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Abstract

The Wavelet Finite Element Method (WFEM) involves combining the versatile wavelet analysis with
the classical Finite Element Method (FEM) by utilizing the wavelet scaling functions as interpolating
functions; providing an alternative to the conventional polynomial interpolation functions used in
classical FEM. Wavelet analysis as a tool applied in WFEM has grown in popularity over the past
decade and a half and the WFEM has demonstrated potential prowess to overcome some difficulties
and limitations of FEM. This is particular for problems with regions of the solution domain where the
gradient of the field variables are expected to vary fast or suddenly, leading to higher computational
costs and/or inaccurate results. The properties of some of the various wavelet families such as
compact support, multiresolution analysis (MRA), vanishing moments and the “two-scale” relations,
make the use of wavelets in WFEM advantageous, particularly in the analysis of problems with strong

nonlinearities, singularities and material property variations present.

The wavelet based finite elements (WFESs) presented in this study, conceptually based on previous
works, are constructed using the Daubechies and B-spline wavelet on the interval (BSWI) wavelet
families. These two wavelet families possess the desired properties of multiresolution, compact
support, the “two scale” relations and vanishing moments. The rod, beam and planar bar WFEs are
used to study structural static and dynamic problems (moving load) via numerical examples. The
dynamic analysis of functionally graded materials (FGMs) is further carried out through a new
modified wavelet based finite element formulation using the Daubechies and BSWI wavelets, tailored
for such classes of composite materials that have their properties varying spatially. Consequently, a
modified algorithm of the multiscale Daubechies connection coefficients used in the formulation of
the FGM elemental matrices and load vectors in wavelet space is presented and implemented in the
formulation of the WFEs. The approach allows for the computation of the integral of the products of
the Daubechies functions, and/or their derivatives, for different Daubechies function orders. The
effects of varying the material distribution of a functionally graded (FG) beam on the natural
frequency and dynamic response when subjected to a moving load for different velocity profiles are
analysed. The dynamic responses of a FG beam resting on a viscoelastic foundation are also analysed

for different material distributions, velocity and viscous damping profiles.

The approximate solutions of the WFEM converge to the exact solution when the order and/or
multiresolution scale of the WFE are increased. The results demonstrate that the Daubechies and B-
spline based WFE solutions are highly accurate and require less number of elements than FEM due to
the multiresolution property of WFEM. Furthermore, the applied moving load velocities and viscous
damping influence the effects of varying the material distribution of FG beams on the dynamic
response. Additional aspects of WFEM such as, the effect of altering the layout of the WFE and

selection of the order of wavelet families to analyse static problems, are also presented in this study.
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1. Introduction

1.1. Background

It is generally very difficult to formulate and apply exact closed form solutions in the analysis
of complex engineering problems, particularly in structural analysis; due to the general
realistic nature of such problems which may exhibit varying complexities, high gradients and
strong irregularities within the systems e.g., suddenly varying loading conditions, contrasting
material composition or geometric variations. The existing mathematical tools may require
the system model to be simplified via certain assumptions and generalizations for these
complex structural problems. This may lead to inaccuracies, inefficiencies of the method or
even the inability to correctly describe the properties and behaviour of the system under
certain conditions. The preferred approach, instead of significantly simplifying the structural
systems, is to try and retain these complexities and find an approximate numerical solution
for the system. This is carried out to better predict the behaviour of such systems and has
given rise to numerical methods such as the classical Finite Element Method (FEM).

FEM is a numerical analysis technique used to solve various engineering problems by
obtaining their approximate solutions. The method involves breaking down a system into
many small interconnected sub-regions called finite elements and each element has an
assumed approximate solution. Thus, the conditions for overall equilibrium of the structure
are derived, yielding an approximate solution for the displacements and stresses [1]. The
classical and adaptive FEMs where for example, the number of elements or the order of the
polynomial basis in areas with high local gradients are increased to accurately approximate
the solutions, may encounter significant difficulties in obtaining sufficient accuracy,
efficiency and/or rapid convergence to the exact solution. This has led to the formulation of
other numerical approximation techniques such as the wavelet based finite element method
[2,3].

The concept of wavelet analysis stems from a blend of ideas by researchers, from a wide
variety of disciplines, over the past few decades. However, the term as we now generally
know it was introduced three decades ago by Grossman and Morlet [4]. Furthermore, given
the evolution of this mathematical analysis tool, its definition is consistently being modified
to cater for the new ideas and applications it is used for. The term wavelet can be generally

defined as a class of basis functions that meet certain mathematical requirements to represent
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functions locally, both in space (frequency) and time [5]. Moreover, wavelets allow for

analysis of functions or data to be carried out at different resolutions (scales).

They have some similar attributes to classical Fourier functions. Though wavelets are not
deemed to be replacements for classical Fourier approaches, they provide an alternative due
to the fact that the Fourier functions are localised in space but not in time (they are global).
Therefore, time localised functions can be analysed both conveniently and accurately with
wavelets. The use of wavelets is vastly growing due to their ideal general properties such as
multiresolution, compact support and the “two scale relation”. They offer a considerable
number of opportunities for design manipulation so as to be handcrafted to meet the desired
requirements for specific applications. Therefore, new wavelet formulations are continually
being developed for these applications and some of the common wavelets include: Haar
wavelet, B-spline wavelet, Coiflets, Daubechies wavelet, and trigonometric wavelet families.

The Wavelet Finite Element Method (WFEM) involves combining wavelet analysis with the
classical FEM by utilizing the wavelet and scaling functions as interpolating functions, thus
providing an alternative to the conventional polynomial interpolating functions used in FEM.
The method offers vast potential for the accurate and efficient analysis of fast varying and
complex problems through the implementation of the essential wavelet multiresolution
property. Through multiresolution analysis, it is possible to alter the scale of a local Wavelet
Finite Element (WFE) without changing the initial model mesh [6,7]. This is an advantageous

property in the analysis of structures with high gradients and singularities present.

To date, research has been carried out with regards to the formulation of different wavelet
based finite elements using various wavelet families. Although these fundamental
formulations have been described in literature, for instance, the Daubechies wavelet based
FEM [6,8-10], the B-Spline Wavelet on the Interval (BSWI) [7,11,12] and the trigonometric
wavelet based FEMs [13,14], a comparative study of the performance and implementation of
the different WFEMSs has not been conducted to date. Moreover, there are domains of
structural analysis currently being developed where the use, understanding and scope of
implementing WFEM remain partially or entirely unexplored.

One such area is the formulation of a wavelet based finite element method for the static and
dynamic structural analysis of functionally graded materials (FGM). Functionally graded

materials are a relatively new class of composites which consists of two or more materials



(often metals and ceramics), that comprise of different material and physical properties,

varying continuously with spatial coordinates.

Therefore, this study describes and verifies not only the fundamental principles of the WFEM
from previous work, but also the implementation of the method constructed using different
wavelet families. Furthermore, the WFEMSs are used in the static and dynamic analysis of
structural systems under quick varying loading conditions, with an emphasis on moving load
problems. Moreover, the research extends to the analysis and verification of this numerical
approach to solve structures varying in composition, material properties and/or geometric
properties. A new modified wavelet based finite element approach is proposed in the analysis
of dynamic structural problems for FGMs. The wavelet based FGM finite elements are
formulated using the Daubechies and BSWI wavelet families. This is a novel application of
the method and there is no evidence suggesting it has been carried out or published, to the
best of the author’s knowledge.

1.2. Research objectives

The aim of this study is to analyse and verify the multiscale wavelet based finite element
method applied to complex problems with strong singularities and/or variations in
composition, loading conditions, geometry and material properties. This is achieved via the

following objectives:

e Review fundamental principles of the WFEM from past work for 2 wavelet families
(Daubechies and BSWI wavelet families) based on their properties of multiresolution,
compact support, “two-scale” relation and vanishing moments.

e Develop algorithms to analyse and verify the implementation of WFEM with respect
to the general rod, beam and plane bar elements using the different wavelet families
for structural static and dynamic problems.

e Compare the different WFEM formulations and solutions to ascertain the strengths
and limitations for the different wavelet families while verifying, identifying
discrepancies and clarifying aspects of WFEM with respect to past work.

e Implement the WFEM formulations for the dynamic analysis of moving load
problems due to fast or sudden variations of the loading conditions.

e Develop and present a new modified multiscale wavelet based finite element
approach for the analysis of functionally graded beams using the Daubechies and

BSWI wavelet families. These WFE formulations are applied in free vibration and
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dynamic response analysis of functionally graded beams, where regions of the
solution domain are expected to vary fast or suddenly.

e Develop a modified algorithm to evaluate the Daubechies integral of the products of
scaling functions, and/or their derivatives (connection coefficients), for different
orders of the wavelet family at any multiresolution scale. These connection
coefficients are used to formulate the wavelet space elemental matrices and load
vectors of not only a functionally graded beam, but also homogeneous rod, beam and
plane bar elements.

e Present guidelines with respect to the application of WFEM for problems where the
variation of stiffness or loading conditions require a dense mesh in the h-method and
compare the WFEM formulations with the classical FEM approach (h or p method).

e Investigate the effects of varying the material distribution of a functionally graded
material on the dynamic response of a functionally graded (FG) beam resting on a

viscoelastic foundation for different velocity and damping profiles.

1.3. Thesis outline

This thesis contains a detailed analysis on the implementation of wavelets with the classical
finite element method to formulate a wavelet based finite element method. The derivation of
the element formulations as well as the strengths and weaknesses of the method are
discussed. Its implementation to moving load problems and application in the analysis of

functionally graded materials is outlined. The structure of the thesis is as follows:

Chapter 1 contains a brief introduction and overview of the study presented in this thesis. The
wavelet finite element method is introduced and described, citing unexplored areas in which
the method can be potentially implemented. The main aims and objectives of this study are
defined; followed by an overview of the presented study. The main contributions of the study

are also highlighted in this chapter.

Chapter 2 includes a literature review focusing on the advancements made with respect to the
wavelet based finite element method. Relevant related works that have contributed to the
current state of research are discussed. The different wavelet families that have been
employed to create various wavelet based finite elements are also presented. Their
applications, limitations and strengths, as investigated by other researchers, are further
highlighted. An overview of functionally graded beams and the current advancements made
with respect to their analysis is also presented in this chapter.
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The definition and key concepts of wavelets and the multiresolution analysis are discussed in
Chapter 3. Key properties and requirements of multiresolution for general wavelet analysis
are presented. Furthermore, a mathematical approach is outlined and discussed with respect
to the derivation and formulation of the BSWI and Daubechies scaling functions, wavelet
functions and corresponding derivatives of the scaling functions; based on previous works.
The general properties of these wavelet families are also discussed and linked with the
formulation of the WFEM. A new modified formulation of the Daubechies connection
coefficients used in the evaluation of the elemental matrices and load vectors is also

presented in this chapter.

Chapter 4 highlights the key theories and aspects of the finite element method that are related
to the formulation and implementation of the WFEM. The classical and p-h adaptive FEMs,
which are to be compared with the WFEM solutions, are also briefly discussed. Fundamental
theories and formulations relating to the dynamic analysis of structural problems are
highlighted.

Consequently, the derivation and detailed discussion of the wavelet based finite elements
implemented for both BSWI and Daubechies wavelet families are presented in Chapter 5.
The axial rod, Euler Bernoulli beam and plane bar wavelet based elements are formulated;
with common loading conditions highlighted. The representation of a beam resting on a

foundation is also illustrated and derived based on the wavelet finite element approach.

Some numerical examples are outlined in Chapter 6 to validate and compare the wavelet
based finite element method’s ability to analyse static structural problems with various
analytical and FEM approaches. The examples include problems that possess varying loading
and boundary conditions as well as geometric and material properties. A thorough
comparison of results is carried out with those presented in previous studies. A
comprehensive study based on wavelet order selection of the Daubechies and BSWI WFEM,

specific to static problems, is also presented.

In Chapter 7, the WFEM is used to solve moving load problems with the aim of validating,
comparing and highlighting the ability of the method (in comparison to existing analytical,
semi-analytical and classical FEM approaches). Numerical examples are presented, varying
from a simply supported beam subjected to a moving point load to a beam on a viscoelastic

foundation subjected to subcritical, critical and supercritical moving loads. The BSWI and



Daubechies based WFEM solutions are compared with each other to identify their strengths

and/or limitations in the analysis of moving load problems.

Chapter 8 focuses on the new modified wavelet based finite element approach used to analyse
functionally graded materials. Key theoretical aspects, based on the gradation of the FG beam
and the formulation of the proposed method, are presented in this chapter. The free vibration
analysis of a steel-alumina functionally graded beam is carried out using the WFEM and the
solutions are compared with the classical FEM and results obtained previously from similar
studies. The effects of varying the material distribution on the dynamic response of the FG
beam and moving load critical velocities are analysed. Different damping and moving load
velocity profiles are implemented in the analysis when the FG beam is resting on a

viscoelastic foundation.

The concluding Chapter 9 contains an overview of the study and key findings of this
research. Suggestions for further work are stated based on the current advancements of
WFEM.

1.4. Main contributions

The main contributions and aspects of novelty resulting from the work carried out in this
thesis include the following, and to the best of the author’s knowledge, are presented for the

first time:

I. A comparative study of the Daubechies WFEM, BSWI WFEM and the classical finite
element method is carried out for a variation of static and dynamic problems based on
a generalized framework implemented.

ii.  Comparisons and the effects of altering the order and/or multiresolution of the
wavelet based finite elements on the accuracy of approximation of the natural
frequencies and dynamic responses for homogenous and FG beam systems.

ilii.  The formulation and implementation of the Euler Bernoulli wavelet based
functionally graded beam element. Furthermore, a modified algorithm that allows for
the computation of Daubechies multiscale connection coefficients which have the
products of different order scaling functions and/or their derivatives. These
connection coefficients are used in the formulation of the Daubechies based
functionally graded beam WFEs and are also implemented for homogeneous rod,

beam and plane bar elements.



iv.  Analysis of the moving load critical velocity and variation of the dynamic response
with respect to different material distributions of a functionally graded beam on a
viscoelastic foundation subjected to a moving point load. The analysis is carried out
for different moving load velocity and system damping profiles using the Daubechies
and BSWI based WFEMs.

The analysis of moving load problems is of practical importance and relevance in the field of
railway design and maintenance, while the use and analysis of functionally graded materials
for many engineering applications is ever growing. The results and findings presented in this
study verify the practical potential, relevance and importance of the wavelet finite element
method as an analysis tool with respect to these fields of study. The diversity of the method,
with respect to its application and formulation in the analysis of structural problems, is still
limited. Therefore, there are opportunities for further investigation of the method.



2. Literature Review

Summary

In this chapter, a literature review is presented focusing on previous relevant research carried
out on the wavelet finite element method and its current advancements. The applications of
the method and outcomes of research carried out are discussed. The Daubechies and BSWI
wavelet based finite element methods and their applications will be taken into consideration
specifically. However, WFEMs that employ other wavelet families will also be mentioned in
this chapter. A brief introduction into wavelet analysis and the finite element method is
presented, which will be expounded further in Chapter 3 and Chapter 4 respectively.
Furthermore, the current developments in the research of functionally graded beams are

discussed.

2.1. Brief introduction of wavelet analysis

Wavelets provide a tool for time-frequency localization and its transform is dependent on
scale and location of a signal evolving in time [15]. In other words, functions can be
represented simultaneously in frequency (space) and time; at different resolutions. The
wavelet functions are therefore distinct to the space-localised Fourier functions; which are not
localised in time [16]. The concept itself can be viewed as a unification of ideas in the various
fields originating over the decades. The fundamental concepts and ideologies behind the
wavelet transform have been around for many years and there has been some controversy
about the origin of wavelet theory. Some of the recent “discoveries” by the researchers, who
were at the core of establishing the wavelet theory as we now know it, came up with
relatively similar work that had already been done a few decades back by others [17]. The
development of the wavelet analysis came from separate efforts that were not part of a
consistent theory and it was only recently realised that the work done was actually the
foundation of modern wavelet theory. Grossman and Morlet [4] are credited with the
introduction of the term and methodology of wavelets by means of wavelet analysis as a tool
for signal analysis of seismic data. Further advances in the theory were later made in 1985 by
Stephane Mallat [18] who presented a study on the theory and formulation of wavelet
orthonormal bases, and related their properties to those of multiresolution approximations
of L?(R). Furthermore, the quadrature mirror filters and pyramid algorithms were related to

these wavelet bases. He was able to present a more efficient and effective approach for the
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wavelet orthonormal bases with respect to multiresolution analysis. This later on motivated
Y. Meyer, a harmonic analyst at the time, to recognise numerous classical results in the
theory and point out that there was indeed a connection between the powerful existing
techniques in mathematical study of singular integral operators with signal analysis methods
[19]. From this point on the concept caught the attention of other physicists and
mathematicians which included Ingrid Daubechies. After taking keen interest in the work that
was already done in the field by those before (particularly Mallat and Mayer’s work),
Daubechies [20] made a major breakthrough in the field of wavelets towards the end of the
1980s by constructing a family of orthonormal wavelets with compact support. Daubechies
[15,20] was able to formulate the Daubechies family of wavelets which led to their success;

proving to be the basis of wavelet analysis as we know it today.

Daubechies [15] monitored the trend in publications with respect to modern wavelet analysis
in the early 1980s and it was discovered that its implementation was limited, with only very
few scientific papers being published. It was mainly used by mathematicians as a tool to
decompose data, functions or operators into different components. From the 1990s, the
interest in the use of the wavelet transform had seen an exponential increase and the growth
in popularity was among researchers in various fields of study, particularly those in science

and engineering.

To date, wavelet analysis has diversified in application and this is evident from the research
of its implementation in medicine [21,22], finance [23], signal processing and geophysics
[24], astronomy [25] and chemistry [26], just to name a few. Subsequently, the subject is
now vast and the wavelets are applied to handcrafted applications in various disciplines to
cater for their specific requirements. This is attributed to the key desirable general properties
of wavelets which offer numerous avenues for design manipulation to meet the necessary
desired requirements. In other words, wavelets in general are versatile and can be easily
manipulated, with new families being developed and tailored for specific applications.
Furthermore, properties such as multiresolution, compact support and vanishing moments
make various families of wavelets desirable. This demonstrates the importance and relevance

of wavelet analysis, with many possible avenues for its application.

2.2. The finite element method

It is common practice in the structural engineering field to analyse and predict the behaviour

of various systems. A practical approach can be applied by carrying out experimental testing



under certain conditions and assumptions to obtain valid and realistic results. However, this
can be a very complex and costly approach, especially if the analysis on the limitations of
systems is carried out. Therefore, various theoretically and mathematically based approaches
have been investigated to carry out the analysis of systems. In structural analysis, analytical
and semi-analytical approaches are continually being developed to represent the physical
systems. Nevertheless, it is generally very difficult to apply exact closed form solutions in the
analysis of the engineering problems due to existing mathematical tools not being sufficient
enough. Furthermore, it may be very difficult to mathematically represent the varying

complexities and irregularities (e.g. geometry or material composition) which may be present
[1].

Therefore, a number of numerical approaches have been developed to approximately describe
the behaviour of engineering systems. One such approach is the finite element method
(FEM), which has become the foundation for solving complex engineering problems,
particularly in structural analysis due to its diversity as well as versatility. FEM uses trial
functions, which are a combination of a class of functions, to obtain the approximate
solutions over the system’s domain [27]. Discretization of a system into elements leads to the
solution domain being broken down into sub-domains and the elements are regions of space
where the displacement field exists. The nodes connect these elements and are therefore the
locations in space where the displacement and its derivatives are evaluated. From a
mathematical point of view, the finite element mesh is considered to be a spatial subdivision.
Over the solution domain, continuous functions are expressed in terms of the field variable
nodal values, or their derivatives, and are used to approximate the behaviour of the unknown
field variables [28].

The behaviour of the field variables is described by interpolating or approximating functions,
defined over each finite element. A collection of these functions over the entire domain
provide piecewise approximations to the field variables. The classical finite element methods
use polynomials to represent these functions as they are convenient to apply mathematically
and easy to manipulate. It is important that the selection of right interpolating functions is

carried out to ensure convergence of the approximate solution to the exact solution [29].

The method is popular in various engineering fields and this is evident from the fact that the
method is not only restricted to structural analysis, but can also be applied to analyse heat
transfer [27-29], fluid flow [30,31], distribution of electric or electromagnetic potential [32]

problems; giving rise to its vast growing popularity over the decades. The digital computer

10



age has also advanced the use of the method as larger and more complex engineering
problems can be solved with increased accuracy, while simultaneously reducing the
computational costs. Furthermore, it has enhanced the manner of attaining the approximate

solutions efficient and practically viable.

However, it is important to note that there is a trade-off between computational costs and
improving the approximate solution accuracy. Thus, for one to achieve higher levels of
accuracy of the solution, more computational power is required to achieve this; which can be
a costly drawback. This is particularly the case where the gradient of the field variables are
expected to vary suddenly or quickly. Difficulties emerge when analysing such systems and
sometimes lead to slow convergence, inaccurate results and/or higher computational costs,

since finer meshes are required [7,28].

2.3. The wavelet finite element method

Different approaches have been developed to overcome some of the short comings of the
finite element method such as the Boundary Element Method (BEM), adaptive Finite element
methods, meshless methods, just to name a few [33]. Given that at the time computational
power was not as high as it is currently, the need for efficiency in the method of analysis was
necessary. One other approach that has been developed in recent years is the Wavelet Finite
Element Method (WFEM). The method combines the attractive wavelets with the
conventional finite element method. The desirable properties of wavelets allows for their

utilisation in solving the Partial Differential Equations (PDES).

Multiresolution is one of the most outstanding features of wavelet theory and it is the
backbone of WFEM [6,7]. Specific wavelet based finite elements can be selected and
analysed at finer scales, without modifying the initial system model, via the multiresolution
property. This is advantageous since the accuracy of the solution, particularly in areas with
high gradients and singularities present, can be greatly improved. Furthermore, computational
costs are reduced since fewer elements are required to achieve acceptable levels of accuracy
due to rapid convergence of the method [6,7]. Multiresolution arises from the “two-scale”
relation, which is another key property of wavelets [20]. It allows for the convenient and free
transformation of scaling and wavelet functions between different resolutions, thus improving
the analysis precision. Another key feature of majority of wavelets is compact support which
is also achievable via the two scale relation. The scaling and wavelet functions are finitely

bound (non-zero over a finite range) and this is attractive for WFEM formulations since the
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elements generated have less degrees of freedom. This is an ideal feature, in terms of
computational efficiency, accuracy and convenience, for analysing problems of areas with

high local gradients [10].

These are just but a few of the most common properties of wavelets. However, it is important
to identify the requirements to be satisfied when choosing a particular wavelet basis for the
WFEM. FEM requires that the compatibility and completeness requirements be satisfied,
with the addition of convergence of the approximate solution, for accurate results. The
wavelet basis should be able to ensure these requirements are met and furthermore, it should
have good numerical performance to allow easy implementation and treatment of boundary
conditions when used. Computational efficiency is another key factor and motivation for the
development of WFEM. It is ideal to have low order polynomials generated by the wavelet
basis as well as good decomposition and reconstruction of the field variable for

multiresolution to be effective and improve on the efficiency of the method.

For these reasons, the WFEM has become a potentially powerful tool in the analysis of
problems with irregularities; which offer the classical FEM difficulties in their analysis. Due
to the adaptability of the wavelets, different wavelet families are being developed and
customised for specific problems. They are implemented in WFEM based on their properties,

and advancements for their applications have been continually researched.

2.3.1. The Daubechies wavelet finite element method

The Daubechies wavelet is one of the families that have been used in the formulation of the
WEFEs. The scaling functions are used as interpolating functions due to the key desirable
properties of the wavelet family. It is also one of the primary wavelet families initially used
in solution of PDEs, and subsequently implemented in WFEM. The properties of the
Daubechies wavelet include multiresolution, orthogonality, vanishing moments, compact
support and the “two scale” relation [20]. However, the Daubechies scaling functions (and
their derivatives) have no explicit expression; therefore requiring the evaluation of what is
commonly referred to as connection coefficients, to solve PDEs [34-36]. The term connection
coefficients, as described by Latto et al. [36], are the integral of the products of the wavelet
scaling functions and/or their derivatives (including translates). A more detailed discussion

into the formulation and theory of connection coefficients is presented in Chapter 3.

Ko et al. [2,9] are credited with the conceptualization and development of the Daubechies
wavelet based finite element method. They implement the Daubechies wavelet basis
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functions to formulate a tensor product finite element, which is used solve a 1D and 2D
second order Neumann problem. The rate of convergence of the results achieved by the
wavelet based approach is found to be good, with the exception of the Daubechies order L =
12, which is attributed to shortening the connection coefficients to a fixed number of accurate
digits. Ko et al. [37] also use the Daubechies wavelets to develop a class of triangular finite
elements. The tensor-product wavelet elements in the geometry of the triangular elemental

domain are characterized using a multivalued scaling equation.

The wavelet Galerkin finite element method is implemented by Zhou et al. [38] to analyse the
bending of plates and beams. The Daubechies wavelet is used to carry out this analysis, and
the results obtained are of good accuracy. The accuracy of the results is improved by

increasing the order of the wavelet scaling functions.

Ma et al. [10] enhance the work carried out in Ko et al. [2,9] by developing a wavelet based
beam finite element using the Daubechies D12 (order L = 12) wavelet for static analysis. The
beam element is formulated in wavelet space and the corresponding elemental degrees of
freedom are represented by wavelet coefficients. In their work, they present a layout of the
beam element such that, for compatibility at the borders of adjacent elements to be ensured,
the transverse displacement and rotation DOFs must be present at each elemental end node.
In their formulation, the stiffness matrix in wavelet space is obtained via the connection
coefficients bound on the interval [0,1], as described by Ko et al. [9], and is then transformed
into physical space by the use of a wavelet based transformation matrix. Two static problems
are used to verify the correctness of the element and the results are compared with the
classical FEM solutions. The results indicate the WFEM achieves high levels of accuracy
with fewer elements. However, there is no clear indication or formulation of the wavelet
based load vectors and multiresolution is not taken into consideration in their study.
Moreover, there are no suggestions on whether the layout of the element presented can be
altered or what the effects of this are on the accuracy of the results. Ma et al. [10] state that
other orders of the Daubechies wavelet can be implemented in the formulation of the beam
WEFE and indicate that higher orders lead to more accurate results; but subsequently higher
computational costs. However, there is no comparison of results with respect to the order of

the Daubechies WFE implemented.

Chen et al. [8] formulate a two dimensional Daubechies wavelet finite element which is used
to analyse the bending of a thin plate. Furthermore, a new formulation to evaluate the load

vector on the interval [0,1] in wavelet space is presented and found to be more efficient than
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the approach presented by Chen et al. [39]. The algorithms presented for the evaluation of the
stiffness matrices and load vectors are carried out at multiresolution scale j = 0. The results
presented show that the approach leads to highly accurate results and could be improved by
increasing the order or multiresolution of the WFE. Moreover, the numerical examples
selected include [8]; the analysis of Cook’s plane stress problem, stress analysis of an L-
shaped plate and thermal analysis of a paper steady-state. Through these examples, the
capability of the Daubechies WFEM to accurately solve problems with singularities present

in higher dimensional elements is illustrated.

Chen et al. [6] present a novel algorithm to evaluate the connection coefficients at different
multiresolution scales; bound on the interval [0,1]. The algorithm presented takes into
consideration the Daubechies scaling functions of the same order L. The multiscale
connection coefficients are then used to analyse a static plate problem, where the accuracy
results are improved via a multiscale lifting scheme. The results show that increasing the
multiresolution of the WFEs improves the accuracy of the results.

Diaz et al. [40] implement the Daubechies WFEM based on the formulations described by
Ma et al. [10] and Chen et al. [8] to analysis static beam and plate problems. The formulation
of the plate is based on Mindlin-Reissner plate theory, where shear deformation is taken into
consideration through the thickness of the plate. In their analysis, they conclude that in the
application of beam problems, the convergence of the solutions for Daubechies wavelet
family of order L < 12 is obtained by increasing the number of elements. Furthermore, it is
stated that the orders of the scaling functions used must be L = 2% + 4 fork € z and k > 0,
where L is the order of the Daubechies scaling function. Moreover, the results for L > 20 are
inaccurate due to numerical deterioration when evaluating the connection coefficients. It is
therefore unclear, based on these results and conclusions, which orders of the Daubechies
WFEM can be implemented in the analysis of beam structures, considering the numerical
examples carried out are for a Daubechies D12 wavelet beam, similar to Ma et al. [10].
Furthermore, their analysis does not include multiresolution and therefore, if their findings
are valid, it is not clear what the effect of implementing multiresolution on the accuracy of

results is.

Diaz et al. [41] compare the Daubechies wavelet and B-spline wavelet formulated plate
WFEM solutions. The plates are formulated based on Mindlin-Reissner and Kirchhoff plate
theories for static analysis, under uniform loading. The D10 WFEM results are also compared

with classic finite element method solutions, and it is stated that the wavelet based solutions
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take a third of the time it takes for classical FEM solutions to achieve similar levels of

accuracy.

Zhang et al. [42] use the two dimensional Daubechies scaling functions to formulate the
WFEM and apply it to analyse the fluid-saturated porous media elastic wave equation. The
results are compared with the classical FEM and they are highly accurate, possessing a good

convergence rate.

The Daubechies wavelet is used to formulate Rayleigh-Euler and Rayleigh Timoshenko beam
wavelet finite elements by Wang et al. [43]. These wavelet based beam elements are used
with the genetic algorithm for crack detection and are validated with experimental data. The

results are found to be accurate, and the method efficient.

Zhao and Wang [44] use the Daubechies WFEM to analyse a tank and investigate the thermal
stress distribution along the vertical direction of the tank wall. The results obtained for the
high gradient problems analysed are accurate and performed better than the classical FEM;
giving better accuracy and requiring fewer elements for the analysis. Zhao [45] uses the
Daubechies WFEM to analyse a Liquefied Petroleum Gas (LPG) tank under fire based on the
gas-liquid coupled theory. From his analysis, the WFEM is compared with experimental data
and the classical FEM to obtain the variation of temperature and pressure of the gas/liquid in
the tank. The results obtained via WFEM are in very good agreement with experimental
results. Furthermore, the WFEM solutions are better in accuracy and computational
efficiency than the classical FEM. Zhao [46] carries out a further analysis of a gate rotor shaft
with multiple cracks based on the Daubechies WFEM. Zhao implements an identification
procedure and evaluates the changing rate of the natural frequencies via free vibration
analysis. According to the analysis, the WFEM approach is in very good agreement with the
actual solutions obtained; thus illustrating that the method can be successfully implemented

in identifying multi-cracks on the rotor shaft.

Zhou Y. and Zhou J. [47] use independent wavelet coefficients to represent the boundary
DOFs for beams and thin plates via a modified wavelet approximation. This enables the
homogeneous and non-homogeneous boundary conditions to be treated in a similar manner as
conventional FEM. They implement their approach to analyse the bending and dynamic
response of thin plates using the Daubechies wavelet order D6 at multiresolution scale 3. The
results presented are in good agreement with the compared FEM and analytical solutions, and
the approach offers an avenue for handling general boundary conditions.
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Mitra and Gopalakrishnan [48] propose a novel wavelet based spectral finite element to study
elastic wave propagation in 1-D connected waveguides using Daubechies scaling functions
for approximation in time. This approach reduces the PDEs to ODEs (Ordinary Differential
Equations) in spatial dimensions, which are decoupled via an eigenvalue analysis; hence
decreasing the computational costs. They indicate that the proposed method would work well
with other compact supported wavelet bases such as B-splines. Mitra and Gopalakrishnan
[49] then extract the wave characteristics via the Daubechies based spectrally formulated
wavelet finite element. Numerical experiments are performed to study frequency-dependent
wave characteristics in elementary rod, Euler-Bernoulli and Timoshenko beams.
Furthermore, they formulate higher order composite beams to study wave propagation [50].
Numerical experiments are performed to investigate the wave propagation due to broad band
impulse load and modulated sinusoidal pulse. In their analyses, they conclude the use of the

Daubechies wavelets improves the accuracy and efficiency of the solutions.

There are two key limitations of implementing the Daubechies wavelet for the formulation of
WFEMs. The first of these is the lack of symmetry (symmetry of the wavelet or scaling
function curve with respect to the y axis) and an explicit expression for the wavelet and
scaling functions. This makes the evaluation of numerical integrals problematic due to the
unusual smoothness characteristics. Therefore, in order to formulate the element matrices and
load vectors, the connection coefficients must be evaluated. The second is with respect to the
accuracy of the method. The results presented demonstrate that the solutions are highly
accurate, but for certain orders of the Daubechies WFEs. However, it is not clear which
orders the Daubechies WFE are restricted to; with respect to the type of element and problem
being analysed. Moreover, the effects of altering the element layout are not clearly stated.
Majority of the problems analysed are of a static nature and the implementation of the
method for the analysis of dynamic problems is limited. Furthermore, the implementation and
the performance analysis of the method in the dynamic response of structural problems, with
fast varying loading conditions and material properties, are also limited. This offers an

opportunity for further research, which is to be investigated in this study.

2.3.2. The BSWI wavelet finite element method

It was necessary to carry out further research to identify other wavelet families, which had
explicit expressions and could be implemented in the WFEM, to overcome the limitations of
the Daubechies WFEM. The spline wavelets were identified as a potential family of wavelets
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that could be implemented in WFEM. The spline wavelets have uniform translation of the
bases, explicit expressions, compact support and sufficient smoothness of low order

polynomials [3].

Chen et al. [3] combine the conventional finite element method with the accuracy of the
spline functions as shape functions for free vibration analysis of frame structures. Based on
the properties of the spline wavelets, they are sufficient for the variational method to solve
differential equations in a multi-level approach. They implement this proposed method on a
Euler Bernoulli beam, with cubic splines used to approximate the variable function in the
elements. The analysis of a Vierendeel frame and triangular structures are carried out via
numerical examples. The results show that the accuracy of the solutions would increase with

an increase in refinement.

Pengcheng and Peixiang [51] present a multivariable spline element method and use the
interpolation functions of cubic B-splines of duality in product form to construct the entire
independent field functions for plates and flat spherical shells with a square base. Pengcheng
and Peixiang [52] later extend their work in [51], to analyse moderately thick plates (the
effects of transverse shear and rotary inertia are taken into account). They derive the spline
finite elements based on the potential energy principle. In both cases they are able to satisfy
the natural boundary conditions using the variational principle and their results show good
convergence and high accuracy. The interpolations of the bicubic splines have few unknowns
while still maintaining strong continuity and high precision of approximation. Therefore,
Pengcheng and Peixiang [53] use bicubic splines in the product form to construct multi-field
functions for static analysis of a plate on elastic foundations. This is carried out via the

multivariable spline element method.

Chui and Quak [54] construct the semi-orthogonal B-spline Wavelet on the Interval (BSWI)
which has the desirable properties of multiresolution, compact support, explicit expressions,
smoothness and symmetry. This implies that the scaling and wavelet functions can be
evaluated with ease and used in the formulation of the WFEM.

Xiang et al. [11] implement the BSWI to construct a wavelet based C° type plane
elastomechanics element and Mindlin plate based on 2-D tensor product of the BSWI wavelet
family. They carry out a static analysis for moderately thick and thick square plates, under
uniform and concentrated static loading. The BSWI plate WFEM solutions for order 2 and
scale 3 (BSWI123) are compared with that of order 4 and multiresolution scale 3 (BSWI43).

The results indicate that the BSW14; WFEM solution give more accurate results, however the
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computational costs are significantly higher due to the subsequent increase in the number of
knots of each element. The BSWI2; WFEM results are inaccurate, except when the
thickness-span ratio is high. For the analysis of moderately thick and thick plates, the
BSWI4; element is suitable for the analysis. They further conclude that the layout of the
elemental nodes can be modified, provided that the wavelet transformation matrix is not

singular.

Thin and moderately thick truncated conical shell wavelet finite elements with independent
slope-deformation are constructed by Xiang et al. [55] using the BSWI wavelet family. The
static analysis is carried out for a thin truncated conical shell and the results obtained via 8
BSWI23-45 (123 DOFs) WFEs are of significantly better accuracy when compared with the
traditional finite element (723 DOFs) solutions. This demonstrates the efficiency and
effectiveness of the BSWI WFEM in the analysis of thin and moderately thick shells.

Xiang et al. [7] proceed to construct a range of BSWI based WFEs, which include the axial
rod, beam (Timoshenko and Euler Bernoulli), plane bar, spatial bar and plane truss WFEs. A
lifting scheme for the corresponding elements is also presented. Numerical examples are
carried out to validate the constructed WFEs and compared with classical finite elements. The
Euler Bernoulli and Timoshenko BSWI2; and BSWI4; beam wavelet finite elements are
analysed for static problems under a distributed and uniform load respectively. The results
show that the BSWI4; WFEM results are highly accurate with significantly less DOFs than
the classical FEM solution. Furthermore, provided the wavelet transformation matrix is non-

singular, the BSWI WFEs can freely be constructed.

A new BSWI thin C! plate element based on Kirchhoff plate theory is formulated and
analysed by Xiang et al. [12,56] for static and dynamic problems. A square plate formulated
using BSWI143; WFEs is subjected to a static load and subsequently, a free vibration analysis
is carried. The free vibration of the skew plate is also analysed for different boundary
conditions and the results compared with those obtained from literature. The BSWI43; WFEM
solutions are highly accurate for the thin plate but it is highlighted that when the lifting

scheme is implemented to improve the accuracy, the process becomes complex.

Rotor-bearing systems are analysed using a new BSWI rotating Rayleigh-Timoshenko shaft
wavelet based finite element formulated by Xiang et al. [57]. The analysis demonstrates that
the shear-locking phenomenon is significantly eliminated when using the BSWI based WFEs
due to the attractive properties of the BSWI wavelet family.
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The static and forced vibration analysis of a thin plate and a thin plate on an elastic
foundation, using a multivariable BSWI thin plate WFEs formulation, are carried out by
Zhang et al. [58]. It is concluded that increasing the number of kinds of variables not only
increases the accuracy of the solution, but also the computational costs. The results show that
the static and forced vibration results of both cases analysed are highly accurate. The BSWI
based WFEM has also been recently used in the analysis of elastic wave propagation for a
cracked arch. Yang et al. [59], formulate the arch based on Castigliano’s theorem and Paris
equation to accurately describe the wave motion behaviour for curved structures. Yang et al.
[60] progress their research and analyse curved beams using the BSWI based WFEM. In their
numerical examples, they analyse the static behaviour of a pinched ring and cantilever curved
beam. Furthermore, the carry out the free vibration analysis of a hinged arch, a thin circular
ring, a three-span clamped arch and a 90° arch with different boundary conditions. Their
findings indicate that the BSWI based WFEM is suitable to carry out the static and free
vibration analysis of curved beams, attaining satisfactory levels of accuracy due to the BSWI

wavelet properties.

2.3.3. Other wavelet finite element methods

There are other wavelet families that have been implemented to formulate the wavelet based
finite element method for the analysis of various engineering problems. One such wavelet
family that has been applied recently is the explicitly expressed trigonometric Hermite
wavelet. He and Ren [13] present the formulation and theory of the trigonometric wavelet
beam finite element. In their analysis they compare the solutions of the classical FEM and
trigonometric based WFEM via numerical examples. They carry out a static, free vibration
and stability (buckling) analysis of beams structures. They conclude that high levels of
accuracy are achieved with fewer elements, particularly for free vibration analysis, due to the
multiresolution property. Furthermore, the trigonometric wavelet family has good
approximation characteristics, and the approach overcomes the limitations of the Daubechies
and BSWI based WFEMs with respect to the application of boundary conditions. Moreover,
adjacent WFEs can be connected conveniently without the use of a wavelet transformation
matrix and this allows for the trigonometric WFEs to be implemented simultaneously with
classical FEs within the same system. He and Ren [14] formulate thin plate trigonometric
based WFEs using a two dimensional tensor product trigonometric Hermite wavelet. The
results obtained from the static analysis of a thin plate subjected to a uniformly distributed

load, free vibration analysis and buckling analysis for different boundary conditions, are
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compared with the classical FEM solutions. The results obtained are highly accurate, with

fewer WFEs implemented in comparison to the classical FEM solutions.

The Hermite Cubic Spline Wavelet on the Interval (HCSWI) based WFEM [61-63],
polynomial WFEM [64,65] and the second generation WFEM [66,67], are other wavelet
based finite element approaches that have been very recently introduced and researched on.
Li and Chen [68] have very recently presented a synthesis and summary critical review, of
not only the wavelet based finite element methods, but also other wavelet based numerical
methods for engineering problems. It must be noted that the study presented in this thesis had
already been initiated and significantly advanced when some of the relatively new WFEMSs
were emerging. Furthermore, the current developments of the BSWI based WFEM
demonstrate the potential and how exceptional the approach is for the analysis of different
structural problems. The high levels of accuracy and efficiency of the method have thus
attracted the attention of researchers. This is attributed to the desirable properties of the
BSWI wavelet family, which include: compact support, symmetry, explicit expressions,
multiresolution and semi-orthogonality. However, majority of the problems analysed using
the method are static and free vibration problems.

2.4. Functionally graded materials

Over the past decades, the evolution of composite materials in various engineering
applications, particularly in the defence, aerospace and automotive industries, has been
keenly observed. The need for light weight materials that possess high strength to weight and
stiffness to weight ratios has led to the fabrication and application of composite materials that
combine two or more materials varying in properties [69]. However, there are several
limitations of conventional composite material applications in highly intense conditions,
particularly high temperature environments, where the desirable properties of these
composites would diminish. Furthermore, complications arising from the interface such as;
material debonding or increased stress concentration that would lead to weakening of the
composite material or crack propagation at the interface, have led to further research being

carried out to mitigate these inadequacies [70].

Functionally graded materials (FGM) are a relatively new class of composite materials which
consists of two or more materials (often metals and ceramics), with the continuous and
gradual variation of material composition with respect to space. The individual constituent

materials possess different properties, for example: chemical, physical, thermal, mechanical
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and electrical properties [71]. Therefore, the effective properties of functionally graded
materials vary according to the material distribution of the constituent materials. The term
and concept was introduced in the mid 80s by a faction of Japanese material scientists [72]
with an aim to develop thermal barrier materials capable of withstanding high temperature
gradients between the surfaces whilst withstanding significant mechanical loading. In a bid to
decrease some limitations of conventional composites, research into FGM is rapidly growing

so as to have a better understanding and improve on these advanced materials.

Research has been, and continues to be carried out on the analysis of FGMs to better
understand their behaviour under certain conditions. Majority of the research presented in
literature is in relation to plates and shells. The critical review provided by Jha et al. [73], on
the recent developments and studies of functionally graded plates, is recommended by the
author. The research carried out on functionally graded beams is not as widespread as
functionally graded plates and shells, which have a wider range of applications. Nonetheless,
the need to analyse the behaviour of functionally graded beams is rapidly growing for both
practical and theoretical purposes. Furthermore, majority of the research presented with
respect to functionally graded beams involves static and free vibration analysis.

The research based on the effects of shear deformation and rotary inertia on the free vibration
of functionally graded beams is carried out using different analytical and numerical
approaches. The thermoelastic behaviour of FG beams is investigated by Chakraborty et al.
[69], who implement a new exact shear deformable FG beam finite element formulation
based on the Timoshenko beam theory. They carry out a static, free vibration and wave
propagation analysis based on the exponential and power laws of gradation. According to
their results, the FG beams have the stress jumps smoothened and the natural frequencies
differ significantly with respect to the material distribution of the FGM. The free vibration of
short functionally graded beams is compared by Aydogdu and Taskin [74] for different beam
theories. The analysis is carried out by implementing the Euler Bernoulli, parabolic shear
deformation and exponential shear deformation beam theories based on Hamilton’s principle.
The free vibration analysis of the FG beam, which is formulated using the power law and
exponential law, is carried out and the results obtained via the different beam theories are
compared. The Euler Bernoulli FG beam natural frequencies are found to be higher than the
other higher order beam theory solutions when the value of the slenderness ratio is small (<
20); for different material distributions. This is because the Euler Bernoulli beam theory does

not take into consideration shear deformation and rotational inertia, unlike the higher order
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shear deformation theories. Therefore, the Euler Bernoulli beam is stiffer, leading to higher
values of natural frequencies when the slenderness ratio is small. Furthermore, the difference

in the natural frequencies increases with the modes of vibrations.

Kadoli et al. [75] applied the classical finite element method to analyse the static deflection
and stresses of a transversely varying functionally graded beam, based on higher-order shear
deformation theory and power law of gradation. Through their analysis of static FG beams, it
is found that the material distribution significantly influences the deflection, stresses and
location of the neutral surface. Sina et al. [76] and Thai and Vo [77] implement analytical
approaches to obtain the natural frequencies of transverse varying FG beams using different
higher-order shear deformation theories. Their solutions are found to be consistent with other

previously presented FG beam analysis approaches.

Pradhan and Chakraverty [78] compare the natural frequencies of a Euler Bernoulli
functionally graded beam with those of a Timoshenko FG beam using the Rayleigh-Ritz
method. The beam material distribution variation is based on the power law and occurs in the
transverse direction. In their analysis, they investigate the effect of varying the slenderness
ratio on the natural frequencies and compare the results obtained via the classical and first
order Timoshenko beam theories. Their results are consistent with the findings in [74,77];
where the Euler Bernoulli FG beam solution overestimates the natural frequencies for low
values of the slenderness ratio. However, it is stated that when the value of the slenderness
ratio is increased, the natural frequencies at each mode of vibration, based on the two beam
theories, gradually converge. Therefore, the Euler Bernoulli beam theory can be used to
accurately analyse the free and forced vibration of slender FG beams for different material

distributions.

A significant quantity of the research conducted on functionally graded materials, particularly
beams, is based on transverse gradation of the material distribution. A limited number of
studies have been carried out with respect to axially varying functionally graded beams. This
is attributed to the fact that the practical use of axially varying functionally graded beams is,
at present, very limited. However, the classical finite element method is implemented by
Alshorbagy et al. [79] to analyse the free vibration of a Euler Bernoulli FG beam. The results
presented illustrate that the axial material distribution variation influences the natural
frequencies of the FG beam. Haung and Li [80] obtain the natural frequencies of an axially
varying tapered functionally graded beam by transforming the problem in to Fredholm

integral equations. Their approach is verified for the analysis of axially varying FG beams via
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numerical examples and the results are in good agreement with the classical FEM and
Rayleigh method solutions. Shahba and Rajasekaran [81] use a differential transform element
method to carry out a free vibration and buckling analysis of a tapered Euler Bernoulli FG

beam.

Although majority of the research conducted on functionally graded beams has been focused
on free vibration analysis, there has been some research carried out on the dynamic response
of FG beams subjected to a moving load. The free vibration and dynamic response of a Euler
Bernoulli FG beam with open cracks, simultaneously subjected to a transverse moving load
and axial compressive force, is investigated by Yang et al. [82]. The analysis is carried out
using an analytical approach, and the transverse material gradation of the FG beam is
approximated using the exponential law. In their findings, they conclude that the location of
the edge cracks has a significant effect on the natural frequencies.

Simsek and Kocaturk [83] analyse the free vibration and dynamic response of a Euler
Bernoulli FG beam subjected to a concentrated moving harmonic load. The transverse
variation of the material properties are based on the power law and exponential law. The
Lagrange’s equations are used to derive the governing system of equations of motion. In their
work, the effects of varying the material distributions, via the power law exponent, on the
natural frequencies and dynamic response of the FG beam are investigated. Furthermore, the
effects of the velocity and the excitation frequency of the moving harmonic load on the
dynamic response of the FG beam are also analysed. The dynamic responses of the FG
beam, based on classical, first order shear deformation and third order shear deformation
beam theories, both subjected to a moving mass, are subsequently carried out by Simsek [84].
Simsek [85] later extends this work to analyse the non-linear dynamic behaviour of a
transversely varying Timoshenko FG beam subjected to a moving harmonic load.

Khalili et al. [86] investigate the dynamic response of a simply supported FG beam subjected
to a moving load by combining the Rayleigh-Ritz method and the Differential Quadrature
Method (DQM). The FG beam is formulated based on the Euler Bernoulli beam theory and
the dynamic response of the FG beam is analysed for different material distributions. The
beam is subjected to a moving point load, and subsequently a moving mass, where the inertia
effects of the load are taken into consideration. From their results, they conclude that the
inertia effects of the load influence the dynamic behaviour of the FGM beam. Furthermore,
the variation of the material distribution also influences the dynamic response of the

functionally graded beam.

23



2.5. Conclusion

A critical review of the wavelet finite element method and functionally graded materials has
been presented in this Chapter. The advancements that have led to the current state of
research of the WFEM were discussed. The finite element method and wavelet theory were
also introduced. There are avenues that exist for the implementation of the wavelet finite
element method, which are yet to be explored. Based on the popularity and desirable
properties of the Daubechies and BSWI based WFEMs, the two approaches are selected for
implementation in this study. Furthermore, given the limited research that has been carried
out up to this point, there is an opportunity to investigate the application of the two wavelet
based finite element methods with respect to dynamic problems, particularly moving load
problems. Furthermore, additional clarity of their application with regards to selection,
performance and implementation of the wavelet family orders and multiresolution scales in

the analysis of beams, is an area that needs to be addressed and further investigated.

Following a critical review of the research carried out on the analysis of functionally graded
materials, particularly FG beams, it was ascertained that there are still opportunities for
contribution in the subject area. The dynamic response of FG beams on a viscoelastic
foundation subjected to fast variations in loading conditions, such as moving loads, is one
such avenue that can be further explored. Areas that can possibly be investigated include: the
effects of damping and applied moving load for different velocity profiles on the dynamic
response of functionally graded beams of varying material distributions. To the best of the
author’s knowledge, no work has been presented or published with respect to the dynamic
response of functionally graded beams on a viscoelastic foundation, subjected to fast moving
loads, using WFEM. The efficiency and effectiveness of the WFEM allows for such an
analysis to be carried out, given that the method accurately approximates field variables with
fewer DOFs.

24



3. Wavelet Analysis and Multiresolution Analysis

Summary

The general theories and main principles of wavelet analysis are described in the first part of
this chapter through the definition of key concepts of multiresolution analysis (MRA). The
properties and conditions necessary for multiresolution to occur, as well as the resultant
scaling and wavelet functions that satisfy these conditions, are discussed based on previous
works. The reconstruction and decomposition aspects relating to multiresolution for wavelet
analysis are presented in Appendix A.1 The two wavelet families used in the formulation of
WEFEs in this study; the Daubechies wavelet and B-Spline Wavelet on the Interval (BSWI),

are introduced and presented in this chapter.

The Daubechies wavelet family is defined with the key properties of the scaling and wavelet
functions highlighted. The filter coefficients, scaling and wavelet functions and their
derivatives are mathematically presented and discussed in this chapter. Solving partial
differential equations (PDEs) using the Daubechies wavelets requires the evaluation of
moments and connection coefficients. These coefficients are introduced and formulated in
this chapter. A modified approach used to evaluate the multiscale connection coefficients
implemented in the formulation of the wavelet based element matrices and general distributed
load vectors are presented. The integral of the product of the multiscale Daubechies scaling
functions and/or their derivatives of different orders can be computed using this approach.
The detailed mathematical formulations used to evaluate the filter coefficients and moments

are presented in Appendix A.2.

The general and Cardinal B-spline families of wavelets are introduced and their properties
presented. The evaluation of the scaling and wavelet functions of the general B-splines are
carried out using knot sequences, which are also derived. The general splines are then used to
formulate the BSWI scaling and wavelet functions. The properties of the BSWI scaling and
wavelet functions and their derivatives are introduced and expressed mathematically. The

cardinal B-splines are formulated and discussed in Appendix A.3.1.

3.1. Concepts of multiresolution and wavelet theory

Wavelets are described a class of basis functions that represent functions locally; both in

space (frequency) and time. Furthermore, wavelets allow for analysis of functions or data to
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be carried out at different resolutions (scales). There are certain mandatory requirements that
a function must satisfy so as to be classified as a wavelet function [5]. However, different
wavelet families will exhibit different properties based on their formulation. There are
similarities between wavelet functions and classical Fourier functions. However, the Fourier
functions are localised only in space. This implies that the represented Fourier functions do
not have a particular frequency (or location) associated over a particular time interval. This is
a welcoming advantage of wavelets over classical Fourier representations as they can be used

to represent time varying functions locally or analyse time-dependent data.

The wavelet basis emanates from a set of wavelet coefficients associated at a particular
location in time and exist in different multiresolution scales. In relation to data and frequency,
the coefficients at coarse resolution scales are associated with low frequency features. As the
resolution scales become finer, more information (detail) is added from the higher resolution
coefficients. Therefore, the coefficients at very fine resolution scales are associated with high
frequency details that are highly localized [68]. There are some functions associated with
wavelets which include the scaling and wavelet functions emanating from multiresolution
analysis (MRA). It is therefore important to begin by defining MRA and the properties of
MRA that govern wavelet theory. The discussions and mathematical formulations presented
in this section are based on general wavelet and MRA theory; similar to those presented in
[15,16,19,20,87].

Let £ be a function of the complete function space L?(R), i.e., f € L?(R). There exists a
nested sequence of closed approximation subspaces V; (j € Z) associated with the
decomposition of L*(R). There also exists an orthogonal complement subspace W, (j € Z) of
corresponding subspace V;. Multiresolution analysis refers to the simultaneous appearance of

multiple scales in function decompositions in the Hilbert space L?(R) (infinite vector space
with natural inner product norm providing a distance function) using the sequence of closed

subspaces V;. Therefore in principle, in order for multiresolution to occur, the subspaces V;

satisfy the following properties [19]:

~V,cV cVycV,cl,c.- (3.1)
V=V, 0w (3.2)
U V= L*(R) (3.3)
jEz
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ﬂ V=103 (3.4)

jez
fo(x) =f@x)Vx

feVofheViy JEL
o) = f(x —n)

fev,of, eV, net

(3.5)

(3.6)

The first property from equation (3.1) implies that the closed subspace V; is included within
the next subspace Vj,; and subsequently all other higher subspaces as illustrated in Figure
3-1. Therefore, any function f within subspace V; belongs in all higher spaces. The second
condition from equation (3.2) states that the sum of the subspaces W, and V; produces the
subspace at the next scale V; 4

Vi € Vit € Vo © Vg3

Figure 3-1: lllustration of multiresolution subspaces V; and ;.

In other words, the complement subspace W, contains the additional “detail” for V; .4 and can
be described as the differences of subspaces V;, and V;. It is easy to deduce from equation
(3.2) and Figure 3-1 that [16]

Vi =V @W, W, @ W, - B W, (3.7)
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The union of the subspaces V; leads to the space L?>(R) from the condition in (3.3) [87].
Consider the orthogonal projection B f of f onto the corresponding subspace V. The

completeness property in equation (3.3) implies that [20]:
limj o, Pf = f forall f e L*(R) (3.8)

Furthermore, from equation (3.4) the intersection of the subspaces V; is a null space.
However, the crucial condition for multiresolution is expressed in equation (3.5) to which the
subspaces V; are scale invariant. Therefore, at scale J, the finer resolution of a function f in
subspace 1 is f(Zf ) inV;. Equation (3.6) represents the shift invariance condition, meaning
that the translates of any function in subspace V; remain in the same subspace [15]. Let the
scaling function of the multiresolution analysis ¢ € L?(R). Thus, the orthonormal basis of V;

is defined as:
Gl(x)=2¢pDx—k) kez (3.9)
Given that the above properties, including equation (3.9) are satisfied, there exists a wavelet
function 1 € L?(R) to which the wavelet orthonormal basis for subspace W; is defined as:
Yl(x) =22p@x—k) kel (3.10)

The scaling and wavelet functions correspond to the subspaces V; and W respectively. One
can therefore identify the key properties of the wavelet and the corresponding subspace W;

from the conditions expressed in equations (3.1)-(3.6) and (3.9) as follows [20]:

jfz oo E® (3.11)
fEWofHLeW, JEL (3.12)
fEW o f, EW n ez (3.13)

W LW, if j#) (3.14)

Equation (3.11) implies that the orthogonal subspaces W result from the decomposition
of L?(R). The wavelet subspaces W;, and subsequently the functions within these subspaces,
inherit the scale and shift invariance properties from the scaling function subspaces V;; as

expressed in equations (3.12) and (3.13). The wavelet subspaces are orthonormal from the
condition expressed in (3.14). Thus, if all the conditions described above are met, then the

scaling and wavelet functions satisfy [20]:
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fw¢@MX¢0 (3.15)

fww@Mx=0 (3.16)

The decomposition and reconstruction of the wavelet functions and coefficients are presented

in Appendix A.1 for a better understanding of how multiresolution in wavelets is achieved.

3.2. Daubechies wavelet

The Daubechies wavelet, as earlier mentioned, is one of the popular wavelet families used as
a mathematical analysis tool. This family of wavelets, developed by Ingrid Daubechies [20],
have the properties of compact supported orthonormal wavelets. The presented formulations

and discussions are based on her work published in [20,15].

In this study, the Daubechies wavelet family order is denoted by DL, where the order L is an
even integer greater than 0 and corresponds to the number of filter coefficients p, (k) for k =
0,1,..,L — 1. These coefficients govern the corresponding orders of the wavelet family

through the two scale relation

L-1
B1() =VZ )y (k)b (2x — K) (3.17)
k=0
L-1
B0 = Y PP, (2x — K) (3.18)
k=0
and the wavelet equation
Y0 =VZ ) gu(k)pu(2x— k) (3.19)
k
P00 = Y (0, (2x — k) (3.20)
k

The normalized wavelet function filter coefficients ¢, (k) and scaling function filter
coefficients p, (k) have the relation g, (k) = (—1)ka(1 — k). The scaling functions ¢, (x)
and wavelet functions v, (x) of Daubechies family of order L are bound in the interval
[0,L—1]and [1 - %g] respectively. This is an attractive feature of compact support that the
Daubechies family of wavelets possess. The scaling and wavelet functions defined in

equations (3.18) and (3.20) satisfy the following properties:
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f " L0dx = 1 (3.21)

f_ b (x — k)P (x — Ddx = 6 (3.22)
| ou6wutx—1dx =0 (3.23)
fm x™Y,(x)dx =0 m=0,1, ,g -1 (3.24)

The multiresolution scaling and wavelet basis corresponding to the subspaces V; and W; for

the Daubechies wavelet family of order L are defined as:
¢l (x) = 22, (2 x — k) (3.25)
Y00 = 229, (2% — k) (3.26)

Furthermore, the Daubechies family of wavelets satisfy the following orthogonal properties at

ascale j:
j_ Zd’i"‘ @), @)dx = 8, (3.27)
[ vl oz =i, (3:28)
f_‘:(pg,k O], (0)dx = 0 (3.29)

3.2.1. The Daubechies filter coefficients p (k)

Daubechies [20] in her monograph outlined and proved the properties and conditions satisfied
by the Daubechies filter coefficients from the conditions of the scaling and wavelet functions
in (3.21)-(3.24). The properties of these filter coefficients include:

Z hy (k) =2 (3.30)

Z .00 = 0 (3.31)

PRAGIAEEHEEY (3.32)
k

> 9100y (e = 2m) = 0 (3.33)
k
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The property in equation (3.30) is commonly referred to as the normalization condition. It is
as a result of the scaling function integral having the non vanishing property in equation
(3.21). Equation (3.32) highlights the orthogonality property of the filter coefficients which
ensures that the orthonormality condition of the scaling functions, as expressed in equation
(3.22), is met. In order for the orthogonality property between the scaling and wavelet
functions in equation (3.23) to be met, the filter coefficients used to construct these functions
must themselves possess the orthogonality requirement expressed in equation (3.32). The
Daubechies filter coefficient formulations, as described by Daubechies [20], Strang and
Nguyen [16] and Hong et al. [88], are derived in greater detail in Appendix A.2.1. Table A-2
contains the normalized filter coefficients )., p, (k) = 2 for D4 to D16 as computed by the

author using the Mathematica version 7 program.

