offshore
structures. As shown in Fig.1, a series of steel large plate girders (deep beams) are applied to resist
the external loads from boiler in electric power plant. Due to the overloading, many girders are
suffering from fatigue and fracture problems, and are in need of rehabilitation and replacement.

Externally prestressed technique is an effective way to retrofit existing beams, which
produces additional stresses in the direction that opposes to the external loads [1-2]. Externally
prestressed beams possess many advantages such as large loading capacity [3], favorable fatigue
and fracture behaviors [4], full use of materials and structural lightweight [5], ease in inspection
and replacement of tendons [6], high redundancy and reliability [7-8].

Different from the internally prestressed tendons in concrete, externally prestressed tendons
are located outside the beam and are fixed between anchorages. Therefore, tendons are free to
move with respect to the beam axis, resulting in a gradual variation in tendon eccentricity [9-10].

Although researches on the externally prestressed technique has been mature in concrete
beams [10-13], composite steel-concrete beams [1-8, 14-17] and concrete deep beams [18-20],
those on prestressed steel deep beams are still scarce. More recently, Belletti [21] investigated the
flexure of prestressed I-shaped steel beams and found that more deviators result in the higher
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prestressed force and more stability of beams. Park [22] found that the flexural capacity increased
by 30% to 40% for beams prestressed with straight tendons, and even higher for those with draped
tendons. Besides, researches on the continuous steel beams prestressed with external tendons show
that the increase of the height of cross section at internal supports effectively reduces the
deflections and stresses induced by negative moments [23]. Further, the externally prestressed
technique increases the torsional stability of beams, and the capacity increases along with the
eccentricity of tendons [24].

suspended boiler

: vg;_‘,‘; : ____|_

(a) electric power plant (b) large plate girders

Fig.1 Large plate girders in electric power plant

A detail observation on the literatures reveals that most researches generally focus on the
prestressed beams with only one straight/draped tendon, but less on those with multi-tendons. This
motivates the author to investigate the flexural behavior of deep beams with multi-tendons. In this
paper, formulas for displacements and stresses were obtained for steel deep beams prestressed
with multi-tendons for both post- and pre- tensioning processes. A high-order indeterminate
system was established in loading period in pre-tensioning, and the compatibility between the
beam and tendons was found to solve the increase in tendon force. Finite element analysis was
applied to verify the accuracy of the proposed method for both tensioning processes. Finally,
parameter studies were performed to investigate the effects of tendon force and eccentricity on the
flexural behavior of prestressed beams with multi-tendons.

2. Structural model

For analysis, a orthogonal coordinate system O-xyz is established in Fig.2. The I-shaped
beam is made of a homogenous, isotropic and elastic steel with Young’s and shear moduli E and G.
The span is I. The height and width of the cross section are h and b. The thicknesses of top and
bottom flanges are uniform t; and the thickness of web is t, respectively. The concentrated forces
Pis (i=1, 2, ...n) are acted on the centroid axis in the symmetrical plane XY, having a distance of ¢;
away from the right end of the beam. The uniform load q represents the beam self weight, having
'q=pAg', where p is the density, A is the cross-sectional area of the beam, g is the acceleration of
y-axial gravity. u and v are horizontal and vertical displacements, respectively.

The tendons T; (j=1, 2, ..., k), with the eccentricities of e; away from the x-axis, are anchored
between endplates, introducing a negative moment to resist the deformations produced by P; and g.
Tendons are equally divided into two sub-tendons (Fig.2b), being symmetrical with respect to the
plane XY. The elastic modulus and cross-sectional area are indicated by Erj and Ay for the
sub-tendons at the jth row, respectively.
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In following analysis, each couple of sub-tendons at the same height is regarded as one single
tendon with its path through the plane XY. Besides, all forces in tendons are effective without
involving the prestressing loss. The self weight of tendons and the deflection of tendons due to
self weight are not considered, so all tendons keep straight during the tensioning process.
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Fig.2 Deep beams prestressed with straight unbonded multi-tendons

According to the application sequence of external forces P; and the prestressed forces S;, the
tensioning process is classified into post-tensioning and pre-tensioning. For post-tensioning, two
periods are performed in sequence in Fig.3. The prestressed forces S; are applied after P;, resulting
in the reduction of downward deformation induced by P; and g. While for pre-tensioning, as
shown in Fig.4, the initial prestressed forces Sy are applied before P;, resulting in a upward

deflection in prestressing period. Then a high-order statically indeterminate system is established
later in loading period, producing an extra increase Sy; in each tendon T; due to P;.
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Fig.3 Post-tensioning
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Fig.4 Pre-tensioning
Actually, there is another case that the prestressed forces Sy; cannot overcome the self weight
g and the beam still displays downwards in prestressing period in pre-tensioning. However, this
can be regarded as a special case in prestressing period in post-tensioning, where P;=0. So only
the upward case is studied in prestressing period in pre-tensioning.
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In the following, the displacements and stresses for both tensioning processes are analyzed
respectively.
3. Post-tensioning

