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Abstract
We consider the shadow system of the Gierer-Meinhardt system in a smooth bounded domain
Qc RN:
A= EAA- A+ 4, x€Q, t>0,

Q& = QU + & Jy AT dx, t>0
with Robin boundary condition

e%—FaAA:O, x € 09,
ov

where a4 > 0, the reaction rates (p, q,r, s) satisfy

qr
(s+1(p—1)

the diffusion constant is chosen such that € << 1 and the time relaxation constant such that 7 > 0.

N+2
1<p<< + ) , g>0, r>0, s>0, 1< < +o00,
_l’_

N -2

We rigorously prove the following results on the stability of one-spike solutions: (i) If » = 2 and
l<p<1l+4/Norifr=p+1and1l < p< oo then for ay > 1 and 7 sufficiently small the interior
spike is stable. (ii) For N =1ifr=2and 1 <p <3orifr =p+1and 1 < p < oo then for

0 < a4 < 1 the near-boundary spike is stable. (iii) For N =1 if 3 < p < 5 and r = 2 then there
29
(s+1)(p—1)
spike solution is unstable. This instability is not present for the Neumann boundary condition but

exist ag € (0,1) and pp > 1 such that for a € (ag, 1) and p = € (1, o) the near-boundary

only arises for Robin boundary condition. Further we show that the corresponding eigenvalue is
of order O(1) as € — 0.



0 Lead Paragraph

Boundary conditions play an important role for pattern formation in Turing systems.
In most investigations Neumann (no flux) boundary conditions have been considered to
model an impermeable membrane. However, for some biological applications such as the
modelling of skeletal limb development this does not represent the true biological situation
and Robin (mixed) boundary conditions are more realistic [3]. In this paper we show that
for Robin boundary conditions some patterns which are stable for Neumann boundary
conditions become unstable due to the presence of a new instability. In particular, we
are interested in spikes and our main results says that, for the shadow Gierer-Meinhardt
system, a spike near the boundary may be destabilized by the change of boundary condi-
tions. This implies that some patterns become more robust at the expense of others which
turn unstable. Results of this type are important to understand the role of the boundary

conditions in pattern selection.

1 Introduction

Since the work of Turing [25] in 1952, a lot of models have been established and investigated to explore
the instability of homogeneous steady states, which is now called Turing instability. One of the most
famous models in biological pattern formation is the Gierer-Meinhardt system [9], [14], [15]. It can be
stated as follows:

A=A - A+ 40 e t>0,

A’I‘
HS

(1.1)
TH,= DAH — H +

xeQ t>0,

where 2 C RY is a bounded, smooth domain. Further, we assume that the reaction exponents (p, g, r, s)

satisfy
1<p< N2 >0 >0 >0
p N—2 +7 q ) /r' 78—’
qr
1< ——77F7—— < 400,
s+ Dp—1)
where
(N+2) +oo for N=1,2
N -2 - N+42 _
+ 2 for N=3,4,...

We assume that the first diffusion constant satisfies ¢ << 1 and we will consider the case of D = oo,
the so-called shadow system of the Gierer-Meinhardt system. The time relaxation constant is chosen

such that 7 > 0 is independent of e.



This is a typical activator-inhibitor system, where A is called activator and H is called inhibitor.
This model has been extensively studied in recent years, usually with Neumann boundary conditions
[12], [26], [27], [28], [37], [38], [39].

In this work we consider Robin boundary conditions (also called mixed boundary conditions), which

can be stated as follows:

A H
ea——l—aAA:O, \/Da—+aHH:0, x € 01, (1.2)
ov ov

where ay > 0, ag > 0.

Mostly reaction-diffusion systems have been studied with Neumann boundary conditions. From a
biological viewpoint, such boundary conditions correspond to an impermeable membrane/barrier. While
in many cases this is a realistic assumption, there are several applications, for example, in skeletal limb
development, where the boundary is a source of some chemical morphogens and a sink for others. It is
therefore essential that the study of reaction-diffusion systems is extended to incorporate more general
types of boundary conditions. For example, in [3], a comparative numerical study of a reaction-diffusion
system coming from glycolysis with a range of different boundary conditions revealed that certain types
of boundary conditions selected particular patterning modes at the expense of others. It was also
shown that the robustness of certain patterns could be greatly enhanced and the authors showed a
possible application to skeletal patterns in the limb. This study of [3] answered the standard criticism
of Turing patterns being too sensitive to fluctuations for the model to be viable for robust embryological
patterning.

In this paper we go a first step in this direction. Instead of studying multi-component reaction-
diffusion systems, we initiate a rigorous study of stationary spikes for the shadow system of the Gierer-
Meinhardt system, given in (1.1), (1.2).

We now (formally) derive the shadow system of (1.1), (1.2). To this end, we let D — oo and suppose
that A and H remain bounded. Then

AH — 0 in Q

and 9
— =0 on 0f).
ov

This implies that H(z) — &, a constant in {2 that might depend on time ¢. To derive the equation for

¢, we integrate both sides of the second equation in (1.1) over €. For the Lh.s we obtain

TAHt(x)dx:T (/KZH(x)daf)t*ﬂmft-

To compute the r.h.s., we begin with

D/AH(x)dx:D a—H(a:)dS:
Q o0 OV
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=D | (—ay)H(z)dS — —VDag|oQ,

o0
where we have used (1.2). Further, we compute

LH@M%HMK

and
A" (x) dr / A" (x) dp — Jo AT () da:‘
o H*(z) Q0 & £°
From these computations, we finally get the following so-called shadow system of (1.1):
At:EQAA—AjL%, re, t>0,
7Ql& = = (12 + VDau|0Q)E + & o A dz, x€Q, >0,
e%—eraAA:O, x eI t>0.

For simplicity, from now on we consider the case ay = 0. This means we study the shadow system with

Neumann boundary condition for the inhibitor, which can be stated as follows:

Ay =EANA— A+ 4], z e t>0,
TIQ = ~[QI6 + & Jo ATdz, ¢ >0, (1.3)
e%—l—aAA:O, x €00, t>N0.

