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Localized boundary-domain singular integral
equations of Dirichlet problem for self-adjoint
second-order strongly elliptic PDE systems
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Communicated by W. L. Wendland

The paper deals with the three-dimensional Dirichlet boundary value problem (BVP) for a second-order strongly ellip-
tic self-adjoint system of partial differential equations in the divergence form with variable coefficients and develops
the integral potential method based on a localized parametrix. Using Green’s representation formula and properties of
the localized layer and volume potentials, we reduce the Dirichlet BVP to a system of localized boundary-domain inte-
gral equations. The equivalence between the Dirichlet BVP and the corresponding localized boundary-domain integral
equation system is studied. We establish that the obtained localized boundary-domain integral operator belongs to
the Boutet de Monvel algebra. With the help of the Wiener-Hopf factorization method, we investigate corresponding
Fredholm properties and prove invertibility of the localized operator in appropriate Sobolev (Bessel potential) spaces.
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1. Introduction

We consider the Dirichlet boundary value problem (BVP) for a second-order strongly elliptic self-adjoint system of partial differen-
tial equations in the divergence form with variable coefficients and develop the generalized integral potential method based on a
localized parametrix.

The BVP treated in the paper is well investigated in the literature by the variational method and also by the classical integral potential
method, when the corresponding fundamental solution is available in explicit form (e.g. [1-3]) or when at least its properties are known
to be good enough (see, e.g. [4, 5] and references therein).

Our goal here is to develop a localized integral potential method for general second-order strongly elliptic self-adjoint systems of
partial differential equations with variable coefficients. We show that a solution of the problem can be represented by explicit localized
parametrix-based potentials and that the corresponding localized boundary-domain integral operator (LBDIO) is invertible, which is
important for analysis of convergence and stability of localized boundary-domain integral equation (LBDIE)-based numerical methods
for PDEs (e.g. [6-13]).

Using Green's representation formula and properties of the localized layer and volume potentials, we reduce the Dirichlet BVP
to a system of LBDIEs. First, we establish the equivalence between the original BVP and the corresponding LBDIE system, which
appeared to be quite non-trivial task and plays a crucial role in our analysis. Afterwards, we establish that the LBDIO of the sys-
tem belongs to the Boutet de Monvel operator algebra. Employing the Vishik-Eskin theory, based on the Wiener-Hopf factorization
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method, we investigate corresponding Fredholm properties and prove invertibility of the localized operator in appropriate Sobolev
(Bessel potential) spaces.

In the references [14-20], the traditional and localised boundary-domain integral equation methods have been developed for the
case of scalar elliptic second-order partial differential equations with variable coefficients, and here, we extend the LBDIE method to
PDE systems.

2. Boundary value problem and parametrix-based operators

2.1. Formulation of the boundary value problems and localized Green'’s third identity

Consider a uniformly strongly elliptic second-order self-adjoint matrix partial differential operator

9 T
A= Ax, ) = [Apg(x, ax)];,q=1 = [Bixk (GZQ(X) *):| ) 21

9 ) 1pq=1

where 8, = (91,02, 03), 9; = 9, = 8/dx;, af(’f = az(” = af,f € C*,j,k,p,q = 1,2,3.Here and in what follows, the Einstein summation by
repeated indices from 1 to 3 is assumed if not otherwise stated.

We assume that the coefficients af:ﬁ are real and the quadratic form af(’jq(x) Nkp Ngj is uniformly positive definite with respect to sym-
metric variables 1y, = npc € R, which implies that the principal homogeneous symbol of the operator A(x, dx) with opposite sign,
Ax, &) = [af(’;’ (%) &k Sj]3><3 is uniformly positive definite, which for the real symmetric coefficients aﬁjq means there are positive constants
¢; and ¢; such that

al§PlEP <T-AXEOE < lEPlE® YxeR®, YEeR], Ve (22)

Here,a-b:=a'b:= Zf=1 a;bj is the bilinear product of two-column vectors a, b € C3.

Further, let @ = Q7 be a bounded domain in R? with a simply connected boundary 4Q = S € C*°, Q = Q U S. Throughout the
paper, n = (ny, ny, n3) denotes the unit normal vector to S directed outward the domain Q. Set Q™ := R3 \ Q.

By H'(2) = HL(2) and H'(S) = H5(S), r € R, we denote the Bessel potential spaces on a domain & and on a closed manifold
S without boundary, while D(R?) and D(Q) stand for C*° functions with compact support in R3 and in Q, respectively, and S(R?)
denotes the Schwartz space of rapidly decreasing functions in R3. Recall that H*(Q) = L,(Q) is a space of square integrable functions
in Q. For a vector u = (uy, Uy, u3)T, the inclusion u = (us, Uy, u3)T € H" means that each component u; belongs to the space H'.

Let us denote by y Tu and y ~u the traces of u on S from the interior and exterior of 21, respectively.

We also need the following subspace of H'(Q2), see, for example, [21],

HO(Q; A) = {u:(u1,u2,u3)T e H'(Q): Au e HO(Q)}. 2.3)

The Dirichlet BVP reads as follows:
Find a vector function u = (uy, uy, uz) T € H%(Q, A) satisfying the differential equation

Au=fin Q (2.4)

and the Dirichlet boundary condition
y+u =¢, on §, (2.5)
where 9, = (@4, 90 053) | € HV2(S) and f = (fy,f,, )T € H(Q) are given vector functions. Equation (2.4) is understood in the
distributional sense, while the Dirichlet boundary condition (2.5) is understood in the usual trace sense.
The classical co-normal derivative operators, T+, associated with the differential operator A(x, dy), are well defined in terms of the
gradient traces on the boundary S for a sufficiently smooth vector function v, say v € H?(R), as follows:

[Ti X, 3y) v(x)] = d900 () y T o (0, X €S, p=1,23. (2.6)
p

The co-normal derivative operator defined in (2.6) can be extended by continuity to the space H'"°(Q2; A). The extension is inspired
by Green'’s first identity (cf. [3,21, 22]) as follows:

(Ttv, g)s = / [y7'g(x)] - Alx, d)v(x) dx +/ E(v(x),y"'g(x)) dx, Vg € H/?(S), Vv € H"*(Q; A), 2.7)
«Q «Q

where (-, -}s denotes the duality between the adjoint spaces H~z (5) and H2 (5), which extends the usual bilinear L, (S) inner product,
while E(v(x), u(x)) = aff(x) [5vq(x)] [0xUp(x)]- By ¥, we denote a (non-unique) continuous linear extension operator acting from
H: (S) into H' (R3). The restrictions of y " on Q1 and Q™ are the right inverse operators to the corresponding trace operators y + and
y . Clearly, definition (2.7) does not depend on the extension operator.

Moreover, by [21, Lemma 3.4], and [3, Lemma 4.3], for any v € H'?(Q; A) and u € H'(Q) the first Green identity holds in the form

<T+v,y+u> =[ [u-Av + E(v,u)] dx. (2.8)
s Q
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Remark 2.1
From condition (2.2), it follows that the quadratic form E(u(x), u(x)) rewritten as

E(u(x), u(x) = djjf (x) £qi(x) £pk(x)

where
eqi(x) = (9ug(x) + dqu;(x)) /2,

is positive definite in the symmetric variables ¢;. Therefore, Green’s first identity (2.8) and Korn's inequality along with the Lax-Milgram
lemma imply that the Dirichlet BVP (2.4)-(2.5) is uniquely solvable in the space H'°(Q; A) (e.g. [1-3,23]).

2.2. Parametrix-based operators and integral identities

As it has already been mentioned, our goal here is to develop the LBDIE method for the Dirichlet BVP (2.4)—(2.5).
Let Fa (x) := —1/[4 x |x|] denote the scalar fundamental solution of the Laplace operator, A = 92 + 93 + 3. Let us define a localized
matrix parametrix for the the matrix operator /A as

1)
47 |x|

P(x) = Py(x) :=Pa() I = () Fa(X) I = — 2.9)
where PA(X) = Pya(x) 1= x(x) FAa(x) is a scalar function of the vector argument x, [ is the unit 3 x 3 matrix and y is a localizing
function (Appendix A)

xext, k=3, with x(0)=1, (2.10)

Throughout the paper, we assume that condition (2.10) is satisfied if not otherwise stated. Note that the function y can have a compact
support, which is useful for numerical implementations, but generally this is not necessary, and the class X‘_]_ include also the functions
not compactly supported but sufficiently fast decreasing at infinity, see [24] and Appendix A for details.

For sufficiently smooth vector functions u and v, say u, v € C%(Q), there holds Green's second identity

/ [v-A(x,00)u—u-A(x,dx)Vv] dx = /[y+v~ TTu—TTv. y+u] ds. (2.11)
Q s

Denote by B(y, €) a ball centred at point y, with radius ¢ > 0, and let X (y, €) := 0B(y, ¢). Let us take as v(x), successively, the columns
of the matrix P(x — y), where y is an arbitrarily fixed interior point in €2, and write the identity (2.11) for the region Q. := Q \ B(y, ¢)
with & > 0 such that B(y, &) C Q.Keepingin mindthat PT (x —y) = P(x — y) and [A(x, 3,)P(x — )] T = [A(x, 3x)P(x — y)], we arrive at
the equality,

[ 1= A 300 = tA, 09P 0= )} ) e =
[ [Poc=3 T 00000 — T0080P 6~ 3 T o] s, @12
S
= [ [P T B0ue0 — (706, 80P0 -3 Ty o] .
Z(y.e)

The normal vector on X(y, ¢) is directed inward Q.
Let the operator N defined as

Nu(y) := v.p./Q [A(x,0)P(x —y) ] u(x) dx := 8Ii_r‘r>10/9 [A(x, 0x)P(x — y) ] u(x) dx (2.13)

be the Cauchy principal value singular integral operator, which is well defined if the limit in the right-hand side exists. The similar
operator with integration over the whole space R3 is denoted as

Nu(y) := v.p./ [ACx, 0x)P(x — y) Ju(x) dx. (2.14)
R3
Note that
g 1 478y 21
= — S(x — P, 2.15
ox 3x; |x —y| 3 =y +vp Oxy 0x; |x — y| 215)

where §y; is the Kronecker delta, and §(-) is the Dirac distribution, the left-hand side in (2.15) is also understood in the distributional
sense, while the second summand in the right-hand side is a Cauchy-integrable function. Therefore, in view of (2.9) and taking into
account that y(0) = 1, we can write the following equality in the distributional sense
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9 9Py d (o, . PA(X—
A0 00P =Yy = | (0 PN | = [ (s 202 )]

X 0x;

PPA(Xx —y) aak"(X) P —Yy) _ i PPa(x—y)] 0 (X) 9P (X —y) (2.16)
_ Pa
= diy ) Xk 0x; T T ax; @i ) [ Sx=y)+ve. Xk 0x; } T T X
= Bpg(x) 8(x —y) + v.p. [A(x, ))P(Xx = ¥)]pqs
where
B(x) = [ﬂpq(x) ]Z,q:]' Bpg(x) = akk (X) (2.17)
agt) 1 aiy) 3 ! 0
V.p.[A(X, 0x)P(X — ¥)]pg = V.P. |:— 4w 0% Ix _y|i| + Rpg(X,y) = v.p. |:— 4 % X =] + Ry X)), (2.18)
RY) = [Rogt N gmr s RV 0Y) = R ()T =1, (2.19)
. ay; (%) 92 1 Pyx—y) 1 yx—y) & 1
o) = = (=0 =) g O e
) q( ) (2.20)
dyx—y) 9 1 1 005 (X) [dx(x—y) 1 1
T 37/‘|X—y|% 4m 0x [ ax  Ix—yl MRS 3)9 x — yl]
A _ P4 )
RS (x,y) == Rog(x,y) — % 00 —a 1) 9 L (2.21)

4 Oxy 0x; |x — y|

Clearly, the enotries of the matrix functions R(x, y) and R (x, y) possess weak singularities of type O(jx — y| ~2) as x — y.
Denote by E the extension operator by zero from  onto 2. From the definitions (2.13) and (2.14), it is evident that

WU (y) = (Nié'u) () for yeQ, ueH(Q) r=>o0. 2.22)
The definition of N can be extended to smaller r as
Nu) (y) := (NEu)(y) for yeQ, ueH(Q), -1/2<r<1/2, (2.23)

where E' : H’(Q) - H’(Q) is the extension operator, uniquely defined for —1/2 < r < 1/2, see, for example, [22, Theorem 2.16]. For
0<r<1/2, F = E and thus, the expressions (2.22) and (2.23) coincide for such r.
From decomposition (2.18), it follows that (e.g. [25], [1, Theorem 8.6.1]) if y € X¥ with integer k > 2, then

roN =rgNE : H(Q) — H(S), 0<r, (2.24)

roN =ro,NE : H(Q) - H(Q), —1/2<r<1/2, (2.25)
are bounded because the principal homogeneous symbol of N is rational ((4.2) in Section 4), and the operators with the kernel functions
either R(x,y) or R;(x,y) map H'(Q2) into H+'(Q) (cf. [24, Theorem 5.4]). Here and throughout the paper, r., denotes the restriction
operator to 2.

Further, by direct calculations one can easily verify that

&e—0

lim [ P(x—y) T(x, 0)u(x)d=(y,e) =0, (2.26)
Z(y.e)

pa pa .
i, [ 4700 20P 0= )} w0 A0, = [aﬁ) / nkmdz]} uty) = [ak’ V) 4”8“} u) = B ), (227
e TJE 3x3 33

£—0 4 3

where X, is a unit sphere, n = (1,12, 73) € X7 and B is defined by (2.17).
Passing to the limit in (2.12) as ¢ — 0 and using relations (2.13), (2.26), and (2.27), we obtain

BWy) uly) + N u(y) = V(TTu)y) + Wy Tu)y) =P (Au) (y), yeQ, (2.28)

where N is a localized singular integral operator given by (2.13), while V, W and P are the localized vector single layer, double layer
and Newtonian volume potentials,

Vg(y) = [ Px=y) 900 85, 229

s
Wg(y) = — / [T(x, 05) P(x —y)] g(x)d5, (2.30)

S

Ph(y) := / P(x —y) h(x) dx. (2.31)

Q
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Here, the densities g and h are three-dimensional vector functions. Introducing the following localized scalar Newtonian
volume potential

Paholy) == / Pa(x — ) ho(x) dx 232)
Q

with hg being a scalar density function, we evidently obtain,

[Ph()]p = Paho(y), p=1,3,

for any vector function h = (hq, hy, h3) .
We will also need the localized vector Newtonian volume potential similar to (2.31) but with integration over the whole space R3,

Ph(y) := /11{{3 P(x —y) h(x) dx. (2.33)

Mapping properties of potentials (2.29)—(2.33) are investigated in [15,24] and provided in Appendix B.

We refer to relation (2.28) as Green’s third identity. Because of the density of D(Q2) in H"°(2; A) ([22, Theorem 3.12]) and the mapping
properties of the potentials, Green's third identity (2.28) is valid also for u € H"%(Q;A). In this case, the co-normal derivative Ttu
is understood in the sense of definition (2.7). In particular, (2.28) holds true for solutions of the previously formulated Dirichlet BVP
(2.4)-(2.5).

On the other hand, applying the first Green identity (2.8) on Q. to u € H'(Q) and to P(x — y), as v(x), and taking the limitas ¢ — 0,
one can easily derive another, more general form of the third Green identity,

By uy) + N uy) + Wy tu)y) = Qu(y), Vyeg, (2.34)
where for the p-th component of the vector Q u(y), we have

IPAX —y) dug(x)

= P9 ’ v Q. 2.
" ™ dx = 3 Pa (ay dug) (v) ye (2.35)

[Quy)ly = — [Q 9(x)

Using the properties of localized potentials described in Appendix B (Theorems B.1 and B.4) and taking the trace of Equation (2.28)
on S, we arrive at the relation for u € H"%(Q7T; A),

Ntu—vTtwy+B-p)yTu+ Wit =P (Au) on s, (2.36)

where the localized boundary integral operators } and WV are generated by the localized single and double layer potentials and are
defined in (B1) and (B2), the matrix u is defined by (B17), while

Nt =yTN, Pt .=ytpP.

Now, we prove the following technical lemma.

Lemma 2.2
Let y € X3,f € H(Q), F € H'9(Q, A), ¥ € H™2(S), and ¢ € H(S). Moreover, let u € H'(£2) and the following equation hold

Byuly) + Nuly) =V (y) + Woly) = F(y) + Pf(y), y € Q. (2.37)

Then, u € H'°(Q, A).

Proof
Note that by Theorem B.1, Pf € H*(Q) for arbitrary f € H°(2), while by Theorem B.2, the inclusions Vy, Wp € H'?(Q, A) hold for
arbitrary ¢ € H~z (S)and g € Hz (5). In view of the relations (2.34)-(2.35), Equation (2.37) can be rewritten component-wise as

% Pa (da diug) () = Fo) + Pafyy) + VYWl — W —yTw®)]p yeQ p=1,3. (2.38)
By Theorems B.1 and B.2, it follows that the right-hand side function in the equality belongs to the space
HY(Q,A) :i={ve H'(Q) : Av e HY(Q)},

becauseytu e H: (5), and therefore

W Pa (dyf dug) € HO(Q,A). (2.39)

We have
AxPA(x—Yy) =8(x—y) + Ra(x—y), (2.40)
_______________________________________________________________________________________________________________________________________________|
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where

RAx—y) = —— +2 (2.41)

47 Ix —y| X ox |x—yl) -

1{Ax(x—y) dxx—y) 9 1

Clearly, Ra(x —y) = O(Jx — y|2) as x — y and by (2.40) and (2.41), one can establish that for arbitrary scalar test function ¢ € D(R),
there holds the relation (e.g. [26])

APAd(Y) =) +Rad(y), yeQ, (2.42)

where
Rad) = [ Ral=y) g0 dr (243
Evidently (2.42) remains true also for ¢ € H°(Q2), because D(R) is dense in HO(Q). It is easy to see that [24]
Ra : H(Q) - H(Q). (2.44)
Consequently,

A3k Pa (af diug) )] = k [ Ay Pa (aif diug) ) ] = 3 [al () diug(y) ] + 3k Ra(ay diug)(y)
= [Au()]p + 9 RA(C'Z/q dug)(y), yeQ.

Hence, the embedding Au € H°(Q) follows from (2.38) due to (2.39) and (2.44). O

(2.45)

Actually, the continuity of operator in (2.44) and identity (2.45) in the proof of Lemma 2.2 imply by (2.34) the following assertion.
Corollary 2.3
If ¥ € X3, then the following operator is bounded,

B+ N : HYQ,A) — HP(Q,A).

3. Localized boundary-domain integral equation formulation of the Dirichlet problem and
the equivalence theorem

Letu € H'0(R, A) be a solution to the Dirichlet BVP (2.4)~(2.5) with ¢, € Hz(S) and f € H°(S2). As we have derived earlier, there holds
relations (2.28) and (2.36), which now can be rewritten in the form

B+ Nu—Vy =Pf—Wg, in Q, (3.1)
NTu—vy =Pt —(B-n)g, —Weg, on S, (3.2)

wherey :=Ttu e H™z (5) and u is defined by (B17). One can consider these relations as an LBDIE system with respect to the unknown
vector functions u and . Now, we prove the following equivalence theorem.

Theorem 3.1 1
Let y € X3, 00 € H2(S) and f € H*(R).

(i) Ifavectorfunctionu € H'"%(R2, A) solves the Dirichlet BVP (2.4)—(2.5), then the solution is unique and the pair (u, ) € H"°(Q, A)x
H™3 (S) with
V= T+U, (3.3)
solves the LBDIE system (3.1)-(3.2).

(i) Vice versa, if a pair (u,¥) € H"°(Q,A) x H™3 (S) solves the LBDIE system (3.1)-(3.2), then the solution is unique and the vector
function u solves the Dirichlet BVP (2.4)-(2.5), and relation (3.3) holds.

Proof
(i) The first part of the theorem is trivial and d1irectly follows form the relations (2.28), (2.36), (3.3) and Remark 2.1.

(i) Now, let a pair (u, ) € H"°(R,A) x H~2(S) solve the LBDIE system (3.1)-(3.2). Taking the trace of (3.1) on S and comparing it with
(3.2), we get

ytu=g¢ on S (3.4)

Further, because u € H%(R2, A), we can write Green’s third identity (2.28), which in view of (3.4) can be rewritten as

B+ Nu—V(TTu) =P (Au) — Wg, in Q. (3.5)

From (3.1) and (3.5), it follows that
VTtu—y)+PAu—f) =0 in Q. (3.6)
_______________________________________________________________________________________________________________________________________________|
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Hence, by Lemma 6.3 in [24], we have
Au=fin € and TTu=1v on S.
Thus, u solves the Dirichlet BVP (2.4)-(2.5) and Equation (3.3) holds.

The uniqueness of solution to the LBDIE system (3.1)-(3.2) in the space H"%(Q,A) x H—3 (5) directly follows from the previously
proved equivalence result and the uniqueness theorem for the Dirichlet problem (2.4)-(2.5) (Remark 2.1). O

4. Symbols and invertibility of a domain operator in the half-space

In what follows in our analysis, we need the explicit expression of the principal homogeneous symbol matrix S(N)(y, £) of the singular
integral operator A/, which due to (2.13), (2.14) and (2.18) reads as

pq Pq
SN, )y = SN, 60 = Fre [—v.p."“(y) o 1}:—"“ W r . [V.p. ” ‘]

4 sz 82, H 4 sz 32/ H

pq 47§ ? 1 :
T [ @+ 5o m] = ~Bpaly) — i (1) (=76 (~16) Fre [4n|z| ] !
_ An0,§)

= Bog(y), y€§, E€R3,

&2
where

Apg(y, &) = GZ;](Y) &&, pg=123

while the Fourier transform operator F is defined as
Fol6) = Fimelo@] = [ g7 dz.

Here, we have applied that F,_. ¢ [(47|z]) '] = |£]72 (e.g. [27)).

As we see, the entries of principal homogeneous symbol matrix G(N)(y, &) of the operator A/ are even rational homogeneous
functions in & of order 0. It can easily be verified that both the characteristic function of the singular kernel in (2.18) and the symbol
(4.1) satisfy the Tricomi condition, that is, their integral averages over the unit sphere vanish (cf. [26]).

Relation (4.1) implies that the principal homogeneous symbols of the singular integral operators Nand 8 + N read as

S(N)(y, &) = [E]°A(.§) —B Yy e Q, YEeR*\{0}, (4.2)

S(B+N)(.§) = [E°A.£) VyeQ, VEeR\{0). 4.3)

Because of (2.2), the symbol matrix (4.3) is positive definite,

[SB+N., - L= 57 ApOE=alt? VyeQ VEeR\{0}, VieC?

where ¢; is the same positive constant as in (2.2).
Denote

B:=8+N.

By (4.3), the principal homogeneous symbol matrix of the operator B reads as
S(B)(y,§) = [E|T°A(y,§) for yeQ, &eR*\{0}, (4.4)
is an even rational homogeneous matrix function of order 0 in £ and due to (2.2) it is positive definite,
[SB)(y,£)¢]-C > ¢ |¢]? forall yeQ, £eR3\{0tand{ e C3.

Consequently, B is a strongly elliptic pseudo-differential operator of zero order (i.e. Cauchy-type singular integral operator) and the
partial indices of factorization of the symbol (4.4) equal to zero (cf. [28-30]).

We need some auxiliary assertions in our further analysis. To formulate them, let y € S = 92 be some fixed point and consider the
frozen symbol G(B)(¥, §) = G(E)(S), where B denotes the operator B written in chosen local co-ordinate system. Further, let B denote
the pseudo-differential operator with the symbol

S@IE 6= 6B ((1+16 Do) where 0= o, £ = (.6 €= (6
|
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__Then, the frozen principal homogeneous symbol matrix G(E)(é) is also the principal homogeneous symbol matrix of the operator
B. It can be factorized with respect to the variable &; as

e®) ) =67 B¢ 6" B)©F), (4.5)
where

& B)&) = AT (E ). (4.6)

OF (¢, &)

Here, ®(i)($',§3) = & % i|£] are the ‘plus’ and ‘minus’ factors of the symbol ©(§) := |£|2, and Fi) (ﬁ,&)gre the ‘plus’ and ‘minus’
polynomial matrix factors of the first order in £5 of the positive definite polynomial symbol matrix A(¢”, &) = Ay, £, £5) corresponding
to the frozen differential operator A(y, dy) at the pointy € S [31-33], that is,

AE &) =AT ¢ &) AT (E &) (4.7)

with det A (£, 7) # 0 forImz > 0 and detA ™ (£,7) # 0 for Int < 0. Moreover, the entries of the matrices A" (¢, &) are
homogeneous functions in § = (£, &3) of order 1.
Denote, by a® (€), the coefficients at £3 in the determinants detA™ (&, &3). Evidently,

a”#)a " () =det A(0,0,1) >0 for & #£0. (4.8)

. N 1c- .
It is easy to see that the factor matrices Al )(5’, &3) have the following structure:

3@ ', —1) _ _ 1 @ Cey, =123,
(Fes]”) = amam P o =123

where p;i) (&7, &3) are the co-factors of the matrix AP (&/,&3), which can be written in the form

p, €.6) = )G +b (¢ e +d, (), 49)

[CONYES &) .. L .
Here, [ b,-,- and d,-,- ,i,j = 1,2,3,are homogeneous functions in §” of order 0, 1 and 2, respectively.
(£)

From the previously mentioned, it follows that the entries of the factor-symbol matrices b,((ji) (w,1,&) == ij (E)(E’, &), kj=1,23,
with w = £’/|&’| and r = |¢’|, satisfy the following relations:

¥ (,0,~1)

ar!

80, (0,0,+1)

= . 1=01,2,... (4.10)

= (1)
These relations imply that the entries of the matrices G(i) (I§)($’, &3) belong to the class of symbols Dy introduced in [27], Ch. I, § 10,

&™ (B)(&',&) € Do. @.11)

Denote by I+ the Cauchy-type integral operators

: “+oco 7
nih(g):izi lim / h(&’, ns) dns 4.12)

T ot—0+ J oo EEit—ns’

which are well defined at any § € R3 for a bounded smooth function h(¢’,-) satisfying the relation h(¢/,73) = O(1 + |n3|)™ with
some k > 0.
Let E’+ be the extension operator by zero from Ri_ onto the whole space R® and ry = s HR3) — HS(Ri_) be the restriction
+
operator to the half-space Ri_. First, we prove the following assertion.

Lemma4.1
Lets>0and y € Xf,_ with integer k > 2. The operator

riBEy : H(RY) > H(R%)

is invertible.
Moreover, for f € HS(]R3+), the unique solution of the equation

riBELu=f (4.13)
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foru e H‘(]Ria_) can be represented in the form u = ryu4, where
o . )
up =tu=r &7 ®'nt ([6 (3)1—1f<f*>)} ,

and f,. € H*(R3) is an extension of f € HS(]RE,_) (i.e.ryfe = f)such that ||fs || s (r3) = ||f||Hs(Ri)-

Proof
First, we show that if f € H°(R? ), then Equation (4.13) is uniquely solvable in the space H'(R? ). Let u € H°(R? ) be a solution of this
equation, and let us denote

u_ = fy —Bu, (4.14)
where uy = Eju e HO(R3.) and f,. € H°(R®) is an arbitrary extension of f € H*(R?,) onto R3_ such that ||f[lo(r3) = 11k i3, -
Because fi € HO(R3) and Buy € HO(R3), we have u_ € H°(R?). In addition, u_ € H°(R3.).

The Fourier transform of (4.14) leads to the following relation

SB)(E)F (ut) + Fu-)(€) = F(F) (). (4.15)

Because of (4.5), we have the following factorization

~

BB ) =8 BE &S BE.E) 416

(B , - , ’
where & B)(¢.&) = 6™ (B) ((1 1 1E Do, 53) with @ = .. Substituting (4.16) into (4.15) and multiplying both sides by

[@H (B)] ", we get

8" B Fun®© + [é(_) (é)(s)]_1 Fuo)E) = [@H (fs)(s))}_1 F( ). @17)
Introduce the notations
00 =7, (87 @16 Fun ), @19
-0 =7, (87 ®EO Fuo®) @.19)
g0 = 7, ([@(_’ B f(f*><s)) . (420

Then, we can conclude that ([27], Theorem 4.4 and Lemmas 20.2, 20.5)
vi e HORY), vo e FPRY), geH'RY), (4.21)

because the degrees of homogeneity of c™ (B)(¢) and s” (B)(£) equal to 0.
In terms of notations (4.18)-(4.20), Equation (4.17) acquires the form

Fv)€) + F(v-)(E) = F(9(©). (4.22)

In accordance with Lemma 5.4 in [27], we conclude that the representation of the vector function F(g)(§) in the form (4.22) is unique
in view of inclusions (4.21), which in turn leads to the following relations:

F(vy) =TT F(g), F(v_) = I~ F(g). (4.23)

Now, from (4.18), (4.20) and the first equation in (4.23), it follows that u € I:IO(R3+) is representable in the form

C S = 770
up =F {6 ®)] 't [G (B)} F(f) | (4.24)
Evidently, for the solutionu € HO(Ri_) of Equation (4.13), then we get the following representation
C S = 777
u=ryF 6 B 'ot [6 (B)] F(fo) |y (4.25)
. ______________________________________________________________________________________________________|
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Note that the representation (4.25) does not depend on the choice of the extension f.. Indeed, let f,; € HO(R3) be another extension
of f € H'(R? ), thatis, r1f, = f.Because f_ = f, — fuqy € H'(R2), it follows that ([27], Theorem 4.4, Lemmas 20.2 and 20.5)

— —1
F ([@( )(é)] ]—‘(f)) e FOR3),

_ —1
ot F ([@( )(é)] f(f_))§ =0

(cf. [27], Lemma 5.2). Here, T denotes the multiplication operator by the Heaviside step function 6(x3) that is equal to 1 forx; > 0 and

vanishes for x3 < 0. Therefore,
_ —1 _ —1
n+ ([@‘ ’(é)] f(&)) —nt ([é( )(é)} J-‘(f*1))

and the claim follows. If, in particular, f = 0, then f,. = 0, and hence, u = 0 by virtue of (4.24). Thus, Equation 4.13 possesses at most
one solution in the space HO(Ri).
Further, we show that the function

while

I+

_ —1
[@( )(é)] ]-‘(L)} =F

PRCO I = 7
u=r+}'_1§[6 (B)} n+ ([6 (B)] ]—‘(&))} (4.26)

is a solution of Equation (4.13) forany f Ho(Ri). To this end, let us first note that for the vector function under the restriction operator
in (4.26), the following embedding holds

]:—1

& 1 PRGN -
[6 (B)] nt ([6 (B)} f(f*))}eHO(Ri). 4.27)

Indeed, by Lemma 5.2 in [27], we have

F {[@(+)(ﬁ)]_1 mt ([é(_) (r‘s)}_1 f(f*))§ =F %[@W (f’)r F [9+f B ([@’H (ﬁ)r f(f*)m

and (4.27) follows from Theorem 4.4, Lemmas 20.2 and 20.5 in [27]. From (4.26) and (4.27), we obtain

- 7! = _ 777
[6 (B)] ot ([6 (B)] ]-'(f*))}. (4.28)

= 7 = 7! = 77
ot ([6 (B)} }'(f*)):[G (B)} ]-'(f*)—H_([G (B)} ]-'(f*))

(cf. Lemma 5.4 in [27]), we get from equality (4.28),

Uy = Z'+u =F

By the relation

(

_ _ 1 _ _ —1
8®Fup =8 @t ([é( ’(é)} f(f*)) — Ff)-8 BT ([é( ’(é)] f(f*)) .

Because

]:'—1

_ _ —1
& )(é) - ([é( )(é)] ]—"(&))} € B°(R3),

(cf. [27], Theorems 4.4, 5.1, Lemmas 20.2, 20.5 ), we easily derive
) PN I
& (B)II™ [G (B)] F(fs)

that is, the vector function (4.26) solves Equation (4.13) and belongs to the space H*(R?_) for f € H°(R?,).
In what follows, we prove that for f € Hs(Ri) and i € H*(R3) such that

r+§u+ =r4(fs) — I’+]:_1 =ry(fe) =f,

1 s (m3y = ||f||H5(R3+) for s>0, (4.29)
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the vector function defined by (4.26) satisfies the inequality
Il sy = € NFllsray (4.30)
and hence belongs to HS(R ). Indeed, because (by Lemma 5.2 and Theorem 5.1 in [27])
It (Fg) = F(@+g) forall ge H(R®),

then representation (4.28) of u can be rewritten as

uy =F! ;[é(+)(é)]_1 F _9+]-‘_1 ([@H (|?>,)]_1 ]—'(f*))i|} )

Therefore, using (4.29) and in view of (4.11), from Theorem 10.1, Lemmas 4.4, 20.2, and 20.5 in [27], we finally derive

_ —1 _ —1
F ([@s”(é)] f(f*)) < |7 ([é”(ﬁ)} f(f*>)

with some positive constants ¢; and ¢,, hence (4.30) follows. O

Nullpsrs, ) = = alfsllrws) = 2 Il

Hs(R3)

H(R)

Lemma 4.2

Let the factor matrix A" (¢/,7) beasin (4.7), and a®

(+)

and o be asin (4.8) and (4.9), respectively. Then, the following equality holds

o A7, >]_1 dr = —5—C7 @), (431)

21i Jr- ab (&)

(+) (+)

where C

€ =" )] _anddet [ C

+)

(& )] # 0for & # 0.Here I'” is a contour in the lower complex half-plane enclosing

all the roots of the polynomial det A" (&, T) with respect to 7.

Proof
Note that det A" (¢, 7) is a third order polynomial in 7, while p;+) (&/,7) is a second-order polynomial in T defined in (4.9).
Let ', be a circle centred at the origin and having sufficiently large radius R. By the Cauchy theorem, then we derive

-+ -+
1 * —1 1 p, ¢.1) 1 p, .1
- [ (é )] dr = — T e dr = — T e
27i Jr- i 27i Jr- detA"™ (&, 1) 27i Jry det A" (&, r)
(+) , (+) (432)
1 € o

=7. d+/ QU(S 1) dt =

(+)(S) / Q,I(E 7) dt,

(+) (s )
where Q,(¢,7) =0O(|t|7?) as [t| > oc.
Itis clear that

lim / Q;(¢',7) dr =0.
R—o00 T
Therefore, by passing to the limit in (4.32) as R — 0o, we obtain

(+)
1 “+) (%— )
2xi r—{[ ) }vdf_ aP )’

ij
Now, we show that det [C(+)] # 0. We introduce the notations

+)

Ve =" ¢ w]_ =@+ 87 @m + 07 )
where
(+)

67 ) = [5,7 @] _, and 07 &) = [V @]

7 () (+)

Because det | A (E’,E3)]_1 # 0for& = (£/,&) # 0; therefore, detP " (§/,&3) # Oforé = (§/,&3) # 0.

Let us introduce new coordinates r = [¢/|, w = &’/|€’| and denote

Do) =P 6) =P (0n k).
|
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Then, we have

det P (w,r,£5) = det P (¢, &) = det (c‘*’ @&+ 87 () &1+ D(+)(a))r2) 40 forall & # 0. 4.33)
Hence,
lim det P (w, r,&3) = £° det " (),
r—0
consequently det c* (w) # 0and Lemma 4.2 is proved. O

For further use, let us introduce the auxiliary operator I’ defined as

+oo

, Foo
W@E) = I r, 75l [0€ 0] = o im [ e me e dn = o= [ a6 de for 9€') € LR

The operator IT’ can be extended to the class of functions g(£’, £3) that are rational in £; with the denominator not vanishing for real
non-zero § = (§,&) € R?\ {0}, homogeneous of order m € Z := {0, £1,£2,...} in £ and infinitely differentiable with respect to &
for & # 0.Then, one can show that (cf. Appendix Cin [15])

1

W@E) = tm o, 7l [0€ 8] = —5- [ a0 @34

where r, . denotes the restriction operator onto R+ = (0, +00) with respect to x3, '™ is a contour in the lower complex half-plane
in ¢, orientated anticlockwise and enclosing all the poles of the rational function g(£’, -). Itis clear that if g(£, ¢) is holomorphicin ¢ in
the lower complex half-plane (Im ¢ < 0), then IT’(g)(£§”) = 0.

5. Invertibility of the Dirichlet localized boundary-domain integral operator

From Theorem 3.1, it follows that the LBDIE system (3.1)—(3.2), which has a special right-hand side, is uniquely solvable in the
space H"($2,A) x H~1/2(S). Let us investigate the LBDIO, generated by the left-hand side expressions in (3.1)-(3.2), in appropriate
functional spaces.

The LBDIE system (3.1)-(3.2) with an arbitrary right-hand side vector functions from the space H'(2) x H'/2(S) can be written as

BEu —Vy =F, in (5.1)

NTEu—Vy =F, on S, (5.2)

whereB = B + N, F; € H'(Q) and F, € H'/2(S). Let us denote by D the LBDIO generated by the left-hand side expressions in LBDIE
system (5.1)-(5.2),

e BE —r,V

TINTE v |

We would like to prove the following assertion.

Theorem 5.1
Let the localizing function x € X$° and r > —%.Then, the operator

D HT(Q) x HTV2(S) —» HT(Q) x HT1/2(5) (5.3)

is invertible.
We will reduce the theorem proof to several lemmas.

Lemma 5.2 .
Let y € X°°.The operator r,BE : H*(Q) — H*(Q2) for s > 0 is Fredholm with zero index.

Proof
Because (4.4) is a rational function in &, we can apply the theory of pseudo-differential operators with symbol satisfying the trans-
mission conditions [25, 27-29, 34]. Now, with the help of the local principle (Lemma 23.9 in [27]) and Lemma 4.1, we deduce that
the operator

Bi=r,BE : H(Q) > H(RQ)
is Fredholm for all s > 0.
To show that Ind B = 0, we use that the operators 13 and

B =1y (B + tN)E,
|
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where t € [0, 1], are homotopic. Note that B = 13;. The principal homogeneous symbol of the operator B; has the form

GBIy, &) = By) +t EMN)(y,§) = (1 = )B(y) + tS(B)(y, §).

It is easy to see that the symbol & (B;)(y, §) is positive definite,

(BB, §)E]-E =1 -0[BWE]-C +tISB), )¢ = clt)

forally e Q,& #0,¢ € C*and t € [0, 1], where c is some positive number.
Because G(B;)(y, £) is rational, even, and homogeneous of order zero in £, we conclude, as earlier, that the operator

B: : H*(Q) — H(Q)
is Fredholm for all s > 0 and for all t € [0, 1]. Therefore, Ind BB; is the same for all t € [0, 1]. On the other hand, due to the equality

Bo = ry I, we get
IndB=IndB; =IndB; = Ind 5y = 0.

Lemma 5.3
Let y € X°°. The operator © given by (5.3) is Fredholm.

Proof

To investigate Fredholm properties of the operator ©, we apply the local principle (cf. e.g. [27, 35], § 19 and §22). Because of this
principle, we have to show first that the operator © is locally Fredholm at an arbitrary ‘frozen’ interior point y € 2, and secondly that the
so called generalized Sapiro-Lopatinskii condition for the operator ® holds at an arbitrary ‘frozen’ boundary point y € S. To obtain the
explicit form of this condition, we proceed as follows. Let U be a neighbourhood of a fixed point ¥ € £, and let /o, @ € D(U) such that

supp Yo N'supp@o # @, ¥ € supp Yo N supp Go,

and consider the operator &053 @o. We consider separately two possible cases, case (1): 7 € 2, and case (2):y € S.

Case (1). Ify € Q, then we can choose a neighbourhood U such that I C . Therefore, the operator 4D @ has the same Fredholm
properties as the operator v/,B @ (see the similar arguments in the proof of Theorem 22.1 in [27]). Then by Lemma 5.2, we
conclude that 4D @ is a locally Fredholm operator at interior points of 2.

Case (2). If y € S, then at this point we have to ‘freeze’ the operator VoD @0, which means that we can choose a neighbourhood U
sufficiently small such that at the local co-ordinate system with the origin at the point y and the third axis coinciding with the
normal vector at the point y € S, the following decomposition holds

Fo® Go = Vo (@ +K+ f) o, (5.4)
where

K :HTY(R3) x HTV2(R?) — HHI (R ) x HH/2(R?)
is a bounded operator with small norm, while
T HTIRE) x HT2R?) — HH([RY) x HH/2(R?)

is a bounded operator. The operator

)
i

withry = I is defined in the upper half-space ]Rfi_ and possesses the following mapping property
+

v

D HT(RY) x HTVA(R?) — HH(RE) x HTV2(R?), (5.5)

The operators involved in the expression of D are defined as follows: for the operator M, the operator M denotes the operator in R”
(n = 2,3) constructed by the symbol

S () = Sl (1 + |§'Dw, &) if n=3
and o ~

S(M(E) =M (1 + [E')w) if n=2,
_______________________________________________________________________________________________________________________________________________|
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where w = |§ I E=(8,&) & = (&1, bn—1).
The generalized Saplro—Lopg\tmskﬁ condition is related to the invertibility of the operator (5.5). Indeed, let us write the system
corresponding to the operator Dt

riBEG —r VY = F in R, (5.6)
NtEi—Vy =F, on R?, (5.7)
where F; € H'(R3),F, € HVZ(RZ)

Note that the operator r+BE is a singular integral operator with even rational elliptic principal homogeneous symbol. Then, due to
Lemma 4.1, the operator

reBE :HHI(RY) - HT(RY)

is invertible, we can determine & from Equation (5.6) and write
o o o711 ~ ~ ~ 71 ~
Ei=E [r+BE] f=F {[G‘“(B)] nt ([ (B)] F (f*))} , (5.8)

PRES)
where fy = Fru + Vw is an extension of f = F; + r+ Vw from ]R3 to R3 preserving the function space. The symbols & (M) denote
the so called ‘plus’ and ‘minus’ factors in the factorization of the symbol G(M) with respect to the variable &;. Note that the function Eu

in (5.8) does not depend on the chosen extension f. of . 5
Substituting (5.8) into (5.7) leads to the following pseudo-differential equation with respect to the unknown function :

wrlE®] nt (87 @] F@n)| <90 =F on w2, (59)

where

~ ~ ~, o 207!
F—F —NTE [r+BE] E.
Itis easy to see that

Vv = [fg;; [S(N)(&) F(V)(é)]]y =F Ly [ [6(N) F»)] )]

3 =0+
In view of the relation (e.g. [21, Equation (4.1)], [15, Equations (B.5)-(B.6)])
V() = =(vPC =), ¥)s = —(PC =), 7" V)rs = =P Y)W,

where the operator y* is dual to the trace operator y. When the surface S coincides with R? = 8R3 then we have y*y = T//YV) ® 83
with §3 being the one-dimensional Dirac distribution in the y5 direction. Then, we arrive at the equallty

Ve ee] ot (80 e] Fon) el o) -
- Foly {n/ [é(ﬁ) [@“) (fs)]_1 m+ ([é(‘)([v,)]_1 é(ﬁ))] (g’)f;/_,g/&}.

With the help of these relations Equation (5.9) can be rewritten in the following form

Fol, [f@) FG)E)] =FG) on R, (5.10)
where ,
2E) = e((1 4+ 1€ ), w=|§—,|, (5.11)

with e being a homogeneous function of order —1 given by the equality
o)1 fe@ [ ®)] 1+ ([67®)] s®)| ) -smE) ve Lo 5.12)

If the function det e(£’) is different from zero for all £ # 0, then det e(§’) # 0 for all ¢ € R2?, and the corresponding pseudo-
differential operator

E: H[R) > HT'(R) forall seR
|
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generated by the left-hand side expression in (5.10) is invertible. In particular, it follows that the system of Equation 5.6—(5.7) is uniquely
solvable with respect to (T, ¥) in the space H' (R3_) x H™'/2(R?) for arbitrary right-hand sides (F;, F2) € H'(R3) x H'/2(R?). Con-

sequently, the operator D in (5.5) is invertible, which implies that the operator (5.4) possesses a left and right regularizer. In turn, this
yields that the operator (5.3) possesses a left and right regularizer as well. Thus, the operator (5.3) is Fredholm if

dete(f) £0 V& #£0.

This condition is called the Sapiro-Lopatinskii condition (cf. [27], Theorems 12.2 and 23.1, and also formulas (12.27) and (12.25)). Let us
shoyv tha‘Ein our case the Sapiro-Lopatinskii condition holds. To this end, let us note that the principal homogeneous symbols G(N),
&(B), 6(P) and &(V) of the operators N, B, P, and V in the chosen local co-ordinate system involved in formula (5.12) read as

SMN)(&) = [EI°AE) — B, SB)E) = E|°AE), SP)E) = —[E]7°), SW)(E) = ﬁ’, E=(86) £ =(E.5)

where 8 denotes the matrix 8 written in chosen local co-ordinate system. Rewrite (5.12) in the form

«¢)=-1'{(6® - A)[e"®)] 1 ([67®)]  6@)|¢)-sME) —eE) +aE)-s@IE), 613

where
e¢) = js® [ @] 1t ([¢7 @] s@ )} @) (514
e = {[s7 @] n* ([s” @] e@)| @) 515
SW)(E) = 2|1E’| I. (5.16)

Direct calculations give

oo ([G(‘) ®]" 6@)) (§',m5) dns

n+ ([GH (f;)]_1 6(5)) )= —— lim

2r t—0+ J_oo & +it—ns
e [e®] @ [7®] @0
T T 2x os f_oo E+it—m) (ER ) 21 o+ /r & +it—1) (&) + 1)
it ®] ey o7 ®)] @ig)
T2 ot Gt AED2(IE) | 20V E ) 517
Now, from (5.14) with the help of (5.17), we derive .
e =-m{s”@e @[ @] 1t ([¢" @) e®) )
. T a1 e e
[ T e i N feCout- 19 WO WA S )] I G
—-m{e”@n ([s7 @] s@)| ) -1 P @) e
1 eCden, ([T7®] @ik 519
= —— - dt
27 e i 20|
ifs"®] €y
:_.6(7) é /’_. / [ — I
P67 @&, il 1 1
|
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Quite similarly, from (5.15) with the help of (5.17), we get

[s7®]" i[e7®] @i
e 2[E

e =fmi[e @] nt ([7®] e®)fe)—-Fm

_ 71
_ i | [s"®] ¢

. ar |[67®)] " @ i)
28 | “2x - o r e ‘ '

{2%” /F_ [Z\‘“(é’,r)]_1 dr} [Z\H(g’,—i|g’|)]_1,

i.l§ () ., —1 — T kB
= an ] r_[A (E,r)] dr (=2i|¢')) [A (g,_,|g|)] —if

Therefore, due to (5.13), (5.16), (5.18) and Lemma 4.2, we have

i

a(+) (E/)

(=)

er(§) = BT &) AT € —ilE N, (5.19)

(+)

where det f # 0, detC'™ (£/) # 0and detA' ™ (&', —i |€|) # O forall £ # 0.Then, it is clear that

dete(£') = _(<+>25))3 det B detC™ (&) detfd ” (&, —i |E'N]" # 0
a 7

forall & # 0.
Thus, we have obtained that for the operator ® the Sapiro-Lopatinskii condition holds. Therefore, the operator

D :HTQ) x HV2(S) »> HT1(Q) x HT1/2(5)
is Fredholm for r > —1. O

Lemma 5.4
Let y € X°°.The operator ® given by (5.3) is Fredholm with zero index.

Proof
Fort € [0, 1], let us consider the operator

r, BE’ —r,V
D= 2 to £
! |:tN+E Y }

with B, = B + tN and establish that it is homotopic to the operator ® = ©;. We have to check that for the operator  ; the Sapiro-
Lopatinskii condition is satisfied for all t € [0, 1]. Indeed, in this case the Sapiro-Lopatinskii condition reads as

dete/(§') #0 forall £ #0,

where (cf. (5.12))

e(t) = —1 {(G(fso I ([6(‘) B)] " 6(!3))} ) -6ME) =e"¢) +eE) - 6ME) (520

with
~ ~ 1 N ~ 1
e (&) = —H'{G(Bz) [6‘“(31)] ‘mt ([6‘ )(Bt)] 1G(P))} &) = T (5.21)
- . 91 T R
@) = f[67 @]t ([ @] e@) @) (522
~ 1
SWV)(E) = . 5.23
MNE) = 57 (523)
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By direct calculations, we get
) = {6 @] 1t ([ @] e@)| @)

s @] (i]e7 @] @ g
e (©) 21

I
%
=

- (6" @] €0 i e e
- il I B G

(5.24)

)

- [ (47 0] dr 201 [A7 @ -i)]

i {ﬁ /F_[ A, r)] dr} [Z\i_)(g’,—i|g’|)]71,

7 ()

where A;(§) = (1 — t) [E]2 B + tAE), A€/, &) = /Z\ (E’ &)A, (¢/,&) and Z\:i)(é’,ég) are the ‘plus’ and ‘minus’ polynomial matrix
factors in &3 of the polynomial symbol matrix A (¢, §3) Because of (5.20), (5.21), (5.23), (5.24) and Lemma 4.2, we have

-+ = (=) . -1
€)= = e [A7E -]
where CH) &) = [ ;T) & )] - and c(+), i,j = 1,2,3, are main coefficients of the co-factors p;_:r) (¢, 7) of the polynomial matrix

(+) (¢,7)and a™ the coefficient at 3 in the determinant det/Z\;Jr) (&/,7). In addition,

detf #£0, detC,~(€')#£0, detA (&, —il&']) #0

forall¢’ # 0andt € [0,1].
Then, itis clear that

i ~ ~(— —1
detey(t') = ——— det § detC, " (¢') det [A§ "¢, —i |g/|)] £0
+ s
(@ @)
forall & # 0 and for all t € [0, 1], which implies that for the operator ®; the Sapiro-Lopatinskii condition is satisfied.
Therefore, the operator

D¢ HTH(Q) x HTV2(S) > HH(Q) x HH2(5)
is Fredholm for all r > —% and forall t € [0, 1]. Consequently,

Ind® =Ind®; =Ind®; = Ind®y = 0.
O

Theorem 5.1 Proof

Because by Lemma 5.4, the operator © is Fredholm with zero index, its injectivity implies the invertibility. Thus, it remains to prove that
the null space of the operator D is trivial for r > —%. Assumethat U = (u,¥) T € HT1(Q) xH~"/2(S) is a solution to the homogeneous
equation

DU=0. (5.25)

The operator
D HHH(Q) x HTV2(5) - (@) x H1/2(5)

is Fredholm with index zero for all r > —%. It is well known that then there exists a left regularizer £ of the operator D,
£ HT(Q) x HHV2(5) > HH(Q) x HTV2(5), (5.26)

such that
L0 =14+%,

where ¥ is the operator of order —1 (cf. proofs of Theorems 22.1 and 23.1 in [27]), that is,

T HT(Q) x HTV2(S) > HT2(Q) x HH/2(s). (5.27)
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Therefore, from (5.25), we have
LODU=U+TU=0. (5.28)
From (5.27), we see that
TU e HT2(Q) x HT/2(S).
Consequently, in view of (5.28)
U= (u,v)" e HT2(Q) x HT1/2(S). (5.29)

If r > 0, this implies u € H"°(Q, A). If —% < r < 0, we iterate the earlier reasoning for U satisfying (5.29) to obtain
U= (uy) " e HT3(Q) x HT32(s), (5.30)

which again implies u € H"°($, A). Then, we can apply the equivalence Theorem 3.1 to conclude that a solution U = (u,¥) " to the
homogeneous equation (5.25) is trivial, that is,

u=0 in £ ¥y =0 on S
Thus, Ker ® = {0} in the class H"T'(Q2) x H'~'/2(S), and therefore, the operator
D HTUQ) x HV2(S) > HT(Q) x HT1/2(5)

is invertible forall r > —1. O

For localizing function y of finite smoothness, we have the following result.

Corollary 5.5
Let a localizing function y € Xj_. Then, the operator

D H'(Q) x H2(S) > H'(Q) x H/?(S)

is invertible.

Proof

It can be performed by word for word arguments employed in the proofs of Lemmas 5.2-5.4 and Theorem 5.1, with r = 0 and using
the mapping properties of the localized potentials for a localizing function of finite smoothness (Appendix B). O

Lemma 2.2, Theorem 3.1 and Corollaries 2.3 and 5.5 imply the following assertion.

Corollary 5.6
Let a localizing function y € Xi. Then, the operator

D : HYO(Q,A) x H/2(S) — H'°(Q, A) x H'/?(S)

is invertible.

APPENDIX A. Classes of localizing functions.

Here, we present the classes of localizing functions used in the main text (see [24] for details).

Definition 1
We say x € X* forinteger k > 0if x(x) = j(|x|), ¥ € W{(0,00) and 0j(0) € L1(0,00). We say y € X% forintegerk > 1if y € X,
x(0) = Tand o, (w) > 0forallw € R, where

i‘g") >0 for w R\ {0},

oy(w) = oo
/ oy (0)do for w =0,
0

and js(w) denotes the sine-transform of the function y

oo

fo(@) = [ #(0) sinow) do. (A2)
0

Evidently, we have the following imbeddings: X¥' c X*2 and X'_‘"_ C Xf'f for ky > ky. The class Xf'_ is defined in terms of the sine-
transform. The following lemma from [24] provides an easily verifiable sufficient condition for non-negative non-increasing functions
to belong to this class.
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LemmaA.2
Letk > 1.1f y € XX, ¥(0) = 1, #(0) = Oforall ¢ € (0,00), and j is a non-increasing function on [0, +-c0), then y € X’_‘,_.

The following (and other) examples for y are presented in [24],

x| 1
2i() = 1-— e for x| <e, (A3)
0 for |x| > ¢,
M7,
00 = | TP z—e | Tor <= (A%)

0 for |x| > ¢,

One can observe that y,x € Xf}_ fork > 1, while y, € Xj_o due to Lemma A.2.

APPENDIX B. Properties of localized potentials.

Here, we collect some assertions describing mapping properties of the localized potentials. The proofs coincide with or are similar to
the ones in [24] and [15, Appendix B] (see also [1], Chapter 8 and the references therein).
Let us introduce the boundary operators generated by the localized layer potentials associated with the localized parametrix

Px—y) =Py(x—y)

Vay) = [Py g s, yes ®1)
S
Wal(y) = — / [T, ) P(x—y)]" g(x)dSy, y€S, (B2)
S
W90 i= - [ [T0,8)P -] 90 5., y €S, (®3)
S
+ _ T*
LEg(y) =T (y,0,) Wg(y), yeSs. (B4)
Theorem B.1
The following operators are continuous
- 1 1
P H(Q) = HT25(Q; A), —S<s<o K€ X', (B5)
CH(Q) = HE2(Q; ), —% <s< % xex', (B6)
1

CH(Q) — H38376(Q; A), S Ss< % Vee(0,1), y X (B7)

where A is the Laplace operator.

Theorem B.2
The following operators are continuous

3
ViHT3(S) —» H(R3), s< S dfxe X', (B8)
s—3 ss—1 o+ 1 3 . 2
HTI(S) > T (QTA), 5<5<5, if y € X+, (B9)
s—1 sioL 3 : 2
W:H™2(5) - H(Q™), s<5, if xeX7, (B10)
s—1 s,s—1 + 1 3 : 3
HTI(S) - T (QTA), 5<s<5, if y € X°. (B11)
Theorem B.3
If y € X* has a compact support and —% <s< % then the following localized operators are continuous
V:H@S) — HT2(QF) for k=2, (B12)
W:HT(S) = HT2(QF) for k = 3. (B13)
|
© 2016 The Authors Mathematical Methods in the Applied Sciences Math. Meth. Appl. Sci. 2016

Published by John Wiley & Sons, Ltd.




O. CHKADUA, S. E. MIKHAILOV AND D. NATROSHVILI
I ——

Theorem B.4
Lety € H~z (S)andg € Hz (5). Then the following jump relations hold on S:

yEvy =vy, yex', (B14)
yEWe =Fpo+We, reX? (B15)
TRV =+py + Wy, yeXo (B16)
where
1 3
)= WO = 5 [ @GO | yes (®17)

and u(y) is positive definite because of (2.2).

Theorem B.5
Let —3 <'s < 1.The following operators

ViH(©S) —» HT(S), xeX? (
W HTS) > HH(S), yeX?, (B1
W H(S) = H(S), xeX, (
£ HHS) > H(S), ye X, (

are continuous.
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