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ABSTRACT. We consider the following system of equations

A=A, +A—A*— AB, z€R.t>0,
By = 0By + (A% e, € R, t>0,

where p > o > 0. It plays an important role as a Ginzburg-Landau equation with a mean field in several
fields of the applied sciences.

We study the existence and stability of periodic patterns with an arbitrary minimal period L. Our
approach is by combining methods of nonlinear functional analysis such as nonlocal eigenvalue problems
and the variational characterization of eigenvalues with Jacobi elliptic integrals. This enables us to
give a complete characterization of existence and stability for all solutions with A > 0, spatial average
< B >=0 and an arbitrary minimal period.

1. INTRODUCTION

In this paper, we study the existence and stability of periodic solutions for the following amplitude

equations

(1.1)

A=Ay +A—|APA—AB, z€R, t>0,
B, = 0Bys + p(|A)e, € R, t>0,

where

c>0, uweR, x€R,

A(z), B(x) have an arbitrary given minimal period L > 0, A(z) > 0 and

1 L2
<B>:f/ B(z)dz = 0.

—LJ2

Amplitude equations of the form (1.1) play a role in various areas of the applied sciences. In [3], the
equation (1.1) was derived in the study of secondary stability of a one-dimensional cellular pattern. For
a survey on hydrodynamics appliations see [5]. In [4] the system (1.1) was derived from various models
arising in thermosolutal convection, rotating convection, or magnetoconvection.

It is important to understand (1.1) for finite L since this makes a comparison possible between the
amplitude equations and the full partial differential equation where they originate from. Although the
amplitude equations are derived for the limit . — oo they are expected to represent the behaviour of
the full system also for finite L and numerical simulations show that this is actually the case for many

parameter regimes.
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We now reduce system (1.1) to its final form. By taking 7 = 1,4/ = £, the system (1.1) can be

rewritten in the form

(1.2)

Ay =Ay +A—|APA—AB, 2€R,t>0,
7By = Byy + 1 (|A]?)2e, 7€ R, t >0,

where

T >0, uIER.

In the equations (1.2), A may be complex. In this case one can decompose A = Rexp(if) with
functions R and 6 representing the amplitude and the phase of A, respectively. An explicit analytical
treatment of the general case is very complicated. In this paper we therefore restrict our attention to
the invariant subspace in which A is real.

We study periodic solutions of (1.2) with A > 0. Assuming that the minimal period is some positive

number L > 0, we have
A(x+L)=A(x), B(zx+L)=B(z) forallz e R (1.3)

and we have chosen the smallest such L > 0.

Using Rolle’s theorem, one sees that there exists an xy € (—%, %) such that A’ (x9) = 0 and by
periodicity we also have A'(zo+ L) = 0 and A(zo+ L) = A(zo). Further, by the structure of (1.2), after
translation any solution with A > 0 having minimal period L can be represented by an even function

272
On the other hand, if we have a solution on an interval of length % with Neumann boundary conditions,

on (—L L) with Neumann boundary conditions.

by even continuation we also get a periodic solution on the real line with period L.
We will use this representation of a periodic function with minimal period L by a function on an

interval of length é with Neumann boundary conditions throughout the paper. Thus from now on

we focus on getting even solutions on (—%, %) with Neumann boundary conditions, or equivalently,
L

, 5) with Neumann boundary conditions without imposing any symmetry.
Hence to get an understanding of all periodic solutions with arbitrary period L it suffices to all study

solutions on (()
solutions on an interval of arbitrary length with Neumann boundary conditions.
In order to have nontrivial stable solutions we make the following assumption throughout the paper:

/

M:

9=

> 1. (1.4)

We study these solutions by combining methods of nonlinear functional analysis such as nonlocal
eigenvalue problems and the variational characterization of eigenvalues with Jacobi elliptic integrals.

Following this rigorous approach, we give a complete characterization of existence and stability
for all periodic solutions with A > 0.

We now state our main results on existence and stability of stationary patterns for system (1.2) with
arbitrary minimal period L > 0 as defined in (1.3).



PATTERNS WITH ARBITRARY PERIOD 3

We first consider the existence of steady-state solutions with minimal period L. Namely, by the
remarks above, we consider the following steady-state system

Ap+A—A3—AB=0, 0 <z < £,
B+ 1 (A% =0, 0 <o < L,

A (0) =4, (%) =0,

B.(0) =B, (%) =0,<B>=0,

(1.5)

We have

Theorem 1. Let L > 0 be a fived number and pi' > 1. Then there exist two numbers py (L) > po(L) > 1
(to be given explicitly in (3.26) of Section 3) such that the following holds.