Let us now consider stationary solutions to the shadow system (1.3). Set A(z) = £7/®VDy(z), ay =

a. Then u satisfies
EAu—u+uP =0 foraz e,

u>0 for x € Q, (1.4)
e%+au:0 for x € 00Q2.
For £ we have the equation
gar/(=1)
0=—|QIE+ /u’”dw
'3 Q

which gives
1
gl—l—s—qr/(p—l) — /ur dr
€ Ja

1 —(p—1)/(gr—(p—1)(s+1))
&= <—/u" dx) :
€] Jo

Problem (1.4) has been studied by Berestycki and Wei in [1] and the following result has been

proved:

and so



N—2
a(N,p) > 1 for N > 2, such that problem (1.4) has a solution u., satisfying

Theorem A. Let1 < p < (M)Jr Then there exists a number a(N,p), where a(1,p) = 1 and

(1) ueq has the least energy among all solutions to (1.4), i.e.
Efueq] < Efu] (1.5)

for all solutions u to (1.4), where E. is the enerqy functional defined by

E[U]_i |Vu|2dx—|—1 quac—L W e+ S P ds (1.6)
2, 2 Jg p+1Jg 2 Joo 7 |

where uy = max{u,0}.
(2) If 0 < a < a(N,p), then u., has a local mazimum point x. € Q with
d(ze, 0N2)

€

(3) If a > a(N,p), then uc, has a unique local mazimum point z. € Q with

d(x,0Q) — max d(xz,00). (1.8)

Remark 1.1. (1) The solution in part (2) of Theorem A is called a near-boundary spike (see Figure
1 in Section 4).
(2) The solution in part (3) of Theorem A is called an interior spike (see Figure 2 in Section 4).
(3) We remark that in case (2) of Theorem A, i.e. for 0 < a < a(N,p), there also exists an interior
spike which is a solution of (1.4) but does not minimize (1.5) among the solutions of (1.4).

Now we consider the stability of the steady state (Acq,&cq) to the shadow system (1.3), where

Ae,a = eq,{z(pil)ue,a
oo = (i d ~(r=1)/(ar—(p-1)(s+1)) (1.9)
ea — ﬁ Que,a :E) .

and u., is the minimal energy solution of (1.4) given in Theorem A.
In analogy to Theorem A we also call (A.,,&..) a near-boundary spike if 0 < a < a(N,p) and
an interior spike if a > a(N, p).
For the Neumann boundary condition a stability result has been be obtained in [34] for
4
=2 d 1I<p<l+—
T an p + N
or N4
_l’_
= 1 d 1<p<|——=] . 1.10
r=p+1 an p (N_2>+ (1.10)
In this paper, for Robin boundary conditions, we can give an answer under similar conditions.

Our first result implies that if a > a(N,p), then the interior spike is stable.
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Theorem 1.2. (Stability of the interior spike.) Suppose that a > a(N,p). Assume that either

4
=2 d l1<p<l+—
T an P +N

N +2
r=p+1 and 1<p<( +).
+

or

N -2
Then there exists 7o > 0 such that if 0 < ¢ << 1 and 0 < 7 < 7 the interior spike (Aca,&ca) 1S a
(linearly) stable steady state to the shadow system (1.3).

Our second theorem shows that if N = 1, i.e. if € is an interval, then in particular for all 1 < p < 3

and 0 < a < 1 the near-boundary spike is stable.

Theorem 1.3. (Stability of the near-boundary spike.) Suppose that
N=1 and 0O<a<l. (1.11)

Assume that either
r=2 and 1<p<3

or

r=p+1 and 1<p<oo.

Then there exists a 19 > 0 such that if 0 < e << 1 and 0 < 7 < 7y the near-boundary spike (Aca,&eca)
is a (linearly) stable steady state to the shadow system (1.3).

Our third and last theorem shows that the near-boundary spike may become unstable if the expo-

nent p is increased beyond 3.

Theorem 1.4. (Instability of the near-boundary spike.) Suppose that (1.11) holds. Assume that r = 2
and p > 3. Then there exist ag > 0 and pg > 0 such that if

2
ap<a<l and 1<p:= a )<u0 (1.12)

(p—1)(s+1

then for 0 < e << 1 and all 7 > 0 the near-boundary spike (Aca,ca) is an unstable steady state to the
shadow system (1.3).

Remark 1.5. (1) The phenomenon described in Theorem 1.4 is new and unezpected. The proof shows
that this instability is connected to an eigenvalue of order O(1) as € — 0. It is important to note that
for N =1 and the Neumann boundary condition the minimal energy solution analogous to Theorem A,
which 1s a boundary spike, is stable for all p,q, s such that

2q
(p—1)(s+1)

6
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see [33]. This means that the instability given in Theorem 1.3 only arises for the Robin boundary
condition and not for the Neumann boundary condition.

In some sense, for the Robin boundary condition the threshold for the instability which for Neumann
boundary conditions occurs only for p > 5 s shifted to the range 3 < p < 5. The threshold pu = pyq
corresponds to a Hopf bifurcation.

(2) Note that for the instability in Theorem 1.3 to occur we assume that both the constants a < 1
and (= m > 1 are each sufficiently close to 1.

(3) Note that under the conditions (1.12) a proof similar to the one for Theorem 1.1 shows that
the interior spike is unstable due to an exponentially small eigenvalue (this proof is omitted). On the
other hand, by Theorem 1.3, the near-boundary spike is unstable as well, due to an O(1) instability,
compare part (1) of this remark. Thus we do not know about any stable spiky steady state and we
conjecture that there are none. This behavior is similar to the case p = m < 1 for the Neumann
boundary condition, see [28]. In all of these situations, due to the non-ezistence of stable steady states
oscillations with large amplitudes frequently occur for the dynamical system. This effect will be shown

in the simulations of the dynamical system in the final section of this paper (see Figures 3 and 4.)

Let us now outline the proof of Theorems 1.2 — 1.4 by highlighting our strategy and explaining how
we tackle the main difficulties.
To study the stability of the steady state, we have to linearize (1.3) at (1.9). This results in the

following eigenvalue problem:

p—1 P
€2A¢e - ¢e +pA2_g¢e - q&?ﬁns = Ofs¢57

. arto, is (1.13)
79| fQ egg ~dx — 7 Tle = Qele;

where (¢¢,n.) in H}

rob

(2) x R and

H} ,(Q ):{¢6H1(Q) : e%—i—a(ﬁzo onaQ}.

Using (1.9), it is easy to see that for ag = 0 the eigenvalues of problem (1.13) in H!,(Q) x R are the

rob

same as the eigenvalues of the eigenvalue problem

g Jou ¢edr

2 -1
A e Ye P €
O s+1+7ac [ ulde

uP = acpe, ¢ € H,(Q). (1.14)

When N =1 and 0 < a < 1, we have u,,(x) ~ w (ﬂ) =w (f — %) = Wy, /e (—) where w is the

€

unique homoclinic solution of the second-order ODE

w —w+w =0, w>0, w=uwy]), w(y) —0asl|y — . (1.15)



Further, by the Robin boundary condition w’ = aw, %= — yo, where yo > 0 is determined by

/

w (—yo) = aw(~yo). (1.16)

Now we use the explicit representation of the solution to the problem (1.15) which is given by

1 -1 1/(p—1)
w(y) = (]% cosh > w) :

We compute

/ p—1)y
' (y) = —tanh C= Dy
This implies
w(=y) _ ., =Dy _
w(—yo) 2
So, if 0 < a < 1, yo can explicitly be expressed in terms of a as
2
Yo = o 1artanh a (1.17)
and we get
/(p=1)
p+1)(1—a?)\'
w(yo) = (( )é ) : (1.18)

Let a, be an eigenvalue of (1.14). Then the following Lemma holds.
Lemma A.

