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Abstract: In this paper, the distortion of cantilever box girders with inner flexible thin diaphragms
is investigated under concentrated eccentric loads using initial parameter method (IPM), in which
the in-plane shear strain of diaphragms is fully considered. A high-order statically indeterminate
structure was established with redundant forces, where the interactions between the girder and
diaphragms were indicated by a uniform distortional moment. Based on the compatibility
condition between the girder and diaphragms, solutions for the distortional angle and the warping
function were obtained by using IPM. The accuracy of IPM was well verified by finite element
analysis for the distortion of cantilever box girders with 2, 5 and 9 diaphragms under three
diaphragm thicknesses. Taking a lifting mechanism as an example, parametric studies were then
performed to examine the effects of the diaphragm number and thickness, the ratio of height to
span of the girder, the hook’s location and the wheels' positions on the distortion of cantilever box
girders. Numerical results were summarized into a series of curves indicating the distribution of
distortional warping stresses and displacements for various cross sections and loading cases.
Keywords: cantilever girder; distortion; flexible diaphragm; initial parameter method; finite
element analysis; shear deformation

Nomenclature

A, C =top and bottom flanges t1 t2 = thickness of left and right webs
B, D =right and left webs ts = thickness of flanges
B, D = total number of diaphragms and loads before the  tpi = thickness of ith diaphragm

calculated point z

Bd(z) = distortional bimoment of cross section z V = possion’s ratio

b,h = width and height of girder Wadd = the additional distortional warping function
E= Young’s elastic modular W(z) = distortional warping function

G = shear modular X,y = in-plane coordinate axes of cross section

Hij, Vij = inner horizontal and vertical redundant forces  z = longitudinal axis of girder
H(a) = unit step function of variable o zj = location of jth concentrated load P;

It, Ik, Ir = warping/polar/frame moment of inertia zpi = mid-line position of ith diaphragm



mailto:renyz66@mail.tsinghua.edu.cn

31
32
33
34
35
36
37
38
39

40
41

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

| = span of girder Z(z) = state vector of cross section z in IPM

M, N, J, K = four angle nodes L = ratio of warping stresses between nodes J and N
Ma(z) = distortional moment of cross section z ypi = in-plane shear strain of ith diaphragm

M;j = distortional moment produced by jth loads P; »1, 92, p3, p4 = combinations of trigonometric function
Mpi = distortional moment for ith diaphragm A1, A2 = distortional coefficients of girder

m, n = total number of loads and diaphragms 6 = torsional angle of cross section

mq = distributed distortional moment x(2) = distortional angle of cross section z

n1,n2 = distance between point O and webs xadd = the additional distortional angle

O = original point zd = distortional shear stress

P; = jth concentrated load &(z) = initial transfer matrix in IPM

P(2) = transfer matrix in IPM @, @.@. @, 0.0 = first, second, third, fourth, ith and jth
s = circumferential coordinate around profile differentiates

1. Introduction

Cantilever box girders are widely applied in many cases. For instance, at container seaports,
cantilever cranes are applied to handle containers from the boat to port (Fig.1a). In construction
process, precast bridge segments are elevated and installed by cantilever cranes (Fig.1b). For
cantilever girders subjected to eccentric loads, the flexure, torsion and distortion of the cross
section are commonly concerned by designers. Both the warping deformation and stresses
produced by distortional loads are usually so large that it may have significant values in
comparison with the torsional and flexural ones.

(a) gantry crane (b) bridge construction

Fig.1 Examples of cantilever girders

In order to control the distortion of the beam cross section, diaphragms are installed at the
interior of girders, which can increase not only the stability of local plate, but also the resistance to
warping deformation and stresses [1,2]. The primary research on the distortion of girder has been
performed using two methods - the Beam on Elastic Foundation (BEF) analogy [3] and the
Equivalent Beam on Elastic Foundation (EBEF) analogy [4,5], where a thin diaphragm is
analogous to simple supports and a thick solid diaphragm to fixed supports. Additionally, the
effect of shear strain of the cross section on distortion is considered in EBEF analogy and cannot
be ignored when the frame shear stiffness is significant to distortional warping one for box girders
[6,7]. Since there is no clear boundary between the thin and thick diaphragms, it is difficult to
accurately estimate the deformation and stresses of beams in BEF and EBEF methods when
considering the thickness of diaphragms.

For a cantilever box girder with inner diaphragms, the key point of analyzing the deformation
and stresses is to find out the interactions between the girder and diaphragms. A high-order
statically indeterminate structure is modeled for girders with inner diaphragms under eccentric
loads, where the interactions are indicated by redundant forces and moments [8-10], both are
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obtained from finite strip method [11] and force method [8]. This model is extensively researched
on multi-span curved beams [12, 13]. Besides, an extended trigonometric series method [14] is
applied to analyze the deformation and stresses of the girder with inner diaphragms, where webs
and flanges are divided into several thin plates, and the thin-plate theory is applied to all members
— flanges, webs and diaphragms. Interactions between the girder and diaphragms are indicated by
compatibility conditions with respect to both displacements and forces. This method can achieve a
high accuracy for both displacement and stresses, but the number of simultaneous equations is so
large even for girders with few numbers of diaphragms that it is difficult to apply in practice. For
example, there are up to 720 simultaneous equations for a girder with only two diaphragms.

