SYMMETRIC AND ASYMMETRIC MULTIPLE CLUSTERS
IN A REACTION-DIFFUSION SYSTEM

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. We consider the following Gierer-Meinhardt system in R:

AT~ A+ 4 =0, ze(-1,1),
DH' —H+ A2=0, ze(-1,1),
A-1)=A1)=H(-1)=H@1)=0,
where € > 0 is a small parameter and D > 0 is a constant independent of
€.

A cluster is a combination of several spikes concentrating at the same
point. In this paper, we rigorously show the existence of symmetric and
asymmetric multiple clusters. This result is new for systems and seems
not to occur for single equations. We reduce the problem to the compu-
tation of two matrices which depend on the coefficient D as well as the
number of different clusters and the number of spikes within each cluster.

1. INTRODUCTION

Since the work of Turing [21] in 1952, many models have been derived
and investigated to explore the so-called Turing instability [21]. One of the
most famous models in biological pattern formation is the Gierer-Meinhardt

system [10], [15], [16], which in one dimension can be stated as follows:

A =EAA-A+ 2 e (-1,1),t>0,

Ha»

TH,=DAH —H+ 45, z€(-1,1),t>0, (1.1)

A'(£,t) = H' (£,t) =0,

where (p, q,r, s) satisfy

qr
(s+1)(p-1)
and where e<<1, 0<D<oo, 72>0,

1< < 400, 1<p<+o0,

D and 7 are constants which are independent of e.
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In this paper, we consider the steady-state problem of (1.1) and further
assume that (p,q,r,s) = (2,1,2,0). Namely we consider the following elliptic

system

A —A+A =0, xe(-1,1),
DH'—H+A?=0, z¢ ), (1.2)
A(x) >0,H(z) >0, ze€(-1,1), '

A(-1)=A(1)=H (-1)=H

We remark that our results for (1.2) can be easily generalized to more
general (p,q,r,s) cases. The main difficulty in studying (1.2) is that there
is no variational structure. On the other hand, (1.2) represents a typical
activator-inhibitor in biological pattern formation.

Problem (1.2) has been studied by numerous authors. Let us mention
several important existence results on multiple spike (also called multiple

peak) solutions which are related to our present paper.

1) (Existence of symmetric N—peaked steady-state Solutions)
I. Takagi [20] first established the existence of N-peaked steady-state so-
lutions with peaks centered at
27 —1
N Y

j=1,... N,

Ij:—l

for e << 1, % << 1.

Such solutions are symmetric and they are obtained from a single spike
by reflection. We call them symmetric N —peaked solutions since all the
peaks have the same heights. Takagi’s proof is based on symmetry and the

implicit function theorem.

2) (Existence of asymmetric N —peaked solutions)

By using matched asymptotic analysis, M. Ward and the first author in
[22] showed by asymptotic expansions that for D < Dy, where Dy is given
explicitly, problem (1.2) has asymmetric N —peaked steady-state solutions.
Such asymmetric solutions are generated by two types of peaks — called type

A and type B, respectively. Type A and type B peaks have different heights.
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They can be arranged in any given order
ABAABBB... ABBBA...B

to form an N —peaked solution. The existence of such solutions is surprising.
It shows that the solution structure of (1.2) is much more complicated than
one would first expect. The stability of such asymmetric N —peaked solutions
is also studied in [22], through a formal approach. The stability issue of
symmetric and asymmetric N-peaked solutions is addressed in [13] and [22].

We remark that asymmetric patterns can also be obtained for the Gierer-
Meinhardt system on the real line by a dynamical systems approach, see
[7].

In (]26]), we gave a rigorous and unified theoretic foundation for the ex-
istence and stability of general N —peaked (symmetric or asymmetric) solu-
tions. In particular, the results of [13] and [22] were rigorously established.
Moreover, it was shown that if the IV peaks are separated, then they are gen-
erated by peaks of type A and type B, respectively. This implies that there
are only two kinds of N-peaked patterns: the symmetric N —peaked solutions
constructed in [20] and the asymmetric N —peaked patterns constructed in
22].

3) (Existence of a single cluster on the real line)

Recently, Doelman, Kaper and H. van der Ploeg, [7], and independently
Chen, del Pino and M. Kowalczyk [2] considered the Gierer-Meinhardt sys-
tem on the real line. They constructed multiple-spike solutions concentrat-
ing at a single point on the real line. It turns out that the distance between
neighbouring spikes is of the order O(elog %) We call such solution a single
cluster. In other words, a cluster is a collection of multiple spikes concen-
trating at a single point.

Similar results in R? were obtained in [3]. There the geometry of the spike
locations can be very complex.

The existence of a single cluster or multiple clusters in a higher dimensional
bounded domain has been proved in [12], [4] for a singularly perturbed Neu-

mann problem. It is proved that given nondegenerate local minimum points
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of the mean curvature of the boundary there exist (multiple) clusters concen-
trating at these point(s). In [14] for the nonlinear Schrodinger equation an
analogous result is proved for (nondegenerate local) maximum points of the
potential. To obtain multiple clusters for single equations, we must either
have nontrivial geometry of the domain or nontrivial critical points of the
potential.

The results in this paper imply that a reaction diffusion system can gen-
erate multiple clusters even when the domain is trivial and in the absence
of a potential. Moreover, we will show that there are both symmetric and
asymmetric multiple clusters. The locations of these clusters are deter-
mined by three ingredients: the number of clusters, the number of spikes
within each cluster, and the order of clusters.

Before we state our main results in Section 2, we introduce some notation.
Let L?*(—1,1) and H?*(—1,1) be the usual Lebesgue and Sobolev spaces.
With the variable w we denote the unique solution of the following problem:

w' —w+w?=0, yeER,

w >0, w(0)=maxyerw(y), (1.3)
w(y) — 0 as [y[ — oco.

In fact, it is easy to see that w(y) can be written explicitly:
3 y
= —sech® () : 1.4
w(y) = 5sech” {5 (1.4)
Let
I:=(-1,1). (1.5)
For z € (—1,1), let Gp(z, z) be the Green function given by

{ DGp(z,2) — Gp(z,2) +0.(2) =0, z¢€(~1,1),
Gp(—1,2) =Gp(1,2) =0.