(1) For a > a(N, p) we have ae = o(1) as € — 0 if and only if a. = (140(1))75 for some j =1,..., N,
where 75 s gwen in Theorem 3.4 below (interior spike case).

For N =1 and a < a(N,p) there are no eigenvalues a. = o(1) (near-boundary spike case).

(2) If ac — g # 0, then all possible o are given by the eigenvalues of the following eigenvalue
problem

qr fooo wzr;(:l

s+1+71a0 [ wy

Yo
where (i) for a > a(N,P) we have wy,, = w, ¢ € H'(R) (interior spike case) (i) for N = 1 and
a < a(l, P) =1 we have wy, = w(y—yo), where yo is given by the unique solution of w'(yo)+aw(yo) =0,
and ¢ € H' ,(RT) (near-boundary spike case).

Proof. When a > a(N,p) the proof of Part (1) in Lemma A for the Robin boundary condition

is similar to that in [34] for the Neumann boundary condition. In both cases, because interior spikes

Ao — o+ puly ¢ — wh, = g, (1.19)

are considered which have exponential decay with respect to the spatial variable, one has to expand
the solution to exponential order. There is, however, a major difference in the stability properties.

Whereas for the Neumann boundary condition interior spikes are unstable, they are stable for the

8



Robin boundary condition. This difference comes from the fact that the expression ¢ p (P.) which
plays a major role in the proof (defined in (3.3)), has different signs for Neumann and Robin boundary
condition, respectively.

When N = 1 and a < 1 the proof of Part (1) in Lemma A for the Robin boundary condition is
similar to that in [33] for a boundary spike with the Neumann boundary condition: In both cases there
are no small eigenvalues o, = o(1).

The proof of (2) follows by a standard limiting process coupled with an argument of Dancer [2].

O

Notice that the eigenvalue problem in Part (2) of Lemma A (near-boundary spike case) is a half-line
nonlocal eigenvalue problem NLEP with a Robin boundary condition. This is a new type of NLEP
which to the best of our knowledge has not been studied in the literature before. We will prove results
on its spectral and stability properties in the next section.

From now on we assume that 7 = 0. By a regular perturbation argument the results also hold for

the case of 7 being sufficiently small.

2 Study of the NLEP: Proof of Theorems 1.2 and 1.3

In this section, we study the NLEP

qr fooowgr/o_l¢d?/ »

=\ H' (Rt 2.1
s+1 [Fwrody ¢ 9 € HulRT), 21

" 1
¢ —o+pwy d—

where wy, (y) = w(y — yo) for some yo > 0 and w satisfies (1.15) . Let

Lyp:=¢ —o+pul e, ¢eH. (R

We set - 1y g

wr =

Lo = Lo¢ — p(p — 1)Jbooy—ww§0, ¢ € Hrlob(R+)>
fO wyo dy

where

< >1

M =
(s+1)(p—1)
We first prove
Lemma 2.1. Let ¢ € H},(R") satisfy
¢ —d+put o =0, ||o|mnm = 1. (2.2)

Then ¢ = 0.



Proof. Recall that the Robin boundary condition gives

/

0
wy, (0)
and by (1.15) w,, satisfies
" . p / 2 o 2 2 p+1 2 4
Wy = Wy — Wy, Wyy ) = Wy — mwyo : (2.4)

We multiply (2.2) by w;o and integrate. After integration by parts, using (2.4) and the Robin
boundary condition for ¢, we get

! ’ 11

0 = &' (0)w}, (0) = G(0)w}, (0) = 6(0) [axw), (0) — wy, (0)] (2.5)

By (2.3) and (2.4) it follows that

/ ooy (0, (0))7 = wy (0)wy, (0)  (w,,(0))* = (wy,(0))* + (wy, (0))P+!
() = 10 0) = 1,,(0) B 1,,(0)
p—1
=T >0 (2.6)
Thus from (2.5) we have
¢(0) =0 (2.7)

and finally we get ¢ (0) = 0 by the Robin boundary condition. By the uniqueness properties of ODEs,
we conclude that ¢(y) = 0 on R*. The lemma is proved.

]
Lemma 2.1 implies, using the Fredholm Alternative, that the operator Ly, defined on H!,(R"), is
invertible.
Since
Lowy, = (p— 1wl w, (0) — aw,,(0) =0
we have )
-1 .
LO (wgo) - p— 1wy0' (28)
Another simple calculation shows that
1 1
Lo (2 + g, ) = i 29

but note that ]ﬁwyo + %yw;o does not satisfy the Robin boundary condition. Thus, since p%lwyo +

%ywéo ¢ H!,(RT), we do not have Ly'(w,,) = p%lwyo + %yw;o. To overcome this difficulty and

determine L;'(w,,), we prove the following lemma.

10



Lemma 2.2. We have for a # 1 that

B 1 1 '
Ly 1(%0) = Fwyo + 29 %yo + Aw,,,
where
a
A= )
(p—1(1 —a?)
Proof. We need to choose A such that
1" i 1 !
A(w,, (0) — aw, (0)) + EwyO(O) =0
Using (2.6), we get
p+1 _

Inserting (1.18) into (2.10), we get

_pt+tl [(p+1 g B a
2(p—1)< 2 ) 1—a®>  (p—1)(1—a?)

which proves the lemma.
m

Remark 2.3. (1) In the multidimensional case it is unclear how to find an equivalent to the correction
term given in Lemma 2.2 (and starting with the factor A).

(2) The extra term Aw;o i Lemma 2.2 only appears for Robin boundary conditions and is not
present for the Neumann boundary condition. As we will see, the presence of this term under some
extra conditions can lead to the destabilization of the near-boundary spike.

(8) Note that A — o0 asa — 1 and A — 0 as a — 0. The first limit will play a major role for
the rest of the paper. The second limit is in agreement with intuition since in the limit a — 0 the
near-boundary spike for the Robin boundary condition approaches the boundary spike for the Neumann

boundary condition, where this term does not appear.

We now compute the sign of the expression

p(yO) = /0 wyoLal(wyo) dy

which will play the crucial role in the stability analysis of the near-boundary spike.

From Lemma 2.2, we have

,0<y0) = /0 wyoLal(wyo) dy

11



]. > 1 > / & /
=1 wy dy + 5/0 Ywyow,, dy + A/O Wy, w,, dy

- (p%l - i) /OOO wy, dy — éwjo(())
— (]% — }L) /Ooo wzo dy — T 1)‘1(1 — ((p+ 1);1 — a2))2/(p—1)

1 1 oo 1)2/(p—1)
(- _Z / w? dy — (p+1) a . (2.11)
p—1 4) ) 2(p+1)/(p71)(p - 1)(1- a2)(p73)/(p71)

Let us differentiate p(yo) with respect to yo. Using (2.10) we get

/ 5_p 2

p+1 2—p " 1-p ! 2
a0 Oy w37 (), (0) + (2= )y 7(0) (1w, (0))?]