Finite element analysis (FEA) is another important method for analyzing the distortion of the
girder with inner diaphragms. Researchers evaluated the influence of the number of diaphragms
on the deformation and stresses of straight [15-17], curved [18-20] and multi-cell [21,22] box
girders with diaphragms by using FEA, where diaphragms were presumed to possess infinite
in-plane shear stiffness and free warping for both torsion and distortion. Obviously, the
assumption of infinite shear stiffness does not fit for girders with flexible thin diaphragms.
Considering the finite in-plane shear stiffness of diaphragms, a distortional stiffness ratio is
introduced [23] which is between the stiffness of various types of diaphragms over the stiffness of
the solid-plate diaphragm. Both the type and location of diaphragms will make an influence on the
horizontal loading distribution and to a less extent on the vertical one [24-26]. A research shows
that orthogonal diaphragms are superior to skew ones in reducing the transversal bending stresses
[27] and arranging the lateral loading distribution [28].

Initial parameter method (IPM), initially introduced to solve the non-uniform torsion of
beams by Vlasov [29], has been extended to analyze the distortional deformation and stresses. In
IPM, either the distortional angle or the warping function was taken as the original variable in the
distortion equation [30-32], and the distortional deformation and stresses can be obtained
according to the boundary conditions. High accuracy for both deformations and stresses produced
by IPM has been verified by using FEA for girders without diaphragms. However, IPM has not
been extensively applied to the distortion of girders with inner diaphragms. In addition,
interactions between the girder and flexible thin diaphragms are still not clear in IPM.

Previous researches on girders with inner diaphragms has been generally performed under the
assumption of infinite in-plane shear (distortional) stiffness, where the in-plane shear deformation
of diaphragms was totally restrained and the out-of-plane warping deformation was free [15-22].
However, this assumption is not applicable to girders with flexible thin diaphragms [15, 18]. The
main objective of this work is to analyze the distortion of cantilever girders with inner flexible thin
diaphragms under eccentric loads, where the in-plane shear deformation of diaphragms is fully
considered. Considering the compatibility between the girder and diaphragms, solutions for both
the distortional deformations and stresses are obtained by using IPM. Numerical results are
verified by applying FEA. Finally, taking a lifting mechanism as an example, a series of
parametric studies are performed to examine the effects of the number and thickness of
diaphragms, the hook’s location and loading positions of trolley wheels on the distortion of
cantilever girder with inner flexible diaphragms.

2. Structural model

Consider a cantilever box girder with inner diaphragms subjected to concentrated eccentric

loads Pj (j=1, 2,..., m). The coordinate system O-xyz is illustrated in Fig.2a with its original point O
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set at shear center of the cross section at the fixed end. For analysis, the distances between the
point O and mid lines of webs B and D are marked by n1 and nz in Fig.2b, respectively. The girder
is made of a homogeneous, isotropic and linearly elastic material with the Young’s and shear moduli
E and G, respectively. The entire span is I. The thicknesses of webs B and D are t; and t; and the
height is h, while the thicknesses of flanges A and C are t3 and the width is b. The mid-line
location of ith diaphragm, with the thickness being ti, is denoted as zpi (i=1, 2,...,n) measured
from the point O. The eccentric loads P; are acted on the top of web D at z;.

e

a{ K__C —
Sqe——

Flanges:A,C; Webs:B,D
Nodes:M,N,J,K

[ Fixed joint
1 Inner diaphragms

(a) cantilever girder with diaphragms (b) cross section

Fig.2 Cantilever box girder with diaphragms and its cross section
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(a) load decomposition (c) distortional frame deformation (e) distortional shearing stress

Fig.3 Loading decomposition, deformations and stresses of girders
Fig.3a shows that the load P;j can be decomposed into three components — flexural, torsional
and distortional loads. In Fig.3b, the frame rigidly rotates around the point O with angle ¢ under
torsional loads. In Fig.3c, both webs and flanges present transversal deflections under distortional
loads, where unm and v are horizontal and vertical in-plane displacements at node M, respectively.
The variation of angle at node N is defined as the distortional angle y, given by y=y1+yx2. The



117
118
119
120
121
122
123
124
125
126
127

128

129
130

131

132
133

134

135

136
137
138
139

140

141
142
143
144

145

146
147

148

149
150
151

warping displacements wq and stresses o4, produced by distortional bimoment By, are illustrated
in Fig.3d. Also, there exists shear stress zq4 in the cross-sectional profile, developed by distortional
moment Mgy, as shown in Fig.3e.

This paper will only focus on the distortional deformations and stresses of cantilever box
girders with inner flexible thin diaphragms subjected to concentrated eccentric loads. That’s also
the deformations and stresses of cantilever box girders under concentrated distortional loads.

3. IPM for the distortion of cantilever box girder without diaphragms

In distortional analysis, the warping function W(z) usually equals the first differentiate of
angle x(z). But when the shear stiffness has significant value in comparison with the warping one,
the effect of shear strain of the cross section on deformations and stresses cannot be ignored [6,7].
The distortion equation is given by [6,7]

EIW“’(Z)—%W“)(ZH El.W(z) =m{ 1)

k
where mgq is the distributed distortional moment; the superscripts “(1), (2) and (4)” indicate the first,
second and forth differentiates of W(z) and mg; I; is the distortional warping moment of inertia,

given by I, :Iwz(s)dF, (s) is the sector coordinate, F is the cross-sectional area, s is the
F

circumferential coordinate around the cross-sectional profile; Ix is the distortional polar moment

of inertia, given by I, = j w’(s)dF , w(s) is the generalized coordinate that describes the
F

deformation in the s direction corresponding to a unit distortional angle; Ir is the distortional

2
frame moment of inertia, given by I, :I{nggs)} t dF, {(s) is the deflection of the
sl ds® ] 12(1-v?)
periphery of the profile in the direction normal to the s axis corresponding to a unit distortional
angle; t is the thickness of the cross-sectional profile, and t=t; and t, for webs D and B, t=t3 for
flanges A and C;. v is the poisson’s ratio.
Under concentrated distortional loads, mq=0, and the solution for Eq.(1) is