(1.6)
We can calculate explicitly
g Cosh[0(1 4 2)] cosh[f(1 — 2)], —1 <z <z,
Golw.2) =1 70 o h[o(1 1
sinh(20) €08 [0(1 —x)]cosh[0(1 + 2)], z<z <1, (1.7)

where

6 =D"12 (1.8)
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We decompose Gp(z, z) into a singular part and a regular part:

Gp(z,z) = Kp(|lx — z|) — Hp(x, 2), (1.9)
where
1 ——L |z—2|
Kp(lx — z|) = me VD (1.10)

is the singular part of Gp(z, z) and Hp is the regular part Hp of Gp. Note
that Hp is C'*° in both x and z. Moreover,

! cosh[f(1 + z)] cosh[0(1 — z)].

0
Hp(z,r) = 9v/D  sinh(26) (1.11)

We use the notation e.s.t to denote an exponentially small term of order
the O(e~%¢) for some d > 0 in the corresponding norm. By C we denote a
generic constant which may change from line to line.

This paper has the following structure: In Section 2 we introduce our three
main hypotheses, (H1) — (H3) and state our two main results, Theorem 2.1
and Theorem 2.2. In Section 3, we provide some preliminary results. In
Sections 4-6, we construct suitable approximate solutions and give some
calulcations for them, namely about the space dependence of the heights
(Section 5) and the error terms (Section 6). In Sections 7-9, we prove the
existence of multiple-clustered solutions: In Section 7, we use the Liapunov-
Schmidt method to reduce the existence of solutions to (1.2) to a finite
dimensional problem; in Section 8 we solve this finite-dimensional problem

and complete the proof of Theorem 2.2. In Section 9, we prove Theorem 2.1.

Acknowledgements: The work of JW is supported by an Earmarked Grant
of RGC of Hong Kong. MW thanks the Department of Mathematics at
CUHK for their kind hospitality. We thank Professor M. J. Ward for valuable

discussions.
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2. MAIN RESULTS: EXISTENCE OF SYMMETRIC AND ASYMMETRIC
MuLTIPLE CLUSTERS

Let —1 <2l <---<a) <--- <} <1be N points in (—1,1) and let w
be the unique solution of (1.3).

We introduce several matrices for later use: For x = (z1,...,zy) €
(=1, )N, let

Gp(x) = (Gp(zi, 75)). (2.1)
Recall that

Gp(zi,z;) = Kp(|lz; — z;|) — Hp(wi, ;).

Let us denote 832_ as V,,. When i # j, we can define V,,G(z;,z;) in the

classical way. When i = j, Kp(|z; — z;]) = Kp(0) = ﬁ is a constant and

we define

1 d
V., Gp(x;, ;) == ~5 4 Hp(z,z).

T=x;

Similarly, we define

invijD(QTi, ZL‘]‘) =

_%£|x:xi%|$:$iHD(x7$)’ if =7, (2.2)
V%VIJGD(%,:U]), if Z%j

Now the derivatives of the matrix Gp are defined as follows:

VgD(X) = (inGD(xiwrj))’ (23)
V?Gp(x) = (Vi Ve, Gp(z;, 25)). (2.4)
By definition, it is easy to compute that
92 ) 93
= m(aij)a VGp = m(bij)a V°Gp = m(%‘),

where

aij =

cosh(6(1 + z;)) cosh(0(1 — z;)), if i < j;
cosh(f(1 — x;)) cosh(0(1 + x;)), if i > j,
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sinh(0(1 + x;)) cosh(6(1 — x;)), if i < j;
bij =4 3sinh(20z;), if i = j; (2.6)
—sinh(0(1 — z;)) cosh(6(1 + z;)), if ¢ > 7,
and
—sinh(6(1 + z;)) sinh(0(1 — z;)), if i < j;
cij = cosh(20z;), if i=j; (2.7)
—sinh(0(1 — z;)) sinh(6(1 + z;)), if ¢ > j.
We now have our first assumption:

(H1) There exists a solution (€2,... ,€%) of the following equation

N
Y Gplay,,ah)n; (&) =€), m=1,... N. (2.8)
j=1

Next we introduce the following matrix

bij = Gp(af,29)n; (&), B = (by). (2.9)

Our second assumption is the following:
(H2) It holds that

; ¢ o(B), (2.10)

where o(B) is the set of eigenvalues of 5.
Remark 2.1: Since the matrix B is of the form GpD, where G is symmetric
and D is a diagonal matrix, it is easy to see that the eigenvalues of B are
real.

By the assumption (H2) and the implicit function theorem, for x =
(1,...,2y) near xo = (29,... ,2%), there exists a unique solution &(x) =

(£1(x), ... ,En(x)) for the following equation

N
ZGD(ZL'Z‘,Q?J')TL]‘&J? :fi, 1= ]_, ,N. (211)

j=1
Set

H(x) = (&(x)di;), (2.12)

N = (n;di). (2.13)



8 JUNCHENG WEI AND MATTHIAS WINTER
We define the following vector field:
F(X> = (Fl(x)7 s >FN(X))7

where
N A,
= > Vu.Gplai, z)ms (2.14)
=1
— —VleD<iUz: Z£2+ZVIZGD xl,xl)nlfl, 7= 1, ,N.
l#i
Set
M(x) = (Va, Fi(x)). (2.15)

Our final assumption concerns the vector field F(x).
(H3) We assume that at x* = (z9,... ,2%):

F(x%) =0, (2.16)

det (M(x")) # 0. (2.17)
Let us now calculate /\/l(x ): Therefore we first compute the derivatives

of €. Tt is easy to see that £(x) is C' in x and from (2.8) we can calculate:

V =2 Z GD xza xl)nlglvmjfl + Z Vﬂ?] GD(xZ7 IL‘Z))TLZSZ

=1 =1
For i # j, we have

N
Ve,& =2 Gplai, e)m&Va,& + Va, (Gplai, z;))n;&;.

=1
For i = j, we have

Vi = QZGD i 2) &V 0,6 +Z (Gplws, z))mét

=1

(9:1:Z

3327 Z nlflv fl + VIZ<GD($1, xz) 71152 + Z Vxl GD('ru xl))nlgl )

=i

||Mz

since 1 —GD(J(:Z,:C@) V., Gp(x;, x;).
Note that
(Va,Gp(ws,25)) = (VGp)T.

Therefore, if we denote

~
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then we have

VE(x) = (id — 2GpN'H) H(VGp) ' NH? 4+ (VGp) ENH?,

(2.19)
where id is the identity matrix and F is the matrix whose elements are all
equal to 1.

We can compute M (x°) by using (2.19) and definition (2.2):

M(x") = V2 GpN'H? (2.20)
+2VGpNH(id — 2GpN'H)  [(VGp) ' NH? + (VGp) ENH?).