(0) + ip—1

S5—p p+1 2- 1- 2 2 1
= ——W (0) + m (wyo - wgo)wyo p + (2 — p)wyo p wyo — » I 1’[1)5;_ (0)

_ @+ 1D)B-p) 5y
=T ip-n w0

by (2.4). We arrive at the following important proposition.

(2.12)

Proposition 2.4. Suppose that 1 < p < 3. Then

/ Wy, Lyt (wy,) dy > 0. (2.13)
0

Proof. For 1 < p <3, we get from (2.11) for yo = 0 (and so also a = 0) that

1 1 &

By (2.12) we compute p (o) > 0 for all 3 € (0, 00) and therefore p(y,) > 0 for all 3, € [0, 00).
[l
We now show that for p > 3, in contrast to Proposition 2.4, the integral fooo wy, Lot (wy,) dy may be

negative.

Proposition 2.5. Suppose that p > 3. Then for

5— o0 2(p=3)/(p=1) 1)2/(p=1)

2P w?dy < (p+1) a

p—1 ——2-artanh a (p - 1)(1 — a2)(P—3)/(p—1)
-

(2.14)

it follows that [ wy, Ly (wy,)dy is negative. There exists some constant ag(p) < 1 such for ag(p) <
a < 1 condition (2.14) holds.

12



Before proceeding to the proof, it is enlightening to consider the restriction posed by condition

(2.14). This is done in the following remarks.

Remark 2.6. (1) For p=>5 (2.14) is satisfied for all0 < a < 1 as l.h.s.= 0 and it poses no restriction
at all. This implies that ag(p) — 0 as p — 5.

(2) The solution set of (2.14) within 0 < a < 1 is empty if 3 < p < po for some py > 3 as for p =3
r.h.s.= 2a and L.h.s.> 2.

(8) We now consider the asymptotic behavior of (2.14) in the most interesting range p — 5. In

leading order we get

T(5—p) < a+ () + 05— p)).

(4) For p close to 5 (and possibly for the whole range of 3 < p < 5) the threshold ay(p) given by

(2.14) is uniquely defined and ag(p) is monotone decreasing in p.

Proof. Condition (2.14) follows immediately from (2.11). The left hand side of (2.14) is positive
and remains bounded for all a € (0,1). The right hand side of (2.14) tends to 0 as a — 07 and to +oo
as a — 17. By continuity, there exists some ay(p) € (0,1) such that (2.14) is true for ag(p) < a < 1.

[

Next we need

Lemma 2.7. The first eigenvalue of Lo, which we call iy, is positive. The second eigenvalue of Ly is

negative.
Proof. Let —
Jo [(w)? +v?] dy + au?(0)
Qlul = % 2/(o+D)
(Jo~ urrtdy)
Then wy, up to a scaling factor is the unique minimizer of Q[u| in H} ,(R").

Similar to the proof of Theorem 2.1 of [13], we see that the second eigenvalue of Ly is non-positive,

and hence is negative since by Lemma 2.1 the kernel is trivial.

O
Now, to study the case r = 2, we introduce a new operator
f wyo¢dy fooo wy, ¢ dy
Li¢:=Lop— (p—1) ’ wp—(p—1)+w

fO . fO U);O dy v
foowp“dy 5wy, dy

B e e E R (2.15)

0

which is defined for all ¢ € H! ,(R™).

Then we have

13



Lemma 2.8. (1) The operator Ly is self-adjoint and the kernel of Ly (denoted by Xi) is given by
span {1y}

(2) There ezists a positive constant co > 0 such that
(6.0 = [ [0+ = pup ] dy
0

+

2p—1) f; wy o dy [ wh ddy Jowht dy ( o )2
—(p—1) o 7 d
Jowi, dy v >(fo°°w§ody)2 / o
> coda gy (¢, X1)

for all ¢ € H},(0,00), where dpz2(g o) denotes the distance in the L*-norm.

Proof. By definition (2.15), it is an elementary calculation to show that (L1, ) 2(0,00) = (L1%, @) 12(0,00)
for all ¢,1 € H'(0,00) which implies that the operator L, is self-adjoint.

Next we compute the kernel of L;. It is easy to see that w,, € kernel(L;). On the other hand, if
¢ € kernel(L,), then

Logp = c1(p)wy, + ca(@)wh = c1(¢) Lo (p%lwyo + %yw;o + Aw;m) + ca(¢) Lo (p%lwyo)

by Lemma 2.2, where
. fooo ‘bdy fo p+1 dy fo wy0¢dy fooo wyo¢dy

al@)=rP-1)"=5—— IS w2 m —(p—1) fo w2, d : C2(¢>_(p_1)0°°w—§ody

Hence 1
¢ = c1(9) Lo (wy,) + c2(d) Ly (wh ) = e1(¢) Ly (wy,) + Fcz(@wyo- (2.16)
Note that by (2.16)
f wp Ly (wyo) dy f pr dy fooo wyoLal(wyo) dy
— 1 —(p—1
c1(¢) = c1(9) [(p ) fo w?, 2 0y (p ) (fooo wgo dy)2

— c1(9) [1 L (poph A wy“ (wyO)dy] .
(J57 w3, dy)’
This implies that ¢;(¢) = 0. By (2.16) and Lemma 2.1, this proves (1).
It remains to prove (2). Suppose (2) is not true, then by (1) there exists («, ¢) such that (i) a > 0,
(ii) ¢ L wy,, and (iii) Li1¢ = ao.
We show that this is impossible. From (ii) and (iii), we have

fO yo¢dyw
fO yo

(Lo —a)p=(p— (2.17)
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We first claim that [ wP ¢dy # 0. In fact, if [[“wP ¢dy = 0, then o > 0 is the first (principal)
eigenvalue of Ly. By Proposition 2.7, & = uy and ¢ has constant sign. This contradicts (ii).
Therefore we must have fooo wh ¢ dy # 0 Hence o # p1y and Lo — « is invertible. So (2.17) implies

fooo wy, ¢ dy
¢=(p— 1)t (Lo — ) wy,
fO wz%o dy ’
Thus f b
(o) p y /oo .
P gy = (p— 1)L [ (L, - » d
/0 wy0¢ Y ( ) fo wyo dy (( 0 a) wyo)wyo Y,
[ = -0 [ (o= g, d
= [ @) (L = @) + )
0= [ (o= a) M)y, dy. 219
0
Let hi(a) =[5~ ((Lo — ) wy, )wy, dy Then hi(0) = [7° (Lo wy, )wy, dy = po(cr) > 0 by Proposition
2.4. Moreover hy( fo (Lo — @) 2wy, )wy, = fo (Lo — @) twy,y)?dy > 0. This implies hy(a) > 0

for all a € (0, ul). Clearly, since limg,— o0 b1 () = 07, we also have hy(a) < 0 for a € (1, 00).
This is a contradiction to (2.18), and completes the proof.
m
First we have the following theorem about (in)stability of a near-boundary spike in the case of Robin
boundary condition including the exponents r = 2, 1 < p < 3, which is similar to results for an interior

or a boundary spike in the case of Neumann boundary condition:

Theorem 2.9. Suppose 0 < a < 1. If
r=2 and 1<p<3

or if
r=p+1 and 1<p<oo,
then the following NLEP
Jo wyted Yo
J"OOO wzco dy yo

for u > 1 has only stable eigenvalues but for p < 1 admits unstable eigenvalues.