For post-tensioning, two periods are performed in sequence.
3.1. Loading period

Based on Timoshenko beam theory [25], the moment equation due to the self weight q is

d?| 'v (x 2
El |: q( ):|=_q_lx+%_Elasq

1
dx’ 2 2 GA @

where lvq(x) is the y-axial displacement due to g in loading period. | is the moment of inertia of the

beam section with respect to z-axis. A is the cross-sectional area of the beam. s is the shear stress

distribution coefficient, as=A/A,, for I-shaped beam, A,, is the web area of the beam, A,, = t,,(h-2t;).
For simply supported beam, the solution for Eq.(1) is

Vo(¥)= 24EI s

The displacements due to P; are obtained in the form of piecewise function [25]

—2l )+ 2 (1 - 2
x+x)+ZGAx( X) )

Rex(I* 5 ) ape

x, for 0<x<l-c; 3)
6EIl GAl

1Vpi (x) =

Vi (X) = EII[ (x —I+ci)3+Picix(I2—cf)—RcixﬂJrgs—Z(l—ci)(l—x),forl-ciSXSI (4)

If we assume there are m of n forces (P4, P», .., Py,) located at the right of calculated point x,
then the total displacement caused by all P;s can be obtained by superimposing Eq.(3) for forces
Py, P, .., Py and Eq.(4) for forces Pis1, P2, ..., Ph.

Wy (X) = —— y Pc (17 —x2 —¢? )+ 2% y .
() 6EIIZ"( ') GAlI&

dx?

()
1 3 Q. (l—X) 1
Pl(x—1+c¢) +Pcx(1*—c’)-Pcx® [+ P(l-c
6E,,|;1[ (x=1+6) +Rox(1” —¢f) —Rox’ [+ = = 1R (1-¢)
Combining Eq.(2) with Eq.(5), the total displacement in loading period is
tv(x Col 4 x7) + B (o Xy Pc (17 =x* —c?)+ 9X NS
()= 24EI( ) ZGA( ) 6EIl & ( ') GAIiZ:l:" ©)
1 3 Q. (l—X) 1
Pl(x—1+c Pex(1?2 =c?)=Pc.x® s P(l-c
GE,,IM[ (x=1+6) + Pex(I” —c7)~Rax’ |+ = 0= 31 R(1-)
Correspondingly, the warping stress is
', (%, y) = qx' ) S Re+ S R (1= ) (x—1) |+ ESY )
” i=1 o i=m+1 I I GA
3.2. Prestressing period
Referred to Fig.5, the moment equation due to q in prestressing period is
[V(X)] qu qx Elaq
El ————==-"v,(x )Zs ZM (8)
=
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where 2vq(x) is the y-axial displacement due to q in prestressing period. M; is the ending moment
due to the prestressed force S;, M;=S;e;. Sj and e; are the prestressed force and eccentricity of the jth
tendon (j=1,2,...,k), see Fig.3b.
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Fig.5 Model of prestressed deep beams in prestressing period in post-tensioning
For simply supported beam, the solution for Eq.(8) is

I x>
-1
Vo= (GAp Elp* ElpZZ “] pl COSp( ) +2E|p 2E|p2 ®)

cos
2
1 k
where p?==3'S,.
El 4
The moment equation due to P; is
d?| *v, (x
% - vP,(x)ZS —m , for 0=x<l-c; (10)
d?| *v,; (x k ,
El % =2V, (%S, —%(I —¢)(1-x), for l-ci<x<l (11)
X =

where 2vpi(X) is the displacement due to P; without shear effect.
For simply supported beam, the solutions for Eqg.(10) and Eq.(11) are
Bsin pc;sinpx  Pex

v, (X) = , for 0<x<l-c; 12

() Elp®sinpl  Ellp? (12)

ZVPi ()() :wsin p(| — X)_Pi(IL)(ZI_X) , for I‘CiSXSI (]_3)
Elp”sin pl Ellp

Referred to Eq.(3) and Eq.(4), the displacements due to P; with shear effect are

2VPi (X) =

Rsin pe sin px Picix[ o 1

EPY - —— |, for 0=x<l-c; (14)
Elp”sin pl I {GA Elp

) _PBsinp(l-¢) . o Rl-c)(-X)(a 1

Referred to Eq.(5), the displacement due to all P;s can be obtained by superimposing Eq.(14)
for forces Py, Py, .., Py and Eq.(15) for forces Pp+1, Pms2, ..., Pn. Therefore, the total y-axial
displacement in prestressing period is
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v(x) =
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=

Correspondingly, the warping stress is

q

J 1

Elp Sm pl i=m+1

20,(x,y) =Ey

Elpsin pl

4. Pre-tensioning
4.1. Prestressing period

1 oq
Il GA "
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Referred to Fig.6, the moment equation due to g in prestressing period is

d 402

- [V( )] (X)_Zk:Soj—q?l)(+qX Elaq ZMOI

2

(16)

(17)

(18)

where 3v(x) is the y-axial displacement in prestressing period. My; is the ending moment, Mg;=Sg;€;.