W@)=3Bn) )

where B; (i=1,2,3,4) are the parameters determined by boundary conditions, and the ¢; (z) are:
p1(z)=cosh(112)sin(A22), p2(z)=cosh(11z)cos(A22)
03(2)=sinh(112)cos(422), p4(z)=sinh(112)sin(122)

where /i (i=1,2) is the distortional coefficients, given by

joL | [l Bl 1 [aEl Ely
2\\ EI, Gl 2\\ EI, Gl,

Relations between the function W(z) and the angle x(z), the bimoment Bq4(z) and the moment
Ma(z) are [6,7]:

EI " ! "
22)=-5W"(@), B,(2)=-EIW', M,(2)=-EIW". )
R
Substitute Eq.(2) into Eq.(3), the matrix equation
Z(2)=9(2)B (4)

is obtained, where
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152 @@2)=| @) ?,(2) 05(2) ¢,(z) |1 B={B1,B:,Bs, Ba};

2 (2) @, (2) ?;(2) 0. (2)

o'(2) @' (2) 0" (2) 0" (2)
153  Z(2) is the state vector of any section in IPM,

.
154 2(2)- {z(z), W), -2, M—‘Z’} . ©
El, El,
155 The boundary conditions for cantilever girders are
156 x(0)=0, W(0)=0, for initial end z=0;
157 Ba(1)=0, Mq(I)=0, for ultimate end z=I.
158 Correspondingly, the state vectors are
.
159 Z(0) :{O, 0, —B"—(O), Md—(O)} c Z)={x(M), WD), 0, 0}T (6)
El, El,

160 For z=0, Z(0)=#(0)B and the inverse transformation is
161 B=[®(0)]inv-Z(0) (M
162  where [@(0)]in is the inverse matrix of &(0).
163 Then substitute Eq.(7) into Eq.(4), Z(z) can be expressed as
164 Z(2)=P(z)-Z(0) (8)
165  where P(z) is the transfer matrix, given by P(z)= @(2)-[®(0)]inv.
166 Eq.(8) is the standard form of initial parameter method for distortion. Based on the relations

167  between ¢i(z) and its differentiations (see Eq.(A.1)~Eq.(A.3) in Appendix A), P(z2) is simplified as:
[ -SC"(z) -KC,"(z) -SKC.;"(z) KC,"(z)]
S
LG @ @ )

- "o oGO C@ @ G ©
Do) € e G
S _El _2.(0)_a@) 3Ky A 3h
169  where S_Zﬂf+2£2 , K= el ,C.(2) = ) A ,Cy(2) = Z ,(2) Z o (2),
N _o@)
170 C,(0)=0.(2) 200 ¢4(Z),C4(Z)—2MZ-
171 Besides, the jth eccentric load is indicated by a vector Z; in IPM, given by
172 z ~lo,0,0, % T 10
=000 (10)

173 in IPM, where M;j is the distortional moment produced by the jth eccentric loads, given by M;
174 =Pj-n4/2 [32], ny is the distance between web D and point O (see Fig.2b).

175 4. 1PM for the distortion of cantilever box girder with inner diaphragms

176  4.1. IPM solution

177 For analysis, a statically indeterminate structure is modeled with redundant forces acting
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along the junctions between the girder and diaphragms, as shown in Fig.4a. The horizontal and
vertical redundant forces Hj and Vj are illustrated in zoomed picture, where the subscript i
indicates webs and flanges, i=A,B,C,D (see Fig.2b) and j=2,3...,g. The small circles indicate the
joints where the redundant forces are located.

I Fixed joint
T Inner diaphragms

ith diaphragm

f
A
!

Mpi /tpi

-« -« - -

- - < <

Zoomed picture
(a) a statically indeterminate structure (b) distortional boundary

Fig.4 High-order statically indeterminate structure

In order to analyze the interactions between the girder and diaphragms, two assumptions are
made:

(1) Self balance assumption for in-plane forces of diaphragms

For diaphragms, summations of in-plane redundant forces and moments are all zeros under
distortional loads. So only the distortional component of redundant force is reserved, as illustrated
in Fig.4b. Furthermore, referred to the formation of the external moment M; [32], all distortional
components of redundant forces can be gathered and indicated by a moment My for the ith
diaphragm. So the interactions between the girder and diaphragms can be represented by the
moment Myi. The My;, in the direction opposite to M;j, will resist the warping deformation and
stresses of the cross section. Similar to Eq.(10), the moment My is indicated by the vector Z; in

IPM, given by
T
M .
Z,=40,0,0, Bt (11)
ElLt,

(2) Compatibility condition between the girder and diaphragms

The in-plane shear strain y,i of the ith diaphragm is considered, given by ypi =M /(Gbhty),
which is opposite to the distortional angle at the mid line of diaphragm. That is: y(zpi)= — ypi for
0=i=n. This is the key point to analyze the distortion of cantilever girders with diaphragms.

Combining Eq.(10) and Eq.(11) with Eq.(8), the vector Z(z) is given by

/2

2(2)=P@)2(0)-

B Zpi
i=l

P(z—zi)Zpidzi—ZD:P(Z—zj)Zj (12)
25 —t5i/2 i=1
where B and D are total numbers of diaphragms and eccentric loads before the calculated point z,
respectively; zpi is the mid-line location of the ith diaphragm (i=1,2,..., B); z; is the location of the
jth distortional loads (j=1,2,..., D); transfer matrices P(z-zi) and P(z—z;) are those obtained from
P(2) by substituting the variable z by ‘z-z;’ and ‘z-z;’.