¢ —¢+puwhte—pulp—1) =Xp, ¢ € H,(RY), (2.19)

In contrast, for the exponents » = 2, p > 3, we have the following instability result for the near-

boundary spike in the case of Robin boundary condition:

15



Theorem 2.10. If
r=2 and p>3

then there exist some ag(p) € (0,1) and po(a) > 1 such that for
ap < a <1 (2.20)

and

1< po(a) (2.21)
the NLEP (2.19) has a positive eigenvalue.

Remark 2.11. (1) The number ag can be chosen according to (2.14). Set also Remark 2.6.

(2) It follows from continuity that uo(p) — 1 as a — ag(p) .

(3) At u = po(p), Hopf bifurcation occurs. In fact, for u large, the NLEP is stable (a rigorous
proof of this will appear elsewhere). On the other hand, for u < po(p), NLEP is unstable. Thus, as p
increases, the eigenvalues of NLEP will across the imaginary azxis. Since po(p) > 1, eigenvalues can
not cross zero. Thus there exists a Hopf bifurcation. We remark that in the case of Neumann boundary
condition (i.e. a =0), Ward and Wei [28] have shown that when p > 5, Hopf bifurcation can occur for
some > 1. See the discussions in Section 4 of [28].

To show the instability part in Theorems 2.9 and 2.10, we first prove the following result.

Theorem 2.12. (1) Ifu<landr=2,1<p<3orr=p+1,1<p<oo, the NLEP (2.19) has a
positive eigenvalue.

(2) If r =2 and
/ wyy Ly "y, dy <0,
0
then under the condition (2.21) the NLEP (2.19) has a positive eigenvalue.
Proof.

(1) Suppose pu < 1. We look for a positive eigenvalue « to (2.19) which is equivalent to

oowr—l d _
¢ =ulp— 1)%([@ —a) 1w50, 0 <y < +oo,

¢ (0) — a(0) = 0.

Multiplying by w; ! and integrating, we get

/0 wy, dy = wu(p — 1)/0 [(LO - a)’lwzo} wZO’l dy.

Using the identity

(p—1)(Lo — a)_lwgo_l = wy, + a(Ly — oz)_lwyo

16



we get

/0 wy, dy = p (/0 wy, dy + a/o [(Lo — a)’lwyo} w;O’l dy)

which is equivalent to

1 1 > T > -1 r—1

——-=1 wy, dy = [(Lo — @) wy, | wt dy. (2.22)
o \H 0 0

If r=2and 1 < p < 3 then by Proposition 2.4 the right hand side of (2.22) is positive for a = 0.
If r=p+1and 1 < p < oo then the right hand side of (2.22) is positive for a = 0 since

o0

o 1
/ (L wy, ] wy dy = —— wzo dy > 0.
0 p— 1 0

Therefore, as a — 07, the left hand side of (2.22) tends to +oo while the right hand side tends to
some positive number. As o — p, the left hand side tends to some positive number while the right

hand side tends to +o00. By continuity, there exists a solution to (2.22).
(2) If r = 2, then (2.22) becomes

1 (l _ 1) /Uoo W2 dy = /Ooo [(Lo — @) y,) 1w, dy. (2.23)

a \ p
As a — 07, the left hand side of (2.23) tends to —oo while the right hand side tends to some

negative number. As a — pj, the left hand side tends to some negative number while the right hand
side tends to —oo.
By continuity, there exists a solution to (2.23).
O
Proof of Theorem 2.10:
The proof of Theorem 2.10 is completed by combining Proposition 2.5 and part (2) of Theorem 2.12.
O
Proof of Theorem 2.9:
The instability part of Theorem 2.9 is contained in part (1) of Theorem 2.12.
Now we prove the stability part of Theorem 2.9. We divide the proof into two cases. The outline
follows Appendix F of [12]:
Casel. r=2, 1<p<3.
Case 2. r=p+1, 1<p<oo.
Let ag = ag + iay be an eigenvalue and ¢ = ¢g + i¢; an eigenfunction of (2.19). Since oy # 0, we
can choose ¢ | kernel(Lg). Then we obtain the two equations

fooo Wy, PR Ay Wb o—
fOOO wzgo dy .

17
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f() wyo ¢I dy
Hw

Multiplying (2.24) by ¢r and (2.25) by ¢; and addlng the two equations, we obtain

Lopr — (p—1)p wy = QrOr + arPr. (2.25)

—an /O (6 + 62) dy = Ly(dp, bm) + La(61, 61)

2) f wy0¢R dy fo w ¢R dy + fo wy0¢1 dy f() §0¢I dy
f(]oO w?go dy

=gt | ([ wmonn) ([ omer) |

Multiplying (2.24) by w,, and (2.25) by w,,, respectively, and integrating we obtain

+(p—1)(p—

(p—1) | whondy—(p— o Lwfrdy [~ wrldy = ap | wyérdy—ar | w,érdy, (2.26)
0 f() wZO dy 0 0

(p—1) / wh drdy — (p—1)p fof oo / wht dy = aR/ Wy, &r dy + oq/ wy, g dy. (2.27)
0 0 0 0

Multiplying (2.26) by [~ wy,¢r dy and (2.27 by [ wy,¢r dy and adding, we obtain

(—1) / Wb dy / W drdy + (p— 1) / wyy b1 dy / u? o dy
0 0 0 0

=<04R+(P I}O oy dy )((/Ooowyo¢Rdy)2+{/Ooowyoﬁﬁldy)Q]-

Therefore we have

—aR/O (6% + ¢7) dy = Li(dr, ¢r) + L1(¢1, 1)
fooo wz%/);rl dy) (fooo Wy, PR dy)2 (fooo Wy, O1 dy)2

- 1)(u—2) (p !

+(p — 1)W l(/ooowyo¢3dy)2+ (/Ooowyo¢,dy)2] .

¢R:0Rwyo —|—¢Jé, (ﬁjé J_Xl, ¢[ :C[wy0+¢%, ¢% 1 Xy,

where X; was defined in Lemma 2.8. Then

/ Wy, PR dy = cp / wzo dy, / Wyo prdy = c / wzo dy,
0 0 0 0

18
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di2py(0r, X1) = 10572, di2gmey(or, X1) = llo7 |l

By some straightforward computations, we have

Li(¢r, ¢r) + Li(o1, ¢1)

+(1 = Dagr(ck, +f) / wy, dy + (p — 1)( = 1)*(ck + C?)/ wy dy + ar(lloglz: + o7 ]1Z2) = 0.
0 0
By Lemma 2.8 (2), we get
(0= Dan(ch+ ) [l dy
0

[e.9]

+p =D —1)%(ck + C?)/O wyt dy + (ar + a1)(|ox )72 + o7 [172) < 0.

