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Abstract

During the past 60 years fluid-structure interaction in a wide range of three dimensional
circular cylinder problems have been studied. Initial problems considered a rigid wall
structure which were solved using impedance model comparisons. Soon after, further
solution techniques were used, such as computer simulation, transfer matrix methods
and finite element techniques. However such problems were only valid for low frequencies
when compared with experiments, this was because that did not include higher order
modes. The importance of higher order modes was then established and studies have since
included these modes. More recently, mode matching methods have been used to find
the amplitudes of waves in structures comprising two or more ducts. This has been done
with using an orthogonality relation to find integrals which occur from the application
this method. This methodology is demonstrated in as background information and is
applied to prototype problems formed of rigid ducts.

The rigid duct theory led to the consideration of elastic shells, of which several shell
modelling equations were available from the vibration theory. In this thesis, the Donnell-
Mustari equations of motion are used to model thin, elastic, fluid-loaded shells of circular
cross-section. It is demonstrated that generalised orthogonality relations exist for such
shells. Two such relations are found: one for shells subject to axisymmetric motion
and one for shells subject to non-axisymmetric motion. These generalised orthogonality
relations are new to the field of acoustics and are specific to shells modelled with the
Donnell-Mustari equations of motion. The mode matching method is used to find the
amplitudes of waves propagating in prototype problems and the generalised orthogonal-
ity relations are used to find integrals which occur through this method. Expressions for
energy for all considered structure types are used to find the resulting energy for each
prototype problem and results for equivalent problems are compared. In addition, verifi-
cation of the resulting amplitudes is done by ensuring that the matching conditions are
suitably satisfied.

It is anticipated that the method will have application to the understanding and
control of the vibration of cylindrical casings such as those enclosing turbo-machinery.
Another application of the method would be the tuning of cylindrical casings, such as
those featured on car exhaust systems or HVAC (heating, ventilation and air conditioning)

systems.
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Chapter 1
Literature Review

In modern society the reduction of noise pollution is important as it has been proved to
be detrimental to the health of humans and animals. A major source of outdoor noise
pollution comes from the exhaust systems of motor vehicles. This motivates the study
and design of systems which minimise the vibration of the structures and acoustic noise
passing through them. Most exhaust systems are fitted with a silencer, which is typically a
section with perforations that allow the emissions to dissipate into a surrounding chamber
before exiting the system. Unwanted indoor noise can occur in heating, ventilation and
air conditioning (HVAC) systems. These are systems that use waveguides to transport air
in order to heat, ventilate or cool a room. The air is moved by a fan which can generate
unwanted noise and additional noise can enter the waveguide from outside and propagate
within. These waveguides often have rectangular cross sections but it is not uncommon
for them to be circular. Consequently the study of the vibration and acoustic propagation
in circular cylindrical shells is of continued interest to the field of engineering and applied
mathematics. In particular the effects of discontinuities on propagating waves.

The simplest circular cylindrical structure is one with a rigid wall, which means it does
not support vibrations and it does not absorb acoustic waves. One of the first studies
involving acoustic scattering in a rigid, cylindrical duct was presented by Miles [1]. The
research considered a plane wave propagating in an infinite, rigid, cylindrical duct and
investigated the effect of evanescent modes formed by an abrupt change in radius. The
radiation of the plane wave at the junction was determined by solving the boundary
value problem for an analogous electrical system. The research derived the fundamental
governing equations for acoustic propagation near a discontinuity and found a systematic
method to derive expressions for the reflected and transmitted coefficients.

At much the same time, Levine and Schwinger [2] obtained an explicit solution for
the reflection coefficient in a semi-infinite, rigid, cylindrical duct. The solution was found
through an integral formulation using the Wiener-Hopf technique and the resulting re-
flection coefficient was evaluated numerically. The magnitude of reflection was compared

against the dimensional radius of the duct and it was found that the amount of reflected

4



energy was increased for smaller duct radii. The results were valid for the range of the
first dominant mode as the analysis was restricted to plane wave propagation.

The sound radiating due to a plane piston located at one end of a finite, rigid, open,
cylindrical duct was investigated by Ingard [3]. The problem was solved by considering
the effects on the acoustic pressure field at the open end of the duct. Higher order
modes were included in the analysis. The radiation impedance and pressure distribution
were presented together with an element analysis for equivalent impedance circuits. The
calculations were verified by comparing results of those obtained from a cylinder closed
by a rigid plate.

Karal [4] considered a zeroth order mode propagating in an infinite, rigid, cylindrical
system and examined the analogous impedance introduced by an abrupt change of radius
and by a constriction between two ducts. The impedance was found solving the boundary
value problem for the analogous electrical systems and was plotted for different ratios of
duct radii. The results showed that the constriction impedance was equivalent to the
sum of the impedance for each discontinuity considered separately. The analysis was
restricted to the use of volume flow (the amount of fluid that passes through the junction
area per unit time) and therefore this research was valid only for very low frequencies.

The sound transmission at the sudden area of expansion formed by two semi-infinite
sections of rigid, cylindrical duct was studied by Cummings [5]. The purpose of this
work was to determine which of two velocity profiles was more suitable for predicting the
reflection coefficient. The actual velocity profile was compared with a profile introduced
by Ronneberger [6] which fills the entire cross-section of the larger duct and also compared
with a velocity profile which maintains a cross section equal to the smaller duct. The
results showed that of these two profiles, the reflection coefficient at an area expansion is
predicted best when the velocity profile has a cross section equal to the smaller duct.

A method for evaluating elements of rigid, cylindrical, exhaust silencers with mean
flow was studied by Munjal [7]. The aim was to develop an expression for the attenu-
ation of the silencer. The work was formulated in terms of the convective pressure and
convective mass velocity. Transfer matrices for seven geometric elements of a silencer
were derived, these included a uniform duct (for which the transfer matrix is the identity
matrix) and a sudden expansion/contraction of the duct radius. The transfer matrices
were formed from basic relations of energy, mass and momentum. It was observed that
some of the transfer matrices were similar to the ones obtained from zero mean flow with
stationary variables.

The four poles of a transfer matrix for a rigid, cylindrical silencer were found by
Peat [8]. The poles are essentially elements of a matrix which represent measured values
before and after the silencer. This work required the solution to three duct geometries: a
sudden decrease in radius, an expansion chamber and an intake duct. The poles for each

geometry were determined by using the finite element method with two sets of boundary



conditions that identified the required region of the duct. It was shown that there was a
good agreement with the results for the sudden decrease in radius and for the expansion
chamber.

The transfer matrix method was used by Munjal and Prasad [9] to study the propa-
gation of a plane wave in the presence of hot mean flow inside an infinite, rigid, uniform
duct. The variation of temperature inside the duct was described by a decreasing linear
gradient. A four-pole transfer matrix was formed by matching acoustic pressure and
acoustic volume velocity and was solved by use of Green’s function. The transfer matrix
was shown to yield the known transfer matrices for the following simple cases: no mean
flow and no temperature gradient, mean flow and no temperature gradient and linear
temperature gradient with no mean flow. For the special case of linear temperature gra-
dient with no mean flow it was noted that it did not match the matrix obtained by Young
[10]. Investigation into Young’s work found that the wave equation used was the basic
equation with only sound speed as a variable, which implicity assumed that the medium
density would remain constant with temperature.

The transfer matrix method was used by Peat [11] for a rigid, cylindrical, uniform
duct with a linear temperature gradient. This paper identified that the four-pole transfer
matrices presented by Munjal and Prasad [9] had wrongly omitted terms involving the
gradient of mean density and velocity along the duct. The formation of the four-pole
transfer matrix by Peat was done by analysis into the mean flow of the fluid and the
resulting matrix differed to those in earlier literature by the first order terms of the
temperature gradient. The method required the solution to the governing equation and
it was shown to be simpler than the Green’s function approach. The results were validated
against experimental measurements and it was found that there was little practical benefit
to modelling temperature variations in further detail.

Expressions for the four-pole matrix for a rigid, circular cylindrical duct of mean
temperature gradient was presented by Sujith [12]. These expressions were valid for large
temperature gradients, whereas transfer matrices in earlier literature were valid only for
small temperature gradients. The expressions were derived for both a linear and an
exponential temperature profile. The paper serves as a useful benchmark for checking
program results, however its noted that this paper contains errors in the signs used in
the method.

Cargill [13] considered a cylindrical duct with a wall property changing from rigid to
vortex sheet and investigated its effect on a propagating plane wave. This work used the
Wiener-Hopf technique to include identified higher order modes and it gave an explicit
formula for the far field radiation and the reflected sound. It was shown how the presence
of a mean flow causes a reduction in the reflection coefficient near the duct axis. The
results were valid to the second order in the ratio of duct diameter to wavelength and were

shown to be in excellent agreement with the numerical computations stated by Munt [14].



It was noted that to proceed beyond the second order approximation would be of little
benefit to the physical understanding and would also produce very complicated formulae.

The effect of higher order modes produced by a rigid-walled expansion chamber was
studied by Th and Lee [15]. This work developed an analytical solution to the problem by
modelling it as a lossless, piston-driven rigid duct. The pressure at the inlet was expressed
as a combination of the inlet volume velocity and the impedance of the chamber. A
general expression for the output pressure was found for the whole chamber by using a
Fourier-Bessel expansion. The characteristics of the chamber were described using four
pole-parameters to show the plane wave interaction with transverse waves at different
points. The results of the study were found to be in good agreement to those found
using the four-pole parameters and also with the results found by previous authors. In
addition, the four-pole parameters were also used to estimate the transmission loss for an
expansion chamber with common centres and with an offset inlet and outlet, the results
were found to be in good agreement with past experiments.

Noise attenuation in a rigid, expansion chamber with a side inlet and end outlet was
studied by Yi and Lee [16]. The influences of higher order modes were investigated using a
theoretical method in which the chamber is considered as a piston driven circular cylinder.
Also the characteristics of the chamber where investigated with respect to the location of
the inlet or outlet and the length of the chamber. The theory was verified with various
experiments and it was found that the theoretical method agrees with the experimental
results for the low frequency range, but not for the case where the end outlet was offset.
The transmission loss was estimated by using the derived four pole parameters which
used the same method as [15].

The higher order modes generated at a discontinuity between two sections of rigid,
cylindrical duct were investigated by Peat [17]. An equivalent impedance circuit was used
to identify an evanescent mode and assess whether to include it. This work considered
the effects of superimposed mean flow and the effects of high frequencies up to the cut off.
The results found that mean flow effects were negligible but the variation of impedance
with frequency was necessary.

Lawrie and Abrahams [18] discussed the radiation of sound waves formed between
two rigid, coaxial, cylindrical ducts. The ducts were semi-infinite with the left-hand duct
having a radius less than the right-hand one and an arbitrary gap was formed between
them. Forcing was by a wave incident towards the gap and the resulting reflected and
transmitted wave fields were calculated. Two approximate solutions were presented,
one valid for small gaps or a large diameter ratio and the other valid for when the
dimensionless gap is much less than 1. The first method introduced a new type of entire
function, this was expanded to give solutions valid for small gaps between cylinders or for
large ratio diameters. The second approximate solution method involving a modified

Wiener-Hopf technique which assumed a matrix form. It was found that these two



methods were only suitable for a small minority of cases as the integral representation
of the factors presented numerical difficulties due to singularities. The final solution of
the Wiener-Hopf problem was represented as a double integral which made numerical
computation extremely slow.

Evanescent modes in rigid, cylindrical ducts with a sudden expansion and with a sud-
den contraction were analysed by Sahasrabudhe and Munjal [19]. This research derived
a simple, accurate and comprehensive expression for the Karal correction factor. This
was found by using three-dimensional finite element analysis and the resulting correction
factor became a function of radius ratio, frequency and offset distance. The finite element
analysis was also used to verify the results of earlier researchers such as Ingard [3], Karal
[4] and Peat [17]. It was found that for smaller ducts, the results obtained by the finite
element method were of similar order to those obtained by analytical methods. From this
it was concluded that it is acceptable to model only plane wave motion in small ducts.
The revised Karal correction factor was found to be useful in indicating the accuracy
of plane wave analysis for frequencies up to the cut-on for the first higher order mode.
However it was noted that for such analysis to be performed on an expansion chamber,
the model was required to have chambers of sufficient length.

An appropriate method of modelling automotive dissipative silencers was identified by
Kirby [20]. This work looked at the computational efficiently of two numerical methods
compared with equivalent analytic methods. The numerical methods considered were a
mode matching method and a hybrid finite element method. The system comprised a
perforated cylindrical shell contained within an expansion chamber lined with a porous
material. The walls of the inlet and outlet ducts and the expansion chamber were assumed
to be rigid. It was found that there was an excellent agreement between the results of the
analytic and numerical method provided a sufficient number of propagating modes were
retained. The numerical mode matching method was proved to be the fastest method,
significantly outperforming the equivalent analytic technique. In addition, it was found
that the hybrid finite element method was as fast as the equivalent analytic technique.
This research showed that both numerical techniques deliver fast and accurate predictions
and are capable of outperforming equivalent analytic methods for a dissipative silencer.

The re-expansion method was used by Homentcovschi and Miles [21] to analyse wave
scattering at discontinuities of rigid cylindrical ducts. This was done by expanding the
velocity in the plane of the discontinuities in terms of functions which accounted for sin-
gularities at the edges. The research investigated two types of configuration: a cylindrical
duct with an abrupt change of radius and a cylindrical expansion chamber. The effect
of changing the radius of the duct and the obstacles were investigate and the resulting
reflection and transmission amplitudes for the first mode were presented. In addition, an
explicit formula for the transmission loss coefficient was formed.

A method for finding the reflection and transmission amplitudes for plane waves in



discontinuous piping systems was presented by Foller and Polifke [22]. This method
considers a large eddy simulation (a mathematical model used for turbulence [23]) with
a single change of radius in a cylindrical duct. The simulation externally excites acoustic
waves at either end of the discontinuity simultaneously. The interactions between acoustic
waves are captured in detail and the problem is solved to find the amplitudes of the
waves scattered at the discontinuity. The results of the simulation are compared to many
analytic methods and show good agreement with the experimental data.

Perrey-Debain et al [24] dealt with strategies for efficiently computing the propagation
of sound waves in ducts containing acoustic cavities. A numerical technique was devised
that exploits the benefit of the finite element and boundary element method in order
to predict the sound transmission through such systems. This was done by creating a
numerical impedance matrix to compute a set of eigenmodes within the cavity. The
matrix connects the pressure and the acoustic velocity at the duct wall interface. The
acoustic pressure in the main duct could then be expressed as its integral representation.
An appropriate Green’s function was used to restrict the integration to the duct-cavity
interface alone. This allowed for the accurate computation of the scattering matrix for a
system that has a complexity that increases slightly with frequency.

For flexible shells, the motion of the shell has an effect on waves that are internally
propagating. Therefore appropriate equations of motion which describe the flexible wall
should be used. There are several proposed theories for describing cylindrical shell vibra-
tion, many of which are compared by Leissa [25].

Burroughs [26] derived an equation for the acoustic radiation from a point-driven
cylindrical shell reinforced with doubly periodic ring supports. The motion of the shell
was based on the thin shell equations provided by Kennard [27] and the fluid loading
interactions between the ring supports were analysed. The predictions were compared
with measured data collected from a finite experimental model with similar properties
and the results showed good agreement.

A semi-infinite flexible shell rigidly bonded to a hollow cylindrical shell surrounded by
an inviscid, compressible fluid with plane wave forcing was investigated by Lawrie [28].
A mixed-boundary value problem was formed to described the coupled motion between
the fluid and the flexible shell. An exact solution was formulated in terms of contour
integrals by using the Wiener-Hopf technique. The limit of heavy fluid loading and long
waves reduced the kernel to that of a semi-infinite rigid duct obtained by Levine and
Schwinger [2].

Lawrie [29] considered an infinite flexible cylindrical shell where the shell had a fi-
nite number of ring constraints and the system was totally surrounded by an inviscid
compressible fluid. The vibrations of the flexible shell were modelled using the Donnell-
Mushtari equations of motion as stated by Junger and Feit [30]. A single ring constraint

was considered first and the exact solution was found by forming the boundary value



problem and solving the resulting linear system. For two ring constraints the problem
was expressed as a symmetric and antisymmetric problem, which led to the uncoupling of
terms, the exact solution could then be found by solving the two resulting linear systems.

The time-dependant pressure for a fluid filled, finite, open ended, cylindrical shell was
investigated by Stepanishen and Tougas [31]. A piston source located at the inner closed
end of the shell was used to force the fluid in the system. The piston was considered to
have a gated sine wave acceleration which followed a spatial profile. The solution was
found by using a time-space Green’s function to form a boundary value problem. The
solution of the boundary value problem produced a transfer function that described the
duct. This transfer function was then used in another transfer function that described
the duct outlet in order to determine the resulting output sound field.

A modified Wiener-Hopf technique was used by Zhang and Abrahams [32] to examine
the sound radiated from a finite fluid-loaded finite cylindrical shell. The shell was freely
submerged in a compressible stationary fluid and its vibrations were modelled using the
Donnell-Mushtari equations of motion for a thin, cylindrical shell. Fluid forcing was
formed by an axisymmetric ring force located between the open ends of the shell.

An infinite flexible cylindrical shell immersed in a compressible fluid was considered
by Skelton [33]. The shell displacement was found as the sum of circumferential modes
evaluated by considering the asymptotic limit of heavy exterior fluid-loading. The asymp-
totic expression were trigonometric functions of the shell and fluid parameters and they
showed excellent agreement to numerical results for a wide frequency range.

The Donnell-Mushtari equations of motions were used by Skelton [34] to model a finite
cylindrical shell, reinforced by two internal rigid plates. Circumferential mode expansion
was used to obtain numerical results of the scattering caused by the reaction force of
the internal plates. The internal rigid plates were firstly considered to intersect at the
longitudinal axis and then to lie parallel to the longitudinal axis and each other. The
predictions showed good agreement with the results obtained by numerical evaluation of
the infinite sums for the reaction forces. They also showed that the presence of internal
rigid plates in an flexible shell have a significant effect on the scattered sound field due
to the additional constraints.

Brambley and Peake [35] considered the scattering of waves formed by a sudden change
of shell boundary, from a rigid cylindrical duct to an flexible cylindrical shell. The flexible
cylindrical shell was modelled using Fliigge’s equations and forcing was by an inbound
acoustic wave in the rigid duct. The solution was given analytically as a sum of shell
modes.

The low frequency behaviour and radiated sound of a submarine hull vibrating ax-
isymmetrically was considered by Caresta and Kessissoglou [36]. The hull was modelled
as a finite flexible cylindrical shell closed at each end by a rigid plate, the shell was re-

inforced with internal bulkheads and ring-stiffeners. The vibrational behaviour of the
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cylindrical shell was defined by Fliigges equations as they were seen to be more accurate
for low frequency vibrations and a smeared approach was used to model the ring-stiffeners.
Because of the reinforcements the pressure of the system was reduced to that due to the
radial displacement of the cylindrical shell. The results from the analytic model were
compared to computational results from finite element and boundary element models.

The effects of a viscoelastic coating applied to a cylindrical shell with a defect was
investigated by Kirby et al [37]. The shell walls were considered to be coated in bitumen
and the wall properties were considered to be thick and flexible. This led to the use of
Navier’s equation for the governing equation for the propagation of flexible waves in the
pipe. Many axisymmetric defects were considered and the resulting reflection coefficients
for each were compared.

An impedance mobility approach was used by Xie et al [38] to predict the response
of a fluid filled cylindrical shell. The vibrations of the underlying shell were modelled
using the equations of motion provided by Cao [39]. The method coupled the stiffness of
the structure to the velocity of the fluid and was solved to find the amplitude of pressure
and radial velocity. The method was compared to a finite element analysis approach
which found the pressure for each segment. The results showed good agreement between
the methods and the impedance mobility approach was considerable faster to carry out.
In addition the transmission loss was shown for both a water filled and an air filled
cylindrical shell.

The Donnell-Mushtari equations were used by Lee and Kwak [40] to find the natural
frequencies for an flexible cylindrical shell. This was done by creating a dynamic model
using the Raleigh-Ritz method to approximate the eigenvalues and eigenvectors. The
strain displacements from Donnell-Mushtari theory were then altered in order to apply
the method to other shell theories. In all cases the axisymmetric circumferential mode
was neglected as those natural frequencies were deemed to be too high. The results
showed that the Donnell-Mushtari theory for non-axisymmetric vibrations did not yield
sufficiently accurate natural shell frequencies. It was stated that this was due to a lack of
terms in the circumferential and shear strains. However, the Donnell-Mushtari equations
used in this study do not match those used by Leissa [25] and Junger and Feit [30].

The aim of this thesis is to find and analyse the energy radiated due to a piston or wave
at the junction of flexible circular cylindrical shells. Results of these problems are already
available in the literature, but the approach considered herein is novel in that it uses
mode matching method based on a generalised orthogonality relation. The generalised
orthogonality relations derived here are new to the research area and are specific to flexible
shells modelled using the Donnell-Mushtari equations of motion. This research builds on
the mode matching method, the orthogonality relations simplify equations which occur
in the method thus reducing computation time.

To achieve this aim the equations which govern the fluid and describe the motion of
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the waveguide are to be found and used to derive a dispersion relation. This relation will
in turn describe the form of the velocity potential and identify the associated wavenum-
bers for each section of waveguide. Also the dispersion relation will be used to derive an
appropriate orthogonality relation/ generalised orthogonality relation. The mode match-
ing method is applied through continuity of the normal component of velocity at the
junction and where necessary the continuity of pressure. Those integrals which occur
through the application of these conditions will be evaluated with the orthogonality rela-
tion/ generalised orthogonality relation or reduced to the appropriate limit. For problems
which involve a flexible waveguide it is necessary to include edge conditions to describe
the connection of the finite end. These edge conditions are to be found in literature and
are required to determine constants which will arise from evaluating with the generalised
orthogonality relation. This method will provide the amplitudes of the waves present in
the velocity potential that are required for determining the radiated energy. The energy
equations are to be formed from the equation of power (which will be the same as energy
as harmonic time dependance will be assumed).

Chapter two will serve as background information which focuses on wave propagation
in rigid waveguides. The research in this chapter is already available in the literature, but
it is presented here as it serves as suitable foundation for the work which follows in later
chapters. The governing equation and motion equation, dispersion relation and orthogo-
nality relation for a rigid shell are all known (see for example Miles [1] and Ambramowitz
and Stegun [41]). However, the separation method used to derive the velocity potential
and a method for deriving the orthogonality relation shall be presented as a guide for
deriving these for the flexible waveguide. Prototype problems are introduced to show the
application of the mode matching method to problems featuring a piston and a change of
radius. Also to show how a problem comprising an expansion chamber between two equal
radius waveguides can be broken into subproblems. A transfer matrix method will be
applied to this problem to obtain a low frequency estimate for the radiated power in order
to ensure there is a good agreement with the results from the mode matching method.
The amplitudes obtained from the mode-matching method will be used to determine the
energy radiated at the waveguide junction. The results are presented and analysed for
comparison to later equivalent problems with flexible shells.

The research in Chapter three will consider wave propagation in flexible walled shells
and will proceed on the assumption of axisymmetric motion. As seen in the work of Leissa
[25] there are several proposed theories for describing the vibrations of a cylindrical shell.
Donnell-Mushtari theory of motion will be considered as it uses the simplest differential
equations. However as Lee [40] found this theory to be inaccurate due to insufficient
terms, the Donnell-Mushtari theory presented in Junger and Feit [30] will be used as it
includes additional terms. The velocity potential in the fluid will be governed by the same

equation for a rigid duct and hence will have the same form. The form of the velocity
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potential with the equations of motion will be used to derive dispersion relation for
flexible shells which vibrate axisymmetrically. The method used for deriving the rigid wall
orthogonality relation will be employed in this chapter to find a generalised orthogonality
relation for velocity potentials propagating in flexible shells with axisymmetric motion.
The mode matching method with continuity of the normal component of velocity will be
used to solve some semi-infinite problems which feature a rigid end plate or a piston plane.
The energy radiated at the junction shall be presented compared with the equivalent
problems in chapter two.

Flexible walled problems with axisymmetric motion and a change of radius are con-
sidered in chapter four. The mode matching method is applied through matching the
continuity of the normal component of velocity and the continuity of pressure at the
change of radius. Problems comprising an expansion chamber between two shells of
equal radius are to be considered and it is hoped they can be broken down into two sub-
problems similarly to the rigid expansion problem of Chapter two. The energy radiated
at the junction shall be presented and compared with the equivalent problems in Chapter
two.

The governing equations and a generalised orthogonality relation for a flexible shell
with non-axisymmetric motion are to be derived in Chapter five. Problems involving a
rigid end plate and an abrupt increase in radius will be considered. Again the energy
radiated at the junction of these problems are to be compared with the results obtained
from rigid and axisymmetric equivalent problems in Chapters two, three and four.

The purpose of Chapter six is to discuss the results from the solved problems and
compare the orthogonality relation for propagation in rigid ducts to the generalised or-
thogonality relations for propagation in flexible shells.

Finally two additional problems are presented in Chapter seven as recommended
further work which would both build on the research presented in this thesis.

This research should serve useful to engineers looking to simulate the energy radiated
in flexible cylindrical shells featuring a piston or abrupt change of radius. Of key interest
are the cut-on modes and their behaviour, which would be useful towards the design of

systems aimed at minimising or maximising transmitted or reflected noise.
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Chapter 2

Background Information

2.1 Introduction

The work presented in this chapter focuses on acoustic propagation in rigid cylindrical
ducts. This research is already available in the literature, but it serves as a suitable
foundation for the work which follows in later chapters. The governing equations are
presented and some prototype problems are solved. This introduces the notation and
demonstrates the methodology for applying the mode matching technique that will be
used to solve problems in later chapters. Also, the results of these problems will be useful
to compare with those results obtained from later problems. Four prototype problems
are presented in this chapter: acoustic response due to a plane piston; acoustic response
due to a plane piston and forcing wave; the energy radiated due to a forcing wave at
an abrupt increase in radius and the energy transmitted through an expansion chamber
situated between two ducts. Forcing is introduced in the form of plane piston and/or a

wave and the resulting energy is analysed for each problem.

2.1.1 Governing equation and dispersion relation

The problems in this chapter consider a circular, cylindrical duct described in cylindrical
polar co-ordinates (7, 8, Z) (where the overbar here and henceforth indicates a dimensional
quantity). The wall of the duct has the rigid property, which results in an axisymmetric
system (with axisymmetric wave forcing assumed), therefore the f co-ordinate is dropped.
The interior region contains a compressible fluid of sound speed ¢ and density p. A
harmonic time factor, e=™*, is assumed throughout where t is time and w = ck, with k
being the fluid wavenumber. The governing equation for the interior region is given by
the Helmholtz equation (see Crighton et al [42])

{ 0> 10 0?

ﬁ+%af+@+k2}¢:0’ 21)
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where ¢ is the dimensional fluid velocity potential. This velocity potential is a scalar
function which had a gradient equal to the velocity of the fluid. It can be used to express

the pressure in terms of the potential as:

where p is the dimensional pressure. It is useful to non-dimensionalise the dimensional
variables with respect to w™! and k7! as typical time and length scales. The dimensional

variables in terms of their non-dimensionalised counterparts are thus
ki =r, kz =z, k*p = wo. (2.3)

Hence the non-dimensionalised governing equation is
9?2 10 o?
{—+——+7+1}¢:O, (2.4)

where ¢ is the non-dimensional fluid velocity potential. The method of separation of
variables is used to find the velocity potential, which is dependant on r and z and thus

assumes the form
o= R(r)Z(z). (2.5)

This form of ¢ is substituted into (2.4) which is divided through by RZ to give the

separated equation

ldike 1 di __1dz 9.
Rar TrRar T (2:6)

LPR 1R\ 187
7 dz?°

The right-hand side of (2.6) must have a negative separation constant as waves should

oscillate in the z direction, which gives

12z,
e 2.
Zdzz (2.7)

where s is the separation constant. This has the solution
Z(2) = Ce'™ + De ", (2.8)

where C' and D are arbitrary constants. However on selecting C' = 1 and D = 0,
the velocity potential comprises only waves propagating in the positive direction. The
solution

Z(z2) = e (2.9)
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is substituted into (2.6) and the resulting expression is multiplied through by r?R to give

d?2R  dR
2 4 r— 4?1 -8R =0. 2.1
r 2 —|—rdr—|—r( s YR=0 (2.10)

The above expression is recognised as Bessel’s differential equation (see Abramowitz and

Stegun [41]) which is known to have a solution in the form
R(r) = AJy(kr) + BYy(kr), (2.11)

where Jy(-) and Yy(+) are Bessel functions of the first and second kind respectively, k? =
(1 —s2)Y/2 and A, B are constants. There is a singularity in Yy(k,7) as 7 — 0, therefore
B is selected as zero and A now denotes the wave amplitude. Thus the velocity potential

is given as

= Z ApJo(knr)e’™ (2.12)
n=0

where A,, is the amplitude of the nth wave, s,, is the wavenumber of the mode and satisfies
the dispersion relation K(s) = 0 which is presented below and &, = (1 — s2)¥/2. It is
assumed that the velocity potential is formed of an infinite number of discrete waves.
The velocity potential in (2.12) must also satisfy the rigid wall condition which is

99

—(a,0) =0 2.13

2 0,0) =0, (2.13)
where «a is the dimensionless radius of the duct (with a = ak). From this condition the
characteristic equation, K (s), can be formed by substituting in a single mode of (2.12),
which gives

K(s) = %J@(HT)L«ZG = —kJi(ka) =0, (2.14)

the roots of which give the wavenumbers s,,. The wavenumbers are ordered sequentially
with the largest real value first, then by increasing imaginary part. There will always be
one fundamental root sg = 1, kg = 0 as J1(0) = 0. The remaining roots are evanescent
and these become real when they cut-on. These roots are approximated by identifying

the large approximation formula for Bessel functions given in [41] as

2 vm T
Jy(2) = \/ECOS <Z_7_Z> : (2.15)

where v here is the order of the Bessel function (in this problem v = 1). Thus the

evanescent roots are approximately located at s,, = [1—72/a?(n+1/4)?]"/2, n=0,1,2,....
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2.1.2 Orthogonality relation

In any given problem the aim will be to determine the amplitude of the radiated waves
through the application of the mode matching method. This method creates systems
of equations involving summations with infinite modes. These are integrated and the
orthogonality relation gives the solution to these integrals. The orthogonality relation for
rigid ducts is the orthogonality relation for Bessel functions, which is already available
in the literature, see for example Brown and Churchill [47]. The orthogonality relation is

derived by considering the difference relation
K(sp)Jo(kma) — K(sm)Jo(kna) =0, (2.16)

where s, and s, are the aforementioned wavenumbers for a duct of radius a and k,, =

(1 — s2)1/2. This relation can be expressed as follows
{Endb(knr) Jo(Fm) — Em b (Kmr) Jo(Knr) } 1]i_g = 0, (2.17)

where the left-hand side is an integrand evaluated at » = 0 and r = a. This is expressed

as an integral by differentiating it with respect to r to give

/oa {di (a5 )} Tor) s () ()
d

d
% {Emd1(Kmr)} Jo(Knt) + /ﬁmjl(/ﬁmr)d—Jo(ﬁnT) dr =0. (2.18)
r r

The derivative formula for Bessel functions of order v is given in Abramowitz and Stegun
[41] as

zdz

(li)k {270, ()} = 2%, _k(2), k=0,1,2,.... (2.19)

This formula is used to simplify (2.18) to

/ {k2 Jo(knr) Jo(Kmr)r — K Jo(Kmr) Jo(Kpr)r} dr = 0. (2.20)
0
It follows that
(si — sfn)l/ Jo(knr)Jo(Kmr)r dr = K(s,)Jo(kma) — K(8m) Jo(kna). (2.21)
a Jo

Provided the roots , and k,, are not equal, the results of the orthogonality relation is

zero. For the case of equal roots (i.e. Kk, = k,,) the value of the integral is found by
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considering the limit

/a J3(kpr)r dr = lim a{Jo(tima) K (5n) JO(I{na)K(Sm)}. (2.22)

Sm—>sn s2 —s2

If k,, = Kk,, the fraction gives the indeterminate form. This is bypassed using ’'Hopital’s
rule by computing the limit of the derivatives of both the numerator and denominator,
that is

o L1 K(s,) — Jo(kna) K’
/ J3 (Kknr)r dr = lim @ {alo(ra)l K (sn) = Jo(sna) (S>} (2.23)
0 S—+Sn 2s
Given that K(s,) = 0, the limit is found to be
“ n K/ n
/ JE(Kkpr)r dr = _aJo(kna) K'(s ) (2.24)
0 28y,
Thus the orthogonality relation is
/ Jo(Knm) Jo(Kmr)r dr = 65 Ch, (2.25)
0
where 0 is the Kronecker delta and
ado(kna)K'(s,)  a*JZ(kna)
C,=— = . 2.26
2s, 2 ( )
Similarly, the orthogonality relation for a rigid duct of radius b is given by
b
/ JO(VHT)JO(/VmT)T dr = 5anna (227)
0
where 7, and 7, are the wavenumbers for a duct of radius b, 7, = (1 —~2)"/? and
/ 2 72
- HHCDR ) _ PROD .
Tin

Note that although the method of derivation is unorthodox, it is performed in this way

such that it can later be used to derive those generalised orthogonality relations for flexible
walled shells.

2.2 Energy in a cylindrical waveguide

To determine how the energy is reflected and/or transmitted at a discontinuity, an ex-
pression for the energy propagating in a rigid duct is required. As rigid walls cannot
carry energy, only the energy in the fluid is considered. The dimensional power & is given

by integrating the pressure multiplied by the complex conjugate of the velocity over the
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cross section, thus

& = 2rwpReal {/ i (gf) dr} , (2.29)

where the super-script asterisk identifies a complex conjugate. The equation for energy
in this case is the same as that for power due to the assumption of harmonic time.

The equivalent non-dimensional variables in (2.3) are used to non-dimensionalise this

.
E= 2 ]:2 P Real {/ i (8¢) dr} : (2.30)

Thus the non-dimensionalised energy, may be defined as

equation, which gives

g 2mc3p
=

£ — Real U ¢< ¢) dr} | (2.32)

On using (2.32) the energy carried by an individual propagating mode of (2.12) can be

£ (2.31)

It follows that

determined. Consider
On = ApJo(kinr)e™?, (2.33)

where s, is real. On substituting this into (2.32) it is found that
£, = Real [/ iAnJo(knr)e™ ™ {is, Ay Jo (k)™ =} r dr} , (2.34)
0
which can be expressed as

&, = Real {sn|An|2/ JE (Knr)r dr] , (2.35)
0

as Kk, is real for s, real. The energy carried for an individual propagating mode is then

found by evaluating the integral using the orthogonality relation in (2.25) to give
= ’An’23n0n7 (236)

where (), is given in (2.26). This expression can be used to find the energy contribution
from the input forcing wave, which is composed of the first mode of (2.12). For all rigid

problems kg = 0 and sg = 1, thus the forcing mode is

¢r = Fe”, (2.37)
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where F'is the amplitude of the forcing wave and will be chosen such that the energy
carried by this mode is unity. The forcing wave is substituted into (2.32) and it follows
from (2.36) that

a2
Ep = §|F|2, (2.38)
as Cp = a*/2. Thus, in order for the forcing energy to be unity the amplitude is chosen
as Y
2
F=—. (2.39)
a

A field of waves propagating in the positive z-direction in a duct of radius a is given in
(2.12). The direction of travel is changed by using a negative exponent thus representing

a field of reflected waves, that is
b= Z AnJo(kpr)e” 2, (2.40)
n=0

where A,, are the amplitudes of the reflected field. On using (2.32) the energy contribution

for a field of reflected waves is given by

Exr = Real

M
>, IAm\2smCm] , (2.41)

m=0

where M + 1 is the number of considered modes. Note that C,, is given in (2.26) and by
definition is related to the derivative of the dispersion relation K(s) in (2.14). Expression
(2.41) is a standard result that has been derived for various different waveguides. It holds
both for rigid ducts and ducts comprising membrane or plate walls see Warren et al [43],
Lawrie [44] and Nawaz and Lawrie [45]. In the former case the energy is transmitted only
in the fluid, but in the latter case the energy can also be carried in the flexible wall. Thus
the result in (2.41) is valid for both situations. An analogous expression is found for the

energy contribution for a field of transmitted waves propagating in a duct of radius b

Ep = Real

M
Z ‘BmanDm] ) (2.42)

m=0

where B,, are the amplitudes of the transmitted waves, 7, are the wavenumbers, ~,, =
(1 —n2)Y% and D,), is given in (2.28).

2.3 Acoustic response due to a plane piston

The purpose of this section is to find the reflected energy and the impedance radiated

by an oscillating plane piston into a semi-infinite duct (see Figure 2.1). This is to pave
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Figure 2.1: Physical configuration of the semi-infinite duct with piston problem.

the way for later problems which involve area expansion. The duct is located in the
region z < 0, 0 < r < a and is closed at one end by a rigid annular disc with a plane
piston of radius r = b in its centre with a > b. The annular disc is located in the region
z =10, b <r < a and the plane piston is located at z = 0, 0 < r < b. The piston is
the sound source for the system and it forces in the negative z direction. This problem
configuration is essentially the same as the first problem considered in Ingard [3].

The velocity potential for this system comprises the waves radiated by the sound

source

b= ZAnjo(/{nT)e_iS"z, 0<r<a, 2<0, (2.43)
n=0

where A,, is the amplitude of the nth radiated wave, s, is the nth wavenumber and

k2 = (1 —s2)Y/2. The piston is assumed to have a symmetrical axial velocity distribution

Up, 0<r<b
uiry=24 0 == (2.44)
0, b<r<a

u = u(r), with

where U, is a constant.
The normal component of velocity is matched with the velocity distribution for the

sound source at the closed end. That is at 2z =10

%%nm:u&LOSTSw (2.45)

The velocity potential in (2.43) is substituted into (2.45) to give

—i ZAnano(/fnr) =u(r), 0 <r <a. (2.46)

n=0

On multiplying (2.46) by Jo(kmr)r and integrating with respect to r, 0 < r < a, it is
found that
0

— Z Ansn/ Jo(Knr)Jo(Kpr)r dr = /Oau(T)JO(KJmT)T dr. (2.47)
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The orthogonality relation in (2.25) is used to evaluate the integral on the left-hand side
and (2.44) is substituted into the right-hand side to give

—ZZA S1,0nm Crm = UO/ Jo(Kpr)r dr. (2.48)
n=0
It follows that Vb (snb)
WWobJ1\Km
Ay = —m? 2.49
KmSmCm (2:49)

The dimensional radiation impedance of the piston given in Ingard [3] is

__PjA

Z = 2.50
U ? ( )

where P/A is the dimensional force on the piston, with A being the area of the piston

A = 7b* and U is the dimensional velocity of the piston given by
U = clU. (2.51)
The definition for the dimensional pressure over the piston surface given in Ingard [3] is
B b
P= 27r/ p(7,0)r dr, (2.52)
0
where p is the dimensional pressure

= iwpp. (2.53)

The dimensional variables in (2.52) are replaced with the non-dimensional equivalent

variables in (2.3) to obtain

= 27rz—/ o(r, 0)r dr. (2.54)
The dimensional impedance is then
z = 2 / b¢(r 0)r dr (2.55)
02U, ’ ' '

The non-dimensional radiation impedance Z is chosen as

7 = cpZ. (2.56)
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It follows that
szo/ o(r,0)r dr. (2.57)

The velocity potential in (2.43) is substituted into (2.57), with Uy = 1, to express the

impedance in terms of the radiated amplitude

9 & b
= b—; Z An/o Jo(Kpr)r dr, (2.58)
n=0

which gives

n

20 = ApbJi(Knb)

The amplitude of the radiated wave in (2.49) is substituted into the above impedance

equation, with Uy = 1, to express the impedance as

Jl Knb)
QZ w2 (2.60)

The results show the energy radiated by the piston given in equation (2.41) and the
radiation impedance given in equation (2.60). These are both plotted against frequency
from 5 — 4000Hz with the energy plot presented in a) and the impedance plot presented
in b). The energies are found in Matlab with the code presented in Appendix A, where
the radius of the duct is @ = 0.2m throughout. Note that this code is not perfect as the
root finder does not give an accurate value for one of the identified roots in the 300Hz to
600Hz range. As a result, the energy plots presented in this chapter may show some noise
in this range. The roots are checked by checking that they satisfy the dispersion relation.
Also the number of obtained roots is checked through the application of the argument
principle theorem which counts the number of zeros that occur in the half circle.

In the first configuration it is considered that the radius of the plane piston is equal to
that of the rigid duct, where @ = b = 0.2m. The resulting radiated energy and radiation
impedance are shown in Figure 2.2. The reflected energy increases with frequency due
to the constant energy input of the piston. The absolute impedance is seen to be one
throughout, this can be derived from equation (2.60), as all but the n = 0 terms vanish

when a = b . The impedance for this configuration becomes

J (Ko )
7 =-2-1 2.61

where sy = 1, k9 = 0 and Cy = a®J3(koa)/2. Thus the impedance can be obtained by
finding the limit
B 4J% (ka)
ey T (2.62)
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Figure 2.2: At the closed end of a piston forced semi-infinite duct with @ = 0.2m and b = 0.2m:
a) Radiated energy, b) Radiation impedance.

It follows from I’Hopital’s rule that

— lim 2J1(ka) _ aJo(ka)
7= }”HO {GJO("’W)H} aJo(ka) — a?Jy(ka)k

=1, (2.63)

which confirms the results of Figure 2.2b.

The second considered configuration assumes the plane piston to be half the radius of
the duct, where @ = 0.2m and b = 0.1m. The resulting radiated energy and impedance are
shown in Figure 2.3. Again the constant energy input of the piston causes the reflected
energy to increase with frequency. The reflected energy is roughly a quarter of that
found in the previous configuration owing to the radius of the piston. By having the
piston radius less than the duct radius the reflected energy (and absolute impedance)
spike up at specific frequencies. This phenomena is known as a cut-on, which is where
an evanescent mode becomes real valued, thus contributing to the energy. For a shell
of radius @ = 0.2m, these occur when x < 1, thus yielding a real valued s. The cut-on
frequencies can be approximated by f > (n 4 0.25)c/a n = 0,1, ..., where n are mode
numbers, this formula gives 1073Hz, 1932Hz, 2791Hz, 3650Hz. For comparison, the true
cut-on frequencies shown in Figure 2.3 (and 2.4 below) are 1048Hz, 1918Hz, 2781Hz and
3643Hz. For verification, note that the impedance plot shown here is essentially the
same as Figure 6a) produced by Ingard [3]. However, in that article the non-dimensional
impedance is plotted against fa/c as opposed to f.

Lastly, the radius of the piston is considered as being significantly smaller compared
to the radius of the duct, where @ = 0.2m and b = 0.06m. The resulting radiated
energy and impedance are shown in Figure 2.4. This time the radiated energy is half
of the previous configuration (@ = 0.2m and b = 0.1m). Again the cut-ons are present
here as the radius of the piston is less than that of the duct radius (which allows for

evanescent mode excitation). These cut-ons occur at the exact same frequencies as the
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Figure 2.3: At the closed end of a piston forced semi-infinite duct with @ = 0.2m and b = 0.1m:
a) Radiated energy, b) Radiation impedance.
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Figure 2.4: At the closed end of a piston forced semi-infinite duct with @ = 0.2m and b =
0.06m: a) Radiated energy, b) Radiation impedance.

previous configuration as they are dependant on the radius of the duct (the piston has

no influence on when a cut-on occurs).

2.4 Acoustic response due to a plane piston and wave

forcing

The purpose of this section is to find the energy radiation by an oscillating plane piston
and wave forcing into a semi-infinite shell. The problem is essentially the same as consid-
ered in Section 2.3, but with the inclusion of a forcing wave incident towards the piston

as shown in Figure 2.5.

The velocity potential now incorporates the wave forcing as well as waves radiated by
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Figure 2.5: Physical configuration of the semi-infinite duct with piston and wave forcing.

the plane piston

¢ = Fe” + ZAnJO(/inr)e’iS”z, 0<r<a, 2<0, (2.64)

n=0

where F'is the amplitude for the forcing wave which is given by (2.39), A,, is the amplitude
of the nth radiated wave, s,, is the nth wavenumber and x2 = (1 — s2)'/2. The piston is

assumed to have a symmetrical axial velocity distribution v = u(r), with

Uo OSTSb

u(r) = ) 2.65
(7 { J, (265)
where Uy is a constant.

The normal component of velocity is matched with the velocity distribution of the

piston at the closed end. That is at z =0

0¢.
0z

(r,0)=u(r), 0 <r <a. (2.66)

The velocity potential in (2.64) is substituted into (2.66) to give
iF— ZZ Apspdo(knr) = u(r), 0 <r <a. (2.67)
n=0

On multiplying (2.67) by Jo(knr)r and integrating with respect to r, 0 < r < a, it is
obtained that

iF / Jo(lmr)r dr =1} Aus, / Jo(Fnr) Jo (o) drr = / () Jo (k) dr. (2.68)
0 e 0 0
The orthogonality relation in (2.25) is used to find the integrals on the left-hand side and

(2.65) is used such that the right-hand side can be integrated. It follows that

iU()le (Iimb)

A, = Foon,
om + B SmCm

. (2.69)
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The velocity potential in (2.64) is used in the impedance formula given in (2.57) with

Uyp =1, to yield
21 | Fb b = A,b b
7 7 { Jl(l{() ) +Z n Jl(/in )} (270)

N ? K K
0 n=0 n

The amplitude for the radiated waves in (2.69) is substituted into the above equation to

;2 {ZFbJI(mob) L i b2J2(i,b) } | 27)

give

2 2
b Ko = Kn $,Ch

It follows that

~ 4iF Jy(kob) >\ J2(knb)
7 = e 2 ; e O (2.72)

The results comprise of the energy radiated by the piston given by the formula in (2.41)
and the radiation impedance given in (2.72). These are both plotted against frequency
from 5 — 4000Hz with the energy presented in plot a) and the impedance presented in
plot b). The energy and impedance are created in Matlab with the code presented in
Appendix A, where the radius of the duct is @ = 0.2m throughout. The cut-ons in a
duct of radius @ = 0.2m are as given in Section 2.3 and are stated again for convenience:
1041Hz, 1918Hz, 2781Hz and 3643Hz.

The first configuration considered assumes the radius of the plane piston to be equal to
that of the rigid duct, where @ = b = 0.2m. The resulting radiated energy and radiation
impedance are shown in Figure 2.6. As with the equivalent no wave forcing problem, the
constant energy from the piston causes the reflected energy to increase over frequency.
The radius of the piston being the same as the duct only allows for the fundamental mode
to propagate, therefore no evanescent mode cut-ons occur. The impedance shown here
is different to the equivalent no forcing wave impedance in that it is not constant one.
This is due to the inclusion of the wave forcing, which increases the absolute impedance
for low frequencies. However, as the frequency increases, the forcing wave has less of an
impact on the absolute impedance and so it converges towards one.

The second considered configuration assumes the radius of the piston to be half the
radius of the duct, where @ = 0.2m and b = 0.1m. The resulting radiated energy and
impedance are shown in Figure 2.7. The reflected energy appears to be the same as the
equivalent no wave forcing problem, but it is actually one non-dimensional Joule higher
due to the unit energy of the forcing wave. This is roughly half the radiated energy
shown in the previous configuration. The absolute impedance begins high, due to the
wave forcing and it then converges towards one, while sharply peaking at the cut-on
frequencies.

Lastly, the radius of the piston is assumed to be significantly smaller compared to

the radius of the duct, where @ = 0.2m and b = 0.06m. The resulting radiated energy
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Figure 2.6: At the closed end of a semi-infinite duct with piston and wave forcing a = 0.2m,

b= 0.2m: a) Radiated energy, b) Radiation impedance.
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Figure 2.7: At the closed end of a semi-infinite duct with piston and wave forcing @ = 0.2m,b =
0.1m: a) Radiated energy, b) Radiation impedance.

and impedance are shown in Figure 2.8. The radiated energy is half of the previous
configuration (@ = 0.2m and b = 0.1m). Also the cut-ons are present here because the
radius of the piston a allows for evanescent mode excitation. These cut-ons occur at the
exact same frequencies as the previous configuration as they are dependant on the radius
of the duct.

2.5 Energy radiated due to a forcing wave at an

abrupt increase in radius

The aim of this section is to determine the energy reflected and transmitted due to a
forcing wave at an abrupt increase in radius. The problem comprises two semi-infinite
ducts: the left-hand duct occupies 0 < r < a, z < 0 and the right-hand duct occupies
0<r<b, z>0, where a < b as shown in Figure 2.9. The waveguide is closed by a rigid
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Figure 2.8: At the closed end of a semi-infinite duct with piston and wave forcing a = 0.2m,
b =0.06m: a) Radiated energy, b) Radiation impedance.
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Figure 2.9: Physical configuration of the abrupt increase in radius problem.

annular disc occupying a < r < b, z = 0 and forcing is by a wave propagating in the
positive z direction towards the abrupt increase in radius. This problem has been studied
numerous times in literature, see for example Homentcovschi and Miles [21]. However
this section demonstrates how the orthogonality relation is used to simplify the mode
matching method applied to problems with an abrupt change in radius.

The velocity potential for the left-hand duct ¢, comprises the forcing wave and the
reflected sound field, which leads to

¢1 = Fe” + ZAnJO(mnr)e_““z, 0<r<a, 2<0, (2.73)

n=0

where F is the amplitude of the forcing wave given in (2.39), A, is the amplitude of the

nth reflected wave, s, are the wavenumbers and r, = (1 — s2)!/2. The velocity potential
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¢ for the right-hand duct is comprised of the transmitted sound field

o = ZBnJO('ynr)ei""z, 0<r<b z>0, (2.74)

n=0

where B, is the nth amplitude of the transmitted wave, 7, are the wavenumbers and

Yoo = (1 =)
matching the fluid pressure and the normal component of velocity between the ducts. At

. The amplitudes of the reflected and transmitted fields are found by

the junction, the fluid pressure and normal component of velocity are continuous within

the fluid, while the latter vanishes on the rigid annular disc. That is at z =0

¢1(T’, O) = ¢2(T, 0)7 0 <r< a, (275)
Do %1(r,0), 0<r<a
—=(r,0) =<4 097 . 2.76
22 r,0) {07 e (2.70
The velocity potentials (2.73) and (2.74) are substituted into (2.75) to give
F+ ZAnJO(K'nT) = Z BnJo(yr), 0 <1 <a. (2.77)
n=0 n=0

On multiplying (2.77) by Jo(k,,7)r and integrating with respect to r, 0 < r < a it is
found that

F/ Jo(Kmr)r dr + Z An/ Jo(Knr)Jo(Kmr)r dr = Z Bn/ Jo(Ynr) Jo(Kpr)r dr.
0 0 0
(2.78)

This is done so that the orthogonality relation in (2.25) can be used to evaluate the

integrals on the left-hand side. Similarly, (2.77) could have been multiplied by Jo(7v,,7)r
and integrated and the orthogonality relation in (2.27) would instead be used. Tt follows
from evaluating the left-hand integrals that

[e.9]

1
Ay = —Foom + — B, Ry, 2.79
om T c nZ:O ( )
where C), is given in (2.26) and
Ry — / Jo(mt) Jo(yar)r dr- (2.80)
0

For Ky, # Y, Rmn simplifies to

R a{kmJ1(Fma)Jo(yna) — VmJl(’Vma)‘]O(Hma)}' (2.81)

2 _ A2
Ko Tn
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When k,, = 7, expression (2.80) is (2.26) with m = n. It follows

2 72
R, . = a*Jo(KFma) (2.82)
2
A second expression is obtained by multiplying (2.76) by Jo(7,,7)r and integrating with

respect to 7, 0 < r < b. As the right-hand side is zero on (a, b), it follows that

b a
[ SR nGunrar= [F A 00 ar .

Note that as with the pressure condition, multiplying by Jy(k,,7)r and integrating would
also be possible. However, this would require a new integral (similar to R,,,) to be defined
and this would increase the complexity of the problem. The velocity potentials (2.73)

and (2.74) are substituted into the above equation to give

b a oo a
iBnnn/ Jo(Ynr) Jo(Ymr)r dr = F/ Jo(Ymr)r dr — i Z Ansn/ Jo(Kn1) Jo(Ymr)r dr.
0 0 0

n=0

(2.84)
The orthogonality relation in (2.27) is used to evaluate the integral on the left-hand side.

It follows that

FRo, J—
B, = e ZOAnsanm. (2.85)

D m

The amplitudes for the reflected and transmitted fields are thus found by truncating and
solving the coupled equations (2.79) and (2.85). The respective energies are calculated
by using these amplitudes in the energy equations (2.41) and (2.42). These are stated

below for convenience: The energy for the reflected field is given by

M
> 1A 5mCom

m=0

Ea = Real , (2.86)

where A, are the amplitudes of the reflected waves and the energy for the transmitted
field is

M
Z |Bm|277mDm

m=0

Ep = Real : (2.87)

where B,, are the amplitudes of the transmitted waves. The amplitudes and energies are
calculated in Matlab with the code presented in Appendix B and the plots are presented
below. This has been done using 100 modes to calculate the amplitudes of the propagating
waves. It is shown in the next subsection that this is more than sufficient for calculating
accurate results. The frequency range used is 5Hz-1200Hz, it is possible to plot the
energy beyond this frequency but 1200Hz is selected as the upper range as later equivalent

problems are limited to this maximum frequency.
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Figure 2.10: Energy reflected and transmitted at an abrupt increase in radius with a) a =
0.2m, b = 0.28m; b) a = 0.06m, b = 0.28m.

The first considered configuration has the radius of the left-hand duct to be equal to
the radius of the right-hand duct, which reduces the problem to an infinite duct. The
left-hand radius is @ = 0.2m and the right-hand radius is b = 0.2m. For a duct of radius
a = 0.2m the first cut-on occurs at 1041Hz (while other cut-ons occur outside the chosen
frequency range). For this problem the energy is totally transmitted and the cut-ons
present in both ducts have no impact on the energy. This is because there is no junction
to disrupt the energy from being transferred from the left-hand to the right-hand duct.

The next considered configuration has the radius of the right-hand shell to be increase
to b = 0.28m while the radius of the left-hand duct is maintained at @ = 0.2m. For a
duct of radius b = 0.28m the first cut-on occurs at 744Hz (while other cut-ons occur
outside the chosen frequency range). The energies are plotted in against frequency for
5 — 1200Hz and presented in Figure 2.10a.

transmitted. A large dip in transmitted energy occurs at 744Hz, this is a result of the

It is seen that the majority of energy is

mode cut-on occurring in the larger duct. A second drop in transmitted energy occurs
at 1041Hz which is when the cut-on in the smaller duct occurs. Note that the noise
mentioned in the piston problem is more evident here.

The final configuration considers the radius of the left-hand duct to be significantly
smaller compared to the right-hand duct. The radius of the left-hand duct is reduced to
a = 0.06m and the radius of the right-hand duct is kept at b = 0.28m. For a duct of
radius 0.06m there are no cut-ons which occur in the considered range of frequencies. The
resulting plot of energy is shown in Figure 2.10b. For frequencies below the first cut-on
at 744Hz it is seen that the majority of energy is reflected. This is in keeping with the
well known result (see for example Levine and Schwinger [2]) that the energy is totally
reflected as ka = a — 0. After the first cut-on there is a sharp inversion of the energies

and the majority of energy is then transmitted.
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Figure 2.12: The two sides of the normal component of velocity matching condition for 10
modes with @ = 0.2m, b = 0.28m a) Real; b) Imaginary.

2.5.1 Verification of results

To verify the results, the matching conditions are plotted in order to ensure that they
converge and to check that sufficient modes have been included. This is done for a
configuration with @ = 0.2m, b = 0.28m at 780Hz. The matching condition for pressure
is (2.78) which is presented against the non-dimensional radius of the duct in Figure 2.11
for 10 modes. The results show that there is a good agreement on the two sides of the
pressure condition, but it drifts apart in the center and at the edges of the duct. The
matching condition for the normal component of velocity is (2.84) which is presented
against the non-dimensional radius of the duct for the real and imaginary parts for 10
modes in Figure 2.12. The results show a agreement between the normal component of
velocity from the two sides of the junction. This is due to a singularity at which the

normal component of velocity jumps from continuity in the fluid to zero on the rigid
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Figure 2.13: The two sides of the pressure matching condition for 60 modes with @ = 0.2m,
b = 0.28m (dashed line: left side of the condition, solid line: right side of the condition) a) Real,

b) Imaginary.

2.5

Real [(pZ ]
]
o
N

Im [¢]

Im g, ]

12

0.8

0.6

0.4

0.2}

-0.2
0

0 0.5

o

)
WAt s, e,
,‘I‘ 7

J

3 35

Figure 2.14: The two sides of the normal component of velocity matching condition for 60
modes with @ = 0.2m, b = 0.28m (dashed line: left side of the condition, solid line: right side
of the condition) a) Real; b) Imaginary.

annulus. From these results it is seen that the amplitudes obtained with 10 modes are
not sufficiently accurate, thus additional modes are required. The real and imaginary
results of the matching condition for pressure is now found for 60 modes and are shown
in Figure 2.13. There is an improvement in the match in the pressure from each side
of the junction and they do not drift at the center or towards the edge of the duct.
Therefore 60 modes finds sufficiently accurate amplitudes for satisfying the condition for
matched pressure. The amplitudes used to find energy results were formed using 100
modes, which is more than enough modes to satisfy the matched pressure condition. The
normal component of velocity condition is now presented for each side with 60 modes
and is presented in Figure 2.14. There is a much closer match between the two normal
components of velocity for 7 < 0.2m, however it is not one-to-one due to the oscillatory

behaviour. These plots better demonstrate the behaviours occurring from the abrupt
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Figure 2.16: The two sides of the velocity flux for 60 modes with @ = 0.2m, b = 0.28m (dashed
line: left side of the condition, solid line: right side of the condition) a) Real; b) Imaginary.

change in the normal component of velocity (known as Gibb’s phenomenon).

