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Abstract

In this note we prove the well-posedness for stochastic 2D Navier-Stokes equation driven by gen-
eral Lévy processes (in particular, a-stable processes), and obtain the existence of invariant mea-
sures.

1 Introduction and Main Result

In this article we are concerned with the following stochastic 2D Navier-Stokes equation in torus
T2 =(0,17%:

du, = [Au, — (u, - V)u, + Vp,ldt +dL,, divu, =0, uy,= ¢ € H, (1.1)

where u,(x) = (u}(x), u%(x)) is the 2D-velocity field, p is the pressure, and (L,),>q is an infinite
dimensional cylindrical Lévy process given by

Lt = Z ﬁ]LEJ)ej,

jelN
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where {(ng ))90, j € IN} is a sequence of independent one dimensional purely discontinuous Lévy
processes defined on some filtered probability space (Q, %, (Z,)0; P) and with the same Lévy
measure v, {f3;,j € IN} is a sequence of positive numbers and {e;,j € IN} is a sequence of or-
thonormal basis of Hilbert space H°, where for y € R, H” with the norm || - ||, and inner product
(-,-), denotes the usual Sobolev space of divergence free vector fields on T? (see Section 2 for a
definition).

As a continuous model, stochastic Navier-Stokes equation driven by Brownian motion has been
extensively studied in the past decades (cf. [9, 3, 5, 8], etc.). Meanwhile, stochastic partial
differential equation with jump has also been studied recently (cf. [11, 6]). However, in the
well-known results, the assumption that the jump process has finite second order moments was
required in order to obtain the usual energy estimate. This excludes the interest a-stable process.
In this note, we establish the well posedness for stochastic 2D Navier-Stokes equation (1.1) driven
by a general cylindrical Lévy process, and obtain the existence of invariant measures for this
discontinuous model. More precisely, we shall prove that:

Theorem 1.1. Suppose that for some 6 € (0,1],
(Hy): H, :=J lx|v(dx) +f |x|29v(dx)+2 1B;1° < +o0.
Ix[>1 Jxl<1 jeN

Then for any ¢ € H°, there exists a unique solution (u,);so = (u(¢));0 to equation (1.1) satisfying
that for P-almost all w and for any t > 0,

(i) t— u,(w) is right continuous and has left-hand limit in H°, and fot ||Vus(co)||§d5 < +o00;
(ii) it holds that for any ¢ € H!,

t

(u(w), @)oo= (¢, P+ f [{Aug(w), d)o + (u(w) @ uy(w), Vd)olds + (L (w), $)o.
0

Moreover, there exists a constant C = C(Hgy, 8) > 0 such that for any t > 0,
0 ' Vi3 0
E| sup [lullg |+ ———————ds | < C(1+|l¢llg + ). (1.2)

s€[0,t] 0 (“us”% + 1)1_0/2

In particular, there exists a probability measure u on (H°, B(IH®)) called invariant measure of
(t,(¢))eso such that for any bounded measurable functional ® on H°,

f E¢(uf(so))u(d<p)=f d(p)u(dy).
]HO

HO

Remark 1.2. Assumption (Hy) implies that cylindrical Lévy process (L,),>o admits a cadlag version
in H° and for any t > 0 (c¢f [12, p.159, Theorem 25.3]),

ElILtllg < +o00.
In fact, for 6 € (0,11, by the elementary inequality (a + b)® < a® + b%, we have
0
EIL]§ <E (Z 1B;l- |L£”|) < Y1617 BILY|® = BILP|” Y181 < +oo.
jeN jeN jelN

Moreover, (Hp) admits v(dx) = dx/|x|*** with a € (6,20).
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Remark 1.3. By estimate (1.2) and Poincare’s inequality, we have

t t 2] 2—-60
Vu u +1
E Ivalfds | <E Il sllogll 515 : )ds
0 o (lugllz+1)1-972

CIvulg+1
SCE\ | o e ®
o (lullg+1)

<C+ell§ +0).

This estimate in particular yields the existence of invariant measures by the classical Bogoliubov-
Krylov’s argument (cf. [4]).

Remark 1.4. An obvious open question is about the uniqueness of invariant measures (i.e. ergodicity)
for discontinuous system (1.1). The notion of asymptotic strong Feller property in [9] is perhaps
helpful for solving this problem.

This paper is organized as follows: In Section 2, we give some necessary materials. In Section 3,
we prove the main result.
2 Preliminaries

In this section we prepare some materials for later use. Let C(‘)"’(ﬂl“z)2 be the space of all smooth
R2-valued function on T2 with vanishing mean and divergence, i.e.,

f f(x)dx =0, divf(x)=0.
TZ

For y € R, let H" be the completion of Cg°(’]I‘2)2 with respect to the norm

1/2
||fI|Y=(J I(—A)”zf(X)IZdX) ,
2

where (—A)"/? is defined through Fourier’s transform. Thus, (H, || - ll,) is a separable Hilbert
space with the obvious inner product

(f,8)y = f (—A)2f(x) - (=AY g(x)dx.
’]I‘Z

Below, we shall fix an orthonormal basis {e;, j € N} C C$°(T?)? of H° consisting of the eigenvec-
tors of A, i.e.,

Aej:—ljej, (ej,€j>0:1, j:1,2,---, (21)

where 0 < A; <--- < 4; T oo.

Let {(LE”)QO, j € IN} be a sequence of independent one dimensional purely discontinuous Lévy
processes with the same characteristic function, i.e.,

Eeigqﬂ _ e—t't/J(E), Vt>0,j=1,2,--,
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where (&) is a complex valued function called Lévy symbol given by
P(&) = f (e =1 -8yl )v(dy),
R\{o0}

where v is the Lévy measure and satisfies that
f 1A |y2v(dy) < +oo0.
R\{0}

Fort >0and I € B(R\ {0}), the Poisson random measure associated with LEj ) is defined by
N, D)= Y 1,09 -1,
s€(0,t]

The compensated Poisson random measure is given by

NO(t, 1) =ND(t, 1) — tv(D).
By Lévy-Itd’s decomposition (cf. [2, p.108, Theorem 2.4.16]), one has

A% =J xN(j)(t,dx)—i—J xND(¢,dx).
[x|<1 |x|>1

For a Polish space (G, p), let D(R ; G) be the space of all right continuous functions with left-hand
limits from R, to G, which is endowed with the Skorohod topology:

A(t) = Als)
E— .
t—s

lo

[e¢]
VJ sup(p(Uenr, Vacoar) A De”"dr | (2.2)
0

t=0

dg(u,v):= /{reljf\ [sip
SFEL

where A is the space of all continuous and strictly increasing function from R, — R, with A(0) =
0 and A(00) = 0o. Thus, (D(R.; G);dg) is again a Polish space (cf. [7, p.121, Theorem 5.6]).
We need the following tightness criterion, which is a direct combination of [10, Corollary 5.2] and
Aldous’s criterion [1].

Theorem 2.1. Let {(X]),50,n € IN} be a sequence of H~!-valued stochastic processes with cadlag
path. Assume that

(D) for each ¢ € C°(T?)? and t > 0, limy_,, supne]NP{ SUP;co. (XI5 @)1l = K} =0;
(i) foreach ¢ € Cgo(’ll’z)2 and t,a > 0,

i P{ Xt - X" d) 4| = }=0,
i, sup sup KXT =X . ¢)al=a

where &, denotes the class of all (¥ ,)-stopping times with bound t;

(iii) forevery e >0and t >0,

o0
lim supP | sup Z (Xs”,ej)%l z¢e|=0.
m=00 nelN s€[0,t] i =
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Then the laws of (X!");>0 in D(R;; H™!) are tight.
The following result comes from [7, p.131 Theorem 7.8].

Theorem 2.2. Suppose that stochastic processes sequence {(X[');>o,n € IN} weakly converges to
(X)eso in D(R;H™Y). Then, for any t >0 and ¢ € H', there exists a sequence t,, | t such that for
any bounded continuous function f,

lim Bf (X7, ¢)_1) = Bf (X, §) ).
We also need the following technical result.