3.2.2. Evaluation of the Daubechies scaling and wavelet functions

The Daubechies wavelet scaling functions are calculated by solving the refinement equation
(3.18). The initial step is to obtain the values of ¢, (x) at integer points. We can express the

refinement equation in matrix form as:

( $.(0) [p(O) o - 0 0 ]( ¢, (0)

¢1.(1) P2 p(1) = 0 0 |! $.(D)
l¢L(L'—2)| lé 0« p(L—2) p(L—3) L¢L(L'—z)| (3.34)
ob-1) Lo o o pa-Dllgw-1

(Lx 1){¢L} = (LxL) [P,] (L x 1){¢L}

where the (L x 1) column vector @, contains the scaling functions at integer points with the
support [0, L — 1] and the (L x L) matrix [P;] contains the filter coefficients for order DL.
Equation (3.34) represents the eigenvalue problem for the matrix [P;], to which the
eigenvector corresponding to the eigenvalue 1 contains the scaling functions at integer points
¢.(x) for 0 <x <L —1. The normalisation condition (3.21) is obtained through the

eigenvector normalisation
Z ¢, (x) =1 (3.35)
X

Though the scaling functions have been obtained at integer points, it is necessary to evaluate
the scaling functions ¢, (x) for x € R. Therefore, from the two scale equation, the scaling

functions are computed at half integer points and these values are used to evaluate ¢; (x) at

quarter integer points and so on. This is achieved recursively at dyadic points x = % for
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k,i € Z and i = 0. Thus, ¢, (x) for x € R, can be approximated by the dyadic points to

various degrees of accuracy as illustrated in Figure 3-2.
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Figure 3-2: Daubechies D4 scaling functions ¢, (25) for different values of i.

The computational cost increases with an increase of the level of accuracy required through

the increasing number of dyadic points. From Figure 3-2, it is observed that the values for

b4 (g) at i = 4 are almost as accurate as those obtained when i = 16.

Multiresolution
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Figure 3-3: Daubechies D6 scaling ¢>é‘0(x) and wavelet ll’é,o(x) function at different multiresolution levels j.
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Therefore, in practice one can select a lower value of i that gives an acceptable level of
accuracy, and then carry out an interpolation for the approximate values of ¢, (x) for x € R
within these dyadic points to reduce the computational time. The wavelet functions are then
computed from equation (3.20) once the scaling functions are evaluated. Subsequently, the
scaling and wavelet functions at different multiresolution j can be calculated from the
relations in equations (3.25) and (3.26) respectively. Figure 3-3 shows the comparison of the

scaling and wavelet functions for D6 at different scales j.
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Figure 3-4: The Daubechies scaling functions ¢, (x) plots for order D4 — D20.

Figure 3-4 and Figure 3-5 include graphic plots of the Daubechies scaling and wavelet
functions respectively for order D4 — D20. The number of vanishing moments increases with
an increase in the order DL and moreover, the support of both scaling and wavelet functions
also increases. Therefore, if a function is approximated by a set of polynomials, the accuracy
of ¢, (x) to approximate the function increases with order DL. It is evident from the graphs
in Figure 3-4 and Figure 3-5 that both ¢; (x) and y; (x) become smoother with an increase of

the number of vanishing moments. This means that increasing the order of the wavelet
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increases the order of the polynomials x™, where 0 < m < % — 1, that can be represented

exactly via the scaling function and its translates.
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Figure 3-5: The Daubechies wavelet functions i, (x) plots for order D4 — D20.
3.2.3. The Daubechies scaling function derivatives ¢§m) (x)

The derivatives of the Daubechies wavelet scaling functions are essential in the formulation
and implementation of the Daubechies based wavelet finite elements. It is therefore necessary
to highlight some key aspects related to the evaluation of these functions. Similar to the
scaling functions, the derivatives have no explicit expression, thus the derivatives are
calculated recursively by evaluating a system of equations. The approach highlighted in this
section is similar to that provided by Zhou et al. [38]. Let the derivative of the scaling
function of Daubechies family DL be denoted by

d™ ¢ (x)

(m) _
L (x) - dx™

(3.36)
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By differentiating the refinement equation (3.18) m times, the derivative of the scaling

function from equation (3.36) becomes

L-1
L) = 2n z () ¢ (2x = k) (3.37)
k=0

The support for the scaling function is [0,L — 1] and therefore the support of the m"
derivative of the scaling function is also gbL(m)(x) C [0,L — 1]. Similar to the evaluation of
the scaling functions, it is necessary to evaluate the derivatives first at integer points; within
the support limits. This gives rise to a system of equations at all integer points within the
corresponding support as shown below.

" (0) = 2"p(0)p™ (0)
) =27 [p¢™ @) +p(Me™ (1) + p(p™ (0)]

: (3.38)
$(L-2) =27 [p(L = 3)¢{™ (L = 1) +p(L — D (L — 2) +p(L — D™ (L - 3)]
¢ (L —1) =2"p(L - D™ (L - 1)
This can be represented in matrix form as:
[ 6™ (0) ] PO 0 -0 1[ ¢ (0) ]
{ () } P p1) ~ 0 o { )
: =2m| S : : :
loMma—-2] |0 0 - pl=2 pL-3)]|eMw-2)| (3.39)
bma-n) Lo o o pe-l{gmg )
(m)) _ om (m)
(Lxl){q)L }_2 (LXL)[PL](Lxl){ L }
This is rewritten as:
m (m)] _
Q™ wx Pl = wx D (Lxl){‘l’L }—(an{o} (3.40)

T
where {Cbgm)} = {¢(m)(0),¢(m)(1),-~ L™ (N —2), "™ (N — 1)} is the column matrix
containing the derivatives at integer points, [I] is an (L x L) identity matrix, and [P] is the

filter coefficient matrix with entries P, , = p;(2k — ). The matrix [P,] matrix is singular,

and in order to determine a unique solution, a normalizing condition is necessary. The
moment condition expressed in equation (3.24) (which is discussed further in the next
section) gives rise to the equation presented by Beylkin [34]

k=0 k=m o
Z Khp(x—k) = xm + Y (=1DF (’]?) xmk f b (2)z*dz (3.41)
-1 —©

k=—x k
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f_ww ¢ (x)x™dx is defined as the moment of the scaling functions. Differentiating equation
(3.41) m times we obtain

k=
Z kM (x — k) = m! (3.42)
k=—w

Therefore, adding the normalizing condition (3.42) to the set of equations in (3.40) allows the

evaluation of qu(m)(x) at integer points. Through recursion, the values at dyadic points can be

solved via equation (3.37) in an approach similar to that used to obtain the scaling functions.

e dgw
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X
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Figure 3-6: The Daubechies scaling function 1% derivative ¢£1)(x) plots for order D4, D10, D12 and D20.

Figure 3-6 above contains the plot of the first derivative of the scaling functions for
Daubechies D4, D10, D12 and D20 wavelets. It is observed that as the order of the wavelet

increases, the first derivative of the scaling function becomes smoother. Furthermore, as the
order of the derivative m — % — 1, the more irregular the curves of qu(m)(x) become. The m™

derivative of the scaling functions at different multiresolution scales can also be computed by

differentiating equation (3.25) m times. Thus,

. . 1
oI () = 2/ D™ (2 x — k) (3.43)
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Equation (3.43) can be evaluated from the values obtained from equation (3.37).

3.2.4. The Daubechies moments
A vital property of the Daubechies wavelet family is the vanishing moment condition which
is expressed in equation (3.24). The ability of the Daubechies wavelet to accurately represent
a function is dependent on the number of vanishing moments. Daubechies wavelets of order

L have %— 1 vanishing moments [20] and this property ensures that a polynomial x",

whereOSmsg—l, is in the multiresolution spaces Vj. Furthermore, the vanishing

moments describe the number of times the Daubechies wavelet DL is continuously

L
differentiable. Therefore, the Daubechies wavelet DL belongs to €2z '. This vanishing

moment property implies that the translates of the Daubechies scaling functions, ¢, (x — k)
of order L, can directly represent a polynomial of order x™ where 0 <m S%— 1 [36].

Mathematically, this is expressed as [36]:
x™ = z My ¢ (x — k) (3.44)
k

The coefficients M;* denote the moments of the scaling function and its translates at V.

Thus, the moments are evaluated from the expression

M =M = (MG =) = [ a7y (x - (3.45)

m
Mp =

=0

()it M (3.46)

where MJ* is the m™ moment of the scaling function and is evaluated as:

M= ME™ = g, G) = [ XM Gdx (347)
1 m-—1 L-1
m m < e
Mg —m;(l)w);m(l)l l (3.48)

The moments M,™ of the scaling function translates, can also be evaluated in the

multiresolution space Vj; where

M™ = (xm,qbi‘k(x)) = f xm¢i,k(x)dx (3.49)
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m
j 1 m —1 340,
Mi’m = — (l)km IMO' (3.50)
2/
The function x™ can be represented in terms of the moments and scaling functions at

multiresolution scale j as:

XM = z M™ ¢l (x) (3.51)

k

The moments described above are derived in more detail in Appendix A.2.2 using a similar

approach as outlined by Latto et al. [36] for moments at scale j > 0.

3.2.5. The Daubechies connection coefficients

The Wavelet-Galerkin approximation is formulated via the integrals of the scaling and/or
wavelet functions. However, the integrals can be expressed in terms of the scaling functions
since the wavelet function is evaluated from the scaling function as shown in equation (3.26).
In the case of some wavelet families such as the Daubechies wavelet, the scaling and wavelet
functions have no explicit expression. Furthermore, the derivatives of the scaling functions
are highly oscillatory, particularly for the low order wavelet families and/or the high order
derivatives. This implies that the integrals cannot be evaluated directly in closed form and
require the computation of what is commonly referred to as connection coefficients. There
are different forms of connection coefficients described in the literature, however in this
study, the term connection coefficients will refer to the integral of products of the scaling
functions and/or derivatives of the scaling functions [36]. The general connection coefficients

are defined as follows:

1. The 2-term scaling function connection coefficients:

b
Moy = f o (x — k) (x — Ddx (3.52)
a

2. The connection coefficients of the form

1
Y= fo X011 (X" by (x — K)dx (359)

Beylkin [34] computed the 2-term scaling function connection coefficients with the integral

limits —oo to oo, denoted as:

1F18'd2 = foo ¢bp(x — k)(ﬁL(dZ)(x)dx (3.54)
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He applied the same algorithm to obtain the integral of products of the scaling and/or wavelet
functions and the corresponding derivative operators. These functions were then applied to
compute the nonstandard form of the Hilbert transform and functional derivatives. Dahmen
and Micchelli [35] also used these connection coefficients to solve PDEs using the Wavelet-

Galerkin method.

Latto et al. [36] presented an algorithm to evaluate the general n-term connection
coefficients, with integral limits —oco to oo, by implementing the two-scale relation of the
scaling functions and the moment equations to generate a set of homogeneous equations and
normalizing equations respectively. They presented algorithms for the 2-term and 3-term

connection coefficients which are expressed as:
i = [ 6= 00l - Dax (3.55)
TAdLdads f 6“0 (x — ) (x — k)P (x — Ddx (3.56)

Chen et al. in [39] and [89] furthered Beylkin’s [34] work by presenting finite bound

connection coefficients of the form

2rdd - foy ¢ (x — k) ¢y (x)dx (3.57)

Discussing key errors found in [39], Zhang et al. [90] corrected them giving a clearer
conceptualization of these connection coefficients. The connection coefficients presented by
Beylkin [34], Latto et al. [36] and Dahmen and Micchelli [35], with unbound integral limits,
were classified by Romine and Peyton [91] as “improper” connection coefficients. In their
technical report, they presented “proper” 2-term and 3-term connection coefficients to which

the integral limits are on a finite bound domain O to y.
3pduds _ [0 @) (d2)
L = | ¢ "(x—k)¢, " (x —Ddx (3.58)
0
y
N = fo 6.V (x = DD (x — k)™ (x — elx (3.59)

They identified that the improper connection coefficients presented by Latto et al. [36]
experienced inadequacies when implementing boundary conditions since they did not
accurately solve the inner product near the limits of a finitely bound interval. Furthermore,

the standard numerical quadrature of the integrals near the boundary using the improper
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connection coefficients, were unfeasible due to the highly oscillatory basis functions of the
Daubechies wavelets. The proper connection coefficients were employed to solve a one
dimensional Poisson problem with Dirichlet boundary conditions. Lin and Zhou [92]
presented “proper” 2-term and 3-term connection coefficients for the Daubechies and Coiflets

family of wavelets with the integral limits between 0 and 2! of the form
2J
it = f O (x — k) p ) (x — D (3.60)
0

2J
AL = f & (x — )P (x — k)P (x — Ddx (3.61)
0

to solve Burgers equation.

With regards to the formulation of the Daubechies based WFEs, the integrals in the
formulation of the elemental matrices and load vectors are in the bounded domain [0,1]. Ko
et al. [9] used a similar approach to Latto et al. [36] to derive connection coefficients bound
on the unit interval by solving an eigenvalue problem formed from a set of homogenous

equations.
1
T = | B (- 08 (x - D (3:62)
0

However, to uniquely solve for these connection coefficients, additional normalization
conditions are generated from the moment condition of the Daubechies wavelets highlighted
in equation (3.51). Ko et al. [9] applied these connection coefficients to solve a one
dimensional, second order Neumann problem. Ma et al. [10] constructed a wavelet based
beam element, Chen et al. [8] constructed a wavelet based thin plate and Diaz et al. [40] also
constructed beam and plate WFEs using the connection coefficients (3.62); to formulate the
elemental matrices. The formulation of the load vectors for distributed loading also requires
the evaluation of the connection coefficients as expressed in equation (3.53) bound in the
domain [0,1]. Ma et al. [10] outlined an algorithm to evaluate these connection coefficients,
which were also employed by Chen et al. [8]. However, the connection coefficients expressed
in equations (3.53) and (3.62) are formulated at multiresolution scale j = 0. In order to take
advantage of the multiresolution properties, Chen et al. [6] presented connection coefficients
computed at different multiresolution scale j, following a similar approach outlined by Ma et
al. [10] and Ko et al. [9].

40



spididz — [ @D (21 — )P (2 x — )dx (3.63)
k.l L L
0

However this algorithm is for the evaluation of the connection coefficients of the same order
L. In this study, it is necessary to evaluate the connection coefficients of different order
scaling functions in order to obtain the wavelet space WFE matrices for beam elements with
axial deformation taken into account as well as the Daubechies based functionally graded

beam element presented in Chapter 8.

Multiscale two-term connection coefficients of the form , ,I}}"

A modified connection coefficient algorithm which takes into account different orders of the
scaling functions, at different multiresolution scale j, is presented. These connection
coefficients, formulated following a similar algorithm presented by Chen et al. [6], are later
implemented in the analysis of FG beams. To the best of the author’s knowledge this
algorithm, and the consequent implementation in the formulation of FG beams, is presented
for the first time. These connection coefficients allow for the evaluation of Daubechies based
wavelet finite element matrices where integral of the products of the approximating scaling
functions, with respect to the axial and transverse displacement functions, are of different

wavelet order. We define the following two-term connection coefficient

. 1 . .
T = [ B @0 e @64)
0

where a and b are the orders of the scaling function of the Daubechies wavelets at
multiresolution j. The values d; and d, denote the order of the derivative of the scaling

functions. Equation (3.64) can be rewritten as
Tl = 2 f Ko O @ & — k)P (2 e — g (3.65)
We define the characteristic function Xj 17(x):

1 0<x<1

0 otherwise (3.66)

x[o,1] (x) = {
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Figure 3-7: The characteristic function X[ 1 (g)

The characteristic function also satisfies a two-scale relation

" (1 0<y<2
X
(0] (2) {O otherwise
Y
Xoa] (E) = X0,11(V) + X1,210) = Xjo1(¥) + Xy — D (3.67)

According to the two scale relation of the scaling function in equation (3.25),
P2~ k) = z p(M¢L (21— 2k — 1) (3.68)
Furthermore, differentiating equation (3.68) m times,
2 M@ g =) = 2040m N pr)p(™ (2741 — 2k = 1) (3.69)
Substituting (3.69) into equation (3.65) for derivatives of order d; and d, respectively,

apli = 2 f Xio (2 ) )i (@ e - 2k
' (3.70)
=120 ) p()g*P (@I~ 2l - 5) de

Let 2¢ = y thus dx = %V . Substituting into (3.70)

F} A1,dy _

% 3.71
2j+d1+d; Z p(™)p(s) f Xo1] (g)d)(gdl)(zjy -2k — r)(plgdz)(ziy -2l - s)% ( )

Substituting the characteristic function in equation (3.67) into equation (3.71)
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ji,dy,d : _ ® .
apli V72 = it 1zp(r)p(5) f [X10113) + Xjoy (v — D)o @y — 2k

(d2)

-1, 2y =2l = s)dy

.dy,d : _ ” . _
aplip 7 = 2 1Zzo(r)zo(s) f X (D @y - 2k - g, @y - 21

(dz)

— s)dy + f [x[o,l](y ~ D) @y - 2k — 1§, @y - 21 - s)] dy

However, from equation (3.65)
b Disr R = 2 fo; XS @y — 2k =) @y — 2L = 5)| dy
ab o) st = 2 fi [Xto1(r = DO @y — 2k =1\ P @y — 21— 5)| dy
We can therefore substitute equations (3.73) and (3.74) into (3.72).
T = 200N o 9y () [T e + T s o)
TS
Equation (3.75) can be rewritten as

j,dq,d —
T = 20N (= 200y (s — 20

r,s

+pa(r — 2k + 2 )py (s — 20+ 27) T2

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

where 2—a<kr<2 —1and2-b<1ls<2 —1. Equation (3.76) can be expressed

in matrix form as follows:

((a+21'—2)(b+21' -2) x 1){a'brj} =

2 ((a+2/ _2)(b+21_2)><(a+zf—2)(b+2f—2))[a'bP] ((at+2/-2)(b+2/-2) x 1){a'b v)

(3.77)

where ,,I” is a vector of length ((a +2 -2)(b+2 -2)x 1) containing the connection

coefficients, while the square matrix [,,P| contains the filter coefficients as expressed in

equation (3.76) with the dimensions ((a +2/ -2)(b+2 -2)x(a+2 -2)(b+2 - 2))

Equation (3.77) can be rewritten as:
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<2d1+d2_1 ((a+2f—z)(b+2f—z)x(a+2f—z)(b+2f—z))[a.bp] -

a+2j—=2b+2/—2xa+2j—2b+2/—2la+2/—2b6+2/-2 x 1a,00 j=a+2/-2b+2/—2 X
10

(3.78)

| is the ((a +2-2)(b+2 -2)x(a+2 -2)(b+2 - 2)) identity matrix. However,
equation (3.78) cannot uniquely define the generalized connection coefficients since the
matrix (2d1+d2‘1[a,bP] —I) is singular. Therefore, it is necessary to employ the moment
condition to formulate the normalizing conditions required to generate a sufficient number of

inhomogeneous equations so as to uniquely determine the connection coefficients. These
additional normalizing equations are formulated from the fact the Daubechies scaling

functions of order a can exactly represent any polynomial of order m with0 <m < % -1

gm = 2]72 M, (2/§ — k) (3.79)
k

M,{;’m are the moments described in equation (3.49). For the sake of uniformity of the
formulation presented, let the moments associated with the scaling function of order a and b
be denoted as aM,J;'m and bM{’" respectively. Differentiating equation (3.79) d; times with
L=a:

mgmt = 2520 )" Mg, (2E — 10

k
m-2 _ ko2 jm g coj
m(m_l)f = 222 aMk d)a(z E_k)
k

P (3.80)
m(m —1)--m — (dy — 2) §n=+1 = 27201-D) Z M bg (21 =K
k
m(m = 1)+ (m = (dy — 2)(m ~ (d = D) 14 = 2@D Y MmO @IE ~ k)
k
Similarly, for a polynomial of order n with 0 < n < g -1,
n ]— n j
£ =22 ) Mgy (2§~ k) (381)
k

Differentiating equation (3.81) d times
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nn—1)(n—-(d;—2))(n—(d; — 1)) &%

o .
— 2](d2+?z lel‘nﬁbl(,dZ)(zjf _ l) (382)
l

Multiplying equation (3.80) by equation (3.82) and integrating the products:

1
fo nn—1m-(d;—2)(n—(d,— 1) & “2mm—1) - (m—(d, —2))(m
—(dy — 1)) &m 1 d¢g

1
= Y4t f DM@ — k) MM B 2~ D de
0 kT

1
J(-) mm-—1) - (m —(d; - 2))(m —(d; - 1))n(n —1)- (n —(d, - 2))(n
— (dy — 1)) gmndi—d gg (3.83)
jm in 1 . :
= DN " " [ (2 - k) 6l (g - 1) s
Kl 0

However,

1
m+n—d1—d2+1

1
[ gmen-aieag = (3.84)
0

Thus, substituting equations (3.65) and (3.84) into equation into equation (3.83)

mim-—1)-- (m —(d, — 2))(m —(d; — 1))n(n -1 (n —(d, — 2))(n —(d, — 1))
m+n—d;—d,+1

— 9j(dy+d jm aeim o pjdids
=2/ z)z MM a,brk,l
k,l

m!in!
(m—d1—1)'(n—d2—1)'(m+n—d1—d2+1)

| mhmd (3.85)
Y (d1+d2)2 ML M T

k,l

For a Daubechies wavelet family at any scale j, there are (%) number of normalizing

equations that can be generated from equation (3.85). This can be expressed as:

4

(@)« wr-nsz) w22 )™= (@) D @86

where matrix [a,be] contains the corresponding moments as expressed in equation (3.86),

{251V} is the vector containing the connection coefficients and the vector {n.} contains the
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left hand side entries corresponding values of equation (3.86). The normalizing system of
equations in (3.86) can now be employed to uniquely determine the connection coefficients
as expressed in equation (3.78). In order to reduce on computational costs, the connection
coefficients are evaluated once and then stored. If the order of the Daubechies scaling
functions is L = a = b, the connection coefficients are identical to those expressed in

equation (3.62) as formulated by Chen et al. [6].

The multiscale connection coefficients of the form ¥4™

Chen et al. [6] also presented an algorithm to evaluate the multiscale connection coefficients

of the form

W”—ﬁfl
Jim
0

X" b, (2§ ~ k)dE = 22 f_ Xo(©)Em (2§ —kyds  (3.87)

These connection coefficients are implemented to evaluate the wavelet space distributed load
vector. Chen et al. [6] presented an algorithm to calculate these connection coefficients at
different multiresolution scale j. However in this study, a simpler and more efficient approach

is presented. The connection coefficient of the form Y,™ is formulated from a correlation of
the 2-term connection coefficients a,bl“,{,'ldl'dz and moments M/"™ at multiresolution scale j.

Substituting equation (3.79) into (3.87),

Y =2 j X011 (X)ZWWL(Zj x = 1) ¢ (2 x — k)dx
o l

=2 S M [ tencos@x-De@x-odr e
l —00

However, from equation (3.65)

N e . . ,0,0
wf XWM@¢AZx—O¢A2x—KMx=MdJ (3.89)

Thus, substituting equation (3.89) into equation (3.88)

i i 1,0,0
Y= zszfmz¢FLl (3.90)
l

This can be expressed in matrix form as:
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2—L
j,0
Y.3—L
1 =
j,0
Y
2/ -2
j,0
Y
2/ -1
C 00 /.00 joo j.0,0 j.0,0 ,
O S B L ek ALy Ll o i M7
j,0,0 j,0,0 j,0,0 7,0,0 7,0,0 -
AR SO EYS A & S ) L3l Ll g s || M
J,0,0 j,0,0 j,00 . 7,0,0 7,0,0 j.',m
Lilicaty Laliat Ll Ll oy Ll [\ M
j,0,0 j,0,0 j,0,0 j,0,0 j,0,0 Mj'vm
L’LFZI—Z,Z—L L'LFZj—Z,S—L LrLsz—z,l L'eri—z,zf—z L'LF2/—2,21—1 2/ -2
j,0,0 j,0,0 j,0,0 j,0,0 j,0,0 ;
; , : 00 00 T
P A Ll Ll a1l i
Yi.m} _ 0.0 Mim 391
((L+2/-2) x 1){ ((L+2/-2) x (L+2/-2)) [r%%] ((+2-2) x 1){ } (3.91)

Once the 2-term multiscale connection coefficients ; , T, corresponding to the mass matrix

in wavelet space (discussed further in Chapter 5), and moments Mlj ™ have been evaluated
and stored, it is more convenient and less computationally costly to use this approach to

calculate the load vector connection coefficients in wavelet space. However, if the connection

coefficients L,LF,{,';)'O are not already evaluated or required e.g., in the static analysis of the

wavelet based rod or beam element, it is more convenient to compute Y,™ using the

approach presented by Chen et al. [6].

3.3. B-splines and B-spline wavelet on the interval (BSWI)

Basis splines, commonly referred to as B-splines, for a given knot sequence can be
constructed by taking the piecewise polynomials between the knots. The knots are joined in
such a way that the B-splines obtain a certain order of overall smoothness. In this section, the
formulation and discussion of the BSWI is presented. However, the inner scaling and wavelet
functions of the BSWI wavelet family are obtained from general B-Splines and the B-
wavelet. Therefore, the formulation and properties of the cardinal B-splines, general B-
splines and the B-wavelet are presented in Appendix A.3.The mathematical representation is

conceptually based on the general theory of B-splines as presented by [19,93,94].

In order to derive the BSWI scaling and wavelet functions it is important to define and
formulate the B-splines at multiresolution scale j. The B-splines formulated in Appendix
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A.3.2, are at scale j = 0. Therefore, the basis functions in subspace V; for B-splines of order

m and scale j > 0 are expressed as [54]:

B) () = (thom — th)[th ...,t{c+m]f(t — x)n-1 (3.92)
with the knot sequence
2 +m-1
t}
{ ’f}"*?"“ (3.93)
t <ty

Following the procedure for general B-splines in Appendix A.3, equation (3.92) can be

expressed explicitly as:

_ti . tj — X :

- x
By () = = 7B 1 () + me—jBr]n—Lkﬂ (x) (3.94)
ktm—1 Uk Cerm ~ tktt
j 1 k<x<k+1
Biy () = {0 otherwise (3.95)

The support of the basis functions in equation (3.94) is

supp Bk 0 = [t ] (3.96)

B-splines with multiple y knots at a point within the knot sequence are defined as y-tuple
knots. The B-spline basis of the knot sequence expressed in equation (3.93) has m-tuple knots

at 0 and 1 and simple knots inside the unit interval. Therefore, for the knot sequence on

interval [0,1], ¢, is given as [95]:

. 0 -m+1<k<1
t, ={27k 1<k<?2 (3.97)
1 2 <k<2 +m-1

At the boundary points 0 and 1, the knots coalesce and form multiple knots for the BSWI.

Inside the interval though, the knots are simple and hence smoothness is unaffected. At any

scale j, the discretization step is zl/ for j > 0; thus, there are 2' segments in [0,1]. Given the

limitsk € [-m + 1,2/ + m — 1], the number of knots at an end is m —1 (m — 1-tuple
knots, 2m — 2 for both ends). The total number of knots is given by the difference of the
maximum and minimum limits ie., 22 +m—-1—(-m+1)= 2/ +2m —2. We can
therefore find the number of inner knots as 2/ + 2m — 2 — (2m — 2) = 2/. This gives rise
to a condition for the minimum value of scale j that must be satisfied to ensure that there is at
least one inner scaling function in the formulation of the BSWI scaling functions. Given that

the number of end knots is 2m — 2, and total knots is 2/ + m — 2, then
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2/ >2m—-1 (3.98)

Table 3-1 below gives the knot sequence {t}} for B-splines of order m = 3 for different
multiresolution scale j. The knots sequences at each multiresolution scale have 3-tuple knots
at each boundary 0 and 1. The knots are increasing through the sequence and obey the
property t{{ < t,;ﬂ. Furthermore, as the scale j increases, the number of inner knots

increases; while the end multiple knots are not affected.

j = (it o b o By}

0 {0,0,0,1,1,1}
1 {0,0,0,5,1,1,1}
2 {000,3,5,3,1,1,1)
; 0003422520 10

Table 3-1: Knot sequence values for B-spline m = 3 at multiresolution 0 < j < 4.

In general, Brf;l,k (x) contains multiple knots at 0 for k = -m+1, ..., 1, and similarly at 1 for k =

2! -m+1, ..., 2-1. The basis B}, , (x) from the inner knots corresponds to the m™ cardinal B-

splines at multiresolution j:
N,, (x) = m[0,1,...,m](t —x)7 ! (3.99)

Bl () =N,(2x—k) 0<k<2 -m+1 (3.100)

i
The normalising factor 2z is omitted for convenience and computation purposes. Let the
scaling function of the BSWI be defined as:

¢l ) =B, () 0<k<2-m+1 (3.101)

Given that the B-splines of order m are in C™2, (for example cubic splines are in C%), the

function f(x) bound by limits [a, b] can be transferred to [0,1]. This transformation is carried
out via the transformation formulat = % Thus, only the m™ order B-spline space within

the limits [0,1] is necessary [96]. The scaling function ¢7{Lk (x) can be differentiated m — 1

times. As earlier mentioned, the support of the B-splines without the multiple nodes are

within m segments while the corresponding semi-orthogonal wavelet are within 2m — 1
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segments at scale j = 0. Thus, the requirement 2/ > 2m — 1 must be met so as to have at
least one inner wavelet at the interval [0,1] and multiresolution j [96]. We define the spline
spaces [95]:

S = sl ={secm? [01):5,00,0) € My_q(k = 0,..,2 —1)}
Sy g = k= o 12 1) @102
gozm’tg+1) = {S € S~2m,t,(,{+1):s (tlgl)) = 0 (k = O; ey 2])}

Therefore, it is most convenient to use the B-wavelets as described in Appendix A.3.3 to

formulate the inner BSWI wavelet functions from the relation

)0 =P (2Zx — k) (3.103)
1 2m—2
Bk G = T (D gy (L DB () (3.104)
1=0
where Bé';,l,;(m)(x) is the m™ derivative for the B-spline of order 2m and scale j + 1; which

can be computed explicitly given the values of Bj;l_k (x) have been computed from equation

(3.94). If jo is the multiresolution scale for this requirement to have at least one inner B-

wavelet, the scaling and wavelet functions of the BSW1 are obtained as [96]:

( jo (9j—j

| - Bui(@70x) —m+1<k<-1

k() =13 Byl (27 ox — 2700k) 0<k<2 -m (3.105)
LBjo (1 - 2/0x) 2 —m+1<k<2 -1

m, 2 —k—m
Jo (2j=j
, , lpm;k(z Ox)' —m+1<k<-1
Yo ) =4 (2 Tox —2700k) 0<k<2 —-2m+1 (3.106)
j - 2 —2m+2<k<2 —-m
rr?,Zj—k—2m+1(1 -2 ]Ox)

Since BSWI scaling functions are expressed explicitly, the derivatives of the scaling

functions can be obtained by directly differentiating equation (3.105).
. dr ¢’ (%)
Sy = m.k 3.107
P () = —2 (3.107)

In this study, the BSWI of order m at scale j will be referred to as BSWIm; for convenience.
As an example, the formulation of the BSWI33is presented. The knot sequence from equation
(3.93)form =3,j=3is:
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0 -2<k<1

td = 1k 1<k<8
k ) =
1 8<k<10
5 1131537
t2={0,00=,—,=,—,=,>,= ,1,1,1}

Applying equations (3.94) and (3.105), we find the functions of the B-splines as:

1 1
$3 1 (x) = (1-8x)° O§x<§ |(—16x(—1+6x) OSx<§
' 0 Otherwise 3 (x =4 1 1
Ba0=1 o0y Leyel
k 8 4
0 Otherwise
1 1 1 1
327 0sx<g 51— 8% S<x<s
8 2 8 4
5 1 1 1 1 3
¢??:0(x)= —§+24‘X—64x2 ng<Z ¢§1(x):<_7+40x_64x2 ZSx<§
' 1 1 3 ' 3 1
(3 —8x)° <x<z 8(1 — 2x)?2 d <o
2( x) 21S%<3g ( x) S <x<s
0 Otherwise 0 Otherwise
— 4x)? < e 2282 2~ 1
2(1 — 4x) 25%<3g 5 (3 - 8x) S <X <3
23 2 3 1 39 , 1 5
¢§2(x)=<—7+56x—64x §3X<E ¢§3(x):<—7+72x—64x ESx<§
| 1 1 5 ' 5 3
2(c a2 1o 2 Y 5_ 3
75— 89 7 =%<3 2(3 = 4x) sS<x<g
\0 Otherwise 0 Otherwise
1 5 1 5 3
— 9292 2 2 1 5_ 3
8(1—2x) 2Sx<8 2(5 8x) g<x<yg
59 5 3 83 , 3 7
¢§4(x)=<_7+88x—64x2 gﬁx<z ¢§5(x)= —7+104x—64x ng<§
' 7
1(7—8x)2 E x<z 32(—1+ x)? §<x<1
2 4= 8 _
0 Otherwise 0 Otherwise
3 7 7
— 4x)? = <= a2z L <
. 2(3 4X) 2 <x< 8 (],')35:’7(36) - (7 8x) 5 <x<1
)= 7 0 Otherwise
$36() ~16(5 - 11x+ 6x%) £<x<1
0 Otherwise

The scaling functions of BSWI3; and its 1% & 2" derivatives are presented in Figure 3-8. For

order m = 3 at scale j = 3, the corresponding requirement scale jo is 3 (for at least one inner
wavelet function to exist). Therefore, it can be observed that there are 2 (i.e. m- 1) boundary

scaling functions at 0 and 1, with a further 6 (i.e.,2/ - m + 1) inner scaling functions.
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Figure 3-8: BSWI3; a) scaling functions ¢3 , (x) b) 1* derivative ¢33“,E1) (x) and c) 2" derivative ¢§’”,EZ)(x).

3.4. Conclusion

The key aspects of general wavelet theory and multiresolution analysis were introduced and
discussed in this chapter. The Daubechies and BSWI wavelets both possess the key properties
of multiresolution, compact support and the “two-scale” relation. They can therefore be used
to accurately represent polynomial functions. Thus, based on these attractive properties, the
two wavelet families are selected for the formulation of the wavelet based finite element

method.

The Daubechies scaling and wavelet functions, as well as their derivatives, are not expressed
explicitly. It is therefore necessary to evaluate the connection coefficients to solve partial
differential equations (PDESs) using the Daubechies wavelets. A modified formulation to

evaluate the multiscale connection coefficients was presented, to the best of the author’s
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knowledge, for the first time in this chapter. The integral of the product of the multiscale
Daubechies scaling functions and/or their derivatives that differ in wavelet order L, can be
computed using this approach. Furthermore, a simplified algorithm to evaluate the connection
coefficients employed to evaluate the distributed load vector in wavelet space was also
presented. The connection coefficients are necessary to evaluate Daubechies wavelet based
finite element matrices and load vectors in wavelet space. The theoretical and mathematical
representation of the BSWI scaling functions and wavelet functions were also described and

discussed in this chapter.
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4. The Finite Element Method and Adaptive Finite
Element Methods

Summary

The WFEM is based on the implementation of key properties of wavelet analysis and the
finite element method. In this chapter, the significant aspects of FEM are discussed, with
some of the common approaches used in the generation of the system matrices and equations
highlighted. This chapter is based on general finite element theory and contains concepts and
discussions as presented in [27,29-31,97,98]. The general static and dynamic FEM analysis
theory is briefly presented. A brief overview of adaptive refinement finite element methods,
used to improve the accuracy of results in FEM, is also discussed. Finally, aspects such as,
the damping and direct time integration methods for dynamic analysis, are briefly described.
The formulations and discussions presented in this chapter are necessary to give a
preliminary introduction and understanding of the concepts behind the WFEM; including key
requirements necessary to ensure convergence of the approximation solutions. Furthermore,
the examples and discussions presented in later chapters will also entail a comparison of
WFEM and FEM formulations and solutions. In this study, the problems analysed and
discussed are of a structural nature and therefore, emphasis will be given to the method’s
implementation to structural static and dynamic problems. The finite element matrices and
load vectors, associated with this chapter and numerical examples to be carried out in later

chapters, are highlighted in Appendix B.

4.1. Finite element approximation functions

The classical finite element method employs polynomials as interpolating/approximation
functions. The field variable u(x) is approximated by a polynomial of order n [30]:

n

u(x) = Z d;xt 4.1)

i=0

u(x) = {p}" {da}
The vector {p}” = {1, x, x2, ... x"} contains the basis functions x’ and the vector {¢} contains
the unknown coefficients «&; corresponding to the degrees of freedom within the element.

There are certain conditions these functions must satisfy in order to ensure correct
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approximation of the field variable and convergence to the exact solution. These include
[27,30,31]:

1. The approximation functions must be represented by the complete order of the
polynomial to ensure convergence to the exact solution without omitting any lower
order terms.

2. The approximation functions representing the field variable should vary smoothly and
be continuous for all DOFs within the finite element; thus preventing discontinuities.

3. The approximation functions should be continuous between adjacent elements for all
DOFs at boundary nodes and/or surfaces; thus preventing discontinuities between

elements.

The above fundamental requirements of the approximation functions can be summed up as
the completeness condition 1 and continuity conditions 2 and 3. The continuity of a piecewise
function is described by C™ for the m™ order derivative of the function. In a case where the
field variable in itself is continuous within both the element and across adjacent elements, the
element is said to be C° continuous e.g., one dimensional rod element. However, if the field
variable and its first derivative are continuous between adjacent elements, then this is a C*

element e.g., beam or plate elements where the continuity of the rotation is ensured [31].

4.2. Formulation of element matrices

There are different approaches that are used in the evaluation and analysis of different
engineering problems using FEM. The type of approach selected mainly depends on the
nature of the problem to be analysed, to ensure that the modelling and formulation of the
system(s) representation is fundamentally carried out correctly and efficiently. Some of these
approaches include the direct equilibrium method, work and energy methods and weight
residual methods [27]. The direct equilibrium method is a convenient and simplified
approach to analyse one dimensional static elements, where the force equilibrium conditions
of the elements are used to obtain the element nodal force-displacement equations via the
stiffness matrix [31]. This method is limited to simple elements and problems, therefore in
this study, attention will be focused on the multifaceted and commonly used work/energy

methods and weight residual methods.

In accordance to the work and formulations of FEM and WFEM presented in this thesis, the
principle of minimum potential energy and the Hamilton principle are introduced and briefly

discussed. These two approaches are used to describe the governing equations of the basic
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axial rod elements, Euler-Bernoulli beam elements and planar bar elements for both FEM and

WFEM,; for static and dynamic problems respectively.

4.2.1. Principle of minimum potential energy

For generally linear elastic elements, the principle of minimum potential energy approach is

applicable to obtain the static system equations. The principle states that [31]:

“Of all admissible displacements that a body can assume, the true one,
corresponding to the satisfaction of stable equilibrium of the body, is
identified by a minimum value of the total potential energy.”

The term admissible requires that the displacement doesn’t contravene the compatibility
properties and boundary conditions. In general, the total potential energy 11, is the sum of the
internal strain energy U, within the system and the work done by external forces (.

Mathematically this is expressed as [29]:
m, =Us + Q (4.2)

The strain energy is the internal energy stored due to deformation of the linearly elastic
material from external work done by external loads acting on the material. In this
formulation, the strain energy is taken to be positive and the work done by external loads is
negative. Therefore, the strain energy for an elastic structure is described mathematically as
[29]:

Us = %fff elodV (4.3)

vol

where 6 is the stress, € the strain and V is the volume of the element. The work done by
external forces is dependent on the external forces acting on the system. For example, a
system subjected to surface loading (f;), body loading (f;,) and nodal point loads (f;), the total

work done by the external forces is given by:

m:-—Zﬁm+Hﬂﬂﬁ+ﬂLﬂmV (4.4)
i S

Vol

where u is the displacement. Then at equilibrium, according to the principle of minimum

potential energy

811, = 8U, + 80 = 0 (4.5)
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4.2.2. Hamilton’s principle

Hamilton’s principle is an approach used to obtain the system equations for dynamic analysis.
In the case of the principle of minimum potential energy, the equilibrium equations of the
system are not time variant. However, when the state of the system changes with respect to

time, the Hamilton’s principle is applied. The principle states that [1]:

“Of all the admissible time histories of displacement, the history
corresponding to the actual solution makes the Lagrangian functional a
minimum.”

The term admissible requires that the displacement doesn’t contravene the compatibility
properties, the boundary conditions and conditions of the system at initial and final times, t;

and t;, respectively. Mathematically the principle is expressed as [1]:
tr
6 f Ldt=0 (4.6)
t;

where £ is the Langranian functional given by
L= —Us + 0 (4.7)

Us, Ay, and Q) denote entire system’s strain energy, kinetic energy and work done by external

forces respectively. The strain energy and work by external forces are as described in the

Section 4.2.1. The kinetic energy is represented mathematically as

Ay = % f f f puludV (4.8)

vol

. du . .
where u = ﬁ is the velocity.

4.2.3. Weighted residual methods

The finite element method can be applied using a different approach known as the weighted
residual method, to obtain the finite element equations for a system. In general, the basic
principle of weighted residual methods involves obtaining an approximate solution of the
independent variable (displacement, temperature etc.), via governing differential equations
describing the system behaviour, using trial functions [31]. Consider a function p that is

produced from the function u via the differential operator D

Dul =p (4.9)
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Let the function #@, made up of the linear combination of basis functions ¢;, be the

approximate of u [1]:

u=i= Z a;P; (4.10)

i=1
where a; are unknown constants. It follows that when i is substituted into equation (4.9), the

result is not exactly p and the difference, what is referred to the error or residual, R.

Mathematically, this can be expressed as [29]:
D[u] #p
R=DJ[i]—p=#0 (4.11)
The idea of weighted residual methods is to ensure that the error or residual R from D [ii] is

reduced to a minimum by averaging it over the entire domain [31]. Thus, in order to obtain

the exact solution, then R must be zero [27]

fff RAV =0 (4.12)

vol

This is achieved by applying a weight function W; to equation (4.12) [29]

ﬂ WiRdV =0 for i=12,..,n (4.13)
vol
where the number of weight functions W; correspond exactly to the number of coefficients
a;. This leads to n number of equations. Equation (4.13) describes the general fundamentals
of the weighted function method. The weight functions may be applied differently and this
leads to different weight residual numerical approximation methods. The most common of
these methods in FEM include: sub-domain method, collocation method, least squares

method and Galerkin method.

The collocation method or point collocation method, applies the Dirac delta function §; as the

weight function [1].

fff 6;RAV =0 for i=12,..,n (4.14)

vol

where
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1 X = X;

5 =68(x —x.) =
' (=) {0 otherwise

(4.15)

The residuals are forced to zero at a number of specified discrete points i corresponding to the
unknown coefficients a;. Although the method is computationally inexpensive, the method
does not lead to the formulation of symmetric element matrices nor positive definite matrices.
Furthermore, the residual isn’t guaranteed to be zero at the specified points unless the more

and more points are employed in the approximation function [27].

The sub-domain method involves dividing the domain V into smaller sub-domains V; and
subsequently setting the integral of the residual within these sub-domains to zero [31]. This is

mathematically expressed as:

2ff W;RdAV; =0 for i=1.2,..,n (4.16)
i
where the weight function
1 xeV
m:{o e (4.17)

The sub-domains correspond to the number of unknown coefficients.

The least squares approach in contrast requires that the integral of the squared residuals, with
respect to the n number of unknown coefficients a;, is minimized over the entire domain.

Therefore, the weight function is [27]:

W, = oR 4.18
i — aai ( . )
and thus,
d _
—fﬂ R?dV =0 for i=12,..,n (4.19)
aai

vol

Although the FEM element matrices are positive definite and symmetric when formulated
using the least squares approach, the method is computationally involving and tedious as it is
difficult to control the weight functions.

The Galerkin method

The Galerkin method applies the shape functions N; as the weight functions. This implies that
[27]:
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fff N;RAV =0 for i=12,..,n (4.20)

vol

where n corresponds to the total number of unknown coefficients a; linked to the DOFs
within the element. Thus, the residual R¢ of all DOFs within each element is evaluated as
[30]:

7 = [[[ w1 rpoav (4.21)

vol

where f(¢;) is a function describing the governing differential equations. The residuals are
obtained for all elements within the system and assembled. The system equations are then
obtained by forcing the system residual to zero. If the same approximating function in
equation (4.10) is used in the Galerkin method as in the energy methods, provided a
functional is obtained to describe the governing differential equations of the system, then

both methods yield the same results [29].

Given that the shape functions are used as the weighted functions, then the levels of accuracy
necessary for the solution of the problem will dictate the number of terms of the shape
functions used; i.e., the order of the interpolating functions used to approximate the function

in equation (4.10).

4.3. The adaptive refinement finite element techniques

The primary and/or secondary field variables evaluated from the finite element procedures
are an approximation of the exact solution for the given mesh generated; specific to the
problem being evaluated. In general engineering practice, the level of accuracy for most
engineering problems allows for a 5% error deviation of the approximation solution [29];
although this may vary. Therefore, if the desired level of accuracy is not achieved from FEM
solutions, there are techniques applicable to improve the accuracy of the solutions. These
procedures in general require that after the initial analysis is carried out, the error of the
existing solution is evaluated and compared with the predetermined acceptable level of
accuracy. If the solution has not met the permissible accuracy levels, these procedures are
implemented and another comparison of the improved solution is carried out again. This is
achieved until the desired accuracy levels are met. These procedures are what shall be
referred to as adaptive refinement finite element techniques in this thesis. The most common

of these procedures are highlighted below.
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h-refinement

The h-refinement procedure involves changing the size of existing elements in the FEM
mesh, by either increasing or decreasing the size of the elements, leading to an increase or
decrease in the number of elements respectively within the system [31]. It is important to note
that the element types and order of the approximating functions remain the same. There are a
number of ways to which this can be achieved. Firstly, one can subdivide already existing
elements into smaller elements to ensure that the original element boundaries remain
throughout refinement. However, in the case of an element that is subdivided adjacent to one
that is not, particularly for 2D or 3D models, there are hanging points that exist and must
have local constraints implemented, which can be computationally expensive. Secondly, the

entire original mesh can be regenerated by changing the size of the elements.

p-refinement

The p-refinement approach involves changing the degree of the approximation functions,
while still ensuring the conditions highlighted in Section 4.1 are met. However, the element
sizes remain the same, and therefore the original mesh remains unchanged. This can be
achieved by either increasing the order of the approximation function uniformly through the
domain or locally via hierarchical refinement [1]. The method is desirable due to the higher
rate of convergence, yet it is computationally more demanding than the h-refinement
approach. Given that the rate of convergence is better, this means that the number of
refinements, and re-evaluated solutions corresponding to these refinements, are less in

number than h-refinement.

The h-refinement and p-refinement methods can be combined by simultaneously altering the
mesh size and order of the approximation functions. This is commonly referred to as the hp-

refinement method.

It must be noted that though the discussed adaptive procedures are mainly carried out to
improve the accuracy of the results, there may be instances where the acceptable levels of
accuracy are met, yet the mesh is coarsened over the entire problem domain, or locally, so as

to reduce the computational cost and increase efficiency.
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4.4. The finite element shape functions

The FEM shape functions, specific to the axial rod, Euler-Bernoulli beam and planar bar
element, have been defined in Appendix B. However, the conditions set for the
approximation function polynomials in Section 4.1 lead to the general properties of shape
functions in FEM.
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Figure 4-1 : Axial rod element a) 1% degree b) 3" degree c) 5™ degree polynomial based shape functions N, (£) and N, (,).
4.4.1. Delta function property

The delta function property of the shape function is expressed mathematically as [30]:

1 k=i

Nk(fi)=5k,k={0 P

(4.22)

where 6, ; is the Kronecker delta function, N, (£) is the shape function corresponding to DOF

1 < k < n within element e and ¢; is the natural coordinate corresponding to nodes 1 <i <r
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within the element. The total number of DOFs within the element is n and the total number of
nodes is r. The property means that the value of N, (&) is 1 at the node at which its

corresponding DOF is located and 0 at all other nodes.

In the case of the axial rod formulated via m degree polynomials, the shape functions for m =
a) 1, b) 3 and c) 5 are presented on the left hand side of Figure 4-1. The plots illustrating the

delta function property for the corresponding shape functions are on the right hand side.

Figure 4-2 illustrates the beam finite element shape functions N, (¢) and N, (¢;) (left hand
side and right hand respectively) of polynomial order m = a) 3, b) 5 and c) 7. The shape
functions corresponding to the vertical displacement DOFs all meet the delta function

property as shown in the plots on the right hand side.
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4.4.2. Completeness

The completeness property of the shape functions is exemplified by two conditions. The first
of these is referred to as the partition of unity condition, which requires that at any point &
along the element (one dimensional element in this case), the sum of all the shape functions
corresponding to the DOFs within the element equals 1 [30]. Mathematically this is expressed

as:

Y M©=1 (4.23)
i=0

This implies that the field variable approximation function selected should ensure that for any
displacements resulting from the rigid body motion, there isn’t any straining within the
element [31]. It must be mentioned that although the sum of the shape functions equals 1
from equation (4.23), the shape functions do not have to be bound by 0 < N, (¢) < 1 within

the element.

The second condition is called the linear field reproduction and is expressed mathematically
as [30]:

PRAGIAE (4.24)
i=0

This effectively implies that the approximation function of the field variable should allow the
shape functions to reproduce the linear field. This in turn allows for constant strain through
the element to be obtained, provided the nodal field variables are compatible with a constant

strain condition [30].
4.4.3. Compatibility

The compatibility property is ensured when the field variable approximation function is
continuous between adjacent element boundaries [29]. The shape functions emanating from

these approximation functions must also ensure this condition is satisfied.
Combining all these properties leads to the convergence of the approximate field variables to

the exact solution; with increase of elements or order of the polynomial functions.

4.5. Dynamic vibration

The analysis of static structural problems does not take into account the variation of the field

variables with time [31]. However, there are many structural engineering problems that
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require the analysis of the variable fields with respect to time. This is commonly referred to
as dynamic analysis and it involves analysing the behaviour of a system within a given time
frame; while subjected to certain conditions. It is important to carry out such an analysis since
the mass within a structural system accelerates over time, contributing inertial effects within
the system that may cause an increase or decrease of the statically analysed field variables
[27]. Furthermore, the frequencies and mode shapes associated with a system, enable
structural analysts to predict the behaviour of the system when subjected to various time-
dependent loading conditions [1]. Application of such external loading that corresponds to
the natural frequencies of the system leads to resonance, where the system begins to oscillate
significantly with high displacements; which can lead to local failure or even entire failure of
the system. Thus, it is important to ensure that the external loading frequencies are remote to
the natural frequencies of the structure. In this section key dynamic analysis theories related
to FEM and WFEM are discussed.

45.1. Eigenvalue analysis of free undamped vibration
The natural frequencies and modes shapes of a system are evaluated by carrying out an
eigenvalue analysis of the system matrices. An undamped system made up of a total of n
DOFs, with the global stiffness matrix [K], mass matrix [M] and load vector {F,}, is governed

by the dynamic global system equation [27]:
[MI{U.} + [K1{U.} = {F;} (4.25)

where {Ut} and {U,} are the system nodal acceleration and displacement vectors respectively.
The free undamped vibration analysis of the system is carried out when no external load is

applied on the system, thus {F;} = {0} and equation (4.25) becomes:
[MI{U} + [KI{U:} = {0} (4.26)
The displacements at time t can be expressed with respect to vibration as [29]:
{U,} ={0}sinwt (4.27)

where {U} contains the normal modes corresponding to the natural angular frequency w.

Differentiating equation (4.27) with respect to t

{Ut} = w{U} cos wt (4.28)
{U.} = —w*{U}sinwt (4.29)
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Substituting equations (4.27) and (4.29) into equation (4.26)
[K1{U} — w?*[M]{U} = {0}
[[K] - w?[M]]{U} = {0} (4.30)
Equation (4.30) is the eigenvalue equation. For the vector {U} to be none-zero,
[[K]— w?[M]] = {0}. Thus, the determinant of [[K] — w?[M]] is zero [97].
Det ([K] — w?[M]) =0 (4.31)
From the eigenvalue equation, the eigenvalues are the squared natural frequencies w? and the
eigenvectors contain the vibration normal modes {U}. The total number of eigenvalues and
corresponding eigenvectors obtained from the eigenvalue equation is n. Thus, for the i™ mode
of vibration [99],
[K{U}, = w2 [MI{U}, (4.32)
The eigenvector of another j™ mode of vibration is denoted by {U}j. Premultiplying equation

(4.32) by the transpose of {L’I}j, we obtain

(0} "0}, = w20}, 10, (4.33)
Similarly,
(0}, K1{0}, = (0}, (M0}, (4.34)
Given that the mass and stiffness matrices are symmetric,
{0}, "k}, = {0}, K0}, (4.35)
and
{0} " mi{0}, = (0}, {0}, (4.36)

If equation (4.34) is subtracted from equation (4.33) with equations (4.35) and (4.36) implied,
then [99]:

(w2 - ") {0}, M0}, = 0 (4.37)
From equation (4.37) it is apparent that if w;? # w;?, then
{0}, {0}, = 0 (4.38)

and from the relation in equation (4.33)
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(0}, IK{0, = 0 (4:39)

The orthogonality properties of the eigenvectors with respect to the system’s mass and

stiffness matrices are evident from equations (4.38) and (4.39) respectively [99]. When i = j;
{0} " m1{0}, = m, (4.40)
{0} " K0}, = ki (4.41)

where m; and k; are defined as the modal mass and modal stiffness scalar values
corresponding to the i mode of vibration for an undamped system. Therefore, equation
(4.33) becomes:

ki = (Dizmi (442)

4.5.2. Damping and finite elements

The amplitude of vibration in dynamic system analysis may decay with time due to the
dissipation of the energy within the system. This is commonly referred to as damping and
may be caused intentionally, so as to limit excessive and/or peak vibrations, or may originate
from within the dynamic system. The cause and type of damping in a physical problem is a
contributing factor as to how the influence of damping within the system is represented in the
mathematical model. There are different classes of damping, and the most common include
[29]:

Viscous damping: This is the most common form of damping found in structural dynamics
problems. It is the cyclic dissipation of energy proportional to the frequency and square of the
amplitude of vibration. The damping originates from viscous dampers and/or fluids adjacent

to the system.

Hysteresis damping: This is also commonly referred to as material or solid damping which
originates from within the element material and is independent of the frequency.
Furthermore, the cyclic energy dissipation is proportional to the square of the amplitude of

vibration.

Coulomb damping: This is damping that is caused due to dry friction and can be represented
in terms of the viscous damping coefficient by drawing a comparison between the energy lost

in the system due to viscous effects and to that lost due to the dry friction.
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The viscous damping is of greater significance to the dynamic analysis carried out in this

study, and for this reason shall be described in greater detail than the other forms of damping.

Proportional viscous damping

Proportional viscous damping is a common form of damping that is used in structural
analysis; the damping matrix is proportional to the stiffness and mass matrices of the element.
This is expressed mathematically as [27]:

[C] = BalK] + aq [M] (4.43)
where B; and a, are the proportional viscous damping coefficients. The orthogonality of the
damping matrix gives:

(0} " 1c{0}, = 204, (4.44)

From the orthogonality properties of the stiffness and mass matrices in equation (4.34),

multiply equation (4.43) by {U}iT{U}i:

{03, 1CHO}, = a0}, KHTY, + aa{0}, M0},
20i; = Baw;® + ag

_ % _l_ﬁdwi
2(1.)1' 2

¢ (4.45)

¢; and w; are the damping ratios and angular frequencies corresponding to the i mode of
vibration. In general [100]:

1 w
— _ st 4.46
{ =ay 2w+ﬁd2 (4.46)

The damping ratio ¢ is the damping value d; relative to critical damping d., .

der
In order to obtain the damping coefficients multiple DOF system, a system of n equations

¢ (4.47)

corresponding to the first n modes is evaluated [100].

2

_ 1 n wq
(1 =ay o Ba >
_ 1 " (1)22

G =ag 2 o, Ba > (4.48)
wy?



Damping of a dynamic system is categorized as either under-damped, critically damped or
over damped. An under-damped system is one that has damping significantly less than the
value of the critical damping; thus the damping ratio is { < 1 and the system vibration is
expected to decay while oscillating. A critically damped system is one that has the damping
equal to the critical damping value i.e., { = 1. Finally an over-damped system is a system
whose damping is significantly larger than the critical damping, therefore { > 1, and it is

expected that the decay of vibration will occur without oscillation.

4.6. Direct time integration
Various engineering structural problems may require a system to be analysed over a given
period of time to investigate the system’s behaviour as various conditions of the system vary
with time e.g., time dependent external loading conditions. This is often referred to as the
response history of the system. The general finite element equation of equilibrium governing
the dynamic behaviour of a structural system is defined as [27]:

[M1{U.} + [C){U.} + [K]{U,} = {F.} (4.49)

where [M], [C] and [K] are the global system mass, damping and stiffness matrices
respectively, and the vector {F,} denotes the applied external loads at time t. The vectors
{U.}, {U.} and {U,} are the acceleration, velocity and displacement vectors of the finite

element system at nodal points at time t.

The direct time integration method is one of the most popular and applied approaches used to
evaluate the vectors {U, }, {U,} and {U,} at time intervals A¢. The term direct refers to the fact
that the method is used to evaluate equation (4.49) directly without any transformation of the
governing equation. This is an advantage of the method over other approaches, such as the
modal method, where the governing system equations are transformed into modal
displacements [27]. In general, the initial vectors {U,}, {U,} and {U,} at time t = 0 are known,
and the direct time integration method is applied to solve equation (4.49) at the next time step
t + At by using the solutions from the previous time steps. The direct time integration
methods are generally classified into two main categories: explicit and implicit methods. The
explicit time integration methods require a critical time step At.,., which if exceeded, the
solution becomes unstable [29]. Explicit time integration schemes, such as the central
difference method, are commonly used. The method is therefore referred to as conditionally

stable and the time step At is significantly small; consequently computationally intensive.
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In contrast, the implicit time integration schemes do not have a requirement on the size of the
time step At to ensure the stability of the solution. The approach is therefore unconditionally
stable and the time step applied only affects the accuracy of the solution [27]. The Houbolt
method, Newmark method and Wilson 0 method are common implicit time integration

schemes.

The implicit time integration methods are computationally more costly than the explicit
methods at each time step. However, given that implicit methods are unconditionally stable,
the time intervals are significantly larger and thus require less number of iterations than
explicit methods. Furthermore, implicit time integration approaches are preferred in the
analysis of structural dynamic problems; where the time dependent variations are relatively
slow over a longer time span. In contrast, explicit methods are preferred to analyse short time
span problems; where the variation of conditions within the system is relatively fast e.g.,
impact problems.

Majority of the numerical examples involving dynamic analysis in this study will involve
moving load problems. The implicit time integration approach is therefore preferred to the
explicit approach. The Newmark time integration method (Linear Multistep Method (LMS)),
which is the most commonly applied approach, is defined and discussed in this section. It will
be used as a time integration scheme in the analysis of the dynamic system numerical

examples in this thesis.

4.6.1. The Newmark (Linear Multistep) Method

The Newmark time integration method is outlined in this section in a similar approach as
described by Bathe [27]. The following initial assumptions are made with regards to the
velocity U and lateral displacement U at time t + At, where At is the time interval between

time steps.