These

plots show that with 60 modes the amplitudes have a better agreement with the normal
component of velocity condition, but is not perfect due to its piecewise nature. A better
validation for this matching condition would be to show the matched velocity flux. The

velocity flux is the average velocity over the region, achieved through integration, thus

the matched velocity flux is

ib b
ZA / Jo(Knr )rdr-——i—zZB/Jo(’an)?“d?"-

(F Ap)

0

(2.88)

Note that the modes involving Ay and By have been integrated separate to the remainder
of the summation as sg = 9 = 1 and kg = 79 = 0. The two sides of (2.88) (real and
imaginary) are presented in Figure 2.15 with 10 modes and Figure 2.16 with 60 modes.

It is seen that there is a one-to-one agreement between the two sides of (2.88) with 100



modes used to form the amplitudes. There is a dip in both the real and imaginary parts
at 7T45Hz which is in keeping with the first cut-on in the larger duct. Also there is a peak
in the real part (with a slight increase in the imaginary part) at 1045Hz which is due to
the first cut-on in the smaller duct. The plots in this subsection show that 10 modes is
more than sufficient to formulate the amplitudes with and they validate that the method

has been applied correctly.
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Figure 2.17: Physical configuration of the rigid expansion chamber problem.

2.6 Energy transmitted through a rigid expansion

chamber situated between two ducts

This section considers the energy leaving an expansion chamber situated between two
ducts. The problem comprises two semi-infinite ducts with a finite chamber of non-
dimensional half-length L between them (where L = Lk) as shown in Figure 2.17. The
inlet duct is located in the region 0 < r < a, z < —L, the outlet duct is located in the
region 0 < r < a, z > L, and the expansion chamber occupies the space between them,
0<r<b —L <z < L. The waveguide is closed by rigid annular discs located at
a<r<b z==L.

The velocity potential for the left-hand duct ¢, comprises the incident wave and the
field reflected at the first junction, which leads to

d1 = FJy(kor)eeCHD 4 ZAnJO(/inr)e’is"(”L), 0<r<a, 2<-1L, (2.89)

n=0

where F' is the amplitude of the forcing wave given in (2.39), A, is the amplitude of the
nth mode, s, are the wavenumbers for the inlet and outlet ducts and &, = (1 — s2)/2.
Note that the arguments of the exponentials have been manipulated such that they will
later simplify. The velocity potential for the expansion chamber is made of the waves
reflected by the second junction and those which pass through the first junction. This

gives the velocity potential ¢, as

o0

G2 =Y {Pue™™ + Que™} Jo(ymr), 0 <7 <b, —L <2<, (2.90)

n=0

where P, and (),, are the amplitudes of the nth reflected and transmitted modes respec-
tively, 1, are the wavenumbers for the expansion chamber and 7, = (1 — n2)"/2. The

velocity potential for the right-hand duct ¢3 contains those waves transmitted through
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the second junction, that is
[e.e]
¢3 = Z B, Jo(knr)e® 0 0 <r<a, 2> L, (2.91)

n=0

where B,, amplitude of the nth transmitted mode.

The problem can be broken down into a symmetric and an antisymmetric subproblem.
This is done by introducing a second forcing wave located in the right-hand duct. This
travels in the negative z direction for both problems. For the antisymmetric subproblem
the additional forcing wave has a phase shift of 7, which by Euler’s identity results in a
negative forcing amplitude. These subproblems are illustrated in Figure 2.18 and Figure
2.19.

These subproblems are simpler to solve as they have a line of symmetry/antisymmetry
allowing them to be reduced to a problem with an abrupt increase in radius. The reflected
amplitudes from these systems can then be used to find the reflected and transmitted

amplitudes for the full problem.
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2.6.1 Symmetric subproblem

The nature of the symmetric subproblem enables it to be reduced to an equivalent semi-
infinite problem with an abrupt increase in radius and a rigid end plate as shown in
Figure 2.20. The purpose of this subsection is to determine the acoustic field reflected
due to a forcing wave at an abrupt increase in radius. The problem comprises one semi-
infinite duct and one finite duct. The semi-infinite duct is on the left-hand side and
occupies 0 < r < a, z < —L and the finite duct is on the right-hand side and occupies
0<r<b —L <2z < 0. The waveguide is closed by a rigid annular disc occupying
a <r<b, z=—L and a rigid plate occupying 0 < r < b, z = 0. Forcing is by a wave
propagating in the positive z direction towards the abrupt increase in radius.

The velocity potential for the left-hand duct ¢ comprises the plane wave and the
reflected field, which is

¢ = Fe'*th) 4 ZAZJO(F;”T)G’“"(”L), 0<r<a, z<-L, (2.92)
n=0
where the superscript denotes the symmetric subsystem and A%, n =0,1,2,... are the

amplitudes of the reflected modes for the symmetric system. The velocity potential for
the right-hand duct ¢5 comprises the field reflected by the rigid disc and the field which

passes through the junction, thus
5 = Z {Pse—mnz 4 Qzeinnz} Jo(yar), 0<r <b, —L<2<0, (2.93)
n=0

where P; and (), are the amplitudes of the nth reflected and transmitted modes respec-
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tively. The property of the rigid end plate is

s o0
ﬁ(r, 0)=iY {~Pi+Q}mJo(yr) =0, 0<r <b. (2.94)
0z et

From the large argument approximation for Bessel functions it is seen that in order for
Jo(7ar) = 0 the roots v,r = (m + 1)w/2 ;m = 0,1,2,.... However, as the roots are
defined as v,a = (m + 1/4)7/2 ,m = 0,1,2,... (from the characteristic equation) the

above equation is only satisfied when P’ = (25,. It follows that ¢ reduces to
o5 = QZ P?cos(mnz)Jo(ymr), 0 <7 <b, =L < 2<0. (2.95)
n=0

The system is solved by matching the fluid pressure and the normal component of

velocity at the junction. These are continuous in the fluid, while the normal component

of velocity vanishes on the rigid annular disc. That is at z = —L
@1 (r,—L) = ¢5(r,—L), 0 <r <, (2.96)
05 %(r —L), 0<r<a
—L)y=¢ 927 ’ ) 2.97
1) {0’ o (297)
From (2.96) it is found that
F+ Z A5 Jo(knr) =2 Z P> cos(nn L) Jo(ynr)- (2.98)

n=0 n=0

Equation (2.98) is multiplied by Jy(k.,,7)r and integrated with respect to r, 0 < r < a,

to give
F/ Jo(Kmr)r dr + Z Afl/ Jo(Kn1)Jo(Kmr)r dr
0 n=0 0
=2 Pjcos(nL) / Jo(r) Jo(Kmr)r dr (2.99)
n=0 0

The orthogonality relation in (2.25) is used to evaluate those integrals on the left-hand
side. It follows that

2 (o]
AS = —Fbp, + N ; P3 coS(1p L) Ry (2.100)

where R,,, is as given in (2.80) and C,, is as given in (2.26). A second expression is

found by multiplying (2.97) by Jo(7mr)r and integrating with respect to r, 0 < r <b. It
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is noted that the right-hand side is zero on (a,b) and the orthogonality relation in (2.27)

is used to evaluate the left-hand side to give

iFSgRgm 1 >
P = _ A5 5, R, 2.101
" ADynmsin(nn L) 2Dpn sin(n,, L) Z nd ( )

n=0

where R,,, is given in (2.80) and D,, is given in (2.28). The reflected and transmitted
amplitudes of the symmetric system are thus found by solving the coupled equations
(2.98) and (2.101), where the number of modes in each summation is truncated to 100

modes.

2.6.2 Antisymmetric subproblem

The nature of the antisymmetric subproblem enables it to be reduced to a semi-infinite
system with an abrupt increase in radius and an acoustically soft end plate (see Figure
2.21). The system comprises two sections of duct: the left-hand duct occupies 0 < r <
a, z < —L and the right-hand duct occupies 0 < r < b, —L < z < 0. It is closed
by a rigid annular disc occupying a < r < b, z = —L and an acoustically soft end
plate occupying 0 < r < b, z = 0. Forcing is by a wave located in the left-hand duct
propagating in the positive z direction towards the abrupt increase in radius.

The velocity potential for the left-hand duct ¢§ comprises the incident wave and the
reflected field

¢t = FelGHD) 4 ZAZJM/QJ)@’““””, 0<r<a, 2<-L, (2.102)
n=0
where the superscript denotes an antisymmetric subsystem and A%, n = 0,1,2,... are

the amplitudes for the reflected field. The velocity potential for the right-hand duct
@5 comprises the field reflected by the acoustically soft disc and the field which passes
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through the junction
= Z {Pre"m* 4 Qe *} Jo(vur), 0<r <b, —L < 2<0, (2.103)

where P2 and ()% are the amplitudes of the nth reflected and transmitted modes respec-

tively. The property of the acoustically soft end plate is

o0

$(r,0) = {Ps+ @3} Jo(yar) =0, 0< 7 < b, (2.104)
n=0
which implies that P? = —(Q)2, which reduces ¢3 to
o5 = 22]33 sin(n,2)Jo(yur), 0 <r <b, —L <2 <0, (2.105)

n=0

The method of solution is analogous to that of the symmetric subproblem. The first
expression is found by applying the pressure condition, which on completing the steps

described above, gives
2 «— :
AZ = _FZ(;Zm — @ ng_o P: SlIl(’I]nL)an7 (2106)

where R, is given in (2.80) and C,, is given in (2.26). The second expression is found

by applying the condition for the normal component of velocity condition, which leads to

iFgSgRem
P _ A%, R, 2.107
™ 20Dyt cos(nmL) QmeTIm cos(1m L Zo ’ ( )

where R, is as in (2.80) and D,, is as in (2.28). The reflected and transmitted amplitudes
are found by truncating and solving the coupled equations (2.106) and (2.107).
With the reflected amplitudes of the symmetric and antisymmetric subproblems, the
amplitudes for the full expansion chamber problem can be found. These are given by
A5+ A A — A2

A, = Tm B,, =g (2.108)
where A,, are the amplitudes of the reflected field and B,, are the amplitudes of the
transmitted field. Energy balance is achieved when the total energy input is equal to the
total energy output. For this problem there is one source of energy entering the system
Er and two sources of energy leaving the system. Those sources leaving the system are
the reflected £, and transmitted energy £g. Therefore the energy balance for the problem

is given by & = Ex + .
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The amplitudes A,, and B,, are used in the (2.41) and (2.42) to give the reflected and
transmitted energies respectively. These are stated below for convenience: The energy

for the reflected field is given by

M
En =Real | Y A [5,Ci | . (2.109)

m=0

where A, are the amplitudes of the reflected waves and the energy for the transmitted

field is
M

Z ‘BmanDm

m=0

& = Real : (2.110)

where B,, are the amplitudes of the transmitted waves. The amplitudes and energies are
calculated in Matlab with the code presented in Appendix C and the plots are presented
below. This has been done using 100 modes to calculate the amplitudes of the propagating
waves. It is shown in the next subsection that this is more than sufficient for calculating
accurate results.

The radius of the inlet and outlet ducts are firstly considered to be equal to the radius
of the expansion chamber, thus forming an infinite duct. The radius of the inlet and outlet
ducts are @ = 0.2m and the radius of the expansion chamber is b = 0.2m. For a duct
of radius a = 0.2m the first cut-on occurs at 1041Hz (and further modes cut-on outside
the frequency range). In both case of £ = 0 and ¢ = 1 forcing modes it is seen that the
energy is totally transmitted, this is due to there being no discontinuity to scatter the
incident wave.

The next configuration considers the radii of the inlet and outlet ducts to be kept
at @ = 0.2m while the radius of the expansion chamber is increased to b = 0.28m. An
expansion chamber of half length L = 0.25m is considered in Figure 2.22a and the results
show that the expansion chamber causes the energies to oscillate over frequency. This
behaviour is due to the trigonometric factor present in both the reflected and transmitted
amplitudes. The troughs of the reflected energy (and likewise peaks of the transmitted
energy) can be predicted while the energy is carried by the fundamental mode. Asny =1
the drops occur when sin(nL) = 0, which is when kL = nw, n = 0,1,2,..., which is
when f = nc/(4L), n = 0,1,2,... (as k = f2r/c). This accounts for the troughs in
the reflected energy at OHz, 343.5Hz and 687Hz. At 744Hz the cut-on mode from the
expansion chamber causes the reflected energy to peak sharply. After this cut-on the
energy is mostly reflected and it drops again at the cut-on at from the inlet and outlets
ducts at 1041Hz. Note the noise mentioned in the piston problem is more evident in this
plot.

Increasing the length of the expansion chamber to 2L = Im the energies are found

as shown in Figure 2.22b. The oscillations now occur twice as often due to the increase
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Figure 2.22: Energy output from an expansion chamber with: a) @ = 0.2m, b = 0.28m,
L =0.25m; b) @ = 0.2m, b = 0.28m, L = 0.5m.

chamber length. The predicted dips in reflected energy are at OHz, 171.75Hz, 343.5Hz,
515Hz and 687Hz. At 744Hz the cut-on mode from the expansion chamber causes the
reflected energy to peak sharply. Between 800Hz and 900Hz the energy is mostly reflected,
after which the transmitted energy dominates again. The cut-on from the inlet and
outlets ducts at 1041Hz cause a minor disturbance in the transmitted energy, which then
proceeds to decrease.

The radius of the inlet and outlets ducts are now reduced to a = 0.06m while keeping
the radius of the expansion chamber at b = 0.28m. The energies for an expansion chamber
of length 2L = 0.5m are shown in Figure 2.23a). It is seen that the reflected energy
drops in reflected energy occur at the same frequencies approximated for the previous
configuration, however the dips here are much sharper with the reflected energy being
zero at these frequencies. The cut-on from the expansion chamber at 744Hz causes an
inversion in the energies and after this frequency the transmitted energy is dominant up
until approximately 880Hz.

Increasing the length of the expansion chamber to 2L = 1m produces results seen in
Figure 2.23b. It is again seen that with a chamber twice as long, the energy oscillations
occur twice as frequent. The energy is mostly reflected below the first cut-on, however

beyond here the energy flips between mostly reflected and mostly transmitted.

2.6.3 Transfer matrix method

The transfer matrix method used in Munjal and Prasad [7] and Peat [8] can be applied to
the rigid expansion chamber system. This is a low frequency approach using only plane
waves. Thus the normal component of velocity is not an appropriate matching condition
because it contains no information about the change in radius. Therefore the transfer

matrix will instead be formed by matching the fluid pressure and velocity flux.
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Figure 2.23: Energy output from an expansion chamber with: a) @ = 0.06m, b = 0.28m,

L =0.25m; b) @ = 0.06m, b = 0.28m, L = 0.5m.

As mentioned above, this method uses only the first mode of each velocity potential

and thus the potentials are approximated as

$1(2) = FeltHD) 4 Agem i), (2.111)

$2(2) = Poe™" + Que”, (2.112)

3(2) = Boe'*™ 1, (2.113)

Equations which relate the velocity potentials at the first junction are found by matching

the fluid pressure and the velocity flux. These conditions are applied at z = —L and are
given by

¢1(—L) = ¢po(r,—L), 0 < r < a, (2.114)

/ /‘%1 L)r dr dH_/ /%2 L)r drdé. (2.115)

The velocity potentials in (2.111) and (2.112 are substituted into the above conditions

and expressed in matrix form as:

(51(_1» B il e—il
%(—L) B —ib%e't Ja® ib?e~ L /a?

0z

Fy
Qo

(2.116)

The matrix which relates pressures and velocity across the first junction is

[ e e ] (2.117)

M, = 4 A
_,L'b2€7,L/a2 ,L'b2€—zL/a2

A second matrix is found by matching the pressure and velocity flux at the second junc-
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tion. That is, at z = L
¢3(L) = ¢o(L), 0< 7 <a, (2.118)

2 2
/ %3 rdrdf = / a¢2 L)r drdé. (2.119)
0

0
The velocity potentials in (2.113) and (2.111 are substituted into the above conditions

and they are expressed in matrix form as:

(L) | _ | e e o (2.120)
%s (L) —ib?e~ /a2 bt /a?| | Qo
The matrix at the second junction is thus given by
o—iL il
My = ‘ ‘ . 2.121
2 [_Z'er—moL/QZ Z‘b2€zL/a2] ( )

In order to form the transfer matrix for the expansion chamber, the expressions for each

junction must be combined. This is done by eliminating [Py Q] between (2.116) and

(2.120) to give i i
~1( ) = M, M;*! E”( ) (2.122)
361 1419 ) .

Fe(L)

where the inverse of My is

= . . 2.123
2 2262 ib2671L/a2 67'LL ( )

M—l—ilib%w/a? _6¢L]

The matrix multiplication of matrix M; with the inverse of the transfer matrix M, lead

to the equations for the entire system as

[(131(—[/)] _ 1 [ 2L | o—2iL ia? (X — eziL)/bzl [&3@)
ib?(

: A , A A - . 2.124
%(_10 eQzL _ 6—21L)/a2 eZzL + 6—21L %(L}] ( )

From here it can be seen that the transfer matrix for the entire system is

(2.125)

cos(2L) —a®sin(2L)/b?
b*sin(2L)/a? cos(2L)

Now the transfer matrix has been obtained, it is left to solve the following equations to
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obtain the reflected and transmitted coeflicients

F+ Ay = By {COS(QL) — ’MSI()%} : (2.126)
i(F— Ay) = By {w + icos(2L)} : (2.127)

With the transfer matrix method the approximations for the first mode amplitudes of

the reflected and transmitted waves are

B F(a* — b*)sin(2L)
 2ia%b? cos(2L) + (a* + b4) sin(2L)’
_ 2iFa*b?

 24a2b? cos(2L) + (a* + bY) sin(2L)

Aq (2.128)

By (2.129)
The amplitudes A,, and B, are used in the (2.41) and (2.42) to give the reflected and
transmitted energies respectively. These are stated below for convenience: The energy

for the reflected field is given by

Er = Real , (2.130)

M
Z |Am|25mCm
m=0

where A,, are the amplitudes of the reflected waves and the energy for the transmitted
field is

Ep = Real

M
>, \BanmDm] : (2.131)

m=0
where B,, are the amplitudes of the transmitted waves. The amplitudes and energies
are calculated in Matlab with the code presented in Appendix C and they are compared
with those obtained from the mode matching method in the results that follow. This has
been done using 100 modes to calculate the amplitudes of the propagating waves. The
thinner solid line is the approximated transmitted energy and the thinner dashed line is
the approximated reflected energy. Note that the transfer matrix is only valid up until
the first cut-on as only the fundamental mode is considered in the velocity potentials.

Expansion chambers with outer radius @ = 0.2m and chamber radius b = 0.28m are
firstly considered. With an expansion chamber of half length L = 0.25m (see Figure
2.24a), it is seen that up until 200Hz the transfer matrix method provides a very good
approximation for the reflected and transmitted energy. From this point the approxi-
mated energies begin to drift increasingly further away from those found from the mode
matching method.

The radius of the outer ducts are now considered to be equal to the radius of the
expansion chamber with @ = 0.2m and b = 0.2m. With an expansion chamber half

length of L = 0.25m, the transfer matrix energies are in full agreement with the energies
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Figure 2.24: Energy output from an expansion chamber with: a) @ = 0.2m, b = 0.28m,
L =0.25m; b) @ = 0.2m, b = 0.28m, L = 0.5m.

obtained from the mode matching method for the entire valid frequency range as the
energy is totally transmitted.

With a longer chamber half length of L = 0.5m (see Figure 2.24b), the transfer matrix
approximation is valid for a wider frequency range. It is not until around 300Hz that the
approximation begins to drift away from the energies obtained from the mode matching
method. In addition, the error difference does not appear to be as big as it is with the
shorter length chamber.

The second set of results are for the case when the radius of the outer ducts are reduced
to @ = 0.6m while keeping the radius of the expansion chamber at b = 0.28m. When
the half length of the expansion chamber is L = 0.25m (see 2.25a), the approximated
energies form the transfer matrix method almost entirely agree with those obtained from
the mode matching method. The approximated energies do begin to drift away after
600Hz, but the error difference is not as significant in this region when compared with
the wider outer duct radius results.

Increasing the half of the expansion chamber to L = 0.5m (see Figure 2.25b), shows
an even better agreement between the energies from the transfer and the mode matching
energies. The energies do still drift from the mode matching energies a tiny amount after
600Hz, but the error difference is not as large.

From these results it is seen that the transfer matrix method provides a good approx-
imation for to the energy output for low frequencies. The frequency range of accurate
approximations is wider for problems where the outer radius is significantly smaller com-

pared to the radius of the expansion chamber.
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Chapter 3

Energy radiated in shells subject to

axisymmetric motion

This chapter focuses on acoustic propagation in thin, circular, cylindrical shells with
flexible walls. Equations are found for the flexible shell with axisymmetric motion and
used to find the energy radiated in some simple problems involving propagation in a semi-
infinite shell. A generalised orthogonality relation for the flexible shell with axisymmetric
motion is derived and used with the mode-matching method to find the amplitudes. The
generalised orthogonality relation is new to the research area. The results produced in
this chapter are compared with those obtained from equivalent problems in Chapter two.
Three problems are presented: Energy reflected due to a rigid plate, acoustic response

due to a plane piston and acoustic response due to a plane piston and forcing wave.

3.1 Governing equations and dispersion relation

A thin, flexible-walled cylindrical shell described in cylindrical polar co-ordinates (76, 2)
is now considered. The interior region of the shell contains a compressible fluid of sound
speed ¢ and density p whilst the exterior region is in-vacuo. A harmonic time factor, e =%,
is assumed throughout where ¢ is time and w = ck, with k being the fluid wavenumber.
For this chapter and Chapter four, the flexible shells are subject to axisymmetric motion.
Non-axisymmetric motion is considered later in Chapter five. These two types of motion
are illustrated in Figure 3.1, where the dotted circles shows the maximum position of
motion and the dashed circles represent the minimum position of motion. The value n
shown in this figure relates to the order of the Bessel function used which creates this
motion. This may not be evident in this Chapter as n = 0, but it will be more apparent
in Chapter five when n = 1.

The fluid has the same properties as the fluid considered in Chapter two. Hence it is

governed by the same Helmholtz equation stated in (2.4) which gives the solution for the
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Figure 3.1: Illustration of axisymmetric (n=0) and non-axisymmetric vibrations (n=1).

velocity potential as

IS AnJo(/inr)eiS"z, (3.1)

where A, is the amplitude of the nth wave, s, is the wavenumber of the mode and
satisfies the flexible-walled characteristic equation K(s) = 0 which is presented below
and K2 = (1 — s2)1/2,

There are several different sets of equations which describe the motion of a flexible
shell, many of which have been analysed in Leissa [25]. In this chapter (and in those
chapters that follow), the Donnell-Mushtari equations of motion stated by Junger and Feit
[30] will be used. This theory assumes that the displacements are small when compared
to the thickness of the shell. Furthermore, that the thickness of the shell is small when
compared to the radius of the shell. For a shell of thickness h, radius a and density p, these
assumptions translate to the limitations hk < 1 and h/a < 1. The Donnell-Mushtari

equations of motion for a cylindrical shell are:

Pu 1-vd*u 14+v 0*v vow wa
— + —— + — — + -
072 2a2 002 2a 0z00 a0z = c?

1+u82a+1—ya2@+i82@+ia_w 2
2a 0z060 2 0z2 a?oh?  a? oo 2
vou 10v w h20*'w 2n? O h? 9w W p(a,z)
—w—t ==ttt + —=
adz a’*df a* 120z* 12a%0z%200?  12a* 00*  ¢2 c?psh

where u, v and w are the longitudinal, circumferential and radial shell displacements,

respectively, v is Poisson’s ratio, p(a, z) is the internal fluid pressure acting on the shell

and c; is the in-vacuo sound speed in the shell given by

“o \ (1 —Evz)ps’ (335)

where E' is Young’s modulus. Note that the region exterior to the cylinder is in-vacuo.

The pressure p and the circumferential shell displacement w can be expressed in terms
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of the velocity potential ¢ as follows:

P = iwpd, (3.6)
i
Y=o (3.7)

The non-dimensional variables given in (2.3) are used to non-dimensionalise the Donnell-

Mushtari equations of motion as follows:

Pu 1—-vd*u 1+v 0% v 0?9

w 2, _ _
922 + 502 902 + 50 9200 + P + f*u =0, atr=a, (3.8)
l+v Pu  1-vdv 10 i 9% 2
2a 8209+ 2 322+;892+¥6T89+Bv_0’ at r = a, (3.9)
—1 a@ —i@ % 1 0°¢ + 2 ¢ I 1 ¢ _azﬁz%
oz 700 T or T H0ros T 12 0r022007 " miat 0r00" or
- a2ﬂ2p¢ =0, atr=a (3.10)
pshk = o :

where 8 = w/(csk) and 7 = 12/(k*h%a?). For axisymmetric motion all 6- dependant

displacements can be neglected, which reduces the equations of motion to

Pu v §%¢ )
922 +58r82+6 u=0, at r=a, (3.11)
C Ou 09 1 09 o 200  d’B%p
—iva— + 4 — - = = a. 12
Ry + or + 71 Oroz* @p or  pshk ¢=0, atr=a (3.12)

On substituting the form of the velocity potential (3.1) into (3.11) the function for the

longitudinal displacement is found as

VSpknJi(Kna)

Mﬁ_@)ww (3.13)

up(a, z) =

Similarly the form of the velocity potential (3.1) is substituted into w in (3.7) and non-
dimensionalised to give

wy(a, 2) = kyJy (Kna)e™ . (3.14)

The functional form for the longitudinal displacement is used in (3.12) to obtain the

characteristic equation

K(s,a) = mv?s® — (s* — B%) {54 — it + ozzz(f;;)} =0, (3.15)

where p* = 71 (a?8?—1) and a = 128%p/(psh3k?). This function defines the wavenumbers
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Figure 3.2: Plot of the characteristic function for a = 0.2m, f = 500Hz: a) Real valued input;
b) Imaginary valued input.

of the fluid-coupled propagating waves travelling within the shell. Note that as a — oo,
71 — 0 the characteristic equation reduces to that for a thin plate.
For simplicity the characteristic function in (3.15) is multiplied through by —r.J;(ka) to

give the dispersion function
L(s,a) = —m*s’kJi(ka) + (s* — B%) (s* — ) kJi(ka) + (s* — B°) ado(ka) = 0. (3.16)

For the problems presented herein the shells are to be representative of ductwork which
appears in HVAC systems. However, these are commonly made of steel, which is not
the best material to represent a flexible shell. Instead an aluminium shell, of thickness
h = 0.002m and of density p, = 2700kg m~—3 is considered. In addition, the required
values of Young’s modulus and Poisson’s ratio are £ = 7.2 x 101°Nm~2 and v = 0.34;
whilst the fluid is air with sound speed ¢ = 343.5ms™! and density p = 1.2kg m 3.

A plot of the characteristic function L(s,a) is shown in Figure 3.1 for a radius of
a = 0.2m, where plot a) shows a real valued input and plot b) shows an imaginary valued
input. It is seen that as s — oo, the imaginary part of the function oscillates more
frequently, meaning the imaginary roots form closer together. It is the roots s,, n =
0,1,2,... of this function that are required for the wavenumbers for the velocity potential.
Those that are either positive real or have a positive imaginary part are required as these
correspond to a waves that propagate in the positive z direction or decay as z — oo.
To find these roots the Newton-Raphson method is used, this is an iterative technique
for root finding in continuous functions. It requires a starting value zy that is close

to the wanted root and iterates the equation until the desired accuracy is found. The
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Newton-Raphson equation is

L(z,,a)
] = Zp — ————=
+ L'(zp,a)

: (3.17)

where 2,1 is the improved root value. This method has quadratic convergence and so
within a few iterations the desired accuracy can be achieved. There are some limitations
of this method which will be mentioned later. Starting root approximations for each of the
roots need to be found, this is done by firstly approximating the characteristic function
by its dominant term. For |s| > 1, the characteristic equation can be approximated to

the dominant term
L(s,a) = (s* = B%) (s* = pu*) kJi(ka) = 0. (3.18)

With this approximation, it can be seen that there are three possible ways that a root can
develop. Thus the first root approximations are given by s ~ £+, s = +u and s ~ +ipu.

It is left to solve Ji(ka) = 0, which is done by approximating the Bessel function as

2 3
Ji(ka) ~ \/% cos (ma — Zﬂ) =0. (3.19)

The roots of this function give the remaining approximations for the initial values as

. 51 1/2

™

~|1l—4— — =0,1,2... 3.20
; [ {<m+4)}] m=012.... (3.20)

which suggests that there are an infinite number of evanescent modes. Note that for each

follows

m such that a > 7(m+5/4), m =0,1,2... an imaginary root becomes real, this is when
an evanescent mode starts to propagate, this phenomena is known as a cut-on. These
roots are ordered sequentially with real roots first and then by increasing imaginary part.
Hence, sq is always the largest real root and remaining roots are ordered accordingly.
There are two fundamental real roots. The first root is sy &~ 1, this corresponds to a
fluid-borne mode as ¢y = Jy(0)e** is a plane wave. The second root is s; ~ (3, this is a

solution of the equation created by considering a — oo in (3.8) which leads to

o%*u

a2 B*u = 0. (3.21)

Thus, s; corresponds to a structure-borne mode as it is the mode propagating in this
direction for large a. It is possible for a pair of complex roots to exist for certain ranges
of frequency, these are found at s &~ +iu. A plot of the first 13 roots of the characteristic
equation for a shell of radius 0.2m at a frequency of 500Hz is shown in Figure 3.3.

Appendix D shows Matlab code which finds the roots of the characteristic equation with
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Figure 3.3: The first 13 roots of the characteristic equation at 500Hz with a = 0.2m.

the approximations discussed above as initial values. This has been done using 100 modes
to calculate the amplitudes of the propagating waves. However there are some limitations
to using this method, firstly it fails around each cut-on due to the jump in continuity
from the approximated imaginary to the real axis. This is avoided by instead using the
range (0, 1) with intervals of 0.1 and then use filtering techniques to identify unique roots
that satisfy the dispersion function. The other limitation is that the starting values for
the Newton-Raphson method have to be suitably close to desired root, this becomes
a problem with higher frequencies as the roots become closer together. To avoid this,
attention is restricted to the case of three or fewer real roots, which means that for each
shell the non-dimensional radius should be a < 13.34. In order to ensure that all roots
have been found the Cauchy integral theorem is used. This theorem states that if a
function f is analytic and is non zero on an within a circle C', then the number of zeros

No(+) (counting multiplicities) inside C'is given by

No(f) = QLM fc ?8 dz. (3.22)

The roots of the characteristic equation where Re(s,,) > 0 and/or Im(s,,) > 0 are required.

In order to perform the integration a change of variables g(#) = re® is used, which gives
1 [* L'(g(h),a)

No(L) = — ——224(0) do 3.23

D=5 | T 0w 52
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where the r is the radius of the circle.

The phase velocities v, = ¢/s, ,n = 0,1,2,3,4 for a shell of radius @ = 0.2m with
frequencies 5 — 3000Hz are illustrated in Figure 3.4. It is seen that for each root cut-on,
the phase velocity of the previously leading root drops towards the sound speed of the
fluid (c = 343.5ms™!).

3.2 Edge conditions

For a shell of finite length it is necessary to specify edge conditions to describe the
behaviour at each edge of the shell. Two sets of edge conditions for a shell of length
2L (where L = Lk) are found in Junger and Feit [30]. For a shell that is clamped, the

conditions are

dw
0z

where v is the torsional direction, retained here for later non-axisymmetric problems. As

U=7=w= =0, at z=+L, ¥ =a, (3.24)

the name suggests, the edge is clamped in place and no displacement can occur in any
direction. For a shell that is pin-jointed, the conditions are
0*w ou

W =—=7 =

952 5= 0, at z==+L, r =a. (3.25)

This creates a hinge-like joint, where the shell can pivot on the fixing point. These edge

conditions are non-dimensionalised using the non-dimensional counterparts given in (2.3)
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to find the clamped edge conditions

_ L _ 0 _ 9% _ _ _
_U_E_araz_o, at z = +L, r = a, (3.26)

and the pin-jointed conditions

19J0) o ou
—_— pu— == — p— j:L pr— .2
o =592 =V 3, 0, at z , T =a, (3.27)

where (3.7) has been used to express w in terms of ¢.

3.3 The generalised orthogonality relation

To form the generalised orthogonality relation, the following equation involving L(s, a)
in (3.16) is considered:

L(sp,a)kmJi(kma)  L(Sm,a)knJi(Kna)

o pr—r =0, (3.28)

where s,, n = 0,1,2,... are the aforementioned roots and k, = (1 — s2)Y/2. Tt is

easily seen that this relation holds true for all roots and s, # 5 forn = 0,1,2,.... On

substituting the characteristic function (3.16) into this relation, it is obtained that

_ 210202 .2
{ (sgl_yé)(é% _SEQ)) — s+ Sil}ﬂnjl(ﬁna)ﬁmjl(ﬁma>

+ 2 [{oar o Ty ar) = o) Ty () 1] = 0. (3:29)

r=0
The term in the square brackets is differentiated and expressed in integral form

«

- / JQ(I{mT){KiJ(I)/(I{nT)T + linJ(l)(/{mT)} — Jo(mnr){nfnJé’(mmr)r + /fmJé(/fmr)} dr
0

22202 2
- { (Sg—lfﬁé)((ss%z _Sgg)) — S, F Sim}’fnjl(’fna)ﬁmJl(ﬁn@- (3.30)

On using Bessel’s equation, it is found that

(s2, — si)g / Jo(Kmr)Jo(Kpr)r dr
0

2 32
= —(s2 — si){ (52 = ;123(52 ~ ) + 82 + sfn}/inJl(/fna)/@mJl(/fma).
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The above equation was generated from the relation in (3.28); therefore it is correct to

state

g/a‘] (K1) Jo(Knr)r dr = L8, @)kmJ1(Fma) — L(sm a)inJ1(Kna)
0 O 0 (s2 (s2

a s )(sh =82 (st = s2)(sh — )

212
B {(S% _ ;;g(:;n _ BZ) +2- K;727, - K?n}’injlofna)fimt]l(/fma)- (331)

The case of equal (k,, = k,,) and unequal (k,, # K,,) roots are considered separately. For

n = m this reduces to

a [° GV alon
- /0 J3(kpr)r dr = C,, — {(87211_—52)2 +2- 2/131} K22 (Kna), (3.32)

where C), is a non-zero constant, given by

~ kndi(kna) . L(sp,a) — L(s,a)
C, = 52 sllgln o (3.33)
From I"Hopital’s rule it follows that
c - L'(sp,a)knJi(kna) (3.34)

2sn(s2 — %) 7

where the prime denotes differentiation with respect to s. For n # m the value of C,, is

zero due to the relation in (3.28). Hence the generalised orthogonality relation is

(07

- / Jo(Kmr)Jo(Knr)r dr = 6, Ch
0

a

ULl 12— k2 — w2 Sk T (K@) (Fma) (3.35)
— — K, — Ko pRnd1(Kpa)kmJy (Kma). .
(s2 = B*) (53, — B?) S B 1
where ¢ is the Kronecker delta. This generalised orthogonality relation is new to the
research area and is specific to shells with axisymmetric motion modelled on the Donnell-
Mushtari equations of motion. Similarly, for a shell of radius b, the equivalent generalised

orthogonality relation is

o [P
3/ Jo(Yur)Jo(ymr)rdr
0
2 52
T2V f 2 2}
— Dy — 22— 2 e T (b)Yt () 3.36
where 7, = 12/(h%k?b?), n,, are the equivalent wavenumbers, 7, = (1 — n?)!/2? and
L, ny b n nb

" 200 (2 — B?)
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Figure 3.5: The path of integration used for Cauchy’s residue theorem.

These generalised orthogonality relations will be used in the following chapters to find
integrals which arise from the application of the mode matching method. The non-zero
constant C,, (or equivalently D,,) is a useful parameter arising in various identities which

involve the characteristic equation.

3.3.1 Properties of the eigensystem

The eigensystem comprising (2.4), (3.11) and (3.12) has many interesting properties.
In particular, it can be shown that the eigenfunctions are linearly dependent. This is
demonstrated through the existence of a number of identities comprising summations of
the eigenfunctions. It is shown in Lawrie [46] that the number of such identities depends
on the order of the boundary conditions. This number is the same as the number of
edge conditions required (or alternatively half the order of the characteristic equation).
In this case there are three such identities and these are given by I(r), Io(r) and I3(r).
These identities are constructed by considering contour integrals with odd integrands. On
applying Cauchy’s residue theorem an identity is obtained. The first identity is derived

by considering the integral

]1(7’)

1 [ 2s(s* — B2)Jy(kr)
= — d <r< .
5ri /Oo Ts.a) s, 0<r<a, (3.38)

where the path of integration is indented above any poles on the negative real axis and
below any poles on the positive real axis as shown in Figure 3.5. Contour integration can
be used to express the integral as a sum of residues and thus obtain an identity. Cauchy’s

residue theorem gives

1 2s(s* — B?)Jo(kr)
T — = <r< .
1 () + 5 /F T(s.a) ds ng_o On, 0 <1 <a, (3.39)
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where p,, are the residues at s = s,,. That is

on = lim 25(s5 = 5,)(5° = B%)Jo(kr)  28n(s — B°)Jo(kar)

= <r< 4
5—)8,,1 L(S’ a) L/(Sn’ a) 7 0 iy T -~ CI/’ (3 0)

where I’'Hopital’s rule has been applied. Note that as |s| — oo the integrand can be

approximated by
25(s* — B%)Jo(knr) _ 2Jo(isr)

L(s,a) sty (isa)’ (341)
Hence, as R — oo
/c 25(s” ;(fzjow) ds >0, 0<r <a. (3.42)
The first identity is now obtained using (3.34). That is
i i JO tnr) o 0<r<a (3.43)

n=0

A further two identities can be found by following the same process with the integrals

L [ 2sJy(kr)
I = — LA EA <r< 44
2(7) 57 /Oo L5, a) ds, 0<r<a, (3.44)
1 [ 2sK%Jo(kr)
I = — — - d <r<a. A4
3(7) 5 /Oo L5, a) s, 0<r<a (3.45)

In both cases the integrands are odd functions, therefore I5(r) and I3(r) are zero. The

same procedure is used to obtain identities two and three as

28, Jo(KnT) i Fnd1(Kna)Jo(Knr)

=0, 0<r<a, (3.46)
n=0 L/(Sn’ CL) n=0 (S% - ﬂQ)Cn
23n<]0 /’fn R J1 /‘in Jo /inr)
; s, a 2% e, =0 0sr<a (3.47)

Some additional identities can be found by using the Bessel function Jj(ka) in the inte-

grand. To obtain further identities, the following integrals are considered:

1 [ 2s(s® — B%)kJ1(ka)

lo= 2mi L(s,a)

ds, (3.48)

—0o0

1 [ 2skJi(ka)
2mi J_oo  L(s,a)

1 [ 2s3(s? — B?)kJy(Ka)
le = — d
°7 o /_OO L(s,a) *

I; = ds, (3.49)

(3.50)
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These integrals were chosen such that the integrand is an odd function of s, thereby
ensuring that the result is zero. From using the same procedure implemented for I;(r),

it follows that the identities given by I, and I5 are

0o 00 2

Z_; 25, (s> z/(ﬁjj:ﬁ;)h(%&) _ Z; {HnJlé'zna)} ~0 (3.51)
N 28,k 1 (Fina) o {Endi(Kna) )
ot L’(sn,a) - Zo (8% _ ﬁg)Cn =0. (3.52)

For integral I it is seen that as R — oo the contribution from Cg+ is non-zero. In order
to find this contribution the integrand is approximated for large |s| by:
25°(s* — p*)kJi(ka) _ 25°(s* — B*)wJi(ka) 2

L(s,a) TS5 — )Ry (ka) s (3:53)

With the parameterisations s = Re' and ds/df = iRe?, the integral over the arc is found

as
1 2 3(2 _ 32 1 ™
1 s°(s* — B?)kJ1(ka) ds ~ — _9idf = —1. (3.54)
27 Cs L(s,a) 27 Jo

Cauchy’s residue theorem is used to obtain

3(e2 _ 732 R 9 3(2 _ 32
L- 2s°(s* — B?)kJ1(ka) ds 4+ L/ 2s°(s* — B?)kJ1(Ka) ds
2mi Jo, ., L(s,a) 27 J_p L(s,a)
00 2 2
_ Z Sn {Kanl(I{na)} . (355)
n=0 Cn

It follows that

i li‘i {Hnng(ﬁna>}2 = _1. (356)

A final identity can be found by multiplying the characteristic equation L(s,,a) by
knd1(kna)/ {(s? — 8%)C,} and summing to give

2 {"injl RnQ 2 n2 {Klnjl K/n - 5 _,U/ {ﬁnjl(/fn )}
R e

n=

+ az i ””g)J olknt) _ (3.57)

With the identities obtained from I;(a), I4, I5 and I in the above equation, it is found
that

i “i{“”‘g(“"“)} s (3.58)
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Figure 3.6: Identities one and two.
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Figure 3.7: Physical configuration of the semi-infinite system closed by a rigid plate.

The roots of the characteristic equation (3.16) from a shell of radius @ = 0.2m at 500Hz
were used to plot the value of each identity against the number of considered modes.
The results of identities 1 and 2 in Figure 3.6 show that the identities are satisfied to 5
decimal places from 10 modes and continue to converge to zero. The results of identities

3, 4 and 5 are all zero to at least 6 decimal places when 10 modes are considered.

3.4 Energy reflected by a rigid plate

The aim of this section is to find the energy reflected by a rigid plate at the end of a semi-
infinite shell. The system comprises a single shell located in the region 0 <r <a, 2 <0
closed by a rigid plate occupying 0 < r < a, z = 0 (see Figure 3.7). Forcing wave
propagating in the positive z direction towards the end plate, this will be done for both a
fluid-borne and a structure-borne wave. The velocity potential ¢ comprises the incident
wave and the reflected field

B(r, 2) = FpJo(ker)e’™* + Z AnJo(kpr)e ™ ™m2 2 <0, (3.59)

n=0
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where ¢ indicates the chosen fundamental mode to force with (¢ =0 or £ = 1), F} is the
amplitude of the forcing wave, A,, is the amplitude of the nth reflected wave, s, is the
wavenumber and x, = (1 — s2)/2. In order for the forcing wave to have unit energy, it

follows from (2.36) that
a

F, = (3.60)

as,Cy’

The eigenfunction expansion forms of the longitudinal and radial displacements given in
(3.13) and (3.14) are

u(a, ) = vEySekedy /;ea isez _Z nSnknd1(K )e iz <0, (3.61)
a(s; — 3?) —
w(a, 2) = —FukgJy (kea)e'™* — ZAn/inJ1</in Ye HE 2 < 0. (3.62)
n=0

At the end plate, the normal component of velocity vanishes. That is at z = 0

gf(r 0)=0,0<r<a. (3.63)
From (3.63) it is found that
FyseJo(ker) ZA Spdo(knr) =0, 0<r <a. (3.64)
n=0

On multiplying (3.64) by Jo(k,7)r/a, integrating with respect to r, 0 < r < a, and using
(3.35), it is found that

EmJ1(Kma) (2 — K2) 1 (Kma) KEmdJ1(Kma)
A, = Fd,, E m B — B, (3.
¢ ¢ * Smom(sgn - 52> 0 * Smom ! SmOm ? (3 65)
where
N ApkinsnJi(kna)  Fukgsedy (kea)
242 1
Ey=nvp {; S% — 52 - S% _ 62 ’ (366)
E, = ZAanSnjl(Fdna) — FyryseJi(kea), (3.67)
n=0
= Z Ank2 5,1 (kna) — Fyrisei(kea). (3.68)

The constants Ey — E5 are found by applying edge conditions which describe how the
shell edge is connected to the end plate.
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The reflected energy

En = 2Real
o

M
> |An|20nsn] , (3.69)

n=0

is plotted against frequency. Note: as discussed in Chapter two, expression (3.69) incor-
porates both the fluid and structure borne components of energy. The results are created
in Matlab with the code presented in Appendix E. This has been done using 100 modes

to calculate the amplitudes of the propagating waves.

3.4.1 Clamped edge

The displacements given in (3.62) are used with the clamped edge conditions given in

(3.26) to find the eigenfunction expansions of the edge conditions as

oo

A EmSmd1(Km F, J
Z K 25 1(;; a) B g/igfg 1(/;;ga) o, (3.70)
m=0 Sm — ﬁ 5S¢~ B
Z AmbmJi(Ema) + FyreJi(kea) = 0, (3.71)
m=0
Z ApmbmSmJi(Ema) — FykeseJi(kea) = 0. (3.72)
m=0

From edge conditions (3.70) and (3.72) it is seen that for a clamped edge Ey = E; = 0.
Hence equation (3.65) reduces to

KEmdJ1(Kma)

Ay = Fybpg — B, (3.73)

$mChn
Edge condition (3.71) is applied by multiplying (3.73) by k., J1(k,a) and summing over

m, to give
2 J2(kma)
1 \'vm

K
By = 2FJi(rea)/ > L (3.74)
m=0 m m

The method of edge condition application can be generalised by recognising that the

edge conditions take the form:

Z At 4 FplD =0, for n =0, 1,2, (3.75)
m=0

where w%)l are the terms in the edge condition which multiply A,,, w,(f) are the constants

corresponding to F; and n identifies which of the three edge conditions to apply. For
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clamped edge conditions, the definitions for these come from (3.70)-(3.72), to give

U = smbm i (Kma) /(52 — 52), ) = —sekedi(rea) /(52 — B2),
) = K Sy (Kma), %ﬂzwhmm%
1/1( 5 = SmbmJ1(Kma), 1/19 = —syreJr(Kea). (3.76)

The results for a shell of radius @ = 0.2m, the edge of which is clamped to the rigid disc
are found. Both for a fluid-borne forcing mode and a structure-borne forcing mode, the
output energy &, is totally reflected. This is because it is a closed system and the energy

can only be reflected.

3.4.2 Pin-jointed edge

The pin-jointed edge conditions given in (3.27) can be expressed as

i Apkms® Jy(Kma) B Forps?Jy(kea)

=0, 3.77
m=0 - 52 S% o ﬁ2 ( )
Z ApbEmd1(Ema) + Forgdy(kea) = 0, (3.78)
m=0
Z Apbims2 Ty (ma) — Furgsy Jy(kea) = 0. (3.79)
m=0
These conditions give the values of v as

U = Smatim 1 (Fma) (57, = 5°), ) = siredi(rea) /(s — B,

@Dsi = KmJ1(Kma), ;f) = reJi(Kea),

Y = 82 K1 (1ma), vy = sirui (ka). (3.80)

The edge conditions are applied by multiplying (3.65) by 1&7(7321, and on summing over m
it is found that

fimJ fima mn 2 )b 1 (K@) i
> Rty + 3 SOy 5 Gl
mJ m mn
—Z& 18</€Ca)1/} By = —Fap®, forn=0,1,2, (3.81)
m=0 m m

where constants Ey — Ey are found by truncating and solving (3.81). The amplitudes of
the reflected field are then found by using the found constants in (3.65) and truncating
the sums.

The edges which connect the shell to the rigid disc are considered to be pin-jointed.
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Figure 3.8: Physical configuration of the semi-infinite shell problem with a forcing piston.

Again, both with a fluid-borne forcing mode and a structure-borne forcing mode, the

output energy is totally reflected.

3.5 Acoustic response due to a plane piston

The purpose of this section is to find the energy radiation by an oscillating plane piston
into a semi-infinite shell (see Figure 3.8). The shell is located in the region z < 0, 0 <
r < a and is closed by a rigid annular disc with a plane piston of radius r = b in its
centre. The annular disc is located in the region z = 0, b < r < a and the plane piston
is located at z = 0, 0 < r < b. The direction of forcing for the plane piston is in the
negative z direction.

The sound source in this system is the piston which is assumed to have symmetrical
axial velocity distribution u = u(r). The velocity potential for this system comprises the

waves radiated by the sound source
o(r,z) = Z AnJo(knr)e™ 52, (3.82)
n=0

where A, is the amplitude of the nth radiated wave, s, is the wavenumber and k, =
(1 — s2)Y2. The longitudinal and radial displacements (3.13) and (3.14) for the velocity

potential are as follows:

o0

v Ansn/fnjl('%na> —ispz
u(z) = —anzzo " e 2 <0, (3.83)
w(z) = —iZAanJl(/ﬁna)e_is"z, 2 < 0. (3.84)
n=0

The piston is assumed to have a symmetrical axial velocity distribution v = u(r), with

U 0<r<b
uiry=4 " == (3.85)
0, b<r<a
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where Uy is a constant.
The normal component of velocity is matched with the velocity distribution of the
piston. That is at 2 =0
99

22(0) = u(r), 0< 7 <a. (3.86)

The velocity potential in (3.82) is substituted into (3.86) to give

—i ZAnano(mnr) =u(r), 0 <r <a. (3.87)

n=0

On multiplying (3.87) by aJo(k,7)r/a and integrating with respect to r, 0 < r < a, it is
found that

_% ZAnSn/ Jo(knt)Jo(Kpr)r dr = %/ w(r)Jo(Kpr)r dr. (3.88)
n=0 0 0

The orthogonality relation in (3.35) is used to evaluate the integral on the left-hand side
and (3.85) is considered so the integral on the right-hand side can be evaluated. It follows
that

Ko J1 (Kma) (2 — K2k J1 (Kma) K1 (Kma) iaUgbJ1 (Kmb)
Ap = E m B — B, 4 20 mD)
(82, = 8285, Ch o+ $mCin ! S$mCin 2+ aKmSmCm
(3.89)
where
>\ ApknsnJi(kna)
2 02 nknSnJ1(Kn
Ey =118 {; o } (3.90)
E, = ZAanSnjl(Kna), (3.91)
n=0
By =Y AukdsnJi(kna). (3.92)
n=0

The formula for impedance is the same as that given for the rigid piston system in
(2.57), which is

2i [°
Z = b2U0/0 o(r,0)r dr. (3.93)

The velocity potential in (2.43) is substituted into (3.93), with Uy = 1, to express the

impedance in terms of the radiated amplitude

2i b
Z=15 > A, /0 Jo(Kpr)r dr, (3.94)
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which reduces to

A le(Knb)
Z = _ .
5 HZO - (3.95)
The amplitude of the radiated waves in (3.89) are substituted into the above impedance

equation, with Uy = 1, to express the impedance as

2 2 Ji(kpa)Jy (kD) (2 — k2)Ji (kna)J1 (D) J1(Kna)J1 (kD)
day 0{ (52— )suC 0 520 N A
iabJE (Knb)
+ m . (3.96)

The same method of edge condition application used in the previous section can be

used here, but with the form of the edge conditions as

D A =0, forn=0,1,2, (3.97)

m=0

The edge conditions are applied by multiplying (3.89) by %(27)1, and on summing over m
it is found that

2\ K i ( mma) (a) = (2 — K2 )nmJl(nma)zp,gfr)L 2 K1 (K@) (a)

E "F E m FE — E "F
—0 (S%n - Cm 0t m—0 SmCm ! m—0 smCm 2
iab ZOO Jl(lfm b) i B

+ 7 W for n = 0, 1, 2. (398)

The constants Ey — Ey are thus found by truncating and solving (3.98). These constants
are then used in (3.89) and (3.96) which are truncated to find the radiated amplitudes
and the radiated impedance. The radiated energy is given in (3.69) and the impedance
are plotted against frequency. The energy and impedance are calculated in Matlab with
the code presented in Appendix F and the plots from this are shown below. This has

been done using 100 modes to calculate the amplitudes of the propagating waves.

3.5.1 Clamped edge

The displacements in (3.83) and (3.84) are used to find the values of ¢ for a clamped

edge as

D = St 1 (Kma) [ (s2, — B2),
D = Ko 1 (Kima),
¢7(73% - Smﬁmjl(ﬁma)- (399)
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Figure 3.9: At the closed end of a semi-infinite shell forced by a piston with a clamped edge,
a =0.2m and b = 0.2m: a) Radiated energy, b) Radiation impedance.
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Figure 3.10: At the closed end of a semi-infinite shell forced by a piston with a clamped edge,
a =0.2m and b = 0.1m: a) Radiated energy, b) Radiation impedance.

The above values of ¢ are used in (3.98) in order to find the values of Fy — E2. The
radius of the shell is @ = 0.2m throughout where the first cut-on is at 1048Hz (the second
cut-on occurs outside the considered frequency range).

The simplest case of a plane piston plane being equal to the radius of the shell is

considered first, where @ = b = 0.2m. The resulting radiated energy and radiation
impedance are shown in Figure 3.9. It can be seen that these results are identical to
those obtained from the rigid equivalent problem in Figure 2.2.

The radius of the piston is now reduce so that it is equal to half the radius of the
shell, that is b = 0.1m. The resulting radiated energy and impedance are shown in Figure
3.10. It is seen that the radiated energy in the shell increase abruptly at the first cut-on
at 1048Hz, this is also reflected in the impedance.

In the last configuration the radius of the piston is assumed to be significantly smaller

69



~

—0

35r

=
T

- —-—-
al

251

IS
T

Energy
N
Impedance

w

15F n

0.5r

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Frequency Frequency

a) b)

Figure 3.11: 7At the closed end of a semi-infinite shell forced by a piston with a clamped edge,
a =0.2m and b = 0.06m: a) Radiated energy, b) Radiation impedance.

than the radius of the shell with a piston radius of b = 0.06m. The resulting radiated
energy and impedance are shown in Figure 3.11. Again the cut-ons in the shell cause the

radiated energy and thus impedance to suddenly spike up and drop down.

3.5.2 Pin-jointed edge

The displacements in (3.83) and (3.84) are used to find the values of ¢ for a pin-jointed

edge as

U = 2k (kma) /(2 — B2),
¢7(72 = /imJ1</€mCL),
U = 82 ki (Fma). (3.100)

The above values of ¢ are used in (3.98) in order to find the values of Ey — E2. The
radius of the shell is @ = 0.2m throughout where the first cut-on is at 1048Hz (the second
cut-on occurs outside the considered frequency range).

Those configurations that were considered in the previous subsection with clamped
edges were considered for pin-jointed edges also. It was found that the results obtained
using pin-jointed edges were identical to those obtained from the clamped edge equivalent

problems.
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Figure 3.12: Physical configuration of the semi-infinite shell forced by a piston and a wave.

3.6 Acoustic response due to a plane piston and forc-
ing wave

The purpose of this section is to find the energy radiation by an oscillating plane piston
and a forcing wave into a semi-infinite shell. The system setup is the same as considered
in Section 3.5, but with the inclusion of a forcing wave incident towards the piston (see
Figure 3.12).

The velocity potential now includes the forcing wave as well as those wave radiate by

the place piston, this gives

P1(r, 2) = Fpdo(ker)e™* + Z ApJo(kpr)e ™™ 0<r <a, 2 <0, (3.101)

n=0
where ¢ indicates the chosen fundamental mode to force with (¢ =0 or £ = 1), F} is the
amplitude of the forcing wave given by (3.60), A, is the amplitude of the nth radiated
wave, s, is the nth wavenumber and k2 = (1 — s2)1/2. The piston is assumed to have a

symmetrical axial velocity distribution u = u(r), with

Up, 0<7<b
ury =4 0 == (3.102)
0, b<r<a

where Uy is a constant.
The normal component of velocity is matched with the velocity distribution of the

piston at the closed end. That is, at z =0

iseFyJo(Ker) — Z'ZAnano(/@'nr) =u(r), 0<r<a. (3.103)

n=

On multiplying (3.103) by aJy(km,7)r/a, integrating with respect to r, 0 < r < a, and
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on using the generalised orthogonality relation in (3.35), it is found that

Emd1(Kma) (2 — K2 ) K1 (Kma) KEmd1(Kma)
A, = Fpdo, E m I E
o * (S%n - ﬁ2)8mcm 0 * SmCm ! SmCm ?
iabJy (Kmb)
_— .104
+ K SmCm (3.104)
where
N ApkinspJi(kna)  Furgsedy (kea)
Ey = 11252 ! — 3.105
0 TV /B {% S%—ﬁ2 S? _52 Y ( )
E, = ZAn/inanl(/ina) — FyreseJi(kea), (3.106)
n=0
E, = ZAnmianl(ﬁna) — FukiseJi(kea). (3.107)

The velocity potential in (3.101) is substituted into (3.93), with Uy = 1, to find the

radiation impedance in terms of the radiated amplitude as

2i | EpbJi(keb) = ApbJy(Knb)
Z:b—2{—+z— . (3.108)

K K.
4 n—0 n

The amplitude for the radiated waves in (3.104) is substituted into the above equation

to give
20y Jy (ko) 20 o= [ J1(Kna)J1(Knb) (2 — k2)J1(Kna)J1(KnD)
Z=""10 4 2 E E
bie b2\ (2= )saC 52Cn :
J1(Kna)J1 (kD) iabJE (Kk,b)
R Rl 8 (3.109)

The results are created in Matlab with the code presented in Appendix F. This has
been done using 100 modes to calculate the amplitudes of the propagating waves. The
edge conditions for a clamped edge are as given in (3.70)-(3.72) and the edge conditions
for a pin-jointed edge are as given in (3.77)-(3.79). These edge conditions are applied by
multiplying (3.104) by wﬁ,?%, and on summing over m it is found that

Ko J1 ( /»cma AvA 2 (2 — K2 ki J1 (K@ )0
ZFZ‘;ZMZ’ Z 1 )i E0+Z( m)m 1 (Kma) B

$,,Cln — SmCim
) i Fni(kina) b Z i (Kb ~E®, forn=0,1,2,  (3.110)
m=0 SmOm > a K/msmc’m " e '

where wﬁ,?% and wff) are as given in (3.76) for a clamped edge and as given in (3.80) for
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Figure 3.13: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.2m and ¢ = 0: a) Radiated energy, b) Radiation impedance.

a pin-jointed edge. The constants Fy — Es are found by truncating and solving (3.110).
These constants are then used in (3.104) which is truncated to give the amplitudes of the
reflected field.