Our first result is about the existence of symmetric multiple cluster so-

lution which generalizes the results of I. Takagi [20].

Theorem 2.1. (Ezistence of symmetric multiple clusters)
Let N and n be two positive integers and
25 —1
x§:—1+jT, j=1,... N.
Then, for e << 1, problem (1.2) has a solution with N equidistant clusters
which concentrate at 29, ... , 2% and each of which consists of n spikes. More

precisely, it can be said that

Ado) ~ 3y (M1, @.21)

j=1k=1

~

H(a5,) ~ &€ j=1,...,N, k=1,....n, (2.22)
i, —a), j=1,... N k=1,...n, (2.23)
where
& = (G/RwQ(z) dz)_l. (2.24)
Furthermore,
TG, — 05 = elogi — elog[é(s —1(n+1—29)]+ ofe),

2D (2.25)
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j=1,... , N, s=2,....,n, and

9
éo _ 2tanh N

g (2.26)

Remark 2.2: If n = 1, this recovers the results of [20]. Theorem 2.1 also
generalizes the results of [2] and [7] to a bounded interval.

Our next result concerns the existence of asymmetric multiple clusters.

Theorem 2.2. (Ezistence of asymmetric multiple clusters)

Let N,ny,... ,ny be N 4+ 1 positive integers.

Assume that for (29,...,2%) € (=1, 1) with 29 < 29 < ... < 2% as-
sumptions (H1), (H2) and (H3) are satisfied. Let (£Y,... &%) be given by
(H1). Then for e << 1, problem (1.2) has a solution with N clusters which

concentrate at x{, ... ,x%, or more precisely:

N & . T — x5
A(x) ~ DY E&fw ( ””“) , (2.27)

j=1k=1 €

He(a$,) ~ &€, j=1,....N k=1,...,n, (2.28)
i, —a, j=1,....N k=1...n (2.29)
1 c0
x5, — a5, = elog P elog[ﬁ(s —1)(n; +1—s)] 4+ o(e),

(2.30)

Remark 2.3: Equation (2.30) expresses the fact that we have two different
scalings in the spike locations: the distance between the centers of clusters
which is of the order O(1) and the distance between spikes within each cluster
which is of the order O(elog 1).

Let us now comment on how to check assumptions (H1)—(H3).
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It is difficult to check (H1) directly. Instead, we note that Gp' is a tridi-
agonal matrix. (See [13] and [22].) More precisely, we calculate
Mmoo 0 e 0
by P T

gD (gw)_Q\/_ ’
S B oy By 0

0 0 By-1 N
where

v = coth(6; + 05) + tanh(6,),
v; = coth(0;_1 + 0;) + coth(0; + 0;41), j=2,...,N—1,
vy = coth(On_1 + Oy) + tanh(Oy),
B; = —csch(0; +6;41), j=1,...,N—1
and ¢; is given by
0; = 0(x) —29_)). (2.31)

(Recall that 0 was defined in (1.8).)
Note that

—2\/—( J 15%(] 1) +%5m +ﬁj +1)) (2-32)

Verifying (2.8) amounts to checking the following identity
N A A,
Y958 =mi(&))? i=1,... N, (2.33)
j=1

which is an easy exercise.
Condition (2.16) prescribes the locations xo = (z¥, ..., 2%;) of the clusters.
Condition (2.17) is a nondegeneracy condition. Combining (2.8) and (2.16),

we see that at xy we must solve the following ODE:

h'(z) — h(z) + n](EO)Q(So—O —-l<a<l,
( N=¢&, i= 1 ,N,
W (x 04) K (@9-) =0, j=1,...,N, (2.34)
h'(—=1) =h'(1) =0.
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The derivation of (2.34) is similar to Section 7 of [26]. From (2.34), we
obtain the following: Given a set of positive integers (nq,...,ny), we can
compute the locations of xg = (z9,... ,2%) explicitly. Then we can compute
the matrices B and M.

To verify (H2) and (H3), we need to know the eigenvalues of 5 and M. In
the same way as for the matrix Gp, one can show that B! is a tridiagonal
matrix. Fven with this piece of information, it is almost impossible to obtain
an explicit formula for the eigenvalues. Numerical software for solving eigen-
value problems of large matrices is indispensable. Numerical computations
do suggest that assumptions (H2) and (H3) are always satisfied for D small.

The main idea in proving Theorem 2.2 consists of the following steps: We
first rewrite (1.2) as a single nonlocal equation:

A2
T[4

S.JA] = A" — A+ =0,

where H = 7T [A] satisfies

DH —H+A*=0, H(-1)=H(1)=0.

Step 1: We choose good approximate solutions.

N D T —Tip
Awwevx:ZZ@gkw( ]’>, j=1,... , N, k=1,... ,ny,

J=1k=1 €

where & and z;;, will have to be chosen carefully. More precisely, we first

choose z;;, such that

T <T12<...<Tip <T21<...<Top, <...<ZTN1<...<TNnys

~

1 0
Tj =1 ~ €log E—elog[ﬁ(l—l)(nj—i—l—l)], J=12,....n,1=2... 01,

s
’ijﬂ Lk

n

§n63/4, j=1... N,

7
J
where 1 > 0 is a suitably chosen small constant.

Next we choose §; j, so that they will solve a system of algebraic equations.
This is done in Section 4.

Step 2: The error terms.
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We then compute the space dependence of the heights, 7 [wex|(z; %+ €y) —
T [wex|(z;%) and the error term S{wex]. This is done in Section 5 and Section
6, respectively.

Step 3: The Liapunov-Schmidt reduction method.

By using the Liapunov-Schmidt reduction method we solve the following

equation
dwex
S[wex+¢ Zajk}d
7,k Jk
dwex :
= =1,...,N,k=1,... ,n;
/(bdflf]k 7 J 9 9 ) ) 7n]7

where «a;; = o ,(x) are some scalar functions depending on x.
This is done in Section 7.
Step 4: The reduced problem.

Finally, we solve the following reduced problem:
O{j,k(XG)IO7 j:l,...’N, ]{}:17771]

This is done in Section 8.

A natural question is the following: Are all N —cluster solutions generated
by two types of clusters as is the case for spikes? We believe that this should
be true but the proof may be complicated and is left to a future study.

3. SOME PRELIMINARIES

In this section, we consider a system of nonlocal linear operators. We first

recall from [26]:

Theorem 3.1. Consider the following nonlocal differential operator

Lp=¢ —¢+2wp— foR w? = ag. (3.1)

If v# 1, then
Ker(L) = span{w'}.