Since p > 1, we must have ag < 0, which proves Theorem 2.9 in Case 1: r=2,1 < p < 3.

Now we consider Case 2: r=p+ 1,1 < p < 0.

Then the nonlocal operator in (2.19) becomes

Lo = Lop — pu(p—1)

We need to define yet another new operator:

fOOO w50¢ dy D

Ly :=Lop — (p— 1) (2.28)

We have the following result.

Lemma 2.13. (1) L, is self-adjoint and the kernel of Ly (denoted by X5 ) is spanned by w,y, .

(2) There ezists a positive constant cz > 0 such that

(p—1) (f;° wh ody)”
S whet dy

Z CSd%Q(R"')(qS:X?): VQS € Hiob(R—’—)'

12(6.0)i= [ [0 46 = pu 7] ay+

Proof:

The proof of (1) is similar to that of Lemma 2.8. We omit the details. It remains to prove (2).
Suppose (2) is not true, then by (1) there exists (a, ¢) such that (i) o > 0, (ii) ¢ L w,,, and (iii)
L2¢ = ong.
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We show that this is impossible. From (ii) and (iii), we have

(p - 1) fooo wgoébdy P

w,, .
oo p+l Yo
f o Wyo dy

(2.29)

(Lo —a)p =

Similar to the proof of Lemma 2.8, we have that fooo wh ¢dy # 0 and o # py. Hence Lo — v is invertible.
So (2.29) implies
(p—1) Jy whody

) 1
fo wg: dy

o=

(LO — Oé)ilwgo.

Thus
> Joowk ody [
wP ddy = (p— 1)L~ / Lo — o) "wP w? d
[ ot =01 [ (o) et dy
and
/0 Wy = (p— 1) /0 (Lo — a) ™"l Yu? dy. (2.30)
Let

hao(a) = (p — 1)/ (Lo — a)_lwgo)wfjo dy — / wé’:l dy.
0 0
Then we have

he(0) = (p — 1)/0 (Lalwgo)w’y’o dy — /0 wggrl dy = 0.

Moreover, we compute
By(@) = (p— 1) / (Lo — @)l Y. dy = (p— 1) / (Lo — ) "u2 2 dy > 0.
0 0

This implies hy(a) > 0 for all a € (0, p4q). Clearly, also he(a) < 0 for av € (1, 00). This is a contradiction
to (2.30) and the lemma is proved.
O
We now finish the proof of Theorem 2.9 in Case 2.
Let ag = ag + ia; and ¢ = ¢r + i¢;. Since ag # 0, we can choose ¢ L kernel(Lg). Then, similarly
to Case 1, we obtain the two equations

T wh pr dy
L0¢R — (p — 1)/1,1;)1/—0’11}‘1)0 = @R(bR — Oé[¢], (231)

Jo witdy Y
fOOO wgo(bl dy D
oo p+l wyo -
fo wy, ~ dy
Multiplying (2.31) by ¢r and (2.32) by ¢;, integrating and adding, we obtain

qub] - (p - 1)/1 QR¢[ + CY[QZSR. (232)

—an / (6 + 62) dy = Lo(dp, dr) + La(o1, 61)
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(Jy7wh drdy)® + ([, wh ¢r dy)?
fo yo+1 dy

+r - -1)
By Lemma 2.13 (2)

(fooo wgo 2 fooo wh ¢r 2
fooo why !

an / (6% + 62) + asa(d, X1) + (p— 1) — 1)

which implies agp < 0 since p > 1.
Theorem 2.9 is thus proved in Case 2: r=p+1,1 < p < .

O
Note that Theorem 2.9 implies Theorem 1.2, and Theorem 2.10 implies Theorem 1.3.
3 Eigenvalue Estimates: Proof of Theorem 1.1
In this section, we shall study eigenvalue estimates for L. := €A — 1+ p(u.)P~!, defined on H' (), in

the case of an interior spike and finish the proof of Theorem 1.1.

We will state a theorem for the small (i.e. o(1)) eigenvalues. But before we do this, let us first
introduce some notation and give some important lemmas.

Let

_ 2|z—Pp|
(& € z

dpp,(2) = lim 2z Pl | (3.1)
=0 fm e” < dz

It is easy to see that the support of dup,(2) is contained in Bd(pm@g)(Po) N of).

A point P is called a “non-degenerate peak point” if the following statements (H1) and (H2) hold:
There exists a € RV such that

/ <R (2 _ BV (2) = 0 (H1)
[2)9]
and the matrix

(/39 e~* > (2 — Ry)i(2 — Ry)jdup,(2)) := G(P) is nonsingular. (H2)

Such a vector a is unique. Moreover, G(Fp) is a positive definite matrix. A geometric characterization

of a nondegenerate peak point Fj is the following:
Py € interior (convex hull of support(dup,(z)).

For a proof of the above, see Theorem 5.1 of [30].

Next, we introduce the following definition:
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For each P € (), let w, p be the unique solution of

Ou

ov

+ au = 0 on S (3.2)
€

eQAu—u—l—wp(x )innQ, €

) — we p(x). Then ¢, p satisfies

(2=2) (3.3)

5 on 0.

62Ag06’p —@ep =0 in €,
ow
aPep + 68§;P = aw (I;P) + €

For z € 0F), we have

x— P 8w(xzp) x—P (x—P\ <xz—Pv>
aw + € = aw +w
€ v € € |z — P)|

e () (-S54 ) e ().

where w'(y) = dl:’l—ff) for r = |y| and @ — 1 — § > 0. Therefore, there exist two positive constants C; and
(5 such that

Ciper1 < pep < Copepi, (3.4)

where ¢, p; satisfies

3.5
Pe,p1 + a_le&pgyp’l =w (=£)  on 9. (35)

The study of ¢, p1 depends on the following lemma.

{ 62A906,P,1 — Pe,P1 = 0 n Qa

Lemma 3.1. (Theorem 3.8 of [32].) Suppose that d(P,0) > do > 0. Let Py be the unique solution

of
AP, — 0P =0 inQ
€ 5 QOE,P gp_e}f m e, (36)
gpgpzw(“’:e ) on 0.
Then for, any arbitrarily small 6 > 0, the following holds for € sufficiently small:
o D
e SOZP < (14 6)gPp. (3.7)

From Lemma 3.1 we conclude that on 9f2

v ~P
P+ S < P ka1 0 < (1 (1 O (ST

and
D

Pt S 2 B - a1 0) 2 (1= a1 = o ()
’ ’ €

Using a comparison principle, it is straightforward to derive the following lemma:
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Lemma 3.2. There exist two positive constants Cy and Cy such that

D D
Crpep < @ep1 < Copep.