3.6.1 Clamped edge

The displacements in (3.83) and (3.84) are used to find the values of ¢ for a clamped

edge as

D = Smbim i (kma) /(2 — 52),
O = ki (Kma),
V) = Smbim 1 (K@) (3.111)

m?2

The above values of ¢ are used in (3.104) in order to find the values of Ey — E2. The
radius of the shell is @ = 0.2m throughout where the first cut-on is at 1048Hz (the second
cut-on occurs outside the considered frequency range).

The first considered configuration assumes the radius of the plane piston to be equal
to that of the shell, where @ = b = 0.2m. The resulting radiated energy and radiation
impedance with fluid-borne forcing (¢ = 0) are shown in Figure 3.13 and for structure-
borne forcing (¢ = 1) in Figure 3.14. It is seen that the cut-on has no effect on the
radiated energy or impedance.

The next configuration considers the radius of the shell to be a = 0.2m with the
radius of the plane piston equal to half the radius of the shell as b = 0.1m. The resulting
radiated energy and impedance with fluid-borne forcing (¢ = 0) are shown in Figure 3.15
and for structure-borne forcing (¢ = 1) in Figure 3.16.

The final configuration considers the radius of the shell to be @ = 0.2m with the
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Figure 3.14: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.2m and ¢ = 1: a) Radiated energy, b) Radiation impedance.
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Figure 3.15: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.1m and ¢ = 0: a) Radiated energy, b) Radiation impedance.

radius of the plane piston significantly smaller with b = 0.06m. The resulting radiated
energy and impedance with fluid-borne forcing (¢ = 0) are shown in Figure 3.17 and for

structure-borne forcing (¢ = 1) in Figure 3.18.

3.6.2 Pin-jointed edge

The values of 1 for a pin-jointed edge are

V5 = 82 ki (Kna) /(s2, — ),
wgﬁ = ’{mJ1<’€ma)7
V) = 82 i J1 (K@) (3.112)
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Figure 3.16: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.1m and ¢ = 1: a) Radiated energy, b) Radiation impedance.
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Figure 3.17: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.06m and ¢ = 0: a) Radiated energy, b) Radiation impedance.

The above values of ¢ are used in (3.104) in order to find the values of Ey — E2. The
radius of the shell is @ = 0.2m throughout where the first cut-on is at 1048Hz (the second
cut-on occurs outside the considered frequency range).

Those configurations that were considered in the previous subsection with clamped
edges were considered for pin-jointed edges also. It was found that the results obtained
using pin-jointed edges were identical to those obtained from the clamped edge equivalent

problems.
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Figure 3.18: At the closed end of a semi-infinite shell forced by a piston and a wave with a
clamped edge, @ = 0.2m, b = 0.06m and ¢ = 1: a) Radiated energy, b) Radiation impedance.
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Chapter 4

Energy radiated due to a change of
radius in shells subject to

axisymmetric motion

This chapter focuses on acoustic propagation in thin circular cylindrical shells with flexible
walls. The purpose of each problem is to find the reflected and transmitted energy
which scatters at an abrupt change of radius due to a forcing wave. The generalised
orthogonality relation derived in Chapter three is used with the mode-matching method
to find the resulting amplitudes. The generalised orthogonality relation is new to the
research area and therefore so is the method and results that follow. The results produced
in this chapter are compared with those obtained from equivalent problems in Chapter
two. Three problems are presented in this chapter: Energy radiated due to a forcing
wave at an abrupt increase in radius, energy leaving a rigid expansion chamber situated
between two shells and energy leaving a flexible expansion chamber situated between two
shells.

4.1 Energy radiated due to a forcing wave at an

abrupt increase in radius

The aim of this section is to determine the energy reflected and transmitted due to a
forcing wave incident toward an abrupt increase in radius. The system comprises two
semi-infinite shells, the left-hand shell occupies 0 < r < a, z < 0 and the right-hand shell
occupies 0 <7 < b, z > 0, where a < b (see Figure 4.1). It is closed by a rigid annular
disc occupying a < r < b, z = 0. Forcing is by a wave propagating in the positive z

direction towards the abrupt increase in radius. The velocity potential for the left-hand
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Figure 4.1: Physical configuration of the abrupt increase in radius problem.

shell ¢, comprises the incident wave and the reflected sound field

o1(r, z) = FgJo(/igT’)eiS[Z + ZAnJo(ﬂnr)e’is”z, 0<r<a, 2<0, (4.1)

n=0

where ¢ indicates the chosen fundamental mode to force with (¢ =0 or £ = 1), F} is the

amplitude of the forcing wave given in (3.60), A, is the amplitude of the nth reflected

2

wave, s,, n = 0,1,2,... are the wavenumbers for the left-hand shell and x,, = (1 —s2)'/2,

The eigenfunction expansion forms of the longitudinal and radial displacements given in
(3.13) and (3.14) are

vEusereJi(kea) g, V= ApSpkinJi(kna) _;
— isgz 7 iSnz <0
e D Py S
w1 (2) = —Fyrpdy (kea)e — ZAn/{njl(lina)e_iS"Z, 2 <0, (4.2)
n=0

where again ¢ = 0 and ¢ = 1 and F, is thus known. The velocity potential for the
right-hand shell is comprised of the transmitted sound field, that is

Go(r, 2) = Z BnJo(yar)e™* 0 <17 <b, >0, (4.3)
n=0
where B, is the amplitude of the nth transmitted wave, n,, n = 0,1,2,... are the

1/2

wavenumbers for the right-hand shell and v, = (1 —n2)2. For the right-hand section,
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the longitudinal and radial displacements are given by

b

bz 777 1’Y )emnz7220

wo(2) = — ZBH%Jl(%b)emnz, 2> 0. (4.4)

n=0
The problem is solved by matching the fluid pressure and the normal component of
velocity at the interface. At the matching interface, the pressure and normal component

of velocity are continuous in the fluid, while the latter vanishes on the rigid annulus.
That is at z =10

61(r,0) = ¢o(1,0), 0 <r < a, (4.5)
Do B %(T,O), 0<r<a
E(?”, O) = { O’ a S , S b . (46)

On substituting (4.1) and (4.3) into (4.5), it is found that
FyJdo(ker) + ZAnJo(finr) = Z BnJo(yar), 0<r<a. (4.7)
n=0 =

On multiplying (4.7) by aJo(k,7)r/a and integrating with respect to 7,0 < r < q, it is
found that

aFg
a Jo

Jo(ker) Jo(Kmr)r dr + @ Z An/ Jo(Knr) Jo(Kpr)r dr
a — 0
== ZB / Jo(nr) Jo(Kmr)r dr. (4.8)

The integrals on the left-hand side are evaluated using the generalised orthogonality
relation in (3.35). It follows that

K J1 (Kma) (2 — K2k J1 (Kma) KmJ1 (Fma)
O+ Tz gnyo 0T Crm ' Co
a = B, Ry
= 4.9
- a ‘= C, ’ (4.9)
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where

Ak (kna)  Fukedi(ka)
2 2 1
EO = TNV B {nz% S% _ 52 + S? — 62 5 (410)
E = Z ApkinJi(kna) + FrkeJi(kea), (4.11)
n=0
E, = Z Apk2 Ty (kpa) + Fyrl Jy(Kea), (4.12)
n=0
and .
R :/ Jo(Kmr) Jo(yr)r dr. (4.13)
0

For k., # Yn, Rmn simplifies to

a {’imJO(’Yna)Jl(’ina) - ’YmJO(’fma)Jl (’Yma)}
K = T

Ryn = , (4.14)

and for k,, = Yn, Rpm simplifies to

i = L8 0) £ 50} 15

A similar expression to (4.9) can be obtained for B, n =0,1,2,... by multiplying (4.6)
by aJo(Ymr)r/b. The left-hand side is integrated with respect to r, 0 < r < b and the
right-hand side is integrated with respect to r, 0 < r < a. The generalised orthogonality

relation in (3.36) is used to evaluate those integrals on the right-hand side to give

YmJ1(Ymb) (2 = 72)¥mJ1(ymb) Y J1 (Ymb) aFys R,
(7, — B D2 1 D D oDy
= A, 8, R
_ = non”nm 4.16
b n=0 anm ’ ( )
where
= Bnnn/YnJI(’an)
_ 2 02

By = v p ; 2 —F (4.17)

n=0
Es = Banayai(mb), (4.19)

n=0

and R, is as given in (4.13). The constants Fy — E5 in (4.9) and (4.16) are found by

applying edge conditions which describe how the shells are connected to the rigid annulus
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at the matching interface. These conditions can be written in the form
> A+ Byt + Fpl) =0, forn=0,1,2,...5, (4.20)

where n = 0,1, 2 refer to conditions applied to the left-hand shell edge and n = 3,4,5
refer to conditions applied at the right-hand shell edge. In order to apply the left-hand

edge conditions (4.9) is multiplied by wﬁ,?%, and on summing over m it is found that

- (a)
- Z F€6€m¢mn + Z H'mjl H'ma' ¢mn Z 2 - /{ /fmjl(/fma) El
_Z/{mjl Rm@ '@Dmn ZZB Rmn mn __ZBml/}T(rtL)T)L_Fﬂwa)’ n=0,1,2.
m m=0 n=0 m—0

(4.21)

Similarly for the right-hand edge conditions (4.16) is multiplied by wmn’ and on summing

over m, it is found that

S b g § (2 0 Y ()i
—0 (77%@ - 52>77mD anm
(b)

- /meI(’Ymb) 7(1?1)1 = aFﬂsﬂRémwgz)L «@ - — AnSanm mn

D
m=0 m=0n Imm

Ey

m=0

==Y Al — Fyl), n=345. (4.22)
m=0

The expressions for 1/17(73%, 1&,(7?,)1 and wa) are found from eigenfunction expansions of the

edge conditions.

4.1.1 Clamped edges

On using the displacements given in (4.4) and (4.2), the clamped edge conditions given
n (3.26) lead to

Vo = Smbim i (K@) [ (52, — B2), Ul =0, U = —spmei(ra)/ (57— B7),

Y = K 1 (Kma), Y =0, v = ki (kea),

1/1,(:% = SmEmJ1(Kma), w,g:% =0, wéf) = —sykpJi(Kea)

U = Y1 () [ (%, — B%), el =0, W =0,

V) = Y1 (), Y& =0,y =0,

V0 = D (Tmb), p& =0, v =o. (4.23)
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The values of Ey — E5 are found by truncating and solving equations (4.21) and (4.22)
using the above values of v, it can be seen that E; = 0. Coupled equations are obtained
by using Fy — E5 in equation (4.9) and F3 — E5 in (4.16). These equations are then
truncated and solved to give the mth amplitude A,, of the reflected field and the mth
amplitude B,, of the transmitted field. The energy entering the system &g is due to the
wave incident in the z direction, which has unit energy. The energy leaving the system
comprises the energy of the reflected field £4 and the energy of the transmitted field £g.
The energy associated with the reflected and transmitted fields are as given in (2.41) and
(2.42) which are stated below:

M
D AmsmCon | (4.24)

m=0

Ep = EReal
«

where A,, are the amplitudes of the reflected waves and

b
Es = —Real
o

M
> IBm\Qanm] , (4.25)

m=0

where B,, are the amplitudes of the transmitted waves. The results are created in Matlab
with the code presented in Appendix G. The amplitudes have been formed using 100
modes, which is shown to be more than sufficient in the section that follows.

The first considered configuration assumes the radius of the two shells to be equal,
where @ = 0.2m and b = 0.2m. This forms a infinite shell which has no change in radius,
however it remains clamped at z = 0. As stated in Section 3.1 there are two fundamental
modes (s being fluid-borne and s; being structure-borne), this gives two possible modes
for the energy to propagate along in each shell. For a shell of radius a = 0.2m the
first cut-on mode occurs at 1048Hz (the second cut-on mode occurs outside the chosen
frequency range). Thus introducing a third potential mode for the energy to propagate
along. The resulting energy outputs are shown for 5 — 1200Hz in Figure 4.2.

Figure 4.2a corresponds to the forcing wave being formed of the fluid-borne mode
(¢ = 0). The results show that the energy is totally transmitted for the chosen frequency
range. The clamped joint and the cut-on occurring at 1048Hz appear to have no effect
on the energy. This is because the energy is propagating in the fluid (as £ = 0 indicates
a fluid-borne mode) which means it cannot be reflected by the junction. It is possible for
the energy to move from the fluid into the shell (and still be transmitted), this is known
as a structural mode. However, such a mode would occur at a much larger frequency (or
equivalently a larger shell radius) which is outside the range considered here.

Figure 4.2b corresponds to the forcing wave being formed of the structure-borne mode
(¢ =1). It can be seen that the energy is totally reflected for frequencies below the cut-on

1048Hz (the first cut-on which occurs). This is because the compressional wave in the
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Figure 4.2: Energy output for no change in radius with clamped edges: a) @ = 0.2m, b = 0.2m,
¢=0;b)a=02m,b=02m, ¢ =1.

structure is unable to travel through the clamped edge and therefore is mostly reflected
until the cut-on occurs. The cut-on causes a sudden inversion in the energies as it is
transmitted for the remainder of the frequency range. This is because the cut-on allows
for the energy to move into the fluid and be carried by this mode. This shift of energy
from the shell into the fluid is a common occurrence at a cut-on and is useful for the
design of HVAC systems. From this configuration, to prevent unwanted reflected noise
the frequency of the forcing wave should be above 1048Hz. Similarly, to prevent unwanted
reflected noise the frequency of the forcing wave should be below 1048Hz.

The energy propagating in each of the individual modes for this configuration is shown
Figure 4.3, where the index indicates the direction (reflected A or transmitted B) and the
mode number (0,1, 2). Tt is seen that the energy is initially reflected, being carried by
the structure-borne mode in the left-hand shell until the cut-on occurs at 1048Hz. From
this frequency onwards, the energy is transmitted, carried by the mode which cut-on at
1048Hz (essentially a fluid mode). This supports the statement about the energy being
carried by the cut-on mode.

The second considered configuration assumes the radius of the right-hand shell to be
larger than the left-hand shell, where @ = 0.2m and b = 0.28m. The resulting energy
outputs are shown for 5 — 1200Hz in Figure 4.4. For a shell of radius b = 0.28m the first
cut-on occurs at 744Hz (the second cut-on mode occurs outside the chosen frequency
range). This introduces a third mode for the energy to propagate in the right-hand shell
while the third mode in the left-hand shell is introduced at 1048Hz. The resulting energy
outputs are shown for 5 — 1200Hz in Figure 4.4.

Figure 4.4a corresponds to the forcing wave being formed of the fluid-borne mode
(¢ = 0). This result is similar to that obtained for the equivalent rigid duct in Figure
2.10a. The majority of energy is transmitted throughout the frequency range and it drops
at the cut-on from the right-hand shell at 744Hz and also at the cut-on from the left-
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Figure 4.3: Mode energy output for no change in radius with clamped edges for a = 0.2m,
b=0.2m, { = 1.

hand shell at 1048Hz. From a design point of view, to minimise the amount of unwanted
transmitted noise the frequency of the fluid-borne forcing wave should be near the first
cut-on in the right-hand shell at 744Hz. Similarly, to minimise the amount of unwanted
reflected noise the frequency of the fluid-borne forcing wave should be just before the first
cut-on in the left-hand shell at 1048Hz.

Figure 4.4b corresponds to forcing using the second mode in the amplitude of the
forcing wave (¢ = 1). It is seen that the energy is totally reflected up until the cut-on
from the left-hand shell at 1048Hz. The cut-on at 744Hz from the right-hand shell has
no impact on the energy. The reflected energy then continues to fall for the remainder of
the chosen frequency range, thus providing an ideal frequency for minimising the amount
of reflected noise from a structure-borne forcing wave. The energy propagating in each
of the individual modes is shown in Figure 4.5. It can be seen that the energy is initially
reflected, being carried by structure-borne mode in the left-hand shell. At the cut-on
from the left-hand shell at 1048Hz the energy is no longer carried by the structure-borne
mode. After 1048Hz the energy is divided between the left-hand and right-hand shells.
In the left-hand shell the energy is carried by the fundamental fluid-borne mode (Eap)
and the mode which cut-on mode at 1048Hz (€43). In the right-hand shell the energy
travels a long the fluid-borne mode (€py) and the mode which had cut-on at 744Hz (Epy).

The final considered configuration assumes the radius of the left-hand shell being
significantly smaller than the radius of the right-hand shell. The resulting energy outputs
for a left-hand shell radius of @ = 0.06m and right-hand radius b = 0.28m are shown for
5 — 1200Hz in Figure 4.6. The first cut-on mode for a shell of @ = 0.06m occurs outside
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Figure 4.4: Energy output for_the abrupt increase in radius with clamped edges: a) a = 0.2m,
b=0.28m, ¢=0;b)a=0.2m, b=0.28m, {=1.

the specified frequency range.

In Figure 4.6a the amplitude of the forcing wave comprises the fluid-borne mode
(¢ = 0). This result is similar to that obtained with rigid ducts in Figure 2.10b. The
majority of energy is reflected below the frequency for the cut-on in the right-hand shell
at 748Hz. After this cut-on the energies are inverted and the transmitted energy slowly
decreases for the remaining of the frequency range. This is in keeping with well known
result (see for example Levine and Schwinger [2]) that the energy is totally reflected as
ka =a — 0.

For the structure-borne mode in the amplitude of the forcing wave (¢ = 1) the system
demonstrates total reflection for the whole frequency range (see Figure 4.6b). This is
analogous to a slinky connected to a fixed point in that the compressional wave cannot

progress through the clamped edge and so is completely reflected.

4.1.2 Pin-jointed edges

On using the displacements given in (4.2) and (4.4), the pin-jointed edge conditions given
in (3.27) give

Ui = Shbm i (kma) [ (55, = B2), o =0, o) = strei(kia)/(s7 - B),

Ut = K1 (Fma), e =0, ol = kei(kea),

U = 8% m i (Kima), Y =0, o) = stk (ea)

Y = 02 m i (mb) /(2 — B2, Ul =0, =0,

Yiod = Y (Ymb), @ =0, v =0,

U0 = 12 A (Ymb), o =0, P =o0. (4.26)
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Figure 4.5: Mode energy output for the abrupt increase in radius with clamped edges @ = 0.2m,
b=0.28m, ¢ = 1.

The method of solving to find the amplitudes of the reflected and transmitted fields is
analogous to that used for the clamped edges, but replacing values of 1) with those stated
above and it is seen that E; = 0. The energy equations are given by (2.41) and (2.42),

these are stated below for convenience:

M
a
Ex = —Real A l?8mCin | 4.27
4= —Rea mEZOI °s (4.27)
where A,, are the amplitudes of the reflected waves and
b M
Es = —Real Bol?mDm | 4.28
= el | 32 B (425)

where B,, are the amplitudes of the transmitted waves. The results are found in Matlab
by using the code in Appendix G. This has been done using 100 modes to calculate the
amplitudes of the propagating waves.

Those configurations that were considered in the previous subsection with clamped
edges were considered for pin-jointed edges also. It was found that the results obtained
using pin-jointed edges were identical to those obtained from the clamped edge equivalent

problems.

86



Figure 4.6: Energy output for the abrupt increase in radius with clamped edges: a) @ = 0.06m,
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Figure 4.7: The two sides of the pressure matching condition for 10 modes with a = 0.2m,
b = 0.28m (dashed line: left side of the condition, solid line: right side of the condition) a) Real,
b) Imaginary.

4.1.3 Verification of results

It is necessary to verify the resulting amplitudes in order to ensure that the mode matching
method has been correctly applied. Also this will show that a suitable number of modes
have been selected. For this it is sufficient to verify one of the considered configuration,
in this case the @ = 0.2m, b = 0.28m with first mode forcing and clamped edges has
been selected, which correspond to the results of Figure 4.4a. The matching condition
for pressure is (4.7) which is presented against the non-dimensional radius of the shell
for 10 modes at 780Hz in Figure 4.7. It is seen that with 10 modes used to formulate
the amplitudes, the matching of the pressure condition drifts both in the center of the
shell and towards the inner edge at ¥ = a. This in turn shows that the amplitudes
have been generated with an insufficient number of modes. The number of modes used

to calculate the amplitudes is now increased to 60 modes and the matching pressure
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Figure 4.9: The two sides of the velocity condition for 10 modes with @ = 0.2m, b = 0.28m
(dashed line: left side of the condition, solid line: right side of the condition) a) Real; b)
Imaginary.

condition is presented against the non-dimensional radius of the shell at 780Hz in Figure
4.8. With 60 modes to form the amplitudes, the match for the pressure conditions is
greatly improved as it matches for each region of the radius. This suggests that 60 modes
finds suitably accurate amplitudes for fulfilling the pressure matching condition. The
other matching condition to verify is the matching of the normal component of velocity,
shown in Figures 4.9 and 4.10. As found in the rigid equivalent problem the piecewise
nature of this condition is not suitable for the verification. A better verification would

be to show matching of the velocity flux, which is given by

a oo a [e’e} b
Z'Foso/ Jo(kor)r dr — zz A, sy, / Jo(Kpr)r dr = ZZ Bn/ Jo(Yur)r dr. (4.29)
0 n=0 0 n=0 0
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Figure 4.11: The two sides of the velocity flux condition for 10 modes with a = 0.2m,
b = 0.28m (dashed line: left side of the condition, solid line: right side of the condition) a) Real,
b) Imaginary.

The two sides of (4.29) are found for 5 — 1200Hz and the real and imaginary parts
are presented in Figure 4.11 for 10 modes and Figure 4.12 60 modes. This shows an
excellent agreement between the two sides of (4.29) when 100 modes are used to find the
wave amplitudes. There is a dip in both the real and imaginary parts at 748Hz which
is in keeping with the first cut-on in the larger duct. Also there is a peak in the real
part (with a slight increase in the imaginary part) at 1048Hz which is due to the first
cut-on in the smaller duct. The plots in this subsection show that 10 modes is more than
sufficient to formulate the amplitudes with and they validate that the method has been
applied correctly.
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Figure 4.13: Physical configuration of the rigid expansion chamber between two shells prob-
lem.

4.2 Energy transmitted through a rigid expansion

chamber situated between two shells

This section considers the energy leaving a rigid expansion chamber situated between two
shells. The problem comprises two semi-infinite shells with a finite rigid-walled expansion
chamber of dimensional length 2L between them (where L = kL) as shown in Figure 4.13.
The inlet shell is located in the region 0 < r < a, z < —L, the outlet shell is located in
the region 0 < r < a, z > —L and the expansion chamber occupies the space between
them, 0 < r < b, —L < z < L, thus having a length 2L. The system is closed by rigid
annular discs located at a <r < b, z = +L.

The velocity potential for the inlet shell ¢; comprises the incident forcing wave and
the field reflected at the first junctions, which is

¢1 = FuJo(ker)e™ 0 4 Z A Jo(Kpr)e G 0 <r <a, 2 < L, (4.30)

n=0

where ¢ indicates the chosen fundamental mode to force with (¢ =0 or £ = 1), Fy is the
amplitude of the forcing wave given in (3.60), A, is the amplitude of the nth reflected
mode, s, are the wavenumbers for a flexible shell and x, = (1 — s2)!/2. Note that the
argument in the exponential is chosen such that the problem can later be reduced. The
velocity potential for the rigid expansion chamber ¢, is made of the waves reflected by the
second junction and those which pass through the first junction. This gives the velocity

potential ¢y as
G2 =Y (Pae™ ™ + Que™?) Jo(var), 0<r <b, —~L <2< L, (4.31)
n=0

where P, is the amplitude of the nth reflected wave, @), is the amplitude of the nth

transmitted wave and n,, n = 0,1,2,... are the wavenumbers given by the roots of the
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Figure 4.15: Physical configuration of the antisymmetric subproblem.

characteristic equation for a rigid duct in (2.14). The velocity potential for the outlet
shell ¢3 is composed of those waves which are transmitted through the chamber, which
is -
O3 = Z B Jy(kpr)e e H 0 <r<a, 2> L, (4.32)
n=0
where B, is the amplitude of the nth transmitted wave. In order to find the amplitudes
of the reflected and transmitted fields, the problem is broken down into symmetric and
antisymmetric subproblems. This is done by introducing a second forcing wave located in
the outlet shell. This forcing wave travels in the negative z direction for both problems,
where for the antisymmetric system this wave has a horizontal shift of imw, which by
Euler’s identity results in a negative forcing amplitude.

The symmetric subproblem is so called because it has a line of symmetry down through
the centre of the expansion chamber at z = 0 (as shown in Figure 4.14). It represents
an expansion chamber with two incident waves. One located in the left section z <
—L heading towards the first junction and the second located in the right-most section
z > L heading in the negative z direction towards the second junction. Similarly, the

antisymmetric problem has a line of antisymmetry through the centre expansion chamber
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Figure 4.16: Physical configuration of the abrupt increase in radius symmetric subproblem.

at z = 0 (as shown in Figure 4.15). It represents an expansion chamber with two incident
waves in the same locations as the symmetric subproblem, heading in the same direction ,
but with the incident wave in the right-most section having a negative amplitude (causing
it to shift horizontally).

The line of symmetry/antisymmetric in these subproblems allows them to be reduced
to a simpler system featuring an abrupt increase in radius. The coefficients of the re-
flected field from these systems can be used to determine the reflected and transmitted

coefficients for the full problem of a rigid expansion chamber between two shells.

4.2.1 Symmetric subproblem

The symmetric nature of the symmetric subproblem enables it to be reduced to an equiv-
alent system with an abrupt increase in radius and a rigid end plate (see Figure 4.16).
The purpose of this subsection is to determine the energy radiated due to a forcing wave
at an abrupt increase in radius. The system comprises a semi-infinite shell located at
0 <r<a, z< —L and a finite rigid duct located at 0 < r < b, —L < 2 < 0. It is
closed by a rigid annular disc occupying a < r < b, z = —L and a rigid plate occupying
0 <r <b, 2z=0. Forcing is by a wave located in the left-hand shell propagating in the
positive z direction towards the abrupt increase in radius.

The velocity potential for the left-hand shell ¢ comprises the plane wave and the
reflected field, which is

@3 = FypJo(ker)e T 4 ZAiJo(ﬁnr)e_is"(”L), 0<r<a, 2z<-1L, (4.33)
n=0

where the superscript denotes the symmetric subsystem, ¢ indicates the chosen funda-
mental mode to force with (¢ = 0 or £ = 1), F} is the amplitude of the forcing wave given
in (3.60) and A?

n’

n =0,1,2,... are the amplitudes of the reflected field for the symmetric
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subsystem. The eigenfunction expansions of the longitudinal and radial displacements
given in (3.13) and (3.14) are

. VFysprg ) (Kea)e? D) As SnlinJl lin a) i s

i) = e A 3 e, LS oL, (434)
¢ n=0

Wi (2) = —FykgJy(kea)e™ ) ZA FinJy (Rpa)e @ n G o < L, (4.35)

The velocity potential for the finite section ¢5 comprises those waves which are trans-
mitted through the first junction and those wave which are reflected at z = 0, which

gives
oo

¢§ — Z (Pge*innz + Qie’innz) Jo('YnT)v O S T S b, z Z _L (436)

n=0
The velocity potential ¢§ can be simplified by considering the property of the end plate.
The condition at the plate is ¢35, = 0, which is only satisfied when PS = (), therefore

¢ =2 Picos(nL)Jo(yur), 0 <7 <b, —L <z <0. (4.37)

n=0
The amplitudes are found by matching the fluid pressure and the normal component of
velocity at the abrupt increase in radius. The fluid pressure and normal component of

velocity are constant in the fluid, while the latter vanishes on the rigid annular disc. That

isat z=—-L
¢i(r,—L) = ¢5(r,—L), 0<r <a, (4.38)
%
5 52 (r,—L <r<
0% (r,=L) = { oz (n=L), 0sr<a (4.39)
0z 0, a<r<b

The first equation is found by multiplying (4.76) through by Jo(7,,0)r and integrating
with respect to r, 0 < r < b to give

/ aa% Jo(Ymr)r dr = / 991 Jo(Ymr)r dr, at z = —L. (4.40)
0

The above equation is expressed in eigenfunction form by substituting in the velocity
potentials from (4.33) and (4.37) which leads to

2 Z P? sin(n, L n/ Jo(Ynr) Jo(Yur)r dr = iFyse Ry, — 1 Z AP sp Ry, (4.41)

n=0

where R, is as given in (4.13). The rigid wall orthogonality relation in (2.27) is now
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applied to the integral on the left side of the equation to give
2 " Py sin(n L) inOnm Do = iFysiRom — 1 A0 R, (4.42)
n=0 n=0
where D,, is as given in (2.28). It follows that

. . oo
1Fys¢Ron, 1 AS sp Ry,

P = L .
" 2 sin(y L) Dy 2 £ nysin(nm L) Dy,

(4.43)

The velocity potentials in (4.33) and (4.37) are substituted into (4.38) to obtain the

pressure condition in its eigenfunction form
Fydo(ker) + Z A Jo(kpr) =2 Z P3 cos(n, L) Jo(ynr). (4.44)
n=0 n=0

On multiplying (4.44) by aJy(k,7)r/a and integrating with respect to r, 0 < r < a it is
found that

Fy o[ - ‘
% Jo(ker) Jo(Kmr)r dr + % Z A;/ Jo(knr)Jo(Kpr)r dr
0 n=0 0
200
- ; > cos(n, L) (4.45)

where R,,, is as given in (4.13) and C,, is as given in (3.34). The generalised orthogonality
relation in (3.35) is now applied to both integrals on the left side of the equation to give

232

H [5’“@ - { R e s R }“”1(““)“7"“”’”&)}

+iAS5 C — v +2 — k2 — K2 SRS (Kn@) Ky (Kma)
n | 9mnn (3%_,82>(5$n_62) m n 0J1\vn mJ 1\ v

n=0

2 o
= 225" B3 cos( L) Ry (4.46)
a
n=0

It follows that

232 2
TV 3% K J1 (Kma) (2 — K2, ) EmJ1(kma) Emd1(Kma)
A® = —F,, E m — FE
200 o= P cos(n, L) Ryn
n 4.47
* a Chm ’ ( )

n=0
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where

i AS K Jh (Kna) N FyreJq(Kea)

E, = 4.48
0 ot _ /62 S? _ /82 Y ( )
E, = Z A knJi(kna) + Fyredi(Kea), (4.49)
n=0
Z A k2 Ty (kpa) + Furd Jy (kea), (4.50)

and Ry, is as given in (4.13). The constants Ey — Fy in (4.47) are found by applying
conditions which describe the shell edge at the matching interface. These conditions can

be written in the form
ST A4+ Pap) + B =0, forn=0,1,2, (4.51)
m= m=0

In order to apply these conditions (4.47) is multiplied by 1/1,(7?21, and on summing over m
it is found that

_ ZF£55m¢(a) Z 11V B2k J1 (Kin@)m E0+ Z (2 = Kp)Em i (K G>E1

m=0 ( o 62) m m=0 Om
Rmd1( /ima wmn Z 200 Z P? cos nn Rmnwﬁ,?n Z
_ Z — pm¢(p)
- Fg¢n ,n=0,1,2. (4.52)

The expressions for w,(ﬁf%, 1/17(75% and 1/1,(5) are found from eigenfunction expansions of the
edge conditions. For a clamped edge these are as defined in (4.23) and it is immediately
seen that E; = 0. For a pin-jointed edge these values of ¢ are as defined in (4.26) and
again it is seen that E; = 0. The remaining constant values E, and FEs for both the
clamped and the pin-jointed edge conditions are found by solving the coupled equations
generated by (4.52). With all constants found, the coupled equations (4.43) and (4.47)
can be solved to find the amplitudes of the reflected waves for the symmetric problem
(note that the amplitudes of the transmitted waves for the symmetric subproblem are

not required).

4.2.2 Antisymmetric subproblem

The nature of the antisymmetric subproblem enables it to be reduced to an equivalent
system with an abrupt increase in radius and an acoustically soft end plate (see Figure
4.17). The purpose of this subsection is to determine the energy radiated due to a forcing

wave at the abrupt increase in radius. The system comprises a semi-infinite shell located
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Figure 4.17: Physical configuration of the abrupt increase in radius antisymmetric subproblem.

at 0 < r <a, 2 < —L and a finite rigid duct located at 0 < r < b, —L < 2 <0. It is
closed by a rigid annular disc occupying a < r < b, 2 = —L and an acoustically soft end
plate occupying 0 < r < b, z = 0. Forcing is by a wave located in the left-hand shell
propagating in the positive z direction towards the abrupt increase in radius.

The velocity potential for the left-hand shell ¢} comprises the incident forcing wave
and the reflected field

¢ = FypJo(ker)e™ HD 4 ZAZJO(ﬁnr)e”’s"(”L), 0<r<a, z<-L, (4.53)

n=0

where the superscript denotes the antisymmetric subsystem,where ¢ indicates the chosen
fundamental mode to force with (¢ = 0 or £ = 1), F} is the amplitude of the forcing wave
given in (3.60) and A2 is the amplitudes of nth reflected wave for the antisymmetric
subsystem. The eigenfunction expansions of the longitudinal and radial displacements
given in (3.13) and (3.14) are

VFusekgJy (Kea)eGHE) f: A2 s,k Ji(Kpa)

uf(z) = - - ey < L (4.54)
' a(sj — %) a‘= sy
w(2) = —FykeJi(kea)e*tGHE) — ZAZﬁnJl(mna)e’“”(”L), 2 < —L. (4.55)
n=0

The velocity potential for finite section is analogous to that of the symmetric problem

but with cos(+) replaced by sin(-)

05 = ZE:P:;l sin(n,2)Jo(yar), 0 <r <b, —L <z <0. (4.56)

n=0

Note that this satisfies the acoustically soft wall condition ¢§ = 0 at z = 0. The method of

solving is analogous to that of the symmetric subproblem and thus matching the normal
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component of velocity gives

1FpseRopm, A2 Sn nm
P2 = 4.57
™ 20m,, cos(nm L) Dy, 2 Z < Ty COS (ML) Dy’ (4.57)

where D,, is as given in (3.37). Likewise, matching the pressure gives the second coupled

equation as

T2 52K J1 (K @) (2 — K2k J1(Kma)

A; = —Fg(ng + (52 — ﬁ2>0m Ey+ Cm E;
Emd1(Kma) 200 o~ P2 sin(n, L) Ry
- F — n 4.58
. 2+a§% c. (4:58)
where
e A2k Ji(kpa)  Fyredi(Kea)
Ey = n n , 4.59
0 ; s2 — 32 2 — 2 ( )
= Z AZ:‘QnJ1<I€nCL) + Fgligjl(/iga), (460)
n=0
Ey = Z Asrs Ji(kna) + FurgJy (rea), (4.61)
n=0

and Ry, is as given in (4.13). The constants Ey — F5 of (4.58) are found by applying
edge conditions which describe the shell edge at the matching interface. The conditions
can be written in the form given in (4.51). In order to apply these conditions (4.58) is

multiplied by @Z)mn, and on summing over m it is found that

- mJ m mn - 2— 2 mJ m
_ZFféfmw(a) ZTlV A G a)@/) E, + ( Ko KmJ1 (K a>E1

52)C,, — Cm
00 limjl(/{ma ¢mn 200 Pr? Siﬂ(nnL) mn mn .
D Z—Z o =3 Rk
— Fp®, n=0,1,2. (4.62)

The expressions for w,(,?%, @ZJ,(%)Z and wr(zf) are found from eigenfunction expansions of the
edge conditions. For a clamped edge these are as defined in (4.23) and it is immediately
seen that E; = 0. For a pin-jointed edge these values of ¢ are as defined in (4.26) and
again it is seen that E; = 0. The remaining constant values Fy and FE5 for both the
clamped and the pin-jointed edge conditions are found by solving the coupled equations
created by (4.62). With all constants found, the coupled equations (4.57) and (4.58) can
be solved to find the amplitudes of the reflected waves for the symmetric problem (note

that the amplitudes of the transmitted waves for the antisymmetric subproblem are not
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required).
The reflected and transmitted amplitudes for the whole expansion chamber system are
found by using the amplitudes of the reflected field in the symmetric and antisymmetric
subsystems. That is:
A5+ AL AS — A2
= N HE
2 2

where A? are the reflected amplitudes from the symmetric subsystem, A2 are the re-

A, (4.63)

flected amplitudes from the antisymmetric subsystem, A,, are the reflected amplitudes for
the expansion chamber system and B,, are the transmitted amplitudes for the expansion
chamber system. The results are created in Matlab with the code presented in Appendix
H. This has been done using 100 modes to calculate the amplitudes of the propagating
waves. Note that this code is not perfect as the root finder does not give an accurate
value for one of the identified roots in the 300Hz to 600Hz range. As a result, the energy

plots presented in this chapter may show some noise in this range.

4.2.3 Clamped edge

The introduction of an expansion chamber causes the energies to oscillate over frequency.
This is due to the trigonometric factors cos(n, L) and sin(n, L) present in the symmetric
and antisymmetric amplitudes respectively. As stated in Section 3.1 the first fundamental
mode sy &~ 1. From this it is assumed that when the fluid-borne mode is used, the reflected
energy will drop when kL = nw, n=0,1,2,... (as P, corresponds to the mth amplitude
of waves reflected inside the expansion chamber). This is when f = cn/(4L), n =
0,1,2,... (as k = f2n/c). For plots which consider L = 0.25m with a fluid-borne mode
in the amplitude (¢ = 0), the reflected energy is expected to drop at 0Hz, 343.5Hz, 687Hz
and 1030.5Hz (that is as long as it is traveling along this mode). Likewise, for L = 0.5m
the reflected energy is expected to drop at OHz, 171.75Hz, 343.5Hz, 515.25Hz, 687Hz,
858.75Hz and 1030.5Hz.

The first configuration considers the radii of the inlet and outlet shells to be equal
to the radius of the rigid expansion chamber. This reduces the system to a rigid duct
clamped between two flexible shells. The radii of the inlet and outlets shells is @ = 0.2m
and the radius of the rigid shell is b = 0.2m. The energies exiting the rigid duct (by being
reflected at the first junction or transmitted at the second) for 5 — 1200Hz are shown in
Figure 4.18. For a duct of radius b = 0.2m the first cut-on occurs at 1041Hz whereas for
a shell of radius @ = 0.2m the first cut-on occurs at 1048Hz.

Figure 4.18a considers the amplitude of the forcing mode to use the fluid-borne mode
(¢ = 0). It is seen that the energy is totally transmitted throughout the considered
frequency range. This shows that the clamped edges have no impacts on the energy
travelling in the fluid.

The structure-borne mode (¢ = 1) is used in the amplitude of the forcing wave to
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Figure 4.18: Energy output for a rigid section between two shells with clamped edges: a)
a=02m,b=02m, L =025m, ¢£=0;b) a=0.2m, b=0.2m, L =0.25m, ¢ = 1.

generate Figure 4.18b. the energy was totally reflected for frequencies below the first real
cut-on at 1048Hz. After the second cut-on at 1048Hz the transmitted energy takes over
and the energy is totally transmitted for the remainder of the considered frequency range.
This result is similar to that obtained by the no change of configuration considered in
Figure 4.2b.

The next configuration considers the radii of the inlet and outlet shells to be smaller
than the radius of the expansion chamber. The radii of the inlet and outlet shells are
kept at @ = 0.2m, while the radius of the expansion chamber is increased to b = 0.28m
with a length of 2L = 0.5m. The energies exiting the rigid duct (by being reflected at
the first junction or transmitted at the second) for 5 — 1200Hz are shown in Figure 4.19.
For a rigid duct of radius b = 0.28m the first cut-on occurs at 744Hz and all over cut-ons
occur outside the considered frequency range.

The amplitude of the forcing wave is considered to comprise the fluid-borne mode
(¢ = 0) in Figure 4.19a. The results show that the majority of energy is transmitted
up until the cut-on from the expansion chamber at 744Hz. The reflected energy in this
region drops at 343.5Hz and 687Hz which is as expected due to the trigonometric terms
appearing in the amplitude equations. After the first cut-on the transmitted energy
suddenly drops at 760Hz, before recovering as the dominant energy. It later falls again
at 845Hz where is carries less than 10% of the total energy up until the cut-on from the
inlet and outlet chambers at 1048Hz

The same configuration is considered but with the structure-borne mode in the ampli-
tude of the forcing wave (¢ = 1). Figure 4.19b shows that the energy in this configuration
is totally reflected up until the cut-on from the inlet and outlet shells at 1048Hz. After
this frequency the reflected energy steadily drops until it is outside the considered fre-
quency range. This result is similar to the result shown in Figure 4.4, except here the

drop in reflected energy is not as smooth.
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Figure 4.19: Energy output f01: the rigid expansion chamber between two shells with clamped
edges: a) a = 0.2m, b = 0.28m, L = 0.25m, / = 0; b) a = 0.2m, b = 0.28m, L = 0.25m, ¢/ = 1.

The next system considers the length of the expansion chamber to be increased to
2L = 1m. The radius of the outer shells is kept at @ = 0.2m and the radius of the
expansion chamber is kept at b = 0.28m. The reflected and transmitted energy exiting
the expansion chamber is shown in Figure 4.20.

With fluid-borne forcing (see Figure 4.20a) it is seen that the oscillations of the two
energies are more frequent with the longer chamber. These are expected to occur at
OHz 171.75Hz, 343.5Hz, 515.25Hz, 687Hz, 858.75Hz and 1030.5Hz (provided the energy
is travelling along the fluid-borne mode), due to the trigonometric functions occurring in
the expression for the amplitudes. After the first cut-on from the expansion chamber at
744Hz the transmitted energy suddenly drops at 760Hz and again at 900Hz. There is a
slight drop in transmitted energy at 1048Hz where the cut-on from the inlet and outlet
shells occurs. The transmitted drops again, with its lowest point at 1170Hz where it then
increases for the remainder of the frequency range. Note that the noise mentioned at the
end of the previous subsection is more evident in this plot.

The amplitude of the forcing wave is considered to comprise the structure-borne mode
(see Figure 4.20b). The energy is seen to be totally reflected up until the second cut-on
at 1041Hz. After the second cut-on the reflected energy drops until it reaches 1170Hz,
where it then recovers. Again this result is vaguely similar to the result shown in Figure
4.4, except here the drop in reflected energy is not as smooth and there is a peak at
1170Hz.

The next configuration considers the radii of the inlet and outlet shells to be signif-
icantly smaller than the radius of the expansion chamber. The radii of the inlet and
outlets shell is reduced to @ = 0.06m, while the expansion chamber is kept at b = 0.28m
and its length is changed back to 2L = 0.5m. The resulting energies are presented in 4.21
for 5 —1200Hz. For a shell of radius @ = 0.06m the cut-ons do not occur in the frequency

range considered.
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Figure 4.20: Energy output f()}‘ the rigid expansion chamber between two shells with clamped
edges a) a = 0.2m, b = 0.28m, L = 0.5m, £ =0; b) a = 0.2m, b = 0.28m, L = 0.5m, ¢ = 1.
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Figure 4.21: Energy output for the rigid expansion chamber between two shells with clamped
edges: a) a = 0.06m, b = 0.28m, L = 0.25m, £ = 0; b) a = 0.06m, b = 0.28m, L = 0.25m, ¢ = 1.

Figure 4.21a shows the results of with the fluid-borne mode in the forcing wave ampli-
tude (¢ = 0). The reflected energy is dominant below the first cut-on from the expansion
chamber at 744Hz apart from where it drops suddenly at 0Hz, 343.5Hz and 687Hz. These
drops are due to the trigonometric term present in both the reflected and transmitted
amplitudes. After the first cut-on the reflected energy drops and the transmitted energy
takes over, until 838Hz where the reflected energy then takes over for the remainder of
the considered frequencies. The reflected energy spikes at 1030.5Hz, which coincides with
f=3c.

The amplitude of the forcing wave is considered to have a structure-borne mode (¢ = 1)
is Figure 4.21b. It is seen that the energy is totally reflected for all of the considered
frequency range. This result matches the result obtained in the equivalent increase in
radius problem in Figure (4.6b).

The length of the expansion chamber is now increased to 2L = 1m, the radius of the

inlet and outlet shells is kept at @ = 0.2m and the radius of the expansion chamber is
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Figure 4.22: Energy output for the rigid expansion chamber between two shells with clamped
edges: a) a = 0.06m, b = 0.28m, L = 0.5m, £ = 0; b) a = 0.06m, b = 0.28m, L = 0.5m, £ = 1.

kept at b = 0.28m. The reflected and transmitted energy exiting the expansion chamber
is shown in Figure 4.22.

With the fluid-borne mode in the forcing amplitude (see Figure 4.22a) the majority
of energy is reflected below the first cut-on at 748Hz apart from when f = cn/2, for
n =0,1,2,.... After this frequency the energy is transmitted, with a spike of reflected
energy at 864Hz. The reflected energy drops at 1030.5Hz, which coincides with f = 3¢
and at 1149Hz.

With the structure-borne mode used in the amplitude of the forcing wave (see Figure
4.22b) the energy is totally reflected for the considered range of frequencies. This result

matches the result obtained in the equivalent increase in radius problem in Figure 4.6b.

4.2.4 Pin-jointed edge

Results were obtained for systems analogous to those considered in Figure 4.18 to Figure
4.22, but with a pin-jointed edge connecting the left shell to the annular disc. It was
found that the results obtained using pin-jointed edges were identical to those obtained

from the clamped edge equivalent problems.

4.3 Energy transmitted through a flexible expansion

chamber situated between two shells

This section considers the energy leaving a flexible expansion chamber situated between
two shells. The system comprises two semi-infinite shells with a finite chamber of di-
mensional length 2L between them (where L = kL). The inlet shell is located in the
region 0 < r < a, z < —L, the outlet shell is located in the region 0 < r < a, 2z > L

and the expansion chamber occupies the space between them, —L < 2z < L, 0 < r < b,
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Figure 4.23: Physical configuration of the expansion chamber between two shells system.

thus the chamber has a length 2L. The system is closed by rigid annular discs located at
a<r<b z==L.
The velocity potential for the inlet shell ¢; comprises the plane wave and the field

reflected at the first junction, which leads to

P1 = FpJo(ker)e CHD 4 ZAnJo(ﬁnr)e”'S"(”L), 0<r<a, 2<-1L, (4.64)

n=0

where ¢ indicates the chosen fundamental mode to force with (¢ = 0 or ¢ = 1), F}
is the amplitude of the forcing wave given in (3.60), A, is the amplitude of the nth
reflected mode, s, are the wavenumbers and &,, = (1 — s2)/2. The velocity potential for
the expansion chamber consists of the waves reflected by the second junction and those

which pass through the first junction. This gives the velocity potential ¢, as
Oy = Z (Pne_innz + Qnem"z) Jo(Ymr), 0<r<b, —L<z<L, (4.65)
n=0

where P, is the amplitude of the nth reflected sound wave and @),, is the amplitude of
the nth transmitted sound wave. The velocity potential for the right shell is composed

of those waves which are transmitted through the chamber, which is

o0
¢3 = Z B, Jo(knr)e G0 0 <r <a, 2> L, (4.66)
n=0
where B, is the amplitude of the nth transmitted wave.

This system can be broken down into two subproblems: the symmetric expansion
chamber and the antisymmetric expansions chamber. These are created by introducing
a forcing wave in the right-hand shell propagating in the negative z direction. For the
antisymmetric subproblem this forcing wave has a horizontal shift of iw, which by Euler’s
identity results in a negative wave amplitude.

The symmetric subproblem problem is so called because it has a line of symmetry
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Figure 4.25: Physical configuration of the antisymmetric subproblem.

down through the centre of the expansion chamber at z = 0 (as shown in Figure 4.24). It
represents an expansion chamber with two incident waves. One located in the left section
z < —L heading towards the first junction and the second located in the right-most
section z > L heading in the negative z direction towards the second junction. Similarly,
the antisymmetric problem has a line of antisymmetry through the centre expansion
chamber at z = 0 (as shown in Figure 4.25). It represents an expansion chamber with
two incident waves in the same location, heading in the same direction, but the incident
wave in the right-most section has a negative amplitude (causing it to shift horizontally).

These subproblems are simpler to solve as they have a line of symmetric/antisymmetry
allowing them to be reduced to a change of radius system. The coefficients found for the
reflected field in both of these subproblems can then be used to find the coefficients of

the reflected and transmitted fields for the overall chamber problem.

4.3.1 Symmetric subproblem

The symmetric nature of the symmetric subproblem enables it to be reduced to an equiv-
alent system with an abrupt increase in radius and a rigid end plate (see Figure 4.26).

The purpose of this subsection is to determine the energy radiated due to a forcing
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Figure 4.26: Physical configuration of the reduced symmetric subproblem.

wave at the abrupt increase in radius. The system comprises two semi-infinite shells,
the left-hand shell occupies 0 < r < a, z < —L and the right-hand shell occupies
0<r<b, —L < 2z<0. Itisclosed by a rigid annular disc occupying a <r <b, z = —L
and a rigid plate occupying 0 < r < b, z = 0. Forcing is by a wave located in the left-hand
shell propagating in the positive z direction towards the abrupt increase in radius.

The velocity potential for the left-hand shell contains the incident wave and the re-
flected field. This gives

¢ = FuJy(ker)e™=Th) 4 ZAZJO(I{nT)GiS"(ZJ'_L), 0<r<a, 2<-L, (4.67)

n=0
where the superscript indicates that this is the symmetric subsystem, ¢ indicates the
chosen fundamental mode to force with (¢ = 0 or ¢ = 1), F, is the amplitude of the
forcing wave given in (3.60) and A$ is the amplitude of the nth reflected wave. The

longitudinal and radial displacements in the left-hand shell are

o0

: vFysokeJr(kea) JotD) Y A spkndi(kpa) (++L)

s _ isp(z v n tsn (2 < —L 4.68
U1<Z) (Z(S% . 62) e a nz% 5721 . 52 € y £ ) ( )
wS(2) = —FykgJy(kea)et* CHD) — ZAflrinJl(Hna)e’“"(”L), z< —L. (4.69)

n=0

The velocity potential ¢ for the finite section comprises those waves transmitted through

the junction and those reflected from the plate at z = 0, which gives
¢ =Y (Pre™™* + Qse™) Jo(yar), 0<r <b, —L < 2 <0, (4.70)
n=0

where P; are the amplitudes for the reflected waves and ()}, are the amplitudes for the

transmitted waves. The velocity potential ¢ can be simplified by considering the property
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of the plate. The condition at the plate is ¢5, = 0, which leads to

% _ zz (=P 4+ @) nuJo(ynr) =0, 0 <7 <b, —L <2z <0. (4.71)
0z —

From this condition it is seen that it is only satisfied when P, = @),, therefore the velocity

potential ¢ can be simplified to

o5 = 22 P2 cos(mnz)Jo(ynr), 0 <7 <b, —L < 2<0. (4.72)

n=0

For the right-hand section, the longitudinal and radial displacements are given by

2w =L P sin(1,2) 9 nJ1 (Yab)

uy(z) = — , —L <2<0, (4.73)
b~ m — B2
wy(z) =2 Z P> cos(nnz)vnJ1(ynb), —L < z <0. (4.74)
n=0

The pressure and the normal component of velocity are constant in the fluid, while the

latter vanishes on the rigid annular disc. That is at z = —L

@1 (r,—L) = ¢5(r,—L), 0 <r <, (4.75)
(efop 91 (r,~L), 0<7r<a
- (n=L)y=q %77 7 . 4.76
9z (n=L) { 0, a<r<b (4.76)

The velocity potentials ¢ and ¢§ are substituted into (4.75) to obtain the pressure

condition in its eigenfunction form
Fydo(ker) + Z A Jo(kpr) =2 Z P3cos(n, L) Jo(vnr), 0 <r < a. (4.77)
n=0 n=0

The above expression is multiplied by a.Jy(k,,7)r/a and integrated with respect to r, 0 <

r < a to give

o - “
il Jo(ker) Jo(Kmr)r dr + e Z Ai/ Jo(knr)Jo(Kpr)r dr
a Jo ot 0
200
— ZENT P cos(n, L) Ry, 4.78
T3 Pt (479

where R,,, is as given in (4.13) and C,, is as given in (3.34). The generalised orthogonality
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relation in (3.35) is now applied to both integrals on the left side of the equation to give

2B 2 2
Fy|0meCo — = ) (2 = 7 +2 — K, — Ky ¢keJ1(Kea) K J1 (K@)
l m
+iAS[6 C { uUlals 2 g2 2} T (K@) Kom 1 ( )]
mnCn — — ko — Ky o ked1(Kn@) K J1 (Kma
i (s2 = B°)(s3, — %) o 1
= 2705 Z P? cos(n, L) Ry (4.79)
n=0

It follows that

242 2
TV 3%k J1 (Kma) (2 — k2, ) kmJ1(kma) Emd1(Kma)
A’ = —Fd,, E n E, — E
m Ome + (52 — B)Com ot C 1 c 2
200 o= P cos(nn L) Ronn
20— P 4.80
* a % Ch, ’ ( )
where
N Ak Ji(kpa)  Fukgdy(kea)
Ey = n + , 481
0 ; _ /62 S? _ /82 ( )
E, = Z A K Ji(kna) + FyreJi(kea), (4.82)
n=0
E, = E A3 K3 Ty (Kpa) + Fyrp Jy (Kea), (4.83)
n=0

and R,,, is as given in (4.13). A second equation is found by multiplying (4.76) through
by aJo(vmb)r/b and integrating with respect to r, 0 < r < b to give

/ 993 —=Jo(Ymr)r dr = n / 08¢1 Jo(Ymr)r dr, at z = —L. (4.84)
0

The above equation in eigenfunction form is then
200 b FyseRum,
Ta nZ:O P sin(nnL)T]n/O Jo(yur) Jo(yur)r dr = —za ortm 14 Z Al spRpm,  (4.85)

where R, is as given in (4.13). The generalised orthogonality relation in (3.36) is now

applied to the integral on the left side of the equation to give

> . . 1% 32
n=0 n
F, m
_ M _ ZAS R, (4.86)
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where D, is as given in (3.37). It follows that

ps _ VB mi(omb) (2 = )V S1(mb) o Y1 (9mb)
" (2, — B2 sin(0m L)1 Dim ’ S (7 L) 19 Din ! SN (7, L) 19 D °
. F m ) - AS n nm
n ?a YENI ) Lo spR (4.87)
2b sm(nmL)anm 2b sm(nmL)anm
where
o P sin (1, L), Ji (1)
Es = Z — , (4.88)
n=0
E,= Z P2 sin(n, LNy YnJ1 (7nb), (4.89)
n=0
= Pysin(n, L)y (ynb). (4.90)
n=0

The constants Ey— Fs are found by applying edge conditions which describe the left-hand
shell edge at the matching interface and F3 — E5 are found by applying edge conditions
which describe the right-hand shell edge at the matching interface. In order to apply the
left-hand edge conditions (4.80) is multiplied by wy(ﬁ,zb, and on summing over m it is found
that

> (a) 0o 9
2 —

" Fubentb) + §jﬁ”5 “mjl(”ma) EO—I—Z( ) ()

m=0

2)Cp — Cm
B f: K J1 (gma)wmn 20 Z Z P, cos 77n mnwm" Z P ¢(p)
m m=0 n=0
— Fgwn ,n=0,1,2. (4.91)

Similarly for the right-hand edge conditions (4.87) is multiplied by P

over m, it is found that

and on summing

mn?

i o (D)0 (2= 90t ()i
— ( — 2) sin(9 L) 1in Dy, ’ Sm(nmL)anm !

— Z ’ymjl Tm )?/fmn E + = e’ io: FZSZRmemTL Z Z AS nsSn nmwmn

sSin (1, L)1 Do 2b sm(nm D Dm = SN (7, L) Ny Doy

S S A~ R n=345 (4.92)
m=0

For clamped edges the values of ¢ in (4.91) and (4.92) are substituted with those in
(4.23). It is found from the equation resulting from (4.91) that F; = 0 and the remaining

coupled equations are solved to find Ey and F,. Likewise, the triadic equations resulting
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Figure 4.27: Physical configuration of the reduced antisymmetric subproblem.

from (4.92) are solved to find E5 — E5. With these constants, equations (4.80) and (4.87)
can be truncated and solved to find the mth amplitude A, of the reflected field and the
mth amplitude B}, of the transmitted field.

For pin-jointed edges the values of ¢ (4.91) and (4.92) are substituted with those in
(4.26). It is found from the equation resulting from (4.91) that F; = 0 and the remaining
coupled equations are solved to find Ey and F,. Likewise, the triadic equations resulting
from (4.92) are solved to find E3 — E5. With these constants, equations (4.80) and (4.87)
can be truncated and solved to find the mth amplitude A of the reflected field and the
mth amplitude B;, of the transmitted field.