For z=I, Eq.(12) changes into

n Zpittpil2

Z()= P(I)Z(O)—z I P(l-2)Z,dz —i P(-2,)Z, (13)

=1 7,502
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where Z(I) and Z(0) are matrices referred to Eq.(6).
Combining the third and forth equations in Eq.(13), B4(0) and Mq(0) are obtained. Then, the
angle y(2) and function W(z) are finally solved by substitute B4(0) and Mq(0) into Eq.(12).

Z s (DM +Z 0é(Z,2, )M

O = A 40,0 a4

Zn: B277i(Z)M pi +Zm: ngls(zv ZJ)M
M A0 )

where the superscripts '1' and 2" in #(z) and &(z, z;) are related to the angle y(z) and function W(z).
Similarly, the subscripts 'B' and 'D' are related to the values of B and D.

2 t. t
R el (N S R (R Y]
t, 2
—H(B+£—ij—2/113(0’0) ;’f(z—z ,tﬂJ
2 t P2
2 t, t,
ani(z):t_{ [I—z ] 2(1,2) + & [I—z j/lzo(l z)}
+H(B+£—ij—2Al3(0’O) z‘)jl)(z—z Itﬂj
2 ty P2

Dlgls(za Z') = F13(Z1Z')_ H (D"'%_ jjqof)(z _Zj)Aie.(an) '

Sou(t2) =Tt +H( D43 - 1 ou2-2)4,00)

where H(e) is a unit step function. Specifically, H(a)=1 for a>0; H(a)=0 for a<0. The superscripts
‘(2), (2), (3), (i) and (j)’ is the first, second, third, ith and jth differentiates of functions ¢n(a) and
(ﬂm(a).

(i) ) i 3
i _|ew (@) - (B) o) @ p)| _d4(a.p)
/) W@ @] P00 ol @) @A) =g
j o (@) o’ (B) @) (-4 o2(@) ¢ (p)
)10 @) s”w)‘ AR, @) <b4,-(l—/z,|>" 2@ = ) ¢,1’(ﬂ)‘
— o2(0) (e, B) d°ry(a p)
F'J (alﬁ) ¢f3) (0) A4J(a/,ﬂ) 1 1) (a ﬁ) da3

In calculation, ¢nY(a) is the integral of gn(a), given by
1) (@) = A (@) + Lo (a) D(a) = Ao (@) - L (a) '
o+ 2 X+ 2
Besides, when the calculated point z is located in the thickness of (B+1)th diaphragm (zp@+1)
—tpE+)/2 =2 =2pE+1)Hpe+/2), the additional yada and Waga should be involved.

,(04
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M p(B+1) tp(B+1)
e + BB 16
Xadd = 21l tp(B+1 { A, — [ p(B+1) 5 (16)

M +.
Waag = 5 E(IB .
A’.L;LZ ttp(B+1

where zp@+1), tpa+1) and Mpe-+1y are the mid-line location, thickness and distortional moment for
(B+1)th diaphragm, respectively.

Obviously, from Egs.(14)~(17), both the angle y(z) and function W(z) are related to moments
M;j and My;. Since the moment M; has been given in Eq.(10), the solutions rest in My;.
4.2. Derivation of My;

Based on the compatibility condition, compatibility equation is given by (T=1,2,...,n)

t
(B+1)
5”45 1)( ~Zyeay T p2 j 17)

; Tlﬂi(ZpT)M pi + ;T1€13(ZpT ’ Zj)Mj s M oT [2}1]2 _(/752) (tpT /2):| _ M oT (18)
22, 2,El o 4,,(0,0) 20t ~ Gbht,;

2 t, t.
Tlni(ZpT):r|: zoztl(l_zpi’%j 331(ZpT1|)+‘§§10(|_Zpi’%jAslz(szvl):|
pi
1 .\24.(0,0) .o, t, '
_H(T—E—u]ﬁtT o sz—zpi,%

o (202,) = D(Zyr2,) - H(k +——Jj (2,7 —2,)45(0,0)

where

k1 is the number of eccentric loads before the T th diaphragm.
Correspondingly, the matrix equation system for Eq.(18) is
7-Mp+e=0 (19)
where

Ry Tlnz(zpl) Tl77n(zp1)

Tlnl(zpz) R, T177n (sz)

pL!
1 1
Tnl(zpn) TUZ(an) Rnn
m m m T
E:{ZTlgls(zpl’Zj)Mj’ZTlgIS(ZpZ' j Z l‘913(an’ j } :
j=1 j=1 j=1
and the diagonal element in the matrix # is

e S5 5]

pl

Then the moment My, is obtained based on the Cramer rule, given by

M pi = _; Qij M j (20)
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where Qij=|ni|/|n|; the ‘|»|’ indicates the determinant of the matrix #; For the matrix #;, all columns

keep the same with the # except for the ith column [T1€13(Zp1, Z]’) ;T1813(Zp21 Zj) Tlglg(zpn, Zj)]T.