. 1 .. ..
Uf+Af = Ut + UtAt + I:(E - ]7) Ut + )}Ut+Af:| Atz (451)

where the Newmark time integration parameters  and y are selected to ensure accuracy and
stability. The general outline to obtain the parameters is given as 6 > 0.5 and y >

0.25(0.5 + &)2%. The acceleration U, ,, can be expressed from equation (4.51) as:
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. At? 5\ - " 5
Ut+At = Ut + UtAt + T - )/At Uf + yUt+AfAt

" 1 : A2
Uisar = = | Ursar — U — U At — TUt + yU:At

yAt?
.. 1 1 1 . 1 .. ..
Ut+At:WUt+At_WUt_mUt_ZUt+Ut
.. 1 1 1 . 1 452
Ut+At:WUHM_WUt_mUt—(Z—l)U (4.52)

Substituting equation (4.52) into (4.49)

1 1 1 . 1
Ursae = Uy + | (1= )0, + 6 ( 372 Uesae =gz Ve = U+ (1 ~5) Uc)|at
) ) . 6 6 6 . 1
Ut+At = Ut + (1 - 5)UtAt + mUt_’_At - mUt _;Ut + (1 - E) SAtUt

) 6 6 6
Ut+At = (1 - ;) Ut - ‘;/_Ut [(1 - 5)At + (1 - 2_> 5At:| Ut + EUH_M

. 6\ . ) ) . )
Upine = (1 __) U ——U, + (1 ——) AtU; + — Uiyt (4.53)
y yAt 2y yAt

The equilibrium equation in (4.49) at time t + At is

MUt+At + CUt+At + KUpipr = Fraae (4-54)
Thus, substituting the acceleration U, ,, and velocity U, ,, from equations (4.52) and (4.53)

respectively into the equilibrium equation (4.54)
1 1 1. 1y .,
g e = g e =3+ (1-35) 0
§ S\ . &
+C [( ) U, - VAL —— U+ (1 - 2_> AtU; + )/TUHM] +KUpynr = Frane

1 1) 1 ..
(yAtz M+ yA ot K) Urrae =M [yAtz y: yA Ue + (Zy B 1) Ut]

.8 8 "
.y, [(; - 1) U+ - e + (ﬂ - 1) AtUt] = Fyint (4.59)
The effective load vector F,,,, at time t + At is
1 6 ,

and the corresponding effective stiffness matrix K

B )
aEM g CrK =K (4.57)

Therefore, substituting equation (4.56) into (4.55), the effective load vector can be expressed

as:

P 1 1 . 1 .. 6 . 9 6 ..
Ft+At -M [V_Atz Ut + EU[ + (Z - 1) Ut:I -C I:(; - 1) U[ +mut + (Z - 1) AtUt:I = Ft+At
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B} 1 1 1
Fiine =Ft+At+M[—U +—U,+|(—-1)U
A2 yae 2 ‘

Y Y Y (4.58)

5 . 5 5 .
[ P KA A
4 yAt 2y

We define the integration constants

a—1 61—661—161—(1 1)
07 yae2 17 a2 T yar T3 T oy

) ) (4.59)
a, = (;— 1), a5 = (ﬂ— 1)At, ag = (1 - 6)At ,a; = 6A

Hence, substituting the integration constants from equation (4.59) into equations (4.50) and

(4.52), we obtain the acceleration and velocity at time t + At as:

Ut-‘rAt = ag(Ugar — Up) — aZUt - a3Ut (4.60)
Ut+At = Ut + a6Ut + a7Ut+At (4.61)

Similarly, substituting the constants into equations (4.57) and (4.56), the effective stiffness

matrix and load vector can be expressed as:

aoM + alC +K = K (462)
(aoM + a1C + K)Upype = Frine (4.63)

Furthermore, substituting equation (4.59) into equation (4.58)

A summary of the step by step solution of the dynamic analysis of systems using the

Newmark time integration method is highlighted in the flowchart in Figure 4-3.
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Figure 4-3: Newmark time integrating method flowchart
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4.7. Conclusion

Key aspects of the classical finite element method were presented in this chapter. Brief
discussions on the approximation functions and the different theories/methods used to
evaluate engineering problems using FEM were included. Furthermore, different refinement
techniques implemented in FEM to improve on the accuracy of the approximated solutions
were outlined. The classical FEM will in this study be compared with the WFEM and it was
therefore necessary to discuss the various properties and requirements associated with the
method. The static and dynamic analyses of different structural problems are later presented
in this thesis. Thus, key aspects dealing with vibration analysis, damping of systems and time
integration methods, used to solve for the dynamic response of systems, are outlined. The key
areas that were focused on included: free undamped vibration, proportional viscous damping

and the Newmark time integration method (Linear Multistep Method).

The content in this chapter was not only presented to aid in understanding future discussions
carried out in this study when comparing the FEM to WFEM. The aspects outlined form a
basis for the formulation of the wavelet based finite element method for different structural
problems. The formulations for the mass matrix, stiffness matrix and load vectors associated

with rod, beam and plane bar finite elements are derived in Appendix B.
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5. The Wavelet Based Finite Element Method

Summary

In this chapter, the formulation of the wavelet based finite elements is carried out and
discussed. The formulations presented are unified and can be implemented for both BSWI
and Daubechies WFEM based on the general wavelet and finite element theory discussed in
Chapter 3 and Chapter 4 respectively. Furthermore, the formulations described at length in
this chapter are conceptually based on Daubechies [6,8,10] and BSWI [7] WFEMSs described
in literature. The rod element, Euler Bernoulli beam element and plane bar element, for frame
structure analysis, are formulated using the Daubechies and BSWI1 wavelet families for static
and dynamic analysis. Moreover, the general formulations of the moving load wavelet based
vector and foundation matrices are presented in this chapter. Key aspects and properties of
the wavelet based finite elements with respect to wavelet families, shape functions, layout of

the elements and order selection, are also discussed.

5.1. Axial rod wavelet finite element

The general formulation of a multiscale one dimensional axial rod WFE is carried out in this
section. The layout of the rod wavelet based element of length L. is described in Figure 5-1.

1 2 3 4 ng-2 ng-1 N ns +1
l

| | | ' | |
+ HNeWenMe . @)@ @
| ! ( |

y X1 X2 X3 Xq Xr-3 Xr-2 X1 Xr
|A LI
i~ i
Le
uly le UZ, X2 u3! fX3 l-'II' 23 fXI’ 2 l-'II' 1s fXI’ 1 ul’v Xr

Figure 5-1 : Axial rod wavelet finite element layout.
Each WFE is divided into ns equal elemental segments (indicated with brackets) and r =

ng + 1 elemental nodes, formulated in the local x-y coordinate. Each elemental node within
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the rod element only has one degree of freedom (DOF) corresponding to the axial
deformation u;. The axial nodal point force in local coordinates is denoted by f,;. The total
number of DOFs within each WFE is denoted by n, which in this case corresponds to the total
number of elemental nodes i.e., n = r for n,r € N. The vector containing all the axial DOFs

in physical space within the rod WFE is denoted by {u,}:

{ue} = {ul Uy = Up_1 Uy }T (51)

where u; = u(x;) represents the elemental node axial deformation DOF at node i

corresponding to coordinate position x;. Therefore, at node i
x; € [x1,x,] i€Nand(l1<i<r) (5.2)

One can therefore describe the general and nodal natural coordinates as:

e SR e 3 :
f - Xr—X1 - Le (0 Sés 1) (53)
=1 O<&<l l<is<r (54)

In classical FEM formulations, polynomial functions are used as interpolating functions to
approximate the corresponding DOFs. However, for the BSWI and Daubechies WFEMSs, the
respective wavelet scaling functions of the wavelet families are used instead [7,9,10]. Given
that a wavelet family scaling function of order z at multiresolution scale j is employed, the
unknown axial deformations in physical space at natural coordinate &, for (0 < & < 1), can

be defined as:

2/
w( = ) a, ¢,
- ( aéh )
. , , , aé,h+1
u(@ = {6, ¢, @ - ¢, @ ¢, ©O} + 3
a
z.,21—2
kajz,zj_ﬂ
u@ =, (PO} Gunlad (5.5)

where {cpi(f)} is a vector containing the scaling functions of order z and at multiresolution

scale j. The vector {a.} contains wavelet coefficients aﬁ_k, which represent the elemental

DOFs in wavelet space. The dimensions of the vectors in equation (5.5), the wavelet

elemental matrices and load vectors are dependent on the wavelet family, the order z of the
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wavelet family and the multiresolution scale j implemented. The physical space axial
deformation at a particular elemental node i can be obtained from the relation in equation
(5.5) as:

2/ -1

w o= uE) = ) @ = APIE) (i)

k=h

(5.6)

Therefore, the axial deformation in physical space for all elemental nodes as described in

equation (5.1) can be represented in form of equation (5.6) as follows:

oy D) Do) L&) @y @) | (al )
[i] [oh®  tha@ - o6 %yﬂ@>|¢mJ
{ku&r_lj ¢£’_;‘L(‘fr—1) ¢£,i'1+1.(€r—1) 221 (gr D ¢22] ¢_1) {la;'zj_zl}
G RGO IR GO NN GOl LCY)
_ {¢j(f1)} ( a]z,h )
{cp (52)} alzl,h-i-l
{ue} = < ' : \

{q)z(.fr—l)} ajzjzf_z
: {q)é(fr)} i \aj

2,2/ =1/

(5.7)

(nx 1){ue} = (nxn) [RTV”V] (nx 1){ae}

The matrix [R}] contains the scaling function vectors {cbi(fl-)} approximating the axial

deformation at the corresponding elemental nodes. The wavelet coefficients a’z"k can then be

obtained from equation (5.7).

(nx 1){“8} = (nxn) [R‘Iv”v]_l (nx 1){ue} (58)

Therefore, by substituting equation (5.8) into (5.6), the axial deformation at node i can be

expressed as

ORI G)) I ORI ) 3

-1

#,4(5)
#4(82)

¢ (&)

u = (1“){ (fl)} (nxn)

z'h+1(€1)
zh+1(62)

zh(fr 1) ¢]zh+1(€r 1)

z,h+1 (fr)

; (&)
(fz)

¢JZ"2]__2 (Er)

;-GJ
(fz)

d)Z,Zj—Z (ET—I) ¢Z,2j—1(fr—1)
¢]z,2j—1 (fr) i

(1,
o]

L, )

(n X 1){ue} - {Nre(fz)}{ue}
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The general axial deformation at any point along the rod element can be generalised as

w(® = APIOT (rxm [TH] ux 1yltte) (5.10)

The matrix [T¥] = [R¥]~!is the axial rod wavelet transformation matrix with the scripts r
and w denoting rod and wavelet respectively. The vector containing the wavelet based axial

rod shape functions is denoted by {N,.. (&)}, where

e Nre@®) = APLEO} ) TY] (5.11)

5.1.1. Stiffness matrix formulation

In general, the total potential energy within an axial rod 114, is described as [31]:
n* =u*+0n® (5.12)

where U“ is the axial strain energy and 2¢ is the work potential via externally applied axial
loads. Suppose the axial rod is subjected to nodal point loads f,; and distributed
loading f ,(x), then the potential energy within the axial rod can be generally expressed as

[27,31]:

e = fo l = (d’;ff))z dx = u(a)fii - fo fauo) dx (5.13)

i
where E is the Young’s modulus, A is the cross-sectional area and | is the length of the rod.

Therefore, according to the principle of minimum potential energy,
OMN*= 96U+ 60N*=0 (5.14)
Following the discretization of the rod into elements, the axial stain energy within each WFE

of length L, is expressed in natural coordinate system as:

(5.15)

12 (5 () o

Substituting equation (5.10) into equation (5.15):

1 ice) (da)
| [T;”]T{dq”(f)} {dq’z(a} T dE () (516)
0

2L, dE dg

One can now obtain the stiffness matrix of the rod element in wavelet space, [k¥,], as:
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| Ha@l(®) (a@l) ]
ke = | (et (e e

1 . .
wxmlke] = [ (@4 (@Lnds .17
0

The wavelet space stiffness matrix of the rod WFE formulated using a wavelet family of

order z at multiresolution scale j is symmetric and has the general form

r 1,2, z,j z,j z,j
kh,hr kh,h+1r kh,zf—zr kh,Zf—lr
z,j z,j z,j z,j
kh+1,hr kh+1,h+1r kh+1,zf—2r kh+1,zf—1,.
(k¥ =] K E E (5.18)
z,] Z)] es Z,’j i Z,’j .
sz—z,hr sz—z,h+1r sz—z,zf—zr sz—z,zf—lr
z,j z,j z) z)j
_sz—l,hr sz—l,h+1r ij—l,Zj—Zr k2/—1,2/—1r_
where
' 1
5 . .
kel = [ ol (s (5.19)
0

Given that the stiffness matrix described in equation (5.18) is in wavelet space, it is important
to transform the matrix into physical space via the wavelet transformation matrix [Ty] and
apply the relevant material properties of the rod. Therefore, the rod WFE stiffness matrix in

physical space (denoted by superscript p) for an element e is given by:

EA 1 . ,
(ke = (T2 [ (@LOY (@)} ds (7]
e 0
EA
(nx n)[kf,e] = L_ (nxn) [Trv‘V]T (nx n)[k%e] (nxn) [T;:V] (520)

5.1.2. Load vector formulation

Assuming the rod element is subjected to nodal axial point forces f,; and a distributed force
fa (&), the total work potential within each axial rod WFE, expressed in natural coordinates,

is

r 1
Qe = — <Z u(€i)fui + Lefo fa (f)u(f)d€> (5.21)

i=1
Substituting equation (5.10) into (5.21)
d , T 1 . T
¢ = —({ue}TZ[TmT{Ma)} fa + (e} L fo fa@m{@l©)} dE) (5.22)

i=1
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From equation (5.22), the load vector containing the element axial point loads in wavelet

space is obtained as:

r . r
wxnfret = Z{‘Dé(fi)} (5.23)
i=1
and subsequently in physical space, after applying the wavelet transformation matrix,
n i T

(n x 1){fr,f} = Z(n X n)[TT"Y]T (n x 1){“); ('SL)} fri (524)

Similarly, the equivalent nodal load vector for the distributed load in wavelet space is

d ' ey
T4 B AGICIGIRY: (5.25)
0

and in physical space

d, d,
(n x 1){fr,g} =1L, (nx n)[TrvY]T (n x 1){ r,g} (5.26)

The total force vector of the external forces acting on the rod element in physical space
{ff,e}, is sum of the axial nodal point forces and the distributed nodal equivalents given in

equations (5.24) and (5.26) respectively. Thus,

(nx 1){f$.e} = (n x 1){f:},’g} + (nx 1){fg,f} (527)

5.1.3. Mass matrix formulation

The axial kinetic energy, A%, within the rod element is defined as [27]:

1 1
T R GIRTGY (5.28)
0

ou($)
t

where 1(§) = is the axial velocity. The wavelet based approximation for the axial

deformation from equation (5.10) is substituted into equation (5.28).
1 1 ; T, .
18 = Gl 5ot [ r{@l©) (@)} T df g (5.29)
0

It is therefore possible to acquire the mass matrix for the rod element in wavelet space from

equation (5.29) as:
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1 , T ,
o xmlmie] = fo (@)(®) (@ ®)de (5.30)

The mass matrix of the axial rod WFE of order z and multiresolution scale j is also symmetric

and takes the form

Z,j zZ,j z,j z,j

Mpp,. Mpht1, mh,zf—zr mh,Zj—lr
zj zj P zj
Mpsih, Mttt mh+1_21_2r mh+1,21_1r
w — . . . . .
[mr,e] = K . I i (531)
2 2 e mZ o
mzf—z,hr mzf—z,h+1r mzf—z,zf—zr m21—2,21—1r
z,j zJ o Z
_mzf—1,hr mzf—l,h+1r mzf—l,zf—zr m21—1,21—1r_
where
_ 1
z,] _ i i
mil, = [ 6000 (532)
0

Carrying out a similar procedure as outlined in equation (5.20), one can formulate the mass
matrix in physical space via the transformation of equation (5.30) using the wavelet transform

matrix for the rod element.

1 . .
(m?,] = pAL,[T*]" fo (@ ©}) (®(©)} de [T]

(nx n)[mf,e] = pALe (nxn) [TIV‘V]T (nxn) [miv‘v,e] (nxn) [TIV”V] (5-33)

It is therefore possible to express the kinetic energy of the rod element in terms of the mass
matrix evaluated in equation (5.33) as:

1 . .
Acel = 50x n){ue}T (nx n)[mf,e] (nx 1){ue} (534)
2

5.1.4. Two dimensional global transformation
In the WFEM, each element is formulated in its own arbitrary local coordinate system, which
is relative to the system’s global coordinate system. When an axial rod has all the elements
sharing the same local and global axes, the system is analysed using the element matrices and
force vectors directly. However, if the local coordinate system of an element or group of
elements within the system does not coincide with the global coordinate system as illustrated
in Figure 5-2, the element matrices and load vectors need to be expressed in relation to the
overall global coordinate system. The axial deformation at an elemental node i with respect to

the local coordinate is denoted by u; and the corresponding equivalent global coordinate
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DOFs are U; (longitudinal) and V; (transverse) respectively. The axial force component acting
along the element in the local x axis at node i is fy, while Fx; and Fy; denote the force

components acting in the global X and Y axes respectively.

Vi Fy A

y :
1 X
\/X Unfo y o7
| -
N

Ur-1, fxr-l
P

UerXr

Figure 5-2 : Local and global nodal displacements of axial rod wavelet finite element.

The arbitrary angle of orientation between the local coordinate and global coordinate system
is denoted by a and is assumed to remain unchanged for each elemental node within the same
WEFE. This is because the axial deformation and elemental nodal forces are assumed to act
along the same local axial axis through all elemental nodes within the same WFE. The
relationship between the local and global displacements for any elemental node i is:

u; =U;cosa+V;sina

W (5.35)
u; = {cosa sina} {V}
l
where
X, — X,
cosa =
L
) (5.36)
. h-Nn
sina = I

Xi and Y; are the global coordinate values corresponding to the local coordinate value x; at
node i. The length L. of the element can be evaluated from the two element end node global

coordinate values.

Lo =X, — X2+ (Y, — ¥;)? (5.37)
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Let the vector containing the WFE DOFs in the global coordinate system be expressed as:

(U1\

wyr=1{: } (5.38)
Ur—l
Vr—l
Ur
\ Vv, J

From the relation of the local and global coordinate systems highlighted in equation (5.35),
the relationship between the local and global coordinate displacement vectors for the two

dimensional axial rod WFE is

Uy
Vi
(U1 cosa sina 0 0o - 0 0 0 0 U,
{I Uy I} [ 0 0 cosa sina - 0 0 0 0 v,
: = : : : : : : : : ¢
Urq ll 0 0 0 0 -+ cosa sina 0 0 Jl U4
kur J 0 0 0 0 0 0 cosa sinadlV,_4
U.
4
_ G
(nx 1){ue} — (nx2n) [TT](Zn X 1){Ue} (539)

[T¢] is the rotation matrix or global transformation matrix for the rod WFE. Therefore, the
element physical stiffness matrix [K? ], mass matrix [M? ] and load vector {F¥,} of the

WFE rod element in global coordinates are evaluated by applying the rotation matrix [T¢].

(2nx Zn)[KE,e] = @nxn) [Tg]T(n X n)[krlz,e] (nx2n) [T?] (5-40)
(2nx Zn)[Mg,e] = (@nxn) [Tg]T(n xn) [mf,e] (nx2n) [Tf] (5-41)
(Zn X 1){F£,e} = (Zn X Tl) [TE]T (Tl X 1){f£,e} (542)

5.1.5. Assembly and application of boundary conditions
In general, the assembly of the wavelet based finite elements is carried out in a similar
manner to the classical finite element method. For an axial rod with a total of n. WFEs, the

total global stiffness and mass matrices and load vector in physical space are given by:

Ne

[K,] = ) [KD] (5.43)

e=1
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[M,] = ) [MZ,] (544)
e=1

{F,} = Z{Fﬁe (5.45)
e=1

The boundary conditions are applied similar to classical FEM by omitting the corresponding
affected rows and columns, thus reducing the size of the overall system matrices and load
vectors. Therefore, the governing equation describing the static behaviour of the system is

expressed as:
(K, {U,} = {F;} (5.46)

5.1.6. Axial stresses and strains
The axial strains and stresses at the nodal points, for a static case, can be evaluated from the

solved axial deformations obtained in equation (5.46). From the strain-displacement

relationship & = (m;ix)

), the axial strain €2 (¢) and stress ¢2(§) at a point & within a given

element e, is obtained as [30]:

d 1d 1d
40 = (5 =1 g = g @
1
Eg (f) = L_{N,r,e(f)}{ue} (547)
1
o, (§) =Eeg(§) = EL—{N'r,e(f)}{ue} (5.48)

where {N'r,e(f)} is first derivative of the rod WFE shape function vector obtained in equation
(5.11) and thus
BAG)

(1x n){N’r,e (E)} = , ){d—f} (nx n)[Ty] (5.49)
1xn

j
The vector {M;—’f)} is the derivative of the scaling functions used to approximate the axial

deformation. Therefore, the element vectors containing the axial strains {2} and stresses

{o2} at the elemental nodes within a wavelet based rod element are evaluated as follows:
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[ {N’r,e(fl)} 1
1 {N’r,e(fz)}
{53} = L_ : {ue} (5.50)
¢ {N’r,e(fr—l)}
| (N5}
[ {N’r,e(fl)} |

E {N,r,e(fz)}
{od}=E{e} =1 5
¢ {N,r,e('fr—l)}

I {u.} (5.51)
| {N're(§)} |

5.1.7. Daubechies axial rod wavelet finite element

A Daubechies wavelet family of order L can represent any polynomial whose order is up to
but not greater than %— 1 [10,36]. Hence for a static case, the lowest Daubechies family that

is theoretically applicable in the formulation of a one dimensional axial rod WFE is D4. For a
general axial rod with n DOFs formulated using the Daubechies wavelet DL at
multiresolution scale j, the axial displacement field is given by:

2/—1

u@ = ) aj, @@ 552)

k=2-L
Thus, in the formulation of the axial rod, the Daubechies WFE has a total of n =2/ + L — 2

DOFs. The shape functions of the Daubechies based axial rod WFE are obtained from

equation (5.11) as

(1x n[;{Nr,e ({T)} = (1x n[;{(l)i (f)} (nx nD) [T1V”V] (553)

where P[T¥] is the Daubechies wavelet transformation matrix for the axial rod WFE. The
number of shape functions within a given rod element correspond to the number of DOFs i.e.,
n =2/ + L — 2. Figure 5-3 illustrates the (a) D6y and (b) D6; Daubechies wavelet based
axial rod element shape functions in physical space; N, (¢) and N, (¢;) for 1 < i,k <n. The
Daubechies wavelet based axial rod elements of order DL > D4 at multiresolution j, possess
the delta function, completeness and compatibility properties as highlighted in Section 4.4.
This implies that increasing the order of the Daubechies wavelet, multiresolution scale and/or
number of elements within the system ensures the approximate solution converges to the

exact solution.
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Figure 5-3 : Axial rod Daubechies based wavelet element shape functions N, (¢) and N, (¢;) for (a) D6, (b) D6;.

The Daubechies scaling functions and derivatives of the scaling functions cannot be
expressed explicitly. Therefore, the computation of the element matrices and load vectors
cannot be calculated directly. This requires the evaluation of the Daubechies connection
coefficients so as to carry out the calculation of the integral of the products of the scaling
functions and/or their derivatives [36]. Defining the two term connection coefficients

necessary to evaluate the element matrices as
,dy,d LD o) (d2) ;)j
Lt = [ 9 @ - 102 ¢ - bag 554
0

The connections coefficients I/"*2 = T/1** are the entries of the element matrices in

wavelet space for the limits 2 — L < k,1 <2/ — 1.

[ J.d1.d2 j.d1.d2 j.d1.dz j.d1.dz

1—‘Z—L,Z—L l—‘B—L,Z—L Fz]' —2,2—1L FZ/—l,Z—L
j.d1,d2 j.d1.d2 J.d1,d2 Jd1,d2

' 1—‘Z—L,3—L l—‘B—L,3—L Fz]' —2,3-L Fz/_1_3_L

(@ +1-2)x (@ +L—2))[Fj’dl’d2] - 5 2 ' : 5 (5.55)

/d1dz /412 j.di,dz jd1,dy

2-1,2) =2 3-L,2/ -2 2/ =2,2) -2 2/-1,2) -2
1/ 41z r/dudz ... rlduda j.d1.dz

L" 21,2/ -1 3-L,2/ -1 2/ -2,2) -1, 2/-1,2) -1
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Therefore, the Daubechies wavelet space stiffness and mass matrices, from equations (5.17)

and (5.30) respectively, are expressed as:

((2f+L—2)x(2f+L—2)ls[k¥fe] =24 [Fj’l’l] (5.56)
((2+L-2)x (21'+L—2)13[m¥fe] =[] (5.57)

When carrying out the evaluation of the connection coefficients, as presented in Section
3.2.5, the normalizing factor 2/ of the m™ derivative of the Daubechies scaling function
present on the left hand side of equation (5.58) was omitted from the calculations for

convenience.

2m g™ (2 — k) = 20+Dm Z p(r)p™ (21— 2k — 1) (5.58)

It is for this reason that a normalizing factor (2%) is introduced in the wavelet based stiffness

matrix formulation. The Daubechies wavelet transformation matrix °[T%] is then applied to

transform the stiffness and mass matrices from wavelet space into physical space.

Similarly, the distributed forces acting on the element require another form of connection
coefficients to be evaluated; depending on the function of the forces. In the case of a
uniformly distributed load, the function representing the force is a constant. Therefore, given
an axial uniformly distributed load £, (¢) = P N-m™, the Daubechies force vector in wavelet

space is

D¢ dw Lo 1 G
{fre}= jo (@D} d¢ = jo &0 (1X(ZJ+L_2)){¢1(5)} d¢ (5.59)

The values within the force vector are obtained from the connection coefficients of the form

Y}°, 2 —L < k1 <2/ — 1 as described in Section 3.2.5, for m = 0.

Y= [ 02 - s (5.60)
0
Thus, the uniformly distributed load equivalent column vector in wavelet space is
(0]
j,0
D¢ caw io0 Yé._L
(eipyxa)Ured =000 =9 (5.61)
Y21'—2
kyéj'(_)lJ
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Likewise, for a linearly varying load given by the function f,;(¢§) = P& N-m™, the force
vector in wavelet space is obtained from the same connection coefficients but with m =1,

ie.,

. 1 .
Y = fo ELg,(2§ — k)de

.1
(>0,
Y/
Sy = (rity = Py 5.62
((2/+L-2)x1) Jries = T )it (5.62)
Y21‘—2
ji1
K\gj_lj

In general, if a distributed load is represented by a function f;(§) = P &™ N-m™ for example,

one must evaluate the connection coefficients Y,™ so as to obtain the Daubechies wavelet
space nodal force vector equivalent. This vector can be transformed into physical space via
the Daubechies wavelet transformation matrix and subsequently transformed into global
coordinates by applying the rotation matrix, if necessary.

5.1.8. BSW!I axial rod wavelet finite element

In the case where the axial rod WFE is formulated using the BSWI family of order m and
scale j, the unknown physical space axial deformation in natural coordinates ¢ may be
represented as [7]:

2i—1

WO = )y hi® (5:63)

k=—m+1

Hence, the total number of elemental nodes in relation to the order and scale of the BSW1 is
n =2/ + m — 1 and the total number of elemental segments is n, = 2/ + m — 2. Figure 5-4
illustrates the (a) BSWI2; and (b) BSWI2, WFEs axial rod shape functions N, (¢) and
N, (&,). Figure 5-4 (a) exemplifies the impact of a BSWI wavelet that does not meet the
requirement j > j, as discussed in Section 3.3. To have at least one inner scaling function,
BSWI of order m = 2 must have j, = 2. In a case where j < j,, as illustrated in Figure 5-4
(@), the completeness requirement within the element is not met. Therefore, in the
formulation of BSWI based WFEs in general, the condition j > j, must be satisfied [7] as
shown in Figure 5-4 (b). Furthermore, taking into consideration that the BSWI wavelet of
order m is in C™2, for an axial rod element which is in C°, the orders that can be implemented

in the formulation of the WFES must be m > 2.
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Figure 5-4 : Axial rod BSWI based wavelet element shape functions N, (¢) and N,.(¢,): (2) BSWI2; (b) BSWI2,.

Figure 5-5 illustrates the shape functions (a) N, (¢) and (b) N, (¢;) for the BSWI3; axial rod
WEFE. Provided the conditions j > j, and m > 2 are satisfied, the BSWI wavelet based rod
element satisfies the delta function, completeness and compatibility properties highlighted in
Section 4.4. The BSWI scaling functions and their derivatives are expressed explicitly, unlike
the Daubechies wavelet family. Therefore, the integrals of the products of the BSWI scaling
functions and/or their derivatives, used in the formulation of the element matrices and load
vectors, can be evaluated directly without having to calculate the connection coefficients [7].
This is one of the advantages that BSWI based WFEs have over their Daubechies based

counterparts.

Therefore in wavelet space, the mass and stiffness matrices of the BSWI axial rod element

are obtained as:
1 . .
(@ oty x @ amte) = [ (@B @Y @@ (5.64

1 . .
((21' +m—1) x (2/ +m—1§3[krw'e] B .l;) (@Y (@ m())ds (5.65)
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Figure 5
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The BSWI equivalent wavelet force vectors are also simpler to obtain than the Daubechies
based element since they can be evaluated directly in wavelet space without the need to
obtain connection coefficients. Therefore, it is possible to conveniently evaluate more
complicated loading expressions. Thus, for a uniformly distributed load, for example
£,(8) = P N-m™ acting along the length of the rod, the force vector in wavelet space of the
BSWI element is

1 _ T
"y = fo o) (PR dE (5.66)

while for a linearly varying load f,; (§) = P & N-m™, the BSWI load vector is given as

BS w 1 . T
Y= [ €0 omn) (@) € (567

The BSWI based WFE matrices and the total load vectors are then transformed into physical

space via the use of the BSWI wavelet transformation matrix 25[T%].

5.2. Euler Bernoulli beam wavelet finite element

In this section, the wavelet based beam finite element is derived according to Euler Bernoulli
beam theory. It is assumed that before and after bending occurs, the plane cross-sections
remain plane and perpendicular to the axial centroidal axis of the beam. Therefore, the shear
deformation effects are neglected. This assumption is valid for long or thin beams, which will
be used in the analysis of different numerical examples within this study. The beam WFE of
length L., is divided into ns equally spaced elemental segments, connected by r elemental
nodes at coordinate values x; € [x1,x,.] and i € N, in the local x-y coordinate as illustrated in
Figure 5-6 below. The total number of DOFs within each beam element is n. The beam WFE
has the transverse displacement v and rotation ¢ taken into account, with corresponding
transverse forces f, and moments 7h respectively. It is not mandatory for the rotation DOF to
be present at each elemental node but the transverse displacement and rotation must be
present at each elemental end node to ensure inter-element compatibility [6,7,10]. The inter-
element compatibility is ensured when the transverse displacement and rotation fields are
continuous and satisfy boundary conditions [27]. It is therefore necessary for the wavelet
family implemented to satisfy the not only inter-element compatibility, but also internal
compatibility. It is also important to mention that the number of elemental segments and

nodes within each WFE depends on the number of DOFs at each elemental node.
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Figure 5-6 : Euler Bernoulli beam wavelet finite element layout.

In this case, the WFE beam has a transverse displacement DOF at each elemental node and a
rotation DOF at each elemental end node i.e., n — 2 displacement DOFs and 2 rotation DOFs
in total for each WFE. Therefore, there are r = n — 2 elemental nodes and n;, = n—3
elemental segments. Let the vector {v,} denote all the physical DOFs within the beam

element.
=1 6 v, v3 - vy v v 6.} (5.68)

where v; = v(x;) and 6; = 6(x;) denote the nodal transverse displacement and rotation
DOFs in local coordinates at elemental node i, corresponding to coordinate position x;. The

elemental node position coordinates within each WFE are expressed as:
x; € [x,x,] i€ENand(1 <i <71) (5.69)

The general and nodal natural coordinates for the beam element are defined as:

X — X1 X — X1

§= 0=¢=s1 (5.70)

Xr — X1 Le

§& =

Xi — X1

» 0<&E<11<i<r) (5.71)

By applying the wavelet family scaling functions of order z and at multiresolution scale j as
interpolating functions, the deflection at any point of the WFE beam element can be

approximated as:
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LGEDWICNG
k=h

b
b
. . z,h+1
(@) ={61,© ¢/, @ ~ ¢, @ ¢, O} |
b
z‘,21—2
b£,21—1
v© = A®UO} @xnibe) (5.72)
The rotation at any point of the beam WFE is also approximated as:
() 1av(g) k(f)
6(6) = dx L_ L Zb
(Do
bé,h+1
e(a:L{ WO 00,0 9O ¢ O b
2,2/ -2
ijzyzf_lJ
1 Iy
0O =1, [ PHO} xntbe) (5.73)

The vectors {®] (&)} and {®'(£)} contain the scaling functions and first derivatives of the
scaling functions respectively, while the vector {b,} contains the unknown wavelet
coefficients b;k representing the beam DOFs in wavelet space. The transverse displacement

and rotation DOFs for elemental node i, at coordinate position x;, can therefore be expressed
as:

Ui = ol PHED) (i nlbe) (5.74)

1 ,
6 = T axml P26} xnibe) (5.75)

The DOFs for the entire beam WFE in equation (5.68) can be represented in terms of
equations (5.74) and (5.75). Therefore,

[ ¢,GD  aE) ¢Zz, (&1 L@ ]
31 FOLE) ) —¢';2,- &) Ll IS IV
u; B @ 0l 6@ | M
lu:r—l J ¢>;',h(ér_1) ¢;’,h+{<a_1) ¢;Z, (er D ¢;2, (fr D lb;'z', - J
0, AN G BT C B VN () NGO I L CAYES
TOLE) ) o 0 6 S, )
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[ ®(5) |
1 .
L_eq)llz(‘fl) ( bjz.,h )
q)lz(‘fz) bJZ,h-i-l
: ) . 2 (= (nxn) [RZ’] (nxl){be} (576)

¢£(Er—1) b]g,zf—z

(D]Z (Er) kb}z,Zj—lj
1 .
- @5(,) |

The wavelet coefficients b’;‘i, representing the DOFs in wavelet space, can be obtained from

(n x 1){ve} =

equation (5.76).
mxDPe} = xn) [RET ™ (rx 1){Ve} (5.77)

Substituting equation (5.77) into equation (5.74)

Vi ={¢Izh(fz) ¢£,h+1(fi) ;2/_2(51-) ¢]Z',2j_1(fi)}><

[ ¢£,h (51) ¢£,h+1(§1) ¢jzl,21_2(51) ¢;21'_1(€1) ]
1 . 1 . 1 1 .
L_e ¢Uz,h(";1) L_e ¢Uz,h+1 (51) L_e ¢Uz,zf—2 (51) L_e ¢,]z,2f—1 (51) ( 751 )
, . . . 1
¢]z,h (52) ¢Jz,h+1(fz) ¢jz,2j—2(€2) ¢jz,zf—1(€2) {l u.z |}
X : : : : :
¢]z,h(€r—1) ¢Jz,h+1(§r—1) ¢Jz,2j72(§r—1) ¢]z,2j71(f‘r—1) | u&_l |
o) @) o dLLE) ¢, | Le )
1 . 1 . 1 1 .
-L_e ¢Uz,h (Er) L_e ¢Uz,h+1 (Er) o L_e d)uz,z/_z (E‘r) L_e ¢Uz,zf_1 (fr)
Vi = n){(pé(fi)} mxn) [Th] (nx 1){Ve} (5.78)
and (5.75)
0 =1 i x n){‘p']z(fi)} mxn) [Th] (nx 1){Ve} (5.79)

where [Ty] = [Ry]7! is the beam wavelet transformation matrix with the scripts b and w
denoting beam and wavelet respectively. The wavelet based shape functions vector for the

beam WFE in natural coordinates, is given as:

aenNoe®} = | (@O} qanlTH) (5.80)

5.2.1. Stiffness matrix formulation
The potential energy within the Euler Bernoulli beam 7% is [31]:

b — y1b b
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where U? is the strain energy and 2” is the work potential of the beam. For a beam subjected
to concentrated forces f,,;, distributed force f;(x), and bending moments 7h;, the potential

energy within the Euler Bernoulli beam can be generally expressed as [27,31]:

LET (d?v\° : ,dv(a)
= 7(@) dx—nyiU(xi)— | fo)vdx—ka T 582)

where E is the Young’s modulus, | is the moment of inertia and | is the length of the beam.

According to the principle of minimum potential energy,
SIP=6U+ 60 =0 (5.83)

and following the discretization of the beam into elements, the stain energy within each WFE

of length L, is expressed in natural coordinates as:

C1ET (L@ (d2v()
Uf—z—ﬁ ) < ae ) < a7 )df (5.84)

Expressing the strain energy equation in terms of the approximation of the transverse

displacement via wavelet scaling functions, then

g JLEL (o (@Rl©) (a2l
e _Ellej{ve} J;)[ b] dfz dé"Z

The stiffness matrix of the beam WFE in wavelet space, [k}, ], is derived from equation

(5.85) as:

} [Ty ] dé{ve} (5.85)

o (MRl (2@l
[ b,e]_fo { afz } { 6‘52 }df
1 . .
eyl ] = fo (@ () (@ (©))de (5.86)

where the vector {®"}()}={¢", () ¢, -~ ¢, & ¢, (©} contains
the second derivative of the scaling functions. Therefore, the stiffness matrix of the beam

element formulated using a wavelet family of order z, at multiresolution scale j, is

) 2] zj 2
kh,h b kh,h+1b kh,2]—2b kh,zj—lb
7 zj TN zj
kh+1,hb kh+1,h+1b kh+1,zf—2b kh+1,21—1b
W _ . . . . .
Ky =| E _— - (5.87)
ZJ ZJ z ]
sz—z,hb k21—2,h+1b sz—z,zf—zb k21—2,21—1b
Z{j Z_rj e Z_'j . Z.’j .
_sz—l,hb k21—1,h+1b k2/—1,21—2b k2/—1,21—1b_
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where

il = [ 900 0 (5.89)

The wavelet space stiffness matrix is transformed into physical space via the wavelet
transformation matrix for the beam WFE. Therefore, taking into account the material

properties of the element, the stiffness matrix of the element in physical space is

ET 1 ; .
el = 5 T3 | (@ @) @) az 73]

El
(nx n)[kII:,e] - F (nxn) [T‘I;V]T (nx n)[k‘l;l,,e] (nxn) [T‘l;l,] (589)
e

Therefore, the strain energy within the beam element is obtained by substituting equation
(5.89) into (5.85).

e = %{ve}T (Kol (e} (5.90)

5.2.2. Load vector formulation

Similarly, the total work potential, Q2, within each beam WFE in the natural coordinate
system, for a beam subjected to nodal moments, concentrated transverse forces and a

distributed load, is expressed as:

0: = (Zv(a)fyzu [ fd(f)v(f)df+zmk (5")) (5.91

i=1

Substituting equation (5.72) into (5.91)

- - ({ve}TZ[Tr,“]T{@(a)}Tfyi +Lwel” | ©im{ele) a

i=1

+Ll{ve}TZ[TZ”]T{d’”;(s‘k)}ka)

k

(5.92)

Thus, from equation (5.92), the vector containing the element concentrated point loads in

wavelet space is obtained as:

{foe}= T (@)} (5.93)
(nx1)
i=1
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By applying the WFE beam wavelet transformation matrix, the vector containing the

concentrated point loads, in physical space is

o= TR @Y £ (5.94)
i=1

Similarly, the elemental bending moment vector in physical space, from equation (5.92), is

given as:

s = e TET o (@5E0) i (5.95)
k

The equivalent elemental load vector with respect to the distributed load in wavelet space is

1 -
i) = | R@l©) a (5.96)

In this case the equivalent concentrated loads are a combination of elemental node forces and
moments at each elemental end node. It must be therefore noted that the equivalent
concentrated loads are dependent on the representation of the beam element DOFs and layout
initially selected. By applying the beam wavelet transformation matrix [T} ], the load vector

in equation (5.96) is transformed into physical space and is expressed as:

e Foed = LeunlTHT" | (Foe) (5.97)

The total force vector of the external loads in physical space acting on the beam element,
{fﬁle}, is sum of the nodal concentrated forces, nodal bending moments and the distributed

force nodal equivalents given in equations(5.94), (5.95) and (5.97) respectively.
, . d,
b} = el + U3+ o Ue) (5.98)

5.2.3. Mass matrix formulation

The transverse kinetic energy, A2, of the beam element is

p_ 1 ey (5.99)
4t = 5pAL | ¥ o) -

v ($)
at

where v(§) = , p is the density of the beam and A is the cross-sectional area of the

beam. The wavelet based approximations of the displacements, via the scaling functions, are

substituted into equation (5.99). Thus, the kinetic energy becomes
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b — fq T1 ! wT j T j w .
1t = toe)' 3paL, | (18] (@) (@4} [T¥]a (92} (5.100)

The mass matrix for the beam element in wavelet space from equation (5.100) is

1 . .
el = f (@ ©) [®©)de (5.101)
0

Therefore, the mass matrix of the Euler Bernoulli beam WFE, formulated using a wavelet

family of order z and multiresolution scale j, is given as:

mz,] mz,j mz,j mz,j
hhp hh+1p h2/ =2 h2 -1
z,j z,j z,j z,j
mh+1,hb mh+1,h+1b mh+1,2j—2b mh+1,2j—1b
[mze] = .S ' : . : . : (5.102)
z,j z,j z) ' z) '
2 —2,hy mzf—z,h+1b m21—2,21—2b m21—2,21—1b
z,j z,j z,j z,j
_mzf—l,hb mzf—1,h+1b m21—1,21'—2b m21—1,21'—1b_
where
1
z,j j J
m = d
= fo bl (O], (E)de 6,103

The mass matrix in physical space is therefore,
1
. T .
b, ] = paL 31" [ (@1©) (@4©) g [Ty
0
mxmMpel = PALe (ux ) [TH]" (o) [Mpel (nx ) [Th] (5.104)
and subsequently the kinetic energy of the beam WFE becomes
p_ 1 AT P :
Ae = S axmiPe} mxm[Mpelmnx1){Vel (5.105)
It is worth mentioning that the stiffness and mass matrices, both in wavelet and physical

space, are symmetric.

5.2.4. Assembly and application of boundary conditions
The global system wavelet based beam stiffness matrix, mass matrix and load vector in

physical space, for a beam made up of n. elements, are given by:

o (5.106)
[Kp] = ) [KD,]

e=1
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< (5.107)
M) = ) [M},]
b ; b,
{Fp} = Z{Fi,e (5.108)

e=1
The boundary conditions can then be applied by omitting the corresponding rows and
columns, thus reducing the size of the overall system matrices and load vectors. The
deflection and rotation DOFs at corresponding nodal points are obtained by solving the
system equations describing the Euler-Bernoulli beam static behaviour, which is expressed

as.
[Kpl{Vp} = {Fp} (5.109)

where the vector {V}} contains the system DOFs. The dynamic response of an undamped

beam system is obtained by evaluating the global system governing equation described by:
[Mp1{V} + [Kp){Vp} = {Fp} (5.110)
where {Vb} is the vector containing the accelerations at the nodal points of the beam.

5.2.5. Beam stresses and strains

According to the Euler-Bernoulli beam theory, the relation of the axial and transverse
ov(x)

displacement within the wavelet based beam elements is expressed as u(x) = —y — [31].
The strain, at a point & within the beam WFE e, for a static case, is given as:
() = 24 —Ly—zaza”—;? = —%%{Nb,e(f)}{ve}
(&) =~ sz {N"pe(O)Hve} (5.111)
The normal bending stress is evaluated from the strain as follows:
7©) = et () = =25 (Ve O} ) 6112)

where {N”,,,e(f)} is the second derivative of the WFE shape function vector obtained in
equation (5.80). Thus,

aenNV'5e@©) = (@O} (uxmTH] (5.113)
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The strain and stress vectors for the beam WFE, containing the strains and stresses at each

elemental node, can be evaluated as follows:

[ {N”b,e('fl)} |
y {N”b,e(fz)}
{ef}=—— : {ve} (5.114)
Le {N”b,e(fr—l)}
L {N”b,e(fr)} .
[ {N”b,e(fl)} |

E {N”b,e(‘fz)}
{aeb}:E{eS}:—Lyz :
€ {N”b,e(fr—l)}
L {N”b,e(fr)} .

(v} (5.115)

1 0%v@)

The curvature of the WFE beam is evaluated from the relation «2 (¢) = PRAFTER Therefore,
b 1 7]
Ke (5) = F{N b,e(f)}{ve} (5116)
e
The bending moment at natural coordinate & within the beam WFE is expressed as:
b ET .
M, (f) = - L 2 {N b,e(f)}{ve} (5.117)
e
Furthermore, the shear force within the Euler Bernoulli beam wavelet based finite element is
given as:
b El "
Q&) =— L—g{N be(©) Hve} (5.118)
e
where
17 63(1)] (f)
axmyN"5} = — 5 gg “t xmlTh] (5.119)
(1xn)

The vectors containing the curvature, bending moments and shear forces within the beam
WEFE, at elemental nodes, can be evaluated by implementing the matrix containing the

corresponding derivatives of shape functions.

5.2.6. Wavelet based moving load vector
Moving load problems are often characterised by the loading conditions varying in location
and/or magnitude with respect to time. Consider a simply supported beam subjected to a
moving load, represented by the function q(x,t) = P§(x — x,), where P is the magnitude of
the moving point load, §(x) is the Dirac Delta function and x, is the distance travelled by the

moving load at time t from the left edge of the beam. The strain and kinetic energy of the
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beam WFE are evaluated as presented in Sections 5.2.1 and 5.2.3 respectively. In order to
demonstrate the evaluation of the wavelet based moving load vectors, consider a moving

point load travelling across a beam wavelet finite element as illustrated in Figure 5-7.

q(x,t) = P8(x — xo)
—

Xg = ct
0 c

1

ONONONONONO N NG RON
. ng-1 Ny njl
Le

Figure 5-7: Layout of a beam WFE subjected to a moving point load.

Assuming the beam is modelled using one wavelet based finite element, the moving load

travelling at a constant speed of ¢ m-s™ is expressed as:
q(x,t) = P6(x — xp) (5.120)

where x, = ct is the distance travelled by the load at time t. The position of the moving load

in natural coordinates, within the WFE at time t s is

g =20 (5.121)
L,
A
y
3 5(x - )
4 ......................................................... » 4 ...................... . .................................. >
0 X 0 a X
A
y :
d(x - a)
4 ..................................................................................................................... >
.
p q

Figure 5-8: The Dirac Delta function.

The Dirac Delta function 6(x), or otherwise known as the unit impulse function, is defined by

the following properties [101]:
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s ={> *7*? (5.122)

x=0
s—ay={) X7¢ (5.123)
.[-00 d(x)dx = .[-00 fdx—a)dx=1 (5.124)
[ rwsea=rw (5.125)

Alternatively, the Dirac function may be defined as the derivative of the unit step Heaviside
function, H(x), as follows [102]:

dH (x)
dx

5(x) = (5.126)

From equation (5.124), the Dirac function has a unit area. Therefore, as illustrated in Figure
5-8, given that p < a < q [102],

| 10 86- 0= @

q 0 a< 1% < q
j f(x)6(x —a)dx = {f(a) p<a<gq (5.127)
p 0 p<qg<a
The n™ derivative of the Dirac function is expressed as:
q 0 a<p<gq
f f(x) 6" (x — a)dx = {(—D”f M(a) p<a<gq (5.128)
p 0 r<qg<a
Furthermore,
1
6(ax) = a6(x) (5.129)

At a given time t, the moving load is at position &, and the potential work of the load at that

instant is therefore expressed as:
1 T 1 T
05(&y) = fo P8(§ — £,)v()dE = P{v,} jo 1 xmNbe(®) 85 —E0)dE

T
(&) =Py, e Nne(&)) =P @ [ @l (e,)) (5.130)

Thus, the element load vector in wavelet space is obtained from equation (5.130) as
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(o) = (@) (5.131)

(nx1)

and subsequently in physical space as:

( fyl )
mhy

fyZ
ey =1 1 L= pryyeie)) (5.132)

fyr‘—l
fyr

\ M, /

(nx1)

The vector {f} ()} contains the equivalent WFE nodal forces and moments of the moving

load, acting on element e in physical space, corresponding to the moving load position &, at
time t, as illustrated in Figure 5-7. Given that the location and/or magnitude of the load varies
with time and assuming at a new time the moving load is still acting within the same WFE,
the new load vector is obtained via the scaling functions in equation (5.131) with respect to
the new location of the moving load in natural coordinates i.e., the new value of position &,.
The numerical values of the shape functions, and consequently the load vector in wavelet
space, will change according to this new external force location. Subsequently, the load
vector in physical space corresponding to the new location with respect to time is evaluated
by implementing the wavelet transformation matrix to the new wavelet space load vector.
The other WFEs within the system that have no action of an external load at a particular time
t have zero entries within the load vectors. When the moving load is acting on a new WFE,
the scaling functions corresponding to the WFE subjected to the moving load are used to
obtain the load vector for that particular element. Hence, it is evident that as the moving load
travels from one WFE to the next, there is a shift in position of the equivalent WFE load

vector with nonzero entries.

It is important to note that the forces and moments within the WFE load vector are dependent
on the layout of the element selected, which in this case has the rotation DOFs only at the
elemental end nodes and thus, the moments are only present at these corresponding nodes.
Therefore, if the layout is altered and a rotation DOF is present within an inner elemental
node, then a moment DOF will be present at the corresponding nodal position within the

wavelet based element.
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5.2.7. Beam on elastic foundation subjected to a moving load
Figure 5-9 is a diagram illustrating a simply supported beam resting on an elastic foundation.
A beam of length I, is assumed to have a uniform cross-sectional area A, Young’s modulus E,
moment of inertia | and mass per unit length u. ks is the stiffness of the elastic foundation.

The beam is subjected to a moving point load of magnitude P travelling at ¢ m-s™.

El, u

S @

e

A
\ 4

Figure 5-9: Simply supported uniform beam on an elastic foundation subjected to a moving point load.

The foundation is assumed to be a Winker foundation where force-deflection relationship is
linear. Therefore, the beam wavelet finite element, as described in Figure 5-6, is resting on a
series of closely spaced linear elastic springs representing the stiffness of the elastic
foundation [103]. The total potential energy of the system is generalised as [104]:

LEI (d?v\® : 'k
i :f 7<W> dx—fPS(x—xO)vdx+f ?fvz dx (5.133)
0 0 0

while the kinetic energy within each WFE of length L. is given as
1l
AL = >pA f v? dx (5.134)
0

and the strain energy due to bending of the beam WFE is

Le BI (d?v\°
b _ 5.135
Ue Jo 2 <dx2> dx ( )

The work potential of the moving load travelling on the WFE is expressed as

Le
nk =f P& (x — xo)vdx (5.136)
0
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The strain energy, kinetic energy and work potential of the moving load for the WFE can be
evaluated as described in Sections 5.2.1, 5.2.3 and 5.2.6 respectively. The potential energy of

the elastic foundation on which the beam WFE is resting on is expressed as [104]:

1
vl = ksze f (&) v(§)de (5.137)
0

The displacement field variable is expressed in terms of the wavelet scaling functions and
therefore equation (5.137) becomes:

r_keLe T ' WT () (2. () w
ul = )" | 1 @l©) (@4©) ITias ) (5138)

Therefore, the foundation stiffness matrix in wavelet space is evaluated as:
1 T,
AR RCIGIRLAGIT (5.139)
0

Hence, the stiffness matrix of the foundation formulated using a wavelet family of order z and

at multiresolution scale j is given as:

L) 2 zj zj
kh,hf kh,h+1f kh,zf—zf kh,zf—lf
z,j z,j z,j z,j
kh+1,hf kh+1,h+1f kh+1,2f—2f kh+1,2’—1f
[kfel =] i i i (5.140)
z,) Z,j Z,j Z,)
sz—z,hf sz—z,h+1f sz—z,zf—zf sz—z,zf—lf
z,j z,j z,j z,j
_sz—l,hf kz"—1,h+1f sz—l,zf—zf sz—l,zf—lf_
where
kil = | ol©@aL (5.141)
0

The matrix in equation (5.140) is equivalent to the wavelet space mass matrix of the beam as
described in equation (5.102). Therefore, once the wavelet space mass matrices of the beam
are evaluated for different wavelet orders and multiresolution scales, the matrices can be
stored and used in the evaluation of the stiffness matrix for the elastic foundation so as to
reduce the computational costs. The wavelet space foundation stiffness matrix is also

transformed into physical space via the wavelet transformation matrix and is obtained as:

91 = kst | myr{el©) (ol©) e
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(nx n)[k;e] = kf Le (nxn) [TZV]T(n X n)[k%e] (nxn) [T‘lgv] (5142)

Therefore, the strain energy within the section of the foundation on which the wavelet based

beam element is resting on is obtained by substituting equation (5.142) into (5.138).
1
Ul = 5w lig,] {ve) (5.143)

When a system is damped, energy is dissipated from the system. Therefore, the dissipated
energy of a viscoelastic foundation section, which has viscous damping effects taken into

consideration with a WFE resting on it, is given as:

L, 1
p/ =dz—f fo v(0)T v(x)dx = 4 ZL"’ fo V()T v(&)dE (5.144)

where dg is the viscous damping of the foundation. Substituting equation (5.72) into (5.144)

dsL,

1 . ,
o = Tl | ) (@l©) (@) r51ds ) (5.145)

The foundation viscous damping matrix in wavelet space is evaluated as:
1. T,
epl = [ {ol©) (@l (5.146)
0

The damping matrix in equation (5.146) can also be evaluated from the already stored
wavelet space mass matrix of the beam as described in equation (5.102). The physical space
foundation damping matrix is obtained via the transformation of the wavelet space damping

matrix using the wavelet transformation matrix.
1 : T .
[} ] =dL, f 1T {@l©} {@l)} ry1ag
0
(nx n)[c;,,e] = dee (nxn) [TZV]T (nx n)[c;‘fe] (nxn) [TZ’] (5147)

5.2.8. Daubechies Euler Bernoulli beam wavelet finite element

For a Daubechies wavelet of order L and multiresolution scale j, the lowest order that can be
theoretically implemented to formulate the Euler Bernoulli C' WFE is D6; since a

Daubechies wavelet of order L can represent a polynomial of order equal to but not greater
than %— 1 [10,36]. The vertical displacement and rotation within the WFE, with respect to

the natural coordinates, are given as [6,10]:
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2i—1

v = > bl ¢l ® (5.148)
k=2-L
6§ =1 z b] ¢“‘(E) (5.149)

The total DOFs within a single Daubechies based element is n = 2/ + L — 2. Therefore,
specific to this case with the rotation DOFs present only at the elemental end nodes, the total
number of elemental nodes is r = 2/ + L — 4 and corresponding elemental segments n, =
2/ + L — 5. The Daubechies based beam WFE shape functions are obtained from equation
(5.80) as

(1x nl;{Nb’e (5)} = (1x nD){q)i (E)} (nx n% [T‘I;V] (5150)

where D[T‘,;’] is the Daubechies wavelet transformation matrix for the beam WFE. Figure
5-10 includes the plots of the shape functions N, (&) and N, (§;), where 1 <k <n and
1 <i<r, forthe D10, beam WFE. It is observed that although the shape functions are not
bound by 0 < N, (¢) < 1, the completeness, compatibility and delta function properties are
satisfied. This is the case for the Daubechies based beam WFE of order L > 6; at any
multiresolution scale j = 0. This implies that convergence of the approximate field variables

to the exact solution is ensured.

As earlier mentioned, the Daubechies WFE formulation requires the evaluation of the
connection coefficients to obtain the wavelet based element matrices and distributed load
vectors. The stiffness matrix in wavelet space is obtained from the two-term connection

coefficients of the form:

LT = f¢,<2>(215 6P @€ - e (5.151)

for the limits 2 —L <k,1 <2/ —1. The mass matrix is obtained from the two-term

connection coefficients

LA TI00 = qu“’)(ws 0o (€ - e (5.152)
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Figure 5-10 : Daubechies wavelet based beam element shape functions N, (§) and N, (¢;) for D10q WFE.

Therefore, the wavelet space stiffness and mass matrices of the Euler Bernoulli beam WFE

from equations (5.86) and (5.101) can be expressed as:

(@ +1-2)x @ a2 be] = 2Y [7*7] (5.153)
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((21' +L-2)x (2 +L—2)D) (M = [FJ’O’O] (5.154)

In physical space, the Daubechies Euler Bernoulli beam WFE stiffness and mass matrices are

evaluated as:
((@+L-2)x (21'+L—2)3[kzre]

£l (5.155)

- Le_3 (@ +L-2)x (2 +L—2)S) (731" ((2+L-2)x (21‘+L—2)L3[kl’;/ve] (@ +L-2)x (2f+L—2)§) (T3]

mb,e

DiypyP
((@+L-2)x (21'+L—2))[ ]
(5.156)

D[wT

szLe((zi+L—2)x(21+L—2)) T3] ((21'+L—2)x(21+L—2)L3[mKe]((zf+L—2)x(21+L—2)§)[T;’V]

For a distributed load, the equivalent nodal load vector in wavelet space is obtained via the
connection coefficients of the form Yi’m, for 2 — L < k < 2/ — 1. The function representing

the distribution of the load may vary. However, if the load f;(¢) = P N-m™ is uniformly

distributed along the element, then the load vector in wavelet space is given as:

] 1
Y= | e0u@is - s

Decdwy _ (yvioy — :
((21 +L—2)X 1){fb,e} - {Y] } ) Y.j,O ( (5157)

Similarly, for a linearly varying distributed load given by the function £, () = P & N-m™, the

force vector in wavelet space is obtained from the connection coefficients

) 1
¥t = fo £, (2 € - k)dx

()

YA

D dw i1 3. L
((2j+L_2)X1){fb,e}:{Y' b= (5.158)

Yzfl—z

kYéj'}lJ

Thus, for a general distributed load function f;(§) = P é™ N-m™, the connection coefficients
Y{;‘m are employed to determine the Daubechies wavelet space load vectors for the beam

WFE. The Daubechies wavelet transformation matrix ? [T}] is then applied to evaluate the
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element load vectors in physical space. Furthermore, the stiffness and damping matrices for a
viscoelastic foundation in wavelet space are obtained from the two term connection
coefficients described in equation (5.152). The Daubechies wavelet transformation matrix
and corresponding foundation coefficients are then applied to the matrices so as to obtain the

physical foundation matrices.
5.2.9. BSW!I Euler Bernoulli beam wavelet finite element

The unknown transverse displacement and rotation, with respect to the natural coordinate of
the Euler Bernoulli beam element, can be expressed using the BSWI family of order m and at

scale j in the formulation of the WFE as [7]:

2i—1
v(§) = z b{n,k jn'k(g) (5.159)
k=—m+1
1T 99,0
0(8) =1 Z bl —’g’g (5.160)
ek=—m+1

The total DOFs within the BSWI beam WFE is n = 2/ + m — 1, while the total number of
elemental nodes is » = 2/ + m — 3 and the total number of elemental segments is n, = 2/ +

m— 4.

Figure 5-11 contains the Euler-Bernoulli beam shape functions N, (&) and N, (&), where
1<k<nand 1<i<r, for the BSWI3; WFE. For a C! beam element, the order of the
BSWI scaling function that can be implemented in the formulation of the WFEs must

bem > 3.

Moreover, the multiresolution scale must be such that the requirement j > j, is satisfied. The
BSWI beam WFEs possess the delta function, completeness and compatibility properties of
the shape functions as illustrated in Figure 5-11. This ensures the convergence of the
approximation field variables to the exact solution. The stiffness and mass matrices in
wavelet space can be evaluated directly without calculating connection coefficients and are
obtained as:

f (@ () (@ (©)}dE (5.161)

(2 +m=1) x (2 +m- 1)

(2 4m-1) x (2 +m-1) )T f (@n @) (@n(©)ds (5.162)
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Figure 5-11 : BSWI wavelet based beam element shape functions N;(¢) and N; (¢;,) for BSWI3; WFE.




In physical space, the BSWI Euler Bernoulli beam WFE stiffness and mass matrices are

expressed as:

((2j+m—1) X (2j+m—113§ [kz‘e] (5163)
El
- ﬁ ((2j+m—1) X (2].+m—1)§jg [Tb ]T ((2j+m—1) X (2j+m—133[ b""] ((2j+m—1) X (2j+m—1t)?jg [Tb]
. ] BS[mp ]
((Z+m=1) x (Z+m-1))" e
0 § y v (5.164)
=A% (tamet) s @) 5T () s ) BN ) o))

Furthermore, for a uniformly distributed load for example f,;(¢) = P N-m™ acting along the

length of the beam, the equivalent load vector in wavelet space of the BSWI element is

BS: awy _ [ T
Ubel= jo & CAGIE (5.165)

2/ +m-1))

while for a linearly varying load f,(¢§) = P & N-m™, the equivalent load vector is given as:

T
Py = fo o ( (o)} a¢ (5.166)

1 x(2/+m-1))

The BSWI wavelet space foundation stiffness and damping matrices are computed from
equation (5.162). The BSWI based WFE matrices and the total load vectors, are then
transformed into physical space via the use of the BSWI wavelet beam transformation matrix

Tyl

5.3. Two dimensional plane bar wavelet finite element

The two dimensional plane bar element takes into account the axial deformation, transverse
deflection and rotation DOFs; it can therefore be subjected to axial and transverse loading as
well as bending moments. The plane bar analysed and formulated in this section is assumed
to be linearly elastic. Therefore, the two dimensional plane bar WFE is a superposition of the
rod and Euler Bernoulli beam WFEs as described in Sections 5.1 and 5.2 respectively.
Consider a two dimensional bar WFE, of length L, partitioned into ns equally spaced
elemental segments with r number of elemental nodes, at coordinate values x; in the local x-y

coordinate as illustrated in Figure 5-12.
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Figure 5-12 : Two dimensional plane bar wavelet finite element layout.