4.3.2 Antisymmetric subproblem

The symmetric nature of the symmetric subproblem enables it to be reduced to an equiv-
alent system with an abrupt increase in radius and an acoustically soft end plate (see
Figure 4.17). The purpose of this subsection is to determine the energy radiated due to
a forcing wave at an abrupt increase in radius. The system comprises two semi-infinite
shells, the left-hand shell occupies 0 < r < a, z < —L and the right-hand rigid duct
occupies 0 < r < b, —L < z < 0. It is closed by a rigid annular disc occupying
a <r <b z=—L and an acoustically soft end plate occupying 0 < r < b, z = 0.
Forcing is by a wave located in the left-hand shell propagating in the positive z direction
towards the abrupt increase in radius.
The velocity potential for the left-hand shell is

¢t = FpJo(ker)e T 4 ZAZJO(/fnT)e_“”(ZJrL), 0<r<a, z<-1L, (4.93)
n=0

where the superscript denotes the antisymmetric subsystem, ¢ indicates the chosen fun-
damental mode to force with (¢ = 0 or ¢ = 1), F; is the amplitude of the forcing wave

given in (3.60) and A? is the amplitude of the nth reflected wave for the symmetric sub-
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system. The velocity potential for the finite section is analogous to that of the symmetric

problem but with cos(n,z) replaced by sin(n,z2):
o5 = 22]33 sin(n,2)Jo(yar), 0 <r <b, —L <2z <0. (4.94)
n=0

Note that this satisfies the acoustically soft wall condition ¢5 = 0 at z = 0. In terms of

the velocity potential ¢3 the displacements for the right section are

o0

n n TL‘] nb

(= ___V cos (12 ’772 1 ), ~L<2<0, (4.95)
b < B
Z SN (1, 2) Y J1 (Yb), —L < z < 0. (4.96)

The steps for solving this problem are analogous to those of the symmetric problem.
Following these steps for the pressure condition gives the equation for the amplitude of

the reflected wave as

T2 B2 K J1 (Kma) (2 — K2 ) kmJ1(Kma)
Eo +
(Szn - ﬁ2)Cm Cm
R (Fma) 2 =\ P*sin(n,L) Rinn
Cm 2 a Cm

n=0

A?n - —F[(Smg —l— E1

(4.97)

i A2k, Jh(Kpa) N FykpJi(kea)

FEy =
’ 52— 2 5~ 12

, (4.98)

n=0

E, = Z A kpJ1(kna) + Fyredi(Kea), (4.99)

n=0

ZA 3 T (Kkna) + FurdJi(kea), (4.100)

Likewise, for the normal component of velocity condition, it is found that

P} = T2 3 YmJ1(Ymb) Z Py cos nn )1 YnJ1(1nb)
(n2, — B?) cos(Nm L) Ny Dy, - B

(2 - ’ym)fym‘]l ’Ym
coS(Mm L)Nm D

ZPa COS TZnL)Un%J1(%b)

ZOéFgSgRgm
2b coS(My, L)y D,

_ YmJ1 (7m
c08(1n L) 1jm D
IO ~— Ansanm
2b <= cos(m L)1m D

Z P2 cos(0, L)1 y2 Jy (b)) +

(4.101)

111



which reduces to

po _ Vi (mb) (2 = )V S1(mb) o Ymi(mb)
" (777271 - 52) COS(nmL)anm ’ COS(nmL)anm ! COS(nmL>77mDm °
1o Fpse R, o A s, Rom 7 (4.102)
2b cos(nmL)anm 2b cos(nmL)anm
where
=L PAsin(n,L)nnJ1 (b
E3 — Z n Sln(772 )T] 5 1(7 )’ (4103)
n=0 T = B
= Pesin(n, L0y i (Yab), (4.104)
n=0
= Pisin(n,L)yJ1 (). (4.105)
n=0

The constants Ey — E5 are found by applying edge conditions which describe the
left-hand shell edge at the matching interface and F5 — E5 are found by applying edge
conditions which describe the right-hand shell edge at the matching interface. In order
to apply the left-hand edge conditions (4.97) is multiplied by wmn, and on summing over

m it is found that

- mJ m mn 2_ mJ m
—ZFECSem@/)(a) Zﬁuﬁfi 1(/—@ a) E Z K2 )k 1(& a>E1

— Z /ﬁ:mjl /ﬁ)m& ¢mn 20& Z Z P Sln 7771 mnwmn = — Z Pm¢7(7;7,)7)1
m m=0

m=0 n=0

—F n=0,1,2. (4.106)

Similarly for the right-hand edge conditions (4.102) is multiplied by P

over m, it is found that

and on summing

mn?

> By 2
m=0 ( - BZ) Cos(nmL)anm COS(UmL)UmDm
. Z ’ijl Ym )wmn E + = iXe’ = FZSKRmemn Zi A3 nSn nmwmn
coS(Nm L)Nm D 2b cos(nm mDm coS(Nm L)y D
S A~ P, n=5.45 (4.107)
m=0

For clamped edges the values of ¢ in (4.106) and (4.107) are substituted with those in
(4.23). It is found from the equation resulting from (4.106) that £y = 0 and the remaining

coupled equations are solved to find Ey and F,. Likewise, the triadic equations resulting
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from (4.107) are solved to find E3 — E5. With these constants, equations (4.97) and
(4.102) can be truncated and solved to find the mth amplitude A2, of the reflected field
and the mth amplitude B2, of the transmitted field.

For pin-jointed edges the values of ¢ (4.106) and (4.107) are substituted with those in
(4.26). It is found from the equation resulting from (4.106) that £y = 0 and the remaining
coupled equations are solved to find Ey and F,. Likewise, the triadic equations resulting
from (4.107) are solved to find E3 — E5. With these constants, equations (4.97) and
(4.102) can be truncated and solved to find the mth amplitude A2, of the reflected field
and the mth amplitude B} of the transmitted field. The results are created in Matlab
with the code presented in Appendix I. This has been done using 100 modes to calculate

the amplitudes of the propagating waves.

4.3.3 Clamped edges

The expansion chamber causes the energies to oscillate over frequency. This is due to
the trigonometric factors present in the reflected and transmitted amplitudes. It is as-
sumed that when a fluid-borne mode is used, the reflected energy will drop at the same
frequencies stated in Section 4.2.3.

The first results consider the radii of the inlet and outlet shells to be equal to the
radius of the centre shell. This reduces the problem to a finite shell clamped between
two semi-infinite shells. The radii of the inlet and outlet shells are @ = 0.2m, the radius
of the centre shell is b = 0.2m with a length of 2L = 0.5m. The resulting reflected and
transmitted energies are shown in Figure 4.28 for a frequency range 5 — 1200Hz.

Figure 4.28a considers the amplitude of the forcing mode to use the fluid-borne mode
(¢ = 0). It is seen that the energy is totally transmitted throughout the considered
frequency range. This shows that the clamped edges have no impacts on the energy
travelling in the fluid.

The structure-borne mode (¢ = 1) is used in the amplitude of the forcing wave to
generate Figure 4.28b. the energy was totally reflected for frequencies below the first
real cut-on at 1048Hz. After the second cut-on at 1048Hz the transmitted energy takes
over and the energy is totally transmitted for the remainder of the considered frequency
range. This result is similar to that obtained by the no change of radius configuration
considered in Figure 4.18b and by extension Figure 4.2b.

Figure 4.29 shows the output energies for the expansion chamber problem with the
outer radii @ = 0.2m, the expansion chamber radius b = 0.28m and length 2L = 0.5m.
Plot a) shows the energy with fluid-borne mode used in the amplitude of the forcing wave
(¢ = 0). Below the cut-on from the expansion chamber at 748Hz, the vast majority of
the energy is transmitted with very little being reflected. The transmitted energy has a

sudden drop at the first cut-on from the expansion chamber section at 748Hz after which
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Figure 4.28: Energy output for a flexible section between two shells with clamped edges: a)

a=02m,b=02m, L =0.25m, £ =0; b) @ =0.2m, b = 0.2m, L = 0.25m, £ = 1.
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Figure 4.29: Energy output for a finite flexible shell between two semi-infinite shells with
clamped edges: a) a = 0.2m, b = 0.28m, L = 0.25m, ¢ = 0; b) a = 0.2m, b = 0.28m, L = 0.25m,
L=1.

it quickly recovers. The transmitted drops again at 860Hz where it carries less than 10%
of the total energy for the remainder of the frequency range considered.

Plot b) shows forcing with a structure-borne mode used in the amplitude of the forcing
wave (¢ = 1). This plot shows that the energy is totally reflected for all frequencies below
the cut-on from the outer sections at 1048Hz. After this frequency the reflected energy
quickly drops. On comparing Figure 4.29 with Figure 4.4, it is clear that the two graphs
are qualitatively similar and that the finite length of radius broadens the range of the
near total reflection at the first cut-on.

The next system considers the length of the expansion chamber to be increased to
2L = 1m. The radius of the outer shells is kept at @ = 0.2m and the radius of the
expansion chamber is kept at b = 0.28m. The reflected and transmitted energy exiting
the expansion chamber is shown in Figure 4.30.

With fluid-borne forcing (see Figure 4.30a) it is seen that the oscillations of the two
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Figure 4.30: Energy output for the ﬂfxible expansion chamber between two shells with
clamped edges: a) a = 0.2m, b = 0.28m, L = 0.5m, / = 0; b) a = 0.2m, b = 0.28m, L = 0.5m,
{=1.

energies are more frequent with the longer chamber. These are expected to occur at
OHz 171.75Hz, 343.5Hz, 515.25Hz, 687Hz, 858.75Hz and 1030.5Hz (provided the energy
is travelling along the fluid-borne mode), due to the trigonometric functions occurring in
the expression for the amplitudes. After the first cut-on from the expansion chamber at
744Hz the transmitted energy suddenly drops at 760Hz and again at 900Hz. There is a
slight drop in transmitted energy at 1048Hz where the cut-on from the inlet and outlet
shells occurs. The transmitted drops again, with its lowest point at 1170Hz where it then
increases for the remainder of the frequency range.

The amplitude of the forcing wave is considered to comprise the structure-borne mode
(see Figure 4.30b). The energy is seen to be totally reflected up until the second cut-on
at 1048Hz. After the second cut-on the reflected energy drops until it reaches 1170Hz,
where it then recovers. This result is similar to the result shown in 4.20b and by extension
vaguely similar to Figure 4.4, except here the drop in reflected energy is not as smooth
and there is a peak at 1170Hz.

In the next configuration the radii of the inlet and outlet shells is considered to be
significantly smaller than the radius of the expansion chamber. The radii of the inlet and
outlets shell is reduced to @ = 0.06m, while the expansion chamber is kept at b = 0.28m
and its length is changed back to 2L = 0.5m. The resulting energies are presented in 4.31
for 5—1200Hz. For a shell of radius @ = 0.06m the cut-ons do not occur in the frequency
range considered.

Figure 4.31a shows the results of with the fluid-borne mode in the forcing wave ampli-
tude (¢ = 0). The reflected energy is dominant below the first cut-on from the expansion
chamber at 748Hz apart from where it drops suddenly at O0Hz, 343.5Hz and 687Hz. These
drops are due to the trigonometric term present in both the reflected and transmitted

amplitudes. After the first cut-on the reflected energy drops and the transmitted energy
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Figure 4.31: Energy output f9r the ﬂexible expansion chamber between two shells with
clamped edges: a) a = 0.06m, b = 0.28m, L = 0.25m, £ = 0; b) a = 0.06m, b = 0.28m,
L =0.25m, {=1.

takes over, until 838Hz where the reflected energy then takes over for the remainder of
the considered frequencies. The reflected energy spikes at 1030.5Hz, which coincides with
f=3c.

The amplitude of the forcing wave is considered to have a structure-borne mode (¢ = 1)
is Figure 4.31b. It is seen that the energy is totally reflected for all of the considered
frequency range. This result matches the result obtained in the equivalent increase in
radius problem in Figure 4.21 and by extension Figure 4.6b.

The final plots again considers the greatly reduced radii of the inlet and outlet shells,
but this time with the length of the expansion chamber increased to 2L = Im. The
reflected and transmitted energy exiting the expansion chamber is shown in Figure 4.32.

With the fluid-borne mode in the forcing amplitude (see Figure 4.32a) the majority
of energy is reflected below the first cut-on at 748Hz apart from when f = c¢n/2, for
n =20,1,2,.... After this frequency the energy is transmitted, with a spike of reflected
energy at 864Hz. The reflected energy drops at 1030.5Hz, which coincides with f = 3¢
and at 1149Hz.

With the structure-borne mode used in the amplitude of the forcing wave (see Figure
4.32b) the energy is totally reflected for the considered range of frequencies. This result
matches the result obtained in the equivalent increase in radius problem in Figure 4.22

and by extension Figure 4.6b.

4.3.4 Pin-jointed edges

Results were obtained for systems analogous to those considered in (Figures 4.28-4.32),
but with a pin-jointed edge connecting the left shell to the annular disc. It was found
that the results obtained using pin-jointed edges were identical to those obtained from

the clamped edge equivalent problems.
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Figure 4.32: Energy output for the flexible expansion chamber between two shells with
clamped edges: a) a = 0.06m, b = 0.28m, L = 0.5m, ¢ = 0; b) a = 0.06m, b = 0.28m,
L=05m,¢=1.
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Chapter 5

Energy radiated in shells subject to

non-axisymmetric motion

The work in this chapter focuses on propagation in thin, circular, cylindrical shells with
flexible walls and non-axisymmetric motion. The dispersion relation is derived from the
wave equation and the Donnell-Mushtari equations of motion for a flexible shell. A
generalised orthogonality relation for the eigenfunctions corresponding to a flexible shell
with non-axisymmetric motion is derived from the dispersion relation and used with
the mode matching method to find the amplitudes for some prototype problems. The
generalised orthogonality relation in this chapter is new to the research area and is specific
to flexible shells based on the Donnell-Mushtari equations of motion. Where possible,
the results produced in this chapter are compared with those obtained from equivalent
problems in Chapter two, three and four. Two problems are presented in this chapter:
Energy reflected due to a rigid plate and energy radiated due to an abrupt increase in

radius.

5.1 Governing equations

A thin, flexible-walled cylindrical shell described in cylindrical polar co-ordinates (7, 0, 2)
is considered. The interior region of the shell contains a compressible fluid of sound speed
¢ and density p whilst the exterior region is in-vacuo. A harmonic time factor, e, is
assumed throughout where ¢ is time and w = ck, with k£ being the fluid wavenumber.

The internal fluid is governed by Helmholtz equation, which in its non-dimensional

0?2 10 1 9 0?
S I I | = 1
{0r2+r8r+7“2892+822+ }qb 0 (5.1)

form is

where ¢ is the fluid velocity potential. The method of separation of variables is used

to find the velocity potential, which is dependant on r, # and z and thus the velocity
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potential assumes the form:

¢ = R(r)O(0)Z(2). (5.2)

This form of ¢ is substituted into (5.1) and is multiplied by 7?/(ROZ) to give the sepa-

rated equation

+1r? =0. (5.3)

PeR rdRY 140 rPdZ
R dr2 R dr O d§? 7 dz?

The terms in (5.3) involving © must have a negative separation constant as the solution

should be periodic in 6, which leads to

1 d*0 )
- 4

where m is the separation constant. This has solution
©(0) = C cos(mb) + D sin(mb), (5.5)

where C' and D are arbitrary constants. These constants are selected as C' = 1 and

D = 0, such that the modes are symmetric in ¢, which gives the solution
O(0) = cos(mb). (5.6)

Note by selecting C' = 0 and D = 1 antisymmetric modes could instead be considered.

The differential equation in (5.3) is divided by 72 and the separation constant is intro-

1d*R 1 dR 1d*Z
( + )+1—m2:———282 (5.7)

duced, to give

Rdr?2 ' rRdr 7 dz2

where s is the separation constant for the differential equation involving Z(z). Thus

1d*Z 9
Z@ = —S5, (58)
which has the solution
Z(2) = Ee"* + Fe "%, (5.9)

where E and F' are constants. These constants are selected as £/ = 1 and F' = 0, such
that the velocity potential comprises only waves travelling in the positive z direction.

Equation (5.3) is multiplied though by R and can now be written as

1 2
R'+-R + (1 e - 22) R=0. (5.10)
r r
Let x = kr, then
d?R"  1dR ,  m?
— ——|R=0 5.11
dx2+xdl’+(f€ x2> ’ (5.11)



1/2_ The above expression is recognised as Bessel’s differential equation

where k? = (1—s?)
of order m found in Abramowitz and Stegun [41] which is known to have a solution of

the form
R = AJyin(z) + BY,,(2), (5.12)

where Ji,,(-) and Y,,,(-) are Bessel functions of the first and second kind and A, B are
constants. These is a singularity in Y,,(x) as x — 0, therefore B is selected as zero and
A now denotes the wave amplitude. Also as only non-axisymmetric motion is considered

m > 1. It follows that a single mode of the velocity potential is given by

Grmp = Amp i (Fmpr) cos(mB)eme?, (5.13)

where A, is the amplitude and x2,, = (1 — s2_)*/2. For this chapter eigensystems for
flexible shells subject to non-axisymmetric motion are considered with m > 1. However,
the prototype problems will be solved for m = 1 (this motion is illustrated in Figure 3.1).

For a shell of thickness h, radius a and density p,, the non-dimensional equations of

motion are given (3.8)-(3.10) which are stated below for convenience:

Pu 1-vd*u 14+v 0 v 0%

= 2, = tr = .14
022+ 2a? 892+ 2a 8260+a8r8z+6u 0, at r=a, (5-14)

1+v 0%u 1—vo*n 10 i 0%
2

- 2 — _
20 906 2 02 @l T @orog TP V=0 atr=a, (5.15)

ov 0o 1 0° 2 ¢ 1 0% 5 000
B waa B Z% or 1 0rozt + 1102 Or0z2002? + rat orogt @p or
- a252p¢ =0, atr=a (5.16)
pshk ) ;

where 8 = w/(csk) and 7, = 12/(k*h%a?). From (5.14) and (5.15) it is seen that expres-

sions for the longitudinal and circumferential displacement must take the form
U (7,0, 2) = U, cos(mf) e’ (5.17)

V(7. 0, 2) = V,, sin(m@) e’ (5.18)

where U, and V,, are the respective longitudinal and circumferential displacement ampli-
tudes of Bessel order m. These are substituted with (5.13) into (5.14) to give the coupled

equation

2(1 — ' 1
{52 S NS} (2 5 V) } Un + —zm5(2 +v) Vin = E/{J;@(lia). (5.19)
a a a

A second equation is found by substituting the forms of displacement and velocity po-
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tential into (5.15):

ims(l+v) , sf(1—-v) m? im
—TUm + {ﬁ - T - ? Vm = gli{]m(l{a). (520)
These coupled equations are to be solved in order to find the displacement amplitudes,

these are expressed in matrix form as

m2(1-v) _ 252 4 2.2 _ dam(1+v)s ol _
7~ e A 2 = | T KT (k). (5.21)
—tam(1l +v)s 2a2% — 2m? — a*(1 — v)s?| | Vi, 2im
It follows that
Un| _ kJ! (ka) |2a*B* — 2m? — a*(1 — v)s? w —avs
Vin Qm(s) iam(1+v)s w —a?B? +a’s?| | 2im |’

(5.22)

where @,,,(s) is the determinant given by

Onle) = {M —af + a252} {2a°8% — 2m® — *(1 — v)s*} + am(1 + V)282.

2 2
(5.23)
The expression for the longitudinal displacement is thus
2 2 02 2 237 Fm(Ka) isz
Uy = a [{m*(v — 1) — 2a°8%v} s + a*(v — 1?)s’] Q—(S)cos(me)e : (5.24)
Similarly, the expression for the circumferential displacement is
T3 2 92 2 o\ .21 Fm(Ka) isz
U =1 [m*(1 = v) = 2a°8°m + a® {2m — m(v + 1*) } 5°] Q—Usm(me)e . (5.25)
m(s

The expressions for displacement (5.24) and (5.25) are used in the third equation of

motion (5.16) to obtain the characteristic equation

m?s?

2
K (s) = (avsU,, — imVy,)m + {34 + —2 uil} k) (ka) — adn(ka) =0,  (5.26)

where 7, = 12/(k*h%a?), pl = (a*B8% — 1)1y — m*/a* and « = 126%p/(h3k3ps). The
roots sy, of the characteristic equation define the wavenumbers of the waves propagating
within the shell. These are ordered sequentially with the largest real root first, then by
increasing imaginary part. The numerical results presented herein are obtained using 100
modes with m = 1. The shells are taken to be aluminium, of thickness h = 0.002 m and
of density p, = 2700 kg m~3. In addition, the values of Young’s modulus and Poisson’s
ratio are taken to be £ = 7.2 x 10! Nm~2 and v = 0.34; whilst ¢ = 343.5ms™! and
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p = 1.2 kg m™3 respectively. The roots of the characteristic equation are found in Matlab

with the code presented in Appendix J.

5.1.1 The generalised orthogonality relation

The characteristic function (5.26) can be expressed in the following form

K (8) = P(s)kJ), (ka) — aQu(8) Jm(ka), (5.27)
where the functions P, (s) and @, (s) are the characteristic polynomials
Po(s) = Ps® + P98+ P@st 4 P92 + P\, (5.28)
with
P = a*(v —1), (5.29)
P = g2 {a®B*(3 = v) + 4m*(v — 1)} (5.30)
P = 5m(v — 1) + 3¢*8°m*(3 — v) + a* {1 =)y, —7(V* =) =28}, (5.31)
P2(a) =a'B’r{a®B* (v —3) =2 — v+ 3} —2°m*B* {28 + ’r(v — 1)}
—3m*B% (v —3) +4mS(v — 1) /a?, 5.32)
Po(a) = {2a’8* + m*(v — 1)} {m*(—py, — 71) + a*B°py, } - (5.33)
and
Qulsn) = Qs + Q45 + Qp”. (5.34)
with
QY =a'(v—1), (5.35)
QY = a® {a®F%(3 — v) + 2m3(v — 1)}, (5.36)
QY = (m? — a®8%) {2a°8> + m*(v — 1)} . (5.37)
Clearly there is an infinite set of roots to K,,(s) = 0 for each integer value of m as

indicated in (5.13). However it is convenient to use s, rather than s,,, in the remainder
of this section and. Let s,, p = 0,1,2,... and s;,, ¢ = 0,1,2,... be the roots of the

characteristic function, then the following relation must hold

Ky, (%)Qm(Sq)’inJ (Kqa) — K (%)Qm(sp)"%J (kpa) =0,
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where P,,(s) is given in (5.28) and @Q,,(s) is given in (5.34). The characteristic function
K,,(s) in (5.26) is substituted into (5.38) to give

{ P (5p)Qm(8q) — Pin(Sq)Qm(sp) } ip ] (’{pa)’fq‘] (Kqa)
+ Qm<3p)Qm<3q)% { T (kg1 kig Ty, (gr) — Jin(Kgr) iy, (K1) } 7“]?:0 = 0. (5.39)

The term in square brackets is differentiated and expressed in integral form and on

collecting like terms

(5 = Q)5 [ Intoar) (2 + )

— T (ipr) { K2 T (kg )'r—i-/qufn(fiqr)}} dr

= {Pal5)Qu(50) = Pa5) @)}t g0 o g0). (5.40
It follows from Bessel’s equation that

(32 - 5;2)>Qm(3p)Qm<Sq)
= — {Pn(5p)Qm(sq) —

SHRs

/Oa I (Kpr) I (Kgr) T dr
m(5¢)Qm(sp)} "pr;n("fp )’qu (Kqa). (5.41)

e

Hence

SR

/ I (Kpr) I (Kgr)T dr
0

4 Km(sq)Qm(Sp)’ipJ, n(kpa)  Kin(sp)@m(8q)rq Sy (Knga)
(55 = 5n0*)Qm(5p)@m(sg) (57 = 53)Qm(5p)Qm(sq)

_APu(0)Qn(50) = Pu(5)@m(3)} RSy T (124)
- (52 — 52)Qun(5) Qo (54) : (5.42)

The non-zero constant C,,, is given by,

Km n) Km
Cpp = T2 Imip) o Ko (5n) (s), (5.43)
Qm(sp) s s? — 8120
The nature of the above equation allows for 'Hopital’s rule to be applied,
o — K] (sp)kpd), (/ipa)' (5.44)
25pQm (sp)
The generalised orthogonality relation is thus,
a [° G(Spy Sq)kpd] (Kpa) kg ! (Kqa)
— | Tn(Bpr) I (Kgr)rdr = 0,,Chrp — il KA iiad i, (5.45)
a /0 8 ! e Qun(8p)Qm(Sq)
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where ¢ is the Kronecker delta and

Gn(3py50) = P Quil5)55 + { P Qual,)s2 + P Quilsy) } st + { PVQYs
+ <P8(a) ((Ja) + Péa)an)) ( QO + P4a 2a . PQa Q4a ) SZ T P4a Qoa
— PUQE st 4+ PO S + PEQE s+ (PO - RUQLY) 2+ PG

— P, (5.46)
That is
Gr(8p, Sq) = G9s8 + G st + GPs2 + G, (5.47)
where
G = P Qu(sy), (5.48)
G = P{Qu(sp)sy + Ps” Qu(sy), (5.49)
G = POQY s+ (PUQE + PO ) sh+ (PR + POQY — POQLY ) s
+P<a>Q<a> P@Q. (5.50)
G = PQsE + PQ st + (PO = P ) s+ PG — RPQS.
(5.51)

Similarly, for a shell of radius b, the equivalent generalised orthogonality relation is

a [* G (119 110) Yo T (190) Va T (YaD)
— | Tu(vpr) I (ygr)rdr = 6,,D, — —"— A2 RTm P JTmL 4 5.52
b/o o) Im (% peer Qi (1p) Qrm (114) ( )
where P and Q) are replaced by P” and QY 7, = 12 /(k*h?b?), n, are the equivalent
wavenumbers, v, = (1 — 72)"/? and
/ !/
20pQum ()

The non-zero constant C,,, (or equivalently D,,,) is a useful parameter arising in various

identities which involve the characteristic equation.

5.1.2 Properties of the eigensystem

Analogous to the axisymmetric case, a number of identities can be developed to demon-
strate that the eigenfunctions are linearly dependent. It is shown in Lawrie [46] that the
number of such identities depends on the order of the boundary conditions. This number
is the same as the number of edge conditions required (or alternatively half the order

of the characteristic equation). In this case there are four such identities and these are
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Figure 5.1: The path of integration used for Cauchy’s residue theorem.

given by I1(r), Iy(r), I3(r) and I4(r). These identities are constructed by considering
contour integrals with odd integrands. On applying Cauchy’s residue theorem an identity

is obtained. The first identity is created considering the following integral

1 % 25Qu(5) (k)
Li(r)= %/_ Ko (s) ds, 0<r<a, (5.54)

o0

where the path of integration is indented above any poles on the negative real axis and
below any poles on the positive real axis as shown in Figure 5.1. Note the p on s, and
K, is dropped for the workings for the first identity. The integrand of I;(r) is an odd
function, which means it evaluates to 0. Contour integration can be used to express the

integral as a sum of residues and thus obtain an identity. Cauchy’s residue theorem gives

L) + 1 /Oo 25Qm(8) I (Kr)

a_ . d: mps S Sy .
5 Ko (s) s pzzogpo r<a (5.55)

—00

where 0,,, are the residues at s = s,,,. That is

0 — lim (3 - Smp)QSQm(S)Jm(KJT) _ QSQm(Smp)Jm(Hmp’f’)

— 0<r< 5.56
$—Smp Km(s) K;n(Smp) V=T =6 ( )

where I’'Hopital’s rule has been applied. Note that as [s| — oo the integrand can be

approximated by
25Qum(8)Im (k1) 2 (isT)

~ ) 5.57
K.(s) 18 Iyt (isa) (5:57)
Hence, as R — o
2
/ 5Qm(8) Jm (1) ds -0, 0<r <a. (5.58)
. K (s)
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This integral can be evaluated by use of contour integration, firstly the path of integration

is deformed to a half circle in the upper half plane (denoted I'g) with radius R

1 25Qum(8)Jm (k)
I = — ds, 0 <r<a. 5.59

1(r) Qm}[ Ko (s) SoUsr=a (5.59)
The half circle I'g can be separated into two separate contours, the arc in the upper half
plane in the anti-clockwise sense (denoted Cgr+) and the interval [—R, R]. This allows for

the integral to be considered as

b 25Qm( VI (K1) . B 25Qq(8) (k) . <
Jl(r)_zm,{/%+ o d+/_R . d},og <a (5.60)

Considering the radius R tending to infinite allows for the use of Cauchy’s Residue The-
orem. The contribution due to Cr+ tends to 0 as R — oo, this is due to the denominator
having larger magnitude than the numerator. For the remaining integral, the integrand
is analytic, except for an infinite family of poles when L(s,, a) = 0. These poles are given

when s = s,,,, therefore the integral becomes the infinite sum of residues

> 25Qm(s (8 = Simp)25Qm () I (KT
ZR { )sa } ngg}w )Km(s)() ( ) (5.61)

As the both the numerator and denominator of the limit tend to zero, ’'Hopital’s rule

can be applied in order to obtain the first identity as

x 2 o
L(r) = Z SmpQm (Smp) Jm (KmpT) _ Z Kmpdy (Kmp@) T (KmpT) —0, 0<r<a

=0 K7, (Smp) =0 Cmp
(5.62)
Further identities can be found in the same way by considering the integrals,
Ly = L [T 2Imbr) g2 < (5.63)
r)=— ——— ds r<a .
? 2mi J_oo Km(s) T T

1 [ 2sK% T, (k)
I = — —d <r< .64
3(7) 5 /Oo Ko (s) s, 0<r<a, (5.64)

1 [ 255 T, (kT)
1 = — ——————>ds, 0<r<a. 5.65
4(r) 2m'/ Kn(s) 0o ="="¢ (5.65)

The integrand in these cases are odd functions, therefore they evaluate to zero. The

second, third and fourth identities are obtained as,

1 28mp i (Fonp”) o= B (Fonp@) Ty (FompT)
L(r) = Z lg’n(smp)p B Z ) Qm(;:np)omp P2=0, 0<r<a, (5.66)

p=0 p=0
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> 28k o (KT KT (Kmp@) T (KT
Ig(’l”) _ Z P n/lp ( P ) _ mp m( P ) ( P ) 207 0 ST S a, (567)
=0 K7 (Smp) =0 Qrm (Smp) Crmp
28kt T (KT KT (Kmp@) T (KT
I4(7’) _ Z P n/lp ( P ) _ mp m( P ) ( P ) :O, 0 ST S a. (568)
=0 Km(smp) p=0 Qm(smp)omp
Further identities can be found by considering the integrals
L [ 25Qun(s)kJ! (Kka)
Iy = — - d 5.69
Tomi )T Ku(s) > (569
1 [ 253Q(s)kJ! (ka)
Ig = — “ ds. .
5= ori /oo Kon(s) ’ (570)

The above integrals were chosen such that the integrand is odd, therefore ensuring that

they evaluate to zero. It follows that the identity given by I5 is,

N 281p Qi (Simp) mp T (Finp@®) o= {Fomp T (Fimp@) }
I = P P P“m 14 — P“m P =0. 5.71
=T o 2, o7

For integral I it is seen that as R — oo the contribution from Cg+ is non zero. In order
to find this contribution the integrand is approximated for evaluation:
25°Qu(s)kJ,, (ka)  2s"a*(v — 1)kJ],(ka) 2

Kin(s) T osSat(v — DrJ! (ka) s (5.72)

With the parameterisations s = Re and ds/dfl = iRe®, the integral over the arc is

1 25°Q,n ()] L[
2mi Jo, K (s) 2w J,

Cauchy’s residue theorem is used to evaluate the integral over the straight line [—R, R]

to give an infinite sum of residues

1 (7 25Qum(s)k3 T (ka) S Y (/fmp@)}2
— T n ds = E P o . .74
211 _R Km(s) s — Cmp (5 7 )
The identity obtained from Ig is thus
> k2 Ak (Kmpa)V
E : mp{ P m( P )} - 1. (575)
— Cnp
p=0

127



x10" x 10"

1 1
0.8 0.8
0.6 0.6

Iz(r) o {\/\"
-0.2f
-0.4
-0.6
-0.8
o 15 20 25 30 35 40 45 50 o 15 20 25 30 35 40 45 50
Terms Terms
a) b)

Figure 5.2: Identities one and four.

A final identity can be obtained by multiplying the characteristic equation through by

K3 (Fmp@) [ { P (8mp) Crap } and summing to give

00 3 /
o Z Qm(Smp)’imp’]m("impa’)’]m(ﬁmpa) = _1. (576)
p=0

B (8mp) Cmp

The roots of the characteristic equation (5.26) from a shell of radius @ = 0.2m at 500Hz
were used to plot the value of each identity against the number of considered modes.
The number of considered modes increases from 10 to 50, which is representative of the
radius of the circle in which roots are sought. The results of identities 1 and 3 (shown
in Figure 5.2) show that these identities are satisfied to 5 decimal places from 10 modes
and continue to converge to zero. The results of identities 2, 3, 4, 5, 6, 7 and 8 are all

zero to at least 6 decimal places when 10 modes are considered.

5.2 Energy reflected by a rigid end plate

The aim of this section is to find the energy reflected by a rigid end plate in a semi-infinite
shell. The system comprises a semi-infinite shell located in the region 0 < r < a,z <0
and is closed by a rigid end plate occupying 0 < r < a, z = 0 (see Figure 5.3). Forcing
is by a wave located in the shell propagating in the positive z direction towards the end

plate. The velocity potential in the region z <0, 0 <r < ais

B(r,0, 2) = FroJi(k1er) cos(6)e™ 1% + Z Z ApgIn(Fingr) cos(nf)e”m* 0 < r < a,
n=0 ¢=0

(5.77)
where ¢ indicates the chosen mode to force with (¢ = 0 or ¢ = 1), Fy, is the amplitude of

the forcing wave, A, is the amplitude of the gth reflected mode, s, are the wavenumbers
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Incident

Figure 5.3: Physical configuration of the semi-infinite shell with a rigid end plate.

and k1, = (1— S%q)l/ 2. There is only one real mode sy at low frequencies which occur for
m = 1, for this mode sy is close to 1. A second mode cuts on later in the frequency range
and shall be used in the amplitude of the forcing wave where possible. The amplitude of
the forcing wave is chosen such that the incident energy is unity and is formed by using
(2.36). It follows that

Fie = {1/(s1:C1)}"2. (5.78)
At the rigid wall, the normal component of velocity is zero, which gives the condition

0
a—f:O, at 2=0,0<r<a. (5.79)

The velocity potential (5.77) is substituted into the above condition to give
Fuosipi(kuer) cos(0) = > ) AngsngJu(kingr) cos(nf) =0, 0 < r < a. (5.80)
n=0 ¢g=0

The above equation is multiplied through by cos(mf) and integrated with respect to
0, 0 <60 < 2x, to give

2m oo o0 2m
Fiesi0J1(Ker) / cos(0) cos(mb) do — Z Z AngSngIn(Kngr) / cos(nf) cos(m@) do
0 0

n=0 ¢q=0

= 0. (5.81)

The orthogonality property of cos(:) can be used to reduce the above equation. From

Brown and Churchill [47] this is given as

2w
1 / cos(nf) cos(mB) df = 0y, (5.82)
0

T

where 0y, is the Kroneckor delta. It follows from (5.81) that

Fusiey(k1er)010 = AmgSmgIm (Kmgr)- (5.83)

q=0
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For this equation to be satisfied, either m =1 or
Z ApgSmgIm (Kmgr) = 0. (5.84)

There are four ways in which (5.83) can be satisfied and these solutions come from
the identities which demonstrate linear dependence of the eigenfunctions. From (5.62),
(5.66)-(5.68) it is implied that the following can hold true

m J my
AmgSmg = oma C(K qa)’ (5.85)
mq

Emgp, (Kmq@)

AproSm _u7 )
T (5ma) Comg (5.86)
gnq“];n(/{mqa)
Qm(smq)Cmq’
Kool (Fmg@)

mqYm

Qm($mq)Crmg

(5.87)

Amqsmq
ApngSmg = (5.88)

Hence this could potentially introduce four eigensolutions 73, j = 0, 1,2, 3 to the velocity

potential defined as.

H;m K:m CL —18mqZ
(r,0,z2) Z Z . qumqq I (Kmgr) cos(m@)e : (5.89)
m=0 ¢q=0
(r,0,z2) T Fomg o (Kimgr) cos(m@)e™"ma?, (5.90)
mz:o; Qm(sm‘l) mqSmq !
S SIENe ) /€3 J (qua) ‘
(r,0,z) I (Kmgr) cos(m@)e”**ma® (5.91)
mz:() ; Qm(smq)cmqsmq !
SN KD (Fmg@) ,
mq mq —iSmq?
(10020 = 2 2 Gl g eV OO (592

It follows that

B(r,0,2) = FroJi(k1er) cos(6)e1* + Z Ay 1 (K1gr) cos(mB)e 1% + BTy(r, 0, 2)

q=0

+CT1(T7972) +DT2(T79a Z)+ET3(T797Z)7 (593)

where each T;(r, 0, z), j = 0,1,2,3, satisfies the end plate condition and B, C, D, E are
constants. Henceforth it is assumed that B=C =D = FE = (.

The velocity potential (5.77) is substituted into the normal component of velocity
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matching condition to give

Fiys10J1(Kk1er) cos(0) — ZAlqsqul(/ﬁqr) cos(0)=0,0<r<a. (5.94)
q=0
The above equation is multiplied through by a.J;(k1,r)r/a and integrated to give
FMSM—/ Jl KJMT)Jl(KleT rdr — ZAqulq / J1 Kqu)Jl(KlpT>T dr = 0. (5 95)

q=0

The generalised orthogonality relation in (5.45) is used to reduce this equation to

G(ﬁ)(sl VR1pd] (K1pa) G(4)(51 Vk1pJ] (K1pa)
A :F 5 + 1 p pY1 p 1 p rY1 p E
S $1pC1p@1(51p) ’ $1pC1pQ1(51p) '
Gg)(slp)’flp‘]{(“lpa) By + G§0)<31p)“1p<]{(“1pa) Es. (5.96)
5101, Q1(51p) 51p01,Q1(51p)

The method of edge condition application is generalised by recognising that the edge

conditions take the form:

ZA1P¢; + Flfd}n , = 07 17 27 3a (597)

The edge conditions are applied by multiplying (5.96) by 1/1% (which is defined in (5.99)

and (5.101)), and on summing over p it is found that

! (a)

Slp Kipd (“11)@)%)” 51p)’§1pJ1<’€1pa)7/}pn
g Fipo E Ey+ E FE
8 Zp¢pn - 51pC1pQ1(51p) s1pC1pQ1(51p) '

2

(s1p ’ilpJ1<"91pa wpn Slp "Glpjl(’flpa)lppn (f)
+ By + By =—FpP. (5.98
Z 51p01pQ1(81p Z Slpcpo1<81p) ’ 16y ( )

The results presented for this problem were created in Matlab with the code presented
in Appendix K. This has been done using 100 modes to calculate the amplitudes of the

propagating waves.
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Figure 5.4: Energy radiated due to a forcing wave at a rigid plate in a semi-finite shell with
a clamped edge, @ = 0.2m: a) first mode forcing £ = 0; b) second mode forcing ¢ = 1.

5.2.1 Clamped edge

With clamped edge conditions the values of ¢ in (5.96) are:

W) = Ulsy)npdi (K1pa), W = ~U(sie)ried] (Kea),

1/’;(3) = V(s1p)r1p i (F1pa), %f) = V(s10) k101 (Krea),

Uy = KT (F1pa), ) =~k (s1e0),

0y = siphip ] (1,0), ) = —surred(k1a), (5.99)

The values of Ey— Ej5 are found by truncating equations (5.98) using the above values of
1. These values can then be used in (5.96) which is truncated to give the pth amplitude
of the reflected wave. The energy associated with the reflected field is given in (2.41)
which is stated below:

P
Z |A1p|231p01p

p=0

En = gReal , (5.100)

where Aj;, are the amplitudes of the reflected waves.

Figure 5.4 shows the energy output for shell of radius a = 0.2m clamped to the rigid
plate for 5 — 1200Hz.

Figure 5.4a assumes forcing with the first-mode in the amplitude and Figure 5.4b
assumes forcing with the second-mode. The results for both plots show that the energy

is totally transmitted for the entire considered frequency range.

132



12 T T T T T 12

T T
= = = Reflected = = = Reflected
U U T U g U U
0.8 B 0.8
> >
> >
@ 0.61 @ 0.6
2 2
w w
041 1 0.4
0.2r 1 0.2r
0 . . . . . 0 . . . . . .
0 200 400 600 800 1000 1200 600 700 800 900 1000 1100 1200
Frequency Frequency
a) b)

Figure 5.5: Energy radiated due to a forcing wave at a rigid plate in a semi-finite shell with
a pin-jointed edge, @ = 0.2m: a) first mode forcing ¢ = 0; b) second mode forcing ¢ = 1.

5.2.2 Pin-jointed edge

With pin-jointed edge conditions the values of ¥ in (5.96) are:

Uy = Ulsip)siprny i (1)), U = Ulsw)surie i (k1ca),

U = V(sip)kipdi (10), 0 = V(s10)1eJ; (s160),
¢(2):“1pJ1(/f1pa) 1/}2 = —k1eJ)(K1ea),

lb(a) S1p/€1pJ1(/flpa) 1/J§f):—3%z"€1e<]{(/‘fl£a)- (5.101)

Figure 5.5 shows the energy output for shell of radius a = 0.2m pin-jointed to the
rigid plate for 5 — 1200Hz.

Figure 5.5a assumes forcing with the first-mode in the amplitude and Figure 5.5b
assumes forcing with the second-mode. Both plots show that the energy is totally trans-

mitted for the chosen frequency range.

5.3 Energy radiated due to a forcing wave at an

abrupt increase in radius

The purpose of this section is to find the energy reflected and transmitted due to an
incident wave at an abrupt increase in radius. The system comprises two semi-infinite
shells, the left-hand shell occupies 0 < r < a, z < 0 and the right-hand shell occupies
0<r<b z>0, where a < b (see Figure 5.6). The waveguide is closed by a rigid
annular disc occupying a < r < b, z = 0. Forcing is introduced by a wave propagating
in the positive z direction towards the abrupt increase in radius. Only the m = 1 case of

non-axisymmetric motion will be considered in this problem. The velocity potential ¢,
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Figure 5.6: Physical configuration of the abrupt increase in radius problem.

in the region z < 0, 0 < r < a comprises the forcing wave and the wave reflected at the

junction, which is

¢1(r, 0, 2) = FipJi(kyer) cos(0)e'1* + ZAlqjl(/ilqr) cos(f)e ™19 0 <r<a, 2<0,
q=0

(5.102)
where ¢ indicates the chosen mode to force with (¢ = 0 for the initial real mode or ¢ =1
for the first cut-on mode in the left-hand shell), F}, is the amplitude of the forcing wave
given in (5.78), Ay, is the amplitude of the gth reflected mode, sy, are the wavenumbers

1/2_ The longitudinal, circumferential and radial shell displacements in

and K1y = (1—s7,)
eigenfunction form for the left-hand shell are found by substituting the velocity potential

(5.102) into (5.24), (5.25) and using w = i¢,. It follows that

u1 (0, 2) = U(s1e) FreJ1(K1ea) cos(f)e™™1% — Z U(s1q)A1gJi(K14a) cos(0)e 1%,

q=0

vi(0,2) = V(s1) FreJi(k10a) sin(0)e™* + > "V (s14) AsgJi (1ga) sin(6)e 10,

q=0

wi (0, 2) = —FigrreJy (Krea) cos(0)e™1* — Z Ak (K1ga) cos(f)e 12, (5.103)

q=0

The velocity potential in the region z > 0, 0 < r < b contains those waves which are

transmitted through the junction, that is

Ga(r, 0, z) = Z BigJi(y147) cos(0)e ™ 0 <r < b, 2 >0, (5.104)

q=0

where By, is the amplitude of the gth transmitted mode, 7, are the roots of the dispersion

function in the right-hand shell and ~i, = (1 — 7%,)"/?. The longitudinal, circumferential
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and radial shell displacements in eigenfunction form for the left-hand shell are found by
substituting the velocity potential (5.104) into (5.24), (5.25) and using w = i¢,. It follows
that

[e.9]

u2(0a Z) = Z U(T/Iq)quJI (71qb) COS(8>€iquu

q=0
o

ve(0, 2) = Z V(11q) BigJ1(714b) sin(f)e’™a?,

q=0

wy(0, 2) = Z BigigJi(714b) cos(B)e ™. (5.105)

q=0

In the region z = 0, 0 < r < a the pressure is continuous, this leads to the expression
O1(r,0,2) = ¢o(r,0,2), 2z=0, 0 <r <a. (5.106)

The velocity potentials (5.102) and (5.104) are substituted into the above equation to
give . .
FioJy(kyer) + Z Ay Ji(Kigr) = Z By Ji(7147), 0 <1 < a. (5.107)
=0 =0
The above equation is multiplied through by a.J;(k1,r)/a and integrated with respect to
r, 0 <r <a, to find

O[F @ Q o a 0 OZB R
alf / Jl(l‘ilpT)Jl(ffMT)T’dT + E Z Alq/ Jl (KllpT’>J1<I£1q’r‘)Td7’ = Z %7
0 = 0 po
(5.108)
where .
Ryg = / Ji(kpr)Ji(ygr)rdr. (5.109)
0

The generalised orthogonality relation in (5.45) is used to reduce the integrals on the

left-hand side of (5.108) and on rearranging, the first coupled equation is found as

G (1) i (m1p) g, G (s1p) () GV (1p) Ji1p0)

Ay, = —Fy 6y, + —2 b
1p 149¢p Cpol(Slp) Clp@1(51p> 1 Cpol(Slp) 2
G (s1p) 1 (F1pa) -, s~ @B R
E aBialtpy 5.110
CipQ1(s1p) ’ ; aClp | |

where ng)(slp), n = 0,2,4,6 are the corresponding coefficients for the nth degree of
G1(s1p,-) given in (5.51) and Ey — E5 are constants which are determined by applying
the edge conditions that describe how the left-hand shell connects to the annular disc.

The normal component of velocity should be continuous in the region z =0, 0 <r < a
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and zero on the annular disc in the region z = 0, a < r < b, which leads to

(5.111)

0, g | B0, 2=00<r<a
0z 0, s=0,a<r<b

The velocity potentials (5.102) and (5.104) are substituted into the above equation to

give
Z BigmgJi(mqr) = FresuJi(kar) — ZAlqslqjl(/flqr), 0<r<a. (5.112)
q=0 q=0

The above expression is multiplied through by a.J;(v1,7)r/b and integrated with respect
tor, 0 <r <bto find

0 b 0o

FusiR AgsigR
> By / T D I GREE)
q=0 0 q=0

The orthogonality relation in (5.52) is used to find the left-hand side of the expression in

(5.113) and after rearranging, the second coupled equation is found as

G (mp) i (rb) G ) Fi(nah) | G () Ty (h)

B, =
P nllele(U1p> ! nllele(n1p> ° 771lele(7711;) ‘
0 o0
i Gg )<771p)J{(71pb> B+ aF1s10Rep . Z ‘Lllqslqqu7 (5.114)
771lele(”1})) bnllep 7=0 bnllep

where ng) (mp), n = 0,2,4,6 are the corresponding coefficients for the nth degree of
G1(mp, ) given in (5.51) and E, — E7 are constants which are determined by applying the
edge conditions that describe how the right section of the shell connects to the annular
disc.

The constants Ey — E7 in equations (5.110) and (5.114) are found by applying edge
conditions which describe how the shells are connected to the rigid annulus at the match-

ing interface. These conditions can be written in the form
> Ayl +ZB A0+ B =0, forn=0,1,2,...,7, (5.115)

where n = 0,1, 2, 3 refer to conditions applied to the left-hand shell edge and n = 4,5,6,7
refer to conditions applied at the right-hand shell edge. To apply the left-hand conditions,
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(5.110) is multiplied by wéi), and on summing over p it is found that

N )J @ G0 ) @
—ZFMCSﬁp%() Z Slp 1(K1p0) Py Ey + (s1p)J1(K1p0)Vp o

Cpol Slp) Cpol(Slp)
=GP (s, mpamn ) (31) 4 (F1pa) g
+ E 4 p p P E
Z Cpol (51p) ’ Z C1,Q1(s1p) ’
aB @D "
T ZZ 1aft pq LR ZBlp¢§,*;3 — P n=0,1,2,3. (5.116)
p=0 ¢=0 p=0

Similarly for the right-hand edge conditions (5.114) is multiplied by ¢1(,2), and on summing

over p it is found that

Z G(6 (7]1p),]/ (’ylp wpn E Z G(4 7]1p J/ (’le )wpn E5 + i G§2)<7]1p)J{(71pb>w§JZ)

Eeg
=0 ?71pD1pQ1(771p =0 MpD1pQ1(11p) =0 MpD1pQ1(11p)
N Z nlp )1 (71,0 Yo o Z aFMSszp%Upn Z Z AigS1q qp%n
e MpD1pQ1(Mp) =0 bnip D1y =0 9=0 binp Dy
= > A - Fd®, = 4,5,6,7. (5.117)

The expressions for 2/11(,2), wz(,lfb) and w;f) are found from eigenfunction expansions of the
edge conditions for clamped edges these are as given in (5.118) and for pin-jointed edges
these are as given in (5.121). The results presented for this problem are created in Matlab
with the code presented in Appendix L. This has been done using 100 modes to calculate
the amplitudes of the propagating waves. This is shown to be more than sufficient in the

verification subsection that follows.
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5.3.1 Clamped edges

On using the displacements given in (5.103) and (5.105), the clamped edge conditions
given (3.26) lead to

Ul = Ul(sip)kap i (1pa), Y =0, U = U (s1) ke (Krca),

Y = V(sip)kipi (r1,0), vy =0, O = V(s1)med] (rrea),

%(g) = ’flpJ{(/ﬁpa% wff;) =0, ¢§f) = — ke J](Kiea),

wg(;? = sipkip ] (K1pa), w;? =0, ¢§f) = —suk1ed(K1ea),

O = U 1p i (1h), el =0, 0~ o,

U = V()15 (y1b), W@ =0, W9 =0,

Ui = Y11 (v1pb), V@ =0, 0 o,

V) = il (yih). Y =0, M =, (5.118)

The values of Ey — E; are found by truncating and solving equations (5.116) and (5.117)
using the above values of ¢. Coupled equations are obtained by using £y — E3 in equation
(5.110) and E4 — E7 in equation (5.114). These equations are then truncated and solved
to give the pth amplitude A, of the reflected field and the pth amplitude B, of the
transmitted field. The energy entering the system & is due to the wave incident in the z
direction, which has unit energy. The energy leaving the system comprises the energy of
the reflected field €4 and the energy of the transmitted field &g. The energy associated
with the reflected and transmitted fields are as given in (2.41) and (2.42) which are stated

below:

P
a
Ex = Real D AL PsC) (5.119)
p=0
where A, are the amplitudes of the reflected waves and
b P
€n = Real ZO |Blp|2n1pD1p] , (5.120)

where By, are the amplitudes of the transmitted waves.

The first configuration considers the radius of the left-hand shell to be equal to that
of the right-hand shell. The energy radiated at the edge, with no change of radius, ie.
for @ = 0.2m and b = 0.2m is shown in Figure 5.7. For a shell of radius @ = 0.2m the
first cut-on occurs at 508Hz and further cut-ons occur outside the considered frequency
range. When forcing with the second-mode, the resulting energy will be considered from
508Hz as evanescent modes do not carry energy before they cut-on.

Figure 5.7a shows the energy radiated when the first mode is used in the forcing waved

(¢ = 0). Below the first cut-on the energy is totally reflected. After which the energies
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Figure 5.7: Energy output f(zr no change in radius with clamped edges m = 1: a) a = 0.2m,
b=02m,¢=0;b)a=0.2m, b=02m, ¢ =1.

are inverted and the energy is totally reflected for remaining frequencies.

The energy radiated when forcing with the second mode (¢ = 1) in the amplitude
of the forcing wave is shown in Figure 5.7b. The reflected energy increases from 40%
until total reflection is achieved at 630Hz and it continues to be totally reflected for the
remaining frequency range.

The next configuration considers the radius of the right-hand shell to be increased.
The left-hand shell is kept at @ = 0.2m while the right-hand shell is increased to b =
0.28m. The energy radiated at the abrupt increase in radius is shown in Figure 5.8. For a
shell of radius b = 0.28m the cut-ons in the frequency range occur at 365Hz and 1043Hz.

The first mode is used in the amplitude of the forcing wave (¢ = 0) and the energy
radiated at the abrupt increase in radius is shown in Figure 5.8a. The energy is total
reflected below the first cut-on from the larger shell at 365Hz. After the cut-on, the
reflected energy slowly falls away until reaching the cut-on from the smaller shell at
508Hz. The reflected energy then drops suddenly and hovers around 30% before suddenly
increasing at the frequency for the second cut-on from the larger shell at 1043Hz. The
reflected energy finally drops away for the remainder of the frequency range.

The energy radiated at the abrupt increase in radius when the second mode is used
in the forcing wave (¢ = 1) is shown in Figure 5.8b. The results are only valid after the
mode has cut-on at 508Hz. The reflected energy begins by dipping and increasing until
total reflected energy is achieved at 630Hz. The energy continues to be totally reflected
for the remaining frequency range.

The final configuration considers the radius of the left-hand shell to be significantly
smaller than the radius of the right-hand shell. The radius of the left-hand shell is reduced
to @ = 0.06m while the radius of the right-hand shell is maintained at b = 0.28m. The
energy radiated at the abrupt increase in radius is shown in Figure (5.9) where the first

mode is used in the amplitude of the forcing wave (¢ = 0). It is seen that the energy is
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Figure 5.8: Energy output for the abrupt increase in radius with clamped edges m = 1: a)
a=02m,b=0.28m, {=0;b) a=0.2m, b =0.28m, { = 1.

completely reflected for the entire frequency range and is unaffected by the cut-ons from
the larger shell at 365Hz and 1043Hz. This is in keeping with the result that the energy
is totally reflected as ka = a — 0.

The amplitude of the forcing wave comprising the first cut-on mode (¢ = 1) does not

exist in the considered frequency range and so results using this mode are not possible.

5.3.2 Pin-jointed edges

On using the displacements given in (5.103) and (5.105), the clamped edge conditions
given (3.27) lead to

@[;1(73) = U(s1p)81pR1p )1 (K1pa), fo,(,g) =0, ZZJ(()f) = Ul(s11)S1er10d1 (Krea),

?ﬂ;(j) = V(s1p)k1pJ] (K1pa), lﬁ,(ﬁ) =0, O =V (s1) ke, (Kuea),

wﬁ) = FipJi (K1p0), wffé) =0, wéf) = —reJi(Kiea),

1/115.?,) = S?p’flpji("flpa)y 1/11(,3) =Y, Q/J;g) = —S%MMJ{(RMG);

Y% = Unip)1ip i (11,h), vl =0, W\ =0,

Y = V()71 (115h), P =0, W =0,

U = o1 (nyh), U =0, W’ =0,

Y5 =0 p i (1pb). v =0, H9 = 0. (5.121)

The method of solving to find the amplitudes of the reflected and transmitted fields is
analogous to that used for the clamped edges, but replacing values of 1) with those stated
above. The energy equations are then as given by (2.41) and (2.42), these are stated
below for convenience:

P
Z |A1p|231p01p

p=0

£ = LReal , (5.122)
o
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Figure 5.9: Energy output for the abrupt increase in radius with clamped edges m = 1,
a = 0.06m, b = 0.28m, ¢ = 0.

where Aj;, are the amplitudes of the reflected waves and

P

Z ’Blp|2771pD1p

p=0

b
Ep = aReal : (5.123)

where By, are the amplitudes of the transmitted waves.

The first configuration considers the radius of the left-hand shell to be equal to that
of the right-hand shell. The energy radiated at the no change of radius for a = 0.2m and
b = 0.2m is shown in Figure 5.10. For a shell of radius @ = 0.2m the first cut-on occurs at
508Hz and further cut-ons occur outside the considered frequency range. When forcing
with the second-mode, the resulting energy will be considered from 508Hz.

Figure 5.10a shows the energy radiated when the first mode is used in the forcing
waved (¢ = 0). Below the first cut-on the energy is totally reflected. After which there is
an inversion of the energies it is totally reflected for remaining frequencies.

The energy radiated when forcing with the second mode in the amplitude of the
forcing wave is shown in Figure 5.10b. The reflected energy increases from 40% until total
reflection is achieved at 630Hz and it continues to be totally reflected for the remaining
frequency range.

The next configuration considers the radius of the right-hand shell to be increased.
The left-hand shell is maintained at a = 0.2m while the right-hand shell is increased to
b = 0.28m. The energy radiated at the abrupt increase in radius is shown in Figure 5.11.

For a shell of radius b = 0.28m the cut-ons in the frequency range occur at 365Hz and
1043Hz.
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Figure 5.10: Energy output f(_)r no change in radius with pin-jointed edges m = 1: a) a = 0.2m,
b=02m,¢=0;b)a=0.2m, b=02m, ¢ =1.
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Figure 5.11: Energy output for the abrupt increase in radius with pin-jointed edges m = 1:
a) a=0.2m, b=0.28m, / =0; b) a = 0.2m, b = 0.28m, ¢ = 1.

The first mode is used in the amplitude of the forcing wave (¢ = 0) and the energy
radiated at the abrupt increase in radius is shown in Figure 5.11a. The energy is total
reflected below the first cut-on from the larger shell at 365Hz. After this cut-on, the
reflected energy slowly falls away until the cut-on frequency from the smaller shell at
508Hz is reached. The reflected energy then drops suddenly and hovers around 30%
before suddenly increasing at the frequency for the second cut-on from the larger shell
at 1043Hz. The reflected energy finally drops away for the remainder of the frequency
range.

The energy radiated at the abrupt increase in radius when the second mode is used
in the forcing wave (¢ = 1) is shown in Figure 5.11b. The results are only valid after the
mode has cut-on at 508Hz. The reflected energy begins by dipping and increasing until
total reflected energy is achieved at 630Hz. The energy continues to be totally reflected

for the remaining frequency range.
The final configuration considers the radius of the left-hand shell to be significantly
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Figure 5.12: Energy output for the abrupt increase in radius with pin-jointed edges m = 1,
a = 0.06m, b = 0.28m, ¢ = 0.

smaller than the radius of the right-hand shell. The radius of the left-hand shell is reduced
to @ = 0.06m while the radius of the right-hand shell is maintained at b = 0.28m. The
energy radiated at the abrupt increase in radius is shown in Figure (5.12) where the first
mode is used in the amplitude of the forcing wave (¢ = 0). It is seen that the energy is

completely reflected for the entire frequency range and is unaffected by the cut-ons from
the larger shell at 365Hz and 1043Hz.