4.3. Simplification for x(z) and W(z)
Substitute Eq.(20) into Eq.(14), and the angle y(z) changes into

ZZ[ 813(2,2 ) Blni(Z)Qij \JM
7(2)= WZEIRAu(o,O)

where m and n are the total numbers of distortional loads and diaphragms, respectively.
The number of calculation steps in Eq.(21) is mxn, which is time-consuming for girders with
many diaphragms under lots of loads. So a matrix equation system is established, given by
nx =y (22)
where the matrix # is referred to Eq.(19); the matrices x and y are

(21)

Xy X, X, YuYie 7
X0 X X | . YoV Von

X = Ly = S
an Xn2 Xnn ynl }/nZ ynn

i[Dlgls(z!Z')Tlnk(ng)/n_Blnk(Z)Tlng(Zpgl J):'M (9#k)

j=1

where the element y, =1
> 062 2Ry /= g0 (2)fea(z,,2) M) (g=K)
j=1
In this way, the numerator of the angle y(z) in Eq.(21) is transferred to the summation of
diagonal elements in matrix x. And the angle is expressed as
1 n
x(2) = X;; (23)
22 4,El:4,5(0,0) le
Similar to the solution y(z) in Eq.(23), the function W(z) is given by

W (Z) = L Zn: Xij (24)

2, 1,El, 4,,(0,0) 43

Z[ o (2, Zj)Tlnk (Zyg )/n - ank(Z)Tlng(ng ' ZJ)J M; (9 #k)
where the element ,, = =

m

Z[ngm(ziz‘)Rgg/n_3277k(Z)T1513(Z ng j)] (9=k)

)

Taking the node N as an example, the distortional warping displacement wy, stress on and
shear stress Ty can be obtained [33], given by

Ebh(h—b)W @ (2)
96

bhW (z) o (2) = — Ebhw @ (z)

W )=~ 05 1y T

N (Z) = (25)

3bt, + h'r1

where fq is the ratio of distortional warping stresses between the nodes Jand N, g, = Bt 2 hi
3 + 2
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5. Verifications with FEA

In order to verify the accuracy of IPM, cantilever box girders with 2, 5 and 9 diaphragms are
investigated under three diaphragm thicknesses by using FEA software package ANSYS. In the
FEA model, Young’s modulus E=210GPa, Poisson’s ratio v=0.3, the span I=1m, width b=0.1m,
height h=0.2m and the flanges and webs thickness t=0.01m. Diaphragms are uniformly distributed
along the span, with the thickness t, being 0.005m, 0.01m and 0.02m, respectively.

Figs.5a, b and c give the mesh condition for cantilever girders with inner diaphragms using
four-node element Shell63, where all DOFs are restrained on the fixed end. Convergence tests
show that 1650 elements are appropriate for girders with two diaphragms, 1942 for those with five
diaphragms and 2026 for those with nine diaphragms under the element size of 0.02m. Two
concentrated distortional loads are applied at the cross sections z1=0.45l and z,=0.55I, including
two horizontal components P, (Ph=1.25 kN) on flanges and two vertical ones Py (Pv=2.5 kN) on
webs, as shown in Fig.5d.

at sections z;=0.451 and z,=0.55I
(c)n=9 (d) loading application

Fig.5 Meshing grid and loading application
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(a) warping displacement (b) warping stress (c) frame deformation

Fig.6 3D contours of cantilever box girder with 2 diaphragms under distortional loads (amp=3000)
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(a) Warplng dlsplacement (b) warplng stress (c) frame deformation

Fig.7 3D contours of cantilever box girder with 5 diaphragms under distortional loads (amp=10000)
Fig.6~Fig.8 give the 3D contours of warping displacements and stresses for cantilever box
girders with 2,5 and 9 diaphragms, in which t,=0.01m. The ‘amp’ indicates the amplified factor of
deformations. It is seen that the largest warping displacement and stress both occur at the junctions
between webs and flanges at the loading sections. With the increment of the diaphragm number,
the largest warping stress reduces from 5.86Mpa to 1.55Mpa and displacement from 1.83um to
0.268um, and the frame deformation on the free end obviously become small.
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(a) warping displacement (b) warping stress (c) frame deformation

Fig.8 3D contours of cantilever box girder with 9 diaphragms under distortional loads (amp=20000)
Fig.9~Fig.11 give the comparison results between IPM and FEA for the distortional angle,
warping displacement and stresses of cantilever box girders with 2,5 and 9 diaphragms,
respectively. Each subplot includes three groups of curves and dots, divided by three thicknesses
tp/t=0.5, 1 and 2. The distortional angle in FEA model is calculated by the transversal
displacements at nodes J, N and M (see Fig.2b).

UX, - UX, N uY, - UY;,
h b
where UXy and UXw are x-axial displacements at nodes N and M, respectively; UY; and UYy are

y-axial displacements at nodes J and N, respectively.

x(2)= (26)
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Fig.9 Comparisons of distortional angle, warping displacements and stresses between IPM and FEA for cantilever

girders with two diaphragms under three diaphragm thicknesses
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Fig.10 Comparisons of distortional angle, warping displacements and stresses between IPM and FEA for cantilever

girders with five diaphragms under three diaphragm thicknesses
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Fig.11 Comparisons of distortional angle, warping displacements and stresses between IPM and FEA for cantilever
girders with nine diaphragms under three diaphragm thicknesses

Some findings can be drawn from Fig.9~Fig.11 as follows:

(1) Good agreements between IPM and FEA are evident for the distortional angle, warping
displacement and stress of cantilever box girders with inner diaphragms, which well verifies the
two aforementioned assumptions.

(2) The diaphragm thickness cannot be ignored, since the differences between girders with
thin flexible diaphragms and thick solid ones become evident with the increment of the diaphragm
number.

(3) Compared the girders strengthened by 2 diaphragms with those by 5 or 9 ones, it’s worth
being noted that the mid diaphragm effectively restrains the transversal deformation of the cross
section at midspan.