(1) If 4 > i (L), all solutions of (1.5) with A > 0 must be constant.

(2) If i’ = py (L), there exists exactly one solution of (1.5) with A > 0 which has minimal period L.

(8) If po(L) < p' < pa(L), there exist exactly two solutions of (1.5) with A > 0 which have minimal
period L.

(4) If 1 < i’ < po(L), there exists exactly one solution of (1.5) with A > 0 which has minimal period
L.

We now study stability. Our notion of stability is linearized stability among solutions with period L.

The next theorem classifies the instability of large classes of steady-state solutions.

Theorem 2. All solutions of (1.5)

(1) which do not have minimal period L or
(2) for which A changes sign or

(8) for which A, changes sign

are linearly unstable.

Thus we need to study only the stability of those steady-state solutions with A > 0 which have the
minimal period L. They are all given by Theorem 1.
We have

Theorem 3. Among the steady-state solutions of (1.2) with A > 0 which have the minimal period L
(classified by Theorem 1), we have

(1) If i’ = p1(L), there exists exactly one solution with A > 0 having minimal period L. This solution
s neutrally stable.

(2) If ua(L) < i < pa (L), there exist exactly two solutions with A > 0 having minimal period L. The
one with small amplitude A(0) is linearly stable and the one with large amplitude A(0) is linearly
unstable.

(3) If 1 < i’ < po(L), there exists exactly one solution with A > 0 having minimal period L and this
solution is linearly unstable.

The explicit values of u1(L), u2(L) are given in Section 3. In particular,

272
pa(L) =1+ T2 (1.6)
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and p1 (L) is given in terms of elliptic integrals. Both p;(L) and po(L) are functions of L — the domain
size — only. Thus we have rigorously established the following bifurcation picture (see also Figure 3 of

[7])-

A(0)

.. unstable

\4

al=

FiGURE 1. Bifurcation Curve

Theorem 1 completely classifies the existence of steady-state solutions with A > 0 having minimal
period L. Moreover, the stability or instability of all steady-state solutions is given in Theorem 2 and
Theorem 3.

Recall that we do not have any condition on the minimal period L. Our results show that nontrival
stable patterns exist for a Ginzburg-Landau equation coupled to an equation for a mean field, even
when the coefficients of the equations are real and when the minimal period is finite.

Previous numerical and analytical studies of these amplitude equation include [7] (numerical simu-
lation, asymptotic expansion and bifurcation theory, in particular the use of Jacobi elliptic integrals to
describe the shape of solutions and a numerical study of stability) and [8] (rigorous study of the limit
when the minimal period is large enough). In [8] the resulting steady-states are pulses or spikes and
nonlocal eigenvalue problems are used, but no Jacobi elliptic integrals. In particular, we showed in [8]
that there are two large single pulse solutions, where one is stable and the other one is unstable.

Another type of Ginzburg-Landau equation, where the term (|A[*),, in the B-equation is replaced
by 0.(]A|?) has been considered by several authors, see [9] and the references therein. In that case the
basic patterns are travelling pulses which arise in the convection of binary fluids.

The organization of this paper is as follows:

In Section 2, we perform a scaling argument and reduce the existence problem to an algebraic equation
for consistency.

In Section 3, we use elliptic integrals to rigorously solve the algebraic equation for consistency and

prove Theorem 1.
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In Section 4, the spectrum of a linearized operator is analyzed and a key identity is derived.

In Section 5, we study a crucial nonlocal eigenvalue problem.

Section 6 contains the proof of Theorem 3, the main result on stability.

In Section 7, we prove Theorem 2 by showing the instability of all other solutions, invoking the
variational characterization of eigenvalues.

In the Appendix, the linear operator is first derived and then reduced to a self-adjoint nonlocal
eigenvalue problem which is given in the reduction lemma, Lemma 13.

Acknowledgments. The research of JW is supported by an Earmarked Grant from RGC of Hong
Kong. JN and MW thank the Department of Mathematics at The Chinese University of Hong Kong
for their kind hospitality.