5.3.3 Verification of results

It is necessary to check the matching conditions are satisfied, this will ensure that the
results are correct and that the amplitudes have been formed with a sufficient amount
of modes. This will be done for the configuration which has @ = 0.2m, b = 0.28m with
first mode forcing and clamped edges, which correspond to the results of Figure 5.8a.
The matching condition for pressure is (5.112) which is presented for ¢ = 1 against the
non-dimensional radius of the shell for 10 modes at 780Hz in Figure 5.13. It is seen
that although the real part of the pressure shows a good agreement between the two
sides, it does not match well at the edge of the shell. Also the imaginary part of the
pressure condition shows a poor agreement between the two sides. This shows that 10
modes does not find sufficiently accurate amplitudes, therefore additional modes must
be considered. The matching condition for pressure is now presented for 60 modes at
780Hz against the non-dimensional radius of the shell in Figure 5.14. With 60 it is seen
that there is an excellent match between the two sides of the pressure condition for both

real and imaginary parts. It is left to check that the matching condition for the normal
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Figure 5.13: The two sides of the pressure matching condition for 10 modes with @ = 0.2m,
b = 0.28m (dashed line: left side of the condition, solid line: right side of the condition) a) Real,
b) Imaginary.
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Figure 5.14: The two sides of the pressure matching condition for 60 modes with @ = 0.2m,
b = 0.28m (dashed line: left side of the condition, solid line: right side of the condition) a) Real,
b) Imaginary.

component of velocity is satisfied. Again this is done for 10 modes at 780Hz and the
results for the real and imaginary parts are presented in Figure 5.15. These results show
a poor match between the two sides of the matching condition and that 10 modes to form
the amplitudes is not sufficient. The number of modes is increased to 60 and the results
of the two sides of the matching condition are shown in Figure 5.16. There is a better
agreement between the two sides of the matching condition when 60 modes are used to
formulate the amplitudes, however it still not that great. This is because of a singularity
that occurs due to the piecewise definition of the normal component of velocity condition
i.e. it is continuous in the fluid, but zero of the rigid annular disc. The velocity flux should

be considered as the integration smooths out this singularity. The matching condition
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Figure 5.15: The two sides of the normal component of velocity matching condition for 10
modes with @ = 0.2m, b = 0.28m (dashed line: left side of the condition, solid line: right side
of the condition) a) Real; b) Imaginary.
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Figure 5.16: The two sides of the normal component of velocity matching condition for 60
modes with @ = 0.2m, b = 0.28m (dashed line: left side of the condition, solid line: right side
of the condition) a) Real; b) Imaginary.

for the velocity flux is

12 F1p810J2(K1ea) 2 > Ayy514J2(K140) _ a2 i ByynigJ2(714D) (5.124)

R1e 0 KR1q Tiq

q= q=0

The two sides of the above equation are presented in Figure 5.17 for 10 modes and in
Figure 5.18 for 60 modes. This shows an excellent agreement between the two sides of
the equation and it verifies that after smoothing at the singularity the normal component

of velocity matching condition is satisfied.
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Figure 5.17: The two sides of the velocity flux matching condition for 100 modes with a =
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a) Real; b) Imaginary.
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Chapter 6
Conclusions

The research in this thesis finds and analyses the energy radiated due to a piston or wave
at the junction of rigid and flexible circular, cylindrical problems. These were solved with
the mode matching method combined with a suitable orthogonality relation/ generalised
orthogonality relation.

The research in Chapter two used the wave equation to formulate the dispersion
relation for a rigid duct. This provided the wavenumbers for the velocity potential and
was used to provide a method for deriving the orthogonality relation. This methodology
and orthogonality relations is already available in the literature and serves as a foundation
for research on flexible shell walls. The definition of power was used to derive expressions
for the reflected and transmitted energy and to determine the amplitude of the forcing
wave (as unit energy input was assumed). Problems involving a piston sound source
and/or an incident wave were investigated and solved to find the radiated energy. The
work of Ingard [3] was used to derive an expression for the radiated impedance and to
verify the results of one of the considered duct configurations. The results showed that
the cut-ons caused the resulting energy and impedance to spike, which is due to the
excitation of the evanescent modes by the piston. However for a piston of radius equal
to the radius of the duct, the cut-ons had no effect as it is not able to excite further
modes. Two problems involving an abrupt change of radius were also considered: an
abrupt increase in radius and an expansion chamber situated between two ducts of the
same radius. The problem with the abrupt increase in radius was solved by matching the
pressure and normal component of velocity at the junction. It was found that with no
change in radius, the energy behaved as if it was in a duct of infinite length. When an
increase in radius was present it was found that the scattered energy was effected by the
cut-ons present in the ducts. When the radius of left-shell was significantly smaller than
the right, the energy supported the known result (see for example Levine and Schwinger
2]) that the energy is totally reflect as ka — 0. The problem with the expansion chamber
between two ducts was broken into two simpler problems featuring a single increase in

radius: that is a symmetric and an antisymmetric subproblem. The results showed that

147



the presence of an expansion chamber causes the energy to oscillate over frequency. This
is likely due to the waves bouncing off the internal annular discs present in the chamber.
The dips in the oscillations for the reflected power could be determined provided the
energy was carried by the fluid-borne mode as sg = 1. Lastly, a transfer matrix method
was applied to the expansion chamber problem using only the first mode of the velocity
potentials. The result of this method provided a good estimation of the energies and
assisted in verifying the results obtained from the mode matching method.

In Chapter three the Donnell-Mushtari equations of motion were used to derive the
dispersion relation for waves propagating within a flexible cylindrical shell. This was used
to obtain the wavenumbers of the velocity potential and to derive a suitable generalised
orthogonality relation using the method of Chapter two. This generalised orthogonal-
ity relation is new to the research area and therefore the mode matching method (being
based on the generalised orthogonality relation) used is a novel approach to the problems.
Difficulties occurred due to the increasingly oscillatory nature of the dispersion relations;
the wavenumbers became increasingly harder to find for high frequencies (especially for
the smaller shell radius). Hence the results for the flexible shell were presented up to
1200Hz as beyond this frequency the searching range provided to the Newton-Raphson
method must be specified with increasing accuracy. The resulting generalised orthogo-
nality relation was found to comparable to that of rigid duct, but with additional terms.
These terms come from the equations of motion and therefore relate to felxible nature
of the shell. Analysis into the properties of the eigenfunctions was done by formulating
identities which demonstrated the linear dependance. It was found using the work in
Lawrie [44] that three such identities existed. These were derived using Cauchy’s Residue
theorem with an additional four identities and all were numerically demonstrated to be
satisfied. Semi-infinite problems forced by a piston and/or wave were considered with
both a clamped and pin-jointed edge. The results showed that the energies obtained
from pin-jointed edges were the same as those obtained with clamped edges. All plots
concerning fluid-borne forcing were found to be similar to the equivalent rigid problem
results. This may be due to the choice of material and waveguide values, however these
were selected so that there is a balance between a flexible shell that could be used in
HVAC ducting. The semi infinite problem with the rigid end plate served to verify the
method as in this case the energy could only be reflected. The results of this particular
problem serve no practical purpose as the result is commonly known is the research area.

In Chapter four, problems which incorporated a change of radius were considered.
These allowed for the generalised orthogonality relation to be used to simplify the equa-
tions of matched pressure and normal component of velocity. Again it was found that the
results obtained with clamped edges were identical to those obtained with a pin-jointed
edge. The results from the abrupt increase in radius problem and expansion chamber

problems when forced with the sy mode were seen to be similar to those found in the
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equivalent rigid problems in Chapter two. A fundamental s; mode does not exist in a
rigid duct (as the walls are rigid), hence comparisons using this mode could only be made
between the axisymmetric increase in radius and expansion chamber problems. The en-
ergy carried by individual modes when forcing with s; mode was investigated and it was
seen that at the cut-on for the larger shell the transmitted energy was carried by the
cut-on mode. The results shown in this chapter could be useful towards the design of
HVAC ducting as the cut-ons are useful for tuning the frequencies of in-bound fluid and
structure borne waves to minimising or maximising the reflected or transmitted energy.

In Chapter five the Donnell-Mushtari equations of motion were used to derive the
dispersion relation for waves propagating within a flexible cylindrical shell subject to non-
axisymmetric motion. This was used to obtain the wavenumbers of the velocity potential
and to derive a suitable generalised orthogonality relation. This generalised orthogonality
relation is new to the research area and therefore the mode matching method which
was used is a novel approach to the problems. The research in Chapter five presented
some interesting results in the form of eigensolutions which could be generated for non-
axisymmetric motions. Such solutions were found by comparing the eigenmode form of
the matching condition with those identities which demonstrate the linear dependance of
the eigenfunctions. There is scope for future work here to understand the significance of
such solutions. Limitations were seen in Chapter five due to there being one real mode
occurring for low frequencies. The cut-on mode was used where possible, but it was not
possible for those frequencies for which a propagating wave had not been cut-on. The
results of the abrupt increase of radius problem with non-axisymmetric motion could not
be compared to those obtained from equivalent rigid and axisymmetric results as the
forcing mode was too different.

The results shown demonstrate that cut-on frequencies would be of key importance
for industrial applications. The results of the rigid problems serve as a good estimate for
the flexible wall problems, but they are limited to the use of sy mode forcing. The results
of the flexible-walled problems for the relevant motion would be more accurate as they
consider energy being carried in the structure. The generalised orthogonality relations
presented are a useful tool for evaluating integrals which occur through the application
of the mode matching method. These generalised orthogonality relations could also be
used in other solving methods which relate to the motion of flexible walled cylindrical

shells (based on the Donnell-Mustari equations of motion).

6.1 Recommendations for future work

Presented in this Chapter are two problems which build on the research presented in
this thesis and are recommended for future work. The first problem considers the abrupt

increase in radius in Chapter four, but replaces the rigid annular disc with a membrane.
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Figure 6.1: Physical configuration of the abrupt increase in radius problem with an annular
membrane.

This changes the matching condition at the junction and uses the Galerkin method to
match the normal component of velocity to the membrane. This same replacement can
also be applied to the expansion chamber problems present in Chapter four. The method
for this problem is outlined below. The second problem builds on the non-axisymmetric
research presented in Chapter five, by considering expansion chamber situated between
two shells of the same radius. The solution method should follow in the same way as that
used to solve the rigid expansion chamber problem in Chapter two and the two expansion
chamber problems presented in Chapter four.

The analysis of the eigensolutions which arise in Section 5.2 are also left for future
work. These eigensolutions demonstrate that for non-axisymmetric motion of order m =
1 the solution is potentially coupled to all other orders. Further work is required to

understand if and when these eigensolutions are required.

6.1.1 Abrupt increase in radius closed by an annular membrane

The aim here is to determine the energy transmitted due to a forcing wave at an abrupt
increase of radius. The problem comprises two semi-infinite shells: the left-hand shell
occupies 0 < r < a, z < 0 and the right-hand duct occupies 0 < r < b, z < 0, where
a < b as shown in Figure 6.1. The problem is closed by an annular membrane in the
region a < r < b, z = 0. Forcing is by a wave propagating in the positive z direction

towards the abrupt increase in radius. The velocity potential ¢; for the left-hand shell is

b1(r, 2) = Fudo(ker)e™ + Z Apdo(kpr)e ™ 2 <0, 0<r <a, (6.1)

n=0

where F'is the amplitude of the forcing wave, A,, is the amplitude of the nth reflected

wave, s, are the wavenumbers found using the characteristic equation in Chapter four
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and &, = (1 — s2)'/2. The velocity potential for the right-hand shell ¢, is

Go(r,2) = Z BoJo(ymr)e™*, 2>0, 0<r <b, (6.2)

n=0
where B, is the nth amplitude of the transmitted wave, n, are the wavenumbers found
using the characteristic equation in Chapter four (with a shell of radius b) and v, =
(1 —n2)Y/2. At the junction between the two shell sections there is continuity of pressure

in the fluid region which is expressed as
¢1(7’, O) = ¢2(7’, 0)7 0 S r S a. (63)

On substituting the velocity potentials (6.1) and (6.2) into the equation for continuity
of pressure (6.3) and using the OR to simplify the eigenfunctions in z < 0, it is obtained
that

L o

Qw
Hf—/
g|Q
Mg

1

———+(k
2 2

s —f

where

Rym = /Oa Jo(Ynr) Jo(Kpr)rdr. (6.5)

Constants Ey — E5 are found from the edge conditions that connect the left shell section

to the annular disc. Considering clamped edge conditions, w; = wy, = u; = 0, therefore

EO = 0, Ej = { FgQﬂSgli@Jl(l{ga - — Z Z J S 1(,% CL) } , ] = 172,

A m=0 n=0 Om
(6.6)
where A = 57 + 505, Qjn, = S; — Sj-1/(8% — s2,) and
L Smk2, J1 /ﬁma)
_ Z e = 0,1,2. (6.7)

At the junction the normal component of velocity is continuous in the fluid region

and also needs to satisfy the vertical membrane condition
Wyr + prw = apy =0, 2=0, a <r <b, (6.8)

where w is the displacement in the radial direction, o = 123%p/(psh3k3) and pp = ¢/+/T/m

with fluid sound speed ¢, tension 7" and mass per unit area m. Suppose that w(r) may
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be expressed as a Fourier series of the form:

i 3 (7). o9

This form automatically satisfies the conditions of zero axial displacement at the edges
of the annular disc w(a) = w(b) = 0. On substituting the Fourier series expression for
the radial displacement of the membrane (6.9) and the eigenfunction expansion (6.2) into

the membrane condition (6.8), it is found that

iG" b o () - “ZB folwr)e (610

This equation can be simplified by using the integral identity given in Brown and Churchill

47] as
/ab o (%) sin (%) dr (6.11)

b—a
nmTv nmTv b—a
/0 Sm<b—a>sm<b—a) 2 (612

The integral identity (6.11) is applied by multiplying (6.10) by sin(mn(r — a)/(b — a))

and on integrating with respect to r, a < r < b, it is found that

o _mim N
Gm{u = 2} b_aZBPmn (6.13)

where .
Pon = / Jo(yn1) sin (M> dr. (6.14)
0 b—a

The expression for GG, is found as

2
N JY e ey 1 ZB Prun.- (6.15)

The condition for the normal component of velocity is given as

ZG sm{ a)}’ a<r<hb,
b—a

%(T,O), 0<r<a.

992

S0 = (6.16)

The velocity potentials (6.1) and (6.2) are substituted into (6.16), multiplied through by
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aJo(7m)r/b and integrated with respect to r, 0 < r < a to yield

0
Z Bnnn/ JO TnT )JO(’VmT)TdT - b Z G T}m + bFKSKRKm - ? ZAnSanm7
n=0

(6.17)

where

b . . a
T = / sin (]Wb(r—aa)> Jo(Ymr)rdr and Ry, = / Jo(Knr) Jo(Ymr)rdr  (6.18)
a - 0

The generalised OR is applied to the left side of this equation

= 2 2 W

ZO[ « >
— Z G jm+ T FgS@Rgm — E Z A SnBRom. (619)

It follows that

Yo J1 (Ymb)

alFyso Ry, « = AnSanm
2ot YUm Inon” nm 6.20
Dy b Z N Dm (0:20)

n=0

b b o e G T;
E3+(’773n_2”7m>J1(’ym >E + '7m‘]1(7m )E “YZGJ Jjm

By = - —
DDy DD b

where for clamped edge conditions wy = wy, = uy =0

By=FE, =0, Fs5= bS?)ZO%”J”’” <ZGT]m FSZRZMZASH m)

n=0

(6.21)

where

Sy = i Yo (@) (6.22)

The amplitudes for the reflected and transmitted amplitudes are thus given by trun-
cating and solving (6.4) and (6.20).

6.1.2 Flexible expansion chamber with non-axisymmetric mo-
tion

The recommendation for further work builds on the problems presented in Chapter five,
by considering the energy transmitted through a flexible chamber situated between two

shells with non-axisymmetric motion. The system comprises two semi-finite shells with
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Figure 6.2: Physical configuration of the expansion chamber between two shells with non
axisymmetric motion.

a flexible expansion chamber of dimensional length 2L between them (where L = kL).
The inlet shell is located in the region 0 < r < a, z < —L, the outlet shell is located
in the region 0 < r < a, z > L and the expansion chamber occupies the space between
them, —L < 2z < L, 0 <r < b, thus the chamber has a length 2L. The system is closed
by rigid annular discs located at a < r < b, z = L. The velocity potential for the inlet
shell ¢; comprises the plane wave and the field reflected at the first junction, which leads

to

$1 = FipJy (kaer) cos(0)e™ T 4N " Ay Jy (k) cos(B)e T 0 <r <a, 2 < —L,
q=0

(6.23)
where ¢ indicates the chosen fundamental mode to use in the forcing amplitude (with
¢ =0or{=1), Fyis the amplitude of the forcing wave, Ay, is the amplitude of the gth
reflected wave, s;, are the wavenumbers which satisfy the characteristic equation given

1/2

in Chapter four (with m = 1) and k1, = (1 — s7,) The velocity potential ¢, for the

expansion chamber is given by
T' 9 Z Z —iN1gZ + queinlqz)Jl (f)/lq'f’) COS(@), (624)
q=0

where Py, is the amplitude of the gth reflected wave, @y, is the amplitude of the gth
transmitted wave and 714, ¢ = 0,1,2,... are the roots of the characteristic equation
given in Chapter four (with m = 1 and radius b). The velocity potential ¢3 for the
right-hand shell is given by

¢3(r, 0, 2) = Z BiyJ1(7147) cos(f)emaz=1), (6.25)

q=0

were By, is the amplitude of the gth reflected wave.
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The same method applied to the expansion chamber problems presented in Chapter
two and four can be used to solve this problem. That is by noticing that it can be
decomposed into two simpler problems which include a second forcing wave leaving the
system. These subproblems then each reduce to an abrupt increase in radius and the

solving method with the mode matching technique should be analogous to that of Section
4.3.
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Appendix A

Matlab code relating to Section 2.3
and 2.4

function AppendixA ()
clc; clear;

index=0;

for £=5:4000

al=0.2;
cl=0.2;
Cair=343.5;
terms=100;

kno=2+pi*f/Cair;
a=alxkno;
c=clxkno;

RGuess=0:0.01:1; IGuess=(l-(pi/ax((l:terms)+0.25)).72).70.5;
sn=NewtonRaphson (RGuess, IGuess,a) ."';
sn=sn (abs (sn)<terms*pi/a);

kappa=sqgrt (1-sn."2); Twl=length (kappa);

CC=FunctionHH (kappa, a) ;

[AA AF]=Solver(c,sn.',CC.");

PowAA=2*real (sum(abs (AA) . 2.xCC.*sn)); PowAF=2*real (sum(abs (AF). 2.%xCC.*sn));

FF=sqgrt (1/ (sn (1) «CC(1)));

ZA=-2*sum (besselj (1, kappa*c). 2./ (kappa.”2.+xsn.*CC));

ZF=4ixFF+bessel]j (1, kappa(l)*c)/ (cxkappa(l))-2+sum(besselj(1l,kappax*c).” 2./
(kappa.”2.xsn.*CC));

index=index+1;

data (index, :)=[f,PowAA, PowAF, abs (ZA) , abs (ZF) ];
end

end

function K=Characteristic(sn,a)
K=sqgrt (1-sn."2) .xbesselj(l,sqrt (1l-sn."2)*a);
end

function K=DCharacteristic(sn,a)
f1=Q@ (x) Characteristic(x,a);
K=(fl (sn+le-5)-f1l(sn-1le-5))/2e-5;
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end

function Roots=NewtonRaphson (RGuess, IGuess, r)

warning ('off', '"MATLAB:rankDeficientMatrix")

f1=@ (x) Characteristic(x,r); dfl=Q@(x) DCharacteristic(x,r);
x0ldl=RGuess; xo0ld2=IGuess;

for i=1:20

jacl=dfl (xoldl);
soll=xo0ldl-f1l(xo0ldl) ./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1 (x0ld2) ./jac2;
x0ld2=s012;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend") ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>le-2
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
Imaginary=sol2;
Imaginary=Imaginary (abs (fl (Imaginary))<le-5);
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempImaginary (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempImaginary (TempIndex))>le-4
TempIndex=TempIndex+1;
TempImaginary (TempIndex)=Imaginary (Index) ;
end
end

[~,idx]=sort (imag (TempImaginary), 'ascend');
TempImaginary=TempImaginary (idx) ;
Roots=[TempReal, TempImaginary];

end

function HH=FunctionHH (kappa, r)
HH=r. 2. (besselj(0,kappa.*r)."2)/2;
end

function [AN AF]=Solver(c,sn,CC)
FF=sqrt (1/(sn(1)*CC(1)));
kappa=sqrt (1-sn."2);
U=1;
Fdelta=zeros (1, length(sn));
for n=1:length(sn)

Fdelta (n)=FFx*kdelta(l,n);

end

AN= (1i*xUxcxbesselj(1l,kappax*c) ./ (kappa.*sn.*CC)).";
AF=(Fdelta+li+Uxcxbesselj (1, kappax*c) ./ (kappa.*sn.*CC)).";
end

function d=kdelta (n,m)
if n==m
d=1;
else
d=0;
end
end
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Appendix B

Matlab code relating to Section 2.5

function AppendixB ()
clc; clear; index=0;
for =780

al=0.2;
b1=0.28;
Cair=343.5;
terms=10;

kno=2xpi*f/Cair;
a=alxkno;
b=bl~xkno;

RGuess=0:0.01:1; IGuess=(l-(pi/ax((l:terms)+0.25)).72).70.5;
sn=NewtonRaphson (RGuess, IGuess,a)."';
sn=sn (abs (sn)<terms*pi/a); kappa=sqgrt (l-sn.”2); Twl=length (kappa);

RGuess=0:0.01:1; IGuess=(l-(pi/bx((l:terms)+0.25)).72).70.5;
eta=NewtonRaphson (RGuess, IGuess,b) ."';
eta=eta (abs (eta)<termsxpi/b); gamma=sqgrt (l-eta.”2); Tw2=length (gamma)
CC=FunctionHH (kappa,a); DD=FunctionHH (gamma,Db);
RR=zeros (length (kappa), length (gamma) ) ;
for n=1:length (kappa)

for m=1:length (gamma)

RR (n,m)=IntegralRR (kappa (n),gamma (m),a) ;

end

end

F=sqrt (2) /a;

[AA BB]=Solver(sn.',eta.',F,CC."',DD."',RR);
PowA=real (sum(abs (AA) . 2.xCC.*sn));
PowB=real (sum(abs (BB) . 2.xDD.x*eta));
index=index+1;

data (index, :)=[f, PowA, PowB];

end

end

function K=Characteristic(sn,a)

K=sqgrt (1-sn."2) .«besselj(l,sqgrt (1l-sn."2) *xa);
end

function K=DCharacteristic(sn, a)

f1=Q@ (x) Characteristic(x,a);
K=(fl(sn+le-5)-fl(sn-1e-5))/2e-5;

end
function Roots=NewtonRaphson (RGuess, IGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")

f1=@ (x) Characteristic(x,r);
dfl=@ (x) DCharacteristic(x,r);
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x0ldl=RGuess; xold2=IGuess;
for i=1:20
jacl=dfl (xo0ldl);
soll=x0ldl-f1l(xo0ldl) ./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1 (x0l1d2) ./jac2;
x0ld2=s012;
end
Real=soll;
Real=Real (abs (fl (Real))<le-2);
Real=sort (Real (Real>0), 'descend"') ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:length (Real)
if abs (Real (Index)-TempReal (TempIndex))>le-1
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
Imaginary=sol2;
Imaginary=Imaginary (abs (fl (Imaginary))<le-5);
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'de¢
TempIndex=1;
TempImaginary (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempImaginary (TempIndex))>le-4
TempIndex=TempIndex+1l;
TempImaginary (TempIndex)=Imaginary (Index) ;
end
end
[~,idx]=sort (imag (TempImaginary), 'ascend');
TempImaginary=TempImaginary (idx) ;
Roots=[TempReal, TempImaginary];
end
function HH=FunctionHH (kappa, r)
HH=r"2+besselj (0, r+kappa)."2/2;
end

function RR=IntegralRR (gamma, kappa, a)
if abs (real (kappa) "2-real (gamma) "2)<le-10 && abs (imag(kappa) "2-imag(gamma) "2)<le-10
RR=a"2* (besselj (0, axgamma) "2+bessel] (1, a*gamma) "2)/2;
else
RR=ax* (kappa*bessel]j (0, axgamma) xbesselj (1, axkappa) -
gammaxbesselj (0, axkappa) *besselj(1l,axgamma) )/ (gamma”2-kappa”2) ;
end
end
function [AN BM]=Solver (sn,eta,F,CC,DD, RR)
Nn=length(sn); Nm=length (eta); Fdelta=zeros(l,Nn);
for n=1:Nn
Fdelta (n)=Fxkdelta(l,n);
end
Vl=zeros(Nm,1l); Ml=zeros (Nn,Nm); M2=zeros (Nm,Nn) ;
for n=1:Nn
for m=1:Nm
M1 (n,m)=RR(n,m)/CC(n); V1 (m)=F*sn(l)*RR(1l,m)/eta (m)/DD (m);
M2 (m,n)=-sn(n) *RR (n, m) /eta (m) /DD (m) ;
end
end
AN= (eye (Nn) -M1xM2) \ (-Fdelta.'+M1*V1);
BM= (eye (Nm) -M2+M1) \ (V1+M2x-Fdelta.")
end
function d=kdelta (n,m)
if n==
d=1;
else
d=0;
end
end
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Appendix C

Matlab code relating to Section 2.6

function AppendixC ()
clc; clear;

index=0;

for £=5:1200

al=0.2;
b1=0.28;
L1=0.5;
Cair=343.5;
Dair=1.2;
terms=100;

kno=2+pi*f/Cair;
a=alxkno;
b=blxkno;
L=L1+*kno;

RGuess=0:0.01:1; IGuess=(l-(pi/ax((l:terms)+0.25)).72).70.5;
sn=NewtonRaphson (RGuess, IGuess,a)."';
sn=sn (abs (sn)<terms*pi/a);

kappa=sqgrt (1-sn."2); Twl=length (kappa);

RGuess=0:0.01:1; IGuess=(l-(pi/b*((l:terms)+0.25))."2).70.5;

eta=NewtonRaphson (RGuess, IGuess,b) .';
eta=eta (abs (eta)<termsxpi/b);
gamma=sqrt (1-eta.”2); Tw2=length (gamma) ;

CC=FunctionHH (kappa,a); DD=FunctionHH (gamma,Db) ;

RR=zeros (length (kappa), length (gamma) ) ;
for n=1:1length (kappa)
for m=1:length (gamma)
RR(n,m)=IntegralRR (kappa (n),gamma (m),a) ;
end
end

F=sqgrt (kno"2/ (2xpixCair " 3+«Dair+CC (1) *sn(1l)));
AAS=SSolver (sn.',eta.',F,CC."',DD."',RR, L)
AAA=ASolver (sn.',eta.',F,CC.',DD."',RR, L)
PowA=2*pixCair"3«Dair/kno”2+real (sum(abs
PowB=2*pi*xCair~3«Dair/kno”2xreal (sum(abs
AA=Fx (a"4-b"4) *sin (2*L) /
(2i*a”"2+b"2xcos (2+xL)+ (a"4+b"4) xsin (2*L)) ;

’

(AAS+ARAA) #0.5) ."2.%xCC.*sn));
(AAS-AAA) x0.5) . 2.%CC.*sn));
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BB=2ixFxa"2+b"~2/

(2ixa”"2+«b"2*xcos (2«L)+(a"4+b"4) xsin (2*L)) ;
PowAT=2+pi*Cair” " 3xDair/kno”2xreal (abs (AA) "2xCC(1)*sn (1)) ;
PowBT=2+pi*Cair”3xDair/kno”2xreal (abs (BB) "2xCC (1) *sn(l));
index=index+1;
data (index, :)=[f,PowA,PowB, POowAT, PowBT];
end
end

function K=Characteristic(sn, a)
K=sqgrt (1-sn."2) .xbesselj(l,sqrt (l-sn."2)*a);
end

function K=DCharacteristic(sn,a)
f1=@(x) Characteristic(x,a);
K=(fl(sn+le-5)-fl(sn-1e-5))/2e-5;
end

function Roots=NewtonRaphson (RGuess, IGuess, r)
warning('off', '"MATLAB:rankDeficientMatrix")
f1=Q@ (x) Characteristic(x,r); dfl=Q@(x) DCharacteristic(x,r);
x01ldl=RGuess; xold2=IGuess;
for i=1:20
jacl=dfl (xoldl);
soll=xo0ldl-f1 (xo0ldl)./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1(x0ld2) ./jac2;
x0ld2=s012;
end
Real=soll;
Real=Real (abs (fl (Real))<le-2);
Real=sort (Real (Real>0), 'descend"') ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>le-1
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
Imaginary=sol2;
Imaginary=Imaginary (abs (fl (Imaginary))<le-5);
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend");
TempIndex=1;
TempImaginary (TempIndex)=Imaginary(1l);
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempImaginary (TempIndex))>le-4
TempIndex=TempIndex+1l;
TempImaginary (TempIndex)=Imaginary (Index) ;
end
end

[~,idx]=sort (imag (TempImaginary), 'ascend');
TempImaginary=TempImaginary (idx) ;
Roots=[TempReal, TempImaginary];

end

function HH=FunctionHH (kappa,r)
HH=r"2xbessel]j (0, rxkappa) . 2/2;
end

function RR=IntegralRR (gamma, kappa,a)

if abs(real (kappa) "2-real (gamma) "2)<le-10 && abs (imag(kappa) "2-imag(gamma) "2)<le-10
RR=a"2x (besselj (0, axgamma) ~2+besselj (1, axgamma) “2) /2;

else
RR=a~* (kappa*bessel]j (0, axgamma) xbessel]j (1, axkappa) -
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gammaxbesselj (0, axkappa) *bessel]j(l,axgamma) )/ (kappa”2-gamma”2) ;
end
end

function AN=SSolver (sn,eta,F,CC,DD,RR,L)
Nn=length(sn); Nm=length (eta);
Fdelta=zeros (1,Nn);
for n=1:Nn
Fdelta (n)=Fxkdelta(l,n);
end
Vl=zeros (Nm,1l); Ml=zeros (Nn,Nm); M2=zeros (Nm,Nn) ;
for n=1:Nn
for m=1:Nm
M1 (n,m) =2%RR (n, m) xcos (eta (m) *L) /CC (n) ;
V1 (m)=1i*«Fxsn(l)*RR(1,m)/2/eta(m) /DD (m)/sin(eta(m)~*L);
M2 (m,n)=-1i*sn(n) *RR(n,m) /2/eta (m) /DD (m) /sin (eta (m) *L) ;
end
end
AN= (eye (Nn) -M1xM2) \ (-Fdelta.'+M1*V1);
end

function AN=ASolver (sn,eta,F,CC,DD,RR,L)
Nn=length(sn); Nm=length (eta);

Fdelta=zeros (1,Nn);
for n=1:Nn
Fdelta (n)=Fxkdelta(l,n);
end
Vl=zeros (Nm,1l); Ml=zeros (Nn,Nm); M2=zeros (Nm,Nn) ;
for n=1:Nn
for m=1:Nm
M1 (n,m)=—2*RR(n,m) *sin (eta (m) *L) /CC (n) ;
V1 (m)=1i*Fxsn(1l)+*RR(1,m)/2/eta (m) /DD (m)/cos (eta(m)*L);
M2 (m,n)=-1i*sn(n) *RR(n,m) /2/eta (m) /DD (m) /cos (eta (m) L) ;
end
end
AN= (eye (Nn) -M1xM2) \ (-Fdelta.'+M1*V1);
end

function d=kdelta (n,m)
if n==m
d=1;
else
d=0;
end
end
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Appendix D

Matlab code relating to Section 3.1
and 3.3

function AppendixD ()
clc; clear;

index=0;

for terms=5:50

al=0.2;
Cair=343.5;
Dair=1.2;
EE=7.2+x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
£=500;

kno=2xpixf/Cair;

a=alxkno;

h=hlxkno;

r=a/2;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; tau=12/(h"2%a”2);
alpha=12+omega”2xDair/ (h"3xcpl”2+kno”2«Dplate);

RGuess=0:0.01:1.1; IGuess=sqgrt(l-(pi/a.»((0:1l:terms)+5/4))."2);
CGuess=[ (- (1l-a"2xbeta”2)+tau) "0.25 -conj((-(l-a"2+beta”2)*tau) "0.25)];
sn=NewtonRaphson (alpha,beta, tau, nu, RGuess, IGuess, CGuess, a) . "';

sn=sn (abs (sn)<termsxpi/a);

Characteristic(sn, alpha,beta,tau,nu, a)

kappa=sqgrt (1-sn."2); Twl=length (kappa);

CC=FunctionHH (alpha,beta, tau, nu, sn, kappa, a) ;

Il=real (sum
I2=real (sum
I3=real (sum
I4=real (sum

kappa.*bessel]j (1, kappaxa) .*bessel] (0, kappaxr)./CC));

kappa.*bessel]j (1, kappaxa) .*bessel] (0, kappaxr)./CC./(sn. 2-beta”2)));
kappa. 3.*xbesselj (1, kappaxa) .*bessel](0,kappaxr)./CC./(sn. 2-beta”2)));
(kappa.+*besselj(l,kappa*a)).”2./CC));

I5=real (sum( (kappa.+bessel]j(1l,kappa*a)).” 2./CC./ (sn. 2-beta”2)));

I6=real (sum(kappa. 2.* (kappa.*bessel]j (1, kappaxa))."2./CC));

I7=real (sum(kappa. 4.* (kappa.x*besselj (1, kappaxa)) . 2./CC));

index=index+1;

data (index, :)=[terms,I1,I2,1I3,14,15,16,17];

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)
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K=((-tauxnu"2xs."2-(beta”2-s.72) .* (s. 4+ (1l-a"2«beta”2) xtau) ) .*sqrt (1-s."2)
.+xbesselj(l,a*xsqrt (l-s.72))-(beta"2-s."2) .*xalpha.x*besselj(0,axsqrt(l-s.72)));
end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1e-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess, CGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")

f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);

dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);

x0ld1l=RGuess; x0ld2=IGuess; xo0ld3=CGuess;
for i=1:10
jacl=dfl (xoldl);
soll=xo0ldl-f1l(xoldl)./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1 (x0ld2) ./jac2;
x0ld2=s012;
jac3=dfl (x0ld3);
so0l3=x01d3-f1(x01d3)./jac3;
x0ld3=s01l3;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend") ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=sol3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend");
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length (Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+1l;
TempIm(TempIndex)=Imaginary (Index) ;
end
end
Imaginary=[TempIm, Complex];

[~,idx]=sort (imag (Imaginary), 'ascend');
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];

end

function HH=FunctionHH (alpha, beta, tau,nu, eta, gamma, r)

fl1=@(x) Characteristic(x,alpha,beta,tau,nu,r);

HH=(f1l (eta+le-5)-fl(eta-1le-5)) ./ (2e-5) .rgamma. *bessel]j (1, rxgamma)
./ (2xeta.* (eta. " 2-beta”2));

end
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Appendix E

Matlab code relating to Section 3.4

function AppendixE ()
clc; clear;

index=0;

for £=5:1200

al=0.2;
Cair=343.5;
Dair=1.2;
EE=7.2+x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

kno=2xpi*f/Cair;

a=alxkno;

h=hlxkno;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno;
tau=12/(h"2*a”2);

alpha=12+omega”2+Dair/ (h"3xcpl”~2+kno”2+Dplate);

RGuess=0:0.01:1.1;

IGuess=sqgrt (1-(pi/a.x((0:1l:terms)+5/4))."2);
CGuess=[(-(l-a"2«beta”2)+tau) "0.25 —-conj((-(l-a"2+beta”2)*tau) "0.25)1];
sn=NewtonRaphson (alpha, beta, tau, nu, RGuess, IGuess, CGuess,a) .';

sn=sn (abs (sn)<termsx*pi/a);
kappa=sqgrt (1-sn."2); Twl=length (kappa);

CC=FunctionHH (alpha,beta, tau, nu, sn, kappa, a) ;
JJa=bessel]j (1, axkappa);

AA=AxiSolver (beta,tau,nu,sn.',kappa.’',JJa."',CC.",ell);
PowA=real (sum(abs (AA) . 2.%CC.*sn));

index=index+1;

data (index, :)=[f,PowA];

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)

K=((-tau*nu"2*s. 2-(beta”2-s.72) .*x(s. 4+ (1l-a"2*beta”2) xtau))
.xsqrt (l-s.”2) .xbesselj(l,a*xsqgrt(l-s.”2))-(beta”2-s."2)
.+xalpha.+besselj(0,axsqrt(l-s."2)));

end
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function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess,CGuess, r)
warning('off', '"MATLAB:rankDeficientMatrix")
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ld1l=RGuess; x0ld2=IGuess; x0l1ld3=CGuess;
for i=1:100

jacl=dfl (xo0ldl);

soll=xo0ldl-f1l(xoldl)./jacl;

xoldl=soll;

jac2=dfl (xo0ld2);

so0l2=x01d2-f1 (x0l1d2) ./jac2;

x0ld2=s012;

jac3=dfl (x0ld3);

so0l3=x01d3-f1(x01d3) ./jac3;

x01d3=s013;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend"') ;

TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=so0l3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+l;
TempIm(TempIndex)=Imaginary (Index);
end
end
Imaginary=[TempIm, Complex];

[~,1idx]=sort (imag (Imaginary), 'ascend’);
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];

end

function HH=FunctionHH (alpha, beta, tau,nnu,eta, gamma, r)

fl1=@(x) Characteristic(x,alpha,beta,tau,nu,r);

HH=(f1l (eta+le-5)-fl(eta-1le-5)) ./ (2e-5) .rgamma.*besselj (1, rxgamma)
./ (2«eta.* (eta. " 2-beta”2));

end

function AA=AxiSolver (beta,tau,nu, sn,kappa,Jja,CC,ell)
Nn=length (sn) ;
F=sqrt (1/ (abs (CC(ell))xsn(ell)));

PsiAl=sn.xkappa.*JJa./ (sn. 2-beta”2);

PsiFl=-sn(ell) xkappa(ell)«JJa(ell)/ (sn(ell) "2-beta”2);
PsiA2=kappa.*JJa; PsiF2=kappa (ell)*JJa(ell);
PsiA3=sn.xkappa.*JJa; PsiF3=-sn(ell) xkappa(ell)+«JJa(ell);
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SA=0; SB=0; SC=0; SD=0; SE=0; SF=0; SG=0; SH=0; SI=0;
for n=1:Nn
SA=SA+tauxnu”2+beta”2xkappa (n)*JJa (n) *PsiAl (n)
/(sn(n) "2-beta”2)/(sn(n)*CC(n));
SB=SB+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *PsiAl (n) / (sn(n) *xCC(n)) ;
SC=SC+kappa (n) *JJa (n) xPsiAl (n) / (sn(n) *CC(n)) ;
SD=SD+tauxnu”2+beta”2xkappa (n) xJJa (n) *xPsiA2 (n)
/ (sn(n) "2-beta”2)/ (sn(n)*CC(n));
SE=SE+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *PsiA2 (n) / (sn(n) xCC(n) ) ;
SF=SF+kappa (n) *JJa (n) *PsiA2 (n) / (sn(n) *CC(n)) ;
SG=SG+tauxnu”2xbeta”2xkappa (n) xJJa (n) *xPsiA3 (n)
/ (sn(n) "2-beta”2)/ (sn(n)*CC(n));
SH=SH+ (2-kappa (n) “2) xkappa (n) *JJa (n) *PsiA3(n) / (sn(n) *CC(n)) ;
SI=SI+kappa (n)+«JJa(n)*PsiA3(n)/ (sn(n)*CC(n));
end
DA=SC*SE*SG-SB*SF*SG—-SC*SD*SH+SA*SFxSH+SB*SD*SI-SA+xSE*SI;
Fdelta=zeros (1,Nn); GEOa=0; GEla=0; GE2a=0;
for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n
GEOa=GEOa+F+kdelta(ell,n
GEla=GEla+Fxkdelta(ell,n
GE2a=GE2a+Fxkdelta(ell,n

7

*PsiAl (n);
*PsiA2 (n);
*PsiA3(n);

end
EO=( (SF*SH-SE*SI) * (-F+xPsiF1-GEOa) + (SB*SI-SC*SH) » (-F+xPsiF2-GEla)
+ (SC*SE-SB«SF) x (-F+«PsiF3-GE2a) ) /DA;
El=((SF*SG-SD*SI)* (-F*xPsiF1-GEOa)+ (SA+xSI-SCxSG) x (-F*xPsiF2-GEla)
+ (SC*SD-SA*SF) « (-F+*PsiF3-GE2a) ) /-DA;
E2=( (SE*SG-SD*SH) * (-F*PsiF1-GEQOa) + (SA*xSH-SBxSG) x (-F*xPsiF2-GEla)
+ (SB*SD-SA*SE) « (-F*PsiF3-GE2a) ) /-DA;
AA= (Fdelta+tau*nu”2+beta”2+kappa.*+JJa.*E0./ (sn. 2-beta”2)./sn./CC
+ (2-kappa.”2) .xkappa.*JJa.*El./sn./CC-kappa.+xJJa.*E2./sn./CC) .
end

function d=kdelta(n,m)
if n==m
d=1;
else
d=0;
end
end
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Appendix F

Matlab code relating to Section 3.5
and 3.6

function AppendixF ()

index=0;
for £=5:1200

al=0.2;
cl=0.1;
Cair=343.5;
Dair=1.2;
EE=7.2%10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

kno=2+pixf/Cair;

a=alxkno;

h=hlxkno;

c=clxkno;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; tau=12/(h"2xa”2);
alpha=12+omega”2+Dair/ (h"3xcpl”~2+kno”2«Dplate);

RGuess=0:0.01:1.1; IGuess=sqrt(l-(pi/a.*((0:1:terms)+5/4))."2);
CGuess=[ (- (l-a"2xbeta”2)+tau) "0.25 —-conj((-(l-a"2+beta”2)*tau) "0.25)1;
sn=NewtonRaphson (alpha, beta, tau, nu, RGuess, IGuess, CGuess,a) .';
sn=sn (abs (sn)<terms*pi/a);

kappa=sqrt (1-sn."2); Twl=length (kappa);

CC=FunctionHH (alpha,beta, tau, nu, sn, kappa, a) ;
JJa=bessel]j(l,axkappa); JJIc=bessel](l,cxkappa);

[AA AF]=AxiSolver (a,c,alpha,beta,tau,nu,sn.',kappa.',JJa."',JJc.',CC.",ell);
PowA=real (sum(abs (AA) . 2.xCC.xsn)); PowAF=real (sum(abs (AF)."2.xCC.*sn));
ZA=-2x11/c”2xsum(AA.+bessel] (1, kappaxc) ./kappa.”"2);
ZF=-2%1i/c”2+sum(AA.+bessel] (1, kappax*c)./kappa.”2);

index=index+1;

data (index, :)=[f,PowA, PowAF, abs (ZA) , abs (ZF) ];

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)

K=((-tauxnu”2xs.”2-(beta”2-s.72) .x (s. 4+ (1l-a"2+beta”2) xtau))
.xsgrt (1-s.”2) .xbesselj(l,a*sqrt (1l-s."2)) - (beta”2-s."2)
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.xalpha.+besselj(0,axsqgrt(l-s.72)));
end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess,CGuess, r)
warning('off', '"MATLAB:rankDeficientMatrix")
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ld1l=RGuess; x0ld2=IGuess; x0l1ld3=CGuess;
for i=1:100

jacl=dfl (xo0ldl);

soll=xo0ldl-f1l(xoldl)./jacl;

xoldl=soll;

jac2=dfl (xo0ld2);

so0l2=x01d2-f1 (x0l1d2) ./jac2;

x0ld2=s012;

jac3=dfl (x0ld3);

so0l3=x01d3-f1(x01d3) ./jac3;

x01d3=s013;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend"') ;

TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=so0l3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+l;
TempIm(TempIndex)=Imaginary (Index);
end
end
Imaginary=[TempIm, Complex];

[~,1idx]=sort (imag (Imaginary), 'ascend’);

Imaginary=Imaginary (idx) ;

Roots=[TempReal, Imaginary];

end

function HH=FunctionHH (alpha, beta, tau,nu, eta, gamma, r)

f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);

HH= (f1 (eta+le-5)-fl(eta-1le-5)) ./ (2e-5) .rgamma.*bessel (1, rxgamma)
./ (2xeta.x (eta. 2-beta”2));

end

function [AA AF]=AxiSolver (a,c,alpha,beta,tau,nu, sn, kappa,JJa,JIdc,CC,ell)

Nn=length (sn); F=sqrt (1/(abs(CC(ell))x*sn(ell)));

PsiAl=sn.x*kappa.*JJa./ (sn. 2-beta”2);

PsiFl=-sn(ell) xkappa(ell)«JJa(ell)/ (sn(ell) "2-beta”2);
PsiA2=kappa.*JJa; PsiF2=kappa (ell)*JJa(ell);
PsiA3=sn.xkappa.=*JJa; PsiF3=-sn(ell) xkappa(ell)*JJa(ell);
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SA=0; SB=0; SC=0; SD=0; SE=0; SF=0; SG=0; SH=0; SI=0;
for n=1:Nn
SA=SA+tauxnu”2+beta”2x+kappa (n)*JJa (n) *PsiAl (n)
/ (sn(n) "2-beta”2)/ (sn(n)*CC(n));
SB=SB+ (2-kappa (n) "2) xkappa (n) *JJa (n) xPsiAl (n) / (sn(n) *xCC(n)) ;
SC=SC+kappa (n) xJJa (n) xPsiAl (n) / (sn(n) *CC(n)) ;
SD=SD+tauxnu”2+beta”2+kappa (n) *JJa (n) *xPsiA2 (n)
/(sn(n) "2-beta”2)/(sn(n)*CC(n));
SE=SE+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *PsiA2 (n) / (sn(n) xCC(n)) ;
SF=SF+kappa (n) *JJa (n) *xPsiA2 (n) / (sn(n) *CC(n)) ;
SG=SG+tauxnu”2xbeta”2xkappa (n) xJJa (n) *xPsiA3 (n)
/ (sn(n) "2-beta”2)/ (sn(n)*CC(n));
SH=SH+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *PsiA3 (n) / (sn(n) xCC(n));
SI=SI+kappa (n)*«JJa(n)*PsiA3(n)/ (sn(n)*CC(n));
end
DA=SC*SE*SG-SB*SEF*SG—-SC*SD*SH+SA*SFxSH+SB*SD*SI-SAxSE*SI;

Fdelta=zeros (1,Nn); GEOa=0; GEla=0; GE2a=0; PE0=0; PE1=0; PE2=0;

for n=1:Nn
Fdelta (n)=F+kdelta(ell,n); GEOa=GEOa+Fxkdelta(ell,n)*PsiAl (n);
GEla=GEla+F«*kdelta(ell,n)*PsiA2 (n); GE2a=GE2a+F*kdelta(ell,n)*PsiA3(n);

PEO=PEO+lixalpha*c*JJc (n)/ (axkappa (n) *sn(n) *CC(n)) *PsiAl (n);
PE1=PEl+li*alpha*c*JJc (n)/ (axkappa (n)*xsn(n)*CC(n)) *PsiA2 (n);
PE2=PE2+1li*alpha*c*JJc (n)/ (axkappa (n)*sn(n)*CC(n)) *PsiA3(n);

end

EO=-( (SF*SH-SE*SI) * (F*xPsiF1+GEQa+PEQ) + (SBxSI-SC*SH) » (FxPsiF2+GEla+PE1)
+ (SC+xSE-SB*SF) * (FxPsiF3+GE2a+PE2) ) /DA;

El=-((SF*SG-SD*SI) * (FxPsiF1+GEOa+PEO) + (SA*SI-SC*SG) » (FxPsiF2+GEla+PEL)
+ (SC*SD-SA*SF) » (FxPsiF3+GE2a+PE2) ) /-DA;

E2=-( (SE*SG-SD*SH) « (F*PsiF1+GEQa+PEQ) + (SA*SH-SB*SG) » (FxPsiF2+GEla+PE1)

)

+ (SB*SD-SA*SE) * (F*xPsiF3+GE2a+PE2) ) /-DA;

AF=(Fdelta+tauxnu”2+beta”2+kappa.+JJa.*E0./ (sn. 2-beta”2)./sn./CC
+(2-kappa.”2) .xkappa.*JJa.*El./sn./CC-kappa.*JJa.*E2./sn./CC
+lixalphaxcxJJc./ (axkappa.*sn.»CC)).";

F=0; Fdelta=zeros(1l,Nn); GEOa=0; GEla=0; GE2a=0; PE0=0; PE1=0; PE2=0;

for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n); GEOa=GEOa+Fxkdelta(ell,n)*PsiAl (n);
GEla=GEla+F«+kdelta(ell,n)*PsiA2 (n); GE2a=GE2a+F*kdelta(ell,n)*PsiA3(n);

PEO=PEO+lixalpha*c*JJc (n)/ (axkappa (n) *sn(n) xCC(n)) *PsiAl (n);
PE1=PEl+li*alpha*c*JJc (n)/ (axkappa (n) *sn(n) *CC(n)) *PsiA2 (n);
PE2=PE2+1li*alpha*c*JJc (n)/ (axkappa (n)xsn(n)*CC(n)) *PsiA3(n);

end

EO=- ((SF+*SH-SE*SI) * (FxPsiF1+GEOa+PEQ) + (SB*SI-SC*SH) » (FxPsiF2+GEla+PE1l)

)
+ (SC*SE-SB*SF) » (F+xPsiF3+GE2a+PE2) ) /DA;

El=-((SEFxSG-SDxSI) *« (F*xPsiF1+GEOa+PEQ) + (SA*SI-SC*SG) » (F«xPsiF2+GEla+PE1l)
+ (SC*SD-SA*SF)  (FxPsiF3+GE2a+PE2) ) /-DA;

E2=-((SE+xSG-SDxSH) * (F*PsiF1+GEOa+PEQ) + (SA*SH-SB*SG) » (FxPsiF2+GEla+PE1l)
+ (SBxSD-SA+SE) x (F«PsiF3+GE2a+PE2) ) /-DA;

AA= (tauxnu”2x+beta”2+kappa.*JJa.*E0./ (sn. 2-beta”2)./sn./CC
+(2-kappa.”2) .xkappa.*JJa.*El./sn./CC-kappa.*JJa.*E2./sn./CC
+lixalpha*xcxJJc./ (axkappa.*sn.xCC))."';

end

function d=kdelta(n,m)

if n==m
d=1;

else
d=0;

end

end

170



Appendix G

Matlab code relating to Section 4.1

function AppendixG ()
clc; clear;

index=0;

for f=50

al=0.2;
b1=0.28;
Cair=343.5;
Dair=1.2;
EE=7.2x10710;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

kno=2+pi*f/Cair;

a=alxkno;

b=bl*kno;

h=hlxkno;
cpl=sqrt (EE/ (1-nu”"2) /Dplate);

beta=Cair/cpl; omega=Cairxkno;
taul=12/(h"2%a”2); tau2=12/(h"2xb"2);
alpha=12+omega”2xDair/ (h"3xcpl~2+kno”2«Dplate);

RGuess=0:0.01:1.1;

IGuess=sqrt (1-(pi/a.* ((0:1l:terms)+5/4))."2);

CGuess=[ (- (l-a"2xbeta”2)+taul) "0.25 -conj((-(l-a"2+beta”2)x*taul)"0.25)1];
sn=NewtonRaphson (alpha, beta, taul, nu, RGuess, IGuess, CGuess,a) .';
sn=sn (abs (sn)<terms*pi/a);

kappa=sqrt (1-sn.”"2); Twl=length (kappa);

RGuess=0:0.01:1.1;

IGuess=sqgrt (1-(pi/b.x ((0:1l:terms)+5/4))."2);

CGuess=[ (- (1-b"2xbeta”2)+tau2) "0.25 —-conj((-(l-b"2xbeta”2)*tau2) "0.25)1];
eta=NewtonRaphson (alpha, beta, tau2, nu, RGuess, IGuess, CGuess, b) ."';

eta=eta (abs (eta)<terms+pi/b);

gamma=sqgrt (1-eta.”2); Tw2=length (gamma) ;

CC=FunctionHH (alpha,beta, taul, nu, sn, kappa, a) ;
DD=FunctionHH (alpha,beta,tau2, nu, eta,gamma,b);

RR=zeros (length (kappa), length (gamma) ) ;
for n=1:length (kappa)
for m=1:length (gamma)
RR (n,m)=IntegralRR (kappa (n), gamma (m) ,a) ;
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end
end

JJa=bessel]j(l,axkappa); JJIb=bessel](l,bxgamma) ;

[AA BB]=AxiSolver (a,b,alpha,beta,taul,tau2,nu,sn.',eta.',Jja."',JJb."
,CC.",DD.",RR,ell);

PowA=real (sum(abs (AA) . 2.%CC.*sn));

PowB=real (sum(abs (BB) . 2.+«DD.x*eta)) ;

index=index+1;

data (index, :)=[f, PowA, PowB];

PowA+PowB

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)

K=((-tauxnu”2xs.”2-(beta”"2-s."2) .x(s. 4+ (1l-a"2+beta”2) xtau))
.xsqrt (l-s.”2) .xbesselj(l,a*xsqrt(l-s.72))—-(beta”2-s.72)
.+xalpha.+besselj(0,axsqgrt(l-s.72)));

end

function K=DCharacteristic(s,alpha,beta,tau,nu,a)
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,a);

K= (fl(s+le-5)-fl(s-1e-5))/2e-5;

end

function Roots=NewtonRaphson (alpha, beta, tau,nu, RGuess, IGuess,CGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ldl=RGuess; xo0ld2=IGuess; x0ld3=CGuess;
for i=1:10
jacl=dfl (xo0ldl);
soll=x0ldl-f1l(xo0ldl) ./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1 (x0ld2) ./jac2;
x0ld2=s012;
jac3=dfl (x0ld3);
sol3=x01d3-f1 (x0ld3) ./jac3;
x01d3=s013;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend");
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs(Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+l;
TempReal (TempIndex)=Real (Index) ;
end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=so0l3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempIm(TempIndex)=Imaginary(1l);
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>1le-5
TempIndex=TempIndex+1l;
TempIm(TempIndex)=Imaginary (Index);
end
end
Imaginary=[TempIm, Complex];

[~,idx]=sort (imag (Imaginary), 'ascend');
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Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];
end

function HH=FunctionHH (alpha,beta, tau,nu,eta, gamma, r)

f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);

HH= (f1l (eta+le-5)-fl(eta-1le-5)) ./ (2e-5) .xrgamma.~bessel’ (1, rxgamma)
./ (2xeta.* (eta. " 2-beta”2));

end

function RR=IntegralRR (gamma, kappa, a)
if abs (kappa”2-gamma”2)<le-5

RR=a"2* (besselj (0, axkappa) "2+bessel] (1, axkappa) "2)/2;
else

RR=ax* (kappaxbessel]j (0, axgamma) xbesselj (1, axkappa) —

gammaxbesselj (0, axkappa) *bessel’j(1l,axgamma)) / (kappa”2-gamma”2) ;

end
end

function [AN BM]=AxiSolver (a,b,alpha,beta,taul,tau2,nu, sn,eta,JJa,Jdb,
CC,DD,RR,ell)

Nn=length(sn); Nm=length (eta);

kappa=(l-sn."2).70.5; gamma=(l-eta.”2).70.5;

F=sqrt (1/ (abs(CC(ell))*sn(ell)));

PsiAl=sn.xkappa.*JJa./ (sn. 2-beta”2); PsiBl=zeros(l,Nm);
PsiFl=-sn(ell) xkappa(ell)«JJa(ell)/ (sn(ell) "2-beta”2);
PsiA2=kappa.xJJa; PsiB2=zeros(1l,Nm); PsiF2=kappa(ell)*JJa(ell);
PsiA3=sn.+kappa.*xJJa; PsiB3=zeros(l,Nm);

PsiF3=-sn(ell) xkappa(ell) *xJJa (ell) ;

PsiAd=zeros (1,Nn); PsiB4=eta.*gamma.*JJb./ (eta. 2-beta”2); PsiF4=0;
PsiA5=zeros (1,Nn); PsiB5=eta.xgamma.+JJb; PsiF5=0;

PsiA6=zeros (1,Nn); PsiBé6=gamma.x*JJb; PsiF6=0;