Next, we consider the following system of nonlocal operators

LD :=AD — O + 200
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-2 (/RwC@ dy> (/R w? dy>1 w?, (3.2)

where
P11
¢1,n1
o—|:  |eurm)"
N1
d)N,nN
n = (niy,ng,...,ny), [nf=ny+ny+ ... +ny;

~

C = (Cikms),  Cikms = Gp(Tj, Tm)ém
for ym=1,... N k=1,... ,nj,s=1,... ,npy,

Remark 3.1. The matrix C is the product of a symmetric matrix and a

diagonal matrix. It therefore has only real eigenvalues.
Lemma 3.2. Suppose that (H2) holds. Then
1

Proof. Let 7 = (11, s Mgy« s7INAs -« - 5 1INy ) D€ an eigenvector of C

with eigenvalue A. Then we have
; Cj kim,sThm,s = AMjk-
This can be rewritten as
; Gp(zj, 95m)£m zs: Njs = AMjk- (3.4)
Summing over k, we obtain
%: G (), Tm)ni&m zk: Nik = A zk: Njk-

So Yok 1,k 18 an eigenvector of B. Thus, by (H2), either A # 3 or Y 1% = 0
for j =1,..., N. In the latter case, we then have from (3.4) that A\n;, =0
and hence A = 0. In any case, we obtain A # % U

Assumption (H2) and Lemma 3.2 imply that



MULTIPLE CLUSTERS 15
(H2’) Tt holds that
Z o(C). (3.5)
For later use, we set
Lou =" — u+ 2wu, (3.6)

where u € H%(R).
The conjugate operator of L under the scalar product in L*(R) is

LU =0 — U+ 200

—2c" (/R w*W dy) (/R w? dy>_1 w, (3.7)

Y1

where

;/Jl,nl
: € (H*(R))™.
YN

wN,nN

We obtain the following

Lemma 3.3. Assume that assumption (H2) holds. Then
KGT’(L) :Xo@Xo@"'EBXo, (38)
where

Xo = span {w/ (y)}

and
Ker(L*) = Xo @ X ® - - @ Xo. (3.9)
Here the number of factors is |n|.
Proof: Let us first prove (3.8). Suppose
L® =0.
Let us diagonalize C such that
P7ICP = J,
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where P is an orthogonal matrix and by Remark 3.1 J has diagonal form,

i.e.,
g1 0
J= 7
0 On|
with suitable real numbers o;, j=1,2,...,|n|.
Defining
d = Pd
we have
d —<I>+2w<I>—2</ dey) / wJd dyw? = 0. (3.10)
R R
For [ =1,2,...,|n| we consider the I-th equation of system (3.10):
&) — b+ 20,
—1 ~
— 20y </ w2> / wd; dyw?* = 0. (3.11)
R R
By Theorem 3.1, (3.11) tells us that
P, € X,. (3.12)
(since by assumption (H2’) we know that o; # 1/2).
Continuing in the same way for [ =1,... N, we have
&€ Xy, l=1,...,|n| (3.13)

(3.8) is thus proved.
To prove (3.9), we proceed similarly for L*.
Using o(C) = o(CT), the I-th equation of the diagonalized system is as

follows:

P~ 0+ 2w,

—1 -
-2 (/ wdy) al/ w? ¥ dyw = 0. (3.14)
R R

Multiplying (3.14) by w and integrating over the real line, we obtain

(1— 201)/ W dy = 0,
R
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which implies that

/ w0, dy = 0,
R
since 207 # 1.
Thus all the nonlocal terms vanish and we have
LoV, =0, I=1,..., |n| (3.15)
This implies that ¥; € X, for [ =1,... ,|n|.
O

As a consequence of Lemma 3.3, we have

Lemma 3.4. The operator
L (H(R)™ — (LA(R))
1s invertible if it is restricted as follows
L:(Xo&- & Xo)" N (HAR)™ — (Xo& - & Xo) " N (L2(R)".
Moreover, L™! is bounded.

Proof: This follows from the Fredholm Alternatives Theorem and Lemma
3.3.
O

4. COMPUTATIONS I: THE APPROXIMATE SOLUTIONS

Let =1 <af <--- <29 <2} < 1be N points satisfying the assump-
tions (H1) — (H3). Let

x! = (2f,...,2%). (4.1)

In this section, we now construct an approximate solution to (1.2) with NV
clusters concentrating at these prescribed N points. As we shall see, these
approximate solutions are to be valid in O(e¥/4).

Let =1 <211 < - <@y <@Top < -0 < Tgp, < - < ayp < -+ <
TNny < 1 besuch that

~

0

1 &
elog i elog[ﬁ(l —D(n;+1—=10]—ne<wzj;—xj (4.2)
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~

1 0
< elogz - elog[fb(l —1)(n; +1—=1)] + ne,

j=1,... , N, l=2, ...
and

n;
| > 121 T4 0
ST 8
U]

< 7763/4,

(4.3)
where 17 > 0 is a small number which will be chosen in Section 7. The reason
why we assume (4.2) will become clear in Section 8.

We use 2, to denote the set of all x = (211,

o 3 Tls e s ENAs - s TNy )
satisfying (4.2) and (4.3). We further denote
x¥ = (:E(I)J, . ,x?,m, o ,x?\,ﬁl, . ,x?V’nN) (4.4)
and we set
0 = {x"}. (4.5)
To simplify our notation, for x € ), we set
T — Tk T — Tjk
w2 (), o

where x is a smooth cut-off function which satisfies the following conditions:

1 3
X(SL’) = 17 for ’.CE‘ <z, X(LU) = 07 for ’SL’| >,

x € G5 (R),
(4.7)
and
1 1
d = —elog —.
10° %8
From (4.2), using that w(y) ~ e as |y| — oo, we derive that
1 e.s.t., if j #m,
/ wigwmsdr =< O(e), ifj=m, |k—s|>2, (4.8)
-1 O(e?), ifj=m,|k—s| =1,
Tj— Tj1 € . _
w (BB (= 1)+ 1= D)+ O, j =L NI =2,y
(4.9)
where 1 > 0 is a small number.

For x € Q,,,

N nj

Wex () = & Z Z &rwik(x),

(4.10)
j=1k=1
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where &, is defined in (2.24) and the numbers ;, > 0 will be chosen at the
end of this section. By rescaling A = (. A, H = (. H, we obtain that (1.2) is
equivalent to the following system for the rescaled functions A, H:

A" — A+ % =0 in (-1,1),

DH' —H+¢A2=0 in (—1,1),
A(z) > 0,H(z) >0 in (-1,1),
A-1)=AQ)=H(-1)=H@1)=0.