2. SCALING AND CONSISTENCY ALGEBRAIC EQUATION

In this section, we rescale the steady-state equation (1.5) and reduce it to a single ordinary differential
equation coupled with an algebraic equation for consistency.
Consider the steady states of the equations (1.2). From (1.5) we derive

B(a) = —p Aa) +pf < AP >, < A’>= i/AQ(x)daf, (2.1)
1

where [ = (—%, g) Substituting (2.1) into the first equation of (1.5), we obtain

_ 3 — _L L
Ay — aA + bA 0, —y<T<g, (2.2)
A(z) has minimal period L,
where
a=pu <A’>-1, b=y —1. (2.3)

We consider a as a real parameter. Since (2.2) is an autonomous equation, as was explained in

the introduction, we may assume that A satisfies the following boundary, symmetry, and positivity

A (-5) _A (g) —0, Ax) = A(—z),

conditions:

/ L
A(x)<0for0<:c<§. (2.4)

We now solve (2.2) with consistency condition (2.3). Note that a positive solution of (2.2) exists if
and only if @ > 0 (since b > 0). In that case, we let § = \/a and

Aw) = —2—wi(y), 25)
v —1
where
y = pz, BQL =, (2.6)

and w; solves the following boundary value problem:

’

w, —w +w} =0, w(0)=uw(l)=0,
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/
w(y) <0 for0<y<l, (2.7)

wy(y) >0 for0<y<l.

In Lemma 5 we will show that (2.7) has a unique solution if [ > 7/4/2 and no solution if I < 7/+/2.
Substituting (2.5) into (2.3), it is easy to see that § will have to satisfy the following consistency

equation:
2// &
We write (2.8) in terms of the new length [ = %L:
l L2 !
I? — tl/o widy + Vil 0, where t = ,u’”— T (2.9)

In (2.9), t is a fixed parameter, L is a given parameter (which corresponds to the domain size), and [
is the unknown. Note that the unknown [ appears in the equation (2.9) in three ways: explicitly, as the
upper boundary of the integral and as the index of the function w;. The last two dependencies are new
compared to the singular limit case L >> 1 and they make this study more difficult than the singular
limit case.

If there exists a solution [ to (2.9), then, by taking

21 2lz

Alr) = ———uwy <> : (2.10)
Ly —1 L

we obtain a solution of (2.2). Conversely, by taking (2.10),  must satisfy (2.9). Thus we have reduced

our problem to showing existence of (2.7) (see Lemma 5) and solving the algebraic equation (2.9) for

consistency.

3. SOLVING THE CONSISTENCY EQUATION

In this section, we show that (2.7) has a unique solution (see Lemma 5) and solve the consistency
equation (2.9). Our idea is to represent the ordinary differential equation (2.7) by Jacobi elliptic
integrals. Then we use their properties to show that (2.7) has a unique solution and to solve the
algebraic equation (2.9).

Let w;(0) = M and w;(l) = m. Recall that 0 < m < M. From (2.7), we have

/ 1 1 1
(u)? = uf — S~ 22+ st = L - )2 ), (3.)
2 1 4 9, 1o
—-m +§m =-M —|—§M. (3.2)
From (3.2), we deduce that
M? +m? = (3.3)

Note that




PATTERNS WITH ARBITRARY PERIOD 7

and

! M widw,
/wfdy:/ i (3.5)
: m 3t = m) (M — wf)
We now represent the values of the function w; by a phase function ¢ such that the relations (3.4),
(3.5) can be expressed by Jacobi elliptic integrals.

Let M2 2 M2 2
—2|—m —wi = _%m cos(2¢p).
Then it is easy to see that (3.4) and (3.5) become
! 2
= V2=RK®F), [ widy= E(k), 3.6
0. [ utdy = 2B 36)
where
1 k2
— 1= :
7 5 (3.7)

and E(k) and K (k) are Jacobi elliptic integrals:

E(k) = /5 V1 — kZsin? ¢ dp,
0

K(k) = / ’ ! di.
0 /1 —k2sin®¢p
For the properties of elliptic integrals, we refer the reader to [1] and [2]. We list the following for
later use:
m m
E(0) = 5 K(0) = 5 lim E(k) =1, lim K(k) = +o0, (3.8)
: k?
kK(k) < E(k) < <1 — 2) K(k) < K(k), (3.9)
dK(k) _ E(k) — (K2K(k) dE(k) _ BE(k) - K(k) (3.10)
dk k(k")? ’ dk k ’ '
where

0<k<1 and k =1 — k2

By (3.6), our consistency equation (2.9) can be rewritten in terms of the new variable k € (0, 1):

k? L?
(1 — 2) K*(k) —tE(k)K (k) + <= 0. (3.11)
Thus the existence problem is reduced to solving (3.11) for k.
We begin with
Lemma 4. For 0 < k < 1, we have
dk
— >0 3.12
™o (312)
4 (1— k—Q)KQ(k) >0 (3.13)
dk 2 ’ '
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d? k?

e (1— E)KQ(k) >0, (3.14)
jk (B K (k)] > 0, (3.15)
CZ; (B K (k)] < 0, (3.16)
21
— [E(k)K(k) > 0. (3.18)