SA0=0; SB0=0; SC0=0; SA1=0; SB1=0; SC1=0; SA2=0; SB2=0; SC2=0;
for n=1:Nn
SAO0=SAO+taul*nu”2+beta”2+kappa (n) *xJJa (n) xPsiAl (n)
/ (sn(n) "2-beta”2) /CC(n);
SB0=SB0+ (2-kappa (n) "2) xkappa (n) *xJJa (n) xPsiAl (n) /CC(n) ;
SC0=SCO+kappa (n) *JJa (n) *PsiAl (n) /CC(n) ;
SAl=SAl+taul*nu”2+beta”2+kappa (n)*JJa (n) *PsiA2 (n)
/ (sn(n) "2-beta”2)/CC(n);
SB1=SB1l+ (2-kappa (n) "2) xkappa (n) *xJJa (n) xPsiA2 (n) /CC(n) ;
SCl=SCl+kappa (n)*JJa (n) *PsiA2 (n) /CC(n) ;
SA2=SA2+taulsxnu”2+beta”2x+kappa (n)+*JJa (n) *PsiA3 (n)
/ (sn(n) "2-beta”2)/CC(n);
SB2=SB2+ (2-kappa (n) "2) xkappa (n) *JJa (n) xPsiA3 (n) /CC(n) ;
SC2=SC2+kappa (n) *JJa (n) *PsiA3 (n) /CC(n) ;
end
SD3=0; SE3=0; SF3=0; SD4=0; SE4=0; SF4=0; SD5=0; SE5=0; SF5=0;
for m=1:Nm
SD3=SD3+tau2*nu”2+beta”2+gamma (m) *JJb (m) *xPsiB4 (m)
/ (eta(m) "2-beta”2) /eta (m) /DD (m) ;
SE3=SE3+ (2-gamma (m) ~2) *gamma (m) *JJb (m) *PsiB4 (m) /eta (m) /DD (m) ;
SF3=SF3+gamma (m) *JJb (m) *PsiB4 (m) /eta (m) /DD (m) ;
SD4=SD4+tau2+nu”2+beta”2+gamma (m) *JJb (m) *xPsiB5 (m)
/ (eta(m) "2-beta”2) /eta (m) /DD (m) ;
SE4=SE4+ (2—gamma (m) ~2) gamma (m) *JJb (m) *PsiB5 (m) /eta (m) /DD (m) ;
SF4=SF4+gamma (m) *JJb (m) *PsiB5 (m) /eta (m) /DD (m) ;
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SD5=SD5+tau2+nu”2+beta”2+gamma (m) *JJb (m) *xPsiB6 (m)
/ (eta(m) "2-beta”2) /eta (m) /DD (m) ;
SE5=SE5+ (2—gamma (m) ~2) *gamma (m) *JJb (m) *PsiB6 (m) /eta (m) /DD (m) ;
SF5=SF5+gamma (m) *JJb (m) *PsiB6 (m) /eta (m) /DD (m) ;
end
DA=-SA2%SB1*SCO+SA1+SB2+SCO+SA2+SBO*SC1-SA0*SB2*SC1
—SA1xSBO*SC2+SA0*SB1+SC2;
DB=-SD5*SE4+SF3+SD4+xSE5%xSF3+SD5+SE3xSF4-SD3xSE5xSF4
—SD4*xSE3*xSF5+SD3xSE4xSF5;
Fdelta=zeros(1l,Nn); GEO=zeros(l,Nn); GEl=zeros(l,Nn); GE2=zeros(1l,Nn);
GEOa=0; GEla=0; GE2a=0;
for n=1:Nn
GEOa=GEQOa+F+rkdelta(ell,n)*PsiAl (n);
GEla=GEla+F+kdelta(ell,n)*PsiA2 (n);
GE2a=GE2a+F+kdelta(ell,n) *xPsiA3(n);
end
for n=1:Nn
Fdelta (n)=F«kdelta(ell,n);
GEO (n)=( (SB2%*SC1-SB1*SC2) » (FxPsiF1-GEOa) + (SBO0*SC2-SB2*SCO0) *
(FxPsiF2-GEla)+ (SB1*SC0-SBO*SCl) » (F*PsiF3-GE2a) ) /DA;
GE1l (n)=((SA2xSC1-SA1%SC2) » (FxPsiF1-GEOa) + (SA0*SC2-SA2xSCO0) *
(F*PsiF2-GEla) + (SA1+SCO0-SA0*SC1) » (FxPsiF3-GE2a)) /DA;
GE2 (n)=( (SA2%SB1-SA1%SB2) » (FxPsiF1-GEOa) + (SA0*SB2-SA2+xSB0) *
(FxPsiF2-GEla)+ (SA1*SB0-SA0*SB1) x (F*PsiF3-GE2a) ) /DA;
end
GE3b=0; GE4b=0; GE5b=0;
for m=1:Nm
GE3b=GE3b+F*sn (ell) *RR(ell, m) *PsiB4 (m) / (eta (m) *DD (m) ) ;
GE4b=GE4b+F*sn(ell) *RR(ell, m) *xPsiB5 (m) / (eta (m) *DD (m) ) ;
GE5b=GE5b+F*sn (ell) *RR(ell, m) *xPsiB6 (m) / (eta (m) *DD (m) ) ;
end
GE3=zeros (1,Nm); GE4=zeros(l,Nm); GE5=zeros(l,Nm);
for m=1:Nm
GE3 (m)=( (SE5*SF4-SE4*SF5) » (GE3b+F+PsiF4) + (SE3«SF5-SE5*SF3) *
(GE4b+F*PsiF5) + (SE4«SF3-SE3xSF4) » (GESb+F+«PsiF6)) /DB;
GE4 (m) = ( (SD5*xSF4-SD4*SF5) » (GE3b+F*PsiF4) + (SD3*SF5-SD5%SF3) %
(GE4b+F*PsiF5) + (SD4*SF3-SD3*SF4)  (GESb+F+PsiF6) ) /DB;
GES5 (m) = ( (SD5%SE4-SD4+SE5) » (GE3b+F+PsiF4) + (SD3«SE5-SD5*SE3) *
(GE4b+F*PsiF5) + (SD4*SE3-SD3*SE4) » (GES5b+F*PsiF6) ) /DB;
end
V1= (-Fdelta+taulxnu”2+beta”2+kappa.+JJa.*GE0./ (sn." 2-beta”2)
./CC+ (2-kappa. 2) .*xkappa.*JJa.*GEl./CC-kappa.+JJa.*GE2./CC)."';
V2= (taul+nu”2+beta”2+kappa.+JJa./ (sn. 2-beta”2)./CC/DA).";

V3=-((2-kappa.”2) .xkappa.*JJa./CC/DA)."';
V4= (kappa.*JJa./CC/DA).";
V5= (Fxsn(ell) .xRR(ell, :) ./ (eta.*DD)+tau2+nu”2+beta”2x*

gamma.*JJb.*GE3./ (eta. 2-beta”2) ./eta./DD+ (2-gamma. "2) . *
gamma.*JJb.*GE4./eta./DD-gamma.*JJb.*GE5./eta./DD) .';
V6= (tau2+nu”2+beta”2+xgamma.*JJb./ (eta. 2-beta”2)./eta./DD/DB)."';
V7=-((2-gamma."2) .+ gamma.*JJb./eta./DD/DB) .';
V8= (gamma.*JJb./eta./DD/DB) .';
Ml=zeros (Nn,Nm); M2=zeros (Nn,Nm); M3=zeros (Nn,Nm); Md=zeros (Nn,Nm) ;
M5=zeros (Nn,Nm) ; M6=zeros (Nn,Nm); M7=zeros (Nn,Nm) ;
for n=1:Nn
for m=1:Nm
M1 (end, m) =PsiB1 (m) ;
M2 (n,m)=alpha*RR (n,m) *PsiAl (n) /CC(n) /a;
M3 (end, m) =PsiB2 (m) ;
M4 (n,m)=alpha*RR (n,m) *xPsiA2 (n) /CC(n) /a;
M5 (end, m) =PsiB3 (m) ;
M6 (n, m)=alpha*RR (n,m) *PsiA3 (n) /CC(n) /a;
M7 (n,m)=alpha*RR (n,m) /CC(n) /a;
end
end
M8=zeros (Nm,Nn); M9=zeros (Nm,Nn); MlO=zeros (Nm,Nn); Mll=zeros (Nm,Nn) ;
Ml2=zeros (Nm,Nn); Ml3=zeros (Nm,Nn); Ml4=zeros (Nm,Nn) ;
for n=1:Nn
for m=1:Nm
M9 (m, n) =—alpha*sn (n) *RR (n, m) xPsiB4 (m) / (bxeta (m) *DD (m) ) ;
M11 (m,n)=-alpha*sn(n) *RR(n,m) *PsiB5 (m) / (bxeta (m) *DD (m) ) ;
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end

M13 (m,n)=-alphaxsn(n)*RR(n,m) *xPsiB6 (m) / (bxeta (m) «DD (m) ) ;
M14 (m, n)=alpha*sn (n) *RR(n, m) / (bxeta (m) *DD (m) ) ;

end

M8 (end, n) =PsiA4 (n);

M10 (end, n) =PsiA5 (n);

M12 (end,n)=PsiA6 (n);

em=ones (1,Nm); en=ones (1l,Nn);

BM=

(eye (Nm) - (

+ ((SE5%SF4-SE4%SF5) *V6+ (SD5+xSF4-SD4%SF5) «V7+ (SD5+SE4-SD4+SE5) xV8)
*emxM8

+ ( (SE5+xSF4-SE4%SF5) *V6+ (SD5*SF4-SD4xSF5) *V7+ (SD5+xSE4-SD4*SE5) *V8)
*em*M9

+ ((SE3*SF5-SE5%SF3) *V6+ (SD3*%SEF5-SD5xSF3) *V7+ (SD3*SE5-SD5%SE3) *V8)
*em*M10

+ ((SE3*SF5-SE5*SF3) *V6+ (SD3xSEF5-SD5%SF3) «V7+ (SD3*SE5-SD5*SE3) xV8)
*xem*M11

+ ((SE4*SF3-SE3xSF4) xV6+ (SD4*xSF3-SD3%SF4) «V7+ (SD4+*SE3-SD3*SE4) xV8)
xem*M12

+ ((SE4*SF3-SE3%3SF4) *V6+ (SDA4+xSF3-SD3%SF4) «V7+ (SD4+SE3-SD3+SE4) xV8)
*em+M13-M14)  (

+ ( (SB2+xSC1-SB1%SC2) *V2+ (SA2+4SC1-SA1xSC2) *V3+ (SA2+xSB1-SA1%SB2) *xV4)
*en+M1

+ ((SB2%*SC1-SB1%SC2) #V2+ (SA2+xSC1-SA1%xSC2) *V3+ (SA2+SB1-SA1+SB2) xV4)
*enxM2

+ ((SBO*SC2-SB2xSC0) *V2+ (SA0*xSC2-SA2%SCO) «V3+ (SA0*SB2-SA2xSB0) xV4)
*en+«M3

+ ((SBO*SC2-SB2%SC0) *V2+ (SA0*SC2-SA2xSCO) *V3+ (SA0*SB2-SA2%SB0) xV4)
xen*M4
+((SB1xSCO-SBO*SC1) *V2+ (SAL1*xSCO-SAO0%SC1l) «V3+ (SA1*SBO-SAQ0*SB1) xV4)
*enxM>5

+ ((SB1xSCO-SBO*SC1) *V2+ (SA1+xSCO-SA0%SC1l) «V3+ (SA1+SBO-SAQ0*SB1) xV4)
*xen«M6+M7) ) \ (V5+ (

+ ( (SE5%SF4-SE4%SF5) #V6+ (SD5+xSF4-SD4xSF5) «V7+ (SD5+SE4-SD4+SE5) xV8)
*emxM8*V1

+ ( (SE5+xSF4-SE4%SF5) *V6+ (SD5*SF4-SD4xSF5) *V7+ (SD5+xSE4-SD4*SE5) *V8)
*emxMIxV1

+ ((SE3*SF5-SE5%SF3) *V6+ (SD3*%SEF5-SD5xSF3) *V7+ (SD3*SE5-SD5%SE3) *V8)
*emxM10xV1

+ ((SE3*SF5-SE5*SF3) *V6+ (SD3%xSF5-SD5%SF3) «V7+ (SD3*SE5-SD5*SE3) xV8)
*emxM11xV1

+ ((SE4xSF3-SE3%SF4) »V6+ (SD4*SF3-SD3xSF4) xV7+ (SD4*SE3-SD3%SE4) «xV8)
xemxM12xV1

+ ((SE4xSF3-SE3%3F4) »V6+ (SD4+«SF3-SD3xSF4) xV7+ (SD4+xSE3-SD3%SE4) xV8)
*em*M13%xV1-M14xV1));

AN=V1+

end

(((SB2%SC1-SB1%SC2) #V2+ (SA2xSC1-SA1*SC2) *V3+ (SA2+SB1-SA1xSB2) xV4)
xen*M1

+ ((SB2+xSC1-SB1%3C2) *V2+ (SA2+4SC1-SA1xSC2) xV3+ (SA2+xSB1-SA1%SB2) xV4)
*xen+«M2

+ ((SBO*SC2-SB2*SC0) *V2+ (SA0*SC2-SA2%SCO) *V3+ (SA0*SB2-SA2*SB0) xV4)
*en+M3

+ ((SBO*SC2-SB2%3SC0) *V2+ (SAO0*xSC2-SA2%SC0) *V3+ (SA0*SB2-SA2+SB0) xV4)
*en~M4

+ ((SB1xSCO-SBO*SC1) *V2+ (SA1*xSCO-SAO0%SC1) «V3+ (SA1+SBO-SA0*SB1) xV4)
*en+*M5

+ ((SB1xSCO-SBO*SC1l) *V2+ (SAL*SCO-SA0xSC1) *V3+ (SA1+xSBO-SAO0*SB1) «xV4)
*en+*M6+M7) xBM;

function d=kdelta (n,m)
if n==

d=1;

else

end
end

d=0;
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Appendix H

Matlab code relating to Section 4.2

function AppendixH ()
clc; clear;

index=0;

for £=5:1200

al=0.2;
b1=0.28;
L1=0.5;
Cair=343.5;
Dair=1.2;
EE=7.2%x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

kno=2+pi*f/Cair;

a=alxkno;

b=blxkno;

L=L1+*kno;

h=hlxknoj;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; taul=12/(h"2xa"2);
alpha=12+omega”2xDair/ (h"3xcpl~2+kno”2«Dplate);

RGuess=0:0.01:1.1;

IGuess=sqrt (1-(pi/a.* ((0:1l:terms)+5/4))."2);

CGuess=[ (- (l-a"2xbeta”2)+taul) "0.25 -conj((-(l-a"2+beta”2)x*taul)"0.25)1];
sn=NewtonRaphson (alpha, beta, taul, nu, RGuess, IGuess, CGuess,a) .';

sn=sn (abs (sn)<terms*pi/a);

kappa=sqrt (1-sn.”"2); Twl=length (kappa);

RealGuess=0:0.01:1;

ImaginaryGuess=(1—-(pi/bx ((l:terms)+0.25)).72).70.5;
eta=NewtonRaphsonRigid (RealGuess, ImaginaryGuess,b) ."';
eta=eta (abs (eta)<termsxpi/b);

gamma=sqgrt (1-eta."2); Tw2=length (gamma) ;

CC=FunctionCC (alpha,beta, taul, nu, sn, kappa, a) ;
DD=FunctionDD (eta, gamma, b) ;

RR=zeros (length (kappa), length (gamma) ) ;
for n=1:1length (kappa)
for m=1:length (gamma)
RR (n,m)=IntegralRR (kappa (n),gamma (m), a) ;
end
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end
JJa=bessel] (1, axkappa);

AAS=SSolver (alpha,beta, taul,nu,a,b,eta.',sn.',CC."',DD."',JJa."',RR,ell,L);
AAA=ASolver (alpha, beta, taul,nu,a,b,eta.',sn.',CcC."',DD."',JJa."',RR,ell,L);
PowA=real (sum(abs ( (AAS+AAA) x0.5) . "2.+CC.*sn));

PowB=real (sum(abs ( (AAS-AAA) x0.5) ."2.+CC.*sn));

index=index+1;

data (index, :)=[f,PowA,PowB];

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)

K=(-tau*nu”2+s. 2-(beta"2-s.72) .x(s. 4+ (1l-a"2+xbeta”2) xtau))
.xsqrt (l-s.72) .xbesselj(l,a*xsqgrt(l-s.”2))—-(beta”2-s."2)
.xalpha.+besselj(0,axsgrt (1-s."2));

end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function K=RigidDispersion (sn,r)
kappa=(l-sn.”2).70.5;
K=kappa.*besselj(l, rxkappa);
end

function K=RigidDDispersion (s, r)
f1=0@ (x) RigidDispersion(x,r);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;
end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess,CGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ld1l=RGuess; xo0ld2=IGuess; x0ld3=CGuess;
for i=1:10

jacl=dfl (xoldl);

soll=x0ldl-f1 (xo0ldl)./jacl;

xoldl=soll;

jac2=dfl (x0ld2);

sol2=x01d2-f1(x0l1d2) ./jac2;

x0ld2=s012;

jac3=dfl (x0ld3);

s0l13=x01d3-f1l(x01d3) ./jac3;

x01d3=s013;
end
Real=so0ll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend");
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)

if abs (Real (Index)-TempReal (TempIndex))>3e-5

TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;

end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=so0l3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
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TempIm(TempIndex)=Imaginary(1l);
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+1l;
TempIm(TempIndex)=Imaginary (Index) ;
end
end
Imaginary=[TempIm, Complex];

[~,idx]=sort (imag (Imaginary), 'ascend');
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];

end

function Roots=NewtonRaphsonRigid (RGuess, IGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")
fl1=@(x) RigidDispersion(x,r); dfl=@(x) RigidDDispersion(x,r);
x01ld1l=RGuess; xo0ld2=IGuess;
for i=1:20
jacl=dfl (xo0ldl);
soll=xo0ldl-f1l(xo0ldl)./jacl;
xoldl=soll;
jac2=dfl (xo0ld2);
sol2=x01d2-f1 (x0ld2) ./jac2;

x0ld2=s012;
end
Real=soll;
Real=Real (abs (fl (Real))<le-2);
Real=sort (Real (Real>0), 'descend");

TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>le-1
TempIndex=TempIndex+1;
TempReal (TempIndex)=Real (Index) ;
end
end
Imaginary=sol2;
Imaginary=Imaginary (abs (fl (Imaginary))<le-5);
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempImaginary (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempImaginary (TempIndex))>le-4
TempIndex=TempIndex+1l;
TempImaginary (TempIndex)=Imaginary (Index) ;
end
end

[~,idx]=sort (imag (TempImaginary), 'ascend');
TempImaginary=TempImaginary (idx);
Roots=[TempReal, TempImaginary];

end

function CC=FunctionCC (alpha,beta,tau,nu,eta, gamma, r)

f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);

CC=(fl(eta+tle-5)-fl(eta-le-5))./(2e-5) .xgamma.+bessel] (1, rxgamma)
./ (2«eta.* (eta. " 2-beta”2));

end

function DD=FunctionDD (eta, gamma, r)

f1=@ (x) RigidDispersion(x,r);

DD=- (f1l (eta+le-5)-fl (eta-1le-5)) ./ (2e-5) .xbessel] (0, rxgamma) ./ (2+eta) ;
end

function RR=IntegralRR (gamma, kappa,a)
if abs (kappa”2-gamma“2)<le-5

RR=a"2x (besselj (0, axgamma) ~2+besselj (1, argamma) "2) /2;
else

RR=a~* (kappa*bessel]j (0, a*xgamma) xbessel]j (1, axkappa) -
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gammaxbesselj (0, axkappa) *bessel]j(l,axgamma) )/ (kappa”2-gamma”2) ;
end
end

function [AN PM]=SSolver (alpha, beta,taul,nu,a,b,eta,s,CC,DD,JJa,RR,ell, L)
Nn=length(s); Nm=length (eta);
kappa=(1-s.72).70.5; F=sqgrt(1l/(abs(CC(ell))x*s(ell)));

EOA=s.+*kappa.*JJa; EOB=zeros(l,Nm); EOF=-s(ell) xkappa(ell)*JJa(ell);
ElA=kappa.*JJa; ElB=zeros(l,Nm); ElF=kappa(ell)*JJa(ell);
E2A=s.xkappa.*JJa./ (s. " 2-beta”2); E2B=zeros(l,Nm);

E2F=s (ell) »kappa (ell) xJJa(ell) /(s (ell) "2-beta”2);

S0=0; S1=0; S2=0; S3=0; S4=0; S5=0; S6=0; S7=0; S8=0;
for n=1:Nn
S0=S0+taul+nu”2+xbeta”2+kappa (n) *JJa (n) *EO0A (n) / (s (n) "2-beta”2) /CC(n);
S1=S1+ (2-kappa (n) “2) xkappa (n) xJJa (n) *xEOA (n) /CC (n) ;
S2=S2+kappa (n) *JJa (n) *xEOA (n) /CC (n) ;
S3=S3+taulxnu”2+beta”2+kappa (n) *JJa (n) *E1A (n) /(s (n) "2-beta”2) /CC(n);
S4=S4+ (2-kappa (n) "2) rkappa (n) *xJJa (n) *E1A (n) /CC(n) ;
S5=S5+kappa (n) *JJa (n) *xE1A (n) /CC(n) ;
S6=S6+taulxnu”2+beta”2+kappa (n)*JJa (n) *E2A (n) / (s (n) “2-beta”2) /CC(n);
S7=S7+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *E2A (n) /CC (n) ;
S8=S8+kappa (n) xJJa (n) xE2A (n) /CC (n) ;
end
DEA=-S2%S4%xS6+S1*S5%S6+S2+xS3%57-S0xS5+xS7-51%xS3xS8+S0%x54%S38;
Fdelta=zeros (1,Nn); GEO=zeros(l,Nn); GEl=zeros(l,Nn); GE2=zeros(1l,Nn);
GEO0a=0; GEla=0; GE2a=0;
for n=1:Nn
GEOa=GEQOa+Fxkdelta(ell, n) *EOA (n) ;
GEla=GEla+Fxkdelta(ell,n)*E1A (n);
GE2a=GE2a+Fxkdelta(ell,n) *E2A (n) ;
end
for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n);
GEO (n)=((S5xS7-54%58) « (F*xEOF-GEOQa) + (S1%xS8-S2xS7) » (F*E1F-GEla) +
(S2%S4-S1%S5) * (F*xE2F-GE2a) ) /DEA;
GE1l (n)=((S5%S6-353%S8) » (F*xEOF-GEOa) + (S0%xS8-S2%S6) » (FxE1F-GEla) +
(S2%x83-S0%S5) » (FxE2F-GE2a) ) /-DEA;
GE2 (n)=((S4%S6-353%S7) x (FxEQOF-GEQOa) + (S0%xS7-S1%S6) » (FxE1F-GEla) +
(S1xS3-S0xS4) = (F*xE2F-GE2a) ) /-DEA;
end
VFA= (-Fdelta+taulsnu”2«beta”2xkappa.*«JJa.*GE0./ (s. " 2-beta”2) ./CC+
(2-kappa.”2) .xkappa.*JJa.*GE1l./CC-kappa.*JJa.*GE2./CC).";
V0= (taul*nu”2+beta”2+kappa.+xJJa./(s. 2-beta”2)./CC/DEA).";
V1=((2-kappa.”2) .xkappa.*JJa./CC/-DEA).";
V2=- (kappa.*JJa./CC/-DEA) ."';
VEP=(1li*F*s (ell) .*RR(ell, :) ./ (2«bxeta.*DD) ./sin(etaxL))."';
MO=zeros (Nn,Nm); Ml=zeros (Nn,Nm); M2=zeros (Nn,Nm); M3=zeros (Nn,Nm) ;
M4=zeros (Nn,Nm); M5=zeros (Nn,Nm); Mé6=zeros (Nn,Nm) ;
for n=1:Nn
for m=1:Nm
MO (n, m) =2xalpha*RR (n,m) xcos (eta (m) *L) *xE0A (n) /CC(n) /a;
M1 (n,m)=2%alpha*RR(n,m) xcos (eta (m) xL) *xE1A (n) /CC(n) /a;
M2 (n,m)=2*alpha*RR (n,m) xcos (eta (m) xL) *xE2A (n) /CC(n) /a;
M3 (end, m) =EOB (m) ;
M4 (end, m) =E1B (m) ;
M5 (end, m) =E2B (m) ;
M6 (n, m)=2+alpha*RR(n,m) xcos (eta (m) xL) /CC(n) /a;
end
end
M13=zeros (Nm, Nn) ;
for n=1:Nn
for m=1:Nm
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M13(m,n)=-1i*s(n)*RR(n,m)/ (2+b*eta (m) *DD (m) *sin (eta (m) *L) ) ;

end

end

en=ones (1,Nn) ;

AN= (eye (Nn) — (
+((S5%¥S7-S4xS8) *V0+ (S5+¥56-S3%xS8) xV1+ (S4+xS6-S3%S7) xV2) xen+xM0O+
((S5xS7-S4%S8) xVO+ (S5xS6-S3%xS8) *V1+ (S4xS6-S3%xS7) xV2) xenxM3
+((S1xS8-S2xS7) *V0+ (S0*xS8-S2%S6) *V1+ (S0*xS7-S1%S6) *V2) xen*M1+
((S1%S8-S2%xS7) *xV0+ (S0+xS8-52%36) *V1+ (SO0xS7-S1%S6) *V2) xenxM4
+((S2%S4-S1xS5) *V0+ (S2+S3-S0xS5) *V1+ (S1+xS3-S0%xS4) xV2) xen+xM2+
((S2%S4-S1xS5) *V0O+ (S2%xS3-S0%S5) *V1+ (S1+xS3-S0xS4) xV2) xen«M5+M6)
*M13) \
(VFA+ (
+ ((S5%S7-S4xS8) *V0+ (S5%¥56-S3%xS8) xV1+ (S4*xS56-S3%xS7) *xV2) xen+*MO*VFP+
((S5%S7-S4%xS8) xV0+ (S5+x56-53%S8) *V1+ (S4xS6-S3%S7) *V2) xen«M3+VFP
+((S1xS8-S2xS7) «VO+ (SO0xS8-52%x56) *V1+ (S0xS7-S1%S56) xV2) xenxM1+VEP+
((S1xS8-S2xS7) *VO+ (SOxS8-S2xS6) *V1+ (S0xS7-S1xS6) *V2) xen*M4xVEP
+((S2%xS4-S1xS5) «VO+ (S2xS3-S0*S5) «V1+ (S1x3S3-S0%S4) xV2) xenxM2+VFP+
((S2%xS4-S1xS5) «VO+ (S2xS3-S0xS5) «V1+ (S1xS3-S0%S4) xV2) xen*M5+VEFP+M6+VEP) ) ;

PM=VFP+M13%AN;

end

function [AN PM]=ASolver (alpha,beta,taul,nu,a,b,eta,s,CC,DD,JJa,RR,ell, L)
Nn=length(s); Nm=length (eta);
kappa=(l-s.72).70.5; F=sqgrt (1l/(abs(CC(ell))*s(ell)));

EOA=s.+*kappa.*JJa; EOB=zeros(l,Nm); EOF=-s(ell)xkappa(ell)*JJa(ell);
ElA=kappa.=*JJa; ElB=zeros(l,Nm); ElF=kappa(ell)~*JJa(ell);
E2A=s.*kappa.*xJJa./(s. 2-beta”2); E2B=zeros(1l,Nm);

E2F=s (ell) rkappa (ell)*JJa(ell)/ (s (ell) "2-beta’2);

S0=0; S1=0; S2=0; S3=0; S4=0; S5=0; S6=0; S7=0; S8=0;
for n=1:Nn
S0=S0+taulxnu”2+beta”2+kappa (n) «JJa (n) *EOA (n) / (s (n) "2-beta”2) /CC(n);
S1=S1+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *EOA (n) /CC (n) ;
S2=S2+kappa (n) *JJa (n) *xEOA (n) /CC (n) ;
S3=S3+taulxnu”2+beta”2+kappa (n)*JJa(n) *E1A(n) / (s (n) “2-beta”2) /CC(n);
S4=54+ (2-kappa (n) "2) xkappa (n) *xJJa (n) *E1A (n) /CC(n) ;
S5=S5+kappa (n) xJJa (n) *xE1A (n) /CC (n) ;
S6=S6+taul+nu”2+xbeta”2+kappa (n) *JJa (n) *E2A (n) / (s (n) "2-beta”2) /CC(n);
S7=S7+ (2-kappa (n) “2) xkappa (n) *JJa (n) *xE2A (n) /CC (n) ;
S8=S8+kappa (n) *JJa (n) *xE2A (n) /CC (n) ;
end
DEA=-352%S4*S56+S1*S5%xS6+S2%xS3x37-S0xS5%S7-S1%xS3x38+S0x34%S8;
Fdelta=zeros (1,Nn); GEO=zeros(l,Nn); GEl=zeros(l,Nn); GE2=zeros(l,Nn);
GEOa=0; GEla=0; GE2a=0;
for n=1:Nn
GEOa=GEOa+F+*kdelta(ell,n)«EOA (n);
GEla=GEla+Fxkdelta(ell,n) *E1A (n);
GE2a=GE2a+Fxkdelta(ell, n) *E2A (n);
end
for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n);
GEO (n)=((S5%37-54%S8) » (FxEOF-GEQOa) + (S1%xS8-52%S57) » (FxE1F-GEla) +
(S2%S4-S1%S5) « (F*xE2F-GE2a) ) /DEA;
GE1l (n)=((S5%3S6-353%S8) » (F*xEOF-GEOa) + (S0%xS8-52%S5S6) » (FxE1F-GEla) +
(S2%S3-S0%S5) » (F*xE2F-GE2a) ) /-DEA;
GE2 (n)=((S4%S6-353%S7) » (FxEOF-GEOa) + (S0%xS7-S1%S6) » (FxE1F-GEla) +
(S1%S3-S0%S4) » (F+xE2F-GE2a) ) /-DEA;
end
VFA=(-Fdelta+ttaul*nu”2+beta”2+kappa.*~JJa.+GE0./ (s. 2-beta”2)./CC+
(2-kappa. 2) .+kappa.*JJa.*GEl./CC-kappa.x*JJa.+«GE2./CC).";
V0= (taul+nu”2+beta”2+kappa.*JJa./ (s. 2-beta”2)./CC/DEA).";
V1= ((2-kappa. 2) .*kappa.*JJa./CC/-DEA).";
V2=-(kappa.*JJa./CC/-DEA) ."';
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VEP=(1li*F*s (ell) .xRR(ell, :) ./ (2«bxeta.*DD)./cos (etaxL)).";
MO=zeros (Nn,Nm); Ml=zeros (Nn,Nm); M2=zeros (Nn,Nm); M3=zeros (Nn,Nm) ;
M4=zeros (Nn,Nm); M5=zeros (Nn,Nm); Mé6=zeros (Nn,Nm) ;
for n=1:Nn
for m=1:Nm
MO (n,m) =2+alpha*RR(n,m) xsin (-eta (m) xL) *EOA (n) /CC (n) /a;
M1 (n,m)=2xalpha*RR(n,m) xsin (-eta (m) *L) *E1A (n) /CC (n) /a;
M2 (n,m)=2+alpha*RR(n,m) xsin (-eta (m) L) *E2A (n) /CC(n) /a;
M3 (end, m) =EOB (m) ;
M4 (end, m) =E1B (m) ;
M5 (end, m) =E2B (m) ;
M6 (n,m) =2xalpha*RR(n,m) xsin (-eta (m) xL) /CC(n) /a;
end
end
Ml13=zeros (Nm,Nn) ;
for n=1:Nn
for m=1:Nm
M13(m,n)=-1i*s(n)*RR(n,m)/ (2+xb*eta (m) *DD (m) xcos (eta (m) *L) ) ;
end
end
en=ones (1,Nn) ;
AN= (eye (Nn) — (
+ ((S5%S7-S4xS8) *V0+ (S5%¥56-S3%xS8) xV1+ (S4x56-S3%xS7) xV2) xen+MO+
((S5%S7-S4%xS8) xV0+ (S5+56-53%38) *V1+ (S4xS6-S3%S7) *V2) xen*M3
+((S1%S8-S2%S37) *VO0+ (SO0+xS8-S2xS6) *V1+ (S0*S7-S1%S6) xV2) xen+xM1+
((S1xS8-S2xS7) *VO+ (SOxS8-S2xS56) *V1+ (S0xS7-S1%xS6) xV2) xenxM4
+((S2%S4-S1xS5) *V0+ (S2x53-S0xS5) *V1+ (S1xS3-S0%xS4) xV2) xen+xM2+
((S2%S4-S1%xS5) *V0+ (S2+xS3-50%S5) *V1+ (S1+xS3-S0%S4) xV2) xenxM5+M6)
*M13)\
(VFA+ (
+ ((S5%37-S4xS8) *V0+ (S5%56-S3xS8) xV1+ (S4xS6-S3%xS7) xV2) xenxMO*VFP+
((S5%S7-S4%xS8) xVO+ (S5+x56-53%S8) *V1+ (S4xS6-S3%37) *V2) xen*xM3+VFP
+((S1%S8-S2xS7) *V0+ (S0*S8-S2xS6) *V1+ (S0*xS7-S1%xS6) *xV2) xen+*M1*VFP+
((S1*S8-S2%xS7) *xV0+ (S0+xS8-52%S6) *V1+ (SO0xS7-S1%S6) *V2) xen*M4+VFP
+((S2%xS4-S1%S5) *V0+ (S2+S3-S0xS5) *V1+ (S1%xS3-S0%S4) xV2) xen+*M2+VFP+
((S2%xS4-S1xS5) «VO+ (S2xS3-S0xS5) «VI1+ (S1xS3-5S0%S4) xV2) xenxM5+VEP+M6xVEP) ) ;
PM=VFP+M13+AN;
end

function d=kdelta(n,m)
if n==m
d=1;
else
d=0;
end
end
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Appendix 1

Matlab code relating to Section 4.3

function AppendixI ()
clc; clear;

index=0;

for £=5:1200

al=0.2;
b1=0.28;
L1=0.25;
Cair=343.5;
Dair=1.2;
EE=7.2%x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

kno=2+pi*f/Cair;

a=alxkno;

b=blxkno;

L=L1+*kno;

h=hlxknoj;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno;
taul=12/(h"2xa"2); tau2=12/(h"2+«b"2);
alpha=12+omega”2+Dair/ (h"3xcpl”~2+xkno”2«Dplate);

RGuess=0:0.01:1.1;

IGuess=sqrt (1-(pi/a.*((0:1:terms)+5/4))."2);
CGuess=[(-(l-a"2xbeta”2)+taul) "0.25 -conj((-(l-a"2+beta”2)*taul) "0.25)1];
sn=NewtonRaphson (alpha, beta, taul, nu, RGuess, IGuess, CGuess,a) .';

sn=sn (abs (sn)<termsx*pi/a);
kappa=sqgrt (1-sn."2); Twl=length (kappa);

RGuess=0:0.01:1.1;

IGuess=sqrt (1-(pi/b.*((0:1:terms)+5/4))."2);

CGuess=[ (- (1-b"2xbeta”2) xtau2) "0.25 —-conj((-(1l-b"2xbeta”2)xtau2) "0.25)1;
eta=NewtonRaphson (alpha, beta, tau2, nu, RGuess, IGuess, CGuess, b) ."';

eta=eta (abs (eta)<termsxpi/b);

gamma=sqrt (1-eta."2);

Tw2=length (gamma) ;

CC=FunctionHH (alpha,beta, taul, nu, sn, kappa, a) ;
DD=FunctionHH (alpha,beta,tau2,nu, eta,gamma,b) ;

RR=zeros (length (kappa), length (gamma) ) ;
for n=1:1length (kappa)
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for m=1:length (gamma)
RR (n,m)=IntegralRR (kappa (n),gamma (m), a) ;
end
end

JJa=bessel]j(l,axkappa); JJIb=bessel](l,bxgamma);

AAS=SSolver (a,b,alpha,beta, taul,tau2,nu,sn."',eta.’
,JJa.',JJb."',CcCc.',DD."',RR,ell,L);

AAA=ASolver (a,b,alpha,beta,taul,tau2,nu,sn."',eta."’
,JJa.',JJb."',CcC.',DD."',RR,ell,L);

PowA=real (sum(abs ( (AAS+AAA) x0.5) . "2.+CC.*sn));

PowB=real (sum(abs ( (AAS-AAA) x0.5) . 2.+CC.*sn));

index=index+1;

data (index, :)=[f,PowA,PowB];

end

end

function K=Characteristic (s, alpha,beta,tau,nu,a)

K=(-tauxnu”2*s. 2-(beta”2-s.72) .%x(s. 4+ (1l-a"2*beta”2) xtau))
.xsqrt (l-s."2) .xbesselj(l,a*xsqgrt(l-s.”2))-(beta”2-s."2)
.+xalpha.x+besselj(0,axsqrt (l-s.72));

end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess,CGuess, r)
warning('off', '"MATLAB:rankDeficientMatrix")
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ld1l=RGuess; x0ld2=IGuess; x0ld3=CGuess;
for i=1:100
jacl=dfl (xoldl);
soll=xo0ldl-f1l(xoldl)./jacl;
xoldl=soll;
jac2=dfl (xo0ld2);
sol2=x01d2-f1 (x0l1d2) ./jac2;
x0ld2=s012;
jac3=dfl (x0ld3);
so0l3=x01d3-f1(x01d3)./jac3;
x0ld3=s013;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend") ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
sol2=s0l2 ((length (TempReal)-1) :end);
Imaginary=sol2; Complex=sol3;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend");
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+1l;
TempIm (TempIndex)=Imaginary (Index) ;
end
end
Imaginary=[TempIm, Complex];
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[~,idx]=sort (imag (Imaginary), 'ascend’);
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];

end

function HH=FunctionHH (alpha, beta, tau,nnu,eta, gamma, r)

f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);

HH=(f1l (eta+le-5)-fl(eta-1le-5)) ./ (2e-5) .rgamma.*bessel]j (1, rxgamma)
./ (2«eta.* (eta. " 2-beta”2));

end

function RR=IntegralRR (gamma, kappa, a)
if abs (kappa”2-gamma’2)<le-5

RR=a"2x (bessel]j (0, axgamma) “2+besselj (1, axgamma) “2)/2;
else

RR=ax* (kappa*bessel]j (0, a*xgamma) xbessel]j (1, axkappa) -

gammaxbesselj (0, arkappa) rbesselj (1, axgamma) )/ (kappa”2-gamma”2) ;

end
end

function AN=SSolver (a,b,alpha,beta,taul,tau2,nu,sn,eta
,JJa,JJb,CC,DD,RR,ell, L)

Nn=length(sn); Nm=length (eta);

kappa=(l-sn.”2).70.5; gamma=(l-eta.”2).70.5;

F=sqgrt (1/ (abs (CC(ell))*sn(ell)));

PsiAl=sn."2.xkappa.*JJa; PsiBl=zeros(l,Nm);
PsiFl=-sn(ell) "2xkappa(ell)«JJa(ell);
PsiA2=kappa.*JJa; PsiB2=zeros(1l,Nm); PsiF2=kappa(ell)*«JJa(ell);
PsiA3=sn."2.xkappa.*JJa./ (sn." 2-beta”2); PsiB3=zeros (l,Nm);
PsiF3=sn(ell) "2xkappa(ell)«xJJa(ell)/ (sn(ell) "2-beta”2);
PsiAd=zeros(l,Nn); PsiB4=-sin(etaxL).*eta. 2.xgamma.*JJb./ (eta. 2-beta”2);
PsiF4=0;
PsiAbS=zeros(1,Nn); PsiB5=-sin(etaxL) .xgamma.xJJb; PsiF5=0;
PsiA6=zeros (1,Nn); PsiB6=-cos (etaxL).*eta. 2.xgamma.*JJb; PsiF6=0;
SA0=0; SB0=0; SC0=0; SAl=0; SB1=0; SC1=0; SA2=0; SB2=0; SC2=0;
for n=1:Nn
SAO=SAO0+taul*nu”2+beta”2xkappa (n)*JJa (n) *xPsiAl (n)/ (sn(n) "2-beta”2) /CC(n);
SB0=SB0+ (2-kappa (n) “2) xkappa (n) *JJa (n) *PsiAl (n) /CC(n) ;
SCO0=SCO+kappa (n) *JJa (n) *PsiAl (n) /CC(n) ;
SAl=SAl+taulsnu”2+beta”2x+kappa (n)+JJa(n) *PsiA2 (n)/ (sn(n) "2-beta”2) /CC(n);
SB1=SB1l+ (2-kappa (n) "2) xkappa (n) *xJJa (n) xPsiA2 (n) /CC(n) ;
SC1l=SCl+kappa (n)*JJa (n) *PsiA2 (n) /CC(n) ;
SA2=SA2+taulxnu”2+beta”2+kappa (n)*JJa (n) *PsiA3(n)/ (sn(n) "2-beta”2) /CC(n);
SB2=SB2+ (2-kappa (n) "2) xkappa (n) *«JJa (n) xPsiA3 (n) /CC(n) ;
SC2=SC2+kappa (n) *JJa (n) *PsiA3 (n) /CC(n) ;
end
SD3=0; SE3=0; SF3=0; SD4=0; SE4=0; SF4=0; SD5=0; SE5=0; SF5=0;
for m=1:Nm
SD3=SD3+tau2*nu”2+beta”2+gamma (m) *xJJb (m) *PsiB4 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /sin (-eta (m) xL) ;
SE3=SE3+ (2—-gamma (m) "2) rgamma (m) *JJb (m) *xPsiB4 (m)
/eta (m) /DD (m) /sin (—eta (m) L) ;
SF3=SF3+gamma (m) *JJb (m) *PsiB4 (m) /eta (m) /DD (m) /sin (-eta (m) *L) ;
SD4=SD4+tau2+nu”2+beta”2+gamma (m) *xJJb (m) *xPsiB5 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /sin (-eta (m) *L) ;
SE4=SE4+ (2—gamma (m) “2) rgamma (m) *JJb (m) *PsiB5 (m)
/eta(m) /DD (m) /sin (-eta (m) *L) ;
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SF4=SF4+gamma (m) *JJb (m) *PsiB5 (m) /eta (m) /DD (m) /sin (-eta (m) L) ;
SD5=SD5+tau2+nu”2+beta”2+gamma (m) *JJb (m) xPsiB6 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /sin (-eta (m) xL) ;
SE5=SE5+ (2—gamma (m) ~2) xgamma (m) «JJb (m) xPsiB6 (m)
/eta (m) /DD (m) /sin (—eta (m) *L) ;
SF5=SF5+gamma (m) *JJb (m) *PsiB6 (m) /eta (m) /DD (m) /sin (-eta (m) L) ;
end
DA=-SCO*SB1+SA2+SBO0*xSC1l*xSA2+SCO*SA1xSB2-SA0+xSC1xSB2
—SBO*SA1*SC2+SA0xSB1xSC2;
DP=- (SF3*SE4+SD5-SE3+SF4%SD5-SF3%SD4+SE5+SE3+xSD4+SF5
+SF4xSE5+%SD3-SE4+«SF5%SD3) ;
Fdelta=zeros (1,Nn); GEO=zeros(l,Nn); GEl=zeros(l,Nn); GE2=zeros(1l,Nn);
GEOa=0; GEla=0; GE2a=0;
for n=1:Nn
GEOa=GEOa+F+kdelta(ell,n) *xPsiAl (n);
GEla=GEla+F*kdelta(ell,n) *xPsiA2 (n);
GE2a=GE2a+F«*kdelta(ell,n)*PsiA3(n);
end
for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n);
GEO (n)=((SC1lxSB2-SB1%SC2) » (FxPsiF1-GEOa) + (SB0*SC2-SC0xSB2)
* (F*PsiF2-GEla) + (SCO*xSB1-SBO*SC1) = (F*xPsiF3-GE2a) ) /DA;
GE1l (n)=((SCLl*SA2-SA1%SC2) x (FxPsiF1-GEQOa) + (SA0*SC2-SCO*SA2)
* (F*xPsiF2-GEla)+ (SCO*SA1-SAQ0*SCl) x (F*PsiF3-GE2a) ) /-DA;
GE2 (n)=( (SB1*SA2-SA1*SB2) » (FxPsiF1-GEOa) + (SA0*SB2-SBO*SA2)
* (FxPsiF2-GEla) + (SBO*SA1-SA0*SB1) x (F*PsiF3-GE2a) ) /-DA;
end
GE3b=0; GE4b=0; GE5b=0;
for m=1:Nm
GE3b=GE3b+lixFxalpha*sn(ell) *RR(ell, m) *PsiB4 (m)
/ (2xb*sin (—eta (m) *L) xeta (m) *DD (m) )
GE4b=GE4b+lixFxalpha*sn(ell) *RR(ell, m)
/ (2+«b*sin (—eta (m) *L) xeta (m) *DD (m) )
)
)

4
*PsiB5 (m)

GES5b=GESb+1lixFxalpha*sn(ell) *RR(ell, m) *PsiB6 (m)
/ (2xb*sin (—eta (m) *L) xeta (m) *DD (m)

’
end
GE3=zeros (1,Nm); GE4=zeros(l,Nm); GE5=zeros(l,Nm);
for m=1:Nm
GE3 (m)=( (SF4*SE5-SE4*SF5) » (-GE3b+F*PsiF4) + (SE3xSF5-SF3*SED5)
* (~GE4b+F*PsiF5) + (SF3xSE4-SE3xSF4) x (-GE5b+F+PsiF6)) /DP;

GE4 (m)=( (SF4%SD5-SD4*SF5) » (-GE3b+FxPsiF4) + (SF5+SD3-SF3%xSD5)
* (~-GE4b+F+PsiF5) + (SF3xSD4-SF4%SD3) x (-GE5b+F*xPsiF6) ) /-DP;
GES5 (m) = ( (SE4*SD5-SD4*SE5) » (-GE3b+F+PsiF4) + (SE5*SD3-SE3%xSD5)

* (-GE4b+F+PsiF5) + (SE3xSD4-SE4%SD3) » (-GE5b+F*PsiF6) ) /-DP;
end
VFA= (-Fdelta+taul*nu”2+beta”2x+kappa.*JJa.*GE0./ (sn. 2-beta”2)./CC
+(2-kappa.”2) .xkappa.*JJa.*GE1l./CC-kappa.*JJa.+GE2./CC).";
V0= (taulxnu”2+beta”2+kappa.+JJa./ (sn. 2-beta”2)./CC/DA).";
V1= ((2-kappa.”2) .xkappa.*JJa./CC/-DA).";
V2=- (kappa.*JJa./CC/-DA)."';
VEFP=(-1li*Fxalphaxsn(ell).xRR(ell,:) ./ (2+«b*eta.*DD) ./sin(-etaxL)
+tau2xnu”2+beta”2xgamma.*JJIb.*GE3
./ (eta. " 2-beta”2)./eta./DD./sin(-etaxL)
+(2-gamma.”"2) .xgamma.*JJb.*GE4./eta./DD./sin (-etaxL)

—gamma.*JJb.*GE5./eta./DD./sin(-etaxL)).";
V3= (tau2+nu”2+beta”2+gamma.*JJb./ (eta. 2-beta”2)
./eta./DD/DP./sin(-etaxL)).";
V4= ((2-gamma."2) .+gamma.+JJb./eta./DD/-DP./sin (-etaxL))."';
V5=- (gamma.*JJb./eta./DD/-DP./sin(-etaxL)).";

MO=zeros (Nn,Nm); Ml=zeros (Nn,Nm); M2=zeros (Nn,Nm); M3=zeros (Nn,Nm) ;
M4=zeros (Nn,Nm) ; M5=zeros (Nn,Nm); M6=zeros (Nn,Nm) ;
for n=1:Nn
for m=1:Nm
MO (n, m) =2xalpha*RR (n,m) xcos (eta (m) xL) *xPsiAl (n) /CC(n) /a;
M1 (n,m)=2*alpha*RR(n,m) xcos (eta (m) xL) *xPsiA2 (n) /CC(n) /a;
M2 (n,m)=2*alpha*RR (n,m) xcos (eta (m) xL) *xPsiA3 (n) /CC(n) /a;
M3 (end, m)=PsiB1l (m) ;
M4 (end, m)=PsiB2 (m) ;
M5 (end, m) =PsiB3 (m) ;
M6 (n, m) =2+alpha*RR(n,m) xcos (eta (m) xL) /CC(n) /a;

185



end

end

M7=zeros (Nm,Nn); M8=zeros (Nm,Nn); M9=zeros (Nm,Nn); MlO=zeros (Nm,Nn) ;

Mll=

for

end

zeros (Nm,Nn); Ml2=zeros (Nm,Nn); Ml3=zeros (Nm,Nn) ;
n=1:Nn
for m=1:Nm
M7 (m,n)=-1lixalpha*sn(n)*RR(n,m) xPsiB4 (m)
/ (2xb*eta (m) *DD (m) *sin (eta (m) *L) ) ;
M8 (m,n)=-1lixalpha*sn(n)*RR(n,m) *xPsiB5 (m)
/ (2+xb*eta (m) *DD (m) *sin (eta (m) xL) ) ;
M9 (m,n)=-1lixalpha*sn(n)*RR(n,m) xPsiB6 (m)
/ (2xb*eta (m) *DD (m) *sin (eta (m) *L) ) ;
M13 (m,n)=-lixalpha*sn(n) *RR(n,m)
/ (2xb*eta (m) *DD (m) *xsin (eta (m) *L) ) ;
end
M10 (end, n)=PsiA4 (n);
M11 (end,n)=PsiA5 (n);
M12 (end, n)=PsiA6 (n);

em=ones (1,Nm); en=ones(1l,Nn);
AN= (eye (Nn) — (

end

+ ((SC1lxSB2-SB1%SC2) *V0+ (SC1*SA2-SA1xSC2) *V1+ (SB1+xSA2-SA1%SB2) *V2)
*en+«M0

+ ((SCLl*SB2-SB1%3SC2) *VO0+ (SC1+*SA2-SA1%xSC2) *V1+ (SB1*SA2-SA1+SB2) *xV2)
*enxM3

+ ((SBO*SC2-SCO0*SB2) *V0+ (SA0*xSC2-SCO*SA2) «V1+ (SAO0*SB2-SBO*SA2) xV2)
*enxM1

+ ((SBO*SC2-SCO0*SB2) *V0+ (SA0*SC2-SCO*xSA2) *V1+ (SAO0*SB2-SBO0*SA2) *V2)
xen*M4
+((SCO*SB1-SBO*SC1) *V0+ (SCO*xSA1-SAO%SC1l) «V1+ (SBO*SALI-SAQ0*SB1) xV2)
*xen*M2
+((SCO*SB1-SBO*SC1) *V0+ (SCO*xSA1-SAO0%SC1l) «V1+ (SBO*SAL-SAQ0*SB1) xV2)
*en*M5+M6)

* (

+ ((SF4xSE5-SE4*SF5) *V3+ (SF4xSD5-SD4%SF5) «V4+ (SE4xSD5-SD4*SED) xV5)
*emxM7+
((SF4+SE5-SE4*SF5) *V3+ (SF4xSD5-SD4xSF5) *V4+ (SE4xSD5-SD4*xSE5) *V5)
*em*M10

+ ( (SE3*SF5-SF3%3SE5) #V3+ (SF5+xSD3-SF3%SD5) *V4+ (SE5+SD3-SE3+SD5) xV5)
*em+M8

+ ((SE3*SF5-SF3*SE5) *V3+ (SF5xSD3-SF3%SD5) «V4+ (SE5+SD3-SE3xSD5) xV5)
xemxM11

+ ((SF3%xSE4-SE3%SF4) *V3+ (SF3xSD4-SF4xSD3) «V4+ (SE3xSD4-SD3xSE4) xV5)
*emxM9

+ ( (SF3*xSE4-SE3%SF4) «V3+ (SF3xSD4-SF4xSD3) «V4+ (SE3xSD4-SD3xSE4) xV5)
xem*M12+M13) ) \ (VEA+ (

+ ((SC1xSB2-SB1%S3C2) *V0+ (SCL1*SA2-SA1xSC2) xV1+ (SB1*SA2-SA1%SB2) *V2)
*en*M0+«VFP

+ ((SC1lxSB2-SB1%3C2) *V0+ (SC1*SA2-SA1xSC2) *V1+ (SB1+xSA2-SA1%SB2) *V2)
*en+*M3*xVEP

+ ((SBO*SC2-SCO*SB2) *V0+ (SA0*xSC2-SCO*SA2) «V1+ (SAO0*SB2-SBO*SA2) xV2)
*en*M1«VFP

+ ((SBO*SC2-SC0*SB2) *VO+ (SAO0+xSC2-SCO0*SA2) *V1+ (SA0*SB2-SBO+SA2) xV2)
*en+«M4 xVEP
+((SCO*SB1-SBO*SC1) *V0+ (SCO*xSA1-SAO0%xSC1) «V1+ (SBO*SALI-SAQ0*SB1) xV2)
*en*M2*«VEP

+ ((SCO*SB1-SBO*SC1) *V0+ (SCO*SA1-SA0xSC1) *V1+ (SBO*SAL-SAO0*SB1) *V2)
*en+*M5+VFP+M6+VFEP) ) ;

function AN=ASolver (a,b,alpha,beta,taul,tau2,nu, sn,eta

,JJa,JJb,CC,DD,RR,ell, L)

Nn=length(sn); Nm=length (eta);
kappa=(l-sn."2).70.5; gamma=(l-eta.”2).70.5;
F=sqrt (1/ (abs(CC(ell))*sn(ell)));

PsiAl=sn.xkappa.*xJJa; PsiBl=zeros(l,Nm);
PsiFl=-sn(ell) xkappa(ell)*JJa(ell);
PsiA2=kappa.*JJa; PsiB2=zeros(1l,Nm); PsiF2=kappa(ell)*«JJa(ell);
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PsiA3=sn.x*kappa.*JJa./ (sn. 2-beta”2); PsiB3=zeros(1l,Nm);

PsiF3=sn(ell) xkappa(ell)«JJa(ell)/ (sn(ell) "2-beta”2);

PsiAd=zeros (1,Nn); PsiB4=-sin(etax*L).xeta.xgamma.*»JJb./ (eta. 2-beta”2);
PsiF4=0;

PsiAbS=zeros(1,Nn); PsiB5=-sin(etaxL) .xgamma.*JJb; PsiF5=0;

PsiA6=zeros (1,Nn); PsiB6=-cos (etax*Ll) .xeta.xgamma.+JJb; PsiF6=0;

SA0=0; SB0=0; SC0=0; SA1=0; SB1=0; SC1=0; SA2=0; SB2=0; SC2=0;
for n=1:Nn
SAO0=SAO+taul*nu”2+beta”2+kappa (n) *xJJa (n) xPsiAl (n)
/ (sn(n) "2-beta”2)/CC(n);
SBO0=SB0+ (2-kappa (n) "2) xkappa (n) *xJJa (n) xPsiAl (n) /CC(n) ;
SC0=SCO+kappa (n) *JJa (n) *PsiAl (n) /CC(n) ;
SAl=SAl+taulsxnu”2+beta”2x+kappa (n)+JJa(n) *PsiA2 (n)
/(sn(n) "2-beta”2) /CC(n);
SB1=SB1l+ (2-kappa (n) "2) xkappa (n) *JJa (n) xPsiA2 (n) /CC(n) ;
SCl=SCl+kappa (n)*JJa (n) *PsiA2 (n) /CC(n) ;
SA2=SA2+taulxnu”2+beta”2x+kappa (n)+*JJa (n) *xPsiA3 (n)
/ (sn(n) "2-beta”2)/CC(n);
SB2=SB2+ (2—-kappa (n) "2) xkappa (n) *«JJa (n) xPsiA3 (n) /CC(n) ;
SC2=SC2+kappa (n) *JJa (n) *xPsiA3 (n) /CC(n) ;
end
SD3=0; SE3=0; SF3=0; SD4=0; SE4=0; SF4=0; SD5=0; SE5=0; SF5=0;
for m=1:Nm
SD3=SD3+tau2*nu”2+beta”2+gamma (m) *xJJb (m) *PsiB4 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /cos (eta (m) xL) ;
SE3=SE3+ (2—gamma (m) “2) rgamma (m) *JJb (m) *xPsiB4 (m)
/eta (m) /DD (m) /cos (eta (m) L) ;
SF3=SF3+gamma (m) *JJb (m) *xPsiB4 (m) /eta (m) /DD (m) /cos (eta (m) «L) ;
SD4=SD4+tau2+nu”2+beta”2+gamma (m) *JJb (m) *xPsiB5 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /cos (eta (m) xL) ;
SE4=SE4+ (2—-gamma (m) ~2) rgamma (m) *JJb (m) xPsiB5 (m)
/eta (m) /DD (m) /cos (eta (m) L) ;
SF4=SF4+gamma (m) *JJb (m) *PsiB5 (m) /eta (m) /DD (m) /cos (eta (m) «L) ;
SD5=SD5+tau2+nu”2+beta”2+gamma (m) *JJb (m) *xPsiB6 (m)
/ (eta(m) "2-beta”2) /eta(m) /DD (m) /cos (eta (m) xL) ;
SE5=SE5+ (2—gamma (m) ~2) xgamma (m) *JJb (m) *PsiB6 (m)
/eta (m) /DD (m) /cos (eta (m) L) ;
SF5=SF5+gamma (m) *JJb (m) *PsiB6 (m) /eta (m) /DD (m) /cos (eta (m) L) ;
end
DA=-SC0O0*SB1*SA2+SBO0*SC1*SA2+SCO0*xSA1+xSB2-SA0*xSC1%SB2
—SBO*SA1%xSC2+SA0%SB1+SC2;
DP=- (SF3+SE4+SD5-SE3+xSF4%xSD5-SF3%«3SD4+SE5+SE3+xSD4+SF5
+SF4+xSE5+%SD3-SE4+SF5+SD3) ;
Fdelta=zeros (1,Nn); GEO=zeros(l,Nn); GEl=zeros(l,Nn); GE2=zeros(l,Nn);
GEOa=0; GEla=0; GE2a=0;
for n=1:Nn
GEOa=GEQOa+F+kdelta(ell,n) *PsiAl (n);
GEla=GEla+F+kdelta(ell,n) *xPsiA2 (n);
GE2a=GE2a+F*kdelta(ell,n) *xPsiA3(n);
end
for n=1:Nn
Fdelta (n)=Fxkdelta(ell,n);
GEO (n)=((SC1lxSB2-SB1%SC2) » (FxPsiF1-GEOa) + (SBO*SC2-3SC0xSB2)
* (F*PsiF2-GEla) + (SCOxSB1-SBO*SC1l) « (FxPsiF3-GE2a) ) /DA;
GE1 (n)=((SC1xSA2-SA1xSC2) * (FxPsiF1-GEQOa) + (SA0*SC2-SCO0%xSA2)
* (FxPsiF2-GEla)+ (SCO*SA1-SA0*SC1l) x (FxPsiF3-GE2a) ) /-DA;
GE2 (n)=( (SB1*SA2-SA1*SB2) x (FxPsiF1-GEOa) + (SA0*SB2-SBO*SA2)
* (FxPsiF2-GEla) + (SBO*SA1-SAQ0+SB1) x (F*PsiF3-GE2a) ) /-DA;
end
GE3b=0; GE4b=0; GE5b=0;
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for m=1:Nm
GE3b=GE3b+1lixFxalpha*sn(ell) *RR(ell, m) *PsiB4 (m)
/ (2+xb*cos (—eta (m) xL) xeta (m) *DD (m) ) ;
GE4b=GE4b+lixFxalpha*sn(ell) *RR(ell, m) *PsiB5 (m)
)
)
)

/ (2+«b*cos (—eta (m) *L) xeta (m) *DD (m) ) ;
GES5b=GE5Sb+1lixFxalpha*sn(ell) *RR(ell, m) *PsiB6 (m)

/ (2xb*cos (—eta (m) *L) xeta (m) *DD (m)

’
end
GE3=zeros (1,Nm); GE4=zeros(l,Nm); GE5=zeros(l,Nm);
for m=1:Nm
GE3 (m)=( (SF4*SE5-SE4*SF5) » (GE3b+F*PsiF4) + (SE3xSF5-SF3xSED)
* (GEAb+F*PsiF5) + (SF3xSE4-SE3%SF4) « (GE5b+F*PsiF6) ) /DP;

GE4 (m)=( (SF4%SD5-SD4*SF5) » (GE3b+F*PsiF4) + (SF5+SD3-SF3xSD5)
* (GE4b+F*PsiF5) + (SF3%xSD4-SF4%SD3) « (GES5b+F*PsiF6) ) /-DP;
GE5 (m) = ( (SE4*SD5-SD4*SE5) » (GE3b+F*PsiF4) + (SE5*SD3-SE3xSD5)

* (GE4b+F*PsiF5) + (SE3xSD4-SE4+SD3) x (GESb+F*PsiF6)) /-DP;
end
VFA= (-Fdelta+taul*nu”2+beta”2x+kappa.*JJa.*GE0./ (sn. 2-beta”2)./CC
+(2-kappa.”2) .xkappa.*JJa.*GE1l./CC-kappa.*JJa.+GE2./CC).";
V0= (taul+nu”2+beta”2+kappa.+JJa./ (sn. 2-beta”2)./CC/DA).";
V1= ((2-kappa.”2) .xkappa.*xJJa./CC/-DA).";
V2=- (kappa.*JJa./CC/-DA)."';
VEFP=(lixF*xalpha*sn(ell) .«RR(ell,:) ./ (2+xbxeta.+DD)./cos (etaxL)
+tau2xnu”2+beta”2+gamma.*JJb.*«GE3./ (eta. 2-beta”2)
./eta./DD./cos (eta*L)+ (2-gamma."2) .+ gamma.*JJb.*GE4
./eta./DD./cos (eta*xL) —gamma.*JJb.*GE5./eta./DD./cos (eta*L)).";
V3= (tau2+nu”2+beta”2+gamma.+JJb./ (eta. 2-beta”2)

./eta./DD/DP./cos (eta*L))."';
V4= ((2-gamma."2) .+gamma.+JJb./eta./DD/-DP./cos (etaxL))."';
V5=-(gamma.*JJb./eta./DD/-DP./cos (etaxL)).";

MO=zeros (Nn,Nm); Ml=zeros (Nn,Nm); M2=zeros (Nn,Nm); M3=zeros (Nn,Nm) ;
M4=zeros (Nn,Nm); M5=zeros (Nn,Nm); Mé6=zeros (Nn,Nm) ;
for n=1:Nn
for m=1:Nm
MO (n,m) =—4xalpha*RR(n,m) *xsin (eta (m) xL) xPsiAl (n) /CC(n) /a;
M1 (n,m)=-4xalpha*RR(n,m) *sin (eta (m) *L) *PsiA2 (n) /CC(n) /a;
M2 (n,m)=-4xalpha*RR(n,m) *sin (eta (m) *L) *PsiA3 (n) /CC(n) /a;
M3 (end, m) =PsiB1l (m) ;
M4 (end, m) =PsiB2 (m) ;
M5 (end, m) =PsiB3 (m) ;
M6 (n,m)=—4xalpha*RR(n,m) *sin (eta (m)*L) /CC(n) /a;

end

end

M7=zeros (Nm,Nn); M8=zeros (Nm,Nn); M9=zeros (Nm,Nn); MlO=zeros (Nm,Nn) ;

Mll=zeros (Nm,Nn); Ml2=zeros (Nm,Nn); Ml3=zeros (Nm,Nn) ;

for n=1:Nn
for m=1:Nm

M7 (m,n)=-1lixalpha*sn(n)*RR(n,m) xPsiB4 (m)
/ (4xb*eta (m) DD (m) xcos (eta (m) xL) ) ;
M8 (m,n)=-1lixalpha*sn(n)*RR(n,m) *PsiB5 (m)
/ (4+«bxeta (m) xDD (m) xcos (eta (m) xL) ) ;
M9 (m,n)=-1lixalpha*sn(n)*RR(n,m) xPsiB6 (m)
/ (4xb*eta (m) *DD (m) xcos (eta (m) L)) ;
M13 (m,n)=-1li*alphax*sn(n) «RR(n,m)
/ (4«b*eta (m) *xDD (m) xcos (eta (m) *L) ) ;
end
M10 (end, n)=PsiA4 (n);
M1l (end,n)=PsiA5 (n);
M12 (end, n)=PsiA6 (n);

end

em=ones (1,Nm); en=ones(1l,Nn);

AN= (eye (Nn) — (
+((SC1lxSB2-SB1%3C2) *V0+ (SC1*SA2-SA1xSC2) *V1+ (SB1+xSA2-SA1%SB2) *V2)
*enxM0
+ ((SC1xSB2-SB1%SC2) *V0+ (SC1*SA2-SA1xSC2) *V1+ (SB1+xSA2-SA1*SB2) *V2)
*en+«M3
+ ((SBO*SC2-SC0*SB2) *VO+ (SAO0+xSC2-SCO0*SA2) *V1+ (SA0*SB2-SBO+SA2) xV2)
*en~M1
+ ((SBO*SC2-SCO*SB2) *V0+ (SA0*SC2-SCOxSA2) *V1+ (SA0*xSB2-SBO*SA2) *xV2)
*en+M4
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end

+((SCO*SB1-SB0*SC1) *VO+ (SCOxSA1-SA0*SC1) *V1+ (SBO*SA1-SAO+SB1) xV2)
*enxM2
+((SCO*SB1-SBO*SC1) *V0+ (SCO*xSA1-SAO0%SC1) «V1+ (SBO*SAL-SAQ0*SB1) *xV2)
*en*M5+M6)

* (

+ ((SF4*SE5-SE4%SF5) #V3+ (SF4+xSD5-SD4*SF5) «V4+ (SE4+SD5-SD4+SE5) xV5)
*em*M7

+ ((SF4*SE5-SE4%SF5) *V3+ (SF4%SD5-SD4xSF5) xV4+ (SE4xSD5-SD4*SE5) V5)
*em*M10

+ ( (SE3*SF5-SF3%SES5) #V3+ (SF5+xSD3-SF3%SD5) *V4+ (SE5*SD3-SE3+SD5) xV5)
*emxM8

+ ((SE3*SF5-SF3*SEDL) *V3+ (SF5xSD3-SEF3%SD5) «V4+ (SE5+SD3-SE3xSD5) xV5)
*em*M11

+ ((SEF3*SE4-SE3%SF4) *V3+ (SF3%SD4-SF4xSD3) xV4+ (SE3xSD4-SD3%SE4) *V5)
*em*M9

+ ( (SF3+xSE4-SE3%SF4) »V3+ (SF3%SD4-SF4xSD3) xV4+ (SE3+xSD4-SD3%SE4) xV5)
*xem*M12+M13) )\ (VEA+ (

+ ((SC1xSB2-SB1%SC2) *V0+ (SC1*SA2-SA1xSC2) *V1+ (SB1+xSA2-SA1*SB2) *V2)
*en*M0*VEFP

+ ((SC1l*SB2-SB1%3SC2) *VO0+ (SC1+xSA2-SA1%SC2) *V1+ (SB1*SA2-SA1+SB2) xV2)
*en+*M3+xVEP

+ ((SBO*SC2-SCO0*SB2) *V0+ (SA0*SC2-SCOxSA2) *V1+ (SA0*xSB2-SBO*SAZ2) *V2)
*en*M1«VEP

+ ((SBO*SC2-SC0*SB2) *VO+ (SAO0+xSC2-SCO0*SA2) *V1+ (SA0*SB2-SBO*SA2) xV2)
*en+M4 xVFEP
+((SCO*SB1-SBO*SC1) *V0+ (SCO*xSA1-SAO0%xSC1l) «V1+ (SBO*SALI-SAQ0*SB1) *xV2)
*en+«M2«VEFP

+ ((SCO*SB1-SBO*SC1) *V0+ (SCO*SA1-SAO0xSC1) *V1+ (SBO*SAL1-SAO0*SB1) *V2)
*en*M5+VEFP+M6+*VEP) ) ;

function d=kdelta (n,m)
if n==m

else

end
end

d=1;

d=0;
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Appendix J

Matlab code relating to Section 5.1

function AppendixJ ()
clc; clear;

al=0.2;
Cair=343.5;
Dair=1.2;
EE=7.2%x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
£=500;
terms=100;

kno=2xpixf/Cair;

a=alxkno;

h=hlxkno;

cpl=sqrt (EE/ (1-nu”"2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; taul=12/(h"2xa"2);
alpha=12+omega”2xDair/ (h"3xcpl”2+kno”2«Dplate);

if al==0.28

RealGuess=0.1:0.01:0.9
ComplexGuess=(35:0.1:9
ImaginaryGuess=[(0.4:0
if £>80

ComplexGuess=(35:0.1:40)+(35:0.1:40) x11i;

ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>90

ComplexGuess=(9:0.1:35)+(9:0.1:35) *11i;

ImaginaryGuess=[(0.2:0.1:0.4)+11 (3/4+(0:1:terms))*pi*li/al;
if £>290

ComplexGuess=(9:0.1:10)+(9:0.1:10) *11i;

ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>340

ComplexGuess=(0:0.1:9)+(0:0.1:9)*11i;

ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/al;
if £>700

ComplexGuess=(2:0.1:5)+(2:0.1:5)*11;

ImaginaryGuess=[(0.2:0.1:0.4)+11 (3/4+(0:1:terms))*pi*li/al;
if £>850

ComplexGuess=(2:0.1:4)+(2:0.1:4)*11;

ImaginaryGuess=[(0.1:0.1:1.5)*11i (3/4+(0:1:terms))*pixli/al;
if £>1030

ComplexGuess=(0:0.1:4)+(0:0.1:4)*11i;

ImaginaryGuess=[(0.1:0.1:1.5)x11i (3/4+(0:1:terms))*pi*li/al;
end
end

8;
8)+(35:0.1:98)*11;
1:0.8)x11i (3/4+(0:1:terms))*pixli/al;
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end
end
end
end
end
elseif al==0.2
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:120)+(50:1:120) x11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))xpixli/al;
if £>70
ComplexGuess=(10:1:50)+(10:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1)%1i (3/4+(0:1:terms))xpixli/al;
if £>350
ComplexGuess=(8:0.1:11)+(8:0.1:11)*11i;
ImaginaryGuess=[(0.2:0.01:1)%11i (3/4+(0:1:terms))*pixli/al;
if £>450
ComplexGuess=(0:0.1:8)+(0:0.1:8)*11i;
ImaginaryGuess=(3/4+(l:1:terms)) *pi*li/a;
if £>750
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11i;
ImaginaryGuess=[(1)*1i (3/4+(l:1l:terms))*pixli/al;
if £>950
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11;
ImaginaryGuess=[(1)*1i (3/4+(l:1l:terms))*pixli/al;
if £>1000
ComplexGuess=(1:0.1:3.4)+(1:0.1:3.4)«11;
ImaginaryGuess=(3/4+(l:1:terms))*xpi*li/a;
end
end
end
end
end
end
elseif al==0.06
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:70)+(50:1:70) «11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))xpix*xli/al;
if £>150
ComplexGuess=(18:1:50)+(18:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1) %11 (3/4+(0:1:terms))rpixli/al;
if £>350
ComplexGuess=(12:0.1:18)+(12:0.1:18) x11i;
ImaginaryGuess=[(0.2:0.01:1)%11 (3/4+(0:1:terms))*pixli/al;
if £>650
ComplexGuess=(1:0.1:10)+(1:0.1:10)*11i;
ImaginaryGuess=[ (1) x1i (3/4+(l:1l:terms))xpixli/al;
if £>1000
ComplexGuess=(1:0.1:7)+(1:0.1:7)*11i;
ImaginaryGuess=(3/4+ (l:1:terms))+pixli/a;
end
end
end
end
end
sn=NewtonRaphson (alpha,beta, taul, nu,RealGuess, ImaginaryGuess, ComplexGuess,a).";
sn=sn (abs (sn)<termsx*pi/a);
kappa=sqrt (1-sn."2-1/a"2); Twl=length (kappa)
end

function KK=Characteristic (s, alpha,beta,tau,nu,a)

n=1;

U=a* (n"2* (nu-1) -2+xa"2+beta”2+nu) *s+a”"3* (nu—nu“2) xs. " 3;

V=1i*(n"3* (1-nu)-2+a"2+beta”2+n+a”2* (2 n-—n* (nu+nu”2) ) *s."2);

Q0=(n"2* (1-nu) /2-a"2+beta”2+a"2*s.72) .* (2xa"2+«beta”"2-2xn"2-a"2* (1-nu) *s."2) +
a’2+«n"2* (l+nu) "2%xs.72/2;

PP=(a*nu*s.+xU-1ixn*V)*xtau+QQ.* (s. 44+2+n"2xs."2/a"2+(1l-a"2*beta”2)xtau+n~4/a"4);

KK= (PP.*sqrt (1-s."2) .% (besselj(n-1,sgrt (1l-s."2)xa)-besselj(n+l,sqgrt (l-s."2)*a))/2-
alpha*QQ.*bessel]j(n,sqgrt(l-s.”2)~*a));

end
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function K=DCharacteristic (s, alpha,beta,tau,nu,a)
fl1=@(x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau,nu, RGuess, IGuess,CGuess, r)
warning('off', '"MATLAB:rankDeficientMatrix")
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x0ldl=RGuess; x0ld2=IGuess; xo0ld3=CGuess;
for i=1:100
jacl=dfl (xoldl);
soll=xo0ldl-f1l(xo0ldl) ./jacl;
xoldl=soll;
jac2=dfl (x0ld2);
sol2=x01d2-f1 (x0ld2) ./jac2;
x0ld2=s012;
jac3=dfl (x0ld3);
so0l3=x01d3-f1 (x01d3) ./jac3;
x0ld3=s01l3;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=Real (Real<l);
Real=sort (Real (Real>0), 'descend"') ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
s0l2=s012 ((length (TempReal)) :end) ;
Imaginary=sol2;
Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+l;
TempIm(TempIndex)=Imaginary (Index);
end
end
Complex=s0l3 (abs (imag(so0l3))>1le-5);
Complex=sort (Complex (real (Complex)>le-5), "descend');
TempIndex=1;
TempComplex (TempIndex)=Complex (1) ;
for Index=2:length (Complex)
if abs (Complex (Index)-TempComplex (TempIndex))>le-5
TempIndex=TempIndex+l;
TempComplex (TempIndex)=Complex (Index) ;
end
end
TempComplex=[TempComplex —conj (TempComplex)];
Imaginary=[TempIm, TempComplex];

[~,idx]=sort (imag (Imaginary), 'ascend');
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];

end
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Appendix K

Matlab code relating to Section 5.2

function AppendixK ()
clc; clear;

index=0;

for £=30:1200

al=0.2;
Cair=343.5;
Dair=1.2;
EE=7.2+x10"10;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1;

n=1;

kno=2+pi*f/Cair;

a=alxkno;

h=hlxkno;

cpl=sqrt (EE/ (1-nu”2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; taul=12/(h"2xa"2);
alpha=12+omega”2+Dair/ (h"3xcpl”~2+kno”2+Dplate);

if al==0.28
RealGuess=0.1:0.01:0.98;
ComplexGuess=(35:0.1:98)+(35:0.1:98) x11;
ImaginaryGuess=[(0.4:0.1:0.8)*1i (3/4+(0:1:terms))*pixli/al;
if £>80
ComplexGuess=(35:0.1:40)+(35:0.1:40) x11i;
ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/al;
if £>90
ComplexGuess=(9:0.1:35)+(9:0.1:35)*11i;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>290
ComplexGuess=(9:0.1:10)+(9:0.1:10) «11i;
ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/al;
if £>340
ComplexGuess=(0:0.1:9)+(0:0.1:9)*11;
ImaginaryGuess=[(0.2:0.1:0.4)+11 (3/4+(0:1:terms))*pi*li/al;
if £>700
ComplexGuess=(2:0.1:5)+(2:0.1:5)*11;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>850
ComplexGuess=(2:0.1:4)+(2:0.1:4)*11i;
ImaginaryGuess=[(0.1:0.1:1.5)x11i (3/4+(0:1:terms))*pi*xli/al;
if £>1030
ComplexGuess=(0:0.1:4)+(0:0.1:4)*11;
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ImaginaryGuess=[(0.1:0.1:1.5)x11 (3/4+(0:1:terms))*pi*li/al;
end
end
end
end
end
end
end
elseif al==0.2
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:120)+(50:1:120) x1i;
ImaginaryGuess=[(0.2:0.01:1)%1i (3/4+(l:1l:terms))xpixli/al;
if £>70
ComplexGuess=(10:1:50)+(10:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1)%11 (3/4+(0:1:terms))*pixli/al;
if £>350
ComplexGuess=(8:0.1:11)+(8:0.1:11)*11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(0:1:terms))*pixli/al;
if £>450
ComplexGuess=(0:0.1:8)+(0:0.1:8)*11i;
ImaginaryGuess=(3/4+ (l:1:terms))+pixli/a;
if £>750
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11;
ImaginaryGuess=[(1)*1i (3/4+(l:1l:terms))*pixli/al;
if £>950
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11i;
ImaginaryGuess=[ (1) x1i (3/4+(l:1l:terms))xpixli/al;
if £>1000
ComplexGuess=(1:0.1:3.4)+(1:0.1:3.4)x11;
ImaginaryGuess=(3/4+ (l:1:terms))+pixli/a;
end
end
end
end
end
end
elseif al==0.06
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:70)+(50:1:70) «1i;
ImaginaryGuess=[(0.2:0.01:1)*11i (3/4+(l:1:terms))*pixli/al;
if £>150
ComplexGuess=(18:1:50)+(18:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1)%11 (3/4+(0:1:terms))*pixli/al;
if £>350
ComplexGuess=(12:0.1:18)+(12:0.1:18) %x11;
ImaginaryGuess=[(0.2:0.01:1)%1i (3/4+(0:1l:terms))*pixli/al;
if £>650
ComplexGuess=(1:0.1:10)+(1:0.1:10) «11i;
ImaginaryGuess=[ (1) x1i (3/4+(l:1:terms))*pixli/al;
if £>1000
ComplexGuess=(1:0.1:7)+(1:0.1:7)*11i;
ImaginaryGuess=(3/4+(l:1:terms)) *xpi*li/a;
end
end
end
end
end

eta=NewtonRaphson (alpha,beta, taul, nu, RealGuess, ImaginaryGuess, ComplexGuess, a,n) .

eta=eta (abs (eta)<termsxpi/a);
gamma=sqgrt (1-eta.”"2-1/a"2); Twl=length (gamma)

CC=FunctionHH (alpha,beta,taul,nu,eta,gamma,a) ;
AP=NonAxiSolver (a,nu, alpha,beta, taul,eta,CC,ell,n);
PowA=real (sum(abs (AP."'). 2.xCC.*eta));
index=index+1;

data (index, :)=[f,PowA];

end

end

function KK=Characteristic(eta,alpha,beta,tau,nu,a)
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n=1;
U=ax* (n"2* (nu-1) -2+a”"2+beta”2xnu) reta+a”3* (nu-nu”2) reta. " 3;
V=1ix (n"3% (1-nu)-2*a”2+beta”2+n+a”" 2« (2xn—n+ (nu+nu”2)) xeta." " 2);
Q0= (n"2+* (1-nu) /2-a"2+xbeta”2+a"2xeta.”2) .* (2*a"2xbeta”2-2xn"2-
a“2x(l-nu) *xeta.”2)+a"2+*n" 2 (1+nu) "2xeta.”2/2;
PP=(a*nu*eta.*U-1i*n*V)+xtau+QQ.* (eta. " 4+2+«n"2*eta.”2/a" 2+
(l-a"2+beta”2) xtau+n~4/a"4);
KK=(PP.*sgrt (1-eta.”2) .x (besselj(n-1,sqgrt (l-eta.”2)*a) -
bessel]j(n+l,sqgrt (l-eta.”2)*a))/2-alpha*QQ.+besselj(n,sqrt (l-eta.”2)xa));
end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau, nu,RGuess, IGuess, CGuess, r,n)
warning ('off', '"MATLAB:rankDeficientMatrix")
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
xold=[RGuess, CGuess, IGuess];
for i=1:110
jac=dfl (xold) ;
sol=x0ld-f1l (xo0ld) ./jac;
xold=sol;
end
Real=sol (1l:1length (RGuess)) ;
Complex=sol (length (RGuess)+ (l:1length (CGuess)));
Imaginary=sol (length (CGuess)+1l:end) ;
Real=Real (abs (fl (Real))<le-5);
Real=sort (Real (Real>0), 'descend");
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:length (Real)
if abs (Real (Index)-TempReal (TempIndex))>2e-5
TempIndex=TempIndex+1;
TempReal (TempIndex)=Real (Index) ;
end
end
Complex=Complex (angle (Complex)>40/360%2xpi);
Complex=Complex (angle (Complex)<88.5/360x2xpi) ;
Complex=sort (Complex, 'descend');
TempIndex=1;
if numel (Complex)>0
TempComplex (TempIndex)=Complex (1) ;
TempIndex=TempIndex+1;
TempComplex (TempIndex)=-conj (TempComplex (TempIndex-1));
for Index=2:length (Complex)
if abs (abs (Complex (Index))-abs (TempComplex (TempIndex)))>1le-2
TempIndex=TempIndex+1l;
TempComplex (TempIndex)=Complex (Index) ;
TempIndex=TempIndex+1l;
TempComplex (TempIndex)=-conj (TempComplex (TempIndex-1));
end
end
else
TempComplex=1e+5001;
end
Imaginary=Imaginary (imag (Imaginary)>le-5);
Imaginary=Imaginary (abs (real (Imaginary))<le-5);
Imaginary=sort (Imaginary, 'descend'");
TempIndex=1;
TempImaginary (TempIndex)=Imaginary(1l);
for Index=2:length(Imaginary)
if abs (imag (Imaginary (Index))-imag(TempImaginary (TempIndex)))>le-5
TempIndex=TempIndex+1l;
TempImaginary (TempIndex)=Imaginary (Index) ;
if real (TempImaginary (TempIndex))>1le-5
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TempIndex=TempIndex+1l;
TempImaginary (TempIndex)=-conj (TempImaginary (TempIndex-1));
end
end
end
TempImaginary=[TempImaginary, TempComplex];
[~,1idx]=sort (imag (TempImaginary), 'ascend');
TempImaginary=TempImaginary (idx);
Roots=[TempReal, TempImaginary];
end

function HH=FunctionHH (alpha, beta, tau,nnu,eta, gamma, r)

n=1;

a=r;

Q0=Q@(s) (n"2%(l-nu)/2-a’"2+xbeta”2+a"2*s.72) .*(2*a"2+beta”2-2xn"2—
a"2+(l-nu)*s.”2)+a"2+«n"2x (1+nu) "2/2xs."2;

fl=@(x) Characteristic(x,alpha,beta,tau,nu,r);

HH=(fl (eta+le-5)-fl(eta-1le-5))/(2e-5) .+gamma. » (bessel]j(n-1, r~gamma) —
besselj(n+l, rxgamma)) ./ (2«2xeta.*QQ (eta)) ;
end

function [P8 P6 P4 P2 PO]=FunctionPP (beta,tau,nu,a,n)
P8=a"4* (nu-1);
P6=a"2x (a"2+xbeta”2x (3-nu) +4+n"2* (nu-1));
Pd=(-4+n"4+6+xa"2xn"2xbeta”2-2+«a"4+beta”4-2+xn" 4« (1-nu) +
3xa"2+xn"2xbeta” 2+ (1-nu) —n"4* (1-nu) "2+n"4x (1+nu) "2-
a“4x(l-a"2+«beta”2) * (1-nu) xtau+a”4*nux (nu—nu”2) xtau) ;
P2=a"4+beta”2*taux* (a”"2+beta”2* (nu-3) -2*nu”2-nu+3) —
2+«a"2xn"2xbeta”2x (2xbeta”2+a"2xtau* (nu-1))-3xn"4dxbeta”2x (nu-3)+4xn" 6+ (nu-1) /a"2;
PO0=-2+a"2+n"2+beta”2+tau+2+a”2+«n"2+beta”2+ (1-a"2+xbeta”2) xtau-
2+xa"4xbeta”4* (1-a"2+beta”2) xtau+n"4x (1-nu) xtau-
n"4x(l-a"2+«beta”2) * (1-nu) *taut+a"2xn"2xbeta”2* (1-a"2+«beta”2) x (1-nu) xtau+
(2xn"6*beta”2)/a"2-2xn"4+«beta”4-(n"8% (1l-nu))/a’ 4+ (n"6*xbeta”"2% (1l-nu))/a"2;
end

function [Q4 Q2 QO]=FunctionQQ (beta,nu,a,n)
Q4=a"4* (nu-1);

Q2=a"2+* (a"2+beta”2* (3—nu)+2xn" 2% (nu-1));
Q0=(n"2-a"2+beta”2) x (2+xa"2xbeta”2+n"2* (nu-1)) ;
end

function AP=NonAxiSolver (a,nu,alpha,beta,taul,eta,CC,ell,n)

Np=length (eta);

gamma=(l-eta.”2).70.5;

FF=sqgrt (alpha/ (a*CC(ell) xeta(ell)));

[PBa P6a P4a P2a POa]=FunctionPP (beta,taul,nu,a,n);

[Q4a Q2a QO0a]=FunctionQQ (beta,nu,a,n);

s=eta;

U=a* (n"2* (nu-1) -2xa"2+xbeta”2*nu) *s+a”"3* (nu—nu"2) xs. " 3;

V=1lix (n" 3% (1-nu)-2*a"2+beta”2+n+a”"2+ (2xn—-n* (nu+nu”2)) *s."2);

QQa=(n"2x (1-nu)/2-a"2+beta”2+a”2*s."2) .x (2xa"2+«beta”2-2+«n"2-a" 2% (1-nu) xs. " 2) +
a"2*n”" 2% (1l+nu) "2/2%s.72;

Goba=P8ax (Qd4a*eta. 4+Q2axreta.” " 2+Q0a);

G4a=P8ax (Q4axeta. 4+Q2axeta. 2+Q0a) .xeta. 2+P6ax (Q4axeta. 4+Q2axeta. " 2+Q0a);

G2a=P8ax*Q2ax*eta. 6+ (P8axQ0a+P6axQ2a) .*xeta. 4+ (P6axQ0a+P4axQ2a-P2a*Q4a) .~eta. 2+
Pd4axQ0a-P0axQ4a;

G0a=P8ax*Q0a.*eta. 6+P6arQ0axeta. 4+ (P4a*xQ0a-P0a*Q4a) reta. 2+P2axQ0a-P0a*Q2a;

U=Q@ (s) a*(n"2+(nu-1)-2*a”2+«beta”2+nu) *s+a”"3x (nu-nu”"2) *xs." " 3;
V=Q(s) 1lix(n"3%(l-nu)-2*a”2+beta”2+xn+a”2x (2«xn—-n=* (nu+nu”2))*s."2);

EOA=-U(eta) .+ gamma. * (bessel]j(n-1,gammax*a) -besselj(n+l,gammaxa)) ./QQa/2;

EOF=U (eta(ell)) .xgamma (ell) x (besselj(n-1,gamma (ell) xa) -
besselj(n+l,gamma (ell)*a)) /QQa(ell) /2;

E1A=V (eta) .*gamma.* (besselj(n-1,gammax*a)-besselj(n+l,gammax*a)) ./QQa/2;

E1F=V (eta(ell))rgamma (ell) x (besselj(n-1,gamma (ell) xa) -
bessel]j(n+l,gamma (ell) *xa)) /QQa(ell) /2;

E2A=gamma.* (besselj(n-1,gammaxa)-besselj(n+l,gammax*a))/2;

E2F=gamma (ell) » (besselj(n-1,gamma (ell) *a) -besselj (n+1l,gamma (ell) *a))/2;
E3A=-eta.xgamma.* (besselj(n-1,gamma*a)-bessel]j(n+l,gammaxa))/2;
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E3F=eta(ell) rgamma (ell) » (besselj(n-1,gamma (ell) xa) -besselj(n+l,gamma (ell) xa)) /2;

SAO0=0; SAl1=0; SA2=0; SA3=0; SB0=0; SB1=0; SB2=0; SB3=0;
SC0=0; SC1=0; SC2=0; SC3=0; SD0=0; SD1=0; SD2=0; SD3=0;
for p=1:Np
SAO0=SA0+Goba
bessel]j(n+l, gamma (p) *a) ) xgamma (p) *EO0A (p) /2/eta (p) /CC (p) /QQa (p) ;
SA1=SAl+Gb6a
besselj (n+l,gamma (p) *a) ) xgamma (p) *E1A (p) /2/eta (p) /CC(p) /QQa (p) ;
SA2=SA2+G6a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j (n+l,gamma (p) *a) ) rgamma (p) *E2A (p) /2/eta (p) /CC (p) /QQa (p) ;
SA3=SA3+G6a (p) * (besselj(n-1,gamma (p) *a) —
besselj(n+l, gamma (p) *a)) rgamma (p) *E3A (p) /2/eta (p) /CC(p) /QQa (p) ;
SB0=SB0+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) xgamma (p) *E0A (p) /2/eta (p) /CC (p) /QQa (p) ;
SB1=SBl+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
besselj (n+l,gamma (p) *a) ) rgamma (p) *E1A (p) /2/eta (p) /CC(p) /QQa (p) ;
SB2=SB2+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
besselj(n+l, gamma (p) *a) ) xrgamma (p) *E2A (p) /2/eta (p) /CC(p) /QQa (p) ;
SB3=SB3+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel](n+l, gamma (p) xa) ) rgamma (p) *E3A (p) /2/eta (p) /CC(p) /QQa (p) ;

(p) * (bessel]j(n-1,gamma (p) *a) —
(
(p
(
(
(
(
(
(
(
(
(
(
(
(
(
SC0=SCO0+G2a (p) * (bessel](n-1,gamma (p) *a) —
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

) * (bessel]j (n-1, gamma (p) *a) —

besselj(n+l, gamma (p) *a) ) *rgamma (p) *EOA (p) /2/eta (p) /CC(p) /QQa (p) ;
SC1l=SCl+G2a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E1A (p) /2/eta (p) /CC (p) /QQa (p) ;
SC2=SC2+G2a (p) * (bessel]j (n-1,gamma (p) *a) —
bessel]j (n+l, gamma (p) *a) ) rgamma (p) *E2A (p) /2/eta (p) /CC (p) /QQa (p) ;
SC3=SC3+G2a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E3A (p) /2/eta (p) /CC (p) /QQa (p) ;
SD0=SD0+G0a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j (n+l, gamma (p) *a) ) rgamma (p) *EOA (p) /2/eta (p) /CC (p) /QQa (p) ;
SD1=SD1+G0a (p) * (bessel]j (n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E1A (p) /2/eta (p) /CC (p) /QQa (p) ;
SD2=SD2+G0a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) xgamma (p) *E2A (p) /2/eta (p) /CC (p) /QQa (p) ;
SD3=SD3+G0a (p) * (bessel] (n-1,gamma (p) *a) —
besselj(n+l, gamma (p) *a) ) xrgamma (p) *E3A (p) /2/eta (p) /CC(p) /Q0a (p) ;
end
DA= (-SA3*SB2+SC1+xSDO+SA2%SB3%*SC1*SDO+SA3xSB1+xSC2+SD0-SA1%xSB3%SC2%SD0~-
SA2+SB1+SC3+*SDO+SA1*SB2+SC3xSD0+
SA3%xSB2%*SCO*SD1-SA2%SB3xSCO*xSD1-SA3+xSBO*xSC2+SD1+SA0*xSB3+SC2xSD1+
SA2xSBO+xSC3%*SD1-SA0%SB2+SC3xSD1—
SA3xSB1%xSCO0*SD2+SA1%SB3*SCOxSD2+SA3+SBO*xSC1l*xSD2-SA0*xSB3xSC1*SD2~—
SA1*SBO+SC3+*SD2+SA0%SB1*SC3xSD2+
SA2+SB1+SCOxSD3-SA1*SB2%*SCO*SD3-SA2+SBO*xSC1+SD3+SA0*SB2+SC1*SD3+
SA1xSBO*SC2xSD3-SA0*xSB1%xSC2%3SD3) ;
Fdelta=zeros (Np,1l); GEOa=0; GEla=0; GE2a=0; GE3a=0;
for p=1:Np
Fdelta (p)=FFxkdelta(ell,p);
GEOa=GEOa+FFxkdelta (ell,p) *EOA (p) ;
GEla=GEla+FF«xkdelta(ell,p)*E1A(p);
GE2a=GE2a+FFxkdelta(ell,p) *E2A (p) ;
GE3a=GE3a+FFxkdelta(ell,p) *E3A(p);
end
GEO= ( (FF*EOF+GEQOa) * (-SB3xSC2%SD1+SB2+xSC3%SD1+SB3+xSC1%SD2~—
SB1xSC3+SD2-SB2xSC1+SD3+SB1+SC2%SD3) + (FF+xE1F+GEla) % (SB3%SC2%xSD0-
SB2xSC3%SD0-SB3xSCO*SD2+SBO*xSC3%SD2+SB2xSCO*SD3-SBOxSC2%SD3) +
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(FF+E2F+GE2a) » (-SB3*SC1*SD0+SB1+SC3+SD0+SB3+SCO0*xSD1-SBO*SC3%SD1—
SB1xSCO*SD3+3SB0+xSC1%SD3) + (FF*E3F+GE3a) * (SB2xSC1+*SD0-SB1%xSC2%SD0~—
SB2+*SCO*SD1+SBO*xSC2+SD1+SB1+xSCO*xSD2-SB0*SC1xSD2) ) /DA;

GEl=- ((FF*EOF+GEOa) » (-SA3*SC2*SD1+SA2*SC3*SD1+SA3*SCLl*xSD2-SA1*SC3xSD2—
SA2xSC1+SD3+SA1xSC2%SD3) + (FF+E1F+GEla) » (SA3xSC2+xSD0-SA2+SC3%SD0—
SA3xSCO+SD2+SA0*SC3+«SD2+SA2+SCO*xSD3-SA0xSC2%SD3) +
(FF+E2F+GE2a) » (—SA3%SC1*SD0+SA1%xSC3%*SD0+SA3%xSCO0*xSD1-SA0*xSC3%xSD1~—
SA1xSCOxSD3+SA0%xSC1l%SD3) + (FF+E3F+GE3a) » (SA2xSC1+xSD0-SA1%3SC2%SD0~-
SA2xSCO*SD1+SA0xSC2%SD1+SA1+xSCO*xSD2-SA0+xSC1%SD2)) /DA;

GE2=( (FF*EOF+GEQOa) » (—SA3+SB2+*SD1+SA2+SB3*SD1+SA3+SB1+SD2-SA1+xSB3%xSD2~
SA2+SB1+SD3+SA1+xSB2%SD3) + (FF*E1F+GEla) » (SA3xSB2+*SD0-SA2+SB3%xSD0—
SA3xSBOxSD2+SA0%xSB3%SD2+SA2xSBO*xSD3-SA0xSB2xSD3) +
(FEF+E2F+GE2a) x (-SA3%xSB1%xSDO+SA1+SB3+xSD0O0+SA3+xSBOxSD1-SA0*SB3%SD1~
SA1*SBO0*SD3+SA0*SB1*SD3) + (FF*E3F+GE3a) * (SA2%*SB1*SD0-SA1%*SB2%xSD0—
SA2+xSB0*SD1+SA0xSB2%*SD1+SA1+xSB0*SD2-SA0xSB1%SD2)) /DA;

GE3=— ( (FF*EOF+GEQOa) » (—SA3+SB2+*SC1+SA2+*SB3*SC1+SA3+SB1+SC2-SA1+xSB3%xSC2—
SA2%*SB1*SC3+SA1%*SB2*SC3) + (FF*E1F+GEla) x (SA3%SB2%SC0-SA2%xSB3%xSCO—
SA3xSBO+xSC2+SA0%xSB3+SC2+SA2+SBO*SC3-SA0xSB2xSC3) +
(FF+E2F+GE2a) x (-SA3%*SB1*SCO+SA1+SB3xSCO+SA3+xSBO*xSC1-SA0*SB3%xSC1—
SA1*SBO+SC3+SA0+xSB1%SC3)+ (FF*E3F+GE3a) » (SA2+xSB1+xSCO-SA1+SB2+xSCO—
SA2+SBO*SC1+SA0*xSB2+SC1+SA1+SBO*SC2-SA0+SB1xSC2)) /DA;

AP=(Fdelta+GEO*G6a.* (besselj(n-1,gammaxa)-besselj(n+l,gamma*a)) .+ gamma./eta./CC./QQa/2+
GE1xG4a.* (bessel]j(n-1,gamma*a)-besselj(n+l,gammaxa)) .+gamma./eta./CC./QQa/2+
GE2*G2a.x (bessel]j(n-1,gammaxa)-besselj(n+l,gamma*a)) .+ gamma./eta./CC./QQa/2+
GE3*G0a.* (bessel]j(n-1,gammaxa)-besselj(n+l,gamma*a)) .+ gamma./eta./CC./QQa/2).";

end

function d=kdelta (n,m)
if n==
d=1;
else
d=0;
end
end
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Appendix L

Matlab code relating to Section 5.3

function AppendixL ()
clc; clear;

index=0;

for £=30:1200

al=0.2;
b1=0.28;
Cair=343.5;
Dair=1.2;
EE=7.2x10710;
h1=0.002;
Dplate=2700;
nu=0.34;
terms=100;
ell=1l; n=1;

kno=2+pi*f/Cair;

a=alxkno;

b=bl*kno;

h=hlxkno;

cpl=sqrt (EE/ (1-nu”"2) /Dplate);

beta=Cair/cpl; omega=Cairxkno; taul=12/(h"2xa”2); tau2=12/(h"2+xb"2);
alpha=12xomega”2+Dair/ (h"3+xcpl”2xkno”2+Dplate);

if al==0.28
RealGuess=0.1:0.01:0.98;
ComplexGuess=(35:0.1:98)+(35:0.1:98) x11;
ImaginaryGuess=[(0.4:0.1:0.8)*11 (3/4+(0:1:terms))*pixli/al;
if £>80
ComplexGuess=(35:0.1:40)+(35:0.1:40) x11i;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>90
ComplexGuess=(9:0.1:35)+(9:0.1:35)*11i;
ImaginaryGuess=[(0.2:0.1:0.4)+11 (3/4+(0:1:terms))*pi*li/al;
if £>290
ComplexGuess=(9:0.1:10)+(9:0.1:10) «11i;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>340
ComplexGuess=(0:0.1:9)+(0:0.1:9)*11;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/al;
if £>700
ComplexGuess=(2:0.1:5)+(2:0.1:5)*11i;
ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/al;
if £>850
ComplexGuess=(2:0.1:4)+(2:0.1:4)*11;
ImaginaryGuess=[(0.1:0.1:1.5)*11i (3/4+(0:1:terms))*pixli/al;
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if £>1030
ComplexGuess=(0:0.1:4)+(0:0.1:4)*11;
ImaginaryGuess=[(0.1:0.1:1.5)*11i (3/4+(0:1:terms))*pixli/al;

end

end

end

end

end

end

end

elseif al==0.2

RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:120)+(50:1:120) x11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))xpix*xli/al;
if £>70
ComplexGuess=(10:1:50)+(10:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1)%1i (3/4+(0:1:terms))*pixli/al;
if £>350
ComplexGuess=(8:0.1:11)+(8:0.1:11)*11i;
ImaginaryGuess=[(0.2:0.01:1)%11i (3/4+(0:1:terms))*pixli/al;
if £>450
ComplexGuess=(0:0.1:8)+(0:0.1:8)*11i;
ImaginaryGuess=(3/4+(l:1:terms)) *xpi*li/a;
if £>750
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11i;
ImaginaryGuess=[(1)*1i (3/4+(l:1:terms))*pixli/al;
if £>950
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11i;
ImaginaryGuess=[(1)*1i (3/4+(l:1l:terms))*pixli/al;
if £>1000
ComplexGuess=(1:0.1:3.4)+(1:0.1:3.4)«11;
ImaginaryGuess=(3/4+(l:1:terms)) *xpi*li/a;
end
end
end
end
end
end

elseif al==0.06

end

eta=
eta=

RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:70)+(50:1:70) «11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))x*pixli/al;
if £>150
ComplexGuess=(18:1:50)+(18:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1)%1i (3/4+(0:1:terms))*pixli/al;
if £>350
ComplexGuess=(12:0.1:18)+(12:0.1:18) x11i;
ImaginaryGuess=[(0.2:0.01:1)%11i (3/4+(0:1:terms))*pixli/al;
if £>650
ComplexGuess=(1:0.1:10)+(1:0.1:10)*11i;
ImaginaryGuess=[ (1) x1i (3/4+(l:1l:terms))xpixli/al;
if £>1000
ComplexGuess=(1:0.1:7)+(1:0.1:7)*11i;
ImaginaryGuess=(3/4+ (l:1:terms))+pixli/a;
end
end
end
end

NewtonRaphson (alpha, beta, taul, nu, RealGuess, ImaginaryGuess, ComplexGuess, a) .

eta (abs (eta)<termsxpi/a); gamma=sqrt (l-eta."2-1/a"2); Twl=length (gamma);

if bl==0.28

RealGuess=0.1:0.01:0.98;
ComplexGuess=(35:0.1:98)+(35:0.1:98) x11;
ImaginaryGuess=[(0.4:0.1:0.8)*11i (3/4+(0:1:terms))*pixli/b];
if £>80
ComplexGuess=(35:0.1:40)+(35:0.1:40) x11i;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))*pixli/b];
if £>90
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ComplexGuess=(9:0.1:35)+(9:0.1:35)*11i;
ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/b];
if £>290
ComplexGuess=(9:0.1:10)+(9:0.1:10) «11i;
ImaginaryGuess=[(0.2:0.1:0.4)+11 (3/4+(0:1:terms))*pi*li/b];
if £>340
ComplexGuess=(0:0.1:9)+(0:0.1:9)*11;
ImaginaryGuess=[(0.2:0.1:0.4)*11i (3/4+(0:1:terms))pix1li/b];
if £>700
ComplexGuess=(2:0.1:5)+(2:0.1:5)*11i;
ImaginaryGuess=[(0.2:0.1:0.4) 11 (3/4+(0:1:terms))*pi*li/b];
if £>850
ComplexGuess=(2:0.1:4)+(2:0.1:4)*11;
ImaginaryGuess=[(0.1:0.1:1.5)*11i (3/4+(0:1:terms))*pix1li/b];
if £>1030
ComplexGuess=(0:0.1:4)+(0:0.1:4)*11;
ImaginaryGuess=[(0.1:0.1:1.5)*11i (3/4+(0:1:terms))*pixli/b];
end
end
end
end
end
end
end
elseif bl==0.2
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:120)+(50:1:120) x11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))*pi*x1li/b];
if £>70
ComplexGuess=(10:1:50)+(10:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1) %11 (3/4+(0:1:terms))rpix1i/b];
if £>350
ComplexGuess=(8:0.1:11)+(8:0.1:11)*11i;
ImaginaryGuess=[(0.2:0.01:1)%11i (3/4+(0:1:terms))»pix1li/bl;
if £>450
ComplexGuess=(0:0.1:8)+(0:0.1:8)*11i;
ImaginaryGuess=(3/4+(l:1:terms)) *xpi*1i/b;
if £>750
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11i;
ImaginaryGuess=[(1)*1i (3/4+(l:1:terms))*xpixli/b];
if £>950
ComplexGuess=(1:0.1:5)+(1:0.1:5)*11;
ImaginaryGuess=[(1)*1i (3/4+(l:1l:terms))*xpixli/b];
if £>1000
ComplexGuess=(1:0.1:3.4)+(1:0.1:3.4)«11;
ImaginaryGuess=(3/4+(l:1:terms)) *xpi*1i/b;
end
end
end
end
end
end
elseif bl==0.06
RealGuess=0:0.01:1.1;
ComplexGuess=(50:1:70)+(50:1:70) «11i;
ImaginaryGuess=[(0.2:0.01:1)*1i (3/4+(l:1l:terms))*pi*xli/b];
if £>150
ComplexGuess=(18:1:50)+(18:1:50) «11i;
ImaginaryGuess=[(0.2:0.01:1) %11 (3/4+(0:1:terms))+pix1i/b];
if £>350
ComplexGuess=(12:0.1:18)+(12:0.1:18) x11i;
ImaginaryGuess=[(0.2:0.01:1)%11 (3/4+(0:1:terms))*pix1li/bl;
if £>650
ComplexGuess=(1:0.1:10)+(1:0.1:10)*11i;
ImaginaryGuess=[ (1) *x1i (3/4+(l:1l:terms))*pixli/b];
if £>1000
ComplexGuess=(1:0.1:7)+(1:0.1:7)*11i;
ImaginaryGuess=(3/4+ (l:1:terms) ) +pix1i/b;
end
end
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end

end
end
sn=NewtonRaphson (alpha,beta, tau2, nu, RealGuess, ImaginaryGuess, ComplexGuess,b) ."';
sn=sn (abs (sn)<terms*pi/b); kappa=sqgrt (l-sn. 2-1/b"2); Tw2=length (kappa);

CC=FunctionHH (alpha,beta,taul,nu, eta,gamma, a) ;
DD=FunctionHH (alpha, beta, tau2, nu, sn, kappa, b) ;

RR=zeros (length (gamma), length (kappa) ) ;
for p=1:length (gamma)

for g=1:length (kappa)

RR(p, q) =IntegralRR (gamma (p), kappa (q),a,n);

end
end
[AN BM]=NonAxiSolver (a,b,nu,alpha,beta,taul,tau2,eta.’',sn.',CC.',DD."',RR,n,ell);
index=index+1;
PowA=a*real (sum(abs (AN) . 2.*CC.xeta)) /alpha;
PowB=bxreal (sum(abs (BM) . 2.%DD.xsn)) /alpha;

data (index, :)=[f,PowA,PowB, PowA+PowB];
end
plot (data(:,1),data(:,2),"'-——k',"'LineWidth',2);hold on;

plot (data(:,1),data(:,3), "'k', 'LineWidth', 2);hold off;
axis ([0 1200 0 1.21])

xlabel ('Frequency')

ylabel ('Energy')

legend('Reflected', 'Transmitted', 'Location', "northwest"')
end

function KK=Characteristic(eta,alpha,beta,tau,nu,a)

n=1;

U=a* (n"2* (nu-1) -2+xa"2xbeta”2*nu) reta+a"3+ (nu—nu”2) xeta.” " 3;

V=1lix (n" 3% (1-nu)-2*a”2+beta”2+n+a” 2 (2*xn—n=* (nu+nu”2)) xeta." " 2);

Q0= (n"2+* (1-nu) /2-a"2+xbeta”2+a"2xeta.”2) .* (2*«a"2+xbeta”"2-2xn"2-
a”2x(l-nu) *xeta.”2)+a”"2+xn"2x (1+nu) "2xeta.”2/2;

PP=(a*xnuxeta.*U-1i+n+V)*tau+QQ.* (eta. 4+2xn"2xeta.”2/a”2+
(l-a"2+beta”2) xtau+n~4/a"4);

KK=(PP.*sgrt (1l-eta.”2) .x (besselj(n-1,sgrt(l-eta.”2)*a) -
bessel]j(n+l,sqgrt (l-eta.”2)*a))/2-
alphaxQQ.*bessel]j(n,sqgrt (l-eta.”2)=*a));

end

function K=DCharacteristic (s, alpha,beta,tau,nu,a)
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,a);
K=(fl(s+le-5)-fl(s-1le-5))/2e-5;

end

function Roots=NewtonRaphson (alpha,beta, tau, nu, RGuess, IGuess, CGuess, r)
warning ('off', '"MATLAB:rankDeficientMatrix")
f1=0@ (x) Characteristic(x,alpha,beta,tau,nu,r);
dfl=@ (x) DCharacteristic(x,alpha,beta,tau,nu,r);
x01ld1l=RGuess; x0ld2=IGuess; x0l1ld3=CGuess;
for i=1:100
jacl=dfl (xo0ldl); soll=xo0ldl-fl(xoldl)./jacl; xoldl=soll;
jac2=dfl (x0ld2); sol2=x0ld2-fl(xo0ld2)./jac2; xold2=s0l2;
jac3=dfl (x0ld3); so0l3=x0ld3-f1l(xo0ld3)./jac3; xo0ld3=s0l3;
end
Real=soll;
Real=Real (abs (fl (Real))<le-5);
Real=Real (Real<l);
Real=sort (Real (Real>0), 'descend") ;
TempIndex=1;
TempReal (TempIndex)=Real (1) ;
for Index=2:1length (Real)
if abs (Real (Index)-TempReal (TempIndex))>3e-5
TempIndex=TempIndex+1l;
TempReal (TempIndex)=Real (Index) ;
end
end
s0l2=s012 ((length (TempReal)) :end) ;
Imaginary=sol2;
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Imaginary=sort (Imaginary (imag (Imaginary)>0), 'descend’);
TempIndex=1;
TempIm (TempIndex)=Imaginary (1) ;
for Index=2:length(Imaginary)
if abs(Imaginary (Index)-TempIm(TempIndex))>le-5
TempIndex=TempIndex+1l;
TempIm (TempIndex)=Imaginary (Index) ;
end
end
Complex=s0l3 (abs (imag(so0l3))>1le-5);
Complex=sort (Complex (real (Complex)>le-5), "descend');
TempIndex=1;
TempComplex (TempIndex)=Complex (1) ;
for Index=2:length (Complex)
if abs (Complex (Index)-TempComplex (TempIndex))>le-5
TempIndex=TempIndex+1l;
TempComplex (TempIndex)=Complex (Index) ;
end
end
TempComplex=[TempComplex —conj (TempComplex)];
Imaginary=[TempIm, TempComplex];
[~,idx]=sort (imag (Imaginary), 'ascend’');
Imaginary=Imaginary (idx) ;
Roots=[TempReal, Imaginary];
end
function HH=FunctionHH (alpha,beta, tau,nnu,eta, gamma, r)
n=1; a=r;
Q0=Q@ (s) (n"2x(l-nu)/2-a"2+beta”2+a”2xs.”2) .x (2«a"2+beta”2-2*n"2-
a“2+(l-nu)*s.” 2)+a"2+«n"2* (1+nu) "2/2xs."2;
f1=@ (x) Characteristic(x,alpha,beta,tau,nu,r);
HH= (f1l (eta+le-5)-fl(eta-1le-5))/(2e-5) .+gamma. » (besselj(n-1, r~gamma) —
bessel’j(n+l, rxgamma)) ./
(2+x2*xeta.xQQ (eta));
end
function [P8 P6 P4 P2 PO]=FunctionPP (beta,tau,nu,a,n)
P8=a"4* (nu-1);
P6=a"2* (a"2+beta”2x (3-nu)+4*n"2* (nu-1));
P4=(-4+n"4+6%a"2+n"2xbeta”2-2+«a"4xbeta”4-2+«n"4* (1-nu) +
3xa"2+xn"2xbeta”2* (1-nu) —n"4* (1l-nu) "24+n"4* (1l+nu) "2-
a4+ (l-a"2+beta”2) * (1-nu) rtau+a”4*nux (nu-nu”2) xtau) ;
P2=a"4xbeta”2+taux (a”2+«beta”2x (nu-3) -2+nu”2-nu+3) -
2xa”2xn"2xbeta”2x (2«beta”2+a”2+taux* (nu-1))-3xn"4xbeta”2x (nu-3)+4*n”" 6% (nu-1)/a"2;
PO0=-2*xa"2+n"2+beta”2*«tau+2+xa”2xn"2+xbeta”2* (1-a"2+beta”2) xtau-
2+xa"4dxbeta”4d* (1-a"2+beta”2) xtau+n"4x (1-nu) xtau-
n"4x(l-a”2+beta”2) x (1-nu) xtauta”2+n"2xbeta”2« (1-a"2xbeta”2) » (1-nu) xtau+
(2«n"6xbeta”2)/a"2-2+n"4+«beta”4-(n"8x (1l-nu))/a" 4+ (n"6xbeta”2x (1l-nu))/a"2;
end
function [Q4 Q2 QO]=FunctionQQ (beta,nu, a,n)
Q4=a"4* (nu-1); Q2=a"2*(a"2+beta”2+ (3—-nu)+2+n"2* (nu-1));
Q0=(n"2-a"2+beta”2) x (2+xa"2xbeta”2+n"2* (nu-1));
end
function RR=IntegralRR (gamma, kappa,a,n)
if abs (kappa”2-gamma”2)<le-10
if abs (gamma)<le-10
RR=0;
else
RR=ax* (axgammaxbesselj(n-1,gammaxa) "2-2+n+bessel]j(n-1,gammax*a)
bessel](n,gammaxa) +axgammaxbesselj (n, gammaxa) “2) / (2xgamma) ;
end
else
RR=a~* (kappa*besselj(n-1,axkappa) *xbesselj(n, axgamma) -
gammaxbesselj(n-1,a*xgamma) xbessel]j (n, axkappa))/ (gamma”2-kappa”2) ;
end
end
function [Ap Bg]=NonAxiSolver (a,b,nu,alpha,beta,taul,tau2,eta,s,CC,DD,RR,n,ell)
Np=length (eta); Ng=length(s);
gamma= (l-eta.”2-1/a"2).70.5; kappa=(l-s."2-1/b"2).70.5;
FF=sqrt (1/(CC(ell)reta(ell)));
[P8a P6a P4a P2a POa]=FunctionPP (beta,taul,nu,a,n);
[Qd4a Q2a QO0a]=FunctionQQ (beta,nu,a,n);
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QQa=Q4ax*eta. 4+Q2a*xeta.” " 2+Q0a;
[P8b P6b P4b P2b POb]=FunctionPP (beta,tau2,nu,b,n);
[Q4b Q2b QOb]=FunctionQQ (beta,nu,b,n);
QQb=Q4b+*s. 4+Q2bx*s. 2+Q0b;
G6a=P8ax (Q4axeta. 4+Q2axreta.”2+Q0a) ;
G4a=P8ax (Q4axeta. 4+Q2axeta.” 2+Q0a) . xeta. " 2+P6ax* (Qdaxreta. 4+Q2axeta.”2+Q0a) ;
G2a=P8ax*Q2axeta.” 6+ (P8axQ0atPbaxQ2a) .xeta. 4+ (P6axQ0at+P4axQ2a—
P2a*Q4a) .+eta. 2+P4axQ0a-P0a*Q4a;
GO0a=P8ax*Q0a.*eta. 6+P6axQ0axeta. 4+ (P4axQ0a-P0a*Q4a)reta. 2+P2axQ0a-P0a*Q2a;
G6b=P8b* (Q4b*s. 4+Q2b*s. 2+Q0Db) ;
G4b=P8b* (Q4b*s. 4+Q2b*s. 2+Q0b) .xs. 2+P6bx* (Q4b*s. 4+Q2b*s. 2+Q0b) ;
G2b=P8b*Q2bxs. 6+ (P8b*Q0b+P6b*Q2b) .xs. 4+ (P6b*Q0b+P4b*Q2b-P2b*Q4b) .xs. 2+
P4b*Q0b-P0b+Q4b;
GOb=P8b*Q0bxs. " 6+P6b*Q0b+*s. 4+ (P4bxQ0b-P0b*Q4b) xs. 2+P2bxQ0b-P0b+Q2b;
U=Q@(s) a*x(n"2x(nu-1)-2+a”2«beta”2*nu) *s+a"3x (nu-nu”"2) *s.”3;
V=@ (s) 1lix(n"3x(l-nu)-2*a”2+beta”2+n+a”2+ (2xn—-n* (nu+nu”2))*s."2);

EOA=-U(eta) . *gamma. * (besselj(n-1,gamma*a)-besselj(n+l,gammax*a))./QQa/2;

EOB=zeros (1,Nqg); EOF=U(eta(ell)) .*gamma (ell) * (besselj(n-1,gamma (ell) xa)—
besselj(n+l,gamma (ell) *a)) /QQa (ell) /2;

E4A=zeros (1,Np); E4B=U(s) .xrkappa.x* (besselj(n-1,kappa*b)-bessel](n+l,kappaxb))./Q00b/2;

E4F=0; ElA=V(eta) .*gamma.x* (besselj(n-1,gamma*a)-bessel]j(n+l,gammax*a))./QQa/2;

ElB=zeros(1l,Nq); ElF=V(eta(ell))xgamma(ell) x (bessel]j(n-1,gamma(ell) *xa) -
besselj(n+l,gamma (ell) *«a)) /QQa (ell) /2;

E5A=zeros (1,Np); E5SB=V(s).xkappa.x* (besselj(n-1,kappa*b)-bessel](n+l,kappaxb))./00b/2;

ESF=0; E2A=gamma.x* (besselj(n-1,gamma*a)-besselj(n+l,gammax*a))/2; E2B=zeros (1l,Nq);

E2F=gamma (ell)  (besselj(n-1,gamma (ell) xa) -besselj (n+l,gamma (ell) *a))/2;

E6A=zeros (1,Np); E6B=kappa.x (besselj(n-1,kappa*b)-besselj(n+l,kappaxb))/2;

E6F=0; E3A=-eta.xgamma.x* (besselj(n-1,gammaxa)-bessel]j(n+l,gammax*a))/2;

E3B=zeros (1,Nq); E3F=eta(ell)*gamma (ell)  (bessel]j(n-1,gamma (ell) xa)—
besselj(n+l,gamma (ell)*a))/2; ETF=0;

E7A=zeros (1,Np); E7B=s.xkappa.x* (besselj(n-1,kapparb)-bessel](n+l,kappaxb))/2;

SA0=0; SA1=0; SA2=0; SA3=0; SB0=0; SB1=0; SB2=0; SB3=0;
SC0=0; SC1=0; SC2=0; SC3=0; SD0=0; SD1=0; SD2=0; SD3=0;
for p=1:Np

SA0=SA0+G6a (p) * (besselj(n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *EO0A (p) /2/CC (p) /QQa (p) ;