(4.11)

From now on, we shall work with (4.11) and drop the hats. We first rewrite
(4.11) as a single equation with a nonlocal term.
For a function A € H*(—1,1), we define 7[A] to be the solution of

{mfwy—7w+¢ﬁ;:a-4<x<L
(T1A]) (1) = (T[A]) (1) =0.
It is easy to see that the solution 7 [A] is unique and positive. Then (4.11)

(4.12)

becomes
2

T =" A>O,/M—D:A(U:OMJ$

Let A = wx, where x € 2,. We are now going to choose &; .

S[A] = €A — A+

Let us first compute
Tinys =T [Wex) (Tm,s)- (4.14)

From (4.12), we have

1
Tm,s = ge ‘/_1 GD(ZEW%S, Z)wii(Z) dz + e.s.t.

1 Nm
= fe/ GD(xm,sa Z) Z gfn,kwgn,k(z) + Z gm,kgm,lwm,k(z)wm,l(z> dz
-1 k=1 k£l
1 "
+&, /_1 Gp(Tms, 2) Z [Z f?kwfk(z) + Zéj,kfﬂwjﬁk(z)wjﬂl(z) dz + e.s.t.
j£m | k=1 k£l
= ]1 + IQ + B.S.t., (415)

where I; and I, are defined by the last equality.
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The integral I5 is easy to compute:

Loty S e, [GD(xm,s, e /R w2 (y) dy + 0(62)}

j#Em k=1

+e DD {gj,kgj,l / Gp(Zm,s, 2)wjr(2)wjy(z) dz + 0(62)]
j#m kAl I

Y

S0 €2,Gp e 130) + O(6)

j#Fm k=1

=G [ wily)dy

(4.16)
using the estimate (4.8).

For I;, we have

h=63 6 [ Gl 2wl () dz
k=1

&Y Ennbon /I G (s, 2) e (2)wma(2) dz. (4.17)
k£l

Let us now compute

) Z = Tm,k 2
[ Golma 2w () dz = [ Gplams,2) (w (5= )) de
I ’ I €
If k # s, we have

/ Gp(Tm.s, 2)W2, 1 dz
; :

— G (Tmsy Tmp) (e /R w(y)® dy + 0(62)) | (4.18)
If Kk = s, we have

/ GD(xm,sa Z)wgq s(z) dz
1 ,

1 )
_ —|Zm,s—z|/VD 2
= —e ™ — H(xms, 2)| Wy, [(2)dz
/I [2\/D ( ’ )] ' ( )

_ [2\;5 _ H(l’m,s;xm,S)] (e/RUJQ(y) dy + 0(62)>

= Gp(Tm.s, Tm.s) (e/Rw2(y) dy + 0(62)> . (4.19)

In conclusion, we have

/IGD($m787 Z)wfnk(z) dz = Gp(Tm,s: T k) (G/RIUQ(y) dy + 0(62)>('4‘20)
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Next, for k # 1,
/GD(xm,sv Z)wm,k(z)wm,l(z) dz=0 (62/ wQ(y) dy>
I R

(4.21)
by (4.8).
Combining (4.20) and (4.21), we have
I = 556/}%102(9) dy lz §fn7kGD(xm,s7mm,k) + 0(6)1 ) (4.22)
k=1
Substituting (4.16) and (4.22) into (4.15), we conclude that
T[we,g](xm,s) = Tm,s = ng,sgj,kGD<xm,s> xj,k) + O(G)
i (4.23)
We now choose §; 1, such that
fm,s = Z gm,sgj,kGD(xm,sa xj,k)' (424)

ik
To see that (4.24) has a unique solution, we note that in the limit ¢ — 0
(4.24) becomes

21,5 = Z (i(f?k)2> GD(xgm :v(;) (4.25)

j=1 \k=1

By (H1), (4.25) has a solution with &), , = £),. By (H2), Lemma 3.2, and the
implicit function theorem, (4.24) has a solution. From (4.23) and (4.24), for
this solution it follows that

s = Emes + O(e). (4.26)

This concludes the construction of our approximate solutions.

5. COMPUTATIONS II: THE SPACE DEPENDENCE OF THE HEIGHTS

In this section, we compute the space dependence of the heights which is
given by the difference 7 [we x| () — T [We x| (Tm,s) for x € , and |z — 2, 5| <
0. This is an important step in determining the spike and cluster locations.

To simplify our notation, we let
Hex =T wexl. (5.1)
Let x = x,, s + €y. Similar to Section 4, we calculate

Hey(Xpms +€y) — Hex(Tm.s)
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= fe/] [GD(xm,s + €y, Z) - GD(xm,s; Z)]
X (% & ki i (2) +> §m,k§m,zwm,k(z)wm,l(2)) dz
k=1 e
+€€/I [GD(xm,s + ey, Z) - GD<:Um7S7 Z)]
X (Z ZJ: Erin(z) + ij,kfj,le,k(Z)wj,z(2)> dz
jEm k=1 j#m k2L

= Jy+ Ja, (5.2)

where J; and J, are defined by the last equality.
We first calculate Js:

J2 - 56/[ [GD(xm,s + €y, Z) - GD(:L'W,S’ Z)]

X (Z iﬁikwik@ +> ij,kfj,le,k(Z)wj,Z(Z)) dz

j#m k=1 j#m k£l

= fe/} [vxm,sGD(mm,sy Z) =+ O(d@/‘)} €y

X (Z ijg?,kw]k )+ DD &aEawik(z) w2 )) dz

j#m k=1 j#m k#l
"y
= [Z > kY Go(@ms, i) + O(GI@/D] €y (5:3)
j#Fm k=1

by (4.8). For .J;, we have
Jl - fe/l [GD(xm,s + €y, Z) - GD(xm,& Z)]

X (% & ki i (2) + > fm,kﬁm,zwm,k(z)wm,l(z)) dz

k£l

—@zsmk J (G + €. 2) = Gl 2) (=) dz

63 i [ (G + €. 2) = Gl 2)] Wi () () d2
k£l

= 6.3 € [ [00(r,2) = Gl ) e + O -
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by (4.8). Note that
[ Gl 2) = Gplims, ) w? (Z=2E) s