(4) The largest error of distortional angles between IPM and FEA occurs at loading sections,
where the FEA result is 20% larger than the IPM one for girders with two diaphragms (Fig.9a).
However, this error reduces to 13.9% for girders with five diaphragms (Fig.10a) and 10.9% for
those with nine diaphragms (Fig.11a). Since there is no diaphragms or stiffeners at the loading
sections z1:=0.45| and z,=0.55I, the error between IPM and FEA can be attributed to the local
stress concentration. So the distortional angle obtained from IPM is susceptible to the influence of
stress concentration, and it is necessary to install more diaphragms at the loading sections.

6. Parametric study

== Fixed joint
= \Wheels of trolley

3 Inner diaphragms Pp--——o
Eccentric load P;j at sections  Distortional loads
z=0.91 and z=I Pnand P,
(a) moving lifting mechanism (b) distortional loads extracted from eccentrical loads

Fig.12 Lifting mechanism and the eccentric wheel loads
As shown in Fig.12a, a lifting mechanism model, including two girders and one trolley, is
applied to investigate the effect of the diaphragm number and thickness on the distortion of
cantilever girders. For simplicity, the measurements are set as ti=t,=ts=t, t/b=0.1 and b/I=0.1.
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Diaphragms are distributed uniformly in the span. As shown in Fig.12b, eccentric loads P; and P;'
(j=1, 2) on trolley wheels are located at the cross sections z=0.91 and z=I, and only the distortional
deformations and stresses are studied in this section.

Based on the IPM, four quantities - distortional angle, warping displacement and stress, shear
stress are analyzed with respect to the diaphragm number and thickness, the ratio of height to span
of the girder, the hook’s location and the trolley wheels' position. Specifically, the effects of the
diaphragm number and thickness, the ratio of height to span of the girder on four distortional
quantities are considered in Case I, followed by the hook’s location in Case Il and the wheels'
positions in Case IlI.

6.1. Casel

Taking the node N (see Fig.2b) of the cross section z=0.95l as an example, relationships
between the four quantities and the diaphragm number n are summarized in Fig.13 varying with
the ratio h/l of height to span of the girder, where tp=t and P1=P>. The ‘R-y’, ‘R-wq’, ‘R-04’, ‘R-74’
represent the non-dimensional values of distortional angle, warping displacement and stress, shear
stress of cantilever girders with inner diaphragms over those without diaphragms, respectively.

Some findings can be drawn from Fig.13 as follows

(1) In Fig.13a, the distortional angle reduces exponentially with the increment of the
diaphragm number. The descending tendency is initially remarkable and then slows down when
n>5, especially for girders with smaller ratio h/l. The warping displacement has the similar
variability except for the girder with h/1=0.1, where its apex occurs at n=4, as shown in Fig.13b.

(2) Both the non-dimensional warping stress and shear stress are larger than 1 and increase
exponentially with the diaphragm number. The ascending tendency is initially remarkable and
then slow down when n>4, especially for girders with smaller ratio h/l, as shown in Fig.13c and d.

1

1=0.1 =01 qgl-o-hI=0.1 o h/1=0.2
1=0.2 =02 ~°[=h/l=0.2 2| =~-h/I=0.3
0.8 1=0.3 =0.3 ~-h/l1=0.3 —h/I=0.4
' 1=0.4 =0.4 1.4 —h/I=0.4 -4-h/I=0.
1=0.5 =0.5 -h/I=0.5 1.8
0.6 513
o 0.4 @12 @
1.1] 14
0.2
1 1.2

O23456789 023455789 23456171829 23 456789

n n n n
(a) distortional angle (b) warping displacement (c) warping stress (d) shearing stress

Fig.13 Relationships between four distortional quantities and the diaphragm number n
varying with the ratio of height to span h/l

Four quantities are also analyzed in Fig.14 varying with the ratio tp/t of thicknesses between
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(d) shearing stress

Fig.14 Relationships between four distortional quantities and the diaphragm number n

varying with the thickness ratios tp/t



370  diaphragms and the girder, where h/1=0.2 and P1 =P».

371 Some findings can be drawn from Fig.14 as follows

372 (1) In Fig.14a and b, the distortional angle and warping displacement reduce exponentially
373 with the increment of the diaphragm number. The descending tendency is initially remarkable and
374 then slow down when n>5. While in Fig.14c and d, the warping stress and shear stress increase
375  exponentially and then slow down for larger diaphragm numbers.

376 (2) As aforementioned in Section “Verifications with FEA’, the effect of the diaphragm
377  thickness on four quantities increases with the diaphragm number. So the diaphragm thickness
378  cannot be ignored for the distortion of cantilever girders with diaphragms, especially when n>3.

379 6.2. Casell

// P1 IPZ // P Pz | // P1 Pz |
| Hook i | Hook: i \ Hook i
. _ Cantilever girer ! _ _ _Cantilever girer ! __ Cantilever girer !
Free end Free end Free end
P1=5kN, P2=35kN P1=20kN, P2=20kN P1=35kN, P2=5kN
380 (a) LC1 (b) LC2 (c)LC3
381 Fig.15 Distribution of eccentric loads caused by the hook’s location
382 In this section, three loading cases LC1~LC3 in Fig.15 are analyzed, where the distribution

383  of eccentric loads caused by the hook’s location is fully considered. The location of loads P, and
384 P, is referred to Case I. The distance between two wheels is lw, and 1,=0.1l. The total hook’s
385  force is 40kN. In LC1, the hook is located at one eighth of Iy away from the right wheel, and
386  P1=5kN and P>=35kN. In LC2, the hook is located symmetrically , and P1=P>=20kN. In LC3, the
387  hook is located at one eighth of I, away from the left wheel, and P;=35kN and P,=5kN.