Each elemental node has an axial deformation in the x axis, u;, and transverse displacement in
the y axis, v;. Furthermore, only the two end elemental nodes have the rotation about the z
axis, 6;. The vector {h,} is defined as the vector containing all the physical DOFs within the

plane bar WFE in the local coordinate system.
they={w v 61 w v, uz vz v Uy Vrp Uq Ve U U 63T (5-167)

The transverse deflection and rotation of the WFE is approximated using scaling functions as
described in equations (5.72) and (5.73) for a wavelet family of order z and at multiresolution
scale j. However, in order to ensure that the axial DOFs correspond to each elemental node,
at multiresolution scale j, the order of wavelet family used in (5.5) is z — 2. The total number
of DOFs within the WFE is given by n. Therefore, the element DOFs in equation (5.167) can

be expressed in terms of the wavelet scaling functions as:

113



[ #1240

0
0

¢ 52
0

@)y (&)

0

AP (oY)

0

®)_on G
0

0

0
o),
1//
IR
0
¢! ,(&)
0
¢! ,&2)
0

A )
0

¢! ,(&)
— ¢ &)

0
®par €1

1
— ¢ 1§

Le

0

A )
0

LA (Y

0

PR (Y

1
L,

0
A 8]
A

¢i72,n+1(51)
0

0

AR Y
0

B 3016

0

& _opi1Got)

0

®) g1 &)
0

0

0
b2 (1)

1 1]
Zd’ 22§

0

()
0

A (Y

0

P ()

L,

0
Y
¢ 12 &)

‘7’;72,“2 )
0

0
AR (23
0
AR ()
0
LY
0
AR )
0

0

"L,

0
é, 40D
1
=" &)
0

[N (Y
0

,y(aa
0

Oy 4Grn)
0

¥y,

: Zd"lz}z,,,{(fr)

114

b &) 0
0 NN (Y
1
0 L RN D)
(AP (2] 0
0 b5
s - ,(63) 0
0 zz/ (fr 2)
AP (S 0
0 Zz} 361
(AP () 0
0 AN (S
0 Z¢UZ,Z,,3 (€]

z 2,2~ @1 0

0 N (Y]

1

0 L " 2
AP (2] 0

0 zz/ ,(62)
@, 20/~ 163) 0

0 zZ/ (fr 2)
@51 Gr1) 0

0 Zz, ,Gr1)
AP ()] 0

0 N ()

0 Z¢UZ’2],2(§1’)

0
NN (Y

l

L z2/ (51
0

&2

0

[ (Ey 2)
0
@0 r-1)
0

é0_1 G

1
PRATRG)

l
a;_ 2,h
bl

z,h
bz,h+1

J
Az—2h+1

bl

z,h+2

j
az—2,h+2

J
bz 2/ -4

J
Z—Z,Z/ -2

J
bz,2173

azfz,Z‘ -1

bJ

2,2 -2

J
bz,Zlfl

(5.168)



which can be expressed in matrix form as:

(nx 1){he} = (nxn) [R;I] (nx 1){Ce} (5169)
The wavelet transformation matrix for the two dimensional plane bar is obtained from

equation (5.169) as:
[T%] = [RY]™ (5.170)
5.3.1. Mass matrix formulation

The plane bar mass matrix is obtain via a superposition of the axial rod and Euler Bernoulli

beam mass matrices in wavelet space from equations (5.31) and (5.102) respectively.

mW —
p.e
z-2,] z-2 z-2, 7-2, 7-2,
m, 0 0 m 0 m, eoomy 0 m 0 0
hho B, hht2, b2 -2, b2 -1,
2 zj zj z,j 2,j 2,j
0 Myhy, My by, 0 Mpyhizy, 0 0 m, o -3, 0 mh,z!—zb mh,lf—lb
zj zj zj . f f g
0 Y 0 Mtihz), 0 0 h+1,2 -3 0 h+1,2 -2 mh+1,z/—1,,
z-2j z-2 z-2 z-2j 72,
Mhs1h, 0 0 Mhiihet, 0 Mhy1h2, Myi12i-2, 0 Myi12i-1, 0 0
z,j zj z,j zJ zJ zj
0 Mptohy,  Mhrzhet, 0 Myt2h+2), 0 0 mn+2.zf—3,, 0 My 2o —2, LOSPPY —1p (5 171)
z-2 7-2 7-2 7-2j 7-2j b
Mhs2h,. 0 0 Mhs2h+1, 0 Mhi2h42, Myi22i-2, 0 Myi22i-1, 0 0
z-2j z-2 z-2j z-2 z-2j
My “2h, 0 0 My —2h+1, 0 Mo 2 +2, My 22 -2, 0 My 22 1, 0 0
2] zj zj zJ zJ zJ
0 My —3hp My —3h+1p 0 My —3h+2p 0 0 My 320 -3p 0 My 320 -2 My -32/ -1y
z-2, z-2 z-2, z-2, z-2,
mzl—l,hr 0 0 mzf—l,h+1r 0 mzl—1,h+z, mzf—l,zl—zr 0 m2/—1,21—1r 0 0
zj 2 zj zj zj z
0 ™, “2hp mzl—z,h+1,, 0 My 2 +2p 0 0 My 220 -3p 0 M2 —2p mz/—z,z!—l,,
2,j zj 2 zJ zJ k2
0 mzf—l,hb mzl—1,h+1,, 0 My 1 +2p 0 0 My 120 -3p 0 M1 —2p mz/—l,z!—l,,

The mass matrix is then transformed into physical space by implementing the wavelet

transformation matrix for the plane bar.

T
mxmMpel =pALe (T Gmmpel ) [T5] (5.172)

Alternatively, the elemental matrices of the plane bar element can be computed by the
superposition of the axial rod and Euler Bernoulli beam respective elemental matrices
directly in physical space in order to reduce the computation time of the higher order wavelet

family WFE, at larger scales, during transformation from wavelet space.

5.3.2. Stiffness matrix formulation

The stiffness matrix is also obtained as a superposition of the axial rod stiffness matrix in

equation (5.18) and Euler Bernoulli beam stiffness matrix in equation (5.87).
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(el =

z-2,

z-2,

22,

lin! 0 0 kinh, 0 i, k;;f;fzr 0 k;—;ilr 0 0

0 L T 0 ki, 0 0 123, 0 Koz, Ki,

0 kiilﬁb kii1ﬁ+1b 0 kiilﬁ+2b 0 0 k2i12173b 0 k;ilzl—zb k;ilzl—lb
kiih, 0 0 Kiiiher, 0 ki, 7 K, 0 ki, 0 0

0 kﬁz,nb kiiz,hnb 0 kﬁzmzb 0 0 kZiZ.Z’*’iz, 0 kZiZ,Zl “2p kﬁ“”lb (5 173)
k;;%i, 0 0 kZ:§i+1, 0 k;;§i+zr "' ;;;érfzr 0 Z;éé’—lr 0 0
k;:}Zhr 0 0 k;:EZh+1r 0 k;:f;n+2r " kEZEZW—zr 0 kEZf;w—lr 0 0

0 k;"]—S,h b k;"]—S,h-%-l b 0 k;’]—s,héfz b 0 0 k;,"_“, -3p 0 k;f/—3,zf -2 k;;/—3,zf ~1p

;1121'],;1, 0 0 zzii—zij,hﬂr 0 ;—21'],;“2, ;;:21'],21 -2, 0 k;r—zi{zf -1, 0 0
0 k;"]—z,h b k;"]—z,h-%-l b 0 k;’]—z,héfz b 0 0 k;/—z,z/ -3p 0 k;f/—z,zf -2 k;;/—z,zf ~1p
0 k;"]—l,hb k;"]—l,h-#lb 0 k;}—1,h+zb 0 0 k;/—nz/ -3p 0 k;f/—l,zf -2 k;;/—l,zf ~1p

The stiffness matrix in wavelet space, from equation (5.173), is transformed into physical

space via the plane bar wavelet transformation matrix [T%].

T
p p w w w
(nxn)[kp,e] T xn)[Bp’e (nxn) [Tp] (nxn)[kp,e] (nxn) [Tp] (5174)
where the diagonal matrix [BY .| contains the element material values and is given by
EA
— 0 0 0 0 0 0 0 0 0 0 0
L.
El
0O — 0 0 0 0 0 0 0 0 0 0
Le
El
0 0 — 0 0 0 0 0 0 0 0
L
e
EA
0o 0 0 — 0 0 0 0 0 0 0 0
L,
EI
0 0 0 0 — 0 0 0 0 0 0 0
L
e
o 0 0 0 0o 200 0 0 0 o
) Boel = L, (5.175)
0 0 0 0 0 0 0 0 0 0 0
EA
0o 0 0 0 0 0 0-— 0 0 0 0
L.
EI
0 0 0 0 0 0 0 0 — 0 0
L
e
EA
0o 0 0 0 0 0 0 0 0 — 0 0
L,
EI
0o 0 0 0 0 0 0 0 0 0 — 0
L
e
El
0o 0 0 0 0 0 0 0 0 0 0 —
: L
e

5.3.3. Force vector formulation

The axial and bending loads described in Sections 5.1.2 and 5.2.2 respectively, are combined
to obtain the equivalent load vectors for the plane bar WFE. The equivalent load vectors are

superimposed once they have been transformed in to physical space for each element.
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Therefore, the total load vector of the plane bar WFE in physical space is given as the sum of

the total axial and bending loads, i.e.,
wxoped = aaxpltfred + o fbe) (5.176)

5.3.4. Two dimensional global transformation

Given that each plane bar WFE is formulated in its own arbitrary local coordinate system, it
is important to transform each element into the system’s global coordinates, if the two
systems do not coincide. The relation of the local coordinate system to the two dimensional

global coordinate system is shown in Figure 5-13.

VI"’ fl"

-

Vr-1, fyr-l 6. M
§]

Vr-2, fyr-2

Figure 5-13 : Local and global coordinate system of a plane bar wavelet finite element.

The axial deformation, transverse displacement and rotation at an elemental node i, with
respect to local coordinates, are denoted by u;, vi and 6; respectively. The corresponding axial
and transverse nodal forces and bending moments at node i are denoted by fy;, fy; and ;. The
arbitrary angle of orientation between the local coordinate and global coordinate system is
denoted by o and is assumed to remain unchanged for each elemental node within the same
plane bar WFE. This is because all the elemental nodes are assumed to be along the same
local axial axis. The component displacements in the global X and Y axes at node i are
denoted by U; and V; respectively, while the force components are denoted by Fx; and Fy;.

The rotation and corresponding moments in the global coordinates are denoted as 6; and M;
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respectively. From the figure above, the relationship

displacements at any elemental node i is

u; = U;cosa +V;sina

v; = —=U;sina + V;cosa

U;
@L'

0[ =@i
sina 0

U; cosa
Vit =|—sina cosa O
0; 0 0 1

where

Y, -V
L,

sina =

between the

local

and global

(5.177)

(5.178)

Xi and Y; are the global coordinate values at node i. The length L, of the element can be

evaluated from the two extreme elemental node global coordinate values.

Lo =X, — X1)2 + (Y, — 1})?

(5.179)

Therefore, the relation of the elemental nodes between the local and global coordinate system

can be expressed as:

Uy cosa sina 0 0 0 0 0 0 0 0 0
vy —sina cosa 0 0 0 0 0 0 0 0 0
0 0 0o 1 0 0 0 0 0 0 0 0
u; 0 0 0 cosa sina 0 0 0 0 0 0
V2 0 0 0 —sina cosa 0 0 0 0 0 0
Uz 0 0 0 0 0 cosa sina - 0 0 0 0
V3 0 0 0 0 0 —sina cosa - 0 0 0 0
Un—1 0 0 0 0 0 0 0 cosa  sina 0 0
VUn-1 0 0 0 0 0 0 0 + —sina cosa 0 0
Up 0 0 0 0 0 0 0 0 0 cosa sina
Vn 0 0 0 0 0 0 0 0 0 —sina cosa
Un1 0 0 0 0 0 0 0 0 0 0 0
Un+1 0 0 0 0 0 0 0 0 0 0 0
01 0 0 0 0 0 0 0 0 0 0 0

(n x 1){he} = (n xn) [Tg] (n x 1){He}

r U1

{I'Ie}=< o
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[Tf,] is the plane bar WFE rotation matrix or global transformation matrix. Transforming the

elemental mass matrix, stiffness matrix and load vectors in equations (5.171), (5.174), and

(5.176) from local to global coordinates, we have

P 71— T P
wxnKpel = o T8l @xnlkpel oo [T5) (5.182)
P q_ T p
wxnMpel = T enlmpel o (T3] (5.183)
P _ 61T p
(nx 1){Fp,e - (nxn) [Tp] (n x 1){fp,e} (5184)

5.3.5. Assembly and application of boundary conditions
Once the element matrices and load vectors have been transformed in to physical space and
further transformed into global coordinates, assembly of the system is carried out. For a plane
bar with a total of n, WFEs, the total global system stiffness matrix, mass matrix and load

vector in physical space are given by:

K,] = Z[K;e] (5.185)
e=1

[M,,] = Z[Mﬁe] (5.186)
-1

(F)} =) (P (5.187)

e=1

Assembly of the matrices and load vectors is carried out via the superposition approach,
where the element matrices are expanded to the size of the system DOFs once transformation
into the global coordinate system is carried out. The DOFs to which an element is not
associated within the expanded matrix are replaced by zeros. The summations expressed in
equations (5.185) - (5.187) are then applied to the expanded matrices. The boundary
conditions are also applied by omitting the corresponding constrained rows and columns, thus

reducing the size of the overall system matrices and load vectors.

5.3.6. Daubechies plane bar wavelet finite element

As earlier discussed in Sections 5.1.7 and 5.2.8, the Daubechies wavelet family of order L can
represent any polynomial whose order is up to, but not greater than %— 1 [10,36]. Therefore,

the axial deformation and the bending of the Daubechies plane bar WFE may only be
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approximated theoretically by the Daubechies scaling functions of order not less than D4 and
D6 respectively. Furthermore, if the order of the wavelet family chosen to approximate the
transverse deflection and rotation is DL, then the axial deformation is approximated by the
Daubechies wavelet DL-2 at scale j. This is specific to this formulation taking into
consideration that the bending of the plane bar WFE, based on the Euler Bernoulli beam
theory, has only rotations at the elemental end nodes. Therefore in general, the order of the
Daubechies scaling function that is used to approximate the axial deformation is dependent
on the DOFs at each elemental node with respect to the bending of the plane bar. Thus, the
order should be selected to ensure that the axial deformation is present at each elemental

node.

Specific to this formulation, the total number of elemental nodes is r = 2/ + L — 4 and the
number of elemental segments is n, = 2/ + L — 5. The total number of DOFs corresponding
to the transverse deflection and rotation within the Daubechies planar bar WFE is 2/ + L — 2,
while the axial deformation total DOFs is 2/ 4+ (L — 2) — 2. Hence, the total number of DOFs
within each plane bar WFE at scale j is n = 2/*! + 2L — 6, where L is the order of the

Daubechies wavelet family used to approximate the transverse deflection and rotation.

The elemental matrices are obtained via the evaluation of the connection coefficients for the
axial rod and corresponding Euler Bernoulli beam WFE in wavelet space. They are then
superimposed and transformed in to physical space via the wavelet transformation matrix for
the bar WFE.

5.3.7. BSWI plane bar wavelet finite element
The BSWI based plane bar wavelet finite element via this approach requires that the least
order of the BSWI wavelet family that can be used to approximate the axial and bending
DOFs is BSWI2; and BSWI4; respectively. Furthermore, similar to the Daubechies
formulation, if the order BSWIm; is used to approximate the transverse deflection and
rotation DOFs, then the BSWI wavelet of order (m — 2) and at multiresolution scale j is used
to approximate the axial deformation of the plane bar element. In accordance to this
approach, where each elemental node has the axial and transverse deformation DOFs present
and the rotation DOFs only present at each elemental end node, the total number of elemental
nodes is ¥ = 2/ + m — 3 and corresponding number of elemental segments isn, = 2/ +

m — 4. The total number of DOFs corresponding to the transverse deflection and rotation

within the BSWI plane bar WFE is 2/ + m — 1 and axial deformation is 2/ + (m — 2) — 1.
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Thus, for the BSWI of order m and at scale j, the total number of DOFs for each plane bar
WFE isn = 2/*1 + 2m — 4.

5.4. Conclusion

The general unified formulations of the wavelet based axial rod, Euler Bernoulli beam and
plane bar finite elements were presented in this chapter. The wavelet based elements were
described in detail with the elemental matrices and load vectors presented; conceptually
based on wavelet theory, finite element theory and previous works. The shape functions of
the mentioned wavelet based elements were illustrated and discussed in this chapter,
highlighting the conditions necessary for the implementation of the wavelet families with
respect to the order selection. Furthermore, the formulations of the wavelet based moving
load vectors, elastic foundation stiffness matrix and the foundation damping matrix were also
discussed. The formulations presented can be implemented using the Daubechies and BSWI
wavelet families. The scaling functions of the wavelet families were used to approximate the

displacement field variables.

Due to the attractive properties of the wavelet families, which include; compact support, the
“two-scale” relation and multiresolution, the WFEs presented possess the delta function,
compatibility and completeness requirements necessary to ensure convergence of the
approximate solution to the exact solution. Moreover, it was observed that in order to
formulate the Daubechies wavelet based elements, the evaluation of the connection
coefficients was necessary since the scaling functions and their derivatives cannot be
expressed explicitly. However, this was not the case for the BSWI wavelet elements as the
matrices and load vectors can be computed directly. This was consistent with the findings of
Chen et al. [6], Xiang et al. [7] and Ma et al. [10].

The layout of the wavelet based elements, particularly for the beam and plane bar, can be
altered for a wide variety of problems. Furthermore, the multiresolution aspect of the
formulations makes the use of WFEM attractive in the analysis of structural static and

dynamic problems.
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6. The Wavelet Finite Element Method for Static Analysis

Summary

In this chapter, a number of simulated numerical examples are presented in order to highlight
key features in implementing WFEM with respect to structural static analysis. Some of the
numerical examples presented have been used in previous research as benchmarks in the
analysis of some wavelet finite element methods. The algorithms of the different approaches,
for all the simulated examples, are carried out using the Mathematica version 7 program. The
examples in this chapter are analysed using the BSWI and Daubechies based wavelet finite

element formulations and include the following:

Example 1. An axial rod subjected to a varying distributed load is analysed to

illustrate the implementation of the WFEM with respect to static axial loading.

Example 2 [10,40]: A fixed-fixed uniform beam subjected to a linear varying load on
the right half of the beam is analysed to investigate the WFEMSs ability to analyse
problems with fast variations in transverse loading. Furthermore, different layouts of

the beam wavelet based element are implemented, compared and discussed.

Example 3 [10,40]: A simply supported stepped beam subjected to a uniformly
distributed load is presented. The WFEMSs are used to analyse a beam that has a

flexural singularity present due to an abrupt change in flexural stiffness.

Example 4: The buckling of a two-stepped and three-stepped plane bar element is
carried out to investigate the WFEM’s ability to analyse linear buckling and attain the

critical buckling loads when different boundary conditions are imposed.

The Daubechies and BSWI WFEs, for the various element formulations, are analysed and
compared with h and p adaptive FE formulations, and in some cases, exact analytical
solutions. A detailed analysis and discussion of the results is carried out for each case, with
emphasis being drawn on the strengths, limitations and key features of the two wavelet based
finite element methods. Some aspects of the method are clarified based on the findings from

previous research.
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6.1. Axial rod subjected to varying distributed Load

A uniform axial cantilever rod subjected to linear varying load q(x), as illustrated in Figure
6-1, is analysed. The rod has a uniform cross sectional area A = Ay, Young’s Modulus
E = E, and length I. The varying load q(x) = —q, x is subjected along the free-fixed axial
rod. One element is used to represent the rod using Daubechies and BSWI WFEM
approaches. The results are compared with the classical FEM and an exact analytical

approach.

4
A 4

Figure 6-1: A uniform cantilever axial rod subjected to a varying load q(x).
The exact solution for displacement at a particular point x can be obtained by solving [31]

X

u(x) = % P (x)dx (6.1)

o

where P (x) = q(x) § Therefore, substituting the force function g(x) into (6.1),

1 x? 90
= | g dx = N, 6.2
u(x) EOAofqo 5 X 6E0A0x +( (6.2)

The constant C; is obtained from the boundary conditions. Therefore, for this particular
cantilever example, the displacement on the right hand end is zero. Thus, C; is given

as %l? Substituting into equation (6.2), the axial deformation across the bar is:

uG) = gp (' = 1) 63)

The exact solution for axial stress and strain, at a point x on the rod, are obtained as:

P(x) x?

= 6.4

o(x) =
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=qo (6.5)

The number of elements, n,, implemented in the FE model will be denoted by FEM-n,. The
rod finite element matrices and load vectors are described in Appendix B.1. The p-FEM rod
is made up of only one element in this example. The potential energy of the axial rod is given
by [31]:

Following a similar procedure as highlighted in Section 5.1, the wavelet based stiffness

matrix and load vector for the axial rod can be evaluated and then used to solve the governing

equation of the system:

[K:1{U;} = {F} (6.7)

where [K,.] is the global system stiffness matrix in physical space, {U,.} is the global system
vector containing the DOFs and {F,.} is the global loading vector containing the equivalent

nodal loads of the system.

The deformation of the axial rod evaluated using one Daubechies WFE is plotted in Figure
6-2 for (a) different multiresolution scales j and (b) different orders DL, which is denoted as
DL;. The results of the axial deformation for the D6; (0 < j < 2) WFE solution are in good
agreement with the analytical solution, as presented in Figure 6-2 (a). Furthermore,
increasing the scale increases the accuracy of the solution as the D6, WFE solution gives a
better approximation than both D6y and D6;. The DL, WFE axial deformation is plotted in
Figure 6-2 (b), for the different wavelet orders 6 < L < 18 (with the exception of D10 and
D14) at scale j = 0. The results are also in good agreement with the exact solution and
increasing the order of the WFEs improves the accuracy of the solution. It is also observed
from Figure 6-2 (c) that the solutions of the axial deformation at arbitrary point 0.1 [ for
wavelet based elements D6;, D8;, D10;, D12; and D16;, at scale 0 < j < 2, have an absolute
error below 1.5%. This shows that the Daubechies wavelet based element solution gives a
very good approximation of the axial deformation for the range of Daubechies orders 6 <
L < 18. Furthermore, convergence of the Daubechies WFEM solution to the exact solution is

observed when the order and/or multiresolution scale are increased.
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Figure 6-2: Axial deformation of a uniform cantilever rod subjected to a linear varying load q(x) for Daubechies WFEM. (a)
D6;, (b) DL, and (c) Absolute relative error at x = 0.1 for Daubechies WFEM.

Figure 6-3 (a) shows the axial deformation across the rod using the BSWI12; WFE. The results
are also in good agreement with the exact analytical solution and increasing the
multiresolution scale j increases the levels of accuracy. Furthermore, increasing the order of
the BSWI wavelet subsequently results in a better approximation of the solution as observed
in Figure 6-3 (b). Thus, with an increase in the order and/or scale of the WFE solution, the
results converge to the exact solution as observed in Figure 6-3 (c). In general, the BSWI
WFEM performs particularly well due to the fact that the scaling functions and their
derivatives are expressed explicitly. There is therefore no need to evaluate connection
coefficients and consequently the element matrices can be obtained directly, at high levels of

accuracy.
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Figure 6-3: Axial deformation of a uniform cantilever rod subjected to a linear varying load q(x) for BSWI WFEM. (a)
BSWI2;, (b) BSWIm. (c) Absolute relative error at x = 0.11 for BSWI WFEM.

The convergence of the axial deformation at point 0.11 is compared in Figure 6-4 for the
different approaches. The plot shows the absolute relative error of the axial deformation
corresponding to the number of DOFs. The rates of convergence of all the methods are
similar, though the WFEM approaches have a slightly improved rate. The small peak
observed for the p-FEM formulation in the graph is attributed the fact that the location on the
rod being analysed does not coincide with an elemental node point. Therefore, the

approximate axial deformation at this point is obtained via interpolation.
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The strain behaviour of the rod is similar to the stress; given that the rod has a uniform cross
section and constant Young’s modulus. Figure 6-5 illustrates the axial stress along the length
of the rod using (a) the FEM approach and (b) higher order p-FEM approach. From Figure
6-5(a), the FEM approach with lower number of elements is not very accurate. This is due to
the fact that the axial stress is evaluated from the first derivative of the axial deformation and

is therefore constant within each element since the axial deformation is a linear function.

Furthermore, the equilibrium across the element boundaries is not satisfied and this is evident
from the discontinuities observed across the element boundaries. Therefore, so as to increase

the accuracy of the axial stress approximation across the rod via the FEM solution, it is
necessary to increase the number of elements.
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Figure 6-5: Axial stress of a uniform cantilever rod subjected to a linear varying load q(x). (a) FEM. (b) p-FEM.
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The results of the axial stress for the initial low order polynomial formulations do not exhibit
high accuracy levels for the p-FEM, as observed in Figure 6-5(b). For p-FEM-1, the axial
stress is constant along the entire rod element since the axial deformation is a linear function.
In addition, the axial stress for p-FEM-2 is linear since the axial deformation is expressed as a
quadratic function. Therefore, the results converge to the exact solution as the order of the
polynomial m increases. This implies that if lower order polynomial FEM formulations are

used, such as m = 1 or 2, the results converge by increasing the number of elements.
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Figure 6-6: Axial stress of a uniform cantilever rod subjected to a linear varying load g(x). (a) BSWI3;. (b) BSWIm;. (c)
D8;. (d) DL; elements.

Figure 6-6 illustrates the variation of the axial stress across the rod element using the WFEM
approaches for different orders and multiresolution scales. In Figure 6-6 (a), the axial stress
across the rod for the BSWI3; (3 < j < 5) WFE solution are in very good agreement with the
exact solution and better approximations are obtained by increasing the multiresolution scale
J- In Figure 6-6 (b), the axial stress is in good agreement with the exact solution for BSWI3;
and BSWI4; elements. The BSWI2; element is not as accurate, with discontinuities observed
at the elemental end nodes. However, increasing the scale for BSWI2; leads to a convergence
of the results as the approximation of the stresses at the inner elemental nodes increase in
accuracy. The BSWI2; rod element is in C°, therefore making it the lowest order of the BSWI

that can be used to meet the completeness and continuity requirements of the field variable,
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which in this case is the axial deformation. However, there are discontinuities present at the
end elemental nodes, thus the stresses and strains across element boundaries are not
continuous. It is therefore necessary to apply a higher order BSWI wavelet to ensure
continuity of the inter element stresses and strains, as is the case for BSWIm; for m > 3.

In the case of the Daubechies WFEM, the axial stresses across the rod for the D8; element
(0 <j < 2) are presented in Figure 6-6 (c). The results are highly accurate when compared
with the exact solution. Furthermore, increasing the scale j leads to the convergence of the
results. Similarly, increasing the order of the Daubechies wavelet based element also leads to
an increase in accuracy levels as observed in Figure 6-6 (d). Even though continuity
requirements within and between the WFEs are met, the stress variation across the rod
obtained from the D6, element is not as precise and this is due to the highly oscillatory nature

of the first derivative of the scaling functions employed to obtain axial the stresses.

Therefore, for static analysis of axial rods using the WFEMs, the axial deformation can be
accurately solved using the D6; and BSWI2, WFEs. However, the axial stress and stain
solutions at the elemental end nodes require the higher order D8; and BSWI3; WFEs. It is
also important to mention that the BSWI WFEM requires that the coarsest multiresolution
scale j > j, for the accurate formulation of the elemental matrices, which is consistent with
the findings of Xiang et al. [7]. This is in contrast to the Daubechies WFE matrices which are

accurately computed at multiresolution scale j > 0.

6.2. Fixed end Euler Bernoulli uniform beam subjected to a varying
distributed load

An elastic Euler Bernoulli beam of uniform cross section A, bending stiffness EI and length

21, is subjected to a varying distributed load as illustrated in Figure 6-7. The beam is fixed at
both ends and the varying load q(x) = 480q0(§ - 1) is subjected at the right half of the

beam. The example is one that has been implemented by Ma et al. [10] and Diaz et al. [40] to
carry out a static analysis of a beam using the Daubechies WFEM. However, the example is
presented in this study to aid in the comparison of the Daubechies and BSWI wavelet beam
solutions as well as the h and p adaptive FEM approaches. Furthermore, some aspects
relating to the application of the Daubechies and BSWI WFEMSs need to be further discussed
for static beam analysis, such as: the effects of altering the layout of the wavelet based beam

finite element and the implementation of the orders of the wavelet based elements.
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Figure 6-7: Fixed-fixed beam of uniform cross section subjected to a linear varying load on the right half of the beam.

The deflection of the beam without the implementation of boundary conditions can be

obtained analytically via the double integration method and is given as:

%(4q01x3—7q012x2+clx+cz) for0<x <l 6.9)
W(X) = 5 68

é(ZOqO x* —4q+x— 36q, [ x3 + 33qg 1* x? +c3x+c4) forl < x <2l

while the slope of the beam is
1

5(12q01x2—14q0l2x+cl) for0 < x <1
W’(x) = 1 20 o x4— (6.9)

\&r (80 qo x3 — 7 —108qy L x? + 664, [*> x + c3) forl < x <2l

The integration constants c; are obtained by imposing the boundary conditions. The beam is
fixed at both ends and therefore, the rotations and displacements at both ends are zero. Thus,

for this particular case, the constants are evaluated as:
1 = 0, C = 0, C3 = —-20 qo l3, C3 = 4 qo l4 (610)

By substituting (6.10) into (6.8) and (6.9), the deflection can be evaluated as:

1
E(4q0lx3—7qolzx2) for0<x<l
w(x) = 1 4q, x5 (611)
E(ZOqox“— i —36q0lx3+33qolzx2—20qol3x+4qol4> forl <x <2l
and the slope function
1
E(12q01x2—14—q012x) for0<x <l
w'(x) =14 1 20 g x* (6.12)
kE(SO qo x3 —————108q, I x* + 664, 1> x — 20 qq l3> forl <x <2l

The strains and stresses can therefore be computed as:
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( —1(24q01x—14q012) for0<x <l
" El
S(x) =—-yu (,X') = { y , 80 q() x3 ) (613)
k—ﬁ<240q0x - ] —216qolx+66qol> forl <x <21l
( ~Y(24q,1x~14q, ) for0 < x <1
I
o(x) = Ee(x) = 4 y 80 q, %3 5 (6.14)
L—7<240q0x2— i —216q0lx+66q01> forl < x <21

Consequently, the curvature, bending moments and shear force across the beam can be

obtained by differentiating equation (6.11). The curvature of the beam is given as:

1
— (24 qylx—14qo 1% for0 <x <l
1 EIl
== 3 (6.15)
R 1 , 80qyx )
ka 240 qy x* — ; —216q¢ lx + 66q, ! forl<x <2l
The bending moments:
. (24 qylx—14qy1%) for0 < x <1
ME) =% = (240 qo x% — 80ql_0xS —216q, L x + 66q, lz) forl <x <2l (6.16)
The shear force:
24 qy! for0 <x <l
V) = Elw?(x) = {% (480 qo X — 24040 x* _ 216q, l) forl <x <21 (6.17)
The generalised potential energy function for the Euler Bernoulli beam is [31]:
21 2 2 21
El (d°v(x)
Hb=f—— dx—f x)v(x)dx 6.18
CH D) e [ e (618)

Following a similar procedure as presented in Section 5.2, the equation governing the static

behaviour of the system can be expressed as:

[Kpl{Vp} = {Fp} (6.19)

where [K,] is the system global stiffness matrix, {V,} is the system vector containing the

global DOFs and {F,} is the system global force vector.

The Daubechies and BSWI wavelet based beam finite elements derived in Section 5.2 have
the vertical displacement (and corresponding force) DOFs at each elemental node and
rotation (and corresponding moments) DOFs at the elemental end nodes only. However, the
WFEM allows for the alteration of the elemental DOFs and corresponding number and/or
position of the elemental nodes, depending on the nature of the problem and results sort after.
The layout used in the formulation of the beam WFE in Section 5.2 will be referred to as

layout 1 for convenience and simplicity. A second layout of the wavelet based beam finite
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element, referred to as layout 2, is used to formulate a beam element for comparison and
illustration purposes. The wavelet beam formulated using layout 2, as illustrated in Figure
6-8, contains the vertical displacement and rotation DOFs, and corresponding force and
moment DOFs, at each elemental node. In this analysis, the Daubechies D10; and BSWI3;

beam WFEs are formulated using both layouts.

v, fy1 V2, fy2 V3, fy3 Vg, fya s, fys

IS
L el o) e) o) s

01,1y 0,,m, 03,13 0,4, 14 05, s

Figure 6-8: Euler Bernoulli beam wavelet finite element layout with rotation DOFs at each elemental node.

As earlier mentioned, the beam WFE total DOFs corresponding to a particular order of
wavelet at scale j remain the same irrespective of the layout selected. The total DOFs for the
Daubechies DL; beam WFEs are obtained as 2/ + L —2 and 2/ + m — 1 for the BSWIm,
beam WFEs. Thus, the total DOFs for both the D10; and BSWI3; beam WFEs are equal to
10. In order to satisfy the desired requirement of having a vertical displacement and rotation
DOF at each elemental node in layout 2, the WFEs have 4 elemental segments and 5
elemental nodes. In contrast, layout 1 has 7 elemental segments and 8 corresponding
elemental nodes. The vertical displacement and rotation DOFs at node i for the Daubechies
beam D10; WFE are given as:

2/—1
v =v(§) = Z bi,k ¢i,k(€i) = (1X10){¢{,(‘fi)} (0x 1){be} (6.20)
k=2—-L
1 & 1 -
6 =0() =+ Z b D =1, { 1D} Goxibe) (6.21)
€ k=2-L
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The D10, beam wavelet transformation matrices for layout 1 and layout 2 are obtained as:

aox10) (T3] =
[ ¢10 —5(0) ¢10 7(0) ¢10 0) - ¢10 ~1(0) ¢10 0(0) ¢’10 TORE
¢10 —5(0) ¢10 —7(0) ¢10 (0 - ¢10 1(0) ¢1oo(0) ¢101(0)
blo-s (;) blo—7 (;) blo-6 (;) o Plo (;) bio0 (;) blo1 (;)
-y ) #o-r () oo ) Pl () s ) o ) (6.22)
thos(z)  #hr(3)  thee(s) o ha(D)  eho(D)  el(d)
¢10 —s(1) ¢10 7(D) ¢10 1D - ¢10 (D) ¢10 o(D) ¢’10 1(1)
¢10 —s(1) ¢10 ey ¢1o (1) - ¢10 1(D ¢100(1) ¢101(1)_
(1(?)1%)2 [Ty] =
[ ¢10 —s(0) ¢10 —7(0) ¢10 0 - ¢10 1(0) ¢10 0(0) ¢10 TORE
¢10 —(0) ¢10 —7(0) ¢10 —(0) - ¢10 -1(0) ¢100(0) ¢101(0)
4’10 -8 (1> blo-7 G) bio-6 G) ¢1o -1 (1) blo0 (Z) blo1 <Z)
ti) 2ol 2ol - 2ol 2ol 2ol o
Blos (Z) s () ool ot (Z) tio(3) i 3)
R N N R N
¢10 —s(1) ¢10 (1) ¢10 (1 ¢10 1(1) ¢10 o(D ¢10 1(D
¢10 (1) ¢10 —7(1) ¢10 (1 - ¢10 (D) ¢100(1) ¢101(1)_

where P101L[TY] and P1012[T}] denote the D10; wavelet transformation matrices for layout
1 and layout 2 respectively. Similarly, the BSWI33 element vertical displacement and rotation

DOFs are obtained as:

2/ -1
v=vE) = ) Bhuth@) = RG]} aoxnlbe) (6.24)
k=—m+1
1 2l 1 .
0, =06 =7 > bl i) o) oy 629)
€ k=—m+1 e {X

and the wavelet transformation matrices are
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BSWI33,1

(10 x 10) [T‘g]

BSWI33,2
(10 x 10)

(T3] =

[ ¢§,—2(0)
1.
Zd) 3-2(0)
1
#-()
6
#-2()
$3 -, (1)
Ly o
»qu 3-2(1)

$3-2(0)
1
L ¢'3_,(0)
()
éd)';_z G)
()
Lo1.()
$3 (1)
1
7 ¢'3 (1)

$3-1(0)
1
L ¢'3-1(0)
()
(9
$3-1(1)
1
L ¢'3 1 (1)
$3-1(0)
1
L $"3-1(0)
()
Los()
()
Los)
$3-1(1)
1
L ¢'3_1(1)

$36(0)
1
L ¢"36(0)
)
5 (5)
$36(1)
1
L EPIEY)
$34(0)
1
L ¢"36(0)
e
é‘l”g,e 3
o)
é‘l”g,e ()
¢35
1
L EPIEY)

3,0 1
1 3
Zd) 37(0)

1

#:(3)

6

#:(3)

$3,(1)

1 301
Z¢ 37( )_

$3,(0)
1
L $"3,(0)
()
éqb'%,y 3
o)
éqb'%,y ()
¢3,(1)
1
L $"3,(1) ]

(6.26)

(6.27)

where BSWIS31[TW] and BSWI3s.2[T)] denote the BSWI3; beam wavelet transformation

matrices corresponding to layout 1 and layout 2 respectively. The stiffness and mass

matrices, as well as the loading vectors in wavelet space, for both Daubechies and BSWI

based beam elements remain unchanged irrespective of which layout is selected. The D10,

, o 10
and BSWI3; stiffness matrices in wavelet space ? ‘[kY.] and

D10,

] =
(10x10) L"be
148E—-6 —130E-5
1.30E -5 8.18E — 3
—6.05E—4 —192E -2
248E -3 -112E-1
—299E—-3 G5.57E-1
—3.11E-6 —1.01E0
3.59E -3 938E — 1
—297E—-3 —4.60E -1
8.21E — 4 9.61E — 2
l 0 8.21E — 4
BSW133 [kw ] _
(10x10) L"be
2.048E3 —3.072E3
—3.072E3 5.120E3
1.204E3 —2.560E3
0 5.12E2
0 0
0 0
0 0
0 0
0 0
l 0 0

—6.05E—4 248E -3
—192E -2 -112E-1
9.23E -1 —2.46E0
—2.46E0 1.39E1
—873E—-1 —2.66E1
1.03E1 1.84E1
—1.52E1 7.38E0
9.93E0 —1.96E1
—2.71E0 1.14E1
9.90E — 2 —2.25E0
1.024E3 0
—2.560E3  5.12E2
3.072E3  —2.048E3
—2.048E3  3.072E3
5.12E2  —2.048E3
0 5.12E2
0 0
0 0
0 0
0 0

BSWI

33[

—299E-3 -311E-6 359E-3 -297E-3 821F—4 0
5.57E -1 —1.01E0 938E—-1 —460E—-1 9.61E—-2 821E—4
—-8.73E -1 1.03E1 —-1.52E1 9.93E0 —2.71E0  9.90E -2
—2.66E1 1.84E1 7.38E0 —1.96E1 1.14E1 —2.25E0
1.25E2 —2.32E2 2.21E2 —1.06E2 1.71E1 2.43E0
—2.32E2 5.97E2 —7.59E2 5.31E2 —1.88E2 2.31E0
2.21E2 —7.59E2 1.20E3 —1.05E3 4.76E2 —8.42E1
—1.06E2 5.31E2 —1.05E3 1.12E3 —6.31E2 1.46E2
1.71E1 —1.88E2 4.76E2 —6.31E2 4.49E2 —1.32E2
243E0 2.31E0 —8.42E1 1.46E2 —1.32E2 4.62E2 J
0 0 0 0 0 0
0 0 0 0 0 0
5.12E2 0 0 0 0 0
—2.048E3  5.12E2 0 0 0 0
3.072E3 —2.048E3  5.12E2 0 0 0
—2.048E3 3.072E3 —2.048E3  5.12E2 0 0
5.12E2 —2.048E3 3.072E3 —2.048E3  5.12E2 0
0 5.12E2  —2.048E3 3.072E3 —2.560E3 1.024E3
0 0 5.12E2  —2.560E3 5.120EF3 —3.072E3J
0 0 0 1.024E3 —3.072E3  2.048E3
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The Daubechies and BSWI wavelet based stiffness matrices in physical space are then

evaluated by applying the wavelet transformation matrices for each corresponding layout.
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Figure 6-9: Comparison of beam wavelet based finite element layouts for BSWI3; WFEM (a) deflection and (b) rotation;
D10, WFEM (c) deflection and (d) rotation of a fixed-fixed end beam of uniform cross section subjected to a varying load
on the right half of the beam.

The deflections and rotations evaluated using the D10; and BSWI3; wavelet elements,
formulated for both layouts, are compared with the analytical solution and presented in
Figure 6-9. The approximation of the deflection in Figure 6-9 for; (a) BSWI3; and (c¢) D10,
beam wavelet finite elements show that layout 1 leads to more accurate results in comparison
to layout 2. This is expected since there are more inner elemental nodal points and
consequently, vertical displacement DOFs associated with these points. Therefore, it is
concluded that the number of DOFs relating to the order and multiresolution scale of a
specific WFE will remain the same. However, the types and positions of the DOFs assigned
to the inner elemental nodes affect the number of elemental nodes, layout of the WFEs and
the accuracy of the solution. This is consistent with Xiang et al. [7] formulation of the BSWI
beam WFEM, where it is stated that only the wavelet transformation matrices are modified
with a change in layout of the BSWI WFE; provided the wavelet transformation matrix is
non-singular. This is not restricted to the BSWI formulation of the WFEs, but also applies to
the Daubechies based WFEM. Thus, the elemental matrices and loading vectors in wavelet

space can be evaluated and stored so as to minimise computational costs. Furthermore, the
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positions of the inner elemental nodes need not be equidistant and can be positioned such that
areas with fast variations have the inner nodes closer together. The ability of the WFEM to
allow for the modification of the location and number of inner elemental nodes, as well as
DOFs, exhibits the versatility of the WFEM. One can manipulate the element layout in order

to maximise on the efficiency and accuracy of the solutions.

If the variation of the slope along the beam is desired, it is difficult to accurate describe this
variation via layout 1 by implementing the rotations obtained directly from the solutions. The
rotation DOFs for both WFE approaches via layout 1 are only present at the elemental end
nodes. Thus, for a case such as this where the beam is modelled using two WFEs, there are
only a total of 3 rotation DOFs present, two of which are restricted by the fixed-end boundary
conditions. Therefore, the 3 rotation DOFs are insufficient to accurately describe the variation
of the slope across the beam.

One approach to circumvent this is to increase the number of WFEs However, this will
increase the computation cost significantly. Another approach is to modify the beam WFE to
include the rotation DOFs at the inner nodes, similar to layout 2. This will lead to fewer
elemental nodes within the WFE, which is undesirable as it will reduce the accuracy levels

and efficiency for the deflection approximation as observed earlier.

The third approach involves using the displacement solution to evaluate the rotations at each

corresponding elemental node via the formulation:

1 (0 _; 1
0 =06 = {51} [T§) e} = - (Ve we) (6.30)

where {v,} is the vector containing the solved wavelet element DOFs in physical space. This
approach is used to obtain the rotation approximations across the beam for layout 1; which is
compared with the rotations obtain directly from layout 2 in Figure 6-9 for the (b) BSWI3;
and (d) D10; WFEs. According to the results layout 1 provides a better approximation to
layout 2 since there are more elemental nodes within the WFEs

The subsequent results in this section are obtained via layout 1. The Daubechies based WFE
solutions for the variation of the deflection and rotation along the beam are presented in
Figure 6-10; for different orders and multiresolution. Figure 6-10 (a) illustrates via the D10;
WEFE that increasing the multiresolution of the wavelet element increases the accuracy of the
deflection approximation. Increasing the order also improves the accuracy of the deflection
since higher order Daubechies wavelets are able to exactly represent higher order
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polynomials. The results for D10, D12, D14, D16 and D18 at scale j = O are in good
agreement with the exact analytical solution as presented in Figure 6-10 (b). The results are
not as precise for the D20y element due to the numerical instabilities that affect higher order
Daubechies wavelets, which are also highlighted in [40].
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Figure 6-10: Deflection and rotation of a fixed-fixed end beam of uniform cross section subjected to a varying load on the
right half of the beam for Daubechies WFEM. (a) Deflection D10;. (b) deflection DL;. (c) rotation D10;. (d) rotation DL,
elements.

The rotation of the beam for the Daubechies WFEM is illustrated in Figure 6-10 for (c) D10;
and (d) DL, element beams. From these graphs, the accuracy of the rotation improves as the
order and/or multiresolution scale of the WFE is increased. However, since the
approximation of the beam displacements is not as accurate for D20,, the rotation across the

beam is also not as accurate.

Figure 6-11 (a) and (b) show the variation of the displacement across the beam using the
BSWI based WFEM for different orders and different scales j. The results are observed to be
in very good agreement with the exact solution. Figure 6-11 (c) and Figure 6-11 (d) show that
the rotation approximations across the beam obtained via the BSWI WFEM are highly

accurate for the different orders and resolution scales j.
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Figure 6-11: Deflection and rotation of a fixed-fixed end beam of uniform cross section subjected to a varying load on the
right half of the beam for BSWI WFEM. (a) Deflection BSWI3;, (b) deflection BSWIm,, (c) rotation BSWI3; and (d)
rotation BSWIm, elements.

To expound further on the accuracy of the results of the beam displacements via the different
formulations, the absolute percentage error at point 1.168 | is plotted in Figure 6-12 for: (a)
FEM with varying number of elements, (b) p-FEM at different polynomial orders, (c) BSWI
based finite element method and (d) Daubechies based wavelet finite element method. The
approximate point 1.168 | is the location on the beam that the rotation is zero and is therefore
the point at which maximum deflection is expected to occur.

Figure 6-12 (a) and Figure 6-12 (b) illustrates the effect of increasing the number of elements
and/or order of the polynomial on the accuracy of results for FEM. Figure 6-12 (c) illustrates
that BSWI based WFEM converges to the exact solution by either increasing the order or the
scale of the BSWI wavelet element; which is consistent with the findings of Xiang et al. [7]
This is also the case for Daubechies based WFEs as shown in Figure 6-12 (d); apart from
D20; where the effects of numerical instability for higher order Daubechies wavelets are
evident and divergence of the solutions begins to occur. It is noted that for the FEM-10 (22
DOFs), p-FEM-11(22 DOFs), D12; (22 DOFs) and BSWI43 (19 DOFs) solutions, the errors
obtained are 1.08374, 1.08374, 0.661155 and 0.766358 respectively. It is therefore evident
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that the WFEM solutions lead to better approximations of the results in comparison to FEM
solutions. Given the simple nature of this static problem, the computational costs for the WFE
solutions as a whole are higher than the h and p FEMs. This is due to the fact that the wavelet
elemental matrices and load vectors must be evaluated and transformed into physical space,
particularly for Daubechies WFEM where the connection coefficients must be solved.
However, fewer elements and DOFs are required to attain higher levels of accuracy with

respect to WFEM and the evaluation of system equations alone is computational faster.
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Figure 6-12: Comparison of the absolute percentage deflection error for the beam subjected to a varying load at point x =
1.168 1. (a) FEM. (b) p-FEM. (c) Daubechies WFEM and (d) BSWI WFEM.

Figure 6-13 contains graphs illustrating the stress variation across the beam for (a) FEM with
different number of elements, (b) FEM with varying polynomial order, (c) BSWI4; element
for different multiresolution scales j, (d) BSWIm4 element for different orders m, (e) D12;
element for different multiresolution j and (e) DL, element for different orders L. The stress
and strains are both evaluated from the double derivative of the vertical displacement of the
beam as described in Section 5.2. The displacement function in the FEM approach is a cubic
function, hence the stresses and strains vary linearly across the beam element. The elements
on the left half of the beam, which are not subjected to loading, have the stresses and strains
varying linearly. Therefore, the approximation of the stress variation on this half of the beam

via FEM, from Figure 6-13 (a), is accurate for any number of elements. However, on the
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right hand half of the beam that is subjected to the linear varying load, the stresses and strains

vary cubically.
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Figure 6-13: Normal stress across a fixed-fixed end beam of uniform cross section subjected to a varying load on the right
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WFEM.
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This explains the discontinuities at element boundaries and the poor approximations obtained
via the FEM with lower number of elements; such as FEM-2 and FEM-4. However,
increasing the number of element increases the levels of accuracy with respect to the stress
and strain solutions, particularly in the regions subjected to the varying load. The lower order
p-FEM solutions, such as p-FEM-5 and p-FEM-7 modelled using only two elements, do not
describe the variation of the stresses and strains on the right hand half of the beam as
accurately. However, increasing the order of the approximation functions results in better
accuracy as observed in Figure 6-13 (b).

The BSWI based wavelet finite element approach approximates the stresses and strains very
accurately. Increasing the level of multiresolution leads to the convergence of the
approximate solution to the exact solution, as observed in Figure 6-13 (c) for BSWI4; element
solutions. Increasing the order of the BSWI also leads to improved approximations of the
stresses and strains across the beam as observed in Figure 6-13 (d). It is also noted that for
BSWI3; elements, the inner elemental nodes approximate the stresses accurately on both
halves of the beam. There are discontinuities present at the boundaries of the adjacent
elements. However, these discontinuities are not present for BSWI based elements of

order m > 4.

It is also observed in Figure 6-13 (e) and Figure 6-13 (f) that the Daubechies based WFEM
solutions for D12; are good at both halves of the beam. The results of the stresses and strains
using the Daubechies based WFEM agree very well with the exact solution for elements of
order 12 < DL < 18; subsequently, for the higher multiresolution scales for these wavelet
families. However, there is a slight discontinuity present at the elemental end node
boundaries coinciding with the midpoint of the beam for the D10, elements.

In addition to the deflection, rotation, stress and strain variations of the beam, the (a) bending
moments (b) curvature and (c) shear force variations can be evaluated and compared for the
different approaches as presented in Figure 6-14. The bending moments and curvature of the
beam are obtained from the double derivative of the beam displacement function, while the
shear force is obtained from the third derivative of the displacement function. The bending
moment and curvature at the unloaded region of the beam vary linearly while the shear force
variation is constant. However, at the right end region of the beam, the bending moments and
curvature of the beam vary cubically, while the shear force varies quadratically. The
variations of the bending moments (linear), curvature (linear) and shear force (constant)

along the left half of the beam are in good agreement with the exact solution for all the
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approaches. The main focus is the capability of the different approaches to accurately obtain
the solutions for the bending moments, curvature and shear force variations along the loaded

right hand segment of the beam.
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Figure 6-14: (a) Bending moments, (b) Curvature and (c) Shear force across a fixed-fixed end beam of uniform cross
section subjected to a varying load on the right end of the beam.

142



The FEM approach has the variation of the bending moments and curvature in this region
varying linearly rather than the actual cubic variation. Therefore, more finite elements are
required for better approximations. The shear force varies constantly within the finite element
rather than as a quadratic function (exact solution) in this region. Therefore, the mesh
requires further refinement to improve the accuracy of the solution, as is the case in Figure
6-14 (c) where 20 finite elements are required. Alternatively, increasing the order of the field

variable approximation improves the results.

However, for one to accurately approximate the variation of the shear force, curvature and
bending moments without discontinuities at the end element nodes, for both WFEMSs, higher
order WFEs should be implemented. The D12y WFE is found to be the least order for the
Daubechies WFEs that can accurately approximate the bending moments, curvature and shear
force in this case. Similarly, in order to accurately approximate the variations of the bending
moment and curvature, the least order for the BSWI based WFEM is BSWI4; and BSWI5,4
for the shear force. The results presented in Figure 6-14 show the good performance with
respect to accuracy of the BSWI and Daubechies WFEMSs in approximating the variation of
the bending moments, curvature and shear force along the beam.

6.3. Simply supported Euler Bernoulli stepped beam with uniformly
distributed load (UDL)

A simply supported two-stepped beam of length 2I is subjected to a uniformly distributed
load q(x) = 1 as illustrated in Figure 6-15. The non-uniform flexural stiffness of the beam is
represented by the unequal cross sections of the left and right segments; their bending

stiffness is given as E11; = Eylyand EyI, = 4 Eyl, respectively.

qx) =1

A
\ 4
A
\4

Figure 6-15: Simply supported stepped beam subjected to uniformly distributed load q(x) = 1.
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This numerical example is carried out to have a clearer understanding of how the BSWI and
Daubechies based WFEMs compare to one another, and other formulations, when a sudden
flexural stiffness discontinuity is present in a beam. A similar example was carried out by Ma
et al. [10] and later Diaz et al. [40], to compare the Daubechies WFEM, at scale j = 0, with
the classical FEM solutions. An analytical solution for Euler-Bernoulli beams that have
discontinuities in the flexural stiffness was presented by Bondi and Caddemi [105]. The

flexural stiffness function is expressed as:
E(x)I(x) = Eglg[1 — y H(x — x)] (6.31)

where y = 0.75 is defined as the decrement of discontinuity intensity and satisfies the
condition 0 <y < 1to ensure positivity of the flexural stiffness [105]. H(x — x,) is the

Heaviside function for 0 < x, < 2l. The general governing equation is

{Eolo[1 —y H(x — xp)]v" (0)}" = q(x) (6.32)

The potential energy of the beam is expressed as [27]:

nb—lflEl azvzd +1f21E1 62vzd —fZl d (6.33)
_20116x2 le 212\ 5,2 x OCI(X)UX :

Following the principle of minimum potential energy, based on the formulations of the Euler
Bernoulli beam stiffness matrix and uniformly distributed load vectors for the WFE as

described in Section 5.2, the system equation is defined as:

[Kpl{Vp} = {Fp} (6.34)

where the vector {V},} contains the displacement and rotation DOFs within the entire beam,
[K}] is the beam stiffness matrix in physical space and {F} is the equivalent load vector in

physical space for the system.

Figure 6-16 describes the variation of the (a) deflection and (b) slope of the stepped beam,
when subjected to a uniformly distributed load q(x) = 1, via the different approaches. The
classical FEM solution with 8 elements (18 DOFs), p-FEM solution for order m =9 (18
DOFs), Daubechies D10; WFEM solution (18 DOFs) and BSWI3; WFEM solution (18
DOFs) with 2 elements, are compared. The different solutions are in good agreement with the
exact solution from Figure 6-16(a). The maximum deflection occurs on the left half of the
beam since its stiffness is a quarter of the flexural stiffness of the right hand side. The slope is
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also generally well approximated by all approaches. It is also observed that the slope

variation significantly changes at the point of the discontinuity at x = L.
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Figure 6-16: (a) Deflection and (b) rotation across a simply supported stepped beam subjected to a uniformly distributed
load q(x) = 1.

The percentage error of the deflection across the beam using the BSWI wavelet based beam
elements is presented in Figure 6-17 for different orders m and multiresolution scales j. From
the results, it is observed that the BSWI3; element formulation has the highest error
variations across the beam in comparison to the other higher order and/or multiresolution
BSWI WFEs. Increasing the order to BSWI14; reduces the error since increasing the order of
the wavelet family improves the smoothness of the scaling functions and subsequently
improves the accuracy of the function approximation. Furthermore, increasing the
multiresolution scale from BSWI33 to BSWI3, means that the additional detail is included in

the approximation, thus increasing the levels of accuracy.

BSWI3;

BSWI34

BSWI43

BSWI44

Figure 6-17: Deflection percentage error across a simply supported stepped beam subjected to a uniformly distributed load
q(x) = 1 for the BSWImj WFE.
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Similarly, the percentage error of the deflection across the beam for the Daubechies WFEM
is illustrated in Figure 6-18. The observations made from the results confirm that increasing
the order and/or the multiresolution scale of the Daubechies WFEs increases the levels of

accuracy significantly.

% Esrror
20 ~

D12,

Figure 6-18: Deflection percentage error across a simply supported stepped beam subjected to a uniformly distributed load
q(x) = 1 for the Daubechies based DL; WFE.

A comparison of the deflection percentage errors for the different formulations is presented in
Figure 6-19. All the formulations have a total number of 18 DOFs within the entire beam and
this value is selected to ensure that the maximum error via any of the formulations falls below
5% at any point across the beam. This is the commonly accepted error threshold in common
engineering practices. It is observed that the wavelet based elements perform very well in
comparison to the FEM and p-FEM solutions, having maximum errors of: 1.28% (D10,
WFEM), 1.28% (BSWI13; WFEM), 3.82% (FEM-8) and 3.82% (pFEM-9). This is implies
that the results via WFEM are more accurate, with fewer elements and DOFs, than classical
FEM and p-FEM approaches.

This is mainly attributed to the selected layout and the multiresolution property of the wavelet
formulations, which improve the approximation accuracy. It is also observed that the errors
are relatively higher at the more flexible left hand side of the beam since the flexural stiffness
is lower than on the right hand side. This implies that for stiffer elements, lower order and/or
multiresolution scale of WFEs can be selected in order to attain acceptable levels of accuracy.
Correspondingly, higher orders and/or scales may be required to solve for highly flexible
structures that are characterised by larger deflections.
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Figure 6-19: Comparison of the deflection percentage error across a simply supported stepped beam subjected to a
uniformly distributed load q(x) = 1.

Aside from the deflection and the slope of the beam, the (a) normal stress, (b) bending

moments (c), curvature and (d) shear force variations across the beam are presented in Figure
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Figure 6-20: (a) Normal stress, (b) bending moments, (c) curvature and (d) shear force across a simply supported stepped
beam subjected to a uniformly distributed load q(x) = 1.
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The stress across the more flexible left side of the beam is significantly higher than the right
end from Figure 6-20 (a). The sudden change in stress coincides to the point where the
singularity in the flexural stiffness occurs within the element. All formulations are in good
agreement with the analytical solution for the normal stress, accurately detect the singularity
location. The bending moment variation across the beam is characterised by a smooth
symmetric curve as observed in Figure 6-20 (b). The curvature variation from Figure 6-20
(c), exhibiting a discontinuity at the point x = [, where the flexural stiffness suddenly
changes in the beam. The shear force, from Figure 6-20 (d), varies linearly across the beam
since the uniformly distributed load is characterised by a constant variation across the beam.
The p-FEM and both the Daubechies WFE and BSWI WFE solutions accurately approximate
the shear force variation across the beam. However, the classical finite element approach has
the shear force constant within each element. This is the reason for the discontinuities present
at the boundaries of adjacent elements. It is therefore necessary to increase the number of

elements to better approximate the shear force across the beam.

6.4. Buckling analysis of stepped planar bars under various boundary
conditions
The buckling analysis of a (a) two-stepped and (b) three-stepped planar (plane) bar of length |

and uniform Young’s modulus E, as illustrated in Figure 6-21, is carried out in this section.

For the two-stepped bar, as illustrated in Figure 6-21 (a), the moment of inertia for the bottom
and top half of the bar are given as I; = I, and I, =%° respectively. In Figure 6-21 (b), the
three-stepped bar is divided into three sections; according to the variation of the cross-

sectional area and moment of inertia. The top segment of length i, middle segment of length é

and bottom segment of length % have the moment of inertia as I; = %" I, =1, and I3 =%°

respectively. An analysis of the critical buckling load P, under compressive axial loading and
different boundary conditions at points A and B, is carried out via the Daubechies and BSWI
based WFEMs. The buckling analysis using WFEM involves solving the system equation
[27]

[[KE] + i[KG]] {r}=o0 (6.35)

where [Kz] and [K;] are the system elastic and geometric stiffness matrices which are

obtained by assembling the corresponding element matrices derived in Section 5.3.
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The eigenvectors {V} contain the buckling modes shapes, while the eigenvalues 1 = —% are

used to obtain the corresponding buckling loads. The critical buckling load is obtained from

the first eigenvalue. The approximate solutions obtained are compared with the exact results

as achieved by Wang and Li [106]. Furthermore, the first buckling mode shapes for each case

are presented. The buckling analysis is carried out with various boundary conditions at A and

B, with the notation A-B used for simplicity. In addition, the boundary conditions: free,
clamped and pinned are denoted by F, C and P respectively. Thus, F-C signifies the boundary

condition, free at A and clamped at B.