SAl=SAl+G6a (p) * (bessel](n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) xgamma (p) *E1A (p) /2/CC (p) /QQa (p) ;
SA2=SA2+G6a (p)  (besselj(n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E2A (p) /2/CC (p) /QQa (p) ;
SA3=SA3+G6a (p) * (bessel]j(n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) xgamma (p) *E3A (p) /2/CC (p) /QQa (p) ;
SB0=SB0+G4a (p) * (bessel](n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *EOA (p) /2/CC (p) ;
SB1=SBl+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E1A (p) /2/CC (p) /QQa (p) ;
SB2=SB2+G4a (p) * (bessel]j(n-1,gamma (p) *a) —
besselj(n+l, gamma (p) *a) ) xgamma (p) *E2A (p) /2/CC (p) /QQa (p) ;
SB3=SB3+G4a (p) * (besselj(n-1,gamma (p) *a) —
besselj (n+l, gamma (p) *a) ) gamma (p) *E3A (p) /2/CC(p) /QQa (p) ;
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SC0=SCO0+G2a (p) * (bessel](n-1,gamma (p) *a) —

besselj(n+l, gamma (p) *a) ) rgamma (p) *EOA (p) /2/CC (p) /QQa (p) ;
SC1l=SCl+G2a (p) * (bessel](n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E1A (p) /2/CC (p) /QQa (p) ;

SC2=SC2+G2a (p) * (bessel]j(n-1,gamma (p) *a) —

bessel]j (n+l, gamma (p) *a) ) rgamma (p) *E2A (p) /2/CC (p) /QQa (p) ;
SC3=SC3+G2a (p) * (bessel]j(n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E3A (p) /2/CC (p) /QQa (p) ;
SD0=SD0+G0a (p) * (bessel]j(n-1,gamma (p) *a) —

besselj(n+l, gamma (p) *a) ) xgamma (p) *EOA (p) /2/CC (p) /QQa (p) ;
SD1=SD1+G0a (p) * (bessel] (n-1,gamma (p) *a) —

bessel]j(n+l, gamma (p) *a) ) rgamma (p) *E1A (p) /2/CC (p) /QQa (p) ;

(p
(
(p
(
(p
(
(p
(
(p
(
(p
(
SD2=SD2+G0a (p) * (bessel]j (n-1,gamma (p) *a) —

besselj(n+l, gamma (p) *a) ) *gamma (p) *E2A (p) /2/CC (p) /QQa (p) ;
SD3=SD3+G0a (p) * (bessel]j (n-1,gamma (p) *a) —

besselj (n+l, gamma (p) *a) ) xgamma (p) *E3A (p) /2/CC (p) /QQa (p) ;
end

SE4=0; SE5=0; SE6=0; SE7=0; SF4=0; SF5=0; SF6=0; SF7=0;

SG4=0; SG5=0; SGo6=0; SG7=0; SH4=0; SH5=0; SH6=0; SH7=0;

bessel]j(n+l, kappa (q) *b) ) rgamma (p) *E5B (q) /2/s (q) /DD (q) /QQb (q) ;
SH6=SH6+G0Db (q) * (bessel]j (n-1, kappa (q) *b) —

besselj(n+l,kappa (q) *b) ) xgamma (p) *E6B (q) /2/s (q) /DD (q) /QQb (q) ;
SH7=SH7+G0b (q) » (besselj(n-1, kappa (q) *b) -

besselj (n+1, kappa (q) *b) ) xgamma (p) *E7B (q) /2/s (q) /DD (q) /QQb (q) ;

for g=1:Ng
SE4=SE4+G6b (q) * (bessel] (n-1, kappa (q) *b) —
besselj(n+l, kappa (q) *b) ) rgamma (p) *E4B (q) /2/s (q) /DD (q) /QQb (q) ;
SE5=SE5+G6b (q) * (bessel]j(n-1, kappa (q) *b) —
bessel]j(n+l, kappa (q) *b) ) rgamma (p) *E5B (q) /2/s (q) /DD (q) /QQb (q) ;
SE6=SE6+G6b (q) * (bessel] (n-1, kappa (q) *b) —
besselj(n+l, kappa (q) *b) ) xgamma (p) *E6B (q) /2/s (q) /DD (q) /QQb (q) ;
SE7=SE7+G6b (q) * (bessel]j(n-1, kappa(q) *b) —
bessel]j(n+l, kappa (q) *b) ) xgamma (p) *E7B (q) /2/s (q) /DD (q) /QQb (q) ;
SF4=SF4+G4Db (q) * (bessel]j (n-1, kappa (q) *b) —
besselj(n+l, kappa (q) *b) ) rgamma (p) *E4B (q) /2/s (q) /DD (q) /QQb (q) ;
SF5=SF5+G4b (q) * (bessel]j (n-1, kappa (q) *b) —
besselj (n+1, kappa (q) *b) ) xgamma (p) *E5B (q) /2/s (q) /DD (q) /QQb (q) ;
SF6=SF6+G4b (q) * (bessel]j(n-1, kappa (q) *b) —
bessel]j(n+l, kappa (q) *b) ) xgamma (p) *E6B (q) /2/s (q) /DD (q) /QQb (q) ;
SF7=SF7+G4b (q) * (bessel]j (n-1, kappa (q) *b) —
besselj (n+1, kappa (q) *b) ) xgamma (p) *E7B (q) /2/s (q) /DD (q) /QQb (q) ;
SG4=SG4+G2b (q) * (bessel]j(n-1, kappa (qg) *b) —
besselj(n+l, kappa (q) *b) ) xgamma (p) *E4B (q) /2/s (q) /DD (q) /QQb (q) ;
SG5=SG5+G2b (q) * (bessel] (n-1, kappa (q) *b) —
besselj(n+l, kappa (q) *xb) ) rgamma (p) *E5B (q) /2/s (q) /DD (q) /QQb (q) ;
SG6=SG6+G2b (q) * (bessel]j(n-1, kappa(qg) *b) —
besselj(n+l, kappa (q) *b) ) xgamma (p) *E6B (q) /2/s (q) /DD (q) /QQb (q) ;
SG7=SG7+G2b (q) * (bessel](n-1, kappa (q) *b) —
bessel]j(n+l, kappa (q) *b) ) rgamma (p) *E7B(q) /2/s (q) /DD (q) /QQb (q) ;
SH4=SH4+G0b (q) * (bessel]j (n-1, kappa (q) *b) —
besselj (n+1, kappa (q) *b) ) xgamma (p) *E4B (q) /2/s (q) /DD (q) /QQb (q) ;
SH5=SH5+G0b (q) * (bessel]j (n-1, kappa (q) *b) —
(
(
(
(
(

end

DA= (-SA3%xSB2%*SC1*SD0+SA2+SB3*SC1l+xSDO+SA3+*SB1xSC2%xSD0-SA1xSB3%xSC2%SD0~—
SA2+SB1xSC3+SDO+SA1*SB2%xSC3xSDO+
SA3xSB2%SCO0*SD1-SA2%SB3*SCOxSD1-SA3*SBO*xSC2%xSD1+SA0*xSB3xSC2%SD1+
SA2xSBO+SC3+*SD1-SA0%SB2+*SC3xSD1—
SA3xSB1+SCO*xSD2+SA1*SB3*SCO*SD2+SA3+SBO+xSC1+SD2-SA0*SB3+«SC1*SD2—
SA1+SBO*SC3+SD2+SA0*SB1*xSC3xSD2+
SA2+SB1xSCO*SD3-SA1*SB2%xSCO*xSD3-SA2+SBO*SC1+xSD3+SA0%xSB2xSC1+SD3+
SA1*SBO0*SC2%*SD3-SA0*SB1*SC2%SD3) ;

DB=(SE7+«SF6*SG5+SH4-SE6+SF7+xSG5+«SH4-SE7*SF5+3G6+SHA+SES5+xSF7+SG6+xSH4+
SE6%SF5xSG7+SH4-SE5*SF6%xSG7xSH4—
SE7+*SF6%SG4*SH5+SE6%SF7+SG4+xSHS5+SE7+SF4xSG6*xSH5-SE4xSF7+xSG6+SH5—
SE6%xSF4%SG7+SH5+SE4*SF6+SG7+xSHS5+
SE7+xSF5+%SG4*SH6-SES5*SF7+SG4+xSH6-SE7*SF4xSG5+xSH6+SE4*xSF7+xSG5+«SH6+
SES5+SF4+SG7+«SH6-SE4+«SF5+SG7+SH6—
SE6+SF5+xSG4+SHT+SE5*SF6+xSG4+xSH7+SE6xSFA4+SG5+xSH7-SE4%xSF6+SG5+SH7 -
SES5*SF4%SG6*SH7+SE4*SF5%xSG6%xSH7) ;

Fdelta=zeros (1,Np); GEOa=0; GEla=0; GE2a=0; GE3a=0;
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for p=1:Np
Fdelta (p)=FF+kdelta(ell,p);

GEOa=GEQa+FF+kdelta(ell,p)*EOA (p); GEla=GEla+FFxkdelta(ell,p)*E1lA(p);
GE2a=GE2a+FFxkdelta(ell,p) *E2A(p); GE3a=GE3a+FFxkdelta(ell,p)*E3A(p);
end

GEO= ( (FF*EOF-GEQOa) » (—SB3+SC2+SD1+SB2+*SC3%*SD1+SB3+SC1+SD2-SB1+SC3%xSD2—
SB2xSC1xSD3+SB1xSC2%SD3) + (FF«E1F-GEla) » (SB3xSC2%xSD0-SB2%xSC3%SD0—
SB3*SCO0*SD2+SB0*SC3%*SD2+SB2*SC0*SD3-SB0*SC2%3SD3) +
(FF*E2F-GE2a) » (-SB3*SC1*SD0+SB1*SC3%*SD0+SB3*SC0O0*SD1-SBO*SC3%*SD1—
SB1*SCO+SD3+SBO0+xSC1%SD3) + (FF+E3F-GE3a) » (SB2+xSC1+*SD0-SB1*SC2%SD0—
SB2xSCO*SD1+SB0*SC2%SD1+SB1+xSC0O0*SD2-SBO0+xSC1%SD2)) /DA;

GEl=- ((FF*EOF-GEQOa) » (-SA3%*SC2%*3SD1+SA2%SC3%*3SD1+SA3%xSC1*xSD2-SA1*xSC3%xSD2—
SA2%SC1l*SD3+SA1*SC2%SD3) + (FF*E1F-GEla) * (SA3%SC2%SD0-SA2%xSC3%xSD0—
SA3%*SCO0*SD2+SA0*SC3*SD2+SA2*SCO0*SD3-SA0*SC2%SD3) +
(FF+E2F-GE2a) » (-SA3%*SC1*SDO+SA1+SC3+SDO0+SA3+xSCO*SD1-SA0*SC3%SD1—
SA1xSCO*SD3+SA0xSC1%SD3) + (FF*E3F-GE3a) * (SA2%xSC1+*SD0—-SA1%xSC2%SD0~—
SA2+xSCO*SD1+SA0*SC2%SD1+SA1+xSCO*SD2-SA0+xSC1%SD2)) /DA;

GE2=( (FF*EQOF-GEQOa) » (-SA3*xSB2*SD1+SA2+xSB3xSD1+SA3+SB1+xSD2-SA1+SB3+SD2—
SA2+*SB1*SD3+SA1*SB2%SD3)+ (FF*E1F-GEla) * (SA3%*SB2*SD0-SA2+xSB3*SD0—
SA3xSBO+SD2+SA0*SB3+«SD2+SA2+SBO*SD3-SA0xSB2xSD3) +
(FF+E2F-GE2a) » (-SA3%*SB1*SD0O+SA1+SB3+SD0+SA3+SBO*SD1-SA0*«SB3+SD1-
SA1xSBO+SD3+SA0%xSB1%SD3) + (FF+E3F-GE3a) » (SA2xSB1xSD0-SA1%SB2%xSD0-
SA2xSBO*SD1+SA0xSB2%SD1+SA1+SB0*SD2-SA0xSB1%xSD2)) /DA;

GE3=- ((FF*EOF-GEOa) » (~SA3+SB2*SC1+SA2+SB3*SC1+SA3+SB1+SC2-SA1+xSB3%xSC2—
SA2xSB1+SC3+SA1xSB2%SC3)+ (FF*E1F-GEla) » (SA3xSB2+xSC0-SA2+SB3%xSCO—
SA3xSBO*SC2+SA0*xSB3#SC2+SA2+SBO*xSC3-SA0xSB2xSC3) +
(FF*E2F-GE2a) » (-SA3%SB1*SCO0+SA1*SB3*SCO0+SA3*SBO0*xSC1-SA0*xSB3%xSC1—
SA1*SBO0*SC3+SA0*SB1*SC3)+ (FF*E3F-GE3a) * (SA2*SB1*SC0-SA1%xSB2*SC0—
SA2+xSBO0*SC1+SA0*xSB2%*SC1+SA1xSB0O*SC2-SA0xSB1%SC2)) /DA;

GE4b=0; GE5b=0; GE6b=0; GE7b=0;

for g=1:Ng
GE4b=GE4b+alpha*FFxeta (ell) *xRR(ell, q) *E4B (q) /b/s
GESb=GE5b+alpha*FFxeta (ell) *xRR(ell, q) *E5B(q) /b/s
GE6b=GE6b+alpha*FFxeta (ell) *xRR(ell, q) *E6B(q) /b/s
GE7b=GE7b+alpha*FF*eta (ell) *xRR(ell, q)*E7B(q) /b/s

end

GE4=( (-GE4b-FF*E4F) » (-SEF7*SG6*SH5+SF6+SG7+*SHS5+SEF7xSG5xSH6-SEF5+SG7xSH6—
SF6xSG5+SH7+SF5+xSG6%SH7) + (-GESb-FF+ESF) » (SF7+SG6*SH4-SF6+«SG7SHA~
SF7+SG4+SH6+SF4xSG7+«SH6+SF6+SG4A+SH7-SF4xSG6%xSHT) +
(-GE6b-FF+E6F) x (-SF7+xSG5%SH4+SF5+SG7+SH4+SF7+xSG4xSH5-SF4%xSG7xSH5~-
SF5%SG4*SH7+SF4%*SG5%SH7) + (-GE7Tb-FF*E7F) * (SF6xSG5*SH4-SF5%SG6*SH4—
SF6xSG4*SH5+SF4xSG6%SH5+SF5xSG4*xSH6—-SF4xSG5%SH6) ) /DB;

GES5=— ( (-GE4b~-FF*EA4F) » (-SE7+*SG6*SH5+SE6+SG7*SH5+SE7*SG5+SH6-SE5+%SG7+*SH6—
SE6+SG5+SH7+SE5+xSG6%SH7) + (-GESb-FF+ESF) x (SE7+SG6*SH4-SE6+SG7+SH4—-
SE7xSG4+xSH6+SE4xSG7+SH6+SE6+SG4+xSH7-SE4xSG6%xSHT7) +
(-GE6b-FF+E6F) x (-SE7+xSG5%SH4+SE5+SG7+SH4+SE7+xSG4*xSH5-SE4+SG7+SH5~-
SES5*SG4+SH7+SE4+xSG5%SH7) + (-GE7b-FF+E7F) x (SE6xSG5*SH4-SE5+%SG6+SH4A~
SE6xSG4*SH5+SE4xSG6+SH5+SE5+xSG4+«SH6-SE4xSG5+«SH6) ) /DB;

GE6=( (-GE4b-FF*E4F) » (-SE7+*SF6*SHS5+SE6+SF7+xSHS5+SE7+*SF5xSH6-SES5*SF7+xSH6—
SE6*SF5%SH7+SES5%SF6%xSH7) + (-GES5b-FF*ESF) * (SE7*SF6xSH4-SE6*SF7xSH4—
SE7+*SF4xSH6+SE4%xSF7+«SH6+SE6+SF4+xSH7-SE4xSF6%xSH7) +
(-GE6b-FF+EGF) x (-SE7*SF5%«SH4+SES5+SF7+*SHA4+SE7+SF4xSH5-SE4+«SF7+SH5~-
SES5*SFA4+SH7+SE4+xSEF5%SH7) + (-GE7b-FF+E7F) x (SE6%xSF5%xSH4-SES5+«SF6+SH4 -
SE6xSF4+«SH5+SE4+xSF6+SH5+SE5+xSF4+«SH6-SE4+xSF5+SH6) ) /DB;

GE7=—( (-GE4b-FF*E4F) x (-SE7+*SF6+xSG5+SE6+SF7+xSG5+SE7*SF5+xSG6—-SE5xSF7xSG6—
SE6#*SF5%SG7+SE5%SF6%SG7) + (-GES5b-FF+ESF) * (SE7*SF6*SG4-SE6*SF7%SG4~-
SE7*SF4+xSG6+SE4%xSF7+«SG6+SE6+SF4xSG7-SE4xSF6%xSG7) +
(-GE6L-FF+EGF) x (-SE7*SF5%SG4+SES5+SF7+SG4+SE7+SF4xSG5-SE4+«SF7+SG5—
SES5*SF4%SG7+SE4*SF5%SG7) + (-GE7Tb-FF*E7F) * (SE6*SF5%SG4-SE5*SF6%xSG4—
SE6+SF4xSG5+SE4xSF6+SG5+SE5+xSF4+xSG6—-SE4+«SF5xSG6) ) /DB;

VFA= (-Fdelta+GEO*G6a.* (bessel]j(n-1,gammaxa)-besselj(n+l,gammax*a)) .xgamma./CC./QQa/2+
GE1*G4a.x (bessel]j(n-1,gammax*a)-besselj(n+l,gamma*a)) .+xgamma./CC./QQa/2+
GE2*G2a.x (besselj(n-1,gammaxa)-besselj(n+l,gamma*a)) .+ gamma./CC./QQa/2+
GE3xGOa.* (besselj(n-1,gamma*a)-besselj(n+l,gammaxa)) .+*gamma./CC./QQa/2).";

V0= (G6a.* (bessel](n-1,gammax*a)-bessel’j(n+l,gamma*a)) .+gamma./CC./QQa/2/DA).";

V1=-(G4a.* (besselj(n-1,gamma*a)-bessel]j(n+l,gammaxa)) .*gamma./CC./QQa/2/DA).";

V2= (G2a.* (besselj(n-1,gammaxa)-besselj(n+l,gammax*a)) .xgamma./CC./QQa/2/DA).";

V3=-(GOa.* (besselj(n-1,gammax*a)-besselj(n+l,gammax*a)) .*gamma./CC./QQa/2/DA).";

VFB= (alphaxFFxeta(ell).*«RR(ell,:)./s./DD/b+
GE4+G6b. (besselj(n-1,kappax*b)-besselj(n+l,kappa*b)) .xkappa./s./DD./QQb/2+

/DD (q) ;
/DD (q) ;
/DD (q) ;

(a
(a
(a
(q) /DD (q) ;

)
)
)
)
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GE5xG4b. * (bessel]j(n-1, kappaxb) -besselj(n+l, kappaxb)) .+kappa./s./DD./QQb/2+
GE6+G2b. x (bessel]j(n—1, kappaxb)-besselj(n+1, kappa*b)) .rkappa./s./DD./QQb/2+
GE7+GO0b. * (bessel]j(n-1, kappa*b) -bessel’j (n+l, kappa+b)) .*kappa./s./DD./QQb/2).";
V4= (G6b.* (bessel](n-1, kappaxb)-bessel]j(n+l, kappax*b)) .*kappa./s./DD./QQb/2/DB) ."
V5=—(G4b.* (besselj(n-1, kappa*b)-bessel]j(n+l, kappax*b)) .*kappa./s./DD./QQb/2/DB) ."
V6= (G2b.* (besselj(n-1, kappaxb)-besselj(n+l,kappa*b)) .+xkappa./s./DD./QQb/2/DB).";
V7=-(G0b. * (bessel’j(n-1, kappa*b)-besselj(n+l,kappa*b)) .+xkappa./s./DD./QQb/2/DB).";
MO=zeros (Np,Nq) ; Ml=zeros (Np,Nq); M2=zeros (Np,Nqg); M3=zeros (Np,Nqg); M4=zeros (Np,Nq) ;
M5=zeros (Np,Nq) ; Mé=zeros (Np,Nq); M7=zeros (Np,Nqg); MFA=zeros (Np,Nq);
for p=1:Np
for g=1:Ng
MO(end,q)=EOB(q);
1(p,q)=alpha*RR(p,q) *E0A (p) /a/CC (p) ;
(end,q) =E1B(q);
3(p,q)=alpha+RR (p,q) *E1A(p) /a/CC(p) ;
(end,q) =E2B(q);
5(p, q) =alphax*RR (p, q) *E2A (p) /a/CC (p) ;
6 (end, q)=E3B(q) ;
7 (p,q) =alpha*RR (p, q) *E3A (p) /a/CC (p)
MFA(p q) =alpha*RR(p,q)/a/CC(p);
end
end
M8=zeros (Ng,Np); M9=zeros (Nqg,Np); MlO=zeros (Nqg,Np); Mll=zeros (Nqg,Np); Ml2=zeros (Nqg,Np);
M13=zeros (Ng,Np); Ml4=zeros (Nqg,Np); Ml5=zeros (Nqg,Np); MFB=zeros (Nqg,Np);
for p=1:Np
for g=1:Ng
M8 (q, p):—alpha*eta(p)*RR(p,q)*E4B(q)/b/s(q)/DD(q

) ’
M10 (g, p) =—alphaxeta (p) *RR(p, q) *E5B (q) /b/s (q) /DD (q) ;
M12( p)=—alphaxeta (p) *RR (p, q) *E6B (q) /b/s (q) /DD (q) ;
M14(q,p) =-alphaxeta (p) *RR(p, q) *E7B (q) /b/s (q) /DD (q) ;
MFB (q, p) =alphaxeta (p) *RR (p, q) /b/s (q) /DD (q) ;

end
M9 (end, p) =E4A (p) ;
M11 (end, p) =E5A (p) ;
M13 (end, p) =E6A (p) ;
M15 (end, p) =E7A (p) ;

end

ep=ones (1,Np); eg=ones(1,Nq);

Ap= (eye (Np) — (
+ ((-SB3%SC2xSD1+SB2xSC3%SD1+SB3*SC1*SD2-SB1+*SC3%xSD2-SB2xSC1+SD3+
SB1xSC2%SD3) *V0+ (—~SA3%xSC2%SD1+SA2+xSC3%SD1+SA3+xSC1*SD2—-SA1+xSC3%SD2—
SA2+*SC1l*SD3+SA1*SC2%SD3) *V1+ (-SA3+SB2+xSD1+SA2+SB3+*SD1+SA3+SB1+SD2—
SA1*SB3+SD2-SA2+SB1*SD3+SA1+3SB2%*SD3) xV2+ (-SA3+xSB2+xSC1+SA2+SB3*SC1+
SA3%xSB1%SC2-SA1xSB3%SC2-SA2+xSB1+SC3+SA1xSB2%xSC3) xV3) xep*M0
+ ((=SB3xSC2xSD1+SB2xSC3xSD1+SB3xSC1*SD2-SB1xSC3*SD2-SB2%xSC1*SD3+
SB1xSC2%SD3) *V0+ (—~SA3%xSC2%*SD1+SA2+xSC3%SD1+SA3xSC1*SD2-SA1xSC3%SD2—
SA2+SC1lxSD3+SA1xSC2%SD3) *V1+ (-SA3+SB2%xSD1+SA2+SB3+xSD1+SA3+xSB1+SD2~
SA1*SB3+SD2-SA2+SB1*SD3+SA1+3SB2+*SD3) xV2+ (-SA3+xSB2+xSC1+SA2+«SB3*SC1+
SA3+xSB1%SC2-SA1xSB3%SC2-SA2+xSB1+SC3+SA1xSB2+xSC3) xV3) xep*M1
+ ((SB3*SC2%xSD0-SB2%SC3xSD0-SB3xSCO0*SD2+SBO0*SC3%SD2+SB2+SCOxSD3~
SBO*SC2%SD3) *V0+ (SA3*SC2+*SD0-SA2+SC3*SD0-SA3*SCO*SD2+SA0*SC3*SD2+
SA2+SCO*SD3-SA0*xSC2%SD3) xV1+ (SA3xSB2+SD0-SA2+SB3+xSD0-SA3+«SBOxSD2+
SAO*SB3+SD2+SA2+xSBO*SD3-SA0*SB2+SD3) xV2+ (SA3+xSB2+xSCO-SA2+SB3%xSCO-
SA3%SBO*SC2+SA0*xSB3*SC2+SA2xSBO*SC3-SA0%xSB2xSC3) xV3) xep*M2
+ ((SB3*SC2%xSD0-SB2%SC3+xSD0-SB3xSCO0*SD2+SBO0*SC3%SD2+SB2+SCOxSD3~—
SBO*SC2%SD3) *V0+ (SA3*SC2+*SD0-SA2+SC3*SD0-SA3*SCO*SD2+SA0*SC3*SD2+
SA2+SCO*SD3-SA0*xSC2+SD3) *V1+ (SA3xSB2+SD0-SA2+SB3%xSD0-SA3+«SBOxSD2+
SAO*SB3+SD2+SA2+xSBO*SD3-SA0*SB2+SD3) xV2+ (SA3+xSB2+xSCO-SA2+SB3%xSCO-
SA3%SBO*SC2+SA0xSB3*SC2+SA2xSBO*SC3-SA0xSB2xSC3) xV3) xep*M3
+ ((-SB3*SCLlxSDO+SB1*SC3%xSDO+SB3*SCOxSD1-SBO*SC3%xSD1-SB1xSCO*SD3+
SBO*SC1%SD3) *V0+ (-SA3+xSC1+xSDO0+SA1+SC3+xSDO+SA3+SCO+xSD1-SAO0+SC3+SD1—
SA1*SCO+xSD3+SA0+xSC1%SD3) *V1+ (-SA3+SB1+SDO+SA1+xSB3*SDO+SA3+«SBO*SD1~
SAO*SB3xSD1-SA1xSBO*SD3+SA0*SB1%SD3) «V2+ (-~SA3%SB1xSCO+SALxSB3xSCO+
SA3+xSBO*SC1-SA0*SB3%SC1-SA1xSBO*SC3+SA0xSB1%SC3) *V3) xep*xM4
+ ((-SB3*SC1lxSDO+SB1*SC3xSDO+SB3*SCOxSD1-SBO*SC3xSD1-SB1xSCOxSD3+
SBO*SC1xSD3) *VO0+ (-SA3xSC1+SDO+SA1+SC3%xSDO0+SA3+«SCO+xSD1-SA0+xSC3+SD1~
SA1*SCO+SD3+SA0+xSC1%SD3) *V1+ (-SA3+SB1+SDO+SA1+SB3+xSDO+SA3+«SBO*SD1~-
SAO*SB3xSD1-SA1xSBO*SD3+SA0xSB1%SD3) *V2+ (-~SA3%SB1xSCO+SALxSB3xSCO+
SA3+xSBO*SC1-SA0*SB3%SC1-SA1+xSBO*SC3+SA0xSB1%SC3) *V3) xep*M5
+ ((SB2*SC1*xSD0-SB1xSC2%SD0-SB2+xSCO*SD1+SBO0*SC2%xSD1+SB1xSCO*xSD2—
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SBO*SC1+SD2) *VO+ (SA2+SC1*SD0-SA1+SC2+SD0-SA2+SCO*SD1+SA0*SC2%SD1+
SA1+SCO+SD2-SA0*SC1%SD2) *V1+ (SA2+SB1+SD0-SA1+xSB2xSD0-SA2+SBO*SD1+
SAO0*SB2%*SD1+SA1*SBO0*SD2-SA0*SB1%SD2) *V2+ (SA2xSB1xSCO-SA1*SB2%xSCO-
SA2xSBO*SC1+SA0*xSB2%SC1+SA1xSBO*SC2-SA0*xSB1%SC2) «V3) xep*M6

+ ((SB2+SC1%SD0-SB1+SC2+xSD0-SB2+xSCO0*SD1+SBO*SC2+SD1+SB1+SCO+xSD2~
SBO*SC1+SD2) *VO+ (SA2+SC1*SD0O-SA1+SC2+SD0-SA2+SCO*SD1+SA0*SC2%SD1+
SA1%SCO*SD2-SA0%xSC1%SD2) *V1+ (SA2xSB1+SD0O-SA1+SB2%xSD0—-SA2+«SBOxSD1+
SAO*SB2xSD1+SA1xSBO*SD2-SA0*SB1%SD2) *V2+ (SA2+SB1+xSCO0-SA1+SB2xSCO—
SA2xSBO*SC1+SA0xSB2%SC1+SA1xSBO*SC2-SA0xSB1%SC2) «V3) xep*M7+MFA)

* (

+ ((SE7+xSG6%xSHS5-SF6+SG7+xSHS5-SF7+xSG5+xSH6+SF5+xSG7+xSH6+SF6xSG5+xSHT7—
SE5%SG6xSH7) *V4+ (SE7+xSG6xSH5-SE6xSG7+SHS5-SE7*SG5+xSH6+SES5+SG7+xSH6+
SE6%*SG5*SH7-SE5%SG6%*SH7) *V5+ (SE7*SF6+SHS5-SE6*SF7+*SHS5-SE7+SF5%SHG6+
SE5%SF7+SH6+SE6*SF5«SH7-SE5%SF6%SH7) *V6+ (SE7*SF6+SG5-SE6*SF7%SG5—
SE7+xSF5+SG6+SES5+xSF74SG6+SE6xSF5+%SG7-SES5xSF6+SG7) «V7) xeq*xM8

+ ((SE7xSG6*xSH5-SF6%SG7xSH5-SF7xSG5+SHO+SF5*SG7+SH6+SF6+%SG5xSHT7—
SE5%SG6xSH7) xV4+ (SE7+SG6xSH5-SE6xSG7+SHS5-SE7*SG5+xSH6+SES5+SG7+xSH6+
SE6%*SG5*SH7-SE5%SG6%*SH7) *V5+ (SE7*SF6+*SH5-SE6*SF7+*SH5-SE7*SF5%SHG6+
SES5*SF7+xSH6+SE6%xSF5+SH7-SES5*SF6+SH7) *V6+ (SE7*SF6+SG5-SE6+SF7+xSG5~
SE7+xSF5+SG6+SES5+xSF7+SG6+SE6xSF5+4SG7-SES5xSF6+SG7) xV7) xeq*xM9

+ ((-SF7%SG6+xSHA+SF6+xSG7+SHA+SF7+SG4*xSH6-SF4+SG7+xSH6-SF6xSG4+SHT+
SF4xSG6%SH7) *V4+ (-SE7+xSG6*SHA+SE6xSG7+*SHA+SE7+xSG4*SH6-SE4+xSG7+SH6—
SE6+*SG4*SH7+SE4%SG6*SH7) *V5+ (-SE7+SF6xSHA+SE6+SF7+SHA+SE7+SF4+SH6—
SE4*SF7+SH6-SE6+xSF4+«SH7+SE4+SF6+SH7) *V6+ (-SE7+SF6%xSG4+SE6+SF7+SG4+
SE7+xSF4%SG6-SE4xSF7+%SG6—-SE6+xSF4+SG7+SE4xSF6%SG7) «V7) xeq*M10

+ ((-SF7xSG6*xSH4+SF6+xSG7+SH4+SEF7xSG4*SH6-SF4xSG7+*SH6—-SF6%xSG4*SH7+
SF4+SG6xSH7) *V4+ (-SE7+xSG6+SH4+SE6+SG7+xSH4+SE7+SG4+xSH6-SE4xSG7+SH6—
SE6%*SG4*SH7+SE4%SG6*SH7) *V5+ (-SE7+SF6xSHA+SE6+SF7+SHA+SE7+SF4+SH6—
SE4*SF7+SH6-SE6+xSF4+xSH7+SE4+SF6+SH7) xV6+ (-SE7+xSF6+xSG4+SE6+SF7+SG4+
SE7+xSF4%SG6-SE4+xSF7+SG6-SE6+xSF4+SG7+SE4xSF6+SG7) «V7) xeq*M11

+ ((SF7+xSG5%SH4A-SF5+xSG7+*SHA-SF7+xSG4*SH5+SF4xSG7+xSH5+SF5xSG4*xSHT7~
SF4+SG5%xSH7) xV4+ (SE7+SG5+xSHA-SE5+xSG7+SH4-SE7*SG4+xSH5+SE4+SG7+SH5+
SES5+SG4xSH7-SE4xSG5+SH7) *V5+ (SE7+SF5+SHA-SES5*SF7+«SH4-SE7+SF4xSH5+
SE4*SF7+SH5+SE5+SF4+xSH7-SE4+SF5+SH7) *V6+ (SE7+SF5%xSG4-SES5+«SF7+SG4~
SE7+*SF4%SG5+SE4+xSF7+SG5+SES5+xSF4+SG7-SE4*xSF5+SG7) «V7) xeq*M12

+ ((SEF7+xSG5%SH4-SF5+SG7+*SHA-SF7+SG4*SH5+SF4xSG7+xSH5+SF5xSG4*xSHT7~
SF4xSG5%SH7) «V4+ (SE7+xSG5+SH4-SE5%SG7+SH4-SE7xSG4xSH5+SE4xSG7+SH5+
SES5+SG4xSH7-SE4xSG5+SH7) *V5+ (SE7+xSF5+SH4-SE5*SF7+«SH4-SE7+SF4xSH5+
SE4*SF7+SH5+SE5+xSF4+xSH7-SE4+SF5+SH7) *V6+ (SE7+SF5%xSG4—-SES5+SF7+xSG4—
SE7%SF4xSG5+SE4xSE7xSG5+SES5*SF4%SG7-SE4+SF5xSG7) xV7) xeqxM13

+ ((—~SF6%xSG5+%SH4+SF5+SG6+SHA+SF6+xSG4*xSH5-SF4+SG6+SHS5-SF5+xSG4+SH6+
SF4%SG5%SH6) *V4+ (-SE6xSG5+xSHA+SES5+SG6xSHA+SE6+SG4A+xSHS5-SE4+SG6+SH5—
SES5*SG4+SH6+SE4+xSG5%SH6) *V5+ (-SE6+SF5+xSHA+SE5+SF6+xSH4+SE6+SF4«SH5—
SE4+SF6+SH5-SE5+xSF4+xSH6+SE4+SF5+SH6) *V6+ (-SE6+xSF5%xSG4+SES5+«SF6+SG4+
SE6%xSF4%SG5-SE4+xSF6+SG5-SES5+xSF4+SG6+SE4xSF5%SG6) xV7) xeq*M14

+ ((—-SF6%xSG5+%SH4+SF5+SG6+*SHA+SF6+xSG4*xSHS5-SF4+SG6+SHS5-SF5+xSG4+SH6+
SF4+SG5+xSH6) *V4+ (-SE6xSG5+SH4+SES5+SG6+*SHA+SE6+SG4+xSH5-SE4xSG6+SH5—
SE5+SG4+SH6+SE4+xSG5%SH6) *V5+ (-SE6+SF5+SHA+SE5+SF6+xSHA+SE6+SF4«SH5—
SE4%SF6xSH5-SES5xSF4xSHO6+SE4xSE5%SH6) «V6+ (—~SE6%SF5%xSG4+SESxSF6+SG4+
SE6%SF4xSG5-SE4*SF6+SG5-SE5*SF4+SG6+SE4xSF5%SG6) xV7) xeq«M15-MFB) ) \
(VFA+ (

+ ((-SB3%SC2xSD1+SB2xSC3+SD1+SB3*SC1%SD2-SB1+SC3+SD2-SB2xSC1+SD3+
SB1*SC2+SD3) *VO+ (-SA3%SC2%SD1+SA2+SC3+SD1+SA3+xSC1*SD2-SA1+SC3%SD2~—
SA2+xSC1*SD3+SA1xSC2%SD3) *V1+ (-SA3%xSB2%xSD1+SA2+xSB3%xSD1+SA3+xSB1*SD2~—
SA1xSB3xSD2-SA2xSB1+xSD3+SA1%3SB2%SD3) xV2+ (-SA3xSB2xSCL1+SA2+SB3+SC1+
SA3%xSB1%SC2-SA1xSB3%SC2-SA2xSB1*SC3+SA1xSB2%xSC3) xV3) xepxMO+VEB

+ ((~SB3%SC2xSD1+SB2+SC3+SD1+SB3*SC1%SD2-SB1+SC3+SD2-SB2xSC1+SD3+
SB1xSC2%SD3) *V0+ (-SA3%xSC2%SD1+SA2xSC3%SD1+SA3xSC1*SD2-SA1+xSC3%SD2~—
SA2%*SC1l*SD3+SA1*SC2%SD3) *V1+ (-SA3+xSB2xSD1+SA2+xSB3+xSD1+SA3+xSB1+xSD2—
SA1xSB3xSD2-SA2%xSB1+xSD3+SA1%3SB2%SD3) xV2+ (-SA3xSB2xSCL1+SA2+SB3%SC1l+
SA3xSB1%xSC2-SA1xSB3%SC2-SA2xSB1*SC3+SA1xSB2%xSC3) xV3) xep*M1+VEB

+ ((SB3%xSC2%SD0-SB2+*SC3+SD0-SB3+xSCO0*xSD2+SB0*SC3%SD2+SB2+SCO+xSD3—
SBO*SC2xSD3) *VO+ (SA3%SC2xSD0-SA2xSC3*SDO-SA3*SCO*SD2+SA0*SC3xSD2+
SA2%SCO*SD3-SA0%xSC2%SD3) *V1+ (SA3xSB2+SD0-SA2+SB3%xSD0—-SA3«SBOxSD2+
SAO*SB3%SD2+SA2+xSB0*SD3-SA0xSB2%SD3) *V2+ (SA3xSB2*SCO0-SA2+xSB3%SCO-
SA3xSBO*SC2+SA0xSB3%SC2+SA2+xSBO*SC3-SA0*xSB2%xSC3) xV3) xep*xM2+VEB

+ ((SB3%xSC2%SD0-SB2+SC3+SD0-SB3+SCO0*xSD2+SB0*SC3%SD2+SB2+SCO+SD3—~
SBO*SC2xSD3) *VO+ (SA3%SC2xSD0-SA2xSC3+SDO0-SA3*SCO*xSD2+SA0%SC3xSD2+
SA2%SCO*SD3-SA0xSC2%SD3) *V1+ (SA3xSB2+SD0-SA2+SB3%xSD0—-SA3«SBOxSD2+
SAQ0*SB3%*SD2+SA2+*SB0*SD3-SA0*SB2*SD3) *V2+ (SA3*SB2*SCO0-SA2xSB3*SCO-
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SA3xSBO*SC2+SA0xSB3+SC2+SA2+xSBO*SC3-SA0xSB2%xSC3) xV3) xep*M3+*VEB
+((-SB3%SCLlxSDO+SB1xSC3%SD0+SB3*SCO%xSD1-SBO*SC3xSD1-SB1xSCO*SD3+
SBO#SC1xSD3) *VO+ (-SA3xSC1*SDO+SA1*SC3%xSDO0+SA34%SCO+xSD1-SA0*xSC3*SD1—
SA1*SCO*SD3+SA0*SC1*SD3) *V1+ (-SA3+SB1+*SDO+SA1+SB3+SDO+SA3+SBO+SD1—
SAO+SB3%xSD1-SA1+xSBO*SD3+SA0*SB1+SD3) *V2+ (-~SA3+«SB1+SCO+SAL1+SB3+SCO+
SA3xSBO*SC1-SA0xSB3%SC1-SA1+xSBO*SC3+SA0xSB1xSC3) xV3) xep*xM4xVEB
+ ((-SB3%SCLlxSDO+SB1xSC3%SD0+SB3*SCO%xSD1-SBO*SC3xSD1-SB1xSCO*SD3+
SBOxSC1%SD3) *V0+ (-SA3xSC1*SDO+SA1*xSC3%SDO0+SA3xSCO*SD1-SA0*xSC3%SD1—-
SA1*SCO*SD3+SA0*SC1*SD3) *V1+ (-SA3+SB1+*SDO0+SA1+SB3+SDO+SA3+SBO+SD1—
SAO*SB3+SD1-SA1+SBO*SD3+SA0*SB1*SD3) xV2+ (-SA3+xSB1+xSCO+SA1+SB3*SCO+
SA3+xSBO*SC1-SA0*xSB3%SC1-SA1+xSBO*SC3+SA0xSB1xSC3) xV3) xep*xM5+VEB
+ ( (SB2xSC1%xSD0-SB1+SC2%SD0-SB2+SCO*SD1+SBOxSC2%xSD1+SB1xSCO*xSD2~
SBO*SC1%SD2) *V0+ (-SA2xSC1*SD0+SA1*SC2%*SD0+SA2+xSCO*SD1-SA0*xSC2%SD1—
SA1*SCO0*SD2+SA0*SC1*SD2) *V1+ (SA2+SB1*SD0-SA1*SB2*SD0-SA2«SBO*SD1+
SAO*SB2+SD1+SA1+SBO*SD2-SA0*SB1+*SD2) xV2+ (SA2+xSB1+xSCO-SA1+SB2+xSCO-
SA2%SBO*SC1+SA0*xSB2xSC1+SAL1*SBO*SC2-SA0xSB1xSC2) xV3) xep*M6+VEB
+ ( (SB2xSC1*SD0-SB1+xSC2%SD0-SB2+SCO*SD1+SBO*xSC2%xSD1+SB1xSCO*xSD2~
SBOxSC1%SD2) *V0+ (-SA2xSC1*SD0+SA1*SC2%*SD0+SA2+xSCO*SD1-SA0*xSC2%SD1—
SA1+SCO*SD2+SA0%xSC1%SD2) xV1+ (SA2xSB1+SDO-SA1*SB2+xSD0-SA2+SBO+SD1+
SAO*SB2+SD1+SA1+xSBO*SD2-SA0*SB1*SD2) xV2+ (SA2+xSB1+xSCO-SA1+SB2%xSCO-
SA2%SBO*SC1+SA0*xSB2xSC1+SA1*xSBO*SC2-SA0%xSB1xSC2) xV3) xep*M7+VEB+MFAxVEB) ) ;

Bg=VFB+ (
+ ((SE7xSG6*SHS5-SF6+SG7+SHS5-SEF7xSG5+xSH6+SEF5*xSG7+xSH6+SEF6%xSG5+xSHT7—
SE5xSG6+SH7) *V4+ (SE7+SG6*SHS5-SE6+SG7+*SH5-SE7+SG5+xSH6+SES5+«SG7+SH6+
SE6xSG5+SH7-SE5+%SG6%SH7) *V5+ (SE7+SF6+SH5-SE6+xSF7+xSH5-SE7«SF5+«SH6+
SES5#SF7xSH6+SE6xSE5+SH7-SE5*SF64SH7) «V6+ (SE7*SF6%SG5-SE6%SF7xSG5~—
SE7xSF5%SG6+SES5*SF7%SG6+SE6xSF5%SG7-SES5xSF6%SG7) #V7) xeq*xM8
+ ((SF7*SG6*SH5-SF6%*SG7*SH5-SF7+SG5*SH6+SF5%«SG7*SHO6+SF6*SG5%SH7—
SEF5xSG6+xSH7) *V4+ (SE7+SG6*SHS5-SE6+SG7+*SH5-SE7+SG5%SH6+SES5+«SG7+SH6+
SE6%SG5*xSH7-SE5xSG6%*SH7) xV5+ (SE7xSF6+SH5-SE6+SE7+xSH5-SE7«SF5xSH6+
SE5*«SF7+xSH6+SE6xSF5+SH7-SE5+SF6%SH7) *V6+ (SE7+SF6%SG5-SE6+SF7xSG5—
SE7xSF5%SG6+SES5*SF7%SG6+SE6xSF5%SG7-SE5xSF6%SG7) «V7) xeq*xM9
+ ((-SEF7+SG6xSHA+SF6+xSG7+SHA+SF7+SG4+*SH6—-SF4+SG7+xSH6-SF6+xSG4xSHT7+
SF4xSG6+xSH7) *V4+ (-SE7+SG6+*SHA+SE6+SG7+*SHA+SE7+SG4*SH6-SE4+SG7+SH6—
SE6xSG4*SH7+SE4xSG6+SH7) *V5+ (-SE7+xSF6+SHA+SE6xSF7+xSHA+SE7+xSF4+SH6—
SE4%SF7*SH6-SE6*SF4*SH7+SE4%SF6%SH7) *V6+ (-SE7+xSF6+xSG4+SE6+xSF7+xSG4+
SE7xSF4%xSG6-SE4xSF7+%SG6—-SE6xSF4%xSG7+SE4xSF6%SG7) «V7) xeq*xM10
+ ((~SF7+«SG6xSHA+SF6+xSG7+SHA+SF7+SG4+*SH6—-SF4+SG7+xSH6-SF6+xSG4+SHT7+
SF4xSG6+SH7) *V4+ (-SE7+«SG6*SHA+SE6+SG7+*SHA+SE7+SG4*SH6-SE4+SG7+SH6—
SE6%xSG4*SH7+SE4xSG6+SH7) *V5+ (-SE7+xSF6+SHA4+SE6%xSF7+xSHA+SE7+xSF4+SH6—
SE4+«SF7+xSH6-SE6xSFA4xSH7+SE4*xSF6+«SH7) *V6+ (—~SE7+*SF6xSGA+SE6xSF7+SG4+
SE7xSF4%SG6-SE4xSF7+%SG6—-SE6xSF4%SG7+SE4xSF6%SG7) «V7) xeq*xM11
+ ((SEF7*SG5«SH4-SEF5%SG7*SH4-SF7+«SG4*SH5+SF4%xSG7+«SH5+SF5%xSG4+xSHT7—
SF4xSG5+SH7) xV4+ (SE7+xSG5%SH4-SES5+SG7+*SH4-SE7+xSG4xSH5+SE4+«SG7xSHS+
SE5%SG4*SH7-SE4%*SG5%SH7) *V5+ (SE7*SF5%xSH4-SES5*SF7xSH4-SE7xSF4xSH5+
SE4%SF7*SH5+SES5*SF4*SH7-SE4%*SF5%SH7) *V6+ (SE7*SF5%SG4-SES5*SF7%SG4—
SE7+xSF4%SG5+SE4xSF7+xSG5+SES5*xSF4%SG7-SE4xSF5%SG7) «V7) xeq*xM12
+ ((SF7*SG5*SH4-SF5%SG7*SH4-SF7+«SG4*SH5+SF4%«SG7«SH5+SF5%xSG4+xSHT7—
SF4%SG5xSH7) *V4+ (SE7+SG5xSH4-SES5xSG7+SH4-SE7*SG4*SH5+SE4«SG7+xSH5+
SE5%SG4*SH7-SE4%*SG5%SH7) *V5+ (SE7*SF5xSH4-SES5*SF7xSH4-SE7xSF4xSH5+
SE4%SF7*SH5+SE5%SF4*SH7-SE4*SF5%SH7) *V6+ (SE7*SF5%SG4—-SES5*SF7%SG4—
SE7+SF4xSG5+SE4xSF7+SG5+SES5*SF4+SG7-SE4+«SF5+xSG7) «V7) xeqxM13
+((~SF6%xSG5%SH4+SF5+SG6+*SHA+SF6+xSG4*xSH5-SF4+«SG6+SHS5-SF5+xSG4+SH6+
SF4%SG5xSH6) *V4+ (-SE6xSG5+SH4+SE5+SG6*xSH4+SE6%SG4xSH5-SE4xSG6+SH5—
SE5%SG4*SH6+SE4xSG5%SH6) *V5+ (-SE6%xSF5+«SHA+SES5+*SF6+xSHA4+SE6%xSF4*SH5-
SE4%*SF6*SH5-SE5*%SF4*SH6+SE4*SF5%«SH6) *V6+ (-SE6+xSF5+xSG4+SES5+SF6+SG4+
SE6+SF4xSG5-SE4xSF6+SG5-SE5*SF4+SG6+SE4+SF5+x5G6) «V7) xeqxM14
+((-SF6xSG5+xSHA+SF5xSG6*xSHA+SF6+SG4*xSHS5-SF4xSG6*xSHS5-SF5xSG4+xSH6+
SF4%SG5xSH6) *V4+ (-SE6xSG5+SH4+SE5*SG6%xSH4+SE6%SG4xSH5-SE4xSG6+SH5—
SE5%SG4*SH6+SE4%*SG5%SH6) *V5+ (-SE6+xSF5+xSHA+SES+SF6+xSHA+SE6+xSF4+SH5—
SE4%*SF6*SH5-SE5*%SF4*SH6+SE4*SF5%«SH6) *V6+ (-SE6+xSF5+xSG4+SES5+SF6+SG4+
SE6xSF4%SG5-SE4xSF6+SG5-SES5+xSF4%SG6+SE4xSF54SG6) *V7) xeqxM15-MFB) *Ap;

end

function d=kdelta(n,m)

if n==m
d=1;

else
d=0;

end

end

209



Bibliography

[1] J. W. Miles, “The analysis of plane discontinuities in cylindrical tubes. Part I”, Journal
of the Acoustical Society of America, 17(3), 259-271, (1946).

[2] H. Levine and J. Schwinger, “On the radition of sound from an unflanged circular
pipe”, Physical Review, 73(4), 383-406, (1948).

[3] U. Ingdrd, “On the radiation of sound into a circular tube, with an application to
resonators”, Journal of the Acoustical Society of America, 20(5), 665-682, (1948).

[4] F. C. Karal, “The analogous acoustical impedance for discontinuities and constrictions
of circular cross section”, Journal of the Acoustical Society of America, 25(2), 327-334,
(1953).

[5] A. Cummings, “Sound transmission at sudden area exapansions in circular ducts,
with superimposed mean flow”, Journal of Sound and Vibration, 38, 149-155, (1975).

[6] D. Ronneberger, “Experimentelle untersuchungen zum akustischen reflexionsfaktor
von unstetigen querschnittsinderungen in einem luftdurchstromten rohr”, Acustica,
19, 222-235, (1967).

[7] M. L. Munjal, “Velocity ratio-cum-transfer matrix method for the evaluation of a
muffler with mean flow”, Journal of Sound and Vibration, 39(1), 105-119, (1975).

[8] K. S. Peat, “Evaluation of four-pole parameters for ducts with flow by the finite
element method”, Journal of Sound and Vibration, 84(3), 389-395, (1982).

[9] M. L. Munjal and M. G. Prasad, “On plane-wave propagation in a uniform pipe in
the presence of a mean flow and a temperature gradient”, Journal of the Acoustical
Society of America, 80(5), 1501-1506, (1986).

[10] C. I. J. Young, “Acoustic analysis of mufflers for engine exhuast systems”, Ph.D
thesis School of Mechanical Engineering, Purdue University, Appendix IV, (1973).

[11] K. S. Peat, “The transfer matrix of a uniform duct with a linear temperature gradi-
ent”, Journal of Sound and Vibration, 123(1), 43-53, (1988).

210



[12] R. I. Sujith, “Transfer matrix of a uniform duct with an axial mean temperature
gradient”, Journal of the Acoustical Society of America, 100(4), 2540-2542, (1996).

[13] A. M. Cargill, “Low frequency acoustic radiation from a jet pipe -a second order
theory”, Journal of Sound and Vibration, 83(3), 339-354, (1982).

[14] R. M. Munt, “The interaction of sound with a subsonic jet issuing from a semi-infinite
cylindrical pipe”, Journal of Fluid Mechanics, 83, 609-640, (1977).

[15] J. Th and B. Lee, “Analysis of higher-order mode effects in the circular expansion
chamber with mean flow”, Journal of the Acoustical Society of America, 77(4), 1377-
1388, (1985).

[16] S. Yiand B. Lee, “Three-dimensional acoustic analysis of a circular expansion cham-
ber with side inlet and end outlet”, Journal of the Acoustical Society of America, 81(5),
1279-1287, (1987).

[17] K. S. Peat, “The acoustical impedance at discontinuities of ducts in the presence of
a mean flow”, Journal of Sound and Vibration, 127(1), 123-132, (1988).

[18] J. B. Lawrie and I. D. Abrahams, “Acoustic radiation from two opposed semi-infinite

coaxial cylindrical wavesguides. I1: separated ducts”, Wave Motion, 19, 83-109, (1994).

[19] A. D. Sahasrabudhe and M. L. Munjal, “Analysis of inertance due to the higher
order mode effects in a sudden area discontinuity”, Journal of Sound and Vibration,
185(3), 515-529, (1995).

20] R. Kirby, “A comparison between analytic and numerical methods for modelling
Y.
automative dissipative silencers with mean flow”, Journal of Sound and Vibration,

325, 565-582, (2009).

[21] D. Homentcovschi and R. N. Miles, “Re-expansion method for circular waveguide
discontinuities: application to concentric expansion chambers”, Journal of the Acous-
tical Society of America, 131(2), 1158-1171, (2012).

[22] S. Foller and W. Polifke, “Identification of aero-acoustic scattering matrices from
large eddy simulation. Application to a sudden area expansion of a duct”, Journal of
Sound and Vibration, 331, 3096-3113, (2012).

[23] J. Smagorinsky, “General circulation experiments with the primitive equations”,

Monthly Weather Review, 91(3), 99164, (1963).

[24] E. Perrey-Debain, R. Maréchal, J. M. Ville, “Side-branch resonators modelling with
Green’s function methods”, Journal of Sound and Vibration, 333, 4458-4472, (2014).

211



[25] A. W. Leissa “Vibration of Shells”, NASA, SP-288 (1973).

[26] C. B. Burroughs, “Acoustic radiation from fluid-loaded infinite circular cylinders
with doubly periodic ring supports”, Journal of the Acoustical Society of America,
75(3), 715-722, (1984).

[27] E. H. Kennard, “The new approach to shell theory: circular cylinders”, Journal of
Applied Mechanics, 20, 33-40, (1953).

[28] J. B. Lawrie, “Vibrations of a heavily loaded, semi-infinite, cylindrical elastic shell.
I”, Proceeedings of the Royal Society of London, 408, 103-128, (1986).

[29] J. B. Lawrie, “An infinite, elastic, cylindrical shell with a finite number of ring
constraints”, Journal of Sound and Vibration, 130(2), 189-206, (1989).

[30] M.C. Junger and D. Feit “Sound, structures, and their interaction”, MIT Press,
(1972).

[31] P. Stepanishen and R. A. Touga, Jr. “Transient acoustic pressure radiated from a
finite duct”, Journal of the Acoustical Society of America, 93(6), 3074-3084, (1993).

[32] B. Zhang and I. D. Abrahams, “The radiation of sound from a finite ring-forced
cylindrical elastic shell”, Proceedings of the Royal Society A 450, 89-108, (1995).

[33] E. A. Skelton, “Line force receptance of an elastic cylindrical shell with heavy exterior
fluid loading”, Journal of Sound and Vibration, 256(1), 131-153, (2001).

[34] E. A. Skelton, “Acoustic scattering by a cylindrical shell with symmetirc line con-
straints in the heavy fluid-loading limit”, Journal of the Acoustical Society of America,

113(1), 299-308, (2003).

[35] E. J. Brambley and N. Peake, “Stability and acoustic scattering in a cylindrical thin
shell containing compressible mean flow”, Journal of Fluid Mechanics, 602, 403-426,
(2008).

[36] M. Caresta and N.J. Kessissoglou, “Structural and acoustic responses of a fluid-
loaded cylindrical hull with structural discontinuities, Applied Acoustics, 70(7), 954-
963, (2009).

[37] R. Kirby, Z. Zlatev and P. Mudge, “On the scattering of longitudinal elastic waves
from axisymmetric defects in coated pipes, Journal of Sound and Vibration, 332, 5040-
5058, (2013).

[38] M. Xie, J.Ih, T. Kim and Y. Li, “Prediction of Acoustic Power Transmission of Fluid-
Filled Thin Pipe Based on Impedance-Mobility Approach”, International Journal of
Aerospace Lightweight Structures, 135-151, (2013).

212



[39] Z.Y. Cao, “Vibration theory of plates and shells”, China Railway Publishing House,
Beijing, (1983).

[40] H. Lee and M. K. Kwak, “Free vibration analysis of a circular cylindrical shell using
the Raleigh-Ritz method and comparison of different shell theories”, Journal of Sound
and Vibration, 353, 344-377, (2015).

[41] M. Abramowitz and I. A. Stegun “Handbook of Mathematical Functions”, Dover
Publications, 9th edition, (1964).

[42] D. G. Crighton, A. P. Dowling, J. E. Ffowcs Williams, M. A. Heckl, F. A. Leppington,
“Modern Methods in Analytical Acoustics”, Springer-Verlag, (1992).

[43] D. P. Warren, J.B. Lawrie and I.M. Mohamed “Acoustic scattering in waveguides
that are discontinuous in geometry and material property”, Wave Motion 36, 119-142
(2002).

[44] J. B. Lawrie “Comments on a class of orthogonality relations relevant to fluid-

struture interaction”, Springer, (2006).

[45] R. Nawaz and J.B. Lawrie, “Scattering of a fluid-structure coupled wave at a flanged
junction between two flexible waveguides, Journal of the Acoustical Society of America,
134(3), 1939-1949, (2013).

[46] J. B. Lawrie “On eigenfunction expansions associated with wave propagation along
ducts with wave-bearing boundaries”, IMA Journal of Applied Mathematics, 376-394,
(2007).

[47] JW. Brown and R.V. Churchill, “Fourier series and Boundary value problems”,
McGraw Hill, 241-297, (2008).

[48] J. B. Lawrie and I.D. Abrahams, “An orthogonality relation for a class of problems
with high-order boundary conditions; applications in sound-structure interaction”, The
Quarterly Journal of Mechanics and Applied Mathematics, 161-181, (1999).

[49] J. B. Lawrie, “On acoustic propagation in three-dimensional rectangular ducts with
flexible walls and porous linings, Journal of the Acoustical Society of America, 131(3),
1890-1901, (2012).

[50] J. B. Lawrie, “Analytic mode-matching for acoustic scattering in three dimensional
waveguides with flexible walls: Application to a triangular duct, Wave Motion, 50,
542-557, (2013).

[51] R .M. Pullen and J. B. Lawrie, “Reflection and transmission at the junction between
two sections of circular cylindrical shell”, ICSV21, Beijing, China, 1-7, (2014).

213