R

319E 04 -.14 1E+OS ATIE+07 23 E+08
4 -.235E+08 -471E+07 . .329E+08

(a) warplng dlsplacement LCl (b) warping stress, LC1

[ I I B I I
-.194E-04 -.830E-05 .277E-05 .138E-04 -.243E+08 -.104E+08 .348E+07 .174E+08
-.138E-04 -.277E-05 .830E-05 .194E-04 -.174E+08 -.348E+07 .104E+08 243E+08
(c) warping displacement, LC2 (d) warping stress, LC2

'

-.995E-05 426E-05 277E+H07 .139E+08
-.711E-05 T8E+07 .833E+07 .194E+08

388 (e) warping displacement, LC3 (f) warping stress, LC3
389 Fig.16 3D contours of warping displacements and stresses for cantilever girders with two diaphragms
390 under LC1~LC3 (amp=100)
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Fig.17 3D contours of warping displacements and stresses for cantilever girders with five diaphragms

under LC1~LC3 (amp=100)
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Fig.18 Distribution of (a) warping displacement and (b) warping stress of the cantilever girder with
two diaphragms under LC1~LC3
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Fig.19 Distribution of (a) warping displacement and (b) warping stress of the cantilever girder with
five diaphragms under LC1~LC3
Fig.16~Fig.17 give the 3D contours of distortional warping displacements and stresses for
cantilever box girders with 2 and 5 diaphragms under LC1~LC3, respectively. The ‘amp’ indicates
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the amplified factor of deformations. In FEA model, Young’s modulus E=2.1x10%Pa, Poisson’s
ratio v=0.3, the span I=2m, the width b=0.1m, the height h=0.2m and the flanges and webs
thicknesses ti=t,=t3=0.01m. Diaphragms are distributed uniformly along the span with
t,=0.005m.

Comparison results between FEA and IPM are shown in Fig.18 and Fig.19 for warping
displacements and stresses for cantilever girders with 2 and 5 diaphragms under LC1~LC3.

Some findings can be drawn from Fig.18 and Fig.19 as follows

(1) The IPM results show good agreements with the FEA ones for the distortional warping
stresses and displacements. Besides, the warping stresses and displacements in LC2 are right the
average of those in LC1 and LC3 due to the linear superposition.

(2) The distribution of loads P1 and P, will influence the position and value of maximum
warping displacement and stress. For girders with 2 diaphragms, when the hook moves from the
right (LC1) to left (LC3), the maximum warping displacement reduces from 33.7um to 10.2um
and the corresponding position changes from the free end to the section z=1.7m; meanwhile, the
maximum warping compressive stress reduces from 15.2Mpa to 4.93Mpa and the position from
the section z=1.7m to z=1.4m. While for girders with 5 diaphragms, the maximum displacement
reduces from 36.3um to 11.2um and the position changes from the free end to the section z=1.8m;
meanwhile, the maximum warping compressive stress reduces from 22.2Mpa to 10.2Mpa and the
position from the section z=1.7m to z=1.6m.

(3) Both the maximum warping displacement and compressive stress in LC3 are the smallest
among all LCs. However, the maximum tensile stress in LC3 is 36% larger than the compressive
one for girders with 2 diaphragms, which may result in the crack propagation when there is crack
in the tensile field. It will be effective to reduce the tensile stress by installing more diaphragms.
As shown in Fig.19b, the maximum tensile stress get reduced to 2.74Mpa for girders with 5
diaphragms in LC3, taking only 40.96% of those for girders with 2 diaphragms.

So the warping displacements, the compressive and tensile stresses should be all taken into
account when choosing the reasonable hook’s location for cantilever girders with diaphragms.

6.3. Caselll

The distortional warping stresses and displacements at node N for the sections z=0.05I, 0.5l
and 0.951 are analyzed with the trolley moving from the fixed end to the free one for cantilever
girders with 2 and 5 diaphragms in LC2, where the measurements for both the section and
diaphragms are referred to Case Il. The influence lines for warping stresses and displacements are
analyzed in Fig.20 to Fig. 22 in terms of the sections z=0.05I, 0.5 and 0.95l.

Fig.20 shows the influence lines for warping stresses and displacements at the section z=0.05I
varying with the position z; of the left wheel for cantilever girders with and without diaphragms in
LC2. It is seen that the minimum values occur at z1=0.15l for warping stresses (Fig.20a) and
21=0.11 for the displacements (Fig. 20b). Compared with the girder without diaphragms, the
minimum warping stress gets reduced by 24.3% for girders with 2 diaphragms and 87.3% for
girders with 5 diaphragms, while for warping displacements, the percentages are 10.7% and
72.1%. Besides, all curves converge to zero after z1=0.6l.

Fig.21 gives the case of the cross section z=0.5I for the warping stresses and displacements in
LC2. It shows that the warping stress is approximately symmetrical to z1=0.451 in Fig.21a. The
maximum stress occurs at around z1=0.4l and z;=0.5I for girders without diaphragms and with 2
diaphragms. While for the warping displacement in Fig.21b, it shows anti-symmetry to z;:=0.45l.
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Both the warping stresses and displacements are largely restrained by more diaphragms
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Fig.20 Influence lines of warping stresses and displacements of the cross section z=0.05I for cantilever girders
without and with diaphragms under moving wheel loads
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Fig.21 Influence lines of warping stresses and displacements of the cross section z=0.5I for cantilever girders
without and with diaphragms under moving wheel loads
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Fig.22 Influence lines of warping stresses and displacements of the cross section z=0.95I for cantilever girders

without and with diaphragms under moving wheel loads
Fig.22 shows the influence lines of the cross section z=0.95I for the warping displacements
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and stresses in LC2. For the warping stresses in Fig.22a, it shows a big drop after the critical
position around z1=0.3I for girders with 5 diaphragms and z;=0.61 for those without diaphragms
and those with 2 diaphragms. While for the warping displacements in Fig.22b, the similar big drop
is shown after z;=0.58I for girders with 2 diaphragms and z1=0.35I for those without diaphragms
and those with 5 diaphragms. Besides, compared with those with 2 diaphragms, girders with 5
diaphragms have a larger increment for both displacements and stresses at the free end.