Lemma 2.3. Suppose that sequence {u",n € IN} converges to u in D(R.;H™!). Then for any T >0
and m € N,

sup |lucllo < lim  sup [l llo. (2.3)
te[0,T] n—00 te[0,T+2]

If in addition, for Lebesgue almost all t, uj converges to u, in H°, then for any 8 > 0,

T T

Vu,||? vul||?

l tllo2 ~de < lim l tnlloz d.
o (Tl noooJo (1 llufllp)

Proof. Without loss of generality, we assume that the right hand side of (2.3) is finite. For any

¢ € H!, it is clear that t — (u,,¢), is a cadlag real valued function, and by definition (2.2) of
Skorohod metric, we have

dr (", @)o, (U, ¢)o) < (2 + [l |l )dp- (u, w),

and so (u", ¢), converges to (u,¢), in D(R,;R) as n — oo. Since the discontinuous points of
(u., ¢), are at most countable, for any T > 0 and m € IN, there exists a time T,, € (T, T + 1/m)
such that (u., ¢), is continuous at T,,. Thus, we have (cf. [7, p.119, Proposition 5.3])

2.4

lim sup [(u},¢)ol= sup [{us,@)ol.

=00 +€0,T,,] te[0,T,,]
Hence,
sup |lucllo= sup ~ sup  [{u, @)l
t€[0,T] te[0,T] peHY|I¢llo<1
< sup sup [(u;, @)ol

Pl llo<1 te[0,T]

= sup lim sup [{uf,¢)ol
pel’;[l¢llo<1 ™ te[0,T,,]

< lim  sup sup | (uf, ¢ )ol
n—oo pH';||plo<1 t€[0,T},]

=lm sup [,
n—oo te[0,T,,]
Thus, (2.3) is proven.
For proving (2.4), let A" be the Lebesgue null set such that for all t ¢ .4, u} converges to u, in
HP°. Fixing a t ¢ 4, then as above, we have

IV, II3 lim Vi3 , Ivuy |l

=X . s m ——.
(4Nl )P (O +Timy, o [ I13)P T aoee (14 [u?lI3)P

Estimate (2.4) now follows by Fatou’s lemma. O
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3 Proof of Theorem 1.1

We first give the following definition about the weak solutions to equation (1.1).
Definition 3.1. A probability measure P on D(R; H™1) is called a weak solution of equation (1.1)
if

() foranyt>0, P (u €D(R; H™) : supycpo, llusllo + fot [Vullads < +oo) =1;

(ii) forany j €N,

t

Mt(j)(u) = (u, ej)o — (Up, ej)o — J [{us, Aej)o + (1, ®uy, Vej)olds (3.1
0

is a Lévy process with the characteristic function
e () .
Ee™" = exp {tf (VP -1 — ié‘;’y/a’j1|y|s1)v(dy)} ,
R\{0}

and {(M[(j ))90, j € IN} is a sequence of independent Lévy processes.

Proof of Existence of Weak Solutions: We use Galerkin’s approximation to prove the existence of
weak solutions and divide the proof into three steps.
(Step 1): For n € IN, set
0._
Hn T Span{el’ €, en};

and let IT,, be the projection from H° to H and define

n n
._ M, _
=Y g%, —Zf
j=1 j=1V]

yI<1

n
yﬁjejﬁ(j)(t,dy)-i-ZJ J’ﬁjejN(j)(f,d}’)-
j=1]

yI>1
Consider the following finite dimensional SDE driven by finite dimensional Lévy process L}:
duy = [Au} — I, ((uy - VIu)]dt +dL}, ug=TII,0. (3.2)
Since for any R > 0 and u,v € H® with [Jullo, [[vll, <R,
T ((w- V)u— (v - V)V)llo < Crallu—vllo
and
(u, Au—TI,((u- Vu))o = —||Vully, Yue ]Hg, (3.3)

finite dimensional SDE (3.2) is thus well-posed.
Define a smooth function f, on ]Hg by

— 2 0/2 0
fu@) := (lull} +1)°72, ueH,.
By simple calculations, we have

0> e ®e 02— 0)u®u

V2 f,(u) = - ,
" (lull2 +1)=972 (JJull2 + 1)>-0/2

Vfalw) =

u
T2 L 1N1—9/2° 3.4
(Il + 1072
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and for all u,v € HY,
o) = £ < IUll? + DY = (12 + DY < Jlu—vlS. (3.5
By (3.2), (3.3), (3.4) and Itd’s formula (cf. [2, p.226, Theorem 4.4.7]), we have

fuld®) = fr(u) — 49||V—u”||2 +2”: t Lf.(u + yBre) — F.(u)IND(ds, dy)
" " (||u"||2—|—1)1 6/2 “ i<t n\Us T YP;je; n\tg ,dy

n n 9(u§l,y/5-e4)
+ZJJ|y<1 |:fn(us + yBje;) — faluf) — (|u§|2+—1)1119(;2} v(dy)ds

+ Zf f [Ful + yBie)) = fuu)] NO(ds, dy)
0Jy[>1

=: f(ug) — I7() + L} () + I3 () + I, (t).

For I7(t), by Burkholder’s inequality and (3.5), we have

1/2
( sup I (t)) <cZE U f faltt? + ¥ Bje)) = fulu PN (ds, dy))
te[0,T] lyl<1

n 1/2
< CZ (EJ f |fa(ug + ¥ Bie;) —fn(“?”zv(dﬂds)
j=1 0 Jlyl<1

n 1/2 00
< CTUZZ |f5j|9 (f |}’|29V(d}’)) < CTl/zz |ﬁj|0-
lylsi

j=1 j=1

where we have used condition (Hy). Here and after, the constant C is independent of n, T.
For I7(t), by Taylor’s expansion and (3.4), we have

(sup 1 (t)) <CZ/5 f f |y|2v<dy)ds<CTZ|/s,|9f lyPv(dy).
lylsi |

te[0,T] yI<1

For I}(t), by (3.5), we have

E( sup IZ(t)) E (J f ol + ¥ Bie;) — fuuDINY(ds, dy))
te[0,T] =1 ly|>1

E(Jf Ifn(u + yBje;) — fn(u”)IV(dy)ds)
j= lyl>1

cT ) I’ f y19v(dy).
j lyl>1

j=1

YA\

Combining the above calculations, we obtain that

0| vu?|2
E| sup (ul>+1)°? | + f ds < (lell2+1)2+cT+CTY?.  (3.6)
(re[o,ﬂ e (luml3 + 1)1~ (]| +1)1-672 0
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(Step 2): In this step, we use Theorem 2.1 to show that {(u}),>o,n € IN} is tight in D(RR,; H).
For any ¢ € C°(T?)?, by equation (3.2), we have

(Ui, @)1 = (ug, @) +J [(Aug, @)1 — ((uf - VIug, @)y ]ds + (L}, )y
0

t

= (ug, )1 +J [(uf, Ap) 1 + (uf ®uf, V) 1ds + (Li, ¢) 4
0

Thus, for € > 0 and any stopping time T bounded by t, we have

T+e
Uiy, —UL @)1= f [u), A¢) 1+ (uf ®@uf, V) 1]ds+ (L7, — L7, ¢)

<e sup (lullo-I9llo+ 13- 19(-2)"91L.)

s€lo,
+Z|ﬁj| L), = L1 (=a) "¢l
j=1

Using (a + b)? < a? + b? provided that 6 € (0,1], we get

1
n 2
El(u",, —ul, $)_1> < C4E (sup ||u"||0+1) e+ ¢, (EZIﬁjI"-IL%—L?)I") .

s€[0,t] j=1
By the strong Markov property of Lévy process (cf. [12, p.278, Theorem 40.10]), we have
EILY), —19° =EILY° = EILO)°, VjeN.

Thus, by (3.6) and (Hp),

T+e

Bl —u, ¢)1|?% < €[22+ (BILOPY2], (3.7)

where the constant C is independent of n, T and €. On the other hand, by (2.1), we have

0/2 o i e)? 0/2 )
>~jlo n
sup =E| sup — < —E( sup [l ) (3.8)
(se[Ot Z ) (se[O,t]jZm )LZ ) qu sefo 0

By Theorem 2.1 and (3.6)-(3.8), one knows that the law of (u}),>o in D(R,; H~!) denoted by P,
is tight.

(Step 3): Let P be any accumulation point of {P,,n € IN}. In this step, we show that P is a weak
solution of equation (1.1) in the sense of Definition 3.1. First of all, by Skorohod’s embedding
theorem, there exists a probability space (€2, %, P) and D(R,; H!)-valued random variables X"
and X such that

(i) Law of X" under P is P, and law of X under P is P.

(i) X" converges to X in D(R,; H™!) a.s. as n — 0.

Thus, by (3.6), we have

IE( sup |IX7] ) + 1 TQHV—XSHH%ds <C+ell? +1). 3.9
o] 0 o (X2 4 1)1-672 0
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By Lemma 2.3 and Fatou’s lemma, for any m € IN, we have

EP( sup Ilutllg) =IE( sup IIXfllg) < li_me( sup IIX“IIO)
te[0,T] te[0,T] n—oo te[0,T+1/m]

< (lell2+ 1)+ C(T + 1/m) + C(T + 1/m)"/2. (3.10)

On the other hand, for any 6 € (0, 6/4), by Holder’s inequality and (3.9), we have

T T
E ( f HX?—Xslléds) <B ( f Xz — X172 X —Xs||f/2ds)
0 0
T 1/2 r 12
< (Ef ||X:—Xs||§1ds) (IEJ ”X;I_X_;Hfds) 0.
0 0

So, there exists a subsequence still denoted by n such that for P x dt-almost all (w,s), XM w)
converges to X,(w) in H°. By Lemma 2.3 and (3.9), we then obtain

0l vull OlIVXll; _ OIXl
J (Il 1§+ (a2 + o f (XI5 + 11672

(T eV
S hm ]E 2—1_6/2(:15
n—o00 0 (||Xsn||0+1)

< CA+|lpll§ +T). (3.11)

Olvu,li3

By o7 9s are

Combining (3.10) and (3.11) gives (1.2). In particular, sup,c[o 7 llu.llo and fOT
finite P-almost surely, which produces (i) of Definition 3.1.

Fixing j € IN, in order to show that Mt(j ) defined by (3.1) is a Lévy process, we only need to prove
that for any 0 <s < t,

(e7f —1— 1yg115.}’/5j)"(dY)} , (3.12)

EPeig(M[(j)st(j)) = ]"Eeif(ng)*Ms(j)) = exp {(t B S)
R\{0}

where
MY = (Xesepdo — (Xos €00 — J [(Xr, Aejlo + (X, ® X, Vej)oldr.
0

Fix 0 < s < t below. By Theorem 2.2, there exists (s,, t,) | (s, t) such that

lim el el = Fel€®oedo  Jim FelS®helo = el ®oeilo,
n—oo n—oo

By equation (3.2), it is well-known that for any n = j,

]Eexp{ii [(X?n —X" ej)o —J n[(X“ Aej)o + (X"®Xf,Vej)0]dr} }

=]Epnexp{i§ {(u f [(u], Ae;) (uf@uf,Vej)O]dr:|}
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=eXP{(tn ~Sn) (e — 1—1ysli€y/3;)V(dy)}-

R\{o0}

Thus, for proving (3.12), it suffices to prove the following limits:

t t
lim I exp{iif (Xf@Xf,Vej)Odr} —exp {ié‘f (X,®Xr,Vej)0dr} =0,
S S
t t
lim exp{i@f (X;‘,Aej)odr} —exp{iéf (X,,Aej)odr} =0,
n—o0
S S
ty t
lim exp{iif xr ®Xf,Vej)0dr} —exp{i&f xr ®Xf,Vej)0dr} =0,
n—oo

=0.

ty t
lim B exp{i&f (Xf,Aej)Odr} —exp{iﬁf (Xf,Aej)Odr}

n

Let us only prove the first limit, the others are similar. Noticing that for any § € (0,1) and a,b € R,

le't — | < 2(la — b| A1) < 2]a — b,

by Holder’s inequality and ||u|, < ||u||£/12||u||i/2, we have for 6 < 6/4,

t t
B exp{igj (X;‘@Xf,Vej)odr} —exp{igf (Xr®X,,Vej)0dr}
S S

&

t
<2|5|5Ef (X! ®X!'— X, ®X,, Ve;)dr
S

t 19
<CE U X7 — X AloClIX o + IIXrllo)dr)
S

t o
< CE ( sup (X [l + 11X, 1o f o7 X, 12 —xrn}/zdr)
S

rels,t]

t 6/2
< CE( sup (IXlo + 11X, [lo + 1) 702/ (J lix; _Xr”—ldr)
S

rels,t]

5/2
y (ft XN+ 11D dr) )
o (IXP2+ X, )15 4 1)1-9/2

¢ 25 1/4
<cC [IE U IIXf—Xrllldr) ] -0,
S

as n — 0o, where in the last inequality, we have used (3.9) and Holder’s inequality. As for the
independence of M for different j € IN, it can be proved in a similar way. O

Proof of Theorem 1.1: The pathwise uniqueness follows by the classical result for 2D deterministic
Navier-Stokes equation. As for the existence of invariant measures, basing on (1.2) (see Remark
1.3), it follows by the classical Bogoliubov-Krylov’s argument. O
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