Proof: The proof is mainly based on the inequality (3.9).
Using (3.10), we arrive at

u [(1 _ ’f;)Kz] = i [+ )2 =20 2] >0

by (3.9). Thus (3.13) is proved. Since > = (2 — k*)K?, (3.12) follows from (3.13).
Equation (3.14) is more difficult to prove. In fact, by lengthy computations, we have

CZ:Q l“ - kj”ﬂ (3.19)
- k2(1k')4 {(1 + (k/)2)E2 + EK(2 — 7(/€l)2 — (k’)4) + (/{I)ZK2(5(I{/)2 _ 1)} '

It is easy to see that if 5(k')2 — 1 < 0, then
1+ (K))E* + BEK(2—T(k')* — (K)*) + (K )’ K*(5(k')* — 1)
> E? — (K)*K? > 0.
Now we assume that 5(k')? — 1 > 0. Then, using (3.9), we have

(1+ (K))E?+ EK(2—7(k)? = ()Y + (K2 K2(5(K)? — 1) (3.20)

!

— (14 (FV)E(E - KK) + (K)2(5(K)? — 1)K (K _ 1E>

’

+EK K1+ k)Y +2-7(K) - (k e
2

1 / ’
b P - )
For the last term in (3.20), we have

K+ (K)?)+2—7K)? - (k

>E2-5k))+ (K —E))HA+ ()Y + —(E)2GME)2=1) > <k > 0.
Thus (3.14) is proved.
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By using (3.10), it is easy to see that

d _ E*— (K)’K?
dk [EK] = W,

which is positive by (3.9). This proves (3.15).
We calculate

i QPE—m%wﬁ—@YW>

EK) = s L5k
a2 ) = 1

(k)2
Note that )
(B — (K )2K?) (1 _ 3/&) _ 9k )(E = K)?

/

> (KB = K?)(1~ 217) — 2(K V(B ~ K)?

— (F)X(E - K) [(E +K)(1— 2/&) B - K)]

= (K)*(E - K) [K(?) — §k2) —(1+ §k2)E] >0
by (3.9), which proves (3.16).

Finally, (3.17) and (3.18) follow from (3.13) — (3.16) by simple calculus.
U

Lemma 5. If | > 7/y/2 the equation (2.7) has a unique solution. If | < 7/\/2 the equation (2.7) has
no solution.

Proof: The inequality (3.12) implies that to every k with 0 < k& < 1 there belongs exactly one [ > 0.
By definition 0 < k < 1 parameterizes all solutions of (2.7) with 1 < M < /2. Now (3.6) and (3.8)
imply that the solutions are also parameterized by 7/v/2 < | < +o00. For any [ < 7/+/2 the function
w;, = 1 satisfies all requirements of (2.7) except w'(y) < 0 for 0 < y < [ and therefore it is not a solution.

O

Remarks:

1.) Note that in Lemma 5 the functions with w(0) = M, M > /2 do not solve (2.7) since they do
not satisfy w(y) > 0 for all 0 < y < I. By Theorem 2, this would lead to an unstable solution of (1.5).
Therefore we do not study this type of solution any further.

2.) The solution with w(0) = /2 corresponds to | = 400 and it does not solve (2.7) either, since
there is no 0 < I < 400 with w'(I) = 0. Therefore this leads to a homoclinic connection which is defined
on the whole line.

Now we rewrite (3.11) as follows:

_ . (-5K®
=10 = sEmrm T ER) (3:21)
where f(k) is defined on (0,1). By Lemma 4 and (3.8), we have
& (k) >0 (3.22)

dk?
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and
B L? K(0) L?
f<0)_8E(O)K(0)+ £(0) —ﬁ—i—l, (3.23)
i = 320

By (3.22), (3.23) and (3.24), the function f(k) is strictly convex and attains a unique minimum at a
point kg € (0, 1) such that

: L*d 1 d - K
“W28%<wmmﬁ) +%C 5)) =0
k=ko k=ko
Furthermore, by strict convexity, for k < ko, f (k) < 0 and for k > ko, f (k) > 0.
Let us denote
L2
B(L)= min FR), (L) = (0) = 2y +1 (3.25)
Correspondingly, we define
tl tg 27'('2
L) = L) = =1+ —. 2
pa(L) P— pi2(L) o1 1tz (3.26)

Summarizing these results, we obtain

Lemma 6. Let L be fivred and t; <ty be given in (3.25). Then we have
(a) Problem (3.11) has a solution if and only if t > 1.
(b) Fort =ty, problem (3.11) has a unique solution ko and we have f (ko) = 0.
(c) Fort; <t <t problem (3.11) has two solutions ki < ks. Moreover, we have

(k) <0, f (k) >0. (3.27)
(d) Fort > ty, problem (8.11) has a unique solution ko and we have f (ko) > 0.