Two-stepped planar bar Three-stepped planar bar
F-C P-C C-C P-P F-C P-C C-C P-P
Exact [106] 2.0671 125914 258120 6.4075 | 1.6326 145520 28.6765  8.2685
BSWI4; WFE 2.06723 12,5917 258103 6.40772 | 1.63264 145521  28.6769  8.2689
% Error (L.OBE-3)  (2.24E-3)  (1.35E-2)  (L.74E-3) | (3.46E-4)  (8.32E-4)  (3.00E-3)  (3.50E-3)
Daub D10, WFE | 2.06725 125973  26.2083  6.40867 | 1.63268 14.5542 28.6856  8.26901
% Error (1.19E-3)  (4.66E-2)  (3.15E0) (9.26E-3) | (6.49E-4)  (L.76E-2)  (7.24E-2)  (4.08E-3)

Table 6-1: Critical buckling load of a two-stepped and three-stepped planar bar under axial compressive loading.
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Figure 6-22: First buckling mode shapes of the two-stepped planar bar of length I. (a) F-C (b) P-C (c) C-C and (d) P-P

boundary conditions.

Two and three planar bar WFEs are used to model the two-stepped and three-stepped planar
bars respectively, for both the Daubechies and BSWI WFEMs. The Daubechies D10, and
BSWI4; bar WFEs were selected in this analysis since they are the lowest order and

multiresolution scale wavelet finite elements that can be applied to model the planar bar

elements. The total DOFs for the two-stepped and three-stepped Daubechies WFE bars are 29

and 42 respectively, while for the BSWI4; bars are 37 and 54 correspondingly. The buckling

critical loads for both bars under different boundary conditions are presented in Table 6-1.

It is observed both WFE approaches give highly accurate solutions for the critical buckling

load of the two-stepped and three-stepped planar bar; under different boundary conditions.
All results, with the exception of the Daubechies D10, two-stepped bar WFE C-C (3.15%),

have a percentage error of below 0.075%. In general, the results using the BSWI4; WFE are

slightly better than D10, elements since it has a higher number of DOFs.
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Figure 6-23: First buckling mode shapes of the three-stepped planar bar of length I. (a) F-C (b) P-C (c) C-C and (d) P-P
boundary conditions.

The first buckling mode shapes of the two-stepped and three-stepped bar obtained via the
D10y and BSWI4; are presented in Figure 6-22 and Figure 6-23 respectively; under (a) F-C
(b) P-C (c) C-C and (d) P-P boundary conditions. Taking into account that the first buckling
load is of importance, the first buckling mode shapes associated with the buckling load is
presented for each boundary condition. The Daubechies and BSWI WFEM solutions are in
relatively good agreement with each other. Increasing the order and/or multiresolution of the
WEFEs improves the accuracy of the solutions.

6.5. Additional remarks

The static analysis of a uniform beam subjected to a varying load and un-uniform beam
subjected to a uniformly distributed load, as presented in Section 6.2 and Section 6.3
respectively, are also carried out by Ma et al. [10] and Diaz et al. [40] using the Daubechies
WFEM. Ma et al. [10] indicate that different orders of the Daubechies wavelet can be applied

to formulated the WFEs. However, in their study they implement the D12 wavelet at
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multiresolution scale j = 0. Although their analysis is also carried out using Daubechies
wavelet beam finite elements at multiresolution scale j = 0, Diaz et al. [40] in a later study
state that D12 is the lowest applicable order of the Daubechies wavelet to achieve accuracy
for the beam element formulation. However, the connection coefficients and the wavelet
transformation matrices described in this thesis facilitate the use of other orders of the
Daubechies wavelet family to formulate the beam WFEs. The results in chapter provide
evidence that D10 beam WFEs can be in fact implemented and attain sufficiently high levels
of accuracy. The accuracy of the results can be improved further by increasing the

multiresolution scale j without having to increase the number of WFEs.

Furthermore, in the analysis by Diaz et al. [40], it is further stated that only certain orders of
the Daubechies wavelet are applicable to model a beam WFE. The layout of the beam
implemented is similar to layout 1, where the rotation DOFs are only present at the element
extreme nodes and displacement DOFs at each elemental node. Diaz et al. [40] suggest that
Daubechies order L must be such that L = 2% + 4, for k € Z, k > 0. This is to ensure that the

location of the elemental nodes coincide exactly with the scaling functions’ and their
derivatives’ dyadic points, x = 5 for k,i € Z and i = 0 for ¢, (x). Therefore, according to

their findings the orders that can be implemented to model the beam WFE are restricted to L
=6, 8, 12, 20,....

However, from the results presented in this chapter, the Daubechies WFEM formulation
allows for the implementation of the beam WFEs using the other orders D10;, D14;, D16; and
D18;, while still achieving high levels of accuracy. This is made possible by selecting a value
of i that gives an acceptable level of accuracy and then carrying out an interpolation for the
approximate values of ¢;(x), for x € R, within these dyadic points to reduce the
computational time. The value of i selected in this study to obtain the scaling functions and
derivatives at dyadic points is 15. Interpolation is then carried out to obtain the real values
that are not exactly situated at these dyadic points. The values are then stored to reduce
computational costs. The results presented in this and subsequent chapters prove that this
approach is indeed feasible and sufficient for the application of other Daubechies wavelets
whose order does not meet the suggested requirement L = 2 + 4 for k € Z, k > 0. This is
not only restricted to the Daubechies beam WFEs and can be applied to the rod and plane bar
elements as analysed in this study, irrespective of the element layout selected. Moreover, this

approach also allows for the variation of the WFE layout for the different orders of the
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wavelet. Thus, the DOFs at the inner nodes can be modified for different structural analysis

problems.

In this chapter, the results begin to diverge for DL > 20 due to numerical instabilities and
errors arising when evaluating the connection coefficients. This is consistent with the

findings presented by Diaz et al. [40].

Given the simple nature of these static problems presented in this chapter, the computational
costs of the WFEMSs are higher than the classical FEM due to the evaluation of the element
matrices and load vectors in wavelet space as well as the further transformation into physical
space. However, as the complexity of problems increases, particularly for dynamic problems,
the computational costs of the WFEMSs are lower than the classical FEM. This is further

discussed in following chapter.
6.6. Conclusion

The numerical examples presented in this chapter were carried out with the main intention of
verifying, comparing and analysing the performance of the BSWI and Daubechies wavelet
based finite element methods for static and buckling analysis. The wavelet based finite
element approaches were highly accurate and demonstrate their capability to analyse various
structural problems; with a variety of loading conditions, boundary conditions and/or

geometric properties.

Furthermore, the BSWI and Daubechies based solutions attained better levels of accuracy,
with fewer elements and degrees of freedom, than the classical and p-adaptive FEMs. This
was mainly attributed to the multiresolution aspect of wavelet analysis, to which refining the
scale provided additional information and subsequently reduces the level of errors of the
approximate solution. Moreover, the original discretization of the system did not need
modification when altering the order and/or multiresolution scale of the wavelet based

functions. This was consistent with the findings presented in [6,7,10,40].

The algorithms formulated and implemented in this study allowed for the accurate
formulation of the Daubechies wavelet based beam finite elements for orders D10, D12, D14,
D16 and D18, at different multiresolution scales |, irrespective of the layout selected. To the
best of the author’s knowledge, the implementation and extensive comparison of the different
Daubechies wavelet finite elements formulated using these different orders, at various scales,
was carried out for the first time in this study. Furthermore, the wavelet based finite elements

can be formulated using different layouts, where the nodal DOFs can be varied in location.
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Consequently, the location and number of elemental nodal points can be varied using the

approach implemented to formulate the WFEM in this study.

The elemental matrices and load vectors in wavelet space were evaluated only once and
stored to reduce computational costs since only the wavelet transformation matrix is modified
when altering the wavelet based element layouts. This capability to modify the WFEs
enhances the versatility of the WFEM to maximize on efficiency and increase levels of
accuracy in the analysis of a wide variety of structural problems. The same also applies to the
BSWI WFEM, as stated by Xiang et al. [7], and the results presented in this study were

consistent with their findings.

Wavelet based finite element Daub WFEM | BSWI WFEM
Rod element Axial deformation D6g BSWI2,
Axial stress/strain D8, BSWI3;
Beam element subjected to varying | Vertical deflection D10, BSWI3;
load
Rotation D10, BSWI3;
Stress/strain,  Bending | D12, BSWI4;
moment, curvature
Shear force D12, BSWI5,
Beam element with flexural Vertical deflection D10, BSWI3;
discontinuities Rotation D10, BSWI3,
Stress/strain,  Bending | D12, BSWI4;
moment, curvature
Shear force D12, BSWI5,

Table 6-2: Summary of least wavelet orders and multiresolution scales implemented for various wavelet based finite
elements.

The order of the wavelet family to be used mainly depends on the problem to be analysed, the
nature of required results and the necessary levels of accuracy to be achieved. It is therefore
up to the analyst to decide what order and/or multiresolution scale to implement in the
analysis. However, the order of the wavelet families employed must at least satisfy the
necessary requirements of the approximating functions to ensure convergence i.e.,

compatibility and continuity within and between elements. Though it may not be

154



categorically stated which order and scale of the wavelet based finite elements is best suited
for the analysis of various engineering structural problems, the results presented in this
chapter provide the least orders and scales that may be implemented based on the field
variables. Although lower order WFEs may accurately approximate the variations of these
field variables within the elements, this criterion is based on the order of the field variable
function to ensure inter-element compatibility; thus ensuring no inter-element discontinuities
are present. Furthermore, the least value of multiresolution scale that can be implemented for
the Daubechies WFEs is j = 0. However, for the BSWI WFEM, the requirement j > j, must
be met. Table 6-2 presents a summary of the least order and multiresolution scale that can be
implemented for various Daubechies and BSWI based wavelet finite elements. It must be
mentioned that for the Daubechies WFEM, the results of the wavelet based finite elements of
order > D18 were inaccurate due to numerical instabilities. This was consistent with the
findings of Diaz et al. [40].

In general, improving the accuracy of the results can be carried out by increasing the order of
the wavelet family since higher order functions are better approximated due to the increased
smoothness of the wavelet scaling functions. Moreover, increasing the multiresolution scale,
which provides additional information, also increases accuracy. Alternatively, it is possible to
increase the accuracy by refining the mesh and increasing the number of wavelet based finite

elements. This was consistent with Xiang et al. [7] and Chen et al. [6] findings.
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7. Wavelet Finite Element Method in Dynamic Analysis of

Moving Load Problems

Summary

In this chapter, the wavelet based finite element method is implemented in the dynamic
analysis of moving load problems. The results obtained via numerical examples for the
Daubechies and BSWI1 based wavelet finite element methods are compared for different WFE
orders and multiresolution scales. The numerical examples presented and discussed in this

chapter include:

Example 1: The dynamic response generated by a locomotive travelling over a large-
span bridge modelled as a simply supported WFE beam subjected to a harmonic
moving load. This analysis is similar to an example carried out by Fryba [102] and is
necessary to validate and verify the WFEM moving load formulation used in the
analysis of moving load problems. The damping component within the WFE system
is modelled as viscous damping. In this example the response of the beam is analysed

for subcritical, critical and supercritical velocity profiles of the moving load.

Example 2: The free vibration analysis of a Vierendeel frame based on the
Daubechies and BSWI WFEMs is initially carried out. The dynamic responses of the
frame subjected to a moving point load, for different moving load velocities, are
presented using the Daubechies and BSWI1 based WFEMSs and compared with FEM.

Example 3: The dynamic response of a high speed locomotive travelling over a track
is analysed as a long simply supported beam resting on: a) elastic and b) viscoelastic
foundations, subjected to moving point load. The WFE beam is formulated based on
Euler-Bernoulli beam theory and the dynamic response is analysed for subcritical,
critical and supercritical velocities of the moving load. Furthermore, the analysis is
carried out for subcritical, critical and supercritical viscous damping of the
foundation. The BSWI and Daubechies WFEM solutions are compared with the

classical FEM approach.

The effects of altering the multiresolution scales and/or orders of the Daubechies and BSWI
wavelet based element formulations, on the accuracy of the response for the different moving

load problems, are presented and discussed.
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A comparative study is carried out for the first time based on the implementation of the
Daubechies and BSWI based WFEM and the classical FEM formulations for the dynamic

analysis of structural beam moving load problems.

7.1. Simply supported beam subjected to a moving harmonic load

The BSWI and Daubechies based wavelet finite element methods are used to analyse a
simply supported beam subjected to a moving harmonic load, as presented in Figure 7-1. The
simplified model is used to represent the dynamic effects of a steam locomotive travelling
across long span bridges and this analysis is classified as vehicle-bridge interaction [107].
The wavelet based finite element solutions are compared to analytical solutions presented by
Fryba [102] and the classical FEM. The example is carried out to primarily validate the
WFEM moving load approach and carry out a comparative study of the different approaches
implemented in this section.

A q(x,t) = P(t)6(x —xo)
Xo = ct

> g1

v

A
Y

Figure 7-1: Simply supported uniform beam subjected to a harmonic moving load.

The Euler Bernoulli beam theory is used to describe the behaviour of the elastic beam with
the assumptions that the beam undergoes small deformations and therefore shear
deformations are neglected; the cross-sectional area and material properties are uniform
across its length. Furthermore, the beam is assumed to be at rest at time t = 0 when the load
arrives on to the bridge; thus the velocity and displacement of the beam is zero at this instant.
The load is assumed to travel cross the simply supported beam from the left edge to the right
edge at a constant velocity ¢ m-s™. The analysis is carried out from the time the moving load
arrives to the time it departs from the beam.

Therefore, the governing equation describing the dynamic behaviour of the damped system is
given as [27]:

[Mp){V, (D)} + [CoH{Vp(D} + [Kpl{Vi (D)} = {Fp()} (7.1)
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where the matrices [My], [Cp] and [K}] are the Euler Bernoulli beam global mass, damping
and stiffness matrices respectively and {F,(t)} is the time-dependent harmonic moving load
vector, as formulated in Section 5.2, in physical space. The vectors {V,(t)}, {Vb(t)} and
{I"/b(t)} contain the system global DOFs, velocities and accelerations of the beam

respectively.

The beam has a bending stiffness EI = 2.163x10'* N-m? and mass per unit length u =
2.957x 103 kg'm™. The angular frequency of damping of the beam is given as w, =
9.62 x 1072 rad-s™. The dynamics response of the beam is evaluated using the Newmark
direct time integration method, as described in Section 4.6.1. The values of the Newmark

parameters used in this example, and subsequently for dynamic response analysis within this
study to ensure accuracy and stability are, & = 0.5 and j = 0.25(0.5 + &)°.
The locomotive characteristics are given by Fryba [102] in chapter 2 of his monograph. The

weight of the locomotive is represented by a moving point load R(t) = 9.7x10° N as it

travels across the bridge of length | = 56.56 m.
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Figure 7-2: The variation of the a) angular frequency Q and b) magnitude of the harmonic load Q with respect to the
velocity of the moving load.

The locomotive produces a harmonic force when in motion due to the unbalanced
counterweights of the driving wheels, which is given as Q Sin Qt. Q is the angular frequency
of the harmonic force and Q is the amplitude of the load. The a) angular frequency Q and b)
amplitude of the harmonic load component Q vary linearly and quadratically with respect to
the velocity of the locomotive respectively, as shown in Figure 7-2. They are expressed as
[102]:
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where the radius of the driving wheels r = 0.63 m. The mass per unit length of the loaded
beam, i = 6.454 x 103 kg'm™, takes into account the mass effects of the locomotive and its
position causes a variation of the natural frequency for the loaded beam [102]. Therefore, i is
evaluated when the locomotive is assumed to be stationary at the mid-span of the bridge since
the variation of the natural frequency at this location is relatively small. When carrying out
the free vibration analysis of the beam, u will be taken into consideration. However, when
carrying out the dynamic response of the moving load problem, i will be used in place of u.
The beam is modelled using only 1 WFE for both Daubechies and BSWI wavelet based
approaches, The results are compared with the solutions obtained using 8 classical Euler

Bernoulli beam finite elements and an analytical approach from Fryba [102].

The free vibration analysis of the unloaded beam is carried out by solving the eigenvalue
problem [27]

[[Kp] — w?[Mp]]{V}=0 (7.3)

The vector {V'} represents modal displacements and w is the corresponding natural

frequencies of the system.

Natural Frequency o;

J Analytical FEM — 8 elements D18, WFEM BSWI4, WFEM
1 26.4 26.4 26.4 26.4
2 105.6 105.6 105.6 105.6
3 237.5 237.8 237.6 237.5
4 422.2 423.9 424.2 422.4
5 659.7 665.9 671.0 660.3
6 950.0 967.4 1026.9 951.7
7 1293.1 1333.4 1469.8 1297.8
8 1688.9 1874.6 1746.2 1700.5
9 2137.5 2333.9 3105.7 2163.7
10 2638.9 2979.6 4257.2 2693.8

Table 7-1: Comparison of the analytical, classical FEM, D18, WFEM and BSWI4, WFEM natural frequencies w; of a
simply supported beam.

The first 10 natural frequencies of the unloaded beam obtained via the analytical, FEM (18
DOFs), Daubechies D18; (18 DOFs) and BSWI4, (19 DOFs) WFEM solutions are presented
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in Table 7-1. The orders and scales of the WFEs are selected to aid in the comparison of the
results obtained via the different approaches. According to the results presented, the lower
mode natural frequencies of the simply supported beam are obtained accurately when only
one element is used for both the Daubechies and BSWI based WFE solutions. The classical
FEM approach approximates the first 3 natural frequencies accurately, with 8 elements
employed in the analysis. This is in accordance to general FEM practice where the number of
elements required to accurately approximate the natural frequencies is 3-5 times the number
of the modes associated with the natural frequencies.

The Daubechies WFEM results indicate that the lower mode natural frequencies are
accurately obtained, where the first 3 natural frequencies correspond to those obtained
analytically. However, for the higher mode natural frequencies, the results do not perform as
well as the BSWI and FEM solutions with a similar number of DOFs. This is attributed to the
fact that the Daubechies scaling function and/or their derivatives have no closed form
solution and the method requires the evaluation of the connection coefficients to formulate
the elemental matrices. The numerical errors present in the evaluation of the connection
coefficients result in a slow rate of convergence for the higher mode natural frequencies when
the free vibration analysis is evaluated, particularly for lower order Daubechies based WFEM
solutions. The results can however be improved by increasing the order and/or
multiresolution scale of the Daubechies WFE without increasing the number of elements or
subsequently altering the original model as illustrated in Figure 7-3. This verifies that the
Daubechies WFEM solution converges to the exact solution by increasing the element order

and/or scale.

Frequ; x 103 (s

20 B ' ¢ Dauvb WFEM
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Figure 7-3: The first 10 natural frequencies w; of a simply supported beam for different Daubechies based WFEs.
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At lower multiresolution scales, increasing the order of the Daubechies WFE improves the
results more significantly than increasing the multiresolution scale. For example, from Figure
7-3, increasing the order from D10, to D12, leads to a better approximation of the natural
frequencies, particularly at higher modes, than increasing the multiresolution from j = 0 to
j =1 for D10. However, for the different orders of the Daubechies WFE solutions, it is
observed that as the multiresolution scale increases from j = 1 to j = 2, the improvement of
the accuracy of the natural frequencies is significantly greater than altering the
multiresolution from j = 0 to j = 1. This is because increasing the scale of the Daubechies
wavelet based beam finite element from j to j 4+ 1 increases the number of corresponding
DOFs for each element by 2!. However, increasing the order of the Daubechies WFE from L
to L + 2, increases the DOFs per WFE by 2. Moreover, it was also noted while carrying out
the analysis that the approximation of the natural frequencies diverged significantly for
multiresolution scale j > 3. The inaccuracies of the approximations result from numerical
instability and errors that arise when evaluating the elemental matrices in wavelet space,
particularly for high values of j. Considering that increasing the order leads to a better
approximation of the results, it is more effective and efficient to first increase the order of the
WEFE then increase the multiresolution scale so as to improve the approximation of the higher

mode natural frequencies of the system.
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Figure 7-4: The first 10 natural frequencies w; of a simply supported beam for different BSWI based WFEs.

Figure 7-4 illustrates the effect of increasing the order and/or multiresolution scale on the
accuracy of the first 10 natural frequencies for the BSWI based WFEM. In addition to the
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observations made from the results presented in Table 7-1, the general BSWI based WFEM
solutions are highly accurate for the first 10 natural frequencies in comparison to the
Daubechies WFEM and classical FEM solutions, for a similar number of DOFs. Increasing
the order and/or multiresolution scale leads to the convergence of the approximate solution to
the exact solution as illustrated in Figure 7-4. For example, the percentage error of the 10™
natural frequency via the BSWI55 WFE solution is 2.24 x 1073 %; in comparison to the
analytical solution.

The damping of the beam is represented by Rayleigh viscous damping and the element

damping matrix in physical space [Cz,e] is expressed as [100]:

[Cz,e] = aq [kg,e] + Ba [mg,e] (7-4)

where the matrices [m} | and [k} | are the wavelet based mass and stiffness element

matrices in physical space respectively. a; and g, are the damping coefficients which are
obtained from solving the system of equations [100]:

_ 1 N CUlz
G =au3 o bPa—
_ 1 n (1)22

G =aa3 o, bPa— (7.5)
1 w,?

Zn + .Bd

=a
dan

where ¢; and w; are the i™ mode damping ratio and corresponding natural frequency
respectively. The variation of the damping ratios with respect to the natural frequencies for
the first 12 modes of vibration is presented in Figure 7-5. The variations obtained via both the
Daubechies D18; and BSWI14, WFEM approaches, with one element modelling the beam, are
in good agreement with the solution obtained analytically. According to the results obtained,
the damping ratio decreases with an increase in the mode number due to an increase in the
natural frequency of the beam. In general, the modal mass participation in a given system
decreases significantly with a corresponding increase in the mode number i. This leads to the
assumption that for the dynamic analysis of systems, although the natural frequency is
increasing, only the first few modes of vibration are considered important and effectively
contribute to the dynamic behaviour of the system [100]. Furthermore, for high values of n
number of equations for large complex systems, it may be difficult to obtain solutions for the

coefficients that satisfy the relations in equation (7.5) [100]. The values of the viscous
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damping coefficients a; and S, are obtained via the different approaches as 0.192402 and 0

respectively. These values are similar for n =3 and n = 10.

LS

Damping ratio, £; x 107 s Anizlytical
- LR

6

w

D18; WFEM

- = 5= = BSWI44 WFEM

L]

Natural Fraquency. f; (Hz)

nn A0 ann .
o0 00 o0 400
100 200 30 400

o

Figure 7-5: Plot of the modal damping ratio variation with respect to the corresponding natural frequency of a simply
supported beam.

The static deflection mid-span of the simply supported, when subjected to a static point load
P at the centre of the beam, is defined as [102]:

P

_ 76
Yo = 48E] (7.6)

where El is the bending stiffness of the beam and | is the length of the beam. The point load P
in this case represents the weight of the locomotive stationary at the centre of the beam and is
assigned the value of P = 9.7x10° N. The deflection of the beam at a point x as the harmonic
moving load travels across the beam at time t is denoted by v(x, t). Taking into consideration
that the maximum deflection occurs at the centre of the simply supported beam, the dynamic
response of the beam v(é, t) is analysed. The normalised non-dimensional deflection, or

dynamic coefficient, is defined as the ratio of the dynamic deflection to the static deflection at

the centre of the beam and is expressed as v(é, t)/vy.

According to Fryba [102], the critical velocity of the harmonic moving load is described as
the velocity of the locomotive at which its dynamic effects are maximum and is given by the

simple relation c., = 2nrf;. The first natural frequency of the loaded beam in Hz and radius
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of the driving wheels are denoted by f; and r respectively. However, for more complicated

systems it may be difficult to describe and obtain the critical velocity directly via analytical

or semi-analytical formulations.

3y e e e e A S e S e S S

] || s— FEM

/i)
R
Yo
ro
T

‘\
\ g . - D18; WFEM
\

Hossmy BSWI44 WFEM

Max Deflection
T
‘-‘
S"
?

Velocity I_n‘.'s'l )

Figure 7-6: The maximum non-dimensional vertical displacement at the centre of a simply supported beam subjected to a
moving harmonic load at different velocities.

Therefore, the WFEM is used to acquire the critical velocity by obtaining the maximum
normalized vertical displacement at the centre of the beam, for different velocities of the
moving harmonic load, as presented in Figure 7-6. The analysis is carried out for the range of
velocities 1 < ¢ < 20 m-s™ of the harmonic moving load, with increments of 0.1 m-s™. The
results obtain via the BSWI4, and Daubechies D18, WFEM solutions, with only one element
used to describe the entire beam, are in good agreement with the classical FEM (8 elements).
The critical velocity is approximated as 11.5 m-s™* via the D18, and BSWI4, WFEM
solutions. The critical velocity obtained via the analytical formulation is c., = 11.28 m-s™.
This validates the use of the WFEM to obtain the critical velocity of the moving harmonic
load.

It is important to mention that, the evaluation of the critical velocity via FEM and WFEM
approaches for more complicated cases requires the evaluation of the maximum deflections
associated with corresponding velocities of the moving load. This implies that for each
moving load velocity, the dynamic response of the system must be evaluated at each time

step to identify the maximum deflection. This is computationally expensive and time
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consuming, if the number of DOFs and time steps required to attain acceptable levels of
accuracy is high. Given that the solutions can be approximated via the WFEM with fewer
elements than the classical FEM approach, the computational and time costs are reduced
significantly when carrying out the evaluation of the moving load critical velocity based on

the size of the system matrices.

As mentioned earlier, the dynamic response of the beam is evaluated using the Newmark
direct time integration method. The time step At does not need to be set at a minimum value
to ensure stability for this implicit time integration scheme and is therefore selected over
other explicit time integration methods. However, the accuracy of the solution may be poor if
too large a time step is selected. With this in mind, as the time step decreases, the cost of
computation increases since the number of time iterations also increases. It is therefore
necessary to ensure when carrying out the dynamic analysis of a system via WFEM, that the
time step selected leads to results that are accurate enough and efficient. It is common

practice in classical FEM to initially select at time step within the range 0.17,, < At < 0.3T,,

[29], where T,, = fl is the period of the "™ mode of vibration. If the level of accuracy is not

acceptable then the size of the time step can be decreased incrementally until the solution
attains the desired level of accuracy. This approach is implemented for the WFEM dynamic
response analysis in this example and subsequent solutions in this study. The time step

employed for this analysis is At = 3.9 x 10~3s, which is approximately At ~ 0.1T5. The time
taken for the load to travel over the beam is tr = é; this is used to normalise the time t into a

non-dimensional time parameter.

The BSWI4,4 and D18; WFEM solutions for the non-dimensional displacement at the centre
of the beam, as the harmonic moving load travels across the beam, are compared with the
analytical solution from Fryba [102] and the classical FEM solution obtained with 8 beam
elements; for a) ¢ =9.64 ms! b)c=c, =11.28 m's* and ¢) ¢ =12.92 m-s’ as
presented in Figure 7-7. These velocities correspond to subcritical, critical and supercritical
velocity profiles respectively. The Daubechies and BSWI WFEMSs accurately approximate
the displacement for the 3 different velocities and are in very good agreement with the
analytical solution. This validates the implementation of WFEM formulation in the analysis

of moving load problems.
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Figure 7-7: The non-dimensional vertical displacement at the centre of a simply supported beam subjected to a harmonic
moving load travelling at a) 9.64 m-s™* b) 11.28 m:s and ¢) 12.92 m-s™.
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Furthermore, the lateral velocity at the centre of the beam, as the harmonic moving load
travels across, is analysed using the WFEMs. The BSWI4, and D18; wavelet solutions are
again compared with the analytical and the classical FEM solutions and the results are
presented in Figure 7-8 for the three moving load velocities. The results obtained via both the
WFEMs are in very good agreement with the analytical solution, with only one WFE
implemented for all velocity profiles. Similarly, the acceleration at the centre of the beam is
presented in Figure 7-9 as the harmonic load travels at a) ¢ = 9.64 m-s*, b) ¢ = ¢,, = 11.28
m-s* and ¢) ¢ = 12.92 m-s™. The results presented illustrate that once again both WFEM

solutions are in very good agreement with the analytical solution.
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Figure 7-8: The vertical velocity at the centre of a simply supported beam subjected to a moving harmonic load travelling at
a) 9.64 m'st b) 11.28 m-s* and c) 12.92 m-s™.

Further analysis is carried out to investigate the effects of increasing the order and/or
multiresolution scale of the WFEs on the accuracy of the solutions with respect to the
displacement of the beam. The non-dimensional vertical displacement at the centre of the
beam, as the harmonic moving load travels across at ¢ = 12.92 m-s™, is presented in Figure
7-10; a) BSWI3; and b) BSWIm, for 3 < j,m <5 WFEM solutions. It is observed from

Figure 7-10 a) that the results converge to the analytical solution as the multiresolution scale
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increases from BSWI3; (red dashed curve) to BSWI3, (blue dashed curve) and subsequently
to BSWI3s (green dashed curve).
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Figure 7-9: The vertical acceleration at the centre of a simply supported beam subjected to a moving harmonic load
travelling at a) 9.64 m-s™ b) 11.28 m-s™ and ¢) 12.92 m-s™%.

Likewise, the accuracy of the approximate solution improves when the order of the BSWI
wavelet element is increased, as observed from Figure 7-10 b). The order of the BSWI based
WEFE is increased from m = 3 to m = 5, at multiresolution scale j = 4. It can therefore be
concluded that increasing the multiresolution and/or order of the BSWI WFE improves the

accuracy of the approximate solution and the results converge to the analytical solution.

A similar analysis is carried out for the Daubechies wavelet based finite element solution as
presented in Figure 7-11. The results are obtained from the a) D10; and b) DL, WFE
formulations for 0<;j <2 and 10<L <18 (L is an even integer) respectively.
Observations made from Figure 7-11 a) indicate that increasing the multiresolution scale j
improves the accuracy of the approximate solution. Although the results improve as j is

increased, the D10, WFEM solution is not in perfect agreement with the analytical solution.
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Figure 7-10: The non-dimensional vertical displacement at the centre of a simply supported beam subjected to a harmonic
moving load travelling at 12.92 m-s™ for a) BSWI3;and b) BSWIm, WFEs.

Increasing the order of the wavelet family also improves the accuracy of the solution as
observed in Figure 7-11 b). The results obtained from the D10, WFE formulation are not as
accurate in comparison to the other higher order Daubechies WFE solutions. However, the
solution accuracy improves as the order is increased. It is therefore better to first increase the
order of the WFE to improve the approximation of the dynamic response of the system. If the
desired levels of accuracy are stilled not attained, the multiresolution scale can then be

improved.
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Figure 7-11: The non-dimensional vertical displacement at the centre of a simply supported beam subjected to a moving

harmonic load travelling at 12.92 m-s™ for a) D10; and b) DL, WFEs.

The implementation of the Daubechies and BSWI based WFE formulations for the free
vibration and dynamic response analyses of a beam subjected to a harmonic load are
validated. The convergence of the solutions via both methods, by increasing the order and/or
multiresolution scale, is further verified. A single WFE is used to model the beam and the
results are in perfect agreement with the analytical solutions. The comparative study
demonstrates that the BSWI WFEM solutions are superior to both classical FEM and

Daubechies WFEM for the analysis of free vibration and vehicle-bridge interaction.

170




The computational costs for carrying out this analysis are not highlighted for this relatively
simple moving load problem since the comparison of the WFEMs with classical FEM is
carried out for a similar number of DOFs. This is the case so as to analyse the accuracy of the
different methods with similar number of DOFs. The computational costs will be compared

later in this chapter.

7.2. Vierendeel frame subjected to a moving load

The dynamic response of a steel Vierendeel frame made up of 8 main uniform plane bar
wavelet based finite elements is analysed when subjected to a moving point load P = 20 N,
travelling across elements 1 — 6, as illustrated in Figure 7-12. The moving load is initiated at
node 1 and departs the frame at node 7. The plane bar elements (beam with axial
deformations taken into consideration) have uniform geometrical and material properties
which include: Young’s modulus E = 2.07 x 101 N-m™, area 4 = 8.06 x 10~> m?, density
p = 7.81x 103 kg:m™, moment inertia I = 2.71 x 10~'°m* and length of each major element
[ = 0.305 m. The boundary conditions of the frame are fixed at both nodes 1 and 7, with
damping neglected in the analysis. This example is carried out to present the capabilities of
WFEM to solve the dynamic response of a structure comprising of elements arranged in
different spatial orientations while subjected to rapidly varying loading conditions.
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Figure 7-12: Vierendeel frame subjected to a moving load.

The free vibration analysis is carried out by solving the eigenvalue problem [27]

([[K,] - w2 [m ]| (1) = 0 .7
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where the matrices [M,] and [K,| are the plane bar global system mass and stiffness

matrices as formulated in Section 5.3. The vector {H} represents modal displacements and w

is the corresponding natural frequencies of the system.

Frequency w;

Mode i Ref[108] FEM (48 elem) D12, (8 elem) BSWI4; (8 elem)
1 107 107.101 107.101 107.101
2 377 377.122 377.121 377.121
3 397 396.903 396.9 396.9
4 476 475.313 475.308 475.309
5 1099 1098.37 1098.62 1098.33
6 1316 1315.18 1315.64 1315.1
7 1504 1502.87 1503.62 1502.75
8 1912 1910.26 1912.54 1910.03
9 2061 2060.06 2063.17 2059.76
10 2248 2445.94 2453.74 2445.53
11 2695 2693.62 2704.75 2692.97
12 2904 2902.4 2919.78 2901.59
13 4171 4170.97 4184.59 4168.7
14 4618 4619.06 4648.85 4615.97
15 4944 4945.24 5004.99 4941.47
16 5613 5616.18 5683.59 5610.87
17 5885 5890.07 5979.09 5883.82
18 6405 6411.3 6514.93 6404.13
19 6950 6959.95 7300.75 6950.2
20 7227 7239.32 7580.26 7228.48
21 9558 9256.95 11415.7 9235.98
22 9649 9681.56 11889.3 9658.45
23 10349 10393.4 12533 10364.6
24 11343 11401.7 13509.1 11365.8
25 11550 11608.5 14076 11572.8
26 11931 11974.2 15736.7 11947.2
27 12249 12313.6 15925.3 12276.6
28 12862 12895.4 17554.3 12875.1
29 13650 13755.4 18334.8 13700.8
30 14191 14267.2 19038.5 14229.9

Table 7-2: First 30 angular frequencies w; of the Vierendeel frame obtained via FEM, D12, WFEM and BSWI4; WFEM
formulations.

The first 30 natural frequencies obtained from the Daubechies D12, and BSWI4; wavelet
based element formulations, are presented in Table 7-2. The results are compared to values
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obtained by Jara-Almonte and Mitchell [108] and the classical FEM solutions. To aid in the
comparison of the different approaches, given that the BSWI4; (136 DOFs) is the lowest
BSWI WEFE that can be used to formulate the planar bar element, the Daubechies D12, (136
DOFs) WFE and 48 classical FE (144 DOFs) solutions are employed. So as to ensure
uniformity during discretization of the frame, 6 classical finite elements correspond to 1
WEFE. It is observed from the results that the wavelet based finite element natural frequency
solutions for both Daubechies and BSWI formulations are in good agreement with solutions
obtained in [108]; for the lower modes of vibration. In comparison to the classical FEM
solution, the frequencies obtained via the WFEM are highly accurate, particularly for the
BSWI4; solutions. The Daubechies D12, WFE solutions for the higher mode frequencies are
not approximated as accurately as the other solutions.

Element. DOFs

uuuuuuuu

pe? . - = BSWI4; — 136 DOFs

30000 |-

i— Mode Number §

2 e
M L5 i | i A VI A
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Figure 7-13: Comparison of the Vierendeel frame first 52 angular frequencies w; obtained via D12, WFEM and BSWI4,
WFEM.

This is further evident when the D12, solution for the first 52 angular frequencies are
compared with the BSWI4; solution and results obtained by Jara-Almonte and Mitchell
[108]; as observed from Figure 7-13. The lower modes of vibration natural frequencies (first
20) are approximated very accurately by the D12, solution. However, the BSWI43 solution
approximates all the first 52 frequencies very accurately with the same number of DOFs
(136) as the D12, element formulation. The accuracy of the results can be improved by
increasing the order and/or the multiresolution scale of the Daubechies based wavelet finite

elements without increasing the number of elements, which would require an alteration in

173




discretization of the entire system. This is apparent from the solutions of the first 52 angular
frequencies obtained via the Daubechies based WFEM for different orders DL and
multiresolution scales j as presented in Figure 7-14. It is observed that increasing the order
and/or the multiresolution of the Daubechies wavelet leads to better approximations of the
higher mode frequencies. This confirms the convergence of the Daubechies WFEM solutions
to the exact solution with respect to increasing the order and/or multiresolution scale.
Furthermore, it is also seen that increasing the order of the Daubechies based elements has a
more significant effect on the accuracy of the approximation than increasing the

multiresolution, particularly for the higher mode frequencies.
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Figure 7-14: First 52 angular frequencies w; of the Vierendeel frame obtained via the Daubechies DL; WFEM.

The comparison of the BSWI based WFEM solutions for the first 52 natural frequencies of
the Vierendeel frame are illustrated in Figure 7-15, for the different orders and
multiresolution scales. The BSWI based WFEM approximate solutions for all 52 angular
frequencies are observed to be very accurate with respect to the different wavelet orders and
multiresolution scales. This implies that the lower order and/or multiresolution scales of the
BSWI based WFEM accurately approximate the Vierendeel frame’s natural frequencies at
higher modes. Furthermore, the BSWI based WFEM gives significantly better results when
compared to the solutions obtained, not only via the classical FEM, but also with respect to

the Daubechies based WFEM; with approximately similar number of DOFs.
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Figure 7-15: First 52 angular frequencies w; of the Vierendeel frame obtained via the BSWIm; WFEM.

The governing equation describing the dynamic behaviour of the undamped system when

subjected to a moving load is given as [27]:

[Mp]{i:lp(t)} + [Kp]{Hp(t)} = {Fp(t)} (7.8)
where the matrices [M,,] and [K,] are the system mass and stiffness matrices in physical
space as formulated in Section 5.3. {Fp(t)} is the time-dependent moving load vector and

{H,(t)} and {H,(©)} contain the system global displacement DOFs and accelerations

respectively.

The maximum normalized lateral deflection at point A of the frame 5(;’”

0

, for different

moving point load velocities, is obtained via the Daubechies and BSWI WFEMs and
compared with the FEM as presented in Figure 7-16. The normalizing factor &, is the static
lateral deflection at point A (Figure 7-12) when the frame is subjected to a point load of
magnitude P = 20 N. The static deflection at this point is obtained by solving the governing

static equation of the frame [31]

[KpltHy} = {Fp) (7.9

{F,} is the static force vector in physical space and {H,} is the vector containing the DOFs of

the system.
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The moving load is assumed to travel across the frame from node 1 to node 7, across
elements 1 — 6, at a constant speed ¢ m-s™. The plot presented in Figure 7-16 is for the range
of speeds 0 < ¢ <200 m-s™, at intervals of 1 m-s, with respect to the corresponding
maximum normalised lateral deflections at point A. This is carried out to give an accurate
approximation of the critical speed of the frame structure since the structure is made up of
elements in different spatial orientations. Simplified models such as a simply supported beam
subjected to a moving load, as discussed in the previous section, may employ simple
analytical or semi-analytical expressions to evaluate the critical speed of the load. In contrast,
for structures of higher complexity, it may be difficult or impossible to obtain an analytical
expression. It may therefore require numerical approaches, for instance the WFEM or FEM,

to be used to approximate the critical speed.
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Figure 7-16: The maximum normalized lateral deflection of the frame at point A for different moving point load velocities.
The results obtained from both WFEM solutions are in good agreement with the FEM
solution, accurately depicting the variation of the maximum normalised lateral deflection at
point A and the critical speed. The highest value of the maximum normalised lateral

deflection at point A is 1.97926 and corresponding moving load critical speed ¢, = 52 m-s™.

An analysis of the frame subjected to a moving point load is carried out for subcritical,

critical and supercritical velocities. The non-dimensional moving load velocity parameter is

defined as @, = —. When a, = 1, the load is moving at a critical speed, while a, < 1 and

Cer
a, > 1 correspond to subcritical and supercritical speeds respectively. The values of a, used
in this analysis to represent the subcritical, critical and supercritical speed profiles are 10°, 1

and 2 respectively.
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The dynamic response of the frame is carried out via the Newmark direct time integration

method with the parameters § = 0.5 and 7 = 0.25(0.5 + 8)2. The time step At used in the
analysis for both the FEM and WFEM approaches is At = 0.1T;s =~ 1.27 x 10™* s. The time
step is also small enough to ensure that the action of the moving load is subjected to each
classical finite element, along its described path, at least once during the analysis for all the 3
speed profiles.

The normalised vertical displacements at point A, %, for a) subcritical b) critical and c)
0

supercritical speeds, are plotted in Figure 7-17 for the D10, WFEM, BSWI4; WFEM and

FEM solutions. The time taken for the load to travel over the frame is tr = 671 and this is used

to normalise the time t into a non-dimensional time parameter.

The wavelet based elements presented are of the lowest order and multiresolution for the
Daubechies and BSWI planar bar elements. The results obtained, when 8 of these WFEs are
used to model the Vierendeel frame, are compared with the FEM (48 elements) solutions and
it is observed that the wavelet solutions are in very good agreement. The higher order and/or
multiresolution wavelet based element solutions are similar to the presented solutions and it

is therefore not necessary to present these results.

The Daubechies D10y (104 DOFs) WFE solution gives a similar approximation of the
dynamic response of the frame at point A as the BSWI14; (136 DOFs) WFE solution for the 3
different moving load speed profiles analysed. Although the higher modes of vibration
natural frequencies are not accurately approximated via the Daubechies WFEM, the dynamic
response is very accurately described. This is because the significant contribution to the
dynamic response of the system is from the first few modes of vibration, which are accurately
described via the Daubechies WFEM.

Furthermore, the Daubechies based WFEs can be formulated from the minimum
multiresolution scale j = 0. However, with respect to the BSWI based WFEM, the condition
2/ > 2m — 1, must be satisfied. Hence, the minimum multiresolution scale is dependent on
order of the BSWI wavelet family. Consequently, as the order increases, the value of the
minimum multiresolution scale jo also increases. The BSWI4; (20 DOFs per WFE) is the
minimum WFE plane bar element that is applicable in this analysis. In contrast, the lowest
order and scale corresponding to the Daubechies plane bar WFE is D10y (16 DOFs). This

difference may not be of great consequence for one wavelet finite element. However, when a
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significant number of WFEs are required, not based on accuracy but due to different spatial

orientations of the WFEs within the system, the dynamic response of the system using the

BSWI may be highly accurate yet inefficient.
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Figure 7-17: The normalized lateral displacement of the frame at point A as a moving point load travels at a) subcritical, b)

critical and c) supercritical velocities.
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Figure 7-18: The variation of lateral velocities of the frame at point A as a moving point load travels at a) subcritical, b)
critical and c) supercritical velocities.
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According to the results presented in Figure 7-17 a), the maximum normalized lateral
deflection at point A is 1 and occurs when the moving load is at point A. This is due to the
fact that a, <« 1 and the deflection is similar to that of the frame under a static load P at
point A. However, when the speed of the moving point load is increased, the maximum
normalized deflection occurs once the moving load has travelled past point A. When a, = 1,

the maximum normalised lateral deflection at point A is almost double the static deflection

8o, from Figure 7-17 b). When a, = 2, % IS maximum after the moving load departs A.
0

The lateral velocity at point A, as the moving load moves over the frame, is presented in
Figure 7-18 for the 3 speed profiles of the moving load. The WFEMs and FEM solutions
approximate the velocity of the frame, for all speed profiles, very similarly. However, for the
Daubechies WFEM solution, the order of the WFE is increased so as to better approximate
the lateral velocity of the frame for a, = 2. In this case the order is increased from D10,

(subcritical and critical speeds), to the D12, WFEs for the supercritical speeds.
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Figure 7-19: The lateral acceleration of the frame at point A as a moving point load travels on the frame at a) subcritical, b)
critical and c) supercritical velocities.

This is also evident from Figure 7-19 where the Daubechies D14, WFEs are used to obtain

solutions for the lateral acceleration of the frame at point A so as to improve on the accuracy
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of the results. This implies that, although the deflection of a given dynamic system may be
accurately approximated via a certain order of the Daubechies wavelet formulation, it may be
necessary to increase the order so as to improve the approximation of the velocity and

acceleration solutions.

The BSWI WFEM solution on the other hand, is in very good agreement with the classical
FEM solution without alterations in scale and/or order of the wavelet based element. This
implies that the BSWI wavelet based finite element formulations are better suited to the
Daubechies based WFEM for the general dynamic analysis of structures.

7.3. Beam on viscoelastic foundation subjected to a moving load

The moving load problem presented in Section 7.1 involves the dynamic response analysis of
a bridge as a locomotive travels across the span of the bridge, commonly referred to as
vehicle-bridge interaction. Another important category of the moving load problem
researched on and presented in this section is train-track interaction. This area of study is of
great importance and interest for high-speed rail transportation to monitor and investigate the
dynamic response of the rail system as the train/locomotive travels across the track
[107,109,110]. Significant displacements, particularly in the lateral upward direction are a

contributing factor in the weakening and degradation of railway track systems.

The track comprises of the rails resting on sleepers, ballast, sub-ballast, subgrade and soil.
The complexity of mathematical model describing the behaviour of the system varies based
on the assumptions made. Furthermore, the approach of analysis also varies based on the
simplification of the system via the made assumptions and it is common to find that
analytical or semi-analytical approaches are preferred in the analysis of simplified models.
However, for more complicated models numerical approaches such as WFEM and FEM are
preferred to accurately approximate the dynamics response of such systems when subjected

to a moving load.

In this example, the track system is simplified into a beam resting on a viscoelastic
foundation represented by a series of elastic springs and dashpots as illustrated in Figure 5-9.
The beam represents a UIC60 standard type rail [109,110], while the viscoelastic foundation

represents the sleepers, ballast, sub-ballast, subgrade and soil.
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Figure 7-20: Simply supported uniform beam on a viscoelastic foundation subjected to a moving load point load.

Dimitrovova and Rodrigues [109] analysed the critical velocity of moving loads applied on
beams resting on a viscoelastic foundation, comparing results obtained via a finite and a
corresponding infinite beam. The results revealed that the extreme displacements increased
gradually for the finite beam, in contrast to the significantly sharp increases exhibited by the
infinite beam responses for a soft foundation. Furthermore, the reflections from the supports
were significant and could therefore not be ignored for the finite beam case. However, for
this example, the foundation is of significant stiffness and the dynamic response of the
infinite beam model can be approximated using a long simply supported beam of finite length
[ =200 m. The beam is sufficiently long enough to accurately obtain the dynamic response

of the system since the effect of the moving load is localised.

The behaviour of the elastic beam is described based on the Euler-Bernoulli beam theory.
The cross-sectional area, A = 7.684 x 10~3 m?, is assumed to be uniform along the length of
the beam. The beam has the following material properties: Young’s modulus E = 2.1 x 10!
Pa and moment of inertia I = 3.055x 10~> m*. The elastic stiffness of the foundation is
kf = 3.416 x 10° N'm™,

In this analysis, the Thalys high speed train locomotive travels over the track at ¢ m-s™ and
has a total axle mass of 1.7 x 10* kg. The locomotive is assumed to be of a significantly
shorter span with respect to the length of the rail system and is represented by a moving point
load to aid in the calculations of the system. The moving point load P = 8.34 x 10* N acts on
each of the rails with the assumption that its weight is equally supported by the two rails. The

analysis is of an individual rail represented by a beam assumed to rest on the foundation. For
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a beam resting on an elastic Winkler foundation, with the system undamped, the critical

velocity of the moving load can be obtained analytically for an infinite beam as [102]:

4 |4kEI
¢ = /Jé (7.10)

where EI is the bending rigidity and u is the mass per unit length of the beam. The non-

dimensional moving load velocity parameter is defined as a, = —. The critical velocity of

Cer

the system can be obtained as [111]:

_ l
Cor o

kf . . _— .
where j.. = L*% s the critical mode of vibration corresponding to the lowest resonant
T El

.4
@£>ﬂ+ﬁ (7.11)
L) p

velocity and is rounded off to the nearest integer. The critical velocity of the finite beam is
obtained as 395.26 m-s™, with the 54™ mode of vibration being critical. The critical velocity
obtained via equation (7.10) for an infinite beam is 395.24 m-s™. The critical velocity obtain
via the finite beam formulation is 0.00253% higher than the infinite beam formulation. In this
analysis, 3 moving load velocities are taken into consideration i.e.: 80 m-s™ (subcritical),
395.26 m-s™ (critical) and 500 m-s™ (supercritical). It is worth mentioning that the critical
and supercritical velocities are currently impractical and significantly higher than current
maximum operating speeds for high-speed railway travel. These velocities are taken into
account for theoretical purposes to investigate the dynamic response analysis of the presented
system using WFEM.

When taking damping into consideration, it is assumed that the critical damping for the finite

beam is approximated similar to an infinite beam and is expressed as [112]:

¢r=2/hu (7.12)

The viscous damping coefficient of the foundation is evaluated as d = {d,,., with { being the
damping ratio. The dynamic behaviour of the system is described by the governing equation
[29,113]:

IMpI{V, (O} + [Ce{Ve ()} + ([Kp] + [K]) (Vs (£)} = {Fp(t)} (7.13)
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where [M,] is the global mass matrix of the beam, [K}] is the global stiffness matrix of the
beam, [C/] is the damping matrix of the foundation, [K] is the global stiffness matrix of the

foundation and the vector {F,(t)} is the time-dependent load vector. The element and
foundation matrices, as well as the moving load vector, are described in Section 5.2. The
system DOFs, velocities and accelerations at time t are contained in the vectors {V,(t)},

{Vy(©)} and {V(¢)} respectively.

The dynamic response of the described system is carried and compared for 6 BSWI beam
WEFEs, 14 Daubechies WFEs and 150 classical finite elements used to model the beam.
Furthermore, the dynamic analysis is carried out using the Newmark time integration method
with the time step At selected in correlation with each moving load velocity i.e., 4.3 x 107 s,
8.7x 107> s and 6.9 x 10~> s for subcritical, critical and supercritical moving load velocities
respectively. These values ensure that the analysis is carried out efficiently and accurately
while maintaining the stability of the Newmark method for each moving load velocity.
Moreover, for the FEM analysis, the time steps ensure that the effect of the moving load is

subjected to each element at least once during the analysis.

The beam is simply supported at both ends and since the beam material and foundation
properties are uniform across the length of the beam, the maximum deflection will occur at

the centre of the beam. Hence, the analysis of the dynamic response is carried out at the
location x = é The vertical displacement at this location is analysed as the moving load

travels across the finite beam on an elastic foundation (no damping), at subcritical, critical
and supercritical velocities a) 80 m-s™, b) 395.26 m-s™ and c) 500 m-s™ respectively (Figure
7-21).

In Figure 7-21 a), a subcritical moving point load travels across the beam and the
displacement at the centre of the beam is observed to be symmetric since there is no damping
present within the system. However, when the moving load travels at a critical velocity
(Figure 7-21 b)), the beam is excited and begins to oscillate. The dynamic response has a
harmonic characteristic, and the amplitude of the deflection increases gradually in magnitude
until the load just leaves the centre of the beam. When the load just departs from the centre of
the beam, the upward and downward deflections are at maximum. As the moving load travels
away from the mid-point of the beam, the amplitude of the oscillations begin to decrease, but

the beam does not come to rest by the time the moving load departs from the system.
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Figure 7-21: The vertical displacement at the centre of a simply supported beam on an elastic foundation (no damping)
subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and c) 500 m-s™.

In Figure 7-21 c), the beam is initially stationary but begins to rapidly vibrate as the moving

load approaches the centre. When the moving load arrives at the centre of the beam, there is
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an abrupt increase in the magnitude of the deflection amplitude. The deflection amplitude is
maintained as the load leaves the centre, until it departs the beam. The maximum
displacement value when the load travels at a critical velocity (55.13 mm) is significantly
larger than that achieved at subcritical (7.57 mm) and supercritical (19.09 mm) velocities.
The dynamic behaviour of the train-track system at critical velocities and the rapid rate of
vibrations experienced at supercritical velocities are of great importance for predicting and
identifying responses that may lead to the deterioration of the track system [109]. The
analysis is also important to identify the nature of the response that may lead to wear, failure

or in extreme cases derailment of the train.

The BSWI55 and D18, WFEM solutions are compared with the classical FEM solution. The
approximations of the dynamic responses for the system are in excellent agreement with each
other for the 3 different moving load velocity scenarios; as observed in Figure 7-21.
Furthermore, only 6 BSWI55 and 14 D18, WFEs are implemented, in comparison to 150
classical finite elements. The WFEMSs accurately approximate the maximum deflection at the
mid-span as the load travels across the beam. This demonstrates that the WFEM can be
implemented with significantly less number of elements in the analysis of such problems and
achieve very high levels of accuracy in comparison to the classical FEM. The classical FEM
would require a significant number of elements to accurately obtain the response of the
system. The number of elements, and consequently the number of DOFs implemented in the
analysis, is of importance in dynamic analysis, taking into account that the responses are

evaluated at each time step.

The required number of time steps implemented to achieve stability and acceptable levels of
accuracy may be large and this translates to high computational costs and time consumption.
It is also worth mentioning that the BSWI55 WFEM results (206 DOFs, 6 elements) are
considerably better than the D18, (254 DOFs, 14 elements) WFEM solution, with
significantly less number of elements, and consequently DOFs. Therefore, these initial results
suggest that the BSWI based WFEM is better suited to analyse train-track interaction than the
Daubechies based WFEM. This is commented on further towards the end of this section.

The variations of the lateral velocity at the centre of the beam, for the 3 moving load velocity
profiles, are presented in Figure 7-22. The results show the BSWI55 WFEM solution is in
very good agreement with the FEM solution. However, the Daubechies D18, solution is not
as highly accurate in comparison to the other solutions, particularly after the moving load

departs from the centre of the beam for the subcritical case. Nevertheless, the results of the
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Daubechies based WFEM for the moving load travelling at critical and supercritical

velocities are approximated quite well.
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Figure 7-22: The vertical velocity at the centre of a simply supported beam on an elastic foundation (no damping) subjected
to a moving point load travelling at a) 80 m-s b) 395.26 m-s™ and c) 500 m-s.

The effect of increasing the a) order and b) multiresolution of the Daubechies based WFE on
the solution of the vertical displacement is illustrated in Figure 7-23. The beam is resting on a
viscoelastic foundation (5% damping) and the moving load is travelling at 395.26 m-s™. In
Figure 7-23 a), it is observed that the D10, WFEM solution does not accurately describe the
dynamic response of the beam. However, increasing the order to D14, improves the
approximation of the solution considerably, although the response still differs from the
correct solution. Increasing the order further to D18, leads to a very good approximation of
the solution. Likewise, increasing the multiresolution scale j from 0 to 2 for the D14 WFEM
solution slightly improves the results as observed in Figure 7-23 b); but not as notably as

increasing the order of the wavelet family.

It was also observed while carrying out the analysis that for majority of the Daubechies based
wavelet finite element formulations of varying orders, the approximation of the response
diverged significantly for multiresolution scale j > 3. The inaccuracies of the approximations

are attributed to the numerical instability and errors that arise when evaluating the elemental
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and foundation matrices in wavelet space for higher values of j. Although the Daubechies
approach slightly converges for lower values of j, it is better to increase the order of the
WEFEs so as to improve the accuracy of the results. Increasing the order alone may not lead to
the desired levels of accuracy since only the Daubechies wavelet finite elements of order
D10, D12, D14, D16 and D18 at multiresolution scale 0 < j < 2 can be implemented for
dynamic analysis of beam elements. Thus, increasing the number of wavelet based elements
may be necessary, as is the case in this example, where more Daubechies WFEs (14 WFES)

are required to accurately solve the dynamic response compared to the 6 BSWI WFEs.
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Figure 7-23: The vertical displacement at the centre of a simply supported beam on a viscoelastic (5% damping) foundation
subjected to a moving point load travelling at 395.26 m-s* (Daubechies WFEM).

A similar investigation is carried out for the BSWI WFEM and the results are presented in
Figure 7-24. From Figure 7-24 a) it is observed that the BSWI13, WFE solution does not
accurately describe the response of the beam as the moving load travels across at critical
velocity. The BSWI4, solution leads to a better approximation, which is further improved by
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increasing the order of the WFEs to BSWI5,. Consequently, increasing the order of the BSWI
based WFEs better approximates the dynamic response of the beam; the approximate solution

converges to the exact solution.
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Figure 7-24: The vertical displacement at the centre of a simply supported beam on a viscoelastic foundation (5% damping)
subjected to a moving point load travelling at 395.26 m-s™* (BSWI WFEM).

In Figure 7-24 b), the multiresolution scale j (3 < j < 5) is varied for the BSWI13; WFEM
formulation. It is observed that for the lower order BSWI based WFE formulations,
increasing the multiresolution scales significantly improves the results. It is also noted that
although the results of the BSWI35; WFEM formulation improve the approximation of the
response, the solution is not precise. The multiresolution scale can be further increased but

this leads to a considerable increase in computational costs.
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In general, increasing the scale of a wavelet based beam element from j to j + 1, for either
Daubechies or BSWI WFEs, increases the number of corresponding DOFs for each element
by 2/. However, for a BSWI wavelet based beam finite element, increasing the order from m
to m 4+ 1 only increases the number of DOFs per WFE by 1. Increasing the order of the
Daubechies WFE from L to L + 2 only increases the number of DOFs per WFE by 2. In order
to effectively and efficiently improve the accuracy of the solutions for dynamic analysis, it is
better to use higher order wavelet elements and then refine the solutions by increasing the

multiresolution scale.
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Figure 7-25: The vertical displacement at the centre of a simply supported beam on a viscoelastic foundation (light
damping) subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s* and c) 500 m-s™.

The variation of the deflection of the simply supported beam, resting on a viscoelastic
foundation with 5% global damping, is presented in Figure 7-25. The damping value of 5% is
a more practical and realistic value. It is therefore implemented in the analysis since the
effects of slight damping are easily observed and it is close to the damping range of 1-3% for
geomaterials [109]. The analysis of the dynamic response is extended for critical and

supercritical damping values 100% and 200% respectively, for theoretical purposes.
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The analysis is carried out using the BSWI55 WFEs, D18, WFEs and 150 classical FEs, for
the moving load velocities a) 80 m-s™, b) 395.26 m-s™* and c) 500 m-s™. In general, the
results presented demonstrate that both WFEM solutions are in very good agreement with the
FEM solution for the different velocity profiles.

In the analysis of the displacement for the subcritical moving point load (Figure 7-25 a)), the
introduction of the light damping factor has smoothened out the low amplitude vibrations that
were present in Figure 7-21 a) (elastic foundation). The centre of the beam virtually remains
static until the moving load almost reaches the mid-span of the beam. Furthermore, the

deflection curve is slightly asymmetrical with light damping and the maximum deflection até

slightly decreases in comparison to the elastic foundation results.

When the moving load travels at a critical velocity as presented in Figure 7-25 b), the
deflection at mid-span of the beam is initially negligible. The beam is excited and the
amplitude of the vibration gradually increases in magnitude as the moving load advances
towards the centre of the beam. The beam oscillations are fewer than in the case with no
damping and rapidly decrease as the moving load departs the centre of the beam; the centre of
the beam coming to a rest before the moving load departs from the beam. This is in contrast
to the elastic case from Figure 7-21 b) where the centre of the beam is still oscillating after
the moving load has departed from the beam. Moreover, the magnitude of the maximum
deflection with light damping is approximately half that of the elastic foundation case (Figure
7-21 b)). Therefore, the light damping has a significant effect on the dynamic response of a

beam when the moving load travels at critical velocities.

In Figure 7-25 c), the analysis of the lightly damped viscoealstic foundation is carried out at a
supercritical velocity of 500m-s™. In comparison to the response of the elastic foundation at a
similar moving load velocity, as presented in Figure 7-21 c), the beam gradually gets excited
until the moving load arrives at the centre. At this time, the displacement increases abruptly,
then gradually decreases in magnitude and rate of vibration as the moving load leaves the
beam. The maximum deflection at the centre of the beam slightly decreases when damping is
introduced. This implies that the effect of damping is more significant on the magnitude of
the maximum deflection when the moving load is travelling at/or close to the critical velocity

than at subcritical or supercritical velocities.