I €

_ / [1 <€_|x_z|/\/ﬁ _ €—|a:m,s—2|/\/5> — (Hp(z,2) — HD(xm,s>Z))‘|

I12v/D
X w? (Z_xm’k> dz
€

~lz—z|/VD _ €f|zm,s—z\/@) w? (Z_xmk> "
€

1
:2\/5/[(@

—Va, H(Tms, T i) <e2y/ w?(z) dz) + O(e’y?). (5.5)
’ R
Let z =z +€2. If k = s, we have

~le—z|/VD _ ef|xm,s—z\/\@> w? (Z—fmk> "
€

1
575 ¢

1 —ely—2|/vD —€el2|/VDY , 2 (3\ J%
_ 2\/56/R<6 v—2/vD _ H/f)w (2) dz (14 O(ely|))
1 s - 2 /N g~ 2,2
- 2\/56 [E/R(|z] — |y — Z])w* (2) dZ+ O(e“y )}
1 2 9
— 2\/56 {eTo(y) + O(€e%y )} , (5.6)
where
To(y) = [ (15— Iy = 2 wi(z) dz (5.7)

is an even function. If k£ # s, then

~le—z|/VD _ e—|xm,s—z\/@) w? (Z—fcmk> I
€

1
575

= € / (67|Im757$m,k+€(y72)‘/\/ﬁ _ €7|xm7sf:rmyk752|/\/ﬁ) w? (§> ds
D Jr

2v/D

e 2| - | +ely - 2))
= — ——= (|Tm,s — Tmp — €2Z] — |Tms — Ty ey —2
oD Jn |yD e T s mE T

+O(|zm,s — mmk|2) w? (2) dz

€ 1 Tm,s — Tmk 2 2 1 2
= — : : ey + O <e lo > / w dy.
2v' D [\/D ( ‘xm,s - $m7k|> Y & € R (y) y (58)
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Combining (5.3), (5.6), and (5.8), we have
He,;(xm,s + 63/) - He,§<xm,s)

€
= To(lyl)En
NCIREmETR
L 2 i Tm,s — Tm,k

ks ‘:L'm,s - xm,k|

Nm
- Z g?n,kvlvm,sHD<xm,sy Im,k)€y

k=1
N nj
+ Z Zgjkva:méGD(Im&x]k €y+ZZ§jk 2|y|
j#m k=1 Jj=1k=1

6. COMPUTATIONS III: THE ERROR TERMS

In this section, we compute the error terms.
Recall from (4.12) that

S[A] =4 — A+ —
where 7 [A] is defined by (4.12). We now compute the error term

N ny
S wex == [ZZ&]kwjk]

j=1k=1

nj

N
=2 > &ikWik
1

j=1k=1

N nj
(zz w)
1 k= k
2
( 1 1fykwjk>

He 75

2
N n; ' ' N n
j=1 (Zkzl §g,kw;,k> + e.s.t. )
- H S IP I I
€,X

=1 k=1

N ( ) 1 )
= &; ( ) w >
; Z 7,k Hex gj,k i,k

al 1
+ZZ§; kfylwg kwsz + e.s.t.

5 (Z g Lot = Ta0) + (e~ H“")w;,k)

<
Il
-
1%

(5.9)

(6.1)
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1
+ Z Y &k wsi— +e.s.t. (6.2)
J=1k#l H

By (4.9), (4.26) and (5.9), this implies that
1Sefteadll 22,1y = O(O). (6.3)
The estimates derived in this section provide an important step that will
make our approach work in the rest of the paper.
7. THE LIAPUNOV-SCHMIDT REDUCTION METHOD

In this section, we use the Liapunov-Schmidt reduction method to solve
the problem

U]

z_jkz dw” (7.1)
(=2

L, 1) which is small in the

N nj
Se [Z Z §j7kwj7k +v

j=1k=1

for real constants 3;; and a function v € H
corresponding norm, where &, is given by (4.24), wjy is defined by (4.6),
and X = (.Tl’l, AR R L. 2 A TR JIN’nN> c Q’?‘

To this end, we need to study the linearized operator

Ley : H*(I) — L*(I,)

defined by
jd ! " 2A¢ A2 /
Le,x::S€A¢:€2¢ _¢+ - TA(b?
=S Y e TA9)
where A = Zlek VEpwin, Lo = (=1, 1), and for a given ¢ € L*(I) we

introduce T'[A]¢ as the unique solution of

{ D(T'[A]¢)" — (T'[A]p) + 26, Ap =0, —1<ax<1,

7.2
(T'[AJg)' (—1) = (T"[A]¢) (1) = 0. 2

We define the approximate kernel and co-kernel, respectively, as follows:

dwj,k .

d ] 5o

Kex := span { .,N,kzl,...,nj}CHQ(Ie),

dx

dws
Cex := span {w]’kal,... N, k=1,... ,nj} c L*(1.).
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Recall the definition of the following system of linear operators from (3.2):

LD :=AD — O + 200

([ rosa) (frea)

P11

where

.¢1,n1
: € (H*(R)).
N

¢N,n1\1
By Lemma 3.4, we know that

L:(Xg® - ®Xo)" N(HR)™ - (Xo@ - & Xo)" N (L*(R))

is invertible with a bounded inverse.

We also introduce the projection wéz : LA(1) — Cjé and study the opera-
tor Ley := T © Lex. By letting € — 0, we will show that L, : K& — Ch
is invertible with a bounded inverse provided € is small enough. For this
we will use the fact that the operator L is the limit of the operator L.y as
e — 0.

This statement is contained in the following proposition.

Proposition 7.1. There exist positive constants €, , A such that for all € €
(0,€), x € Q,, we have

[ Lex®llzz@0 = Aol a2 (7.3)

Furthermore, the map

1 F L 1
Lex =m_0Lex: ICE,5 — Ce,§

18 surjective.
Proof of Proposition 7.1: This proof follows the method of Liapunov-

Schmidt reduction which was also used in [1], [11], [12], [9], [18], [19], and
26].
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Suppose that (7.3) is false. Then there exist sequences {e;}, {x*}, {#"}
with e, — 0, x* € Q,, such that
HLekék(ékH[g([ek) — 0, as k — 00, (7.4)
|’¢k||H2(Iek) =1, k=1,2,.... (7.5)
We define ¢ jx, j =1,2,... ,N,l=1,... ,n; and ¢ n+1 as follows:

r — l’jJ

beia(@) = ol (“5H) e, (7.6

¢€,|n\+1(x) = ¢6($) - Zgbs,j,l(x), rel.
75l

At first (after rescaling) ¢.,; are only defined on I.. However, by a standard
result they can be extended to R such that their norm in H?(R) is still
bounded by a constant independent of ¢, and x* for € small enough. In the
following, we will study this extension. For simplicity, we keep the same
notation for the extension. Since for j = 1,2,... ,N,l = 1,... ,n; each
sequence {¢f} :={¢., i1} (k=1,2,...) is bounded in HZ (R), it has a weak

loc

limit in H2.(R), and therefore also a strong limit in L7, .(R) and L{%,(R). Call

loc loc
P11
¢1,n1
these limits ¢;. Then & = : solves the system
PN
¢N,n1\r
L® = 0.

By Lemma 3.3, ® € Ker(L) = Xo @ --- @ X. Since ¢* € K, by taking
k — oo we get ® € Ker(L)*. Together, these two statements give ® = 0.

By elliptic estimates, we get ||¢¢, jillm2r) — 0ask — ocoforj=1,2,... ,N,l =
17 <Ny

Furthermore, ¢ nj+1 — @nj+1 in H?(R), where @, 4 satisfies
A¢|n\+1 - ¢|n\+1 =0 inR.

Therefore, we conclude that ¢, = 0 and |’¢'|I€n\+1HH2(R) — 0 as k — 0.
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This contradicts ||qz§k||Hz(1€k) = 1. To complete the proof of Proposition 7.1,
we just need to show that the operator which is conjugate to L.y (denoted
by Lt ) is injective from Ky to CZ,. Note that L}, ¢ = mx 0 f/:é with
2AY , A?
i)~ T e
The proof for L}, follows along the same line as the proof for L.y and is
therefore omitted. O

E:éw =AY — )+

Now we are in a position to solve the equation

T 0S(wex + ¢) = 0. (7.7)

675

Since Lex|x._ is invertible (call the inverse L_y) we can rewrite this as

¢ = _(Le_é © Wﬁ,_i 0 Se(Wex)) — (Le_é o 7reJ,_§ 0 Nex(9)) = Mcx(9),
(7.8)

where

/

Nex(9) = Se(Wex + @) — Se(Wex) — Se(Wex)d (7.9)
and the operator M, 4 is defined by (7.8) for ¢ € H?*(I.). We are going to

show that the operator M, is a contraction on

Beyy = {6 € H*(I)|||9l 21,y < 7o}

if ro and € are small enough. We have by (6.3) and Proposition 7.1

M@l < A7 (IIm © New(@)ll 21

+]

T © Selwe)| )

< A HC(e(r)ro + €),
where A > 0 is independent of rg > 0, € > 0 and ¢(ry) — 0 as ro — 0.

Similarly, we show
[Mex(0) — Me,&(d)HHQ(Ie)
<A C(e(ro)ro)lld — ¢ [y,
where ¢(rg) — 0 as ro — 0. If we choose ry = €¢* for @ < 1 and € small
enough, then M, 4 is a contraction on B, ,,. The existence of a fixed point
¢ex now follows from the standard contraction mapping principle and ¢, x

is a solution of (7.8).
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We have thus proved

Lemma 7.2. There exist € > 0 n > 0 such that for every pair of €,x with
0 <e<€andx €y, there is a unique dpcx € KX satisfying Se(wex+dex) €

Cex. Furthermore, we have the estimate

|exllmzr) < Ce, (7.10)

where oo < 1.

Remark 5.1: By one more iteration, it can actually be shown that
| Gexl 201y < Ce. (7.11)

8. THE REDUCED PROBLEM

In this section, we solve the reduced problem. This complete the proof of
our main existence result given by Theorem 2.2.

By Lemma 7.2, for every x € €2, there exists a unique solution ¢ x € /Céi
such that

Se[Wex + Pex] = Vex € Cex. (8.1)
Our idea is to find x* = (27 ,... ,27,,,--- , TN 1, -+, T pn,) € §2,y near
x? = (:13(1)’1, . ,m?m, . ,x?\,vl, . ,x?\,ﬂw) € Q
such that also
Se[Wexe + Pexe] L Cexe (8.2)

and therefore S¢[we xe + @exe] = 0.
(Recall that € contains only one point.)

To this end, we let
dw
Wems = 71/86 €,X €,X 2
ms(X) =€ | Selwex + dead =

We(z) = (We,1,1(l); s 7W6,N,nN (K)) : Qn - Rm'

dx,

Then W,(x) is a map which is continuous in x and our problem is reduced
to finding a zero of the vector field W, (x).

We note that
dwyy,

d
dacx

1
€ /I Se|Wex + P x]
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AWy, s

= /I [SE[UJE,X] + S; [Wex] (Pex) + O(”@x”?ﬂ([{))] dx7 dx

_1/8 wexdwmsd +O()

since
dwy, s

! [ Sl (@) =

2

" 2 €. X we X
=e" /I [62¢e,x — Pex + e Gex — = (T/[we,X](be,X)]

dwyy,

d
de

T{wex] (TTwex])?

2
dwyy,

_ 1 1 w? )
— € 1/1 [[T[we,x] — 5]:]210@@,; - m(’f [wE,x]¢e,x)] o dx

=t (fj,k — TlJC) + (Tj,k‘ - T[we,z] w?,; / d’LUm,s
—_ /[ { JT[wgé]gj?k 2¢e,§_m(7 [wﬁ,x]¢e,x)] . dx

= O M bexllm2rye)
= O(Selwexr2r.,)) = O(e).

Thus it remains to compute

/3 Wesd dwm dz = cps. (8.3)
Let © =z, s + €y. By (5.9), we have
/5 Wes] dw”” /S Wew' () dy + O(e),
where
w'(y) = duc)l;y)

For clarity, we set
w:TL,S(y) = w/(y) SinCe xTr = :Cm7s + Gy'

We calculate by (5.9) and (6.2)
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1 o m,k Hex
= 2 G [ SRy
L dy + O(e)

wmkwml
+- ngkfml/i ms
k;ﬁl

5 ) - X
:757”,8/ — E7ujms msdy
ex

P G [ SR 0l dy
k;és
wmk m,l /
€ k2l
(8.4)

=FE1+Ey+ Es

where Fy, Fs, and E3 are defined by the last equality.

By (5.9), we have
1 Tm,s — Tm,k .9

El - gy m

lgé;g 2D ’xm,s - xm,k’ b

- Z 53n,kv$7n,sH(xm757 T, 1)
k=1
£ VGl i) |5 [ 0w dy,
j#m k=1 R
= Z 57271,1@0(6)
k#s

W, wmswmg
IR Tms gy 4 O e)

Z EmkEm,s / M.,

k;ﬁs
—mek/wms (e dy + O(e)
k#s
s _5’3’"”“) dy + O(e)

*mek/ ,<y+x

k#s

Tm,s — T,k Tm,s — Tm,k 1
) 5 [0t dy+ 00,

ZEmkuj( € — Tpi| 3

k:;és
In summary, we obtain the following vector field

en (L [ a)

| T,

(8.5)

(8.6)
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171 3 -1 dw,y,
- (3 /Rw (y> dy> /l_Se[we,é] dx

€ Az, s

1 1 Tms — Tm Tm,s — Tm
= 3 (e — gl (7)) p

ks € |[Zim,s — Tk

j
+ Z Z sz,kvmm,sGD (xm,m xj,k)

j#Em k=1

- Z gzn,kvxm,sH(xmv‘g’ xm’]{;) _|_ O<E>
k=1
]' 2

_ 1 Tm,s — Tm,k Tm,s — Tm,k
5 (- ()

ks € |xm,s - Im,k
+ Z VIMGD(xm,xj)njff
j#m

N i H (@, T )2 + O(¥/4).

Tm

(8.7)

Note that when x = x% = (29 ,,... , 27, ,... ,2%,,... , 2}, ) € Qo we have

N7nN

1 1 xgzs_xg’bk l‘?ns_l‘gnk
5 (Gl = Tealathu (e k) ) e

k+#s € |xg’b,8 - x?n,k‘

=0 (Zi [k (x7) — E?n\) = 0(¥)

since
1 1 A 20—,
<@V—$w(’“ ’)) ms = Ik | o
;s (20 € € |20, 5 — 2, ]
1
= @(5&)2(23 —1—ny)
1 29 -0 20 =0
+*€9n (’LU( m,s+1 m,s 1> —U}< m,s m,s l)) +O(€)
€ € €
= O(e)
since
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Furthermore,
- Vo, Gp(g, a9)n& — Vo H(a),, xp )nmés, = O(E¥1)
i#m
by assumption (H3).
Let
Fins(x) = Z (152 - lém W (mm,s — l’mk>> Tm,s — Tm k
e 2D e

k#s € [Fms = Tkl (8.8)
+ Z Ve, Gp(Tm, :cj)njﬁf — Vo, H(Zpn, T )2,
Jj#Em
Then we have

Wejw = Fiu(x) + O(e¥) (8.9)
and
W ix(x%) = O(e). (8.10)

We need the following lemma.

Lemma 8.1. Let
Fou(%) = Y Vo, Gp(Tm, 5)165 — Ve, H(Zm, Tn)nn,
JFEm
and Fy ;. 5(x) be given by (8.8).
Suppose that
det(V,, F;(x°)) # 0. (8.11)
Then

det(Va, , Fim,s(x°)) # 0. (8.12)

Proof: We denote
(Ve F(x)) = (myg).
Note that m;; is the (4, j)-th element of the matrix M defined by (2.15).
Then, by definition, it is easy to see that
x

Zms  Tmes—1l) & -1 1— =2, ...
w (TSI ) (s ) 1= ]+ 05 = 2

20— 0
w (msmk> =0(é?), |s — k| > 2,

€
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) My, ifi#jv
sz,tFl,z,s - { CO(i>ait + My, if 2 = j’

where (i) = 51 > 0 and a’, is the (s, t)-th element of the following (n; X n;)
matrix
ai, ay, 0 . - 0
‘ ahy ahy b
A=) =] ,

(8.13)

where

ay, = (nz —1),aj, = —(n; — 1),

aé(s_l) = —(s=1)(ni+1—s),a’, = —(ni+1—23),ai(s+1) = 5(ni—s),8=2,...,n;—1,

a’fﬁ,i(nifl) = _(nl - 1)’ a:lznl =n; — ]‘
Observe that
Sty = 3oy - (5.14)
s=1

and zero is a simple eigenvalue of A’. (See [2].)

Suppose that we have

N ng

ZZV%,SFLJ"tni’S = 0, j = 1, Ce ,N, t

i=1s=1

I
—

This implies
N g

0= Z Z szthLz',sTh‘,s

i=1s=1

N Lz N ni
=Y mi > Mis+ Y coli) D almis.
=1 s=1 i1 s

By (8.14),
n; N i njo
o—zzmuzmﬁzco z(za;t)m,s
t=1 =1 s=1 =1 \t=1

N ng
= Z min; Z Mi,s-
i=1 s=1
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By assumption (8.11),

ng

Z Nis = 0.

s=1

Hence, we have
Z aitni,s =0, Z Nis = 0. (815)
s=1 s=1

This implies that

Nit =0

by (8.14) and since zero is a simple eigenvalue of A°. This proves (8.12).
O
By Lemma 8.1, at x°, we have F}(x°) = O(¢*/*) and

det(Vyo F1(x°)) # 0.
Therefore we may write W, as

We(x) = Fi(x) + O(e*)

= VA (x")(x - x") + O(|x = x"*) + O(¢%).

By Lemma 8.1 and Brouwer’s fixed point theorem it follows that for e << 1
there exists a x° € Q, such that W.(x) = 0.

Thus we have proved the following proposition.

Proposition 8.2. For e sufficiently small there exist points x¢ with x¢ — x°

such that W.(x°) = 0.

Finally, we prove Theorem 2.2.
Proof of Theorem 2.2: By Proposition 8.2, there exists x* — x° such
that W.(x) = 0. In other words, S¢[wexe + ¢exe] = 0. Let Ac = & (wexe +
Gexe)s He = E T [Wexe + ¢Pexe]. By the Maximum Principle, A, > 0, H. > 0.
Moreover (A, H.) satisfies all the properties of Theorem 2.2.
O
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9. PROOF OF THEOREM 2.1

In this section, we show how Theorem 2.1 can be proved easily without
any assumption on D. In fact, by reflection, we may assume that N = 1.
We may further assume that A(—z) = A(x), H(—xz) = H(zx). There are two
cases to be considered: n is even or n is odd. We choose ;1 < 25 < ... < z,
to be such that

1 -0
elogg — elog[gb(l —Dn+1=0D]—ne<z—x14
< clogt — cloglSh (1 1)(n 11+ (9.1)
< elog — — elog[5 n ne .
and
> x;=0 (9.2)
=1
Thus we have (n — 1) independent variables from (zy,...,z,). On the

other hand, the matrix A’ with n; = n has exactly (n — 1) nonzero eigen-
values and one zero eigenvalue. So if we proceed as in Section 8, we have
nondegeneracy. Similar arguments as in Section 8 give the conclusion of
Theorem 2.1.
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