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H~o Fault Estimation with Randomly Occurring
Uncertainties, Quantization Effects and Successive

Packet Dropouts: The Finite-Horizon Case
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Abstract

In this paper, the finite-horizon H., fault estimation problem is investigated for a class of uncertain nonlinear
time-varying systems subject to multiple stochastic delays. The randomly occurring uncertainties (ROUs) enter into
the system due to the random fluctuations of network conditions. The measured output is quantized by a logarithmic
quantizer before being transmitted to the fault estimator. Also, successive packet dropouts (SPDs) happen when the
quantized signals are transmitted through an unreliable network medium. Three mutually independent sets of Bernoulli-
distributed white sequences are introduced to govern the multiple stochastic delays, ROUs and SPDs. By employing
the stochastic analysis approach, some sufficient conditions are established for the desired finite-horizon fault estimator
to achieve the specified H,, performance. The time-varying parameters of the fault estimator are obtained by solving a
set of recursive linear matrix inequalities (RLMIs). Finally, an illustrative numerical example is provided to show the

effectiveness of the proposed fault estimation approach.
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I. INTRODUCTION

The past few years have witnessed fruitful research results on the fault detection and fault-tolerant control
problems owing to their crucial importance with respect to safety and reliability in engineering practice such
as aerospace, automotive and chemical industries [1,4,13,14,21,37]. Generally speaking, the purpose of fault
detection is to identify when a fault has occurred, and the fault estimation stage aims to estimate the type and
size of the faults by using available measurement information. In recent years, the fault estimation problem
has gained constant research attention and a number of results have been reported in the literature [18,24,36].
For instance, in [36], the fault estimate has been added into the controller to compensate for the unknown
real fault. In [18], several multi-objective (e.g. Ho/Hy and H_/H., indices) fault estimation issues have
been tackled for time-varying systems in time domain. Very recently, in [24], by recurring to the Krein-space
theory, the H, fault estimation issue has been studied and a fault estimator has been designed to achieve the
specified performance criterion in terms of the solution to a set of Riccati difference equations.
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Networked control systems (NCSs) have recently gaining much research momentum owing to their appealing
advantages as well as wide applications in today’s modern industry, and a rich body of literature has appeared
with a major focus on those particular phenomena resulting from the limited bandwidth of the communication
channels. These network-induced phenomena, if not adequately dealt with, could seriously degrade the system
performances. Among others, two frequently investigated network-induced phenomena are packet dropouts
[9,23,26,28] and communication delays [2,8,10,17,19,25,30,33-35]. In a networked system, the communication
delays are typically random and the delay characteristic varies from sensor to sensor. In other words, it
is quite common that a networked system suffers from multiple random delays with different occurrence
probabilities [8]. In [23], the successive packet dropouts (SPDs) have been modeled and their impact on the
filter performance has been analyzed. Obviously, it is of practical importance to examine how multiple random
delays influence the dynamical behavior of the discrete-time networked systems.

Traditionally, in communication community, signals are quantized due to rounding or truncation where the
quantizer is essentially a piecewise constant function. The study on quantization problem dates back to early
90s [6] and has received renewed research interest in response to the rapid development of NCSs. Nowadays,
the signal quantization is considered as another source for performance degradation of networked systems
and a great number of results have been available in the literature, see e.g. [7,12,29,31]. In particular, the
quantization has been described by logarithmic types in [11] which can then be converted into the norm-
bounded uncertainty. Parameter uncertainties, on the other hand, have long been an important factor that
contributes to the complexities of dynamical systems, and the corresponding robust filtering/control problems
have attracted considerable research attention in the past few decades [1,5,8,9,15,20,22,32,36]. Nevertheless,
in a networked environment, it is a bit too conservative to assume that the uncertainties always occur in a
deterministic way. In fact, due to unpredictable changes of the network conditions, the uncertainties may
occur randomly with probability laws of certain types and intensity. To account for such a random fashion
of parameter uncertainties, the concept of randomly occurring uncertainties (ROUs) has been introduced
in [15] and the impact of ROUs on the system behaviors has then been thoroughly examined. Although
ROUs have received some initial research attention, it is desirable to consider the simultaneous appearance of
ROUs, quantization, successive dropouts and multiple stochastic delays in order to reflect the network-induced
phenomena in a more realistic way and this constitutes one of the motivations for the present research.