Soj is the initial prestressed force of the tendon T; (j=1, 2,...,

"

Fig.6 Model of prestressed deep beams in prestressing period in pre-tensioning

For simply supported beam, the solution for Eq.(18) is

cosh x—l
Py 2)| o2

v(x) =

1 [3
where pj:EZSOj.

=1

Correspondingly, the warping stress is

36)( (Xl y) =
| cosh%’ GA

y (Elaq

LSt o

(GApo CEIp} EIRES

ZSOJ i

j=1

k), see Fig.4a.

u, X
Moz ) Moz )Mo | —

glx

cosh Pl
2

1), vd
2]cosh po[x—a}rﬁ—

I 2EIp?

2EIp?

(19)

(20)
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4.2. Loading period
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Fig.7 Statically indeterminate system
In this period, a high-order indeterminate system is established including both the beam and
tendons, producing an increase Sj (j=1,2,...,k) in tendon T;, as shown in Fig.4b. The key point of
solving S,; is to find the compatibility condition between the beam and tendons. To do this, a
scenario is configured in Fig.7, where all tendons are frictionally cut off. The gap between cutting
sections enlarges due to P;s (Fig.7a) and shortens due to S, (Fig.7b). Therefore, the compatibility
equation is

é‘11 512 51k SAl AlP 0

521522“.52k S/12 + AZP — O (21)

5!(1 5k2 5kk SAk AkP 0

where 4jp is the gap length due to P;s. s is the rth gap length due to the unit prestressed force in
the sth tendon (r, s =1, 2, ..., k). Based on the virtual work theory, 4jp and o, are

I NA I
JM X)M ™) 4 I X)QP(X) 22)
0 0
[M0OM.00 g, , 1800800 4y, o [QIQM gy for
o [ . EA v GA ’
O = I NA2 I &2 I ;2 ) (23)
(M09 g 7300 gy [ R g [ 30 g for r =
0 EI 0 EA 0 GA 0 ETrAfr
where Mp(x) and Qp(x) are the moment and shear force due to P;s, given by
M (x)——ZPc—ZP x—l+c) (24)
Qe (X) = ZPC - Z (25)

i=m+1

where m is the number of P;s on the right side of calculation point x. n is the total number of P;s.

S, . (x) are the unit prestressed force in the r/sth tendons, and S . (x) =1.

r/s

M jirts (X) o) ;s (X) are the moments and shear forces due to the unit prestressed forces in the

j/r/sth tendons, respectively. Therefore, the moment equation due to the unit prestressed force is

d d7(v; ())

—az =V (X) +e, (26)
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where v,;(x) is the y-axial displacement due to the unit prestressed force in the jth tendon.
For simply supported beam, the solution for Eq.(26) is

v,; (X) =€,

I
I cosh p, (X_Ej_l (27)

cosh —-

where p,=1/EI.
Therefore, the moment and shear force are

_ d2vuj (x) CH |
M ;(x) =-El e =— I cosh p, x—E (28)
cosh
— dM P.e . |
Q,(x)= dj o) _ ;) i sinh p, (E_ xj (29)
X cosh —4-

Similarly, the moments Ms(x) and shear forces Q,, (x) can be obtained by substituting

rls

the subscript j with r and s in Eq.(28) and Eq.(29).
Substitute Egs.(24), (25) (28) and (29) into Eq.(22) and the gap length 4 is

Ap ZZP,C,(Dm— Z z P[p,(1-¢)U,+2,] (30)

|COSh pu m=0 i=1 COSh u m=0 i=m+1

where @ = g; Z. - p,R,. Rm, Unand Z, represent the first-order difference of functions R(p),

m

U(p) and Z(p) respectively, given by
Uy =U(e,)-Ue,), UG =sinn, 5~ .

Z,=2(Cyn)-2(6,), Z(f)=coshp, (ﬁ—lzj,

R, =R(C,.)~R(C,), R(A)=(1-AU)+Z2),

where ¢; (i=1, 2, ..., n) is the distance away from the right end of the beam for the force P;. Plus,
co=0 and c,+1=I.
Similarly, the gap J,s in EqQ.(23) is

H 2
p.&.& (P, +sinh pul)[“&]_ 20 lp’e.e, +I_, for 1=
s 1+cosh p,| GA) GA(l+coshp,l) EA (31)
rs 2 | - h | 2 2
P& (Pl +sinh p, )(1+&J_—2aslpuer +L+ | ,forr=s
1+cosh p,l GA) GA(l+coshpl) EA 2E. A,

where e, and e are the eccentricities of the rth and sth tendons, respectively. Ay, and E, are the
cross-sectional area and elastic modular of sub-tendons at the rth row, respectively.

Finally, the increase S, in Eq.(21) can be obtained according to Eqgs.(30) and (31). Then,
substituting the force S; with the total force ‘Sy+S,°, the displacements and stresses in loading
period in pre-tensioning are obtained from Eqgs.(16) and (17). Plus, it is seen from the Eq.(21) that
the increases S, has nothing to do with the initial tendon forces Sg; and the self weight q.
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5. Numerical verification

In order to verify the proposed method, an I-shaped large plate girder (see Fig.1b), externally
prestressed with three/four tendons respectively, are investigated by finite element analysis (FEA)
using ANSY'S software package.
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(a) Beams prestressed with three straight tendons

1.5m
LT &

N I AR
Eggw_’ T il e T3 ™
g‘.\i‘_io I =1 ¥21::¥22
A ' oLy i

A7r=0.01m
|g 40m >\‘ 0.75m T

.l b

(b) Beams prestressed with four straight tendons
Fig.8 Deep beams prestressed with three (a) and four (b) straight tendons
Measurements

The model is shown in Fig.8 and the measurements are selected from practice.

For beam, the span | is 40m, the height h and width b of the cross section are 8m and 1.5m,
the thicknesses of flanges and web are 125mm and 45mm, respectively. So the cross-sectional area
A of the beam is 0.7294m?. The Young's elastic module E is 210GPa and Poisson's ratio v is 0.3.
The overall yield strength Y is 345MPa.

According to the specification in AISC [26], the beam is a non-compact section and a mass of
stiffeners are needed to avoid the local web (or flanges) buckling before overall yielding. However,
the stiffeners may influence the distribution of warping stresses, probably resulting in a singularity
of the stresses at the connections between the web (or flanges) and stiffeners. So the stiffeners are
not considered in the model, and the deformation for beams is controlled within elastic range.

For tendons, the eccentricities are shown in Fig.8. Each tendon is divided into a couple of
sub-tendons symmetrical with respect to the plane XY (e.g. T;—T11+T12). The cross-sectional area
At of sub-tendons is uniform 0.01m? The distance between sub-tendons is 0.75m. The Young's
elastic module Er of tendons is 200GPa. The tensioning capacity fyu of sub-tendons is set to be
1625MPa. The tendons' self weight and initial strain are not considered. The prestressed forces in
tendons are realized by dropping temperature, and the thermal expansion coefficient C of tendons
are set to be constantly 1.19<10°%/°C.

Meshing

In FEA, the element of Shell63 is applied for the beam and endplates, and the element of
Link10 is for tendons. The meshing grid is shown in Fig.9. A convergence test shows that a total
of 1306 elements are adequate for beams with three tendons and 1432 elements for those with four
tendons.



238
239
240
241
242
243
244
245
246
247
248
249
250
251
252

253
254

255
256

257
258

gk et

i R
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Fig.9 Meshing grid

Loadings and constraints

Five concentrated forces P are evenly acted along the centroid axis. The y-axial acceleration
g is 9.8N/kg. The density of the beam p is 7850 kg/m®. Therefore, the self-weight q is 56111N/m
(9=pAg). For simply supported boundary, one end of the beam is hinged and the other is allowed
to slide freely on a frictionless support in the direction of x-axis.
5.1. Post-tensioning

In order to verify the deformations and stresses obtained from Eq.(16) and (17), the cases C1
to C11, with a series of tendon forces, are set in Tab.1 for beams with three tendons, and the cases
D1 to D11 are in Tab.2 for those with four tendons. fj is the stress in sub-tendon Tj (i=1,2,3,4;
j=1,2), and fj; =fi; due to the symmetry of sub-tendons. The dropping temperatures t;; on the sub-
tendons Tj; are listed in Tab.3 and Tab.4 respectively for two prestressed beams.

Tab.1 Cases for beams with three tendons

Cases C1 C2 C3 C4 C5 C6 C7 (02 C9 C10 C11

f11/ Tk 0.35 0.36 0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45
fo1 1 fou 0.36 0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.46
fa1 / foue 0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.46 0.47

Tab.2 Cases for beams with four tendons

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

fu/fy 035 036 037 038 039 04 041 042 043 044 045
fu/fy 036 037 038 039 04 041 042 043 044 045 046
fu/fy 037 038 039 04 041 042 043 044 045 046 047
fu/fy 038 039 04 041 042 043 044 045 046 047 048

Tab.3 Dropping temperatures on tendons for beams with three tendons in post-tensioning

Cases C1 Cc2 C3 C4 C5 C6 c7 C8 C9 C10 Cl1

tyg, t12 -260.7 -268.4 -276.2 -2839 -291.6 -299.3 -307.0 -314.7 -3224 -330.1 -337.8
to1, to2 -262.1  -269.9 -277.8 -285.6 -2934 -301.3 -309.1 -316.9 -3248 -332.6 -3404
tay, ta2 -257.7 -2655 -273.3 -281.1 -288.9 -296.7 -3045 -3123 -320.1 -3279 -335.7

Tab.4 Dropping temperatures on tendons for beams with four tendons in post-tensioning

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

ty1, to -271.5 -2795 -2874 -2954 -303.3 -311.3 -319.2 -327.1 -335.1 -343.0 -351.0
to1, T -276.5 -284.6 -292.7 -300.8 -308.9 -317.0 -325.1 -333.2 -3413 -349.4 -3575
ta1, a2 -277.3 -2855 -293.6 -301.8 -310.0 -318.1 -326.3 -3344 -3426 -350.7 -358.9

ta, taz -2734 -2815 -289.6 -297.6 -305.7 -313.8 -321.9 -330.0 -338.1 -346.2 -354.2
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It's worth noting that the dropping temperatures in Tab.3 and Tab.4 do not strictly follow the
equation 'f;=E<C+tj. This is because the dropping of temperature on one tendon will not only
increase the tensile stress on itself, but also result in the reduction of the stress on the another.