An analysis on computational cost is also carried out to investigate the performance of each

approach based on the time taken to evaluate the dynamic response of the system. It must be
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noted that the computer algorithms, written to carry out the simulations by the author, were
not primarily focused on optimizing the efficiency of the different approaches. Furthermore,
the manner in which certain sections of the algorithms were implemented varied for the
different approaches. Therefore, the computational time was only analysed for sections of the
algorithms that were similar for all approaches. The vital sections taken into account
included: assembly of the stiffness, mass and damping matrices for the beam elements and
viscoelastic foundation, evaluation of the moving load vectors at each time step, application
of boundary conditions on the system matrices and load vectors and the implementation of
the Newmark time integration method to obtain the dynamic response of the system. The
WFE matrices were already evaluated in wavelet space, transformed into physical space and
then stored. This was carried out to improve on the computational efficiency and reduce the
computational costs when evaluating the system matrices. The moving load section taken into
account in the analysis involved obtaining the force vectors in wavelet space at each time step
and transforming them into physical space. The FEM matrices were calculated and stored;

though the evaluation of the force vectors at each time step was taken into consideration.

The analysis of the computational efficiency was carried out for the case of the beam resting
on the viscoelastic foundation (5% damping); subjected to a moving point load travelling at a
constant velocity of 395.26 m-s™. The time required to carry out the analysis via the FEM
(302 DOFs, 150 elements), D18, WFEM (254 DOFs, 14 elements) and BSWI155 WFEM (206
DOFs, 6 elements) was 38.937 s, 30.624 s and 21.044 s respectively. The BSWI55; WFEM
solution was obtained by taking 68.72% and 54.05% of the time taken by the Daubechies
D18, WFEM and FEM approaches respectively. The Daubechies WFEM took 78.65% of the
time it took the FEM to attain the solution. This therefore confirms that the BSWI WFEM is
significantly more computationally efficient and highly accurate than the other approaches.
The Daubechies WFEM also has a better performance than the FEM. The simulations were
carried out using Mathematica version 7 on a Pentium (R) Dual core CPU with: 4GB RAM,

64 bit Operating System, 2.10 GHz running on Windows 8.

The deflection at the centre of the beam is analysed for the critical damped system for the 3
velocity profiles. The results are presented in Figure 7-26. The maximum deflection for the 3
moving load velocity profiles are 7.23 mm (subcritical), 4.95 mm (critical) and 4.13 mm
(supercritical). It is observed from these results that when the system is critically damped, the
maximum deflection at mid-span of the beam occurs for the subcritical moving load velocity

and continues to decrease as the velocity of the moving load increases. From the results
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presented in Figure 7-26 a) it is also observed that the response, for critical damping at
subcritical velocity, is more asymmetric and the maximum beam deflection slightly reduces

as the damping factor is increased.

When the moving load velocity is critical (395.26 m-s™), it is observed from Figure 7-26 b)
that the effect of critical damping results in a significant decrease in maximum deflection
(4.95 mm); in comparison to results obtain for no damping (55.13 mm) and light damping

(27.50 mm) from Figure 7-21 a) and Figure 7-25 b) respectively.
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Figure 7-26: The vertical displacement at the centre of a simply supported beam on a viscoelastic foundation (critical
damping) subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and c) 500 m-s™.

The effect of the moving load on the mid-span displacement is also more localised when the
damping is critical. Furthermore, there is a very small but rapid harmonic component in the
deflection variation as the moving load almost arrives at the centre of the beam. The
maximum deflection is observed to occur just after the moving load passes the centre of the
beam. Moreover, the beam comes to rest without any harmonic component as the moving
load departs. Similar observations are also noticed in the displacement variation when the
moving load is travelling at supercritical velocity from Figure 7-26 c¢). The results obtained
via the BSWI55 and D18, WFEs are in excellent agreement with the FEM solution and
achieve high levels of accuracy.
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Figure 7-27 illustrates the deflection at the centre of the beam when supercritical (200%)
damping is applied for the 3 velocity profiles. It is observed that a further increase in
damping reduces the maximum deflection to 6.54 mm (subcritical), 2.93mm (critical) and
2.41mm (supercritical). The maximum displacement at the centre of the beam also occurs
when the moving load is travelling at subcritical velocity 80 m-s™. Furthermore, the beam
takes a bit longer to come to rest once maximum displacement is achieved; just after the

moving load passes the centre of the beam.
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Figure 7-27: The vertical displacement at the centre of a simply supported beam on a viscoelastic foundation (supercritical
damping) subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m's™ and ¢) 500 m-s™.

It is evident from Figure 7-25 that the light damping of the system leads to a slight decrease
in the magnitude of the maximum displacement for the 3 different moving load velocity
cases. The displacement at the centre of the beam is at its maximum when the moving load is
travelling at a critical velocity due to the excitation of the beam at that velocity; as is the case
when the system is not damped. However, when the system is critically or supercritcally
damped, the effect of damping is more significant on the maximum displacement for the
critical and supercritical velocities than for the subcritical velocity, as illustrated in Figure
7-26 and Figure 7-27. Thus, the focus of the maximum deflection at mid-span of the beam

shifts from the analysis of the moving load at critical and supercritical velocities to subcritical
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velocities. This is because the maximum deflection is observed to be achieved when the
moving load is travelling at the subcritical velocity. Furthermore, as the velocity of the
moving load increases, the maximum deflection decreases for critical and supercritical

damping of the system.

From the results presented in this section, the versatility and potential of both the wavelet
based finite element methods is exhibited for the analysis of a finite beam on an elastic and
viscoelastic foundation; for subcritical, critical and supercritical velocity and damping
profiles. For moving load problems, such as the one presented in this section, the system
requires large number of finite elements and time steps to accurately describe the dynamic
response of the system, which is computationally demanding. However, the solutions
obtained from both wavelet formulations give highly accurate results, with significantly
fewer elements implemented in comparison to the classical FEM. Thus reducing the number
of DOFs implemented in the analysis at each times step and decreasing the computational
costs involved when implementing time integration. Furthermore, the BSWI WFEM achieves
superior approximate solutions for the dynamic response in comparison to the Daubechies
WFEM. This is achieved with significantly fewer elements implemented and the method is
less computationally demanding. The BSWI WFEM is also not limited by numerical
instabilities when higher order and/or multiresolution values are implemented since the
scaling functions and their derivatives have a closed form solution. This is an added
advantage of the BSWI based WFEM and it is therefore the preferred choice of wavelet

based formulation to analyse train-track interaction and general structural dynamic problems.

7.4. Conclusions

The implementation of the Daubechies and BSWI based WFEMs in the analysis of moving
load problems was presented in this chapter. The dynamic response analysis was carried out
for three different moving load profiles via numerical examples that were of practical or
theoretical importance. The accuracy and the performance of both the WFEMs for free
vibration and moving load analysis were discussed and compared with the classical FEM, and

in some cases, analytical solutions.

Analytical and semi-analytical solutions have been carried out and presented in literature to
solve various moving load problems. However, these formulations are specific to certain

systems or various assumptions are carried out to simplify the mathematical models, which
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may lead to inaccurate results. The more complicated systems require numerical methods,

such as FEM and WFEM, to analyse and solve for the dynamic response of the systems.

The results presented showed that the wavelet finite element methods approximated the
dynamic response of systems very accurately, particularly in the analysis of moving load
problems. Furthermore, the solutions obtained via the WFEMs were achieved with
significantly fewer elements and consequently, less number of DOFs. The computational
costs were not only related to the DOFs required to achieve the desired levels of accuracy but
it was also shown in Section 7.3 that the WFEM solutions were obtained faster than the FEM
solutions. This was due to the main properties of the wavelet families implemented, such as
compact support, multiresolution analysis and vanishing moments, which allow for an

accurate approximation of the field variables.

The impact of implementing fewer elements in the analysis was far greater in the dynamic
analysis of systems rather than static cases, particularly for the identification and evaluation
of the moving load critical velocities. This was because the system matrices and loading
vectors were analysed at each time step to approximate the dynamic response of the system
over a period of time. Larger dimensions of the elemental matrices and load vectors required
additional computational and time resources to accurately describe the dynamic behaviour of
the system. The results also illustrated that the accuracy of the WFEM solutions can be
improved by increasing the order and/or multiresolution scale of the WFEs without altering
the original system discretization.

When carrying out free vibration analysis, it was found that the BSWI WFEM natural
frequency solutions were highly accurate and converged rapidly to the exact solution,
particularly for higher modes of vibration as observed in Section 7.1 and Section 7.2. The
BSWI WFEM solutions were also found to be of superior accuracy in comparison to both the
classical FEM and Daubechies WFEM solutions, with fewer elements and DOFs applied.
This was also the case in the analysis of the dynamic response for the systems presented in
this chapter. The Daubechies WFEM accurately approximated the lower modes of vibration
natural frequencies, but it was necessary to increase the order and/or scale to improve the

accuracy of the higher mode natural frequencies.

In general, it was concluded that it is more efficient and effective to first increase the orders
of the wavelet based finite elements, and then increase the multiresolution scales to improve

the approximation of results when carrying out the dynamic analysis of systems via WFEM.
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Increasing the order gives a better approximation of results, particularly for the Daubechies
based WFEM.

The implementation of the Daubechies based WFEM is limited to the orders D10, D12, D14,
D16 and D18 for the beam and planar bar WFEs as mentioned in Chapter 6. However, for the
dynamic response of the systems presented, it was found that the solutions obtained when the
multiresolution scale j > 3 were inaccurate and diverged from the exact solution. This was
due to the numerical errors and numerical instabilities that arise when evaluating the
connection coefficients of the Daubechies wavelet, particularly for higher multiresolution
scales. This is a key limitation of the Daubechies WFEM.

Furthermore, it was also concluded from the results that the Daubechies WFEM may require
the implementation of a higher order/and or multiresolution scale to accurately describe the
velocity and acceleration responses than that used to obtain the lateral displacement of a
moving load system; this was particularly observed from the results in Section 7.1 and
Section 7.2.

The BSWI based WFEM does not have the limitations of numerical instability or significant
numerical errors since the scaling functions and their derivatives have an explicit expression
and does not require the evaluation of the connection coefficients. Furthermore, the results
presented showed that the BSWI WFEM gave more accurate approximations of the natural
frequencies and dynamic response descriptions, with fewer elements in comparison to the
Daubechies WFEM solutions. The BSWI WFEM was also shown to be more efficient with
regards to computational speed, as was discussed in Section 7.3. Therefore, it was concluded
that in the evaluation of moving load problems, particularly those associated with vehicle-
bridge and train-track interaction, the BSWI based WFEM is preferred to the Daubechies
WEFEM.

The BSWI and Daubechies WFEM solutions, for the wvehicle-bridge interaction and
Vierendeel frame subjected to subcritical, critical and supercritical moving load velocities,
were highly accurate and fewer elements were implemented when compared with the
classical FEM. Moreover, the dynamic responses for the high speed locomotive travelling
over a rail track system were very accurately described for all the cases of damping
introduced in the system and velocity profiles.

197



8. The Analysis of Functionally Graded Materials using
the Wavelet Finite Element Method

Summary

In this chapter, the dynamics analysis of functionally graded beams is carried out and
presented via the implementation of the wavelet finite element method. The functionally
graded beam material constituents, and consequently material properties, vary continuously
with respect to the spatial coordinates. This variation in material distribution is modelled
based on one of the gradation laws; the power law. The power law allows the composition
distribution of the FGMs to be altered continuously by changing the value of the non-
negative volume fraction power law exponent, n. The power law and material distribution
variations are briefly described and presented in this chapter. The formulation of a new
modified wavelet based FG beam finite element formulation is presented. The variation of the
functionally graded beam gradation is analysed in the transverse direction for two material
constituents (metal and ceramic). The Daubechies and BSWI based WFEMs are implemented
to carry out the analysis and compared with the solutions obtained using the classical FEM

via numerical examples, which include:

e A free vibration analysis of the wavelet based functionally graded beam is carried out
for different values of Eo (ratio of the Young’s modulus of the constituent
materials), for transverse gradation. The results obtained are compared with those
presented by Simsek and Kocaturk [83] and Alshorbagy et al. [79], who carried out a
similar free vibration analysis. This comparison will not only serve as a means to
verify the wavelet based functionally graded beam formulations, but also evaluate
their performances.

e A steel-alumina functionally graded beam free vibration analysis is carried out using
the WFEM to investigate the variation of the natural frequencies with respect to

variations in material distribution, slenderness ratio - and boundary conditions; for

transverse gradation.
e The dynamic response of a simply supported wavelet based FG steel-alumina beam

when subjected to a moving point load is analysed. The beam constituents vary in the
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transverse direction for different power law exponent values while subjected to
different moving load velocity profiles.

e Finally, the dynamic response analysis of a functionally graded beam resting on a
viscoelastic foundation, subjected to a moving point load, is carried out using the
WFEMSs. This is an extension of the analysis carried out in Chapter 7 for the long
homogeneous steel beam resting on a viscoelastic foundation. The results presented
show the effect of altering the FGM composition distribution, via the power law
exponent, on the dynamic response of the functionally graded beam on the
viscoelastic foundation. The analysis is carried out for subcritical, critical and

supercritical moving load velocities and different viscous damping profiles.

The implementation of the Daubechies and BSWI based WFEMSs in the analysis of
functionally graded beams represents a novel development of this thesis. Most importantly,
the dynamic response of a functionally graded beam resting on a viscoelastic foundation,
while subjected to a moving load, is presented for the first time; to the best of the author’s

knowledge.

8.1. The FGM transverse gradation power law

By definition, the volume fractions of two phases of materials vary gradually in the gradation
direction(s) of FGMs. This consequently implies that the material properties also vary along

this direction(s).

Figure 8-1: Cross-section of an FG beam composed of a metal and ceramic illustrating the transverse gradation. (a)
Continuous variation model and (b) quasi-homogeneous layers model.
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Consider, for example, the gradation of a functionally graded beam in the transverse
direction, as illustrated in Figure 8-1. In Figure 8-1 (a) it is assumed that the volume fraction
varies continuously for both materials from one surface to the other. Alternatively, a
piecewise variation can be assumed, as illustrated in Figure 8-1 (b), where the volume

fraction is taken to be constant in each layered region i.e., quasi-homogeneous layers [114].

It is vital for the model representing the gradation of the material constituents, and
consequently the material properties, to be as accurate as possible and simple to implement in
analysis. In this study, the volume fraction of the FG beam is assumed to vary continuously,

allowing for a smooth transition of the material properties from one surface to another.

The power law was introduced by Wakashima et al. [115] and is an ideal approach for
representing the gradation of the materials in a continuous, yet simplified manner. It is
therefore selected in this study to approximate the material composition variation of the FG
beam. The variation in material distributions and properties is described in this section
according to Wakashima et al. [115]. The volume fractions of the upper surface 17, and lower

surface V; of the constituent materials are defined as [70]:

(@) =(ay+p)" (8.1)
Viy) =1-V,(y) (8.2)
where a and [ are coefficients and n is the non-negative power law exponent, 0 < n < co.
The power law allows for the variation of the composition distribution of the FGMs by

altering the volume fraction exponent n continuously. This is advantageous since the analysis
of the FGM can be carried out for different variations of gradation of the materials.

The subscripts u and | denote the upper and lower material surfaces respectively. Therefore,

the volume fractions of the upper and lower surface materials are:

n

- ()

107=1- )

(8.3)

n

For simplicity and in conformity with this study based on the presented examples in this
chapter, the lower surface is considered to be metallic while the upper surface ceramic.
Figure 8-2 illustrates the (a) lower surface material (metal) and (b) upper surface material
(ceramic) volume fraction variations of the FG beam through its thickness from equation

(8.3). When n is zero, the volume fraction of the metal in the FG beam is zero and the
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corresponding volume fraction of the ceramic is 1. Therefore, the effective material
properties of the beam correspond to that of the ceramic. When n = oo, the volume fraction
of metal equals 1 and the FG beam is considered to be fully metallic. Furthermore, when n =
1, the variation from the metallic to ceramic phase is linear. The rate of material distribution

variation also influences the effective material properties of the FG beam.
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Figure 8-2: The power law variation of the volume fractions for (a) lower surface material (b) upper surface material,
through the thickness of the FG beam.

The transverse variation of the material properties of the FG beam containing two

constituents, according to the power gradation law, is expressed as [115]:
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P(y) =Vv.MI[P, — Pl + P, (8.4)

Substituting equation (8.3) into (8.4), the expression becomes:

1 n
Po) =[P -PI(5+5) +P
1 n
PG =P ([Pmao ~11(3+3) + 1) 85)

where P,., IS the ratio of the upper and lower surface material properties, P, and P,
respectively. The effective material properties P(y) that can be described via the power law
include: Young’s modulus E, density p, Poisson’s ratio v, shear modulus G and bulk modulus
K. Figure 8-3 illustrates the variation of the (a) effective Young’s modulus E(y) and (b)
effective density p(y) of a steel-alumina FG beam, for different values of n. The beam is fully
steel (E; = 2.1x 10! Pa, p; = 7.8 x 103 kg-m™) at the bottom surface and alumina (E, =
3.9x 10! Pa, p, = 3.96 x 103 kg-:m™) at the top surface. It is observed from Figure 8-3 (a)
that when n = oo, E(y) = E; since the volume fraction of the steel is 1 and when n = 0,
E(y) = E,. Whenn <1 and n — 1 the effective Young’s modulus begins to decrease since
the volume fraction of the alumina is decreasing and that of steel is increasing; given that
E, > E;. When n = 1, the variation of the effective Young’s modulus is directly proportional
through the thickness of the beam. The Young’s modulus at the neutral axis of the beam is
the mean of E,, and E,, given that the volume fractions of steel and alumina are equal (V, =V,
= 0.5). As n — oo, the effective modulus decreases until E(y) = E;, where the entire FG

beam is fully steel (n = o0).

The effective density at n = 0 corresponds to the density of alumina (p(y) = p,) as
illustrated in Figure 8-3 (b). Increase in the value of n leads to an increase in the effective
density of the FG beam. When n = oo, the effective density p(y) = p; since the functionally

graded beam is fully steel.

In reality, it is unlikely for the variation and transition of the FGM constituents to occur in a
smooth continuous manner. However, the power law can be used to approximate the
variation of the FGMs by assigning the correct value of n. This is a further advantage over
other FGM modelling schemes such as; the exponential law [70], Mori Tanaka scheme [116]
or Hill’s self-consistent method [117]. Furthermore, the material distributions of such models

can also be approximated using the power law approach.

202



- b
B

\\
~
~
~
o~
sk
LS LT

BESREE NI

oy

-
It rnsndannee
.

(@)

/
/

IRTT T
7
7/
7
A
g /
f /
/

- Y
-:: . N N\ N
151 ' \ N
El . \ N
H '
02 fit . o N
L %
= ! N N
i \ S
S . ~
) - ~
—0.4 “ ‘~ - -~ - -~
hu‘-ﬂ-an--— 2% 3 cmss m sm s ™ il I ___;:
4000 4500 5000 5500 6000 6500
kg
Density, p(—) (b)
m
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8.2. The wavelet based functionally graded beam finite element
formulation
The functionally graded beam is formulated using the wavelet finite element method based

on the Euler-Bernoulli beam theory. The beam has axial and bending deformation, as well as
corresponding loading effects, taken into consideration.

1 2 3 4 n-2 ngl ns ng +1
|

| I | ! I |
+ NeWenMe . e @ @
| L ( |

X1 X2 X3 Xq Xr-3 Xr2 X1 Xr

Le

Vi, fyl Vo, fy2 V3, fy3 Vi, fyr-Z Vi, fyr-l Vr, fyr

o] [ ] T o
RS S S e

Uy, fg Uz, o Us, fxa Ur-2, fxr2 Ur-1, fxra ur, f

Figure 8-4 : Two dimensional FG beam wavelet finite element layout.

The variation of the material properties is analysed in the transverse direction based on the
power law. The layout selected for the WFE has the axial and transverse displacement DOFs
at each elemental node and the rotation DOFs only at the elemental end nodes; as presented
in Figure 8-4. The total number of DOFs within each WFE is denoted by s and the total

number of elemental segments is ns.

The nodal natural coordinates within the wavelet based finite element of the FGM beam is

expressed as:

{= =" 0=¢<) (8.6)
§ =" (0<G<l,1<i<r) 8.7)
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The axial and transverse displacements are approximated using the wavelet scaling functions
as earlier described in Section 5.1 and 5.2. For a particular multiresolution scale j, the axial

and transverse displacements at any point, in natural coordinates, are approximated as:

2l

W) = ) &y B0 (©

= (8.8)

2/-1

v(©) = D b, 9L(©)
k=i

where z is the order of the wavelet scaling functions; al_,, and b’ , are wavelet coefficients

corresponding to the elemental node axial and bending DOFs in wavelet space respectively.
In general, the order of the scaling functions used to approximate the axial displacement will
differ from the order approximating the transverse and rotation DOFs. The selection of the
orders of the scaling functions is dependent on the element layout selected, so as to ensure
that the defined DOFs are positioned at the correct elemental nodes. Thus, the order of the
scaling functions selected to approximate the axial displacement, if the scaling function order
approximating the transverse and rotational DOFs is z, must be z — 2 for this layout.
Furthermore, the multiresolution scale of the scaling functions representing the axial and

bending deformations is j.

Therefore, the axial deformation, transverse displacement and rotation at any point across the
wavelet based finite element, specific to the layout implemented in this formulation, are

described as:

u(§) =
Z;z,h

zZ,0
bé,H—l
a]z—Z,h+1
b, is2

j
Az—2h+2

{#]02© 0 0 @10 ® 0 ¢l 50@ = 0 B, @ 0 ¢, @ 0 0f Y
2,2/ -4

azfz,zi -2

J
b 2,2/ -3
2-2,2 -1

2,2/ -2
b

2,2/ -1

u@® = A® 2O} @xfed (8.9)
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v(§) =

z—2,h
b,
ZITL,L#l
@,y pi1
bé,wz
a]z—g,}wz
{0 0.0 £L® 0 BL®O 0 - 9, O 0 ¢, O 0 6,0 ¢, O
ajz,Z —4
zfz,z/—z
bjz,zf—3
a]
zfz,zf—l
bj;,zf—z
bjz,ZJ—l
()
v(§) = (1xs){cpz(g)} sx iCe} (8.10)
av(é) 1adv(é) 1 tr .
0 = = = 3 " L 1ol c 8.11
(E) ox L, 0¢ L, (1xs){ Z(E)} (sx 1){ e} ( )

The vector {c.} contains the coefficients corresponding to the DOFs within the wavelet based

. t .
finite element in wavelet space. Furthermore, the vectors {@/_,(£)} and {®/(£)} contain

the scaling functions approximating the axial deformation and transverse displacements, at

the positions corresponding to the related DOFs within the element, respectively. The vector

t .
{d)”z(f)} contains the first derivative of the scaling functions implemented to approximate

the rotation DOFs. The relations expressed in (8.9) - (8.11) are employed to formulate the

wavelet transformation matrix of the wavelet based beam element.

In physical space, the DOFs within each wavelet finite element are expressed as the vector
{he}:

fhe)={wi v 6 u v, uz v3 = U Vg U Hr}T (8-12)

Therefore, the relation between the physical space and wavelet space DOFs is formulated as:
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R GG I
t{q’i(ﬁ)} ( aé"z'h )
1 ¢ 1 bé‘,.
ul Z {(b Z(fl)} bé"i+1
2 a{q)i—z (52)} aé—z,h+1
Zz t{‘bi(fz)} bé,i+2
2 a, i
uy (@), (&)} a}z—Z:,h+2
{ ) Py = ‘o : < b '. >
it I RGO
Ur—q a{q)i_z(fr—l)} az;Z,Zj—Z
U ‘) b, s
Uy {q)z (f‘r—l)} j
a. a ;
0, {(b;—z(fr)} 2;2,21—1
te bz,zi—z
CACHY f
1 ¢ , bz,zf—l
,L_ {q),]z(fr)} |
(sx 1){he} = (sxs) [R;’] (sx 1){ce} (813)

The vector {c®}, containing the wavelet space element DOFs, can be expressed as:
(e} = [RY] ™ (he} = [Ty ](he) (8.14)

where the wavelet transformation matrix [T}] is the inverse of the matrix [R%]. The axial
deformation, transverse displacement and the rotation DOFs at any elemental node i can then
be evaluated by substituting equation (8.14) into equations (8.9) - (8.11). Thus,

u@) = | @) o [T e (8.15)

ZCOEIR TGO SN | P (8.16)
1 t ;

06D =, (PO} (o TPl xnlhe} (8.17)

The relation of the transverse v(x) and axial u(x) displacements at any point on the mid-

plane of the beam at time t, based on Euler Bernoulli beam theory, is defined as [83]:

uy(x,y,t) = ulx,t) —y avg;, 2 (8.18)

vo(x,y,t) = v(x,t) (8.19)

207



where x, y and t represent the axial direction, transverse direction and time respectively. u,
and v, are the axial and transverse displacements at any point of the beam. Equations (8.18)

and (8.19) can also be expressed in matrix form.

u
L=l 1 o
0x

(d) = {z‘;} (8.20)

The FG beam is assumed to undergo small deformations, thus the normal strain in the x
direction, &, can be expressed in terms of the displacement.

uy a(u(x,t)—y%) ou(x,t)  9%v(xt)
G T o T ox T T ox YT ox?
Jdu
3 dx
Exx = [1 _y] aZU (8.21)
dx2

The FG beam is also assumed to be fully elastic; therefore obeys Hooke’s law. The normal
stress in the x direction, o, is defined as:

ou
ax
9%v
ax?

The Young’s modulus varies in the transverse direction according to the power law and the

ox =EQ)en =E() [1 —V] (8.22)

value E (y) is obtained from equation (8.5), where

E(y) = [E, — E] (% + %) +E (8.23)

E, and E; denote the Young’s modulus of the upper and lower material respectively. The

strain energy of the beam element, U,, is given as:

1 1
U, = —j Oy Exy AV = —fﬂ Oy | €4y dx dy dz (8.24)
2 vol 2 vol

Substituting equations (8.21) and (8.22) into (8.24),

2 T 2
U, =1fﬂ- EG) <6u(x, t) _ya v(x, t)) (au(x, t) —ya v(x, t)) dx dy dz (8.25)
2 vol

0x 0x?2 0x 0x?2

Expressing equation (8.25) in terms of the local natural coordinates of the beam element,
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u@\ (ou©)) vy (2(©\ [uE)
oo=3 e [ [ s () (29) - (%) (52)

) (8.26)
Ly (@Y (0%0@) |, ¥ (3@ (9%0() ] i
Lez af 662 LE3 83;2 afz y
However, [ ®dz = b is the width of the FG beam. Therefore,
f f E(y) |— 6u<€> u@\  y (3@ (0u®
Y Le 3 ) L2\ g ¢
(8.27)

y (u@\' (02v(©)\ ¥ (0%0(©)\ (3*v(E) ]
_?< % ) < o2 )*T( o2 ) ( o2 > wdy
The elemental stiffness matrix for the wavelet based FG beam finite element is evaluated

from equation (8.27). Let

h h
6, = [ oy = [S1E,~E1(2+3) +Ey (8.28)
- v ;
", = [y By = fzhy([Eu ~E1(3+3) + El) dy (8.29)
hz h2 n
‘E, = Fh Y2E)dy = Fh <y2[Eu — E/] (% + %) + Ez) dy (8.30)
2 2

where “E,, BE, and “E, denote the axial, axial-bending coupling and bending stiffness of
the wavelet based finite element respectively. From equation (8.27), the wavelet space axial

stiffness matrix “[k%] of the WFE is evaluated by substituting equation (8.9) into (8.27)

R R LA C5) W LG
sxolke] = fo { ot } { 5 dé¢ (8.31)
The axial-bending coupling stiffness matrices 2[k%] and ©[Kk¥] in wavelet space are given
as:
(k) (ol ©
Browt 0@, (& oP, ,(¢
sxs)lkKe ]—fo 3¢z } { 5 d¢ (8.32)
1 “ aq)] Tt an)]
x5k = fo g‘;(a} { 5 gz(f) d¢ (8.33)

and the wavelet space bending stiffness matrix °[k¥] is
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o (eral) f(orel@
(sxs%[ke] ZJ(-) { 652 } { 652 } dé¢ (834)

The matrices expressed in equations (8.31) - (8.34) are transformed into the physical space

via the transformation matrix [T%], which is obtained from the relation in (8.14). Thus,

o 1=y ) (8:35)
o SlIE] =2 LB - (1] "l (1) (8.36)
ox STHE] = L 2= [ry] “pie[ry] (8.37)
o 31 =y o [ry) (8.38)

The elemental stiffness matrix in physical space for the wavelet based FG beam is therefore:

[ke] = “[kg] — "[kg] — “[KE] + P[KE] (8.39)

(sxs)

The kinetic energy of the wavelet based FG beam element, A,, is defined as:

A, = fff lp(y) dx dy dz vel (8.40)

vel is the velocity of the FG beam. p(y) represents the effective density of the FG beam
element, which is obtained from equation (8.5) as:

1 n
p(¥) = lpy, — pil (% + 5) + py (8.41)

The velocity components of the beam in axial and transverse directions can be expressed as:

0 )
(%) = (0(x, )}
0 , ov(x,
(%) = {uo (_x’ t)} = ‘a(x’ t) -y U(g.?; t) (842)

The velocity components can then be defined in terms of the wavelet scaling functions from
equations (8.15) and (8.16).

w® = (@O}, [Tp]exnthe (8.43)

(sxs)
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@ = (@O}, [Tp]xplhe)

Substituting equation (8.42) into (8.40),

1
=5 f f f lp(y)({uo (e, )Y (g (x, )3} + {90 (x, O} {9 (x, ©)}) dx dy dz

0v(x, 2v(x,
t.=3[[ oo ((u(x 0200 (s, y 20 o 700, t))) dx dy dz

Equation (8.45) can be expressed in the natural coordinate system as:

te=3[ f__ [ p(y)(L (utg, 0t 0) — y (a0 52 - y<"’"’§?%<g,o)

2 a . : a . :
+3LL8< v(gi 2) véi t)) + Le(w(§, 0)v(S, t))> dé dy

Let the inertial coefficients be denoted as:

h h n

“pe =ﬁp(y)dy=f_2[p pz](i %) + pidy

2
h h .
Ppe = fzyp(y)dy f;y<[p pz](i %) +pz>dy

h h
2z 2 y 1\"
“p. = fhyzp(y)dy=f_ﬁ<y2[p pz](h 5) +pz>dy
2

(8.44)

(8.45)

(8.46)

(8.47)

(8.48)

(8.49)

Substituting equations (8.43) and (8.44) into (8.46), the mass matrix components in wavelet

space are evaluated as follows:

o Ammy] = a{¢£_2(f)}T “{cb;'_z(f)} @

’(5)
¢

o (0@l(®) a
(sxsc)[m‘:] =J;) { af } {q)]_z(f)} 3
(o@l®
Eak

_— f t{arbi(f)T
(sxs) el ™ .
rowy [ @i @
oo EmY] = j @©) @) «

(sxs) [me ] = {(l) -2 (f)}

a¢
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(8.50)

(8.51)

(8.52)

(8.53)

(8.54)



The mass matrix components are then transformed from wavelet space into physical space
via the wavelet transformation matrix [T} ]. Thus, the matrices expressed in equations (8.50)

- (8.54), after transformation into physical space, are expressed as:

(sx mB] = bAp, L, [T] A[m][T¥] (8.55)
(xSmP] = bPp, [Ty Frm2][Ty] (8.56)
sxSmE1 = bPp, [T¥]" C[m][TY] (8.57)
xS = 22 ) Oy ©59
sx 5mB] = b4p, L [Ty]" F[my1[Ty] (8.59)

The total element mass matrix in physical space for the wavelet based FG beam element is

therefore:
sxslmb] = A[mb] = P[mf] — ‘mb] + "[mb] + F[m?] (8.60)

The FG beam stiffness and mass matrices are evaluated in the local coordinate system. The
elemental matrices can then be transformed in global coordinates via the global
transformation matrix [T§]. The relation of the local and global coordinate systems for the

FG beam WFE is

Uy cosa sina 0 0 0 0 0 0 0 0 0 0 0 0 Uy
12 —sina cosa 0 0 0 0 0 0 0 0 0 0 0 0 Vi
[ 0 0 1 0 0 0 0 0 0 0 0 0 o of| &
Uz 0 0 0 cosa sina 0 0 0 0 0 0 0 0 0 U,
v, 0 0 0 —sina cosa 0 0 - 0 0 0 0 0 0 offl "
ug 0 0 0 0 0 cosa sina - 0 0 0 0 0 0 of|f Us
vy 0 0 0 0 0 —sina cosa - 0 0 0 0 0 [
Up—q 0 0 0 0 0 0 0 - cosa sina 0 0 0 0 0]|Una
Vn-1 0 0 0 0 0 0 0 - —sina cosa 0 0 0 0 0} Vau
Un 0 0 0 0 0 0 0 0 0 cosa sina 0 0 0 U,
Vn 0 0o 0 0 0 0 0 0 0 —sina cosa 0 0o ofl W
Upt1 0 0 0 0 0 0 0 0 0 0 0 cosa sina 0]|U,4
Un+1 0 0 0 0 0 0 0 0 0 0 0 —sina cosa 0!V,
[ 0 0o 0 0 0 0 0 0 0 0 0 0 0 1o,
— G
(s x 1){he} - (sx 5) [Tp](s X 1){He} (8-61)

The stiffness and mass matrices in global coordinates for the FG beam are therefore defined

as.
T
(sxs)[Kz] = (sx5) [Tg] (sxs) (st)[ G] (8.62)
T
sxoMel = S[TE] @xolmel  [T5] (8.63)
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8.3. Free vibration analysis of a transverse varying functionally graded

beam

Ey, pu

v Ey, py

Figure 8-5: Simply supported functionally graded beam.

The free vibration analysis of a simply supported functionally graded beam is carried out
using the Daubechies and BSWI based WFEMSs. The functionally graded beam comprises of
two constituent materials varying in the transverse direction based on the power law; as
illustrated in Figure 8-5. The FG beam of length | and uniform cross-sectional area A (width b
and height h), has a Young’s modulus E,, E; and density p,,p; at the upper and lower
surfaces respectively. The effective material properties are evaluated for the different material

distributions from equation (8.5).
The free vibration analysis is carried out by solving the eigenvalue problem [27]:

[[K] - w?[M]]){U}=0 (8.64)
where the matrices [M] and [K] are the mass and stiffness matrices of the system in physical
space respectively. They are computed by assembling the elemental stiffness and mass
matrices in equations (8.62) and (8.63) respectively, with the imposed boundary conditions

applied. The vector {U} represents modal displacements and w is the corresponding natural

frequencies of the system.
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The effect of varying Eratio (Eratic = i—“) on the natural frequencies of the FG beam is carried
l

out using both the Daubechies and BSWI WFEMSs. This analysis was also presented by
Simsek and Kocaturk [83] using Euler-Bernoulli theory and Lagrange’s equations to derive
the governing equations of motion for the system. In their initial analysis, they investigate the

: : o
effect of varying the Young’s modulus ratio, power law exponent n and slenderness ratio -

on the non-dimensional frequencies of the FG beam. In their study, the material gradation
varies in the transverse direction. Alshorbagy et al. [79] also use the classical FEM to carry
out this analysis, although it is not indicated how many elements are implemented to obtain
their results. Therefore, the FEM solutions presented in this chapter are evaluated based on
the classical FEM formulation for FG beams presented in Appendix B.4. Alshorbagy et al.
[79] also analyse the free vibration of the FG beam with axial gradation, for different

boundary conditions.

In this section, the results obtained via the Daubechies and BSWI based WFEMs are
compared with those presented in [83] to verify the wavelet based FG beam formulations. In
this analysis, the upper surface material is alumina of Young’s modulus E, = 390 GPa and
density p, = 3960 kg-m™. The density ratio of the two surfaces is assumed to be equal to
one i.e., Pratio = ’;—’; = 1. Given that E,,;, = i—l;, the Young’s modulus of the lower surface is

Ey

evaluated from the relation E; = . The FG beam of length | is of uniform cross-sectional

ratio

area A; height h = 0.9 m and width b = 0.4 m.

The non-dimensional frequencies A; of the FG beam are evaluated from the relation

1
2

12 p;
2 (8.65)
AT = ol (Elh2>

where w; is the i™ mode natural frequency of the beam in radians per second.

The simply supported wavelet based functionally graded beam is modelled using 2
Daubechies D12y WFEs (37 DOFs), while for the BSWI WFEM, one BSWI5, (38 DOFs)
WEFE is implemented. The results are compared with the classical FEM, where 12 elements
(39 DOFs) are employed. The number of elements used, order and multiresolution scale of
the wavelet based elements employed allow for a comparison of the results with a similar
number of DOFs within the entire FG beam. The results for the first 3 non-dimensional

frequencies are obtained for different values of n and Eao.
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Table 8-1 contains the non-dimensional fundamental frequency of the FG beam, A;, with
slenderness ratio % = 20, for different values of E,.;, and n. The Daubechies and BSWI based

WFEM solutions are in excellent agreement with the results presented in [83]; with only two
and one WFEs used in the analysis respectively. Furthermore, the WFEM results are

noticeably better than those obtained via the classical FEM approach.

E Ratio n=0 n=01 | n=02 | n=05 n=1 n=2 n=>5 n=10 n=10*
Ref - - - - - - - - -
[83]
0.1 FEM | 176574 | 2.04374 | 2.17085 | 2.37367 | 2.53917 | 2.69652 | 2.87467 | 29776 3.13977

Daub 1.76574 | 2.04338 217023 | 2.37283 | 2.53836 | 2.69594 | 2.87444 2.97752 3.13977

BSWI 1.76574 2.04338 2.17023 2.37283 2.53836 2.69694 2.87444 2.97752 3.13977

Ref 2.2203 2.3739 2.4606 - 2.7035 2.8053 - 3.0084 -
[83]
0.25 FEM 2.2203 2.37469 2.46153 2.59816 2.70437 | 2.80598 | 2.93031 3.00855 3.13981
Daub 2.2203 2.37459 246113 2.59773 2.7039 2.80562 | 2.93016 3.0085 3.1398
BSWI 2.2203 2.37459 246113 2.59773 2.7039 2.80562 | 2.93016 3.0085 3.1398
Ref 2.6403 2.7104 2.7573 - 2.8944 2.9459 - 3.0562 -
[83]
0.5 FEM 2.6404 2.71075 2.75767 2.83636 2.89474 | 2.94622 | 3.01105 3.05632 3.13987

Daub 2.6404 2.71073 2.75762 2.83624 | 2.89459 | 2.94609 | 3.01099 3.05629 3.13986

BSWI 2.6404 2.71073 2.75762 2.83623 2.89459 | 2.94609 | 3.01198 3.05629 3.13986

Ref 3.1399 3.1399 3.1399 - 3.1399 3.1399 - 3.1399 3.1399
[83]
1 FEM 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 3.13998 3.13998

Daub 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 3.13998 3.13998

BSWI 3.13998 | 3.13998 3.13998 | 3.13998 | 3.13998 | 3.13998 | 3.13998 3.13998 3.13998

Ref 3.734 3.6775 3.6301 - 3.4421 3.3765 - 3.2725 -
[83]
2 FEM 3.73409 3.67727 3.62998 3.52966 3.44245 3.3769 3.31975 3.27269 3.14022

Daub 3.73409 3.67726 3.62994 3.52955 3.44226 | 3.37668 | 3.31959 3.27262 3.14022

BSWI 3.73409 3.67726 3.62994 3.52955 3.44226 3.37668 3.31959 3.27262 3.14022

Ref 4.4406 4.337 4.2459 - 3.8234 3.6485 - 3.4543 -
[83]
4 FEM 4.44061 4.33664 4.24558 4.03478 3.82455 3.65012 3.533 3.45511 3.14069

Daub 4.4406 4.33661 4.2455 4.03446 | 3.82389 | 3.64923 3.5323 3.45473 3.14069

BSWI 4.4406 4.33661 4.2455 4.03446 3.82489 | 3.64923 3.5323 3.45473 3.14069

Ref - - - - - - - - -
[83]

10 FEM | 558377 | 542438 | 528008 | 492294 | 451536 | 4.10325 | 3.8225 | 3.73252 3.1421
Daub | 558376 | 542433 | 527992 | 4.92228 | 451392 | 4.10109 | 3.82039 | 3.73103 3.1421

BSWI 5.58376 5.42433 5.27992 492228 | 451392 | 4.10109 | 3.82039 3.73103 3.14209

Table 8-1: The non-dimensional fundamental frequency of a simply supported FGM beam of varying composition
distributions; for different E,atio.(’;—" = 1,% = 20).
L

When Ei0 < 1, it is observed that as n increases, the fundamental frequency also increases.
For example, at E4io=0.1, E; = ﬁil and thus the lower surface material has a higher bending

rigidity than the alumina surface. When n = 0, the beam composition is considered fully
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alumina. Therefore, as n increases, the effective modulus, and subsequently overall bending
stiffness of the FG beam, also increases. This results in an increase of the non-dimensional
fundamental frequency until n is infinity, where the fundamental frequency is equivalent to
that of the lower material; since its volume fraction is 1.

When Eio = 1, the upper and lower surfaces have material constituents of the same stiffness;
hence the beam is also fully homogenous. Therefore, variation of the power law exponent n
does not alter the material distribution and the non-dimensional fundamental frequency

remains constant for all values of n.

Normalised Freq 1;
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Figure 8-6: The non-dimensional fundamental frequency variation with respect to (a) power law exponent n for different
Etatio @nd (b) Ejaiio for different n. I/h = 100. (=) FEM, (—o —) D12, WFEM, (—x —) BSWI5, WFEM.
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It is further observed from Table 8-1 that increasing n when Eaio > 1 results in a decrease in
the non-dimensional fundamental frequency until n reaches infinity; since E; < E,. These
described aspects are also noticed in Figure 8-6 (a) where the non-dimensional fundamental

frequency is plotted against the power law exponent n, for different values of Easo.

The non-dimensional frequency of the FG beam increases as the value of Ea, increases for
all values of n; with the exception of when n = oo. This is because as Eaio increases the FG
beam has a higher bending stiffness and consequently the fundamental frequency increases.
The rate of increase of the non-dimensional frequency with E4, decreases as n — oco. This is
due to the fact that the normalised non-dimensional fundamental frequency A; is evaluated
with respect to the Young’s modulus and density of the lower surface material. Increasing the
value of n means the effective Young’s modulus of the FG beam E(y) — E;. Therefore, at
n = oo, where E(y) = E, the non-dimensional frequencies will be constant (approx 3.13999)
for all Eo. This is also observed from Figure 8-6 (b) where the non-dimensional

fundamental frequency is plotted against Eo for different values of n.

Normalised Freq A)

Figure 8-7: 3D plot of the non-dimensional fundamental frequency variation with respect to E,., and n for I/h = 100 using
the BSWI5, WFEM.

A 3D plot representation of the non-dimensional fundamental frequency variation, with
respect to Eaio and n, is presented in Figure 8-7 for % = 100. This plot is obtained based on

the results of the BSWI5, wavelet based element solution.

The plot further implies that the highest non-dimensional fundamental frequency is obtained

as n =0 and Eio = 10. However, the lowest fundamental frequency is when Eiio = 0
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andn = 0. The 3D plot for the D12, WFE solution is not presented since the results are
similar to the BSWI15, WFEM solutions.

The second and third non-dimensional frequencies are presented in Table 8-2 and Table 8-3.
The results obtain using both wavelet based finite element formulations are in very good
agreement with those presented in [83]. However, it is observed that the non-dimensional
frequencies obtained via the BSWI based WFEM are more accurate in comparison to the
Daubechies based WFEM and classical FEM solutions. This difference of accuracy further

increases as the modes of vibration increase.

E Ratio n=0 n=01 | n=02 | n=05 n=1 n=2 n=>5 n=10 n=10*
Ref - - - - - - - - -
[83]
01 FEM | 352616 | 4.08250 | 4.33731 | 4.74328 | 50738 | 5.38725 | 574158 | 5.94654 6.27007

Daub 3.52646 | 4.08008 4.33282 4.73696 5.06779 | 5.38309 | 5.74029 5.94643 6.27061

BSWI 3.52607 | 4.07963 433233 | 4.73643 506721 | 5.38248 | 5.73965 5.94576 6.26991

Ref 4.4338 4.7398 4912 - 5.3955 5.5997 - 6.0073 -
[83]
0.25 FEM 4.43391 4.74259 4.91646 5.19004 5.40236 5.60492 5.85238 6.00824 6.27014

Daub 4.43429 4.7422 4.91508 5.18712 539913 | 5.60254 | 5.85172 6.00834 6.27068

BSWI 443379 | 4.74167 4.91453 5.18654 | 5.39852 | 5.60192 | 5.85106 6.00767 6.26998

Ref 5.2726 5.4124 5.5058 - 5.7789 5.882 - 6.103 -
[83]
0.5 FEM 5.27284 5.41339 5.5072 5.6646 5.78134 | 5.88407 | 6.01324 6.10351 6.27026
Daub 5.27329 5.41371 5.50728 566414 | 5.78061 | 5.88353 | 6.01329 6.10385 6.2708
BSWI 5.2727 541311 5.50667 5.66351 577997 | 5.88287 | 6.01262 6.10317 6.2701
Ref 6.2703 6.2703 6.2703 - 6.2703 6.2703 - 6.2703 -
[83]
1 FEM 6.27049 6.27049 6.27049 6.27049 6.27049 | 6.27049 | 6.27049 6.27049 6.27049

Daub 6.27103 6.27103 6.27103 6.27103 6.27103 | 6.27103 | 6.27103 6.27103 6.27103

BSWI 6.27033 | 6.27033 6.27033 | 6.27033 | 6.27033 | 6.27033 | 6.27033 6.27033 6.27033

Ref 7.4567 7.3437 7.249 - 6.8723 6.741 - 6.5346 -
[83]
2 FEM 7.45692 7.34348 7.24911 7.04905 6.87521 6.74442 6.62993 6.53573 6.27096
Daub 7.45755 7.34404 7.24951 7.04886 6.87434 | 6.74327 6.62942 6.5358 6.2715
BSWI 7.45672 7.34323 7.2487 7.04808 6.87358 6.74252 6.62868 6.53507 6.2708
Ref 8.8675 8.6607 8.4784 - 7.6304 7.2788 - 6.8946 -
[83]
4 FEM 8.86782 8.66028 8.47867 8.05865 7.64009 7.29247 7.05766 6.90106 6.2719

Daub 8.86858 8.66084 8.47876 8.05679 7.63552 | 7.28599 | 7.05272 6.89862 6.27244

BSWI 8.86759 8.65987 8.47781 8.05589 7.63466 7.28517 7.05193 6.89785 6.27174

Ref - - - - - - - - R
[83]

10 FEM 11.1507 10.8326 10.5448 9.8336 9.02264 | 8.20172 | 7.63969 7.45788 6.27472

Daub 11.1516 10.8331 10.5445 9.82925 9.01194 8.18528 7.62351 7.44665 6.27525

BSWI 11.1504 10.8319 10.5433 9.82815 9.01092 8.18435 7.62264 7.44581 6.27455

Table 8-2: The second non-dimensional frequency of a simply supported FG beam of varying composition distributions for
different Eratio.(’;—“ = 1,% = 20).
1
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The variation of the natural frequencies of the FG beam, for different values of Eio and n,
are similar as those discussed for the fundamental non-dimensional frequency. Increasing
Eraiio at lower values of n has the most significant effect on the natural frequencies than
varying the values of n. Thus, the material constituents selected in FGMs are important in
free vibration analysis of structures due to the differences in material and physical properties.
This subsequently has a considerable effect on the dynamic response and mechanical

properties of such structures.

E Ratio n=0 n=0.1 n=0.2 n=05 n=1 n=2 n=5 n=10 n=10*
Ref [83] - N - N R R R R
01 FEM 5.27639 6.11226 6.49565 7.10545 7.60005 8.0671 8.59375 8.89894 9.38226
Daub 5.28152 6.10863 6.48569 7.08988 7.5859 8.05951 8.59615 8.9055 9.39138
BSWI 5.2757 6.10182 447841 7.08187 7.57735 8.05051 8.58664 8.89569 9.38104
Ref [83] 6.6338 7.0866 7.3383 - 8.0556 8.36658 - 8.9863
0.25 FEM 6.63471 7.09754 7.35887 7.77011 8.08834 8.39053 8.75872 8.99099 9.38236
Daub 6.64115 7.10177 7.36 7.76641 8.08384 8.38916 8.76336 8.99834 9.39148
BSWI 6.63385 7.09393 7.35185 7.75777 8.07484 8.37984 8.75368 8.98842 9.38115
Ref [83] 7.889 8.0971 8.2354 - 8.6399 8.7956 - 9.1305
05 FEM 7.89004 8.10053 8.24119 8.47739 8.65242 8.80596 8.99853 9.13323 9.38254
Daub 7.89771 8.10793 8.24791 8.48247 8.65674 8.81102 9.00572 9.14153 9.39166
BSWI 7.88902 8.099 8.23882 8.47311 8.64718 8.80129 8.9958 9.13146 9.38132
Ref [83] 9.3816 9.3816 9.3816 - 9.3816 9.3816 - 9.3816 9.3816
1 FEM 9.38289 9.38289 9.38289 9.38289 9.38289 9.38289 9.38289 9.38289 9.38289
Daub 9.39201 9.39201 9.39201 9.39201 9.39201 9.39201 9.39201 9.39201 9.39201
BSWI 9.38168 9.38168 9.38168 9.38168 9.38168 9.38168 9.38168 9.38168 9.38168
Ref [83] 11.1567 10.9872 10.8499 - 10.2747 10.0756 - 9.77344
5 FEM 11.1582 10.9885 10.8475 10.5489 10.2895 10.0941 9.92196 9.78035 9.38359
Daub 11.169 10.999 10.8573 10.5565 10.2947 10.0981 9.928 9.7882 9.39271
BSWI 11.1568 10.9869 10.8454 10.5448 10.2833 10.087 9.91705 9.77742 9.38238
Ref [83] 13.2676 12.9571 12.6821 - 11.3924 10.8527 - 10.2862
4 FEM 13.2694 12.9591 12.6879 12.0617 11.4386 10.9203 10.5667 10.3297 9.385
Daub 13.2823 12.9711 12.6981 12.065 11.4323 10.9072 10.5583 10.3295 9.39412
BSWI 13.2677 12.9568 12.6841 12.0516 11.4195 10.8949 10.5466 10.3181 9.38378
Ref [83] - - - - - - - -
10 FEM 16.6854 16.2098 15.7803 14.721 13.515 12.2919 11.4476 11.1702 9.38921
Daub 16.7016 16.2244 15.7916 14.718 13.4898 12.2466 11.4024 11.1412 9.39834
BSWI 16.6832 16.2065 15.7742 14.7016 13.4746 12.2326 11.3893 11.1286 9.38779

Table 8-3: The third non-dimensional frequency of a simply supported FG beam of varying composition distributions for
different Eratio.(’;—“ = 1,% = 20).
1

These general observations are consistent with those presented by Simsek and Kocaturk [83].

The results presented in this section show that the WFEM approaches approximate the FG
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beam natural frequencies very accurately when compared with those obtained by Simsek and

Kocaturk [83] and the formulations are therefore validated.

I’h =20 n=0 | n=01 | n=02| n=05| n=1 n=2 n=5 [n=10 |n=10*
BSWI55 4.34248 4.19217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022
FEM 4.34249 419219 4.07587 3.84706 3.65614 3.50336 3.36985 3.29352 3.14023
/11 D12, 4.34248 419217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022
BSWI5, 4.34248 4.19217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022
BSWI55 8.67165 8.37112 8.13856 7.68111 7.29967 6.99492 6.7292 6.57712 6.27081
FEM 8.67187 8.3714 8.13898 7.68204 7.30113 6.99654 6.73023 6.57768 6.27098
/12 D12, 8.67262 8.37205 8.13946 7.68197 7.30048 6.9957 6.72995 6.57786 6.27151
BSWI5, 8.67165 8.37112 8.13856 7.68112 7.29967 6.99492 6.7292 6.57712 6.27081
BSWI55 12.9745 12.524 12.1754 11.4899 10.9191 10.4641 10.0683 9.84139 9.3824
FEM 12.9762 12.5258 12.1777 11.4939 10.9249 10.4704 10.0726 9.84398 9.38361
13 D12, 12.9888 12.5278 12.1888 11.5026 10.9312 10.4756 10.0795 9.85225 9.38273
BSWI5, 12.9745 12.524 12.1754 11.49 10.9191 10.4641 10.0683 9.8414 9.3824
I/h =50
BSWI55 4.34436 4.19403 4.07769 3.84877 3.6577 3.50478 3.37119 3.29485 3.14157
FEM 4.34436 4.19404 4.07772 3.84886 3.65787 3.50497 3.3713 3.2949 3.14157
/11 D12, 4.34436 4,19403 4.07769 3.84877 3.6577 3.50478 3.37119 3.29485 3.14157
BSWI5, 4.34436 4.19403 4.07769 3.84877 3.6577 3.50478 3.37119 3.29485 3.14157
BSWI55 8.68657 8.38593 8.15326 7.69548 7.31343 7.00733 6.74072 6.58811 6.663
FEM 8.68679 8.38621 8.15368 7.69638 7.31486 7.00932 6.74173 6.58866 6.66376
22 D12, 8.68754 8.38687 8.15417 7.69634 7.31425 7.00851 6.74147 6.58885 6.66374
BSWI5, 8.68657 8.38593 8.15326 7.69548 7.31343 7.00733 6.74072 6.58812 6.663
BSWI55 13.0245 12.5736 12.2246 11.5381 10.9652 10.507 10.107 9.87823 9.99049
FEM 13.0262 12.5754 12.2269 11.5419 10.9708 10.5131 10.1111 9.88077 9.99375
13 D12, 13.0389 12.5875 12.2381 11.5508 10.9774 10.5187 10.1181 9.88915 10.0015
BSWI5, 13.0245 12.5736 12.2246 11.5381 10.9652 10.507 10.107 9.87824 9.9905
I/h =100
BSWI55 4.34462 41943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251
FEM 4.34463 4.19431 4.07798 3.84912 3.65811 3.50519 3.3715 3.2951 3.33258
/11 D12, 4.34462 41943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251
BSWI5, 4.34462 4.1943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251
BSWI55 8.68871 8.38806 8.15537 7.69754 7.31541 7.00956 6.74237 6.58969 6.66461
FEM 8.68894 8.38834 8.15579 7.69844 7.31684 7.01115 6.74338 6.59024 6.66537
AZ D12, 8.68968 8.389 8.15628 7.6984 7.31623 7.01035 6.74313 6.59043 6.66535
BSWI5, 8.68871 8.38806 8.15537 7.69754 7.31541 7.00957 6.74238 6.58969 6.66461
BSWI55 13.0317 12.5808 12.2317 11.545 10.9719 10.5132 10.1125 9.88355 9.99591
FEM 13.0334 12.5826 12.234 11.5489 10.9774 10.5192 10.1166 9.88608 9.99915
/13 D12, 13.0461 12.5947 12.2453 11.5578 10.984 10.5249 10.1237 9.88448 10.007
BSWI5, 13.0317 12.5808 12.2317 11.545 10.9719 10.5132 10.1125 9.88356 9.99592

Table 8-4: The first 3 non-dimensional frequencies of a simply supported steel-alumina FG beam for different transverse
varying composition distributions and slenderness ratios.
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However, it must be pointed out that the assumptions made on the variations of E a0 and pratio

by Simsek and Kocaturk [83], and subsequently Alshorbagy [79], are incorrect. It is

impractical to assign the value of p.i, = ’;—” = 1 throughout the analysis when varying
l

values of Eaio. This assumption implies that the densities of both the top and bottom surface
materials are equal and remain constant as the ratio of the Young’s modulus is varying. It is
noted that Eaio and p., Cannot be assumed to have the same value since the density ratio
and Young’s modulus ratio will vary differently based on the constituent material properties.
Thus, given that the wavelet based FGM formulation is verified, the analysis carried out in

the rest of this chapter will be specific to a steel-alumina FG beam.

The Young’s modulus and density of steel (bottom surface material) are E; = 210 GPa and
p; = 7800 kg-m™ respectively. In this section, and subsequent sections of this chapter, the
effective material properties are assumed to be approximately that of steel when power law

exponent n = 10%. The variation of the first 3 non-dimensional frequencies with respect to n
are presented in Table 8-4; for slenderness ratio %= 20,50,100. The results are obtained

using two Daubechies D12, (37 DOFs) WFEs, one BSWI5, (38 DOFs) WFE and 12 classical
FEs (39 DOFs). Furthermore, the solutions obtained using 2 BSWI15s WFEs (137 DOFs) are
also presented since the solutions have converged. Thus, the results of BSWI55 WFEs are

used as a reference for the comparison of the different solutions.
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Figure 8-8: The non-dimensional fundamental frequency variation with respect to n for I/h = 100.

The non-dimensional frequencies of the steel-alumina beam decrease as the value of n
increases from O to infinity; since the effective bending stiffness decreases. This is further
evident from Figure 8-8, which illustrates the variation of the normalised fundamental
frequency for different values of n.
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Figure 8-9 shows the first 20 non-dimensional frequencies for different values of n via (a) the
BSWI5, and (b) D12, WFEMs. The natural frequencies of the steel-alumina FG beam
increase as the mode of vibration increases for the different values of n. The non-dimensional
fundamental frequencies obtained via the D12, and BSWI5, WFEMs are in excellent
agreement with the BSWI5s solution from Table 8-4. However, for the higher mode
frequencies, the BSWI5, WFEM solutions are most accurate in comparison to D12, WFEM
and classical FEM approaches. This is further evident from Figure 8-10 where the variation

of the non-dimensional frequencies with respect to the first 20 modes of vibration, for n = 5

and % = 100, is presented.
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Figure 8-9: The variation of the non-dimensional frequencies for different values of n for I/h = 100. (a) BSWI5, and (b)
D12, WFEM.
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Figure 8-10: Comparison of the non-dimensional frequencies using D12, BSWI15, WFEs and 12 FEs for n = 5, I/h = 100.

It is observed that the normalised frequencies obtained via the Daubechies WFEM, for the
higher modes, are not as accurate as the FEM and BSWI based WFEM solutions due to the
numerical inaccuracies resulting from the evaluation of the connection coefficients. However,
the results can be improved by increasing the order and/or multiresolution scale of the
Daubechies based WFE; the results converge as observed in Figure 8-11. The normalised

frequencies are plotted for the different orders and multiresolution scales of the Daubechies
based wavelet finite elements, for n =5 and éz 100. The black solid line indicated by

“Ref” refers to the 2 element BSWI55 WFEM solution used for comparison. Once again it is
observed that increasing the order of the Daubechies element has a more significant effect on
improving the accuracy of the FG beam natural frequencies than increasing the

multiresolution scale, particularly for the higher modes of vibration.

Figure 8-12 shows the non-dimensional frequencies A; of the FG beam analysed using
different orders m and multiresolution scale j of one BSWIm; wavelet based finite element;
n=2>5, and %: 100. The results demonstrate the convergence of BSWI based WFEM
solution in the analysis of the functionally graded beam when the order and/or the
multiresolution scale are increased. Increasing the order and/or multiresolution scale of the
BSWI wavelet element leads to better approximations of the non-dimensional frequencies,

particularly those associated with the higher modes of vibration. The BSWI4; element

solution is very accurate for the first 7 non-dimensional frequencies. The frequencies are

223




better approximated by increasing the multiresolution scale. The BSWI4, solution
approximates the first 17 non-dimensional frequencies very accurately. Similarly, increasing
the order of the wavelet element from BSWI145 to BSWI5s improves the approximation of the
non-dimensional frequencies.
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Figure 8-11: Comparison of the non-dimensional frequencies using different orders and scales of the DL; WFE for n = 5 and
I/h = 100.
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Figure 8-13 graphically represents the variation of A; for the steel-alumina FG beam with
respect to the slenderness ratio é and n = 0.5. The classical FEM, BSWI and Daubechies

based WFEM solutions are all in good agreement. The formulation of the beam elements are

based on Euler-Bernoulli beam theory (the shear deformation effects are neglected). Thus, for
values of % > 20, the variation of the fundamental frequency are small. This is also observed
in Table 8-4, where for example, 4; when n = 0.5 are 3.84697, 3.84877 and 3.84903 for
% = 20,50 and 100 respectively (BSWI155 WFEM solution).

3.90
3.85 - — - e

= [/

£ o BE FEM

53 3.80 "—:

= B |

£ i ! « === BSWIS; WFEM
3_‘.: 'l -1

; D12, WFEM
3.70 i i £ = "
0 20 40 &0 80 100

+

Slendemeszz Ratio -

Figure 8-13: The non-dimensional fundamental frequency variation with respect to I/h for n = 0.5.

Pradhan and Chakraverty [78] analysed the impact of the slenderness ratio on the dynamic

analysis of a functionally graded beam by comparing classical beam theory to Timoshenko
beam theory solutions. In their analysis they conclude that for short beams (% < 20), the
results of the non-dimensional frequencies vary considerably for the two different beam
theories. However, for % > 20, lower mode non-dimensional frequencies are similar for both

approaches. Increasing the slenderness ratio decreases the disparities between the two beam
theory solutions for the higher mode frequencies. The results presented in Figure 8-13 are

consistent with their findings.

The free vibration of the steel-alumina FG beam is analysed when different boundary
conditions are applied, for different values of n. The boundary conditions are pinned-pinned
(PP), pinned-clamped (PC), clamped-clamped (CC) and clamped-free (CF). Table 8-5 - Table

8-7 contain the results of the first 3 non-dimensional frequencies. The results demonstrate
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that the wavelet based finite element approaches give accurate results for the different
boundary conditions. In general, the different boundary restraints affect the non-dimensional
frequencies of the FG beam. The highest corresponding fundamental frequencies are
observed when both ends are fixed, while the least fundamental frequencies are obtained

when the beam is clamped-free.

I/h =20 n=0 | n=01 | n=02 | n=05 | n=1 n=2 n=5 | n=10 |n=10*
BSWI55 | 4.34248 4.19217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022

FEM 4.34249 419219 4.07587 3.84706 3.65614 3.50336 3.36985 3.29352 3.14023

PP D12, 4.34248 4.19217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022
BSWI5, | 4.34248 419217 4.07584 3.84697 3.65598 3.50318 3.36974 3.29347 3.14022

BSWI5; | 5.4271 5.23923 5.09384 4.80779 4.56909 4.37814 42114 4.11608 3.92455

FEM 5.42712 5.23928 5.09395 4.80811 4.56965 4.37877 421178 4.11626 3.92457

Pe D12, 5.42711 5.23924 5.09384 4.80779 4.56909 4.37814 421141 4.11609 3.92456
BSWI5, | 5.4271 5.23923 5.09384 4.80779 4.56909 4.37814 4.2144 4.11608 3.92455

BSWI55 | 6.5373 6.31099 6.13585 5.79127 5.50374 5.27374 5.07291 49581 4.72738

FEM 6.53735 6.3111 6.13609 5.79199 5.50498 5.27513 5.07375 4.95849 472742

cc D12, 6.5373 6.31099 6.13585 5.79127 5.50374 5.27374 5.07291 49581 4.72738
BSWI5, | 6.5373 6.31099 6.13585 5.79127 5.50374 5.27374 5.07291 49581 4.72738

BSWI55 | 2.59258 2.50286 2.43342 2.29679 2.18277 2.09152 2.01182 1.96627 1.87479

FEM 2.59258 2.50286 243342 2.29682 2.18281 2.09157 2.01185 1.96628 1.87479

cF D12, 2.59258 2.50286 2.43342 2.29679 2.18277 2.09152 2.01182 1.96627 1.87479
BSWI5, | 2.59258 2.50286 243342 2.29679 2.18277 2.09152 2.01182 1.96627 1.87479

I/h = 100

BSWI55 | 4.34462 4.1943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251

FEM 4.34463 419431 4.07798 3.84912 3.65811 3.50519 3.3715 3.2951 3.33258

PP D12, 4.34462 4.1943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251
BSWI5, | 4.34462 4.1943 4.07795 3.84903 3.65795 3.50501 3.37139 3.29504 3.33251

BSWI55 | 5.43022 5.24233 5.09692 4.81079 457197 4.38082 4.21381 4.11838 3.92681

FEM 5.43024 5.24238 5.09702 481112 457253 4.38144 4.21419 4.11856 3.92682

Pe D12, 5.43023 5.24234 5.09692 4.8108 457197 4.38082 4.21382 4.11839 3.92681
BSWI5, | 5.43022 5.24233 5.09692 4.81079 457197 4.38082 4.21381 4.11839 3.92681

BSWI55 6.54131 6.31498 6.13981 5.79514 5.50745 5.27718 5.07601 4.96105 4.73028

FEM 6.54137 6.31509 6.14005 5.79585 5.50867 5.27856 5.07685 4.96145 4.73028

cc D12, 6.54132 6.31498 6.13981 5.79514 5.50745 5.27719 5.07601 4.96106 4.73028
BSWI5, | 6.54131 6.31498 6.13981 5.79514 5.50745 5.27718 5.07601 4.96105 4.73028

BSWI55 | 2.59318 2.50345 2.43401 2.29737 2.18333 2.09204 2.01229 1.96671 1.87523

FEM 2.59318 2.50346 2.43402 2.2974 2.18337 2.09209 2.01232 1.96673 1.87523

cF D12, 2.59318 2.50345 2.43401 2.29737 2.18333 2.09204 2.01229 1.96671 1.87523
BSWI5, | 2.59318 2.50345 2.43401 2.29737 2.18333 2.09204 2.01229 1.96671 1.87523

Table 8-5: The non-dimensional fundamental frequency of a steel-alumina FG beam of different transverse varying
distributions and boundary conditions.
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Ilh =20 n=0 n=0.1 n=0.2 n=0.5 n=1 n=2 n=>5 n=10 | n=10*
BSWI55 | 8.67165 8.37112 8.13856 7.68111 7.29967 6.99492 6.7292 6.57712 | 6.27081
FEM 8.67187 8.3714 8.13898 7.68204 7.30113 6.99654 6.73023 6.57768 | 6.27098
PP D12, 8.67262 8.37205 8.13946 7.68197 7.30048 6.9957 6.72995 6.57786 | 6.27151
BSWI5, | 8.67165 8.37112 8.13856 7.68112 7.29967 6.99492 6.7292 6.57712 | 6.27081
BSWI55 | 9.75388 9.4158 9.15417 8.63959 8.21052 7.8678 7.56902 7.39799 | 7.05342
FEM 9.75429 9.41632 9.15498 8.64142 8.21344 7.87104 7.57106 7.39907 | 7.05371

Pe D12, 9.75566 9.41751 9.15584 8.64117 8.21203 7.86924 7.5704 7.39934 | 7.0547
BSWI5, | 9.75388 9.4158 9.15417 8.63959 8.21053 7.8678 7.56902 7.39799 | 7.05342
BSWI5;5 | 10.8348 10.4592 10.1686 9.59688 9.12026 8.7396 8.40781 8.21787 | 7.83508
FEM 10.8355 10.4601 10.1699 9.59999 9.12521 8.7451 8.41129 8.21971 | 7.83557
ce D12, 10.8388 10.4631 10.1723 9.60042 9.12363 8.74283 8.41091 8.2209 7.83796
BSWI5, | 10.8348 10.4592 10.1686 9.59689 9.12027 8.73961 8.40782 8.21787 | 7.83508
BSWI55 | 6.48085 6.25631 6.08254 5.74073 5.45565 5.22783 5.02912 491543 | 4.68656
FEM 6.4809 6.2564 6.08271 5.74121 5.45647 5.22875 5.02968 4.9157 4.68659
F D12, 6.48086 6.25632 6.08256 5.74074 5.45567 5.22784 5.02913 491544 | 4.68657
BSWI5, | 6.48085 6.25631 6.08254 5.74073 5.45566 5.22783 5.02912 491543 | 4.68656

I/h =100

BSWI5; | 8.68871 8.38806 8.15537 7.69754 7.31541 7.00956 6.74237 6.58969 | 6.66461
FEM 8.68894 8.38834 8.15579 7.69844 7.31684 7.01115 6.74338 6.59024 | 6.66537
i D12, 8.68968 8.389 8.15628 7.6984 7.31623 7.01035 6.74313 6.59043 | 6.66535
BSWI5, | 8.68871 8.38806 8.15537 7.69754 7.31541 7.00957 6.74238 6.58969 | 6.66461
BSWI55 | 9.77473 9.4365 9.17473 8.65966 8.22977 7.8857 7.58512 7.41335 | 7.06849
FEM 9.77513 9.43702 9.17552 8.66145 8.23263 7.88888 7.58713 7.41442 | 7.06879
P D12, 9.7765 9.43821 9.17639 8.66124 8.23127 7.88714 7.5865 7.4147 7.06977
BSWI5, | 9.77473 9.4365 9.17473 8.65967 8.22977 7.8857 7.58512 7.41335 | 7.06849
BSWI5; | 10.8597 10.4839 10.1931 9.62083 9.14322 8.76096 8.42702 8.23619 | 7.85305
FEM 10.8604 10.4848 10.1944 9.62387 9.14808 8.76636 8.43044 8.238 7.85355

ce D12, 108636 10.4877 10.1968 9.62433 9.14655 8.76416 8.43009 8.23918 | 7.8559
BSWI5, | 10.8597 10.4839 10.1931 9.62083 9.14322 8.76097 8.42702 8.23619 | 7.85305
BSWI5; | 6.49133 6.26671 6.092287 5.75083 5.46534 5.23684 5.03722 4.92315 | 4.69413
FEM 6.49138 6.2668 6.092305 5.75131 5.46615 5.23775 5.03778 4.92342 | 4.69417
F D12, 6.49134 6.26673 6.092289 5.75084 5.46535 5.23686 5.03723 4.92316 | 4.69415
BSWI5, | 6.49133 6.26671 6.092287 5.75083 5.46534 5.23684 5.03722 4.92315 | 4.69413

Table 8-6: The second non-dimensional frequency of a steel-alumina FG beam of different transverse varying distributions
and boundary conditions.

Therefore, increasing the number of restrained DOFs increases the fundamental frequencies

of the FG beam for the different values of n. This is important in the dynamic analysis of

structures as higher values of the fundamental frequencies imply a reduction in vibrations

when subjected to different loading conditions; such as harmonic or moving loads.

227




Ilh =20 n=0 n=01 | n=02 | n=05 n=1 n=2 n=>5 n=10 n=10*
BSWI55 12.9745 12.524 12.1754 11.4899 10.9191 10.4641 10.0683 9.84139 9.3824

FEM 12.9762 12.5258 12.1777 11.4939 10.9249 10.4704 10.0726 9.84398 9.38361

PP D12, 12.9888 12.5378 12.1888 11.5026 10.9312 10.4756 10.0795 9.85225 9.38273
BSWI5, 12.9745 12.524 12.1754 11.49 10.9191 10.4641 10.0683 9.8414 9.3824

BSWI55 14.052 13.5639 13.1862 12.4437 11.8254 11.3327 10.9043 10.6586 10.1616

FEM 14.0545 13.5667 13.1898 12.4501 11.8347 11.3428 10.911 10.6627 10.1634

Pe D12, 14.079 13.59 13.2116 12.4677 11.8483 11.3546 10.9253 10.6791 10.1811

BSWI5, 14.0252 13.5639 13.1863 12.4438 11.8254 11.3327 10.9043 10.6587 10.1616

BSWI55 15.1292 14.6036 14.1969 13.3974 12.7317 12.2013 11.7404 11.4759 10.9405

FEM 15.1328 14.6077 14.2021 13.4067 12.7454 12.2163 11.7503 11.4818 10.9431

ce D12, 15.1928 14.665 14.2567 13.454 12.7855 12.253 11.7899 11.5242 10.9865

BSWI5, 15.1292 14.6036 14.1969 13.3975 12.7317 12.2014 11.7404 11.4759 10.9405

BSWI55 10.8196 10.444 10.1534 9.58194 9.10587 8.72624 8.39595 8.20664 7.82405

FEM 10.8202 10.4448 10.1545 9.5843 9.10954 8.7303 8.39856 8.20808 7.82453

P D12, 10.8251 10.4493 10.1586 9.58684 9.11054 8.73072 8.40026 8.21084 7.82805

BSWI5, 10.8196 10.444 10.1534 9.58194 9.10587 8.72625 8.39596 8.20664 7.82405

I/h =100

BSWI55 13.0317 12.5808 12.2317 11.545 10.9719 10.5132 10.1125 3.29504 3.33251

FEM 13.0334 12.5826 12.234 11.5489 10.9774 10.5192 10.1166 3.2951 3.33258

i D12, 13.0461 13.5947 12.2453 11.5578 10.984 10.5249 10.1237 3.29504 3.33251

BSWI5, 13.0317 12.5808 12.2317 11.545 10.9719 10.5132 10.1125 3.29504 3.33251
BSWI55 141176 13.629 13.2509 12.507 11.8861 11.3892 10.9551 10.7071 10.209

FEM 14.1201 13.6318 13.2544 12.5131 11.895 11.3989 10.9617 10.711 10.2108

Pe D12, 14.1444 13.655 13.2762 12.5308 11.9088 11.411 10.9761 10.7275 10.2284
BSWI5, 14.1176 13.629 13.2509 12.507 11.8861 11.3892 10.9551 10.7071 10.209

BSWI55 15.2034 14.6773 14.2701 13.4689 12.8003 12.2652 11.7977 11.5306 10.9942

FEM 15.2071 14.6813 14.2752 13.4779 12.8135 12.2796 11.8074 11.5364 10.9968

ce D12, 15.2662 14.7379 14.329 13.5247 12.8533 12.3161 11.8466 11.5783 11.0396

BSWI5, 15.2034 14.6773 14.2701 13.469 12.8003 12.2652 11.7978 11.5306 10.9942

BSWI55 10.8611 10.4853 10.1944 9.62205 9.14437 8.76209 8.42814 8.2373 7.85409

FEM 10.8618 10.4861 10.1955 9.62437 9.14797 8.76606 8.4307 8.23872 7.85458

Pe D12, 10.8667 10.4907 10.1996 9.62702 9.1491 8.76662 8.43249 8.24155 7.85814
BSWI5, 10.8611 10.4853 10.1944 9.62206 9.14438 8.7621 8.42815 8.2373 7.8541

Table 8-7: The third non-dimensional frequency of a steel-alumina FG beam of different transverse varying distributions
and boundary conditions.

A graphical representation of these results is presented in Figure 8-14. The variation of 1;
with respect to n, for the different boundary conditions, is presented. It can also be observed

that A, varies more rapidly for values of n < 1,as n = 2, thanwhenn > 2 asn — oo.
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Figure 8-14: The non-dimensional fundamental frequency variation with respect to n for different boundary conditions. (—)
FEM, (—o —) D12, WFEM, (—x —) BSWI5, WFEM.

8.4. Simply supported functionally graded beam subjected to a moving

load

A simply supported steel-alumina functionally graded beam is subjected to a moving point
load of magnitude P = 1x 10° N, travelling across at ¢ m-s™, as described in Figure 8-15.
The FG beam, of length [ = 20 m, has a uniform cross-sectional area A = 0.36 m? and
moment of inertia I = 2.43x 1072 m*. The upper surface is fully alumina and the lower
surface fully steel, with material properties E, = 3.9 x 10! Pa, p, = 3.96 x 103 kg-m™ and
E, = 2.1x 10" Pa, p; = 7.8 x 103 kg-m™ respectively. E and p denote the Young’s modulus
and density respectively. The behaviour of the beam is described using Euler Bernoulli beam
theory and is assumed to be undamped. The transverse gradation of the constituent materials

is governed by the power law.

The governing equation describing the dynamic behaviour of the system is given by [102]:

avt(x,t)  0vi(x,t) v
El Fp +u 5.2 + ZdeE =P&(x—xp) (8.66)
which can also be expressed as:
[MI{H(®)} + [KI{H(6)} = {F(t)} (8.67)

where the matrices [M] and [K] are the assembled functionally graded beam mass and

stiffness matrices in physical space. {F(t} is the time-dependent moving load vector. The
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acceleration and displacement vectors of the system are denoted by {H(t)}, and {H(t)}

respectively.

q(x,t) = P(t)6(x —Xo)

alumina, E,, p,

steel, Ej, p;

>
N |

Figure 8-15: Simply supported functionally graded beam subjected to a moving point load travelling at ¢ m-s™.

The dynamic response of the system is carried out via the Newmark time integration method
with a time step of At = 1.0 x 10~> s. This value ensures numerical stability and sufficient
numerical accuracy for the dynamic response analysis. The deflection of the beam v(x, t), as
the moving load travels across, is normalised as a non dimensional parameter v(x,t)/v,
where:

_ PP
 48E|]

Yo (8.68)

This is the deflection at the centre of a similar simply supported steel beam when a static load

of magnitude P is acting at the mid-span. The dynamic response of the beam is carried out at
the centre of the beam, x =é, which corresponds to the position at which maximum

deflection is expected to occur. The analysis is carried out using 2 BSWI4; (37 DOFs) and 2
D12, (37 DOFs) WFEs. The WFEM results are compared with the classical FEM solution
formulated using 12 elements (39 DOFs).

Simsek and Kocaturk [83] carry out the analysis of a simply supported FG beam subjected to
a moving harmonic load. The critical velocity of the moving load is initially based on the
resonance of the beam due to the harmonic component of the load. In their study, they
determine the velocity of the moving point load, with no harmonic component, that gives the
highest maximum displacement at the centre of the beam. The focus of their study is the
dynamic response when the frequency of the harmonic load corresponds with the
fundamental frequency of the FG beam for a specific value of n. In the present study

however, the moving load has no harmonic component and the analysis of the dynamic
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response is carried out for subcritical, critical and supercritical velocity profiles. The term
critical load velocity corresponds to the maximum displacement attained by the moving load

for different values of n.

50 100 150 200 250 300

cmjs

Figure 8-16: The variation of the maximum non-dimensional vertical displacement at the centre of a simply supported FG
beam subjected to a moving load, with respect to the load velocities, for different n.

The variation of the maximum normalised deflection at mid-span, with respect to the moving
load velocity, is presented in Figure 8-16 for different values of n. The graph is obtained for
the velocity range 0 < ¢ < 300 m-s™ at increments of 1 m-s™. The results presented are
obtained via the BSWI4; WFEM solution. The results of the Daubechies D12, WFEM and

classical FEM solutions are similar and are therefore not presented.

Initially, the maximum non-dimensional vertical displacement increases as the moving load
velocity increases; for all the values of n. However, this maximum displacement reaches a
peak value which corresponds to the critical velocity of the moving load. All the velocities
below this critical velocity will be referred to as subcritical velocities in the present study. As
the velocity of the moving point load further increases, the maximum deflection at the centre
of the beam begins to decrease. The velocities higher than the critical velocities will be
referred to as the supercritical velocities of the moving load.

The maximum normalised deflection of the FG beam also increases as n —» c. When n = 0,
the beam is fully alumina and the effective Young’s modulus E(y) = E,. The maximum
normalised deflection therefore increases when the value of n is increased since there is a

decrease in stiffness. Thus, the highest values of the maximum vertical displacement are
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obtained when the beam is fully steel (n = 10* = o) since E; < E,. This is consistent with
the findings of Simsek and Kocaturk [83].

Critical velocity Max] @]
cmi/s Vo
n Ref[83] | FEM | D12, | BSWI4; | Ref[83] FEM D12, BSWI5,
0 252 252 252 252 0.9328 0.9322 0.9323 0.9322
01 - 235 235 235 - 0.9863 0.9864 0.9863
0.2 222 222 222 222 1.0344 1.0340 1.0340 1.0340
05 198 198 198 198 1.1444 1.1435 1.1437 1.1436
1 179 178 178 178 1.2503 1.2491 1.2495 1.2493
2 164 164 164 164 1.3376 1.3363 1.3368 1.3365
3 - 157 158 158 - 1.3747 1.3751 1.3748
5 - 151 151 152 - 1.4217 1.422 1.4218
7 - 148 | 148 148 - 1.4567 1.4570 1.4568
10 - 145 | 145 145 - 1.4974 1.4976 1.4974
104 132 132 132 132 - 1.7308 1.7309 1.7308

Table 8-8: The critical velocity and maximum normalised deflection at the centre of a steel-alumina FG beam for different
values of n.

Table 8-8 shows the critical velocities and corresponding non-dimensional maximum
deflections at the centre of the FG beam, for different values of n. The results presented are in
relation to Figure 8-16. The solutions are obtained via the 12 classical FEs, 2 D12, WFESs and
2 BSWI43; WFEs formulations. The results are compared with the values obtained in Simsek
and Kocaturk [83], and the Daubechies and BSWI WFEM solutions are found to be in very

good agreement.

The variation of the maximum non-dimensional vertical displacement with respect to
n € [0,10], for different moving load velocities, is presented in Figure 8-17. In Figure 8-18,
the maximum deflection is plotted against the percentage content of steel within the FG
beam. According to both graphs it is observed that as the value of n increases, for the
different moving load velocities, the maximum deflection at the centre of the FG beam
increases. This is because the volume fraction, and subsequently the percentage content, of
steel within the FG beam increases. Since steel has a lower Young’s modulus with respect to
alumina, an increase in n results in a decrease in the effective bending stiffness. Hence, the

maximum deflection of the beam increases.
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Figure 8-17: The variation of the non-dimensional maximum vertical displacement with respect to n, for different moving
load velocities.

For the fully steel beam, as the moving load velocities increase, the maximum non-
dimensional vertical displacement also increases; until 132 m-s®. The maximum
displacement occurs when the velocity is ¢ = 132 m-s™, which is the critical moving load
velocity with respect to the fully steel beam. Increasing the velocity thereafter results in the
decrease of the maximum displacement. Furthermore, the rate of increase of the maximum

deflection increases as the percentage content of steel approaches 100%.
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Figure 8-18: The variation of the non-dimensional maximum vertical displacement with respect to the percentage volume
content of steel in the FG beam for different moving load velocities.
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Figure 8-19 illustrates the non-dimensional vertical displacement variation as a moving point
load travels across at ¢ = 250 m-s™ for n = 0.1. The plot shows that the results obtained via
the different approaches are in excellent agreement with each other. The dynamic response of
the beam obtained via the three approaches, for different velocity and power law variation
profiles, are of similar accuracy. The subsequent results presented in this section will be from
either of the implemented WFE approaches since the dynamic responses for different velocity
profiles and power law exponents are similar. It will be stated which approach the results

presented are obtained from.

~

\\ n=01,¢=250ms!

2 BSWIS5 WFEs

0
0.
\ ceiamia 12FEs
e L
=
| & 3 .
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[

/
\ / ........ 2D18; WFEs
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Figure 8-19: The non-dimensional vertical displacement for a moving point load travelling at 250 m.s™ for n = 0.1.

Figure 8-20 illustrates the variation of the non-dimensional displacement at the centre of the
steel-alumina beam. The response is analysed for different values of n as the moving point
load travels across the beam at 1 m-s™. The non-dimensional time parameter is denoted by Cl—t
The results presented are obtained using 2 D12, WFEs. The velocity of the moving load is
very slow and the response is similar to that of a static point load placed at different positions
of the beam over a given time span. The effect of varying the power law exponent on the

dynamic response of the beam is clearly observed from this plot i.e., as n increases the
deflection of the FG beam also increases as earlier discussed.
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Figure 8-20: Non-dimensional vertical displacement for a moving point load travelling at 1 m-s?, for different values of n.

The non-dimensional deflection is also analysed for the subcritical, critical and supercritical
velocity profiles. The values of n are varied and the dynamic responses are compared as
illustrated in Figure 8-21. The velocities a) 50 m-s™ b) 132 m-s™ and c) 250 m-s™ are selected
to represent the 3 velocity profiles. The results presented are obtained using 2 D12y WFEs. It
is important to note that the velocity profiles are based on a fully steel beam subjected to the
moving point load, which has a critical moving load velocity of 132 m-s™. In Figure 8-21 a)
the moving point load is travelling at a subcritical velocity for all the different material
distributions. As expected, the largest deflection is observed when the beam is fully steel,
which is considerably larger than the other variations of n. For subcritical velocities, reducing
the value of n leads to a general decrease in deflection and this is due to the increase in
effective stiffness. This decrease of the dynamic response of the FG beam is also observed in
the analysis carried out for the other velocity scenarios as presented in Figure 8-21. In Figure
8-21 b), the applied moving load travels at 132 m-s™, which coincides with the critical
velocity for the fully steel beam. In contrast, for values n < 10%, this velocity of the moving
load is subcritical. This can be confirmed from the critical velocities for different values of n
presented earlier in Table 8-8. The dynamic response of the FG beam as the moving load
travels across at 250 m-s™ is illustrated in Figure 8-21 c). The moving load velocity is
supercritical for all the variations of n analysed, with the exception of n = 0, to which it is

very close to the critical velocity of the fully alumina beam (252 m-s™).

235




0.0

=05

-1.0

0.0

-0.5

cr C)

Figure 8-21: The non-dimensional vertical displacement for a moving point load travelling at a) 50 m-s™, b) 132 m-s* and c)
250 m-s?, for different values of n.
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In addition to the results in Figure 8-21, the variation of the non-dimensional deflection, as

the moving point load travels across at 1 m-s™, 50 ms™, 132 m-s™ and 250 m-s™, is presented
in Figure 8-22; for values of n: a) 0b) 0.2 ¢) 0.5d) 1 ) 2 f) 5 and g) 10*.
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Figure 8-22: The non-dimensional vertical displacement with a moving point load travelling at 1 m-s™, 50 m-s?, 132 m-s

and 250 m-s™, for values of n: a) 0 b) 0.2 ¢) 0.5d) 1 e) 2 f) 5 and g) 10*,
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The 2 element BSWI143 WFEM solution is used to obtain the results presented in Figure 8-22.
It is observed that there is a general increase in vertical displacement as n increases; for all
the applied moving load velocities. However, the responses of the beam as n increases,
particularly for the applied velocities ¢ = 132 m-s* and ¢ = 250 m-s™, are of particular
interest. It is observed from Figure 8-22 a) (n = 0) that the maximum deflection of the FG
beam when the moving load is travelling at ¢ = 132 m-s™ is smaller than when the load is
travelling at ¢ = 250 m-s™. This is expected since the applied moving load velocity ¢ = 250
m-s™ is very close to the critical velocity of the FG beam associated with n = 0 (252 m-s™)
from Table 8-8. However, as the value of n increases to 0.2 and 0.5, as illustrated in Figure
8-22 b) and Figure 8-22 c) respectively, it is noted that the difference between the maximum
displacement when ¢ = 250 m-s™ and ¢ = 132 m-s™ is decreasing. When n = 1 (Figure 8-22
d)), the maximum displacements for both moving load velocities are similar in magnitude.
However, the response characteristics of the beam are different for these two applied moving
load velocities because ¢ = 250 m-s™ is supercritical and ¢ = 132 m-s™ is still subcritical
with respect to n = 1 (critical velocity of 178 m-s™). In Figure 8-22 e) it is observed that the
maximum vertical displacement is now achieved from the applied moving load velocity of
¢ = 132 m-s™ instead of ¢ = 250 m-s™ when n = 2. The difference between the maximum
displacement when ¢ = 132 m-s™ and ¢ = 250 m-s™ continues to increase as n increases to 5

and 10* as observed in Figure 8-22 f) and Figure 8-22 g) respectively.

It is further observed that at 50 m-s™, the centre of the beam oscillates as the moving load
travels across. When n = 0 the amplitude of the oscillations are small but the cycles are more
frequent with shorter wavelengths. Increasing the value of n results in an increase in
amplitude and wavelength; thus making the cycles less frequent. This is attributed to the fact
that as the bending stiffness of the FG beam decreases, with increase in n, the magnitude of

the amplitude and the wavelengths increase.

This therefore suggests that, depending on the applied moving load velocity, a variation of
material distribution can lead to a significant change in the dynamic response of a system.
This is not only with regards to the maximum deflection, but also the response characteristics.
Furthermore, the variation of the material distribution of the FG beam can influence the
velocity profile of the same applied moving load, thus impacting the dynamic response of a
system. For example, in Figure 8-22 a) when n = 0, the applied moving load velocity
¢ = 132 m-s! is subcritical. However, when n = 10*, this same applied load velocity is now

critical and the dynamic response significantly varies, as illustrated in Figure 8-22 @).
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Moreover, the maximum deflection of the FG beam corresponding to a particular value of n
increases at a greater rate for increasing subcritical velocities relatively closer to the critical

velocity than the rate of decrease for increasing supercritical velocities.

S W

V(= L ¢) )

0.15 /
0.10

\\

Figure 8-23: The vertical velocity at the centre of a simply supported FG beam subjected to a moving point load travelling
ata) 50 m-s™, b) 132 m-s* and ¢) 250 m-s%, for different values of n.

Figure 8-23 illustrates the vertical velocity at the centre of the functionally graded beam for
different values of n. The corresponding variations of the vertical acceleration of the FG
beam, as the moving load travels across for the three velocity scenarios, are presented in
Figure 8-24. These results are in relation to the deflection curves presented in Figure 8-21 and
are obtained via two BSWI14; WFEs.

This is the first time the Daubechies and BSWI WFEMs are implemented to analyse the
dynamic response of a functionally graded beam subjected to a moving load. According to
the results presented in this section, both wavelet finite element approaches give very

accurate results.
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Figure 8-24: The vertical acceleration at the centre of a simply supported steel-alumina FG beam subjected to a moving
point load travelling at a) 50 m-s™, b) 132 m-s™ and c) 250 m-s* for different values of n.
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The initial results of the moving load critical velocities are consistent with the results
presented by Simsek and Kocaturk [83]; therefore the analysis is verified. The effects of
varying the material distribution on the dynamics responses of the functionally graded beam,
for different velocity profiles, is presented and discussed. Although the results obtained via
the different approaches are of similar levels of accuracy, the BSWI solutions are marginally
more accurate than the Daubechies and classical finite element methods, with similar number
of DOFs implemented. In this numerical example, the wavelet family orders and
multiresolution scales are selected for comparison purposes and the results are obtained with
a similar number of DOFs. Furthermore, this is a relatively simple numerical example.
Therefore, a comparison of the computational costs for the different approaches is not

presented in this section.

8.5. Simply supported functionally graded beam on viscoelastic

foundation subjected to a moving load

The dynamic response of a functionally graded beam subjected to a moving point load, while
resting on a viscoelastic foundation, is analysed and presented for the first time in this
section. The analysis is an extension of the numerical example presented in Section 7.3 of the
previous chapter. The functionally grade beam, of length [ = 200 m, comprises of steel at the
bottom surface and alumina at the top surface. The material distribution varies in the

transverse direction based on the power law.

alumina, E,, p,

Figure 8-25: Simply supported functionally graded beam resting on a viscoelastic foundation subjected to a moving load
point load.

The dynamic behaviour of the system, as illustrated in Figure 8-25, is described by the
governing equation [102]:
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ov*(x, t ovt(x,t av(x, t
El vaSi ) +u va(tazc ) +d US; ) +v(x,t) = P8&(x —xp) (8.69)
which can also be expressed as:
IMI{H®)} + [C;[{H®} + ([Kf] + [K]){H(®)} = {F()} (8.70)

where the matrices [M] and [K] are the assembled functionally graded beam mass and

stiffness matrices in physical space. The assembled foundation damping and stiffness
matrices are [C] and [K| respectively. {F(t} is the time-dependent moving load vector. The

acceleration, velocity and displacement vectors of the system are denoted by {H(t)}, {H(t)}

and {H(t)} respectively.

The cross-sectional area A = 7.684 x 10~3 m? of the FG beam is assumed to be uniform
through the entire length of the beam. The moment of inertia of the FG beam is I =
3.055 x 10~> m*. The material properties of the upper surface and lower surface constituent
materials are: E, = 3.9x10'! Pa, p, = 3.96x10% kg'm® and E, = 2.1x 10" Pa, p, =
7.8x10° kg'm?® respectively. E and p denote the Young’s modulus and density
correspondingly. The beam is subjected to a moving point load that travels across from left to
right at ¢ m-s™. The magnitude of the moving load is P = 8.34x 10* N. The dynamic
response of the beam is analysed from the instant the moving load arrives on to the FG beam
to the moment it departs from the beam. The beam rests on a foundation, of elastic stiffness
ks =3.416 x 10° N-m™, as illustrated in Figure 8-25. The viscous damping factor is denoted
by d and takes into account the viscous damping of the foundation.

The dynamic response of the described system is analysed using the Daubechies and BSWI
WFEMs. The results are compared with the classical FEM approach. 4 BSWI15s WFEs (271
DOFs), 12 Daubechies D16, WFEs (375 DOFs) and 130 classical finite elements (390 DOFs)
are used to model the beam throughout the analysis. The dynamic analysis of the system is
carried out using the Newmark time integration method. The time step At is selected to
ensure that the analysis is accurately and efficiently carried out while maintaining the
numerical stability of the analysis.

The analysis using the wavelet based FG beam element formulation is verified by comparing
the displacement variation when n = 10* (fully steel) with the results obtained in Section
7.3; for a 5% undamped system. The results are in very good agreement with those presented
in Section 7.3 and the approach is verified. The number of elements, order of the wavelet
families and multiresolution scales are based on the results being within 3% of those obtained

in Section 7.3.
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The effect of the varying the power law exponent, n, on the critical velocity of the beam is
first analysed. The maximum deflection at the centre of the beam, as the moving load travels
across at ¢ ms™, is presented in Figure 8-26 for different material distributions. The graph is
obtained for the velocity range 0 < ¢ <800 m-s* at increments of 1 m-s™. The results
presented are those obtained using the BSWI5s WFEM. The Daubechies WFEM and

classical FEM plots are similar and are therefore not presented.
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Figure 8-26: The variation of the maximum non-dimensional vertical displacement of a FG beam on elastic foundation
subjected to a moving load with respect to the load velocities for different n.

From Figure 8-26, varying n has a significant effect on the magnitude of the maximum
deflection and the corresponding velocity. The regions where the maximum vertical
displacement is at its highest correspond to the critical velocity of the moving load. When the
beam is approximately fully steel (n = 10%), the maximum deflection is 0.0553879 m, with a
corresponding critical velocity of 395 m-s™ (BSWI55s WFEM solution). This is only 0.0658
% lower than the value obtained analytically in Section 7.3. This shows that wavelet based
functionally graded beam solution is highly accurate. When the value of n is decreased, the
highest maximum displacement decreases. The value of the moving load critical velocity is
also observed to increase. This is because as n - 0, E(y) — E,. Subsequently, the natural
frequencies of the FG beam increase with this increase in bending stiffness. Furthermore, this
increase in effective bending stiffness results in a decrease of the beam deflection. In the
analysis of moving load problems, it is desirable to have the maximum deflection of the

system minimised; with the critical velocity being as high as possible.

243




It is also observed from Figure 8-26 that the gradient of the curve is very steep before and
after the critical velocity is attained when n = 10%; in comparison to the other FGM material
distributions. This implies that rate of increase/decrease of the maximum deflection of the
beam, with respect to the moving load velocity, is greatest when the beam is fully steel.

Decreasing the value of n reduces the rate at which the maximum deflection increases or

decreases.
Critical velocity Max[ v(é, £)]
cm/s

n FEM | D16, | BSWI5s FEM D16, BSWI15;5

0 648 649 648 0.0438347 | 0.0420344 0.0439014
0.1 613 613 613 0.0447327 | 0.0428942 0.0447663
0.2 586 586 586 0.0456268 | 0.0436009 0.0456495
0.5 536 537 534 0.0472256 | 0.044732 0.0471608
1 495 496 494 0.0486466 | 0.0455693 0.0489605
2 462 464 462 0.0500081 | 0.0469853 0.0501519
3 448 449 448 0.0050398 | 0.047813 0.0508214
5 434 435 433 0.0510972 | 0.0484487 0.0513434
7 427 429 426 0.0516903 | 0.0487826 0.0515689
10 420 422 420 0.0521743 | 0.049221 0.052192
10* 396 398 395 0.0550927 | 0.0523035 0.0553879

Table 8-9: The critical velocity and maximum normalised deflection of a steel-alumina FG beam on elastic foundation for
different values of n.

To further the results in Figure 8-26, the critical velocities and corresponding maximum beam
deflections, for the different material distributions, are presented in Table 8-9. The solutions
obtained using 4 BSWI55 WFEs and 12 Daubechies D16, WFEs are compared with 130
classical finite elements. The results for the different approaches are in good agreement,
accurately describing the critical velocity of the moving load with respect to the
corresponding material distributions.

The variation of the maximum vertical displacement with respect to n is presented in Figure
8-27; for different moving load velocities. It is observed that for the velocities ¢ = 100 m-s™
and ¢ =300 m-s?, the maximum deflection is relatively lower in comparison to other
applied velocities. This is because these applied moving load velocities are subcritical for the
different material distributions and an increase in moving load velocity leads to an increase in

the maximum beam deflection. This occurs until the critical velocity corresponding to the
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material distribution is reached. Thereafter, the maximum deflection decreases as the moving

load velocity increase.
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Figure 8-27: The variation of the maximum non-dimensional vertical displacement of a FG beam on elastic foundation
subjected to a moving load, with respect to n for different moving load velocities.

The maximum deflection peaks when the velocity of the applied moving load velocity is
close to the corresponding critical velocity. For instance, when the load is travelling at 650
m-s™, the highest maximum deflection is attained when n = 0. This is because the applied
moving load velocity is close to the critical velocity of alumina (648 m-s™). Similarly, when
the moving load is travelling at 500 ms™, the highest maximum deflection is achieved when

n=1.
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Figure 8-28: The variation of the maximum non-dimensional vertical displacement of a FG beam on elastic foundation
subjected to a moving load with respect to the percentage volume content of steel for different moving load velocities.
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In Figure 8-28, the maximum deflection is plotted against the percentage content of steel
within the FG beam, for the different moving load velocities, to better illustrate the results
presented in Figure 8-27.

The dynamics analysis of the long functionally graded beam requires a considerable number
of elements to accurately describe the variation of the material distribution. Furthermore, for
an accurate description of the response, the number of time steps required is significant,
considering the applied load is rapidly varying. In the analysis of the moving load critical
velocity, each material distribution profile is analysed at each time step for each velocity.
From the results presented, the Daubechies and the BSWI WFEM solutions accurately
approximate the variation of the maximum deflection with respect to the moving load
velocities with fewer elements implemented than the FEM. The BSWI15s WFEM solution is
the most accurate for the critical velocity and corresponding maximum deflection solutions.
In addition, only 4 BSWI WFEs are required to achieve this level of accuracy, in comparison
to 130 classical finite elements and 12 Daubechies D16, WFEs. The global system of the
BSWI5s WFE approach consists of 271 DOFs. This is approximately 30 % less number of
DOFs than the classical FEM and 28% less when compared to the Daubechies WFEM.
Moreover, a computational cost analysis was carried out to compare the efficiency of the
three approaches. The considered analysis was for a FG beam resting on a 5% damped
viscoelastic foundation subjected to a moving point load travelling at 395.26 m-s™. The
viscous damping factor was evaluated based on the critical viscous damping of a
homogenous steel beam resting on the foundation. This value was used in this analysis for the

different material distributions. The critical damping of the system is expressed as [109]:

dCT =2 ’ka P (871)

The viscous damping coefficient of the system, d, is evaluated as d = {d_,, with { being the

damping ratio.

Furthermore, the simulation is run to obtain the dynamic responses for the different material
distributions n = 0, 0.1, 0.2, 0.5, 1, 2, 3, 5, 7, 10 and 10*. The number of time steps
implemented in the Newmark algorithm is 5,800. The simulations were carried out using
Mathematica Version 7 on a Pentium (R) Dual core CPU with; 4GB RAM, 64 bit Operating
System, 2.10 GHz running on Windows 8. Given that the wavelet elemental matrices and
wavelet transformation matrices were earlier computed and stored, the following aspects

were taken into consideration: evaluation of moving load in wavelet space at each time step,
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transformation of all element matrices from wavelet space into physical space, assembly of
matrices and application of boundary conditions and the Newmark time integration

algorithm.

The time required to carry out the stated dynamic analysis via the FEM (390 DOFs, 130
elements), D16, (375 DOFs, 12 elements) and BSWI155 WFEM (271 DOFs, 4 elements) was
574.156 s, 548.028 s and 463.59 s respectively. Subsequently, the computational resources
needed to evaluate the response of the beam via the Newmark time integration for the BSWI
WFEM are observed to be significantly less in comparison to the FEM and Daubechies
WFEM approaches. The high levels of accuracy and efficiency demonstrate the superiority of
the BSWI WFEM over the other two methods for dynamic response analysis of FG beams.
The number of DOFs implemented for the Daubechies WFEM and classical FEM are also
compared (Daubechies D16, WFEM - 375 DOFs, FEM — 390 DOFs). The effects of this
difference become apparent when carrying out the dynamic analysis of the moving load
critical velocity for the different material distributions, for different moving load velocities
and at each time step. Therefore from this computational cost analysis, the Daubechies
WFEM solution is still more efficient than the classical FEM. Moreover, the added advantage
of both WFEMs over the classical finite element method is that the multiresolution and/or

order of the wavelet elements can be modified to increase the levels of accuracy.

The dynamic response of the steel-alumina functionally graded beam is carried out for
different moving velocity and system damping profiles and material distributions. The
velocity profiles are subcritical (80 m-s™), critical (395.26 m-s™) and supercritical (500 m-s™)
applied moving load velocities which correspond to that of a homogenous steel beam
(n = 10%). The dynamic responses of all the other material distributions of the FG beam are

analysed with respect to these three velocity profiles.

The verification of the FG beam WFE, as earlier mentioned, is carried out by comparing the
dynamic response when n = 10* with the results obtained in Section 7.3 (for corresponding
moving loads). The compared results are presented in Figure 8-29 for a) subcritical, b)
critical and c) supercritical moving load velocities. The curve “BSWI WFEM — Ref” is the
solution obtained using 6 BSWI55 beam WFEs from Section 7.3. The results of the wavelet
based FG beam are in excellent agreement, particularly for the subcritical and critical moving

load velocities.
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Figure 8-29: The vertical displacement of a steel-alumina FG beam on an viscoelastic foundation (5% damping) subjected

to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and ¢) 500 m-s.
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Figure 8-30: The vertical velocity of a steel-alumina FG beam on an elastic foundation (5% damping) subjected to a moving
point load travelling at a) 80 m-s™ b) 395.26 m-s™ and c) 500 m-s™.
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Figure 8-31: The vertical displacement at the centre of a simply supported steel-alumina FG beam on an elastic foundation
(no damping) subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and ¢) 500 m-s™* for different values
of n.

The vertical velocities at the centre of the FG beam are in very good agreement with the

reference solution from Section 7.3 as illustrated in Figure 8-30. However, the Daubechies
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WFEM solution is not as accurate when the load is travelling at subcritical velocities, but
sufficiently acceptable at critical and supercritical velocities.

The variation of the deflection of the FG beam on an elastic foundation, as the moving point
load travels across the beam, is presented in Figure 8-31; for the different material
distributions. The results presented in this figure are obtained via the BSWI55 WFEM. It is
observed in Figure 8-31 a) that when the applied moving load travels at 80 m-s™, which is
subcritical for all variations of n, the maximum vertical displacement occurs when the
moving load is at the centre of the beam. The highest maximum displacement occurs when
the beam is fully steel (n = 10%); and as n — 0, the maximum displacement decreases in
magnitude. This decrease in peak displacement, from fully steel to fully alumina, is
approximately 15.06 %.

Figure 8-31 b) illustrates the response when the moving load is travelling at 395 m-s™. The
highest maximum displacement at this moving load velocity is achieved when n = 10%.
Decreasing the value of n increases the natural frequency of the beam and thus the applied
moving load velocity ¢ = 395 m-s™ is subcritical for the other material distributions. This
explains why decreasing n results in a decrease of the maximum displacement of the beam as
observed. The maximum vertical displacement is reduced by approximately 85.3% when n is
varied from 10* to 0; which is more substantial than the subcritical case. For the different
material distributions, as n — 0, the amplitude of the oscillations diminishes significantly.
Therefore, varying the material distribution has considerable effects on the dynamic response
of the system when the applied moving load velocities are critical.

The applied moving load velocity ¢ = 500 m-s™ is subcritical for n < 1, supercritical for
n > 1 and almost critical when n is 1. It is for this reason that the homogeneous steel beam
no longer has the highest maximum displacement; even though its effective bending stiffness
is lower than that of the other material distributions. The highest maximum displacement is
achieved when n is 1, after the moving load has departed from the centre of the beam.
Decreasing n, for n > 1, results in an increase in the maximum displacement of the FG beam.
Conversely, decreasing n, for n < 1, results in a decrease in the maximum displacement. This
is attributed to the increase in bending stiffness as well as the difference between the critical
velocity corresponding to n and the applied moving load velocity.

The displacement variations of the system with light damping, for the different values of n
and different velocity profiles, are presented in Figure 8-32. The introduction of the light

damping smoothens out the low amplitude vibrations that are present and slightly decreases
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the maximum displacement in comparison to the undamped system. This is observed from
Figure 8-32 a) where the applied moving load velocity is 80 m-s™. The vertical displacement

of the beam is highest when n = 10* and decreases as n — 0, similar to the undamped case.
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Figure 8-32: The vertical displacement of a steel-alumina FG beam on viscoelastic foundation (subcritical damping)
subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and ¢) 500 m-s™, for different values of n.
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When the moving load is travelling at 395 m-s™, the maximum displacement for all the
different material distributions is decreased due to damping. However, the effect of damping
is greatest when n is 10, as observed in Figure 8-32 b). This is because the effect of damping
is greater on the response of a beam with a moving load travelling at, or close to the critical
velocity than when it is travelling at relatively slower subcritical velocities. Therefore, as n
decreases, the effect of light damping on the response of the FG beam also decreases.
Nevertheless, as n — 0, the decrease of the maximum deflection is still significant.

When the moving load is travelling at 500 m-s™, the highest maximum displacement of the
FG beam is attained when n = 1. The critical velocity of the functionally graded beam
corresponding to this material distribution is very close to the applied moving load velocity.
Furthermore, this velocity is still supercritical for values of n > 1 and as the value of n
increases, the maximum displacement of the beam decreases. In contrast, when n <1 and as n
increases, the maximum displacement decreases since the velocity is subcritical for the
corresponding material distributions. The introduction of the light damping results in a
general decrease in the maximum displacement of all the material distributions, particularly

for those whose applied moving load velocity is close to the load critical velocity.
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Figure 8-33: The vertical displacement of a steel-alumina FG beam on viscoelastic foundation (critical damping) subjected
to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and ¢) 500 m-s™* for different values of n.

Figure 8-33 illustrates the response of the FG beam, as the moving load travels across the

beam when the damping of the system is critical ({ = 1). The effect of critical damping on
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the dynamic response of the beam is very significant, particularly for moving load velocities
395 m-s™ and 500 m-s™. Consequently, this also has a significant impact on the variation of
the FG beam displacement for the different material distributions. The highest maximum
displacement when the moving load travels at 80 m-s™ is achieved when n = 10* and as
n — 0, the maximum displacement decreases, as presented in Figure 8-33 a).

When the moving load is travelling at 395 m-s™ and 500 m-s™, as illustrated in Figure 8-33 b)
and Figure 8-33 c) respectively, the maximum deflection of the beam decreases significantly.
The FG beam can no longer be excited at these moving load velocities, for any material
distribution, due to the critical viscous damping of the system. Therefore, it is observed that
the highest maximum deflection of the FG beam occurs when n = 10*. Furthermore, as
n — 0, the maximum displacement decreases. Moreover, the effect of varying the material
distributions is not as significant at these moving load velocities. The maximum deflection,
when the moving load travels at 395 m-s™, reduces by approximately 9.68 % as n varies from
10* to 0. Similarly, the maximum deflection at the centre of the beam reduces by
approximately 8.58% for moving load velocity ¢ = 500 m-s™. Thus, when the system is
critically damped, the effect of varying the material distribution on the variation of the
response of the FG beam is not as considerable as when the system is undamped or lightly

damped.
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Figure 8-34: The vertical displacement of a steel-alumina FG beam on viscoelastic foundation (supercritical damping)
subjected to a moving point load travelling at a) 80 m-s™ b) 395.26 m-s™ and c) 500 m-s™ for different values of n.
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The effect of varying n on the dynamic response of the beam when supercritical viscous
damping (¢ = 2) is introduced into the system is reduced further for the three different
velocity profiles; as observed in Figure 8-34. It is therefore concluded that the effects of
varying the material distribution of the FG beam on the dynamic response, decrease as the

damping increases.

8.6. Conclusions

Analysis of FGMs is essential in practice to understand and predict their behaviour when
subjected to various loading environments, such as mechanical, thermal or electrical, or in
some cases, combinations of loading conditions. Though the materials may at times be
expensive to fabricate, the functionally graded materials are often used to decrease some

limitations faced by conventional composites. These include [70,73]:

e Delamination-related problems often caused by the disparity of materials in laminated
composites can be eliminated. Structural and functional failure caused by the loss of
structural integrity, reduction of stiffness and the destruction of load transfer
mechanisms caused by the high local inter-laminar stresses, and subsequently
separation of layers, is a problem commonly experienced in laminated composites.

e Reduction of in-plane and transverse through-the-thickness stresses.

e Improvement of residual stress distribution.

e Enhancement of fracture toughness.

e Reduction of stress intensity factors.

e Increase of fatigue life.

Although properties such as machinability, high toughness, high electrical conductivity from
metals and high stiffness, high strength, temperature resistance and low density of ceramics
are combined, the core aspect of FGMs is the continuous gradation of these materials and
consequently the smooth transition of properties. Furthermore, FGMs may be used as an
adhesive between different materials of structures that may be subjected simultaneously to
different loading environments. This is because of the large inter-laminar stresses that are
present due to the abrupt transition of the material properties that may lead to failure via
plastic deformation or cracking. The applications of FGMs in various fields beyond the
aerospace and automotive industries has rapidly grown e.g. medical field (dental [118] and

orthopaedic implants [119]), communications industry [120] (optical fibbers,
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semiconductors), energy sector [121] (thermo-generators and sensors) and building materials

and structures just to name a few.

In this chapter, the WFEM was for the first time applied, to the best of the author’s
knowledge, for the dynamic analysis of functionally graded beams. The FG beam was
formulated based on the power law of gradation given that the material distribution of the
constituent materials can be altered continuously by changing the values of the power law
exponent n. The variation of the material distribution and properties were analysed in the
transverse direction. The analysis was carried out via numerical examples and compared with
the classical FEM approach; and in some cases, results obtained from previous related
research.

The free vibration analysis of a transverse varying steel-alumina FG beam was carried out
using the Daubechies and the BSWI WFEMs. The results obtained show the effects of
varying Eaio, the slenderness ratio and the power law exponent n, on the natural frequencies
of the functionally graded beam. The results were compared with Simsek and Kocaturk [83]
and were found to be consistent with their findings. The results showed that increasing the
value of n led to an increase in the natural frequencies for E,, > E;. When E,, < Ej, increasing
the value of n decreased the natural frequencies of the FG beam. The effects of varying the

slenderness ratio on the natural frequencies of the FG beam were not significant, provided

é > 20. This was consistent with findings made in Pradhan and Chakraverty [78]. However,

for shorter beams where é < 20, the slenderness ratio affected the natural frequencies of the

beam and the free vibration analysis can only be accurately approximated when the shear
deformation effects are taken into consideration. When different boundary conditions were
applied, increasing the number of restrained DOFs increased the fundamental frequencies of
the FG beam for different values of n.

The dynamic response of a simply supported steel-alumina FG beam, subjected to moving
loads travelling at subcritical, critical and supercritical velocities, was analysed using the
Daubechies and BSWI WFEMs. The critical velocities for different material distributions and
the corresponding maximum deflections at the centre of the FG beam were accurately
obtained, with fewer elements and DOFs when compared with the classical FEM solution.
The effects of varying the material distribution on the values of the critical velocities were
consistent with Simsek and Kocaturk [83] for moving point loads. Decreasing the value of n
decreased the maximum displacement of the simply supported functionally graded beam for

all the velocity profiles presented.
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A long steel-alumina FG beam resting on a viscoelastic foundation was subjected to a moving
point load travelling across at subcritical, critical and supercritical velocities. The analysis
was also carried out for different damping profiles. In general, the velocity of the moving
load and the damping of the system influenced the effects of varying n on the dynamic
response of the FG beam. Increasing damping in the system decreased the effect of varying
the material distribution on the dynamic response of the beam. When the applied moving load
was travelling at a velocity equal to or less than the critical velocity corresponding to the
lower surface material, decreasing the value of n decreased the maximum displacement of the
FG beam; for E, > E;. At supercritical velocities, the effects of varying n on the dynamic
response may differ, depending on the applied moving load velocity and the critical velocity
associated with the different material distributions.

The Daubechies and BSWI WFEMSs approximated the transverse variation of the material
properties for the functionally graded beam very accurately; with less number of elements
required to achieve high levels of accuracy in comparison to the classical FEM. Furthermore,
the free vibration and the dynamic response of the functionally graded beam were
approximated with high levels of accuracy. This was due to the ability of the WFEMs to
accurately approximate the field variables based on the main properties of the wavelet
families, such as; compact support, multiresolution analysis and vanishing moments.

In general, the dynamic analysis of functionally graded beams subjected to rapidly varying
loads may require a considerable number of elements to accurately describe the variation of
the material distribution. Furthermore, the number of time steps required may also be
significantly high to accurately describe the response of the beam for the different material
distributions. The time and computational demands were reduced significantly when the
WFEM was used to carry out these computations. This was evident from the efficiency
analysis carried out and the system was accurately described using fewer DOFs; in
comparison to the classical FEM. Moreover, the accuracy of the WFEM solutions was
improved by increasing the order and/or multiresolution scale without affecting the original

mesh of the system.

The BSWI WFEM is preferred to the Daubechies WFEM for the analysis of functionally
grade beams. In the analysis of transverse varying functionally graded beams, the BSWI
WFEM approximates the natural frequencies and dynamic response more accurately, with
fewer elements and more efficiently than the Daubechies WFEM. This was mainly attributed

to the fact that the Daubechies connection coefficients needed to be evaluated in the
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formulation of the FGM stiffness and mass matrices for different material distributions and
the numerical instabilities that were present. The BSWI based WFEM does not have these
limitations of numerical instability or significant numerical errors since the scaling functions
and their derivatives have an explicit expression and does not require the evaluation of the
connection coefficients.
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9. Conclusions and Future Work

In this study, the wavelet based finite elements are implemented in a multiresolution
environment to mainly analyse static and dynamic beam problems. The Daubechies and
BSWI WFEMs are selected due to the wavelet families’ desirable properties, such as:
multiresolution, compact support and the “two-scale” relation. It is ideal for the approaches
employed in analysis of structural problems to be highly accurate while simultaneously being
cost and time efficient. Research is still ongoing to discover and develop such analysis
methods; of which the wavelet finite element method has recently been identified to have vast
potential. Advancements are currently being made with respect to the applicability of the
method to analyse different structural problems. It has been identified that its implementation
for dynamic analysis is limited. Furthermore, some aspects of the Daubechies and BSWI
WFEM are still unclear, with regards to implementation and performance, for dynamic

analysis.

Moreover, the application of the method to analyse structures with variations in composition
and material properties is currently limited. One class of structures that has recently come to
the attention of researchers is the functionally graded materials. They are of practical
importance as they have their material properties continuously varying spatially with respect
to the constituent materials. The avenues for application and use of functionally graded
materials in different disciplines are rapidly growing and therefore, different analysis tools
are being developed and applied to better understand and describe their behaviour under

various conditions.

In this study, the Daubechies and BSWI based WFEMs are applied to analyse the dynamic
response for problems with fast variations in material properties and/or loading conditions.
To the best of the author’s knowledge, the implementation of the WFEM in the analysis of
functionally graded beams on a viscoelastic foundation when subjected to moving loads is

presented for the first time.

Based on the findings presented in this study, the WFEM is found to be a versatile, accurate

and efficient numerical analysis tool which offers vast potential for structural analysis.
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9.1. Conclusions

The following conclusions are made based on the findings of this extensive study.

The BSWI and Daubechies based WFEMs generally require fewer number of
elements, and consequently less number of DOFs, to accurately approximate the field
variables in static and dynamic analysis of beam systems with respect to the classical
FEM. This is consistent with findings from previous works. Furthermore, the
variation of material properties in FG beams is accurately described and approximated
with fewer DOFs. This is attributed to the desirable wavelet properties such as
compact support, multiresolution analysis and vanishing moments. Therefore, the
computational costs are significantly reduced, especially for the dynamic analysis of a

system, where the dynamic response is evaluated at each time step.

The layout of the WFEs can be easily modified by amending the wavelet
transformation matrix. The element matrices and load vectors in wavelet space are not
affected when changing the layout. They can therefore be evaluated only once and
stored to reduce computational costs and improve on the efficiency of the WFE
formulation. When the variation of the displacements and stresses of a system are
primarily investigated in dynamic analysis, the most efficient and accurate layout for
the beam wavelet finite element is to have the transverse displacement DOFs at each
elemental node and the rotation DOFs only at the elemental end nodes. This is

consistent with layouts presented for static analysis in previous works.

The BSWI based WFEM is generally preferred to the Daubechies based WFEM when
carrying out free vibration analysis and approximating the variation of the dynamic
response of a system. This is due to the high levels of accuracy achieved with fewer
elements and better computational efficiency. Furthermore, the method does not
require the calculation of connection coefficients to evaluate the element matrices and
load vectors. The difference in computational and time demands between the two
methods becomes more apparent as the complexity of the problem analysed increases
(variations in material properties or loading conditions). This is consistent with

statements made in previous works and is confirmed via the comparative study of the
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two WFEMs carried out in this thesis. However, the efficiency of the BSWI based
WFEM for structural dynamic analysis may be impeded by the minimum applicable
multiresolution scale condition 2/ > 2m — 1. The Daubechies WFEM may be a more
effective and efficient approach where a considerable number of wavelet finite

elements are required, primarily due to variations in spatial orientation of the WFEs.

The Daubechies based WFEM can be accurately applied for the static and dynamic
analysis of beam structures for different orders of the WFE. The results converge
more rapidly to the exact solution when the order of the Daubechies WFE is increased
in comparison to the multiresolution. This is evident when improving the accuracy of
the natural frequencies and dynamic response of a system. This is also the case for the
BSWI based WFEM when the multiresolution scale j is relatively low. However,
when the multiresolution scale is high, the results are better approximated but the
computational costs are significantly increased due to the increase in the number of
DOFs in each WFE. It is therefore more efficient and effective to first increase the

orders of the wavelet based finite elements, then increase the multiresolution scales.

The results for the free vibration analysis of a transversely varying functionally
graded beam indicate that as the power law exponent n — 0, the natural frequency of

the FG beam reduces for E, > E,;. The effects of varying the slenderness ratio on the

natural frequencies of the FG beam are not significant provided é > 20. However, for

shorter beams where% < 20, the slenderness ratio affects the natural frequencies of

the beam and the free vibration analysis can only be accurately carried out when the
shear deformation effects are taken into consideration. This is consistent with results

presented using other approaches.

The material distribution of a transversely varying functionally graded beam resting
on a viscoelastic foundation subjected to a moving point load influences the dynamic
response of the system. When the moving load is travelling at a velocity equal to or
less than the critical velocity of the lower surface material, decreasing the value of n
decreases the maximum displacement of the FG beam, for E, > E,;. At supercritical

velocities, the variation of n should be carried out in a manner that ensures the
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corresponding critical velocity is as distant as possible from the applied moving load
velocity; thus, the maximum displacement of the beam is kept to a minimum.
Increasing damping of the system decreases the effect of varying the material

distribution of the FG beam on the dynamic response of the beam.

9.2. Recommendations for future work

The versatility and effectiveness of the wavelet finite element method, particularly in the

analysis of dynamic structural problems with fast variations in loading conditions and/or

material properties, offers vast potential. Therefore, the following are recommendations for

future work:

Implement the WFEM in the formulation and dynamic analysis of functionally graded
plates and shells.

Apply WFEM to analyse functionally graded materials, for different material
distributions, when temperature effects are taken into consideration.

Formulate 3D wavelet based finite element for the analysis of functionally graded
materials with variations of material distributions occurring in all the three axis
directions.

Carry out analysis of impact and wave propagation problems based on the wavelet

finite element method.
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Appendix

A. Wavelet theory

The key principles, theories and formulations of wavelet analysis related to the work
presented in this study, specifically Chapter 3, are highlighted and expounded in this section
based on previous literature [15,16,19,20,87].

Al Multiresolution analysis

The decomposition and reconstruction formulations explaining how multiresolution is
achieved in wavelets are presented in this section as previously discussed in Section 3.1. Let

us define the projections of a function f € L*(R) at scale j in the subspaces V; and W asPf

and Q; f respectively. Furthermore [19],

Bf= Z a, d) (x) (A1)
k

Of =) bwl@ (A2)
k

where a},; and bfc are coefficients in the subspaces V; and W; respectively. At scale j = 1, the
corresponding projection of f, P; f, can be decomposed into the projections of f in V, and W,
since V; =V, @ W, [20].