Based on the analysis, both the loading position and the cross section being concerned should
be taken into account when choosing the proper diaphragm number for cantilever girders.

Also, as aforementioned in Section ‘IPM solution’, the moment M; is introduced to indicate
the interactions between the girder and diaphragms. My; is believed to be the key point in solving
the distortion of cantilever girders with inner flexible diaphragms. So it is necessary to examine
the variability of the moment My; (i=1,2,...,n) under moving wheel loads.

Mpi/ZM; M/EM; ith 3th 5th
021 fixed 1th 2 free — My Y fied 2 4 free s Ma
Q=== Mz g2 '
II’ o} "
0.2 / 3
0.2
-0.4 ,
0.4
-0.6
/ 06
0.8 - 08 _
beltl — e —— I belt [17127237347] 45 5]
"0 025 05 o075 T oxm o5 o A
(@) n=2 (b) n=5

Fig.23 Distortional moments Myi of diaphragms for cantilever girders with (a) two and (b) five diaphragms

Fig.23 shows the distortional moments My (i=1,2,...,n) of diaphragms for cantilever girders
with 2 and 5 diaphragms, where M; (j=1,2) are the external moments produced by distortional
loads, and M1=M>=500Nm and ~M;=1000Nm in LC2. The range for the negative moment My; is
defined as ‘effective interval’ (El) for diaphragms, since only the My, in the direction opposite to
M;, will resist the warping deformation and stresses of the cross section.

It is seen from Fig.23a that the Els for both Mp: and My occupy approximately 70 percent of
the span for cantilever girders with 2 diaphragms. While the occupations for all My;s reduce to less
than 50 percent for girders with 5 diaphragms in Fig.23b. Besides, several segments are divided in
the bottom belt based on Els, and the numbers in segments indicate the diaphragms with negative
Mpi. This means: when the trolley moves from the left to right, the 1th diaphragm is the first to
resist distortional deformations, followed by both diaphragms in the middle and the 2th diaphragm
at last for cantilever girders with 2 diaphragms. The similar process is performed for girders with
5 diaphragms in the order of the 1th, 1th and 2th, 2th and 3th, 3th and 4th, 4th and 5th, 5th
diaphragms. Besides, considering the linearity between the moment My and the shear strain yp;,
Fig.23 also shows the variability of the shear strain y,; of diaphragms under moving wheel loads.
7. Conclusions

The distortion of cantilever girders with inner flexible diaphragms subjected to concentrated
eccentric loads is investigated using initial parameter method, in which the in-plane shear strain of
diaphragms is considered. Based on the compatibility condition between the girder and
diaphragms, solutions for distortional warping displacements and stresses are both obtained. The
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main conclusions can be drawn as follows

(1) Compared with FEA results, the IPM has a high accuracy in calculating the distortional
angle, warping displacements and stresses for cantilever girders with inner flexible diaphragms.
However, the distortional angle obtained from the IPM is susceptible to the influence of stress
concentration, and it is necessary to install more diaphragms at the loading sections.

(2) A series of parametric studies are performed to examine the effects of the diaphragm
number and thickness, the ratio of height to span of the girder, the hook’s location and the wheels'
positions on the distortion of cantilever girders with inner diaphragms.

In Case I, four quantities - distortional angle, warping displacement and stress, shear stress all
vary exponentially along with the diaphragm number under various ratios h/l and t,/t. The effect
of the diaphragm thickness on four quantities increases with the diaphragm number and cannot be
ignored when the diaphragm number exceeds 3.

In Case 11, the distribution of eccentric loads influences the positions and values of maximum
warping displacement and stress. The maximum compressive stress in LC3 is the smallest among
all LCs, but the tensile stress is the largest, which may result in the crack propagation when there
is a crack in the tensile field. It would be effective to lower the tensile stress by installing more
diaphragms.

In Case lll, a series of influence lines of distortional warping stresses and displacements are
obtained at node N for the cross sections z=0.05I, 0.51 and 0.95I for cantilever girders with 2 and 5
diaphragms under moving wheel loads. The influence lines of displacements and stresses are
related to the number of diaphragms and the position of cross section being analyzed. Results
show that both the loading position and the cross section being concerned should be taken into
account when choosing the proper diaphragm number for cantilever girders.

Based on the initial parameter method, it is possible to optimize the warping displacements
and stresses of cantilever girders considering the position and thickness of diaphragms. The future
work will be extensively researched for (1) the optimization of warping displacement and stress,
(2) the distortion of cantilever girders with perforated diaphragms.
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Appendix A
The relationships between ¢i(z) (i=1,2,3,4) and their differentiations are
O =0, + 200, 0 =00~ 2oy O = A0, = s P = A+ 2oy (A1)

00 = (47 =1 ) o+ 2000, 0 =(4' =2 ) 0, - 2440,
o0 = (4 =2 ) oy - 240, 0 =40 =27 )0, + 2 A0 (A.2)
0O =(1° =342, o, + (344, - 1)@, 0 =(A4°-344,7 )0, — (3474, - 1, ),

o =(4° =344, )0, — (3472, - 1" ) o, 07 =(A4° =344 ) + (3472, - 1,7 ) o, (A3)
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