The convergence of (3.6) is well understood. It is studied in Section 4 of [20]. By Lemma 4.6 of [20]
we have the following convergence results:

Lemma 3.3. (i) Let V.(y) := Yeu (e + €y)/Pen(xc). Then Vi(y) — Vo(y) locally, where Vo(y) is a
solution of

Au—u=0 u0)=1, u>0 inR". (3.8)
Moreover, for any o > 0,
sup e~V (y) = Vo(y)) — 0. (3.9)
y€Qe
(i1) As e — 0,
—€ log(so€7$e (xe)) - 2d($0a aQ) (310)
For P € (), let
Qe,P - {y|6y + P € Q}a
Sc(u) =Au—u+u foru€ H ,(Qep), 0; = i,
) ap]

Kep =span {Qjweplj =1,...,N} C Hq}ob<Q€7P), ICiP = {u € Hﬂob(Q@p)| / uwdjwep =0,j =1, ...,N} ,
Q

and
Cp =span {Qweplj=1,..,N} C L*(Qp), Cop = {u € L*(Qep)| / udjwep =0,j =1, ...,N} :
Q

Let Q° := Py + e3d(Py,00)a, where P, is a nondegenerate peak-point (i.e. it satisfies ((H1)) and
((H2))) and A := Bg,(Q), where f3, is sufficiently small.
For each P € A we can find a solution ¢ p € ICéP such that

Se(we,P + @e,P) € Ce,P

as was shown in [1].

Now we state our theorem on the small eigenvalues.

Theorem 3.4. The eigenvalue problem

ENG— ¢+ puPto =19 inQ, e% +ap=0 on o2 (3.11)
v
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admits the following set of o(1)) eigenvalues:
75 = (co +0(1))pe.p (Fo)Aj, j=1,...,N,
where \j,j =1,...,N, are the eigenvalues of the matriz G(Fy) introduced in (H2) and
S P W'V (r) dy
Ji (82)

where Vo(r) is the unique radial solution of the problem (3.8). Furthermore, the eigenfunction (suitably

<0, (3.12)

Co = 2d72<P0, 8(2)

normalized) corresponding to 75,7 =1,..., N, is given by

N
3w6 P

95 =D (aju+o(1))e op, PP (3.13)

=1

where @; = (ajq,...,a;n)" is the eigenvector of G(Py) corresponding to \;, namely

G(Po)C_L)j = )\j&’j, j - 1, ,N

Proof of Theorem 3.4: Let

Ue = We,Qe T VeQ.-
Let (7¢, ¢¢) be a pair such that

9.
ov

Lpe =70, in Q, ¢ + a¢ =0 on 0. (3.14)

We normalize ¢ such that ||¢|l = 1.
We now assume that 7. — 0 as € — 0. Then, after a scaling and limiting process (see [17], [18] and
20]), we have ¢.(y) = ¢e(Qc + €y) — ¢, where ¢y is a solution of

Av—v+pw” =0 in RY, ve HY(RY).

By Lemma 4.2 of [18], there exists s; such that ¢y = Zjvzl sjg—;"j.
This suggests that we decompose ¢, as ¢, = Zjvzl s¢edjwe g, + ¢, where ¢, € lCiQe and |s§| < C.

J
Since ||¢||c = 1, we have ||¢.||c < C and ¢, satisfies

N N
(Le = m)e + ) silp(uc)’ edjweg, — pu'edju] = 7Y siedjweq, (3.15)

Jj=1 Jj=1
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Since 7¢ — 0, then by the same argument as in Proposition 6.3 of [31] we have that 7. g, o (L — 7°) :

ICiQE — CiQE is invertible. Since ¢, € lCe%Qe7 we have
N

Z S5 [p(ue )Pt edjw, g, — pwP~'ed;w]

j=1

=0 ((!wle |H2) Z|S |>

Multiplying (3.15) by €0k (w,q.) and integrating, we obtain

16ellzr1 0. 0, = O

LQ(QE,QS)

N
D% / [p(ue) ™ edjweq. — puwP™ edjwledywe g, dx
Qe,Qe

J=1

N
=7 E / Sj-eajwe,Qééaknge dx
j=1 Qe,qe

+/ [P(ue)? ™ GeeOk (weq.) — pwP ™ deedpw] dx + O(| || pell 11 (0 .)) (3.16)
Qe,qc

We first estimate the left-hand side of (3.16). To begin with, we calculate,

ow | Owe,
- / |:pwp 16_‘P Qe — p(wf»Qe + U€7Q5> 6 aPP |P:Qé dy
Qe Q.

OP;

0
= —62/ We.Q. P
0., 0P, 5p IP=e. [ = (weo)"] —

0 _ ow, o
= —62/ P, ——|p=q. [P0" ' 0eq. (Qc + €v)] aPP!P=QE + O(lpeq. (Qo)

ow Owe p (9w€p -
B _62/9 L’pr 1—!13 Q. — P(weg, )P | P=q. !P Q. 4y + O(|pcq.(Q)|'7)
,Qe

Gwe o
P!P Q. 4y + O(lpcq.(Q)['™)

= 2¢,p, (F)(1 + 0(1))
2— P, 2—Py 2(Qe—Pp) — P
></ Pwp_l/ S TRV SRl T T g (2) ( . 0) - dy + O(| e . (Q)')
RN o0 2 = Fol/ ; Oy
= 20¢,p, (Fo)(1 + 0(1))

z— P — P a
ot [ R e ( - ) diiry(2) 22 dy + 0.0, (Q)*)
RN o0 |z — Rl j Y

= et ([ = RGP 2) o))
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where

/

v = / pw? M (y)Vy () dy.
RN
For the left hand side of (3.16), we have

Lh.s. of (3.16)

N
=D (/Q [p(weq.)' " edjweq, — pu™ edjulediweq, dy) +O(|peq.(Q)))
=1 €,Qe

J

<z—Py,a> Z 0 € < 0 —
_ a o 27 o Do (R 2y + o(1
/(;Q€ ’Z P0‘7S (’Z PO‘)k :PO( 0) /JJPO(Z)( O( ))

where s¢ = (s, ..., s%)-

Similar but simpler computations for the right hand side of (3.16) give

r.h.s. of (3.16)

N N N
=7 (B +o(1) + 0 (Z |s;||soe,Qe<Qe>r<“”>> +0 <m<2 \s;|\goe,Qe<@e>|“+”>/2>) ,
j=1 j=1 J=1

where B = [, (£2)%dy.

oy1
Hence we have

|T€| = O(SOE,Qe(QE)) = O(‘PE,P()(PO))

and 7€/ p, (FPo) — 70, s¢ — s, where (79, s) satisfies

(—27)G(Py)s = Bd*(Py, 02)1ys.

Thus B¢ 0.09)

2=—To is an eigenvalue of G(Fy). Therefore 7/ p,(Py) — 7j, s© — d@; where

— 2y . B '
“Bem.e) (= AG T =1 N

7j

By an argument of Dancer [2], we know that these are the only small eigenvalues of the order o(1)

as € — 0.
This finishes the proof of Theorem 3.4.

Completion of the Proof of Theorem 1.1:

The small eigenvalues given by Theorem 3.4 all have negative real part. By a proof along the lines of

the proof of Theorem 2.9 (replacing w,, by w and considering interior spikes instead of near-boundary

spikes) the large eigenvalues all have negative real part. Finally, Theorem 1.1 follows by combining

these two results.
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4 Numerical Simulations

We show numerical simulations which display the various effects which have been analytically proved
in this paper.

We consider the Gierer-Meinhardt system (1.1), (1.2) on €2 = (—1,1) for the following parameters:
diffusion constants €2 = 0.01, D = 10%, time relaxation constant 7 = 10~%, Robin boundary condition
parameters varying a4, ag = 0, reaction constants varying p and ¢, r = 2, s = 0.

First we consider the classical Gierer-Meinhardt system with p = 2, ¢ = 1. We show stable near-
boundary spikes for various a4 (Figure 1) and interior spikes for various a4 (Figure 2). We see that a
change of a4 has strong influence on a near-boundary spike, but only a minor influence on an interior
spike.

Then we numerically explore the instability in the dynamics of near-boundary spikes. We consider
the Gierer-Meinhardt system for various p, ¢ = 2, r = 2, s = 0. with Robin boundary condition for
ay = 0.8. We start with p = 4.0 and then increase p incrementally in steps of 0.01. The final steady
state (stable stationary near-boundary spike) for the previous p is used as initial condition for the next
one. The final steady state is displayed for p = 4.5, 4.8, 4.85 (Figure 3).

At p = 4.86 a rather dramatic change of stability is observed: The solution oscillate with large
frequencies (Figure 4). The simulations show a sharp peak, and the simulation breaks down: The
amplitudes of the solution become very large, and the finite element software is no longer able to
resolve the solution since this peak has a very high amplitude appearing on a very small spatial scale.
This is similar to phenomena which occur for supercritical systems. In some sense the Robin boundary
condition is able to squeeze the threshold between sub- and supercritical behavior to lower reaction
rates which corresponds to the formula po(a) > 1.

Comparing the threshold p = 4.86 with the theoretical results one could first test if the instability
comes from the threshold a = ag(p) given in Proposition 2.5. The asymptotic result in Remark 2.6
implies that for p = 4.86 we get ag(p) ~ 0.11 which is far away from the numerical value a = 0.8. On
the other hand we have 1 = 4/3.86 ~ 1.04 which is larger than 1 but very close to 1. So the instability
here comes from the threshold given by ;1 < 1.04. We also make the interesting numerical observation
that even if a is far away from ag(p) the threshold pg(a) can be very close to 1. This implies that one
has to be very careful in numerical simulations in order not to miss this extended but small parameter

range of instability which is stated in Theorem 1.3.

27



Activator A(x) for x=-1,...,1 at time t=10000, a_A=0.2 Activator A(x) for x=-1,...,1 at time t=10000, a_A=0.4
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Activator A(X) for x=-1,...,1 at time t=10000, a_A=0.6 Activator A(x) for x=-1,...,1 at time t=10000, a_A=0.8
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Figure 1. Near-boundary spikes for variable constant a4 in the Robin boundary. We have
chosen a4 = 0.2, 0.4, 0.6, 0.8. It is numerically stable (final state is shown for ¢ = 10, 000).
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Activator A(x) for x=-1,...,1 at time t=10000, a_A=0.2 Activator A(x) for x=-1,...,1 at time t=10000, a_A=0.8
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Figure 2. Interior-boundary spikes for variable constant a4 in the Robin boundary. We have

chosen a4 = 0.2, 0.8. It is numerically stable (final state is shown for ¢ = 10, 000).
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Activator Alx) For x=-1,...,1 ak time t=10000, p=4.5, multiply values by 10°11 Activator () for x=-1,..,,1 at time t=10000, p=4 85, muliply values by 1014
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Figure 3. Stable near-boundary spikes. We choose constants a4 = 0.8, ¢ =2, r =2,s =0
and varying p. For p = 4.0, 4.5, 4.8, 4.85 the near-boundary spike is shown. It is numerically stable
(final state is shown for ¢t = 10, 000).
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Activator Alx) For x=-1,...,1 ak time t=5000, p=<,58, multiply values by 1015 Activator A(x) For x=-1,...,1 ak time t=6390, p=+8, multiply values by 10°16

Figure 4. Unstable near-boundary spike. We choose constants a4y = 0.8, ¢ = 2, r = 2,
s = 0 and p = 4.86. The near-boundary spike is now numerically unstable. In the time evolution the
amplitude increases (shown for ¢ = 1,000, 3,000, 5,000, 6,390).

5 Discussion

This paper is just the start of our research programme into the role of boundary conditions for reaction-
diffusion systems. We have only considered the shadow system of the Gierer-Meinhardt system for the
Robin boundary condition. It is also important to investigate the influence of the Robin boundary
condition for general reaction-diffusion systems, starting with the full Gierer-Meinhardt system.

More specifically, for the full Gierer-Meinhardt system (1.1) in one space dimension an important
issue is understanding the role of the Robin boundary condition for the inhibitor H, whereas in this
paper we have only investigated the Robin boundary condition for the activator A. How does the Hopf
bifurcation threshold change if Robin boundary conditions are put on H? What can be said about
positive eigenvalues? This is also an interesting question for the shadow system.

As a approaches 1, by Theorem A the minimal energy solution changes from being a near-boundary
spike to being an interior spike. How can this change of behaviour be analyzed in the case when a
is exponentially close to a and this changeover takes place, in particular with respect to a stability
analysis.

Another interesting topic are multiple spikes. Contrary to Dirichlet or Neumann boundary conditions
for Robin boundary conditions one does not have spikes of equal amplitudes and distances and even

the existence is a challenging question.
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Higher-dimensional problems are also to be addressed later and they are naturally very important
for biological applications. We hope to gain a better understanding of the processes which are behind
the selection of some relevant patterns out of the many possible patterns in a reaction-diffusion system.
Here the boundary conditions play a major role and stability analysis seems to be the appropriate

mathematical tool to address these issues in a rigorous framework.
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List of figure captions

Figure 1. Near-boundary spike for variable constant a4 in the Robin boundary. We have chosen
ay = 0.2, 0.4, 0.6, 0.8. It is numerically stable (final state is shown for ¢ = 10, 000).

Figure 2. Interior-boundary spike for variable constant a4 in the Robin boundary. We have
chosen as = 0.2, 0.8. It is numerically stable (final state is shown for ¢t = 10, 000).

Figure 3. Stable near-boundary spike. We choose constants ay = 0.8, ¢ =2, r =2, s =0 and
varying p. For p = 4.0, 4.5, 4.8, 4.85 the near-boundary spike is shown. It is numerically stable (final
state is shown for ¢ = 10, 000).

Figure 4. Unstable near-boundary spike. We choose constants ay = 0.8, ¢ = 2, r = 2,
s = 0 and p = 4.86. The near-boundary spike is now numerically unstable. In the time evolution the
amplitude increases (shown for ¢t = 1,000, 3,000, 5,000, 6,390).
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