Pif =Pyf +Qof (A.3)
D atgh) = ) alge) + ) bpLeo) (A4
k k k
2 alg@x—k) = Y algpGc—k)+ ¥ b~ k) (A5)
k k k

The coefficient aj is a refined version of a) while b contains the difference in
“information”. This is a similar concept for the subspaces, where the additional information
to get from Vj, to Vy, is in the subspace Wj. Given that ¢ (x) is the orthonormal basis of V;,

then from equation (A.3) the coefficients a) can be evaluated as [19]:

ap = (PR (0, Pof) = (dR(x), Py f) (A.6)

Substituting (A.1), for j =1, into (A.6),
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af = (B0, Pif) = ($0(), ) al bl (o) (A7)

Substituting equation (3.9) into (A.7)

a) =22y al (px— ), p2x— D)= Y h(i~2k)a] (A8)
where
1 (00}
h(k) = 27f p(x)p(2x — k)dx (A.9)
Similarly, the coefficients b)) can be stated as:
b =) g(i - 20)al) (A.10)
1 (00}
gk) = 271 Y(x)p(2x — k)dx (A.11)

The coefficient a’(x) decomposes into the coefficients af and b from equations (A.8) and
(A.10). Furthermore, the coefficient a}(x) can be reconstructed from the coefficients ay

and b, i.e.,
ak =) h(k—Dal + ) g(2k - b (A12)

In general, at any scale j [20]

Piaf(x) =Ff(x)+Q;f(x) (A.13)

D a0 = ) dle+ ) bl (A14)
k k k

a{( = Z h(i — 2k)a{+1,aj =Hda ! (A.15)

= st b0 =G o

al"' =) h@k-Dal + ) g(2k - D]
: i (AL7)

' =H"d + G"b

This give rise to what is commonly referred to as the refinement and wavelet equations,

which are expressed as:
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P = ) c)p@x— ) (A.18)

k
P(x) = Z(—l)”c(k + D (2x + k) (A.19)
k

where ¢ denotes the general scaling function filter coefficients. Figure A-1 illustrates the (a)
decomposition and (b) reconstruction algorithms of the coefficients in the subspaces at

different scales.

Figure A-1: Wavelet (a) decomposition and (b) reconstruction.

A.2. The Daubechies wavelet

This section contains a more detailed mathematical description of the Daubechies filter

coefficients, moments and connection coefficients as discussed in Chapter 3 of this thesis.
A.2.1. The Daubechies filter coefficients

In this section, the Daubechies filter coefficients discussed in Section 3.2.1, are derived in
detail based on theory and formulations described by Daubechies [15,20] and subsequent

publications by Strang and Nguyen [16] and Hong et al. [88].

We define the 2m-periodic function

1 .
mo () = ﬁz h(kye e (A.20)
k

where the filter coefficients h(k) satisfy the conditions (3.30) and (3.32). Therefore, for an
orthonormal scaling function ¢ (x),

|mg(w)|? + Imo(w + )| =1 (A.21)
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Given that the moment condition holds, then mg factorizes in the form [15]

M

14 el
2

my(w) = [

where q(w) is also a trigonometric function and M > 1. Let the polynomial Mg be given as:
My(@) = [mg(w)[? = mo(e™ )mg(e™™) (A.23)

Therefore,

2 2

1+ e‘i“‘]M [1 + el
2

M M
Mo<w>=[ ] q(e-iw)q(efw)=(cos2 (9)) e )y  (A24)

For convenience, we define

B(y) = q(e™*)q(e™) (A.25)

Furthermore, given the trigonometric relations

sin@ + cos?6 =1
cos?’@ =1 —sin? 6 (A.26)
cos20 =1—2sin% @

y =sin? @
cos9=1-y (A.27)
cos260 =1-2y

Equation (A.24) can be expressed in terms of B(y) as
Mo(w) = Mo(e™™) = [1 - y]"B() (A.28)
and subsequently
My(w + 1) = My(—e™) = yMB(1 —y) (A.29)
The condition expressed in equation (A.21) can be expressed in terms of equations (A.28)
and (A.29) as
[1-y]"BG) +y"BA-y) =1 (A.30)
This holds for all y € [0,1] and thus, for all y € R. Daubechies [20] in her earlier work
solved equation (A.30) via two combinatorial lemmas and later used Bezout’s theorem which

states that:

“If p1 and p, are two polynomials of degree n; and n, respectively, with no
common zeros, then there exists unique polynomials q; and g, of degree n, - 1,
N1 - 1 respectively so that.” [15]

P1(x)q1(x) + p2(x)q2(x) = 1 (A.31)
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Thus, B(y) from equation (A.30) is expressed as
B(y) =[1-y]™[1-y"B(1 -y)] (A32)

By applying Taylor expansion for the first M terms of [1 — y]™
M-1

B(y) = Z M +,f “ koo (A.33)

where 0(yM) is the general power series. However, for B(y) of degree > M

[1-yIM"(BY) By +y"BA-y)—By(1—-y)=0 (A.34)

where By () is the unique lowest solution
M-1

B,(y) = Z (M +: - 1) ¥ (A.35)
k=0
Substituting the values of y from equation (A.27) i.e.,

S nniey

1+e @][1+e
1=r=1" 2

and from equation (A.28), we obtain

(A.36)

k

1+e @] 1+ e o 1—e@]“[1 = elo
wo- [ [ Ze ] e

2 2

Shifting from the frequency domain into the z-domain for convenience, where z = €', let the
polynomial P, (w) = My(w) and P,(z) = |m,(2)|* = m,(z2)m,(1/7). In the case of the
Daubechies family of wavelets, the order M = %

Ly

152 kpq _ 11k
P,(2) = 1+Z] 1+Z ZZ<5+"_1> ] [1 ZZ ] (A.38)
0
L
PL(Z)— 1+“[1+Z 1]2ML(Z) (A.39)

where M, (z) is a Laurent polynomial
L
2- k _11k
ML(z)kZ< )2][2]
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Table A-1 gives the values of M, (z) for 2 < L <20 as evaluated from an algorithm

developed by the author using Mathematica version 7.

L ML(Z)
2 |1
4 1 z
2z 2
6 119 3 9 97 322
4 8z%2 4z 4 8
8 a5 5 131 131z 522 523
1623 ' 222 16z 16 & 2 16
10 2509 35 175 95 1825 18252+9522 17523+35z4
64 ' 128z% 6473 ' 822 64z 64 8 64 ' 128
12 14027 63 L 189 4067 399 12687 12687z+399zz 406723 189z* 632°
32 25625 @ 64z* 25623 ' 872 128z 128 8 256 64 256
14 107727 231 1617 10353 39837 203161 89033 89033 20316122 3983723
256 102426 51225 ' 512z% 51273 ' 1024z2 256z 256 1024 512
+10353z4 161725+23126
512 512 1024
16 46309 429 429 50919 7227 714429 98451 2528431 2528431z 9845122
32 204877 ' 12825 204875 @ 64z* 204823 ' 12822 2048z 2048 128
71442973 7227z% 5091925+42926 42977
2048 64 2048 128 2048
18 83211409 6435 57915 | 244101 2552121 4614291 24360435 24126075 72599193
16384 ' 3276828 16384z7 @ 819225 1638425 ' 8192z%  16384z3 & 819222 16384z
72599193z 2412607522 2436043523 4614291z% 255212125 244101z°
16384 8192 16384 8192 16384 8192
5791527 . 643578
16384 ' 32768
20 148279949 12155 60775 2294435 847275 14015287 10737155 100677555
8192 655362 ' 1638478 6553627 @ 40962 1638475 4096z 1638423
45926485 526213405 526213405z 4592648522 10067755523
409672 32768z 32768 4096 16384
10737155z* 14015287z°> 847275z2° 229443527+6077528 12155z2°
4096 16384 4096 65536 16384 65536

Table A-1: Laurent polynomial M, (z) for 2 < L < 20.

In order to solve for the filter coefficients, it is vital to solve for m,(w) from equation (A.22)

to which we express in the z domain as:
L
1+ 272
2

m @ = || @@
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The subscript L denotes the order of the Daubechies wavelet and M, (z) = |aL(z)|2. In order
to obtain m,(w), it is important to obtain the square root from the non-negative trigonometric

polynomial M, (z) via spectral factorization [16].

z—plane E z—plane
o
: ®
(a) Daubechies D4 (b) Daubechies D6
“““““““““““““““ Zlplane T e T
° ®
@

(c) Daubechies D8 (d) Daubechies D10

Figure A-2: Roots for the different orders of the Daubechies Wévelet family.

According to Riesz Lemma, given that a real Laurent polynomial R(z) > 0 that has

symmetric coefficients and thus satisfies the condition R(z) = R(z™1), then [88]:

R(2) = c(2)c(z™D) (A.42)
where c¢(z) is a real polynomial. The real roots r; and L the complex roots z; and its
Tk

conjugate z; inside the unit circle, as well as Zl and corresponding conjugate Zl outside the

unit circle and/or the complex conjugate roots e’¥i and e, are obtained from the
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polynomial M,(z). The diagram above is an illustration of the roots for Daubechies D4 to

D10 as evaluated using a Mathematica version 7 code developed by the author.

Daubechies D4 has a pair of real roots as illustrated in Figure A-2 (a), while D6 has a

quadruplet of complex roots z;, z;, iand Zl On the other hand, D8 has both a pair of the real

roots and the four complex roots. Therefore, as the order of the Daubechies wavelet
increases, so does the number of roots which correspond to L — 2. However, only one of the

roots is required from each pair so as to solve for the filter coefficients.

Therefore, the polynomial R(z) is written as:
N
R(z) = ) bk)z* (A.43)
2,

Due to even multiplicity conditions we now have

ZVR(2) = b(N) 1_[(2 —2)(z-2Z) (z - Zl) (z

)]_[(z—elwf) (2 - —le)Z]_[(z—rk)@—rk D

(A.44)

and furthermore,

(2= 2z = )| = Izl 1z = a?
z (A.45)

1z=1)(z -1l = Inl ™z —n|?

Substituting these values and taking z" to the right hand side of the equation we obtain
R(z) = b(N)z ™ 1_[|z 7 =zl - 7 ﬂ(z -57%GC  (aag

)Zﬂm Nz = nl?

Let b(N)z™" = ay , which is a coefficient of b(N). Therefore,

M K M
R@ =2ay [ [1217?] [ ] [Ic-26
i=1 k=1 i=1
J K
-2l | [Iz-2)e= "] [l2-nr
j=1 k

(A.47)
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K pL(k)
D4 D6 D8 D10
0 0.683012701892 0.470467207784 0.325803428051 0.226418982584
1 1.183012701892 1.141116915831 1.010945715092 0.853943542705
2 0.316987298108 0.650365000526 0.892200138247 1.024326944259
3 0183012701892 10.190934415568 | -0.039575026236 0.195766961348
4 - 10.120832208310 | -0.264507167369 10.342656715383
5 - 0.049817499737 0.043616300474 10.045601131884
6 - . 0.046503601071 0.109702658642
7 - . 10.014986989330 10.008826800108
8 - - - -0.017791870102
9 - - . 0.004717427939
D12 D14 D16 D18
0 0157742432003 0.110099430746 |  0.076955622109 0.053850349589
1 0.699503814075 0.560791283626 0.442467247152 0.344834303814
2 1062263759882 1031148491636 | 0.955486150428 0855349064359
3 0445831322930 0664372482211 | 0827816532422 0.920545714366
4 0319986598892 10.203513822463 | -0.022385735334 0.188369549506
5 -0.183518064060 10.316835011281 |  -0.401658632781 -0.414751761802
6 0.137888092975 0.100846465009 0.000668194092 -0.136953549025
7 0.038923209708 0.114003445160 0.182076356847 0.210068342279
8 -0.044663748330 -0.053782452590 |  -0.024563901046 0.043452675461
9 0.000783251152 10.023430941564 | -0.062350206650 -0.095647264120
10 0.006756062363 0017749792379 | 0.019772159297 0.000354892813
11 -0.001523533806 0.000607514995 0.012368844820 0.031624165853
12 - 10.002547904718 | -0.006887719257 -0.006679620226
13 - 0.000500226853 -0.000554004549 -0.006054960575
14 . ) 0.000855229711 0.002612967280
15 . ] 0.000166137261 0.000325814671
16 ) ] ] 10.000356329759
17 ) ] ] 0.000055645514
Table A-2: Table of Daubechies filter coefficients p, (k) for Daubechies wavelets D4 — D18.
Let us define a constant T where
M K
T? = 2ay 1_[|Zi|_2 1_[|Tk|_1 (A.48)
i=1 k=1
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Then,

K 2

1_[(2 — 1)

k

M 217

2
[ [e-2e-2| || [c-5e-2

i=1 j=1

R(z) =T? (A.49)

It is therefore possible to evaluate for q; (z) from (A.49) as,
M ] K
w@=T| [c-we-D] |ec-me-p][c-0 @0
i=1 j=1 k

and consequently solve for m;(z) in equation (A.41). The values of the coefficients in this
polynomial are the values of the filter coefficients h; (k) and can now be used in the dilation
equation to obtain the scaling functions and the wavelets functions. Table A-2 contains the
filter coefficients normalized )., p; (k) = 2 for D4 to D16 as computed via a code written by

the author using Mathematica version 7.
A.2.2. Daubechies moments M}

Latto et al. [36] outlined an efficient and quick technique to calculate the moments of the

Daubechies wavelet scaling function ¢; (x) and its translates of the form

MP = (™, (x — ) = j X™ by (x — k)dx (AS51)

The scaling relation from the dilation equation in equation (3.18) is used to derive a sufficient
number of linear conditions to determine the moments uniquely. Furthermore, from the
property of vanishing moments in equation (3.24), the linear combination of the Daubechies

scaling function and its translates of order L can exactly represent low order polynomials of
order up to and not greater than %— 1 [36]. Therefore, a given function f(x) = x™ can be

represented as:

x™ = Z M ¢ (x — k) (A52)
k

The moments for the translates of the scaling function are expressed as

MP = (™, (x — k) = f X™ by (x — k)dx (A53)

By definition, from the properties of the Daubechies wavelets highlighted in Section 3.2, we

know that the scaling function is normalised as follows:
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f ¢, (x)dx =1
Therefore, if in equation (A.53), m =0 and k =0, then

Mg = fooch(X)dx =1

and similarly,

M = fooqu(x—k)dx =1

When k = 0, the m™ moment of the Daubechies scaling function is denoted as

M = i) = [ xmuax
Applying the refinement equation, (A.57) can be rewritten as
L-1 oo
My =Y p@ [ xmeu(2x - dx
i=0 —®

d(2x)

Multiplying equation (A.58) by 2™ and expressing dx = ;

L-1
® d(2
2 = Y ) [ @omgu@e - 2
i=0 ®
= -
MY = s 9 PO [ @0 2x - Dd(n)
i=0 -

However,

[o0]

f 2x)"¢p,(2x —i)d(2x) = M"

Therefore, equation (A.59) can be expressed as:

L-1

1 ,

My’ = e ) pOM
i=0

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

In order to reduce the number of unknowns, it is vital to remove the moments M;" for i # 0.

Let u = (2x —1). Equation (A.60) becomes

M = f (@ + D™, (W (w)
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Expanding the term (u + i)™ via binomial expansion

W MUt m(m— Dunt2
(u+1i) =i ‘¥ T Fot
(u+im =(T;l)umio+(ql)um_1i1+(gl) m-2;2 4 ., +( )uoim
m

(u+i)m = Z (T) utim-!

=0

Substituting equation (A.63) into equation (A.62),

MM = ; (’?) it f_iul b, (w)d(w) = ; (’7) im=l M}

We can now substitute equation (A.64) into equation (A.61)

1 L-1 m
. MY
M?:WZP(OZ(Z)W " Mg
i=0 =0
m-—

L—-1
2m+1 Z M(l) [Z p(i) im!
i=0

1 L-1
o ) PO M
i=0

(A.63)

(A.64)

(A.65)

(A.66)

However, from the normalization property of the filter coefficients expressed in equation

(3.30), equation (A.66) can be rewritten as

m—1
1
My = > (7)) Mb [Zp(mm E
=0
1 —~ m —
m _ l N\ am—l
My = —Z(Zm_l);(l)mzopo)l
= 1=

om+1 MO

(A.67)

This is the m™ moment Mg, for the scaling function ¢;(x). We can now compute the

moments M;* by substituting equation (A.67) into equation (A.64). These are the moments

expressed in equation (3.46) at multiresolution scale j = 0. However, it is crucial to evaluate

the moments at multiresolution scale j > 0 for the purpose of implementing the

multiresolution aspect in the formulation of the Daubechies WFEs. The moments at scale j

for the scaling function translates are defined as [6]:

j,m m ] ]— ” m j
M = g, 00) = 22 [ xmey(2x - K)d

(A.68)

The moments of the scaling function translates at scale j = 0 is represented in equation (A.64)
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MO = M = z (T) k=t MY (A.69)
=0

And subsequently the m™ moment of the scaling function at j = 0 is defined in equation
(A.67) as:

m— L-1
om _ O,l N m—l
=0 1=

Having obtained the moments of the scaling function at scale j = 0, the moments at scale j > 0

are evaluated by solving equation (A.68), which can be rewritten as:
. % om .
M™ = TS j_ w(21 x) ¢, (2 x — k)d(2/x) (A.71)
Let 2/ x = u,
. 22
ML = s |G O @) (A72)

from equation (A.63), equation (A.72) becomes

m

. 1 Mmoo
M = Z (") kmt g (A.73)

. 1
2J (m+3) =

where the moment Mg'l is evaluated from equation (A.70).

A.3. The B-splines and B-wavelet

Cardinal B-splines, general B-splines and the B-wavelet, which are related to the the BSWI

wavelet described in Section 3.3, are formulated and discussed in this section.

A.3.1. The cardinal B-splines

Defining the cardinal B-splines of order m > 2 as:
1

Ny (1) = Npp_g (1) * Ny (x) = fo Np_y (x — t)dt (A74)

where for m = 1, N;(x) is the characteristic function of interval [0,1)

(1 0<x<1
Ni(x) = {O otherwise (A.75)
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The properties of the cardinal B-splines at multiresolution scale j = 0, for every f(x) € C
and g™ (x) € C™, include [19]:

[} 1 1
f fGON,, (x)dx = fo fo Flty + x5+ 4 Xpy_q + X )dxy dxy - dxyy_1dx,, (A.76)

m

[ g eomnex =Y o (7)o (ATT)
*® k=0

supp N (x) = [0,m] (A.78)
N, (x) >0 for0<x<m (A.79)
i Np(x—k) =1 (A.80)

=
N’ () = ANp_1 (1) = Ny () — Npyy (x — 1) (A.81)
N, (x) = ﬁzvm_l(x) + me_l(x —1 (A.82)
N, (% +x) =N, (% - %) (A.83)

The properties highlighted in equations (A.76) and (A.77) are proved in [19]. The support of
the cardinal splines of order m is finite from O to m, therefore N, (x) disappears for 0 < x
and x > m as seen in (A.78). This property of compact support is an attractive wavelet
feature as less scaling functions are necessary in the approximation of functions; thus
reducing computational costs. Furthermore, the cardinal splines have positive values for all
x € (0,m) from (A.79). The sum of the translates N,,(x — k) provide the normalizing
condition highlighted in equation (A.80). From equation (A.81), the derivative of the cardinal
splines of order m, can be expressed in terms of the difference of cardinal spline of order m —
1 and its translate. Equation (A.83) implies that the cardinal splines have symmetry from the

centre of its support.
Let the nested subspaces of the cardinal splines of L2(R) be expressed as:
VeV eVt eVt cVt C - (A.84)

which via the multiresolution conditions satisfy the relation

Uy =rm® (A.85)

JEZ
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ﬂ " = {0} (A.86)

JEL
Therefore, for each N,,(2/x) € V™, and from the nested relation given in equation (A.84),

the cardinal splines have the property [19]

Nn(2/x) = Z P (k) Ny (271 — k) (A.87)

k=—o0
where p__ (k), for k € Z, is a sequence in the space %,

m

P =274 (1) (A.88)

k=0
The cardinal splines can therefore be expressed in terms of the two-scale relation

m

N, (x) = 27m+1 Z (',?) N,, (2x — k) (A.89)

k=0
Figure A-3 below illustrates the cardinal splines a) N;(x), b) N,(x), ¢) N3(x) and b) N,(x).

It is observed that as the order m increase, the cardinal spline function becomes smoother;

which is an ideal property of the cardinal splines.

Ni(x) N (x)

1.0 a) 1o b)
0.8} 0.8
0.6 0.6}
04 0.4t
0 L x 0 x
0.0 2 4 0.6 8 1.0 12 14 0.0 1.0 1 0 2.
N3 (x; Ny(x)
1.0 10
c) d)
0.8} 8
0.6} 06}
04 041
2 0.
0.0 1 1 " 1 L I I x 0.0 ,\4 L

0.0 0.5 1.0 15 2.0 25 3.0 35 0 1 2 3 4
Figure A-3: Cardinal splines a) N; (x), b) N,(x), ¢) N3(x) and d) N4 (x).
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Furthermore, the Riesz basis of subspace V" is defined as

B} (x) = 2N, (2/x — k) (A.90)

A.3.2. General B-splines

In this study, the general B-splines are constructed using a knot sequence. In the formulation
of B-splines in this thesis, the approach of using knots sequences, similar to one presented by
Boor [93] and Schumaker [94], will be used. The key property of B-spline knots emanates
from the fact that the values contained within the knot sequence must be non-decreasing i.e.,
the knot value must be greater than or equal to the preceding knot value. Thus,

tr < gy (Agl)

The knot values determine the point value of t at which the “pieces of the curve” join. The
cardinal B-splines are classified as uniform B-splines, therefore, the knot values of uniform

splines have the property
ty41 — t = constant (A.92)

where the knots are equally spaced. Open uniform knots have i equal knot values at each end

and uniform inner knots. Thus,

tk == ti k S |
ty4+1 — ti = constant i<k<n+2 (A.93)
tk = Ckyiv1 k=n+2

where the control points are n + 1. Non-uniform knots are only constrained by the condition
in equation (A.91). A knot has multiplicity i if it appears i times in the knot sequence. Given
the knots t = (¢, ..., ty+m ), the B-spline of order m (degree m — 1) is therefore given as:

B i () = (trym — i)t s tiam I C —x)pt (A.94)

[t s tiam ] IS the m™ divided difference of (. —x)™~! with respect to the variable t. Hence,

(.—x)™~1 can be written as (t — x) 1. Using the truncated power function

n >0
=1y 72, (A.95)
one obtains
_oam—1 _ =71 (t-x)=0
(=05 = { 0 t—x)<0 (A.96)
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The compact support of the B-splines is specified in terms of the knots.

supp Bm,k = [tkr tk+m] (A97)

If fis a polynomial of degree < m — 1, then [ty, ..., tx4]r is constant as a function
of ti, o, Ly AN [ty, o, g1l = 0 for all f € P, _,(space with a point at infinity).
Taking into consideration equation (A.94), if x is not within the support interval, Bnx (X) =0
and g(t):= (t — x)7 1 is a polynomial of degree < m on [ty, t;..n . Hence,

[tk, . tk+m]g =0 (A98)

For the order m B-splines with knot sequence t, there are only m B-splines that may be non-
zero within the interval [t;,t;,]. The normalization chosen for Byx is the m™ divided

difference at ty, ..., tj 4., multiplied by (t, ., — ti). For a situation with i multiple knots, i.e.,
be = lgti @ U = tgg1 = L2 = 0 = Tppio1 = Ly (A.99)

when computing for [ty, ..., tx4]4, given that (A.99) applies, one obtains

®
9" (t)
[t o tirily = - !" (A.100)
However, if equation (A.99) does not apply then
[trs1s s tiewilg = [t oos tregicaly
tier e tiegilg = A.101
[ k k+ ]g (tk+l‘ _ tk) ( )

Equations (A.100) and (A.101), with the assumption that the knots are non-uniform and i =

m, allow equation (A.94) to be expressed as

Bm,k (x)
_ Wegm — ) ket ooor toam 1C =T = [t oo, b —1 1 C =201}
(tram — tk)
B je () = [ties1s oo trpm 1C =0T = [tk oo tpgm—11( =) 71 (A.102)

In general, equations (A.100) and (A.101) may be expressed as:

( [tks1s o tkamly — [tk s trgm—1lf

te < tkym

[tk' ey tk+m]f: — < (tl}‘z;l_‘_;)?zz) (A103)
k Mt tk = tk+m

From equation (A.94)
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Bm,k (x)

— . ym—1
_ B —1(x)
(6 = [t s troamo1 [ =0T 2 = (x — ) (A.105)
(tktm—1 — tr)
_ B, x)
@t = D [Berts o i 1€ =02 = (beam — %) (A.106)
(tem — tret1)
Thus,
Bk (x) (x—tx)  Bp_1x(x) (tk+m — %) Bp—1p+1(x)
: = . + . A.107
(Chktm — te)  Crgm = ) Crrm—1 — te)  Crgrm — i) Crpm — Lies1) ( )
Multiplying both sides of equation (A.107) by (t;4+m — ti)
x—t teom — X
B e () = ————— By 1 () + — B 11 (%) (A.108)
tetm—1 — Lk tetm — Tkt

This is the general formulation for computing B-splines using knot sequences. The initial

condition for the B-spline of order m = 1, is evaluated from equation (A.108) as

X — tk tk — X
Byy(x) = By (x) + ———Bg 41 (%)
T — Tk U — i1
B = A.109
Lk € {0 otherwise ( )

In the case of cardinal B-splines that have uniform knots, equation (A.92) applies and
thus B, x (x) = Ny, ;. (x). From equation (A.97), the support for m™ order B-splines is [0,m],
thus the difference of the knots is t,,.; —t, = 1. Taking this into consideration ty = Kk,

equation (A.109) therefore becomes

1 k<x<k+1 (A.110)

N =
1'k(x) {0 otherwise

Subsequently, equation (A.108) for uniform splines is

x—k k+m-—x
N je () = s e N1 00 + o= N (1)
x—k k+m—x

A.3.3. B-spline Wavelet (B-wavelet)

The B-spline wavelet function, commonly referred to as the B-wavelet [19] or Chui-Wang B-
wavelet [95], was presented by Chui and Quak [54] The wavelet functions are derived based
on the cardinal B-splines. The discussion carried out on the formulation and properties of

these wavelet functions are based on the theory presented by Chui [19].
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Having defined the m™ order cardinal B-spline generated multiresolution subspace V™ in
equation (A.85), there also exists the orthogonal complementary subspace W™ for j € Z
which obeys the multiresolution property in equation (3.2), i.e.,

V=V @ W (A112)

Let the m™ order fundamental cardinal spline be defined as

(o]

L, (%) = Z N, (x + % _p (A.113)

k:—OO

with the interpolation property

Ly (@) = 6ip (A.114)
from
Z N, (% +i—k) =6, (A.115)
k=—00
for i € Z. Unlike the cardinal B-splines N,,, the fundamental cardinal spline L,, does not

vanish identically outside any compact set since the coefficient sequence {c,&m)} is not finite

for m = 3 [19]. However, L,, (x) decays to zero linearly as x — oo since {c,g"“} decays to

zero exponentially as k — too. Therefore, let the wavelet function corresponding to wavelet

subspace W™ be defined as

Y () = LY (2% — 1) (A.116)

with the properties
[ M= 0 G =0 (A117)
supp Y (x)[0,2m — 1] (AllS)

The B-wavelet can be expressed in terms of the cardinal B-spline via the two scale relation:

[ee)

Y@ = ) Gl (22— 1) (A119)
k=—00
From equation (A.113),
Ly, (x) = Z PN, (x +m — k) (A.120)
k=—o0

Substituting equation (A.120) into (A.119)

oo

Y () = Z cFm i(—nl (T Nm@x—1+m—k -1 (A.121)
=0

k=—o0

Therefore,
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m m
m (—Dk m
a0 =) D' () e =5 ) () Nam e+ 1)
=0 =0
The B-wavelet of order m is expressed as
2m—2

1
Un() =5 Y. (~D Ny (L+ DN 2= )
=0

It can therefore be shown via the decomposition relation (A.13) and (A.14)

Ny = 1) = ) g Ny Gt = 1) + ) Byt (6 = 1)

nez nez

(A.122)

(A.123)

(A.124)

where the two sequences in space I°, {a,} and {b,}, ensure 1, (x) generates all of the

wavelet subspace Wj.
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B.The Finite Element Matrices and Load Vectors

In this section, the finite element matrices and load vectors are briefly derived based on
general finite element theory and contains mathematical concepts as presented in [27,29-
31,97,98]. The axial rod, Euler Bernoulli beam and planar bar elements are formulated and
used to solve the various numerical examples discussed in previous chapters of this thesis.
The functionally graded beam finite element is as also described based on the formulations

presented by Alshorbagy et al. [79].

B.1. Axial rod finite element
An axial rod is discretized into n number of elements of length L., with axial deformations
u, and u, at the elemental nodes 1 and 2 respectively; as shown in Figure B-1. The rod has a
uniform cross-sectional are A and Young’s modulus E. The axial rod is subjected to surface

forces f;, body forces f, and point nodal loads f; at node i.

Uy, Fyo A
\ I
¢"”” \\\ I
- / 1 U, f B 4
X i YN
UXZ!FXZ
Uv1.|imr‘ -7

S

\
\\%

OO (IO o2 B [0 10

Figure B-1 : Axial rod finite element subjected to external forces.

The approximation of the axial displacement at point x within the rod is given by the

binomial

uG) = o+ frr =11 )=y
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u
u@ = M@ N3, = Va(0)e) (B.1)
where the vector {8} contains the unknown constants and {p} contains the polynomial basis
functions. The vector {N,(x)} contains the shape functions N; for the axial rod element

corresponding to the degrees of freedom (DOFs) within the element, where

Ny () = 1 — =
1X) = L,

x
Ny(x) = i

Having selected the order of the polynomials to formulate the shape functions of the rod

(B.2)

element, the axial rod elemental stiffness and mass matrices can be obtained from the strain

and kinetic energy of the rod. The FEM axial shape function N; (&) and N, (&), where & = Li

H
e

are presented in Figure B-2.

N(&
1.0
08¢

04l

0

Vet

0.0
0.0 02 0.4 0.6 0.8 1.0
Figure B-2 : Axial rod linear shape functions.

The axial rod FEM stiffness and mass matrices are obtained from the strain and kinetic

energy relations are given as [31]:

EA —
kel = Z [_11 11] (B3)
[m, .] = pAL, i ; (B.4)

The load vector of external forces {fr,e} acting on the axial rod element e is given by

{fr,e} = {g;}e = {ffe} + {ff‘e} + {ffe} (B.5)

where the vectors {f¥.}, {fs.} and {f2.} are the nodal point forces, nodal surface load

equivalents and nodal body load equivalents within the axial rod element respectively and are

given by

{fre}= {2} (B.6)
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S _ fxsl _ ! ; 1- f
=) =pu | hof ¢ Jae ®7)
b _ fxbl} _ ! ; 1 _E
{fr,e} - {fxbz . - ALeJ(-) fb(f){ E }df (88)
f; is the axial point loads acting at node i.
B.2. Euler Bernoulli beam finite element

Figure B-3 below illustrates a two node Euler Bernoulli beam element of length L, and
uniform cross-section A in local coordinates x-y. The DOFs at node i of the beam element
consist of the vertical deflection v; and rotation 6, with corresponding node forces f; and

bending moments 1 respectively.

vy, f1

(O LTOLT oo R [0 [210

Figure B-3 : Euler-Bernoulli beam finite element subjected to external forces.

The beam is also subjected to a distributed load f,(x) along the entire element. It is assumed
that the axial effects are neglected. The vertical displacement, corresponding nodal forces and
distributed loads are positive in the y direction while the rotation and corresponding moments
are positive in the anticlockwise direction. The sign conventions for the shear forces V and
bending moments for the beam elements 1 are also illustrated below. The beam element has

four DOFs, hence the order of the polynomial selected must have the same number of
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constants that correspond to these DOFs. Therefore, a polynomial of order 3 with four
unknown constants a,-a3 is selected to approximate the displacement at any point x within

the element. Thus,

24
vix) =ag+axtax?+azxd={1 x x? x3} Zl = (p}' {a} (B.9)
as
(5]
v = NGO} )+ = (N, (0} we) (8.10)
0,

and the rotation DOFs at any point within the beam element are given by

Qo
0(x) = aggcx) =0+a; +2a,x+3azx?={0 1 2x 3x?} Z; (B.11)
141 s
0
6(x) = (N, (D} y, ¢ = N ()}Hw) (8.12)
0,

where the vector {¢} contains the unknown constants and {p} the polynomial basis functions.
The vector {N, (x)} contains the four shape functions ({N;(x) N(x) Nz(x) Ny(x)}) for
the beam element corresponding to the degrees of freedom within the element:
Ny (0 = 1-3() +2(-)°
e Le Ly

2 3

X
Nz(x) =X—ZZ+?
(B.13)
N3(x) = 3(—x)2 - 2(—x)3
3 L, L,
x3 xz
N4(x) =§—Z

The shape functions in equation (B.13) are presented graphically in Figure B-4 below

Figure B-4 : Euler Bernoulli beam shape functions.
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The FEM beam element stiffness [k, ] and mass [m, ,] matrices are evaluated from the

bending strain energy and kinetic energy respectively as [30]:

E1l

12 6L, —12 6L,
[6L8 4L,2 —6L, 2L82]

e ] = L3|-12 -eL, 12 -el, (B.14)
6L, 2L,2 —6L, 4L
[ 156  22L, 54 —13LE]
[my.] = (B.15)

420 | 54  13L, 156 —22L,

_ pAL.| 221,  4L,* 13L, -—3L,°
[—13Le -3L,2 —22L, 4L32}

The total of the loads acting on the beam element is a sum of the nodal point loads {f} .}, the

concentrated moments {f7",} and the distributed load {f3 .} acting across the element, i.e.,

fyl
nek =17t = Uhet+ b+ Urie) (B.16)
m, e
where
fi
(Fhed =1 B17)
2
0/,
0
et ={" (B.18)
1y ),
(f1) . 1-38 428
sy )Jmil _ b ooy J LG 28+ 8
{fb,e} - !fys; & - bLefO fs(f) 352 _ 253 df (Blg)
ms) L& -8
B.3. Two dimensional planar bar finite element

A two dimensional planar bar, frame or generalized beam element, as illustrated in Figure
B-5, is assumed to undergo both axial and transverse deformation. Furthermore, the bar
element of length L. may be subjected to axial loading, transverse loading and bending
moments. Let the axial deformation, transverse displacement and rotation of the element at
node i, in local coordinates, be described by u;, v; and 6; respectively. Therefore, for a two
node element, as described below, the total number of DOFs is 6. The bar element is
therefore a combination of both the axial rod and Euler Bernoulli beam elements from the

description given.
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A\

Vi, fyl V1, Fy1

01, 1My
Y
X

Figure B-5: Plane bar finite element.
Let the vector containing the planar bar element DOFs be denoted by

Uy

U1

01

the} = {4, (B.20)

;)

The set of polynomials selected to approximate the axial and transverse deformations are as
described in equations (B.1) and (B.9) respectively. There are 6 shape functions, which
correspond to the number of DOFs within each element. They are obtained from equations
(B.1), (B.10) and (B.12), where the axial and transverse deformations are given as:

{u(x)} _ {Nl (%) 0 0 N4 (x) 0 0 }

v(x) 0 Np(x) N;3(x) L? Ns(x) Ng(x)
1
U1
6
{$E§§}={Np<x>} " (B.21)

lo. )

The shape functions are graphically represented in Figure B-6 below.
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Figure B-6 : Planar bar element shape functions.

Ni(&
N&
Na6)
Na(&)
N3 (&)

Ns(€)

Taking into consideration that the planar bar is a combination of the axial rod and beam finite

elements, the simplest and most straightforward way to evaluate the stiffness and mass

element matrices, in local coordinates, is via superimposing the respective matrices for the

rod and beam elements. In the case of the stiffness matrix, the rod and beam stiffness matrix

is expanded to include the all the element DOFs. The entries of the additional DOFs are set at

zero as shown in equations (B.22) and (B.23).

r EA

12E1
L3
6E I

L 2

e

oo O oo (=]
oo o oo (=]

0
6E I

L2

e
4E ]
Le
0
6E I

L

2E1
L

e

Q!
oS

|
=
o

o o{‘|§o o

(e)

o o [N e N e] =

(B.22)

(B.23)

These two matrices are then superimposed so that the axial and transverse entries correspond

to the associated DOFs in order to obtain the planar bar stiffness matrix in equation (B.24)

[kp,e] = [kr,e] + [kb,e]

289



EA EA
— 0 0 - 0 0
Le Le
12E1  6EI 12E1  6E1
0 L} L’ 0~ 1z
6E I 4E 1 6E1  2EI
0 2 0 T2
_ Le Le Le Le
[kpe] | 0 0 £ 0 0
L L, (B.24)
12E1  6EI 12E1 6E I
B R
6E I 2E1 6EI  4E1I
2 0 T2
Le LE Le Le
The same applies for the mass matrix
[mp,e] = [mr,e] + [mb,e]
1140 0 0 70 0 0

0 156 22L, O 54  —13L,

_pAL,| 0 22L, 4L* 0 13L, —3L,*
el =20 70 0 0 140 0 0 (B.25)
0 54 13L, 0 156 —22L,
| 0 -13L, -3L,2 0 —22L, 4L,*|

The planar bar element is assumed to be capable of carrying various axial and transverse
loads and bending moments. The total load vector is also obtained as a superposition of the

expanded total axial loads of equation (B.5) and total transverse loads of equation (B.16), i.e.,

{fp,e} = {fr,e} + {fb,e}
fay (0 (I

8 fyl fyl
{fp.e}: + =4

frz 0 fr2 (B.26)
0 fa| |A
o) U )
B.4. The finite element method for the analysis of functionally

graded materials

An approach taken by Alshorbagy et al. [74] analyses the free vibration of a FG beam derived
from Euler Bernoulli beam theory and virtual work principle using FEM. Via the power law,
the material properties of the FG beam vary through the thickness and also in the longitudinal
direction. The shape functions used in this approach are those used to formulate a
conventional FEM beam element with two nodes and three degrees of freedom (DOFs) at

each node i.e. axial displacement, transverse displacement and rotation. The shape functions
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are then employed to formulate the stiffness and mass matrices of the FG beam element. The
variation of the FGM material properties is taken into account during the formulation of these
matrices. Outlined below is the approach taken to formulate the FG Euler Bernoulli beam

finite element.

Figure B-7: Euler Bernoulli FG beam element.

The following formulation is carried out based on the Euler Bernoulli beam theory. It is
assumed that at any point the axial and transverse displacements, denoted by u and v
respectively, are given by:

dvy(x, t)
0x
v(x,z,t) = vy(x,t) (B.27)

u(x, z,t) = uy(x,t) —y

where Uy is the axial displacement and wy is the transverse displacement at any point on the
mid-plane. Furthermore, X, z and t represent the axial direction, transverse direction and time

respectively. Equation (B.27) can be represented in matrix form as
Uo

B2 2o

dx
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u
(d} = {U} (B.28)
where d is the displacement vector. Given that the beam will undergo small deformations, the

normal strain &y can be expressed in terms of the displacement as:

ou Oy ) — y 220y
B T 5y T ox
oug(x,t)  0%vy(x,t)
B =gy YT ox2

du,

g =[1 —y]{ 0¥ (B.29)
071,
dx?

The FG beam is also assumed to obey Hooke’s law, thus the normal stress is given as:
0u0
_ _ 1 — ox
0 = EQen =EQ) 1 —Y1 2% (B.30)

J0x?

if the gradation variation of the Young’s modulus is in the transverse direction. The natural

coordinate of the beam, ¢, is defined as:

X

§=1 £e[0,1] (B.31)

The axial and transverse displacements can be represented as polynomial functions, i.e.,
up(§) = ap + a:§ (B.32)
V() = Bo + B1§ + 267 + B3¢° (B.33)
where a; and g; are coefficients. The slope of the beam is given as:

0vo(§) _ ano(9)2E _ 1 0wy(©)

00 == =79 ox L o¢
10 2 3 1
o6 = - C PP TIR) L Loperapsr B39
Equations (B.32), (B.33) and (B.34) can be rewritten as:
w® =01 ) (8.35)
Bo
W@ =0 ¢ & ) (B.36)
B3
. Bo
0@ =710 1 2¢ 3¢2} gz (B.37)
B3
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The next step is to evaluate the DOFs at the nodes of the FG beam element. Therefore, when
x=0, =0

u(@ =w={1 0}{,'}

Bo
(0 =v,={1 0 0 0} gl
2
Bs (B.38)
Bo
_g o1 B1
6(0)_6i_Le{0 1 0 0} B,
B3
When x = L, £ = 1. Thus,
a
w =y =01 1{,]
Bo
o B
vo(D=v={1 1 1 1} 5
B, (B.39)
Bo
1 B
(1) =6 =—
(1) =6 Le{O 1 2 3}ﬁ2
B3
Equations (B.38) and (B.39) can be combined and expressed as:
Un 11 01(%
=1 e (B.40)
1 0 0 07
; 1
Zf o — o of(5
o, e Ay (B.41)
vy 11 1 1018 '
o) |, 1L 2 3|,
L, L, L,

The coefficients in (B.40) and (B.41) can be made the subject of the formulations and
substituted into equations (B.32), (B.33) and (B.34).

) 1 07t (W
{al} - [1 1] {uj} (B.42)
1 0 0 o071t
Bo o X 0 o Vi
Bl _| L O (B.43)
B 1 1 1 1 v '
2
Bs) g L 2 3] \§
" L, L, L,

Therefore,
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we=0 a4 L}-a-¢ o) (B.44)

1 0 0 0 vy
0 L 0 0 |6
UO(E):{]- f 52 53} -3 —ZeLe 3 _Le 1]]

U
91’
vo(9) ={1-38+28° L&-2L8" +1.8 38 =28 —L&+LE}y, ¢ (BA45)
6;
The strain energy within the given beam element is
1 T 1 T
I, = —f Oy €y AV = —fff Oyr! &y dx dy dz (B.46)
2 vol 2 vol

Substituting equations (B.29) and (B.30) into (B.46)
H B _jﬂ' EGy) <6u(x t) y@zv(x t)) <6u(x t) yazv(x, t)) dx dy dz (B.47)

dox ox?

Expressing equation (B.47) in terms of the local coordinates of the beam element,

0¢ au(E,t)  0%Ea%v(&,0)\ [0¢ au(E, 1)
I "w ()<x “Yox2 gz )(& Y

92¢ 0%v(&,¢t)

axz 282 >dxdydz

L, 1 1 ou(é) 1 a%v(§) 1 ou(é)
m=;MJﬂwmua§—270g)(e%
1)
- yLeZ 652

L, L 1 (ou(®)\ [ou(®) 1 (3*0(&)\ [ou(®)
m-5 ) [ o) (50) o (5e) (560)
1 (0%(8)\ (ou(®)
vae) () oo

1 2y ’ 2y
+Le4y2 <aa€(2§)> (aag)ﬂ d€ dy dz

From equations (B.44) and (B.45), the derivative and second derivatives can be evaluated as:

du($)
9

> d€ dy dz

={-1 1}{ ] (B.49)
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Vi
u(§) 6;
E ={-1 0 0 1 0 0}y
Y
o
Vi
z 0;
aal;(f)z{—6+12§ —4L, + 6L,§ 6— 128 —2L, + 6L,&} vj
o
U;
Vi
2 9.
%:{0 —6+12§ —4L,+6L,§ 0 6—12§ —2L,+6L,&} ui (B.50)
Y
b
Substituting equations (B.49) and (B.50) into (B.48)
_f fﬁf E()(w(f)) <61;Ej)>d§dydz
=L1—2f fiflE(y)l{—l 0010 }jztll -1 0 0 1 0 O}Izilldfdydz
¢ Ivjl)\ Ivjl)
\ lo,) l6,)
1 00 =1 0 07/ (&
) R 000000]/? Zt‘\
2 i i
=L—zf fhfo E()’)!_Ol 8 8 2 8 8“ U ui |d§dydz (B.51)
cr o 00 o o olllv
lo 00 0 o oJ\teJ (9J
However, from equation (8.5)
1 n
EG) =B —Enl (% +3) +En (852
Substituting equation (B.52) into (B.51)
1 00 -1 00 u
L % L 0 00 0 0O .
d N R R 8 ul ds dy ds
: 0 00 0 00 ”f
Lo 00000J , (B.53)
1 00 -1 0 07/ (% (% '
y [ o " 000000(’;’]{?
2 y 0 00 0 00 i i
: o 00 o o ofll|ul |
lo 00 0o o o 6J) \g

where b is the width of the beam.

f f f (y) (au(§)> <a;§§)>d§ dy dz

ff_fE(y)—3{100100}l

Ui
4
0 —6+128 —4L,+6L,§ 0 6—128 —2L,+6L,E} 3 dE dy dz
Y
lg) lg)

sz
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0 6-—12¢ 4L, —6L,¢ 0 —-6+12¢ 2L, —6L,¢ / U; U; \
b 'zl . yl[() 0 0 0 0 0 ]ll Zt Zz |
0 0 0 0 0 0 i i
=f0f_gj; EOSl0 —6+126 —aL, +6LE 0 6-12 —2Lg+6LE§||\ W u )'dfdydz
0 0 0 0 0 0 v y
L) 0 o o o 0 J o) lg)
00 L, 0 0 —Lyq/ (%" (W
R . 00 0 0O0 O | gt ZL |
b [z y 1 00 0 00 0 ; :
L f_ﬁ(y[EC Em]<ﬁ+§> +Em>dy 00 =L 0 0 L || % Y|
z lo 0 0 00 O J\ vl 1y /
o0 o oo ol\lg) lg)

Furthermore,

h

z (! y (020 (ou®
[ L E(”F( 252 ) ( % )d“ydz
A .

RIS
—_—
¥__/ﬂ
—

~
-
o
o
=
o
=
=
——
sSE2sE
—_—
~—
U
SN
QU
<
I
N

6—128 —2L, + 6Le§}[
{

_
=J- fh.L E(y)L—3k{0 —6+4128 —4L, + 6L, &
. I .

0
Y
4 6
[ 0 0 0 0 0 0] (ui\T ui\
. | 6-12¢ 0 0 —6+12¢ 0 off [ui| [v|
L
- Y |4L,—6LE 0 0 —4L,+6LE 0 O] {91’} Bi}
_LLOE(y)Leq 0 0 0 0 0 of Jurf Yup |# vz
| -6+12¢6 0 0 6-12¢ 0 ol lvjl v |
l21, —61,6 0 0 —21,+6L,¢ o ol\\g) \g)
0 0 0 0 0 07/ T(ui\
h |[0 0 0 0 o0 0] |17i |Vi|
_ Z y 1\ L. 0 0 —L, 0 o| {91' {91'}
L’ fﬁ<y[E° Bl (5:+3) +Em>dy |0 0 0 o o offuf Jur|
2 lo 0o o o o ol lvj lvjl
l-, 0 o0 1z, o ol\lg) \g)

Finally,

1, (020®) (0*v()
| f f i (5) () e s
(
g 1 ,yl
:J' J’hJ.)E(y)ﬁk(O —6+128 —4L,+6L,E 0 6—12§ —2L, +6L,§}
), .
{

\ (0

)km ~6+126 4L, +6LE 0 612§ 2L, +6L,E} Jd{dydz
v;

J lg)

EEEEEEE]

0 0 0 0 0 0 1/(
36 — 144& + 14482 24L, — 84L& + 72L, &% 0 —36 + 144& — 14482 12L, — 60L& + 72L& |
Prora 24L, — 84L& +72L, &% 16L,* —48L,%¢ +36L,°¢? 0 —24L, +84L,& —72L,&% 8L,* —36L,¢ + 36L,¢? I
A N |0 0 0 0 0
0
0 L

0
I —36 + 144 — 14482 —24L, + 84L,§ — 72L,&*
0

|
36 — 144& + 14482 —12L, + 60L& — 72LE§2J
12L, — 60L,¢ + 72L&  8L,% —36L,%¢ +36L,%&?

—12L, + 60L& — 72L, &% 4L,% — 24§ + 36L,2E%

0 0 0 0 0 0 unT Ay

. 0 12 6L, 0 -12 6L, |[ |[w] |w

b (2 y 1V 0 6L, 4L,> 0 —6L, 2L2|| )6 |b
_ 2 _ 7 _ e e e e

_Le“(f_h(y [Ee Em](h+z) +Em>dy> o 0 0 0 0 0 u( \w

2 0 —12 —-6L, 0 12 —6L || |v| |u

lo 6L, 21,2 o —61, 4,,21\\8) \g

5

~—~~  —

The stiffness matrix of the FG beam can be obtained from equations (B.53
and (B.56) as follows

1 00 -1 00
b [ i [0 00 0 O o]
2 y 1 0 00 0 0O

al — — f— — —_
kel =1 f_ﬂ<[Ec Em](h+2> +Em>dy -1 00 1 00
2 0 00 0 0 O
0 00 0 0 O
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(B.56)

B.54), (B.55)

(B.57)



0 0 L, 0 0 =L,
b [t y 1y ©0 0 00 o
bl — _ o
[ke]_Lez J-_ﬁ(y[Ec Em](h+2> +Em>dy 00 L 00 L (B.58)
2 00 0 00 O
00 0 0 0 O°-
0 0 0 0 0 0
0 00 0 0 0
h
1 =2 [ (51 E]<X+1)H+E s 00 o oo (B.59)
AT\ YT BT m|I 0o 00 0 0 0 :
2 0 00 O 00O
L, 0 0 L, 0O Ol
o o 0 0 0 0 q
X |0 12 6L, 0 -12 6L,
b [ (z y L 0 6L, 4L,> 0 —6L, 2L,*
dl — _— 2 _ e e e e
[ke]—L63<f_E<y (E, Em]<h+2> +Em)dy>|0 o S o o o | (B.60)
2 [o =12 —-6L, 0 12 —6L,|
lo 6, 21,2 0 -6L, 4L,2]

Therefore, the stiffness FG beam element matrix is
[ke] = [k&] — [k2]— [kS] + [kZ] (B.61)
The kinetic energy 4, is given by

1
A= S mass vel? (B.62)

mass and vel are the mass and velocity of the beam respectively. However, the mass can be

expressed as

OldV = jﬂmp(y) dx dy dz (B.63)

p(y) represents the varying density of the FG beam element obtained from equation (8.5)

mass =pJ

v

p) = [pc = pu] (%+%>n + P (B.64)
The velocity components of the beam in axial and transverse directions can be expressed as:
(2200 — fayx,3)
(22 0) _ g5, x, 93 (8.65)
(P220)  fue, ) = g ) —y 0D

The kinetic energy of the beam from equation (B.63) is

4= % ] ] J Olp(y)({u(x, DY {i(x, )} + {9 (x, O {9 (x, O}) dx dy dz

1 0y (x, 0y (x,
=3 oo ((uo(x. 0=y 20 (o0 - y 0

+ (Vo (x, ) Vo (x, t))) dx dy dz
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d
__ﬂ f P@)<(uo<f Do &, t))——(uo(s o 20l t))

avO (f t) 6170 (fl t) 6170 (fl t)
Lg( G )) Lez< e ) (B.66)

+ (0§, V(§, 1)) | d dy dz

From equations (B.44) and (B.45)

WO =0-¢ 0 0 ¢ 0 oy (B.67)

o

(3

vo(§) ={0 1-382+28% L& —2L.8%+ L83 0 382-28% —L,&%+L,8%) QZLL (B.68)
[ i
)

D £

Solving the individual parts of equation (B.66)

1 h 1
J| [ rertitints oot 0) dg dydz=br, [ [ o0t 0o€0) dg dy  (B69)
A 0 - 0
Substituting equation (B.67) into (B.69)

1
[[| [ 1ot onote. ) de ay s
A Y0

~

IO

TS
—_——

u
9
{1500500}uj dé dy

Y

b (ﬁ
7 (! ;
:bLeJ._%J(; p(|{1-¢ 0 0 & 0 0}1:.

g
1-26+¢62 0 0 §-¢2 0 0 u)
ho 0 00 0 00 gi Zi
2 0 00 0 00 i :
o1 [} [ o dE dylat 1y
Sl §-¢2 00 & 00 U ()%
0 00 0 00 AL
0 00 0 00 6) \6
Mmoo lo om
3 6 o
0000 0 off]
=bL, p(y)dy i (1) 009 00 (B.70)
9] 000 0 0 oflg
0o 0 0 0 0 o

The second part

fL fOILE (({t)avn(gt)>d{dydz

)

-
=oe [} [ p(y)((o 1=382 428 LE- 2L 4180 0 382 -28 L& +L,E)]
),

| (“)
i e

)

I S

f

NCENSY
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[0 —6§+126% =68 L, —5¢L, +7§2L, —38%L, 0 6§—1282+6§° —2¢L, +582L, — 3§°L,)
0 0 0 0 0
_ z lo 0 0 0 0 0
=bl LJO PO ez 4667 eL, —452LE +38L, 0 6868 —282L, +38%L,
0 0 0 0 0
0 0 0 0 0
o 1 L, 0 1 L, 0
\ 2 12 2 12 (ﬁf\
i L 0 0 0 0 0 O iélé
_ 0 0 0 0 0 O i
_bLf ,D(y)dy u 0 1 Le 0 1 Le .ui.
z v 2 12 2 12 ||%
9] 0 0 0 0 0 0 9]
) 0 0 0 0 0 o0
The third part
) f <””°(“) o(é’ﬂ)dfdydz
( ﬁi}\ ( {3"\
:bLeﬁf:p(y)l(o 1-382 +28% L& —2L,8% + L& 0 382-28 —L§2+L§3432}| {1-¢ 00 £ 0 o}mhdwy
g |,|/ mi/
g) g)
0 00 00 (lﬂ
[ —6& + 1282 — 683 0 0 —6EZ+6§'3 0 0 |7
—5¢L, +782L,—383L, 0 O &L, —4&%L,+3&L, 0 0 6;
=bl. Lf ”() 0 00 0 0 0¥y,
68 —128% + 63 00 682 — 6&3 0 of v |
—2$Le+5§2Le—3§3Le 0 0 —28%L,+3&8L, 0 ol 9‘}.}
r 0 0 0 0 0 07
1
()'|7z © 0 —3 0 0
|vl| L oo _L o ol
7_" Y i o0 00 0 0 o]\w
il o0 L oo ofl¥
) | 2 2 \6,)
Le 00 Le 0 0
12 12 E

The forth part
J’j f (ﬂv 0 (€, 6) 39y (€, L)) it dy ds

i
B

B
:“'ﬁfn‘p(”k“’ L-30428 LE-2LEHLE 0 -2 LE LI
) V
H

0 0
3687 — 728 + 368"

—36§% + 72§% — 36¢*
0 12§°L, — 308°L, +18¢'L,

U
v

6;
=blL f_ p(y) dy |

J

NES

NES

-

The fifth part

[l [ 12 onceomon dcayas

by (
=b"”ﬁf pON] 0 1-38 428 LE-2L8 +L,E8 0 38 -28 —L&+L,8%)
)o

0

0
h —6¢L, +308°L, — 428°L, + 18¢°L,
2 0 —6EL, +3082L, — 428°L, +188'L, 12 — BEL: + 228212 — 248312 + 9¢*L2

=bLf, | |, N ¢

6¢L, —308L, + 428°L, — 18¢°L,
—28L% + 118212 — 188312 + 9812

10

0
0
0
0
0
0

| =] e~
mlc\oo|‘° ulono =

*—\|h
(=5

—_—
Ssross
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—3682 + 70254 - 36¢*
36¢7 — 726 +36¢"
—12¢7L, +30§°L, — 18§*L,

0 0 0
L, 6
— 0 —_—
10 5
212 0 Le
15 10

0 0 0

L, 6

—-—— 0 _
10 5
Ly L

30 10

12821, — 308°L, + 18¢°L,
66L, = 308°L, +426°L, — 18¢'L, 261+ 1L ~18ELL + 96"
o o s dy ],

—128%L, + 308°L, — 188*L,
45T 1280 + 980G

0.
Le

|
ool

D S E 2 < _F~

=
[}

212

[En
63}
L

(0 1-382 428 LE-2L8+LE 0 38 -28 —-L&+L.8%)

\\(
* 0 1-382 428 LE-2L,8+L,8 0 3828 —L&+L1,8)
)

)

e e

f__"_‘
~—

(B.71)

(B.72)

(B.73)



EC)

0
1— 687 + 48 + 96* — 1265 + 4¢°
0 §L, —28°L, — 28°L, +8¢*L, — 7¢L, + 26°L,

L, - 28,

:bL,fﬁfnlp()')
:

S o

0
362 — 268 — 9t 4+ 12¢% — 48
—EL,+ EL, +38'L, — 5L, +26°L,

I

0
—28°L, +8&'L, — 7&°L, + 2¢°L,
L= AP+ 68 L — 481 + L
0
36, —
€L+ 382 - 3L+ §°L2

P
woltl 12}
J i)

LB LH |

0 0 0
0 382 —28% - 98"+ 1265~ 48°  —£2L, +£'L, +3¢'L, — 58L, + 26°L,
0 3L, - 8¢'L, + 78, - 26°L, —E12 + 36112 — 3812 + 412
0
0
0

0
—3*L, + 5¢L, — 28°L, |

0
9Ft — 1265 + 48°
1 - 260 + 6 I

—3¢°L, +56°L, — 2§°L,

8¢°L, +76°L, — 26°L,

0 0 0 0 0 0 1

; 13 11L, 9 13L,
(¥1) 35 210 70 420 | (W)
A N T N A 1 1
) i 210 105 420 140 | J Y
—bLEIh”(Y)dy uflo ‘o 0 0 0 0 |\
-z v 9 13L, 13 1L ||y
6, ) 70 420 35 210 | 1¢,)

13L, 12 11L, 12

— — 0 — -

420 140 210 105

From equations (B.28), (B.44) and (B.45), the velocity vector {d} maybe rewritten as:

@={-=

u($) 1-¢ 0
p@)r=| 0 1-3&+28
0 —6& + 682

1-¢ 0
@=[° ‘y]l 0 1-3¢%+2¢°

0 —6& + 6&2

u($)
Q)
6(8) y
0 13 0 0 Zf]
L§ —2L,8% + L8 0 3§2-28% —L&2+1,8 [{,)
Lo— 4L, +3L80 0 66 —68 —2L,&+3L.&% |y
b
U;
(v
0 3 0 0 0.
Lo§ —2L,8% +L,8° 0 367 -28 —L&*+L,8° {u}
L= 4L,E+3L,E 0 6£—68% —2L,&+3L,8] |y |
lg;)

Substituting equations (B.64) and (B.75) into (B.63)

1
=5 ff lp(y)({u(x, O {(x, £)} + (i e, ) i (6, ) dx dy dz

1 0 —y 1 o -y
p(Y)[o 1 0] [0 1 0]
1-¢ 0 0 I3 0 0 g
0 1—3824283% L,&—2L,8%+L,8% 0 382283 —L, 824,83
—6& + 682 6§ — 682
0 Z68+ 68 1—4& +3¢82 0 §—6¢ —2& + 3¢
L, L,
1- 0 0 & 0 0
zlw 1-382 428 L§ —2L8% + 1,8 0 362 -28° —L,8 +1. &
2 —6§ + 6&2 6§ — 62
! —oe ol —agvzgr 0 X2 piap
L, L,
u~NT o
v; vy
0| |6
u; u; dx dy dz
Yi Y
\e,J lg,)
1-¢ 0 £ 0 0 g
0 1-382+28 L,&- 2Le€2+Le€3 0 3e2-28 -2+ [ O Y
PG _ 2 _gz2 0 1 0
65 + 68 6§ — 6§ 2
| 1— 4§ + 3¢2 0 —2§+3§2J -y 1y
[ L, L,
=3 L o
2), Ao 11— 0 0 & 0 0 v; v;
[ 0 1-382+428 L&—-2L.8+L, 8 0 382-2¢8° —Lef“rLefsl 0; % dédyd
—6¢ + 647 5 6 — 6¢2 L $dydz
L 1— 4§ +3¢ 0 I —26+38 ||y | |y
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The mass matrix of the FG beam is obtained from equation (B.76) as
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