In reality, it is very often the case that the system dynamics experience constant changes in their structure
and parameters caused by a variety of factors such as temperature, changes of the operating point, aging
of components, etc. Therefore, time-varying models are of vital importance in engineering practice and,
naturally, it is practically significant to design fault estimation schemes directly for time-varying systems.
In this case, because of the time-varying nature, one would be more interested in the system’s transient
performances over a finite period than the traditional steady-state behaviors over the infinite-horizon. It
should be pointed out that, in comparison with the numerous literature concerning fault estimation problems
over the infinite horizon for time-invariant systems [9,16,22,27,32], only scattered results have emerged on
the finite-horizon fault estimation problems for time-varying systems. This is not surprising because of the
following three identified difficulties for finite-horizon fault estimation problems: 1) how to define a reasonable
performance criteria such as Ho, index to evaluate the reliability of a fault estimator; 2) how to analyze the
system performance over a finite horizon; and 3) how to design the fault estimator parameters such that the
obtained estimator satisfies the defined estimation performance index.

To the best of our knowledge, very little research effort has been made on the fault estimation problems
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for time-varying networked systems, not to mention the case when the randomly occurring phenomena are
also involved in the target plant. With hope to shorten such a gap, in this paper, we are motivated to
study the finite-horizon H,, fault estimation issue for a class of discrete time-varying stochastic systems
with network-induced phenomena. The main novelty lies in three aspects: 1) the plant under consideration is
quite comprehensive that covers ROUs, quantization effects, successive packet dropouts, and multiple stochastic
delays, hence reflecting the reality more closely; 2) a new finite-horizon Hs, performance constraint is proposed
so as to adequately reflect the effect from the disturbance inputs on the resulting fault estimation systems; 3)
a novel fault estimation technique is developed which relies on the forward solution to a set of recursive
linear matriz inequalities (RLMIs); and /) intensive stochastic analysis is conducted to enforce the H-infinity
performance for the addressed comprehensive systems in addition to the stochastic stability constraint.

The rest of this paper is outlined as follows. In Section II, the model addressed in this paper is presented,
and some definitions and lemmas are introduced. In Section III, the fault estimation issue is resolved and some
sufficient conditions in the form of RLMIs are developed. In Section IV, an illustrative example is provided
to demonstrate the effectiveness of the proposed criteria and, finally, conclusions are drawn in Section V.

Notation The notation used here is fairly standard except where otherwise stated. R™ and R™*™ denote,
respectively, the n-dimensional Euclidean space and the set of all n x m real matrices. l3(][0, N],R"™) is the
n-dimensional vector function’s space over [0, N]. [0, N] denotes a set of integers ranging from 0 to N. [
denotes the identity matrix of compatible dimension. The notation X > Y (respectively, X > Y), where X
and Y are symmetric matrices, means that X — Y is positive semi-definite (respectively, positive definite).
AT represents the transpose of the matrix A. ||| describes the Euclidean norm of a vector . E{z} stands
for the expectation of the stochastic variable z. diag{...} stands for a block-diagonal matrix. In symmetric
block matrices, the symbol * is used as an ellipsis for terms induced by symmetry. Matrices, if not explicitly

specified, are assumed to have compatible dimensions.

II. PROBLEM FORMULATION AND PRELIMINARIES

For presentation clarity, let us start with the following notation:
S
Prk = Y ikl r, (1)
i=1

where 7; (i = 1,2,--- ,s) denote the discrete delays that satisfy 0 < 73 < 75 < -+ < 75 and occur according
to the stochastic variable o ;. Here, s is the number of channels which is fixed. a;, € R (i =1,2,--- ,s) are

mutually uncorrelated Bernoulli-distributed white sequences with
Prob{o;r =1} = a;, Prob{eyr=0}=1—-a

where @; € [0, 1].

Consider the following class of discrete time-varying stochastic systems defined on k € [0, N:
Tpp1 = (Ap + BeAAg) i + by (@a ) + Dipwi + Figfr,
Uk = Crxy + Do pwg + Fo g fr, (2)

xk:wlm _TSSkS(L

where z; € R™, g € R™ and f € [3(]0, N],R"f) are the state vector, the ideal measurement output and
the fault to be estimated. wy is the exogenous disturbance signal belonging to l3([0, N|,R?). S € R is a
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Bernoulli-distributed white sequence taking on values of either 0 or 1 with

Prob{By =1} =3, Prob{pf,=0}=1-7
where 3 € [0,1] is a known constant. Ay, Ck, Dy, Doy, Fi i, Fay are known, real, time-varying matrices

with appropriate dimensions. The parameter uncertainty matrix A Ay is a real-valued matrix of the form:
AA, = MRy Ny, (3)

where M), and Nj, are known real matrices with appropriate dimensions, and R j is the unknown time-varying
matrix function satisfying
RiRip < I

Moreover, the nonlinear vector-valued function hg: R™ — R™ with hi(0) = 0 is assumed to be continuous
and satisfies the following condition
[Pk ()] < Al|] (4)

for all k£ € [0, N] and = € R™ where \; > 0 is a known positive scalar.
In a network system, before entering into the fault estimator through a communication channel of limited

bandwidth, the signal gy, is first quantized by quantizer ¢(-) defined by

Uk = q(Jk) = [a1(G1k) @2(F2k) - Qny(ﬂny,k)]T- (5)

In this paper, the quantizer ¢(-) is assumed to be of the logarithmic type, that is, the set of quantization levels
for each ¢;(-)(1 < j < ny) is described by

0; = {d = o, i =0, £1, 22, U0}, 0<gi<1, K >0

Each of the quantization level corresponds to a segment such that the quantizer maps the whole segment to

this quantization level. The logarithmic quantizer g;(-) is defined as

©) 1@ _ )
Xi's T+r; Xi < Gk < T—r, Xi's
qj(gj,k) = 07 gj,k = 07 (6)
©) 1 @)~ 1@
_Xi] R = Xi] < Yk < T T¥s, Xi] )

with x; = (1 — 0;)/(1 + ¢j). By employing the results derived in [11], it follows that ¢;(7;x) = (1 + A](j'))gj,k
with |A,(f)| < Kj. Defining Ay, = diag{A,il), A,(f), cee A,(gny)}, the measurements after quantization can be
expressed as

Uk = (I + Ap)Jr- (7)

Therefore, the quantizing effects have been transformed into sector-bounded uncertainties. In fact, defining
I' = diag{k1, ko, - ,lﬁ:ny} and R = ART~!, we can obtain an unknown real-valued time-varying matrix
Ra 1 satisfying RZkR{k = R%—:kRg’k <I.

Remark 1: It is worth mentioning that there are generally two types of quantized communication models,
namely, logarithmic quantization [29] and uniform quantization [5]. The differences between these two al-
gorithms are twofold: 1) the logarithmic one provides a non-uniform partition of the state space while the
uniform one is concerned with the uniform partition; and 2) the quantization levels of the logarithmic one

become finer in the region that is closer to the origin in a logarithmic way and, for the uniform one, the lengths
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of each two quantization regions are equal. It has been recognized that a logarithmic quantizer is more prefer-
able and practical to be implemented because fewer bits need to be communicated and the quantization error
will tend to zero when the signal tends to zero.

In what follows, we assume that an unreliable network medium is present between the physical plant and
the fault estimator, and the successive packet dropout phenomenon constitutes another focus of our present

research. The measurement received by the fault estimator can be described by

Yrk = Ok + (1 — 0)yrr—1 (8)

where y¢ € R™ with yr, = 0 (s < 0) is the actual signal received by the estimator. J; € R is a binary
distributed random variable with the following probability:

Prob{dy =1} =6, Prob{d,=0}=1-§

where § € [0, 1] is a known constant.

Setting &; . = a; 1, — @y, Bi := B — B and 8, := 0, — 8, we have
E{dir} =0, & =E{a},} =a(l—a),

E{f} =0, B:=E{5}=5(1-5),
E{6,} =0, &:=E{6?}=05(1-09).

Remark 2: In model (2), the uncertainty AAj term behaves probabilistically owing to the introduction
of the random variable Sy, which captures the characteristic of the ROUs. On the other hand, the model
presented in (8) has been introduced in [23] to describe the phenomenon of successive packet dropouts (SPDs).
For example, if §;, = 1, one has yyj = ¥, which means that the packet dropout phenomenon does not occur;
if 6 = 0, we have y7r = ysxr—1, which means that the measured output at time point k is missing and the
received signal at last time is employed to compensate the effect from packet dropouts.

We construct the fault estimator in the following form:

{ Tri1 = Applr + Brryri ©

i = Lyr(ysp — 0Crir)

where Zj, € R"* represents the state estimate, i, € I([0, N],R"f) is the fault estimate. Ay, By and Ly are
the estimator gain matrices to be designed.
Our aim in this paper is to find an estimate r; of the fault fr, in terms of the actually received signal
{yfr,0 < k < N}, such that the following finite-horizon Hs, performance constraint is satisfied:
N
E{> " r—o llrx — fill*} 2

<7 (10)
~ ~ N
E{l|xo — Z0l1g, + 57 _max |z — Zilld, } + ko llwel 3,

where wy = [v,{ f,? 17, ~ is a given positive scalar, @y, ©; and Oy are known positive definite weighting

matrices. Without loss of generality, the initial state estimates Zy (—75 < k < 0) are assumed to be zero.
Remark 3: The finite-horizon H, performance index is employed to reflect the effects from the disturbance

inputs and the initial states on the dynamics of the fault error r; — fi. It should be pointed out that, the

choices of weight matrixes ©g, ©1 and O, are important to adjust the effects from the exogenous disturbances

and the initial states on the fault estimator.
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For the purpose of simplicity, denote

me=[2f 3 yie )" B o= hi(par)s ef =1k — fi

From (2), (7), (8), and (9), we obtain the following augmented system

{ M1 = Av gk + BeAAL i + S A ik + Shi, + By gk + 0k Ba gk,
e£ = C1 ik + 0kCopk + D1 pwi + o1 Da g

where

A1 = -Al,k + BA-ALk + SA.AM, figk = Ag,k + AAQJg, S= [I O....O]T,

Ay 0 0 AA, 0 0
-Al,k - gBﬁka Aﬁk (1 — S)Bﬁk s A-Al,k = 0 0 0 5
5Cy, 0 (1-0)I 0 00
0 0 0 0 0 0
./42,]@ = Bﬁka 0 —Bf’k ) AAZk = Bf’kAka 0 0],
L Ck 0 -1 Akck 0 0
Bl,k = SBk + 517k + 5ABk, BZk = B + ABg,
[0 0 0 0
By = | BsiDoy BpiFor |, ABy=| BrpApDay BrilApFoy |,
| Doy Fyp ApDy g, ApFy
& = [Dr(k) 0 O]T, Dp(k) = D1 Fl,k]Ta
C_l,k = Cl,k + SACk, C_g,k = CQJg + ACr, AC, = [ Lf,kAka 0 0],
Cl,k = [SLﬁka — 5Lf,ka (1 — S)Lﬁk], CQJC = [ Lﬁka 0o - Lﬁk],
D1 = &+ 0Dp+0ADy, Doy =ADp+Dy E=[0 —1I],
Dy = [LypDay LprFoi], ADy=[LprArDoy LyppApFpl.

ITI. MAIN RESULTS

In this section, by resorting to the stochastic analysis technique, some sufficient conditions are derived such
that the disturbance rejection attenuation is constrained to a given level by means of the H., performance
index.

Denote 0} = [77%_71 771{—72 ng_TS]T and 7, = [n Al wl n;T]T. Before proceeding further, we introduce
the following lemmas which will be needed for the derivation of our main results.

Lemma 1: (Boyd et al. [3]) Let M = MT and W and V be real matrices of appropriate dimensions with V/
satisfying VIV < I. Then, M + UVW + WTVTUT < 0, if and only if there exists a positive scalar o > 0
such that M + o 'UUT 4+ oWTW < 0 or equivalently

M U oWwT
x* —ol O < 0.
* * —ol
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Lemma 2: For the given symmetric positive definite matrices Py and Qy, the following cost function

s k—1
Vi =i Pemk+ >, Y 1l Qmy (12)
i=1 j=k—m;
satisfies
E{AV}} := B{Viy1 — Vi} = E{i} 117} (13)
where

my, T, Iy 0

k k
= . )
* * I3z 0
* * * H§4

Y, = AL P A + BAAL P AAy, + 0A%, Py Aok — Pr. + 5Ok,
mf, = ALPLaS, My = AL P Bik + 0.AL Pry1 Bog,
s, = S"™PS, Ty =STPrBiy, 1 = Bl Pei1Big + 083 Pri1Bor,

H§4 = _diag{ Qk—ny Qk)—TQ) Tty Qk—rs }
Proof: By calculating the difference of the first term in Vi along the trajectory of the system (11) and

taking the mathematical expectation, we have
E{nj 11 Prs1+1 — 11 Prilie}
= E{ (Avene + BrAAvy, + OpAokmi + Shy + Bigwy, + Skg%wk)TPk—i-l
x (Avgne + BrAAvy, + dp Aok + Shy + Brxwy + 6 Bogwy) — n{%nk}
= E{Ugj{kpk-i—ljlknk + 2nf Al Prs1Shy + 20f AT Pry1 Buws, (14)

+ Bt AAT P AA ey, + 0nf Ay Prgr Aoini + 260 ALy Prei1 By,
+ thTPk_HShk + 2h£STPk+1l§1kwk + W]{B{kpk+lglkwk

+ 0w} B3 Pos1 Bagwy, — 77%7’1@771@}-

On the other hand, it is not difficult to show that

s k s k—1
XX ddon-> Y aon

E
=1 j*k-‘,—l—‘l‘i i=1 j=k—;
k—1
E{ < nQmi— Y anjm)}
=1 j=ktl-m; ki, (15)

S

ZE{W Qi — U;{_TiQk—ka—n}
i=1

= E{S??;{ka — il diag{ Qp—rys Qh—rys -+ ,Qk_rs}?ﬁ;}

Obviously, it follows from (14) and (15) that the equality (13) holds, which completes the proof. [ |
Next, let us proceed with the Ho, performance of the augmented system (11), i.e., presenting sufficient

conditions under which the performance index is achieved for a given estimator.
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Theorem 1: Consider the nonlinear system (2) in the presence of ROUs, quantization effects, successive
packet dropouts as well as multiple stochastic delays. For the given positive scalar v > 0, positive definite
matrices ©; > 0 (i = 0,1,2) and fault estimator parameters A¢(k), By(k) and L¢(k) in (9), the augmented
system (11) satisfies the desired H, performance requirement defined in (10) if there exist a family of positive
scalars {e }refo,n] and two sequences of positive definite matrices {Pr}rejo,n+1)» {Qk b re[—r,, v satisfying the

initial conditions
7DO < 72@07 Qk < 72@17 k= —Tsy —Ts + 17 U 7_1 (16)
and the following recursive matrix inequality

o, o
* H'§2 H’§3 0

Ik = _ <0, 17
2 * * H’§3 0 (17)
* * * 1:1124
for all 0 < k < N, where
¥, = TI¥, +CLCi, + 0CLCop, TiFy =10, + CL D1y + 6CL Doy,

05, = M5 —epl, T = I + DD + 0Dy Doy, — 702,
1:154 = H{4€4 + €k)\i1\, A= [o‘zi&jl] $ diag{ai1,asl,--- ,asl}.

Proof: In order to analyze the Hy, performance of the system (11), define the following cost function

sX

s k k—1
T (k) =i Perairr — i Ptk + D ( Sowlgmi— > ananj)' (18)
i=1  j=k+1-7; j=k—m;
Denoting A = [ aq(k)I, ag(k)I, ---, as(k) ], it can be readily verified from (4) that the nonlinear
function Ay, satisfies

b = A (Af A < 0. (19)

Substituting the above inequality into (18) results in
E{T ()} < B{al 07 — ex{Wl e — o (A Awyric} - (20)

On the other hand, it follows from (11) that

5 < - < = T
E{| !ein} = E{ (Cimi + 0kCormi + Drgwy, + 0 Dagwy)
x (Cuws + 0xConi; + Dipwr + gkﬁzkwk)}
= E{nl{éﬂélknk + 2n{ C1xDigwi + o} Co.Corni

o+ 28] C Dopoy + wl DI Diyeoy + S DY Do }.
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Furthermore, adding the zero term I[E{He/{;H2 — ¥V |Jwg|[3, — (He}:]F — Y |Jwi|[3,)} to E{T (k)} yields

E{T(k)} < B{ il Wiy, — exh i+ Neewni™ Ao + nf CliCu

+ 277]{C_1k251kwk + Sng@égknk + 257]%@75%0% + wg@{kﬁlkwk

o (22)
+ uf D Dareor, = 2wl B, } — E{llef |12 = 221 wnlid, }
= B{il W57} — E{|lefI> = 1 llwill3, }-
Summing up (22) on both sides from 0 to N with respect to k, we obtain
N
> E{JI(k)} = E{Vns1} — E{Vo}
k=0
N N (23)
< B S} —B{ 3 (lefl? = v?lluwlf3,) }
k=0 k=0
which implies that
N
E(Vivii} < —E{ Y (llefI? = v?Ilweld,) } +E{Vo)
k=0
N s -1
= —E{ > (eI = 1?Ilweld,) } +E{ng Pomo+ > > wf Qmi}
k=0 i=1 j=—7;
N (24)
= —E{ Y (]I = 7?llwilid,) = +* (n Oomo + 57, _max nlOum;)}
k=0 o=
s -1
+ E{ngono +Y N nlgm 4 (Ug(aono +s7,_max mTelm) }
i=1 j=—m; o=

According to the above inequality and the condition (16), it is easy to find that the Hy, performance index
(10) holds, which completes the proof. [ |

Based on the analysis results with a given fault estimator, we are now ready to handle the fault estimator
design issue. In the following theorem, sufficient conditions are provided for the existence of the desired fault
estimators.

Theorem 2: Consider the nonlinear system (2) in the presence of ROUs, quantization effects, successive
packet dropouts as well as multiple stochastic delays. For the given positive scalar v > 0 and positive definite
matrices ©; > 0 (i = 0,1, 2), the augmented system (11) satisfies the desired H,, performance requirement in
(10) if there exist families of positive scalars {ex, 01k, 02k }refo,n], Positive definite matrices { Py, Pk}ke[q N+1]
and {Qg, Qk }re[—r,,nN], and real-valued matrices {Y1x, Yor, Ly k}repo,n) satisfying the initial conditions

7)0 S 72907 Q] S 72917 ,] = —Ts, —Ts + 17 e 7_1 (25)
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and the following recursive matrix inequality

E]fl Elf2 0 0 Ql,kNIiT Qz,kNI?T
=k Tk The 0 0
* *  —o1d 0 0 0 <0 (26)
* * * —02,11 0 0
* * * * —o01 11 0
* * * * * —02.11

where
gk = diag{ — Pr+ 5Qk, —erl, =720, 1_124}, Py = diag{ Py, Py, P},
Eh = [ (Th)T (Th)T o (Th)" ()" ], S =[P0--- 0],
E22 = dia‘g{_Pk—i-lv _Pk-l-lv _Pk-‘rl? _[7 _I}7 Qk = dlag{leQkan}
T]fzz[ﬂl,k T B+ D 0 |, 13—[\/%k0 \/_%k 0]
Tlf5:[clk 0 52+5Dk 0] 16—[\/_62k 0 \/_Dk 0]
Tl = 5T 0 VBTh 0 07, Me=10 Vi Pl

Yis = [0V) \/_ykT 0 L%, \/EL?,k]Tj Yi=[MP1 0 0],
Ne=[[Ng 0 0] 0 0 0], NE=[T[Cx 0 0] 0 T[Dyy Foy] 0],

[ P1Ar 0 0 0 0
A= | YorCrk Yipg (1—=0)Yay |, Br=| YopDop YorFor |,
| 0P 1Crk 0 (1—=06)Piys Pii1Doy Ppp1Fog
0 0 0 Po1Dyy PP
= | YoruCp 0 —Yor |, Zk= 0 0
| Pet1Cr 0 =Py 0 0

Furthermore, if (26) holds, then the other two parameters of the fault estimator in the form of (9) are given
by Afk = k—l—lYlk and Bfk = Pk+1Y2k
Proof: First, (17) can be rewritten as
15 = Ef; + (T12) Praa Thy + (T13) Py Tl

(27)
+ (Y5 Pria Yy + (Th5) 055 + (i) "1 < 0

where
T]f2:[ﬂl,k S By 0], 13—[\/744214 0 \/_sz 0],
Th = \/iAAlk 00 0] T = [Cix 0 Dip 0],

16—[fC2k 0 \/_'ng 0]
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Then, by exploiting the Schur Complement Lemma, the above inequality is equivalent to

Eh (hy + ATE) TPy (T + AYE) TPy

* —Prs1 0
ngf _ * * —Pr41

k k k
* * *
* * *

T Pryr (Ths + AT (The + ATH)" ]
0 0 0
0 0 0

<0
—Pr+1 0 0
* —TI 0
* * —TI

where
Th=[d S Bi+& 0], Th=[Védy 0 VB, 0],
ATEy = [ BAAL, +3AAs, 0 5AB, 0], AT =[V6AA, 0 VEAB, 0],
ATh = [5AC, 0 6AD, 0], ATY=[V6Ac, 0 VéAD, 0]

Note that II§ can be decomposed as follows:

2 TP THPw 0 TR T
* —Pr+1 0 0 0 0
=1k + Ak = | ’ P 000
* * * —Pry1 O 0
* * * * -1 0
* * * * * .y
[0 AT Pey AT P TH P AT AT
* 0 0 0 0 0
i * * 0 0 0 0
* * * 0 0 0
* * * * 0 0
* * * * * 0

Furthermore, one has

AITE =
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where
M = BPeaMi)” 0 \BPa My 0 o,
M3 = [0(PraBi)” \/E(PMIBk)T 0 gL?Jf \/EL}FJ@]T’
Me=[M 0 0]", By=[0 B, I]".

In terms of the above equality and Lemma 1, it is easy to find that (27) holds if the following inequality

Ek, Bk 0 0 01N} 09 N2T
x 25 ML M 0 0
* *  —o1d 0 0 0 <0 (28)
* * * —02.11 0 0
* * * * —o1k1 0
* * * * * —02.11

is true. Defining Y7 := Py11Ayy, and Yoy := Pyy1Byy, it is not difficult to see that (28) is equivalent to
(26). Finally, based on Theorem 1, the desired Hy, performance requirement of the augmented system (11)
is guaranteed, which completes the proof. |

Remark 4: For the stochastic time-varying model (2) under consideration in this paper, there are five main
aspects which complicate the design of the fault estimator, i.e. ROUs, quantization effects, successive packet
dropouts, multiple stochastic delays and nonlinearities. In Theorem 2, sufficient conditions, which include
all of the information on these five aspects, are established for a finite-horizon fault estimator to satisfy
the prescribed H,, performance requirement. The corresponding solvability conditions for the desired fault
estimator gains are expressed in terms of the feasibility of a series of recursive linear matrix inequalities
(RLMIs). Note that the RLMIs provided in Theorem 2 are time-varying and non-strict, which depend on
both the variable matrices at the current time P, and Qj, and the variable matrices at the next time Py and
Qk+1. In addition, the solution of the RLMI is also dependent on the choices of initial conditions. Compared
to the traditional static (non-recursive) LMIs, our developed algorithm would enjoy the advantage of less

conservatism since more information about the system state is employed.

IV. A NUMERICAL EXAMPLE

In this section, a numerical example is presented to illustrate the effectiveness of the proposed design scheme
of finite-horizon H, fault estimator for discrete time-varying nonlinear systems (2) with ROUs, quantization
effects, successive packet dropouts as well as multiple stochastic delays. The corresponding parameters are

given as follows

T T
0.24 —0.18 0.13 0.08
A = . , Cp = , Dip = ,
0.36 0.20 + 0.07 Sln(k?) —0.13 —0.05
—0.28

Dy = 012, Fyj =

)

! 0.05 005 |"
Pop=—012, My=| [ N=| |
e * [—0.10] ’ [ 0 ]

—0.40

Let the nonlinear vector-valued function hy(z) be

he(x) = [ 0.75sin(z1) 0.75sin(zs) |
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where z; (i = 1,2) denotes the i-th element of the vector z. The probabilities of delays, ROUs and packet
dropouts are, respectively, taken as a; = 0.15, ag = 0.05, 5 = 0.85 and 6 = 0.85. The time-delays 7 and 79
are 1 and 3. The parameters of the logarithmic quantizer are Xéi) =0.005 and 9; =09 (i =1,2,--- ,ny). In
addition, in this example, the H., performance level v, the time-horizon N and three positive definite matrices
©p, ©1 and O in (10) are, respectively, 0.98, 25, 10, 201 and 10I. By using the Matlab software, a set of

solutions to RLMIs in Theorem 2 is obtained and the fault estimator gain matrices are shown in TABLE 1.

TABLE I
ESTIMATOR PARAMETERS

k Ay (k) By (k) Ly (k)
.01
0 0.0139 0 0 -2.7273
0 0 0

0.4120 0.0078 0.0281

1 -3.0422

0 0 0

0.4478 0.0205 0.0646

2 -3.3395
—0.0241 —0.4507 0.0997
4534 0181 . 1

3 0.453 0.018 0.069 34315
—0.0222 —0.4295 0.1085
A4 .002 0742

4 0.4865 0.0020 0.07 -3.0205
—0.0025 —0.4625 0.1104
4604 —0.0181 121

24 0.460 0.018 0 8 -3.2930
0.0220 —0.4392 0.1932
0.4598 —0.0103 0.1180

25 -3.2920
0.0125 —0.4488 0.1922

In the simulation, the exogenous disturbance inputs are selected as
wg, = 5sin(k), wvr = 0.8cos(0.7k), & = 0.48 cos(0.2k).

The simulation results are shown in Fig. 1 and Fig. 2, where Fig. 1 plots the measurement outputs and the
actual signals received by the estimator, and Fig. 2 depicts the fault fi and its estimate ri. The simulation

results have confirmed that the designed estimator performs very well over a finite time horizon.

V. CONCLUSIONS

In this paper, the H., finite-horizon fault estimation issue has been investigated for discrete time-varying
stochastic systems with nonlinearities, quantization effects, ROUs, successive dropouts as well as multiple
stochastic delays. The last three phenomena have been governed by some Bernoulli-distributed white se-
quences with known conditional probabilities. By recurring to the intensive stochastic analysis techniques,
some sufficient conditions have been established for the existence of the desired Hy, fault estimator. Then,
all the estimator parameters have been designed simultaneously by solving a set of RLMIs. Finally, a numer-
ical simulation example has been exploited to demonstrate the effectiveness of the fault estimation scheme

presented in this paper.
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The fault and its estimate

Measurements and received signals

0.6

-0.6 The ideal measurement outputs 1
= = The actual received signals
08 ) ) ) ‘
0 5 10 15 20 25
Time (k)
Fig. 1. Measurements and received signals.
2
The estimate 7y
15[ == The fault fi i
1r r S, b
\,
N \
[ 7 -
0.5 - . i
1\ U ' 1
[ J ' !
Of=\=4 Y v 1/
\ 1 ‘_ -
\ ’ \
-05} I‘ ,
;
\J ’ \ »
-1} - . i
-15 s s s s
0 5 10 15 20 25
Time (k)

Fig. 2. The fault f; and its estimate 7.
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