Contours of displacements and stresses are depicted in Fig.10 for non-prestressed beams and
two prestressed beams in post-tensioning under the case C6, where P=10000kN. It is seen that the
y-axial (vertical) displacements UY at mid span reduce largely from 46.1mm to 29.5mm when
prestressed with four straight tendons. The x-axial (warping) stresses SX on bottom flange at mid
span reduce largely from 160MPa to 29.9MPa and those on top flange increase slightly from
160MPa to 173MPa after being prestressed, resulting in the downward shift of neutral axis. This
infers that the externally prestressed technique can effectively reduce the warping stress on bottom
flange and enhance the bending capacity of beam.

-160MPa

+160MPa
L I I I I
-.046104 -.032931 -.019759 -.006586 -.160E+09 -.684E+08 .228E+08
-.039517 26345 -.013172 2E-13 -.114E+09 .228E+08 .160E+09
(a) UY, non-prestressed beams (b) SX, non-prestressed beams
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+63.4MPa
-.032045 -.023338 -.013731 -.004123 -.2T4E+00 - 177E+09 -.805E+08 .162E+08
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(c) UY, beams with three tendons (d) SX, beams with three tendons
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-.029549 -.020872 -.012194 -.003517 -.347E+09 -.229E+09 -.112E+09 .631E+07
-.02521 -.016533 -.007855 .822E-03 -.288E+09 - 170E+09 -.526E+08 .652E+08

(e) UY, beams with four tendons (f) SX, beams with four tendons

Fig.10 Contours of displacements UY and warping stresses SX for non-prestressed beams and two prestressed
beams in post-tensioning under the case C6 (unit: m, Pa).

In post-tensioning, displacements at mid span, obtained from both FEA and the proposed
method, are listed in Tab.5 and Tab.6 for two prestressed beams respectively, where P=10000kN.
It is obvious that the proposed method (Eq.(16)) provides an acceptable estimation on the y-axial
displacements with the relative error (RE) being less than 5% for all cases C1 to C11 and D1 to
D11. Therefore, the proposed method is capable of estimating the y-axial displacement for the
prestressed beams in post-tensioning.

Tab.5 Comparisons between FEA and the proposed method for the y-axial displacement of beams with three

tendons in post-tensioning (unit: mm, direction: downwards)

Cases C1 Cc2 C3 C4 C5 C6 C7 C8 C9 C10 Cl1

FEA 3410 3387 3364 3341 3318 3295 3272 3248 3225 3202 3179
Eq.(16) 3319 3296 3272 3248 3225 3201 31.78 3154 3130 3107 30.83
RE (%) 2.66 2.69 2.73 2.76 2.80 2.83 2.87 291 2.94 2.98 3.02
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Tab.6 Comparisons between FEA and the proposed method for the y-axial displacement of beams with four

tendons in post-tensioning (unit: mm, direction: downwards)

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

FEA 31.09 30.78 3048 3017 2986 2955 2924 2893 2862 2831 28.00
Eg.(16) 30.12 29.81 29.49 2918 2886 2854 2823 2791 2760 27.28 26.97
RE (%) 312 318 3.23 3.28 3.34 3.40 3.46 3.52 3.57 3.63 3.71

Similarly, the warping stresses on flanges at mid span are listed in Tab.7 and Tab.8 for two
prestressed beams for two methods, where P=10000kN. It is evident that the proposed method
(Eq.(17)) offers an accurate estimation on the warping stresses on flanges with the RE being less
than 6% for beams with three tendons. For the warping stresses on bottom flange in Tab.8, though
the RE raises up to 16.1% for the case D11, the absolute error (AE) keeps decreasing for the
increased tendon forces from D1 to D11. Besides, the warping stresses obtained from Eq.(17) are
larger than those from FEA, which proves that the proposed method is conservative. So the
proposed method (Eq.(17)) can be applied to estimate the warping stresses on flanges for beams
externally prestressesd multi-tendons in post-tensioning.

Tab.7 Comparisons between FEA and the proposed method for warping stresses on flanges for beams with three

tendons in post-tensioning (oy: stress on top flange, o4: stress on bottom flange, unit: MPa)

Cases C1 Cc2 C3 C4 C5 C6 Cc7 C8 C9 C10 C11

FEA -166.3  -166.7 -167.1 -1674 -1678 -168.1 -1685 -1689 -169.2 -169.6 -169.9
o, Eq7) -1748 -1751 -1755 -1758 -176.1 -1764 -1768 -177.1 -1774 -1778 -1781
RE (%) 4.84 4.81 4.78 4.76 4.73 4.71 4.68 4.65 4.63 4.60 4.58

FEA 75.0 72.6 70.3 68.0 65.7 63.4 61.1 58.8 56.4 54.1 51.8
oqy EQ.17) 78.5 76.2 73.9 715 69.2 66.8 64.5 62.1 59.8 57.5 55.1
RE (%) 4.57 4.67 4.78 4.90 5.03 5.16 5.30 5.46 5.62 5.80 6.00

Tab.8 Comparisons between FEA and the proposed method for warping stresses on flanges for beams with four
tendons in post-tensioning (a,: stress on top flange, o4: stress on bottom flange, unit: MPa)

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

FEA -1706  -1711  -1715 -1720 -1725 -173.0 -1734 -1739 -1744 -1749 -1754
o, Eq(7) -1786 -1791 -1795 -180.0 -180.4 -180.8 -181.3 -181.7 -1821 -182.6 -183.0
RE (%) 451 4.48 4.45 441 4.38 4.35 431 4.28 4.25 4.22 4.18

FEA 45.4 42.3 39.2 36.1 33.0 29.9 26.8 23.7 20.7 17.6 145

Eq.(17) 48.5 454 42.3 39.2 36.0 32.9 29.8 26.6 235 20.4 17.3
Od

AE 3.17 3.13 3.09 3.05 3.01 2.97 2.93 2.89 2.86 2.82 2.78

RE (%) 6.52 6.89 7.31 7.79 8.36 9.04 9.85 10.87 12.14 13.82 16.10

5.2. Pre-tensioning

Similarly, the above cases C1 to C11 and D1 to D11 are both applied to verify accuracy of
Eqgs.(19) and (20) for prestressed beams in pre-tensioning, where the tendon force refers to the
initial prestressed force. The dropping temperatures tj; on the sub-tendons Tj; in pre-tensioning are
shown in Tab.9 and Tab.10 for two prestressed beams respectively. Similarly, the dropping
temperatures do not follow the relation 'f;=E+C+ t;;' due to the interactions between tendons.
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Tab.9 Dropping temperatures on tendons for beams with three tendons in pre-tensioning

Cases C1 c2 C3 C4 C5 C6 C7 C8 C9 C10 C11

ty, tio -270.4 -278.1 -285.8 -293.5 -301.2 -308.9 -316.6 -324.3 -332.0 -339.8 -3475
to1, toy -281.4 -289.3 -297.1 -305.0 -312.8 -320.6 -3285 -336.3 -344.1 -352.0 -359.8
tay, ta -287.0 -294.8 -302.6 -310.4 -318.2 -326.0 -333.8 -341.6 -349.4 -357.2 -365.0

Tab.10 Dropping temperatures on tendons for beams with four tendons in pre-tensioning

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

tig, to -279.2 -287.2 -295.1 -303.1 -311.0 -319.0 -326.9 -3349 -3428 -350.8 -358.7
to1, o -292.0 -300.1 -308.2 -316.3 -324.4 -3325 -340.6 -348.7 -356.9 -365.0 -373.1
ta1, tao -300.7 -308.8 -317.0 -325.2 -333.3 -3415 -349.6 -357.8 -366.0 -374.1 -382.3
ty1, tao -304.7 -3128 -3209 -329.0 -337.1 -3452 -353.3 -361.4 -369.5 -377.6 -385.7

Contours of displacements and stresses are depicted in Fig.11 for non-prestressed beams
under gravity and two prestressed beams in pre-tensioning under the case C6, where P=0kN. It is
obvious that compared with the non-prestressed beams (Fig.11a), the y-axial displacement UY at
mid span changes from the downward to upward, and the warping stress on bottom flange changes
from tension to compression after being prestressed, which results in the vanish of neutral axis in
the range of cross section. So the external force P needs to overcome the prestressed force first in
the later loading period, which largely improves the loading capacity of beam.
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— I —
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(a) UY, non-prestressed beams, P=0 (b) SX, non-prestressed beams, P=0
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(f) SX, beams with four tendons

(e) UY, beams with four tendons

Fig.11 Contours of displacements UY and warping stresses SX for non-prestressed beams under gravity and two

prestressed beams in pre-tensioning under the case C6 (unit: m, Pa).

Comparisons of displacements obtained from FEA and the proposed method are tabulated in
Tab.11 and Tab.12 respectively for two prestressed beams in pre-tensioning. It is seen that the
proposed method provides a high accuracy in calculating the y-axial displacements with the RE
less than 1% for all cases. So the proposed method has a strong ability in solving the vertical
displacements for prestressed beams in pre-tensioning.
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Tab.11 Comparisons between FEA and the proposed method for the y-axial displacement of beams with three
tendons in pre-tensioning (unit: mm, direction: upwards)

Cases C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11

FEA 699 723 746 770 793 817 840 864 887 911  9.34
Eq.(19) 706 730 753 777 800 824 847 871 894 918 941
RE(%) 095 093 091 08 08 08 08 08 079 077 075

Tab.12 Comparisons between FEA and the proposed method for the y-axial displacement of beams with four
tendons in pre-tensioning (unit: mm, direction: upwards)

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

FEA 10.06 1037 10.68 1100 11.31 1163 1194 1226 1257 1289 13.20
Eq.(19) 10.12 1043 1075 1106 1137 1169 1200 1231 12,62 1294 1325
RE (%) 0.63 0.60 0.57 0.55 0.52 0.49 0.46 0.44 0.41 0.38 0.35

Similarly, the warping stresses on flanges at mid span, obtained from FEA and the proposed
method, are compared in Tab.13 and Tab.14 for two prestressed beams in pre-tensioning. It is seen
that the proposed method (Eq.(20)) gives an acceptable results in calculating the warping stresses
with all REs being less than 7%. So the proposed method is capable of estimating the warping
stresses on flanges for beams externally prestressed with multi-tendons in pre-tensioning.

Tab.13 Comparisons between FEA and the proposed method for warping stresses on flanges for beams with three
tendons in pre-tensioning (a,: stress on top flange, oy4: stress on bottom flange, unit: MPa)

Cases C1 Cc2 C3 C4 C5 C6 Cc7 C8 C9 C10 C11

FEA -17.72  -18.06 -18.41 -18.75 -19.09 -19.44 -19.78 -20.12 -20.47 -20.81 -21.15
o, Eq(20) -1899 -19.33 -19.66 -20.00 -20.33 -20.66 -21.00 -21.33 -21.67 -22.00 -22.34
RE (%) 6.73 6.56 6.39 6.23 6.08 5.94 5.80 5.67 5.54 5.42 531

FEA -7840 -80.73 -83.06 -8539 -87.72 -90.05 -92.37 -9470 -97.03 -99.36 -101.7
oqy EQ0) -7725 -7959 -81.93 -8427 -86.61 -8895 -91.29 -93.63 -9597 -98.31 -100.6
RE (%) 1.47 141 1.36 131 1.26 1.22 1.17 1.14 1.10 1.06 1.03

Tab.14 Comparisons between FEA and the proposed method for warping stresses on flanges for beams with four

tendons in pre-tensioning (a,: stress on top flange, o4: stress on bottom flange, unit: MPa)

Cases D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11

FEA -21.74 -2219 -22.65 -2310 -2356 -24.01 -2446 -2492 -2537 -25.82 -26.27
o, EQ.(20) -2290 -2335 -23.80 -2424 -2469 -2514 -2560 -26.05 -26.50 -26.95 -27.40
RE (%) 5.07 494 4.82 471 461 451 4.42 4.33 4.25 4.18 411

FEA -108.3  -1114 -1145 -1176 -120.7 -1238 -1269 -1300 -133.1 -136.2 -139.4
oy Eq.(20) -1072 -1103 -1135 -1166 -119.7 -1228 -1259 -1290 -1321 -1352 -1384
RE (%) 0.96 0.92 0.89 0.86 0.84 0.81 0.79 0.77 0.75 0.73 0.71

5.3. The increase in tendon force
Based on the initial prestressed forces in the cases C6 and D6, verifications on the increases
in sub-tendon forces are performed under a series of forces P in Tab.15 and Tab.16 for the two
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prestressed beams, where S j; is the increase in the sub-tendon Tj; (j=1,2,3,4) and S,j=S 4, due to
the symmetry of sub-tendons. It is seen that almost all REs are less than 10% and those for
sub-tendons with larger eccentricities are much smaller. Besides, results obtained from the
proposed method (Eq.(21)) are larger than those from FEA, which means the proposed method is
conservative in estimating the increase in tendon force.

Additionally, the influences of meshing size (MS) in FEA on the above REs are analyzed in
Fig.12 for two prestressed beams respectively, where P=10000KkN. It is seen that the REs reduce
slightly and tend to be stable for the gradually refined meshing gird for both prestressed beams.
Therefore, the proposed method (Eg.(21)) can be applied to calculate the increase in tendon force.

Tab.15 Comparisons between FEA and the proposed method for the increase in sub-tendons for beams with three
tendons (unit: kN)

P 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

FEA 177 360 543 725 907 1087 1268 1447 1626 180.4
Sau Eq(21) 196 392 588 783 979 1175 1371 1567 1763 1958
Snz e (%) 962 809 758 745 737 749 750 764 775  7.88

FEA 389 793 1196 1599 2001 2402 2803 3203 3602  400.1
Saz1 Eq(21) 425 850 1275 1700 2125 2550 297.5 3400 3825 4250
Sz e (%) 847 670 619 594 583 580 578 579 58 585

FEA 613 1252 1889 2526 3163 3798 4433 5067 5701  633.4
:"31 Eq.(21) 654 1308 1962 2616 3271 3925 4579 5233 5887  654.1

432

RE (%) 6.28 4.30 3.74 3.46 3.29 3.23 3.18 3.17 3.16 3.17

Tab.16 Comparisons between FEA and the proposed method for the increase in sub-tendons for beams with four
tendons (unit: KN)

P 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

FEA 124 252 380 508 634 761 886 10L1 1136 1259
Sau Eq.(21) 138 277 415 554 692 831 969 1108 1246 1385
Suz e (%) 1045 901 853 829 843 841 860 874 88 908

FEA 289 500 890 1190 1489 1787 2085 2382 2678 2974
Saz1 Eq.(21) 320 640 960 1279 1599 191.9 2239 2559 287.9 3198
Sz e (%) 964 777 724 698 68 688 687 691 697 701

FEA 461 940 1419 1897 237.4 2851 3327 3802 4277 475.1
Sz Eq.(21) 501 1002 1504 2005 2506 300.7 3508 4010 4511 5012
Si2 e (%) 802 622 563 538 527 519 517 518 518 521

FEA 644 1315 1985 2655 3324 3992 4660 5327 5993 6659
i"“ Eq.(21) 683 1365 2048 2730 3413 4095 477.8 5460 6143  682.6

442

RE (%) 5.65 3.67 3.06 2.75 2.60 2.52 2.47 244 2.44 2.44
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Fig.12 Relative errors (RE) versus the meshing size in FEA for the increases in sub-tendon force for two
prestressed beams (b is the width of flanges, b=1.5m)
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Fig.13 Deep I-shaped beams prestressed with two straight tendons

In order to investigate the effects of tendon force and eccentricity on the flexural behavior of
beams, a deep I-shaped beam externally prestressed with two straight tendons are analyzed under
five evenly-distributed forces P (P=10000kN) for both post- and pre-tensioning processes, in
which the measurements and beam self weight refer to Section 5. The Young's elastic module E
and Poisson's ratio v are 210GPa and 0.3 respectively. For the sub-tendon Tj;, the tendon force and
eccentricity are S;; and e;, in which S3,=S;, and S;;=S;, due to the symmetry of sub-tendons. Two
ratios ps and p. are herein defined by ps=S,1/S1; and p.=|e,-e1|/h, respectively. The cross-sectional
area and elastic module of the sub-tendons Tj; are uniform A and Eq; (i=1, 2), respectively. The
tensioning capacity fu of sub-tendons is uniform 1625MPa.

Relations between the location of neutral axis and the tendon forces and eccentricities are
analyzed in Fig.14 for both post- and pre-tensioning in terms of two ratios ps and pe, respectively.

For post-tensioning in Fig.14a, the distance ey increases non-linearly in terms of the tendon
force and eccentricity with a increasing rate, and those with larger ratios ps or p, are much larger.
While for pre-tensioning in Fig.14b, the distance ey varies in the form of a logarithm-shaped
function. The curves with larger ratios ps and p, have a smaller absolute value of ey, resulting in a
larger difference for stresses between top and bottom flanges, so that it needs a larger external
force P to make the warping stresses on bottom flange change from compression to tension.

Besides, the effects of tendon eccentricity on the increases in sub-tendon forces (S 21, Sa11)
and strains (421, €411) are analyzed in Fig.15 in terms of the tensile rigidity Ky of sub-tendons Tj;
(j=1, 2) and the ratio p, respectively, where K =E1jAt; and K;=0.068GA.



395 As shown in Fig.15a, the ratio S,,1/S,1; reduces non-linearly in terms of the eccentricity e;
396  with a decreasing rate, and those with larger p, and Ky, are much larger. Similar variability
397  happens to the tendon strains in Fig.15b. However, it almost makes no difference between the
398 cases with 'Ky,=Kt;' and those with 'K1,=1.6K+;". This infers that the ratio ¢/»1/¢411 almost has
399 nothing to do with the ratio K1,/K+;. Furthermore, considering the equation 'Kt =E1iA7i', we know
400 that the changes on the module E+; or area A+; will not affect the ratio &01/¢11.
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404 Fig.15 The ratios of the increases in sub-tendon forces and strains in terms of the eccentricity e; (K1;=0.068GA)
405
406  Conclusion
407 In this paper, the flexural behavior of deep beam prestressed with straight multi-tendons is
408  investigated under concentrated forces for both post- and pre- tensioning processes.
409 Main conclusions are drawn as follows
410 (1) The proposed method is capable of estimating the vertical displacements and warping

411  stresses on flanges for beams prestressed with multi-tendons for both post- and pre- tensioning,
412 which has been well verified by FEA.
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(2) For prestressed beams in loading period in pre-tensioning, the proposed method offers an
acceptable and conservative estimation on the increase in tendon force, and the deviation with
FEA decreases with the gradually refined meshing gird in FEA model.

(3) Prestressed beams with larger tendon forces or distances between tendons display a more
significant prestressed effect for both post- and pre- tensioning, resulting in a larger difference for
stresses between the top and bottom flanges. Besides, the ratio of tensile rigidities between the top
and bottom sub-tendons almost makes no change to that of the increases in sub-tendon strains.

Future work are needed for (1) beams prestressed with draped multi-tendons; (2) the local
stability of anchorages; (3) the relaxation of tendons.
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