Going back to (2.9), we express the results of Lemma 6 in terms of L and p,

Lemma 7. Let L be fizred and py > pso be given in (3.26). Then we have
(a) Problem (2.9) has a solution if and only if 1 < pi' < py.
(b) For i’ = Zr problem (2.9) has a unique solution ly and we have ° (lo) = 0.
(c) For yg < pi' < i1, problem (2.9) has two solutions Iy < l. Moreover, we have

df
= (1) <0, —-(l2) >0, (3.28)

where
=7 - tl/ w? dy —I— — (3.29)
(d) For 1 <y’ < g, problem (2.9) has a unique solution ly and we have ° (lo) > 0.

Theorem 1 now follows from Lemma 7.

Thus we have rigorously derived a complete picture of the existence of periodic solutions with A > 0.
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4. SPECTRAL ANALYSIS AND A KEY IDENTITY

Let w; be the unique solution of (2.7). We define the linear operator:

Lp]=¢" — ¢+ 3uwie, ¢ € A,
where
3= {o e 10 [ o) = o(a). 6 (-0 =6 @) =0}, (@)
or equivalently by a slight double use of notation

m—{¢eH1<o,z>| & (0) =6 (1) =0}

In this section, we analyze the spectrum of £. The following lemma will be useful in the study of the
stability of solutions of (1.5).

Lemma 8. Consider the following eigenvalue problem:

LOo=Xp, 0<y<lI,
) ) 4.2
L5 50 s 42
Then \ can be arranged in such a way that
AL >0, )‘j <0, 7=2,... (43)

Moreover, the eigenfunction corresponding to Ay (denoted by ®1) can be made positive.

Proof: Let the eigenvalues of £ be arranged by \; > Ay > .... It is well-known that A\; > Ay and that
the eigenfunction corresponding to \; can be made positive. Moreover,

ISP (/l[|¢’|2+¢2—3w?¢2]dy) (1.4)
Jy #*dy=1 \"0

I i,
< (/ w; dy) (/ [Jw,[* + w} — 3wiw}] dy) < 0.
0 0

Next we claim that Ay < 0. This follows from a classical argument (see Theorem 2.11 of [6]). For the

-1

sake of completeness, we include a proof here. By the variational characterization of Ay, we have

— A= (4.5)
Log a2 2 242 1
= su inf ho((@) +l¢ Swlgb)dyvié(),/ pvdy =0].
veH(1) $EH (1),97£0 Jo *dy 0

On the other hand, w; has least energy, that is

Elw] = uio,gég{l(l) Elu],
where
l N2 2\ d
(Jou*dy)2
Let

h(t) = E[w, +t¢], ¢ € H'(0,1).
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Then h(t) attains its minimum at ¢ = 0 and hence

" Lo, l
h <0>=2[/0<|¢|2+¢2>dy—3/0 w? dy + 2

(fy wi¢ dy)?
Jowid

1

> 0.

By (4.5), we see that

L, l L3 du)2
nz it | [+ ) ay -3 [ witay + 2T IODS
fol pw=0,6£0 | 70 0 Jow; dy
1
X 20
foﬁb dy

Finally we claim that Ay < 0. But this follows from the proof of uniqueness of w;, see Lemma 5.
O

By Lemma 8, £~ exists and hence £~ w; is well-defined. Our next goal in this section is to compute

the integral fé w; L7 w; dy and thus to derive the following key identity.

Lemma 9. We have

! 1 i
-1 2 2
= - + - l/ dy | . 4.
/Owl(ﬁ wy) dy 4/0 wy dy 1 dl/ wl dy = 4dl< w; y) (4.7)

Proof:
Let us denote ¢; = L 1w;. Then ¢; satisfies

& — b1+ 3widr = wi,  (0) = ¢,(1) =

Set
1 1
O = S + §ywl(y) + . (4.8)

Then U(y) satisfies
U — U+ 3020 = 0,

’ ! ]. "
U(0)=0, W)= _ilwz (1). (4.9)
On the other hand, let ¥, = dw’ . Then W satisfies
W, — Ug + 3w, =0, (4.10)

/

Uy(0) =1, T,(0) =0.
Integrating (4.10), we have
/ ! 811)1 wl
wy(l) = 3 [ wp st

- i dy> ~ (1) - w?<1>>;jf4
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Using the equation for w;, we have [} (w;, — w}) dy = 0. Thus we obtain
/ dl
U, (1) = —(wi(l l
(1) = ~(ml) — wf () 2
Comparing (4.9) and (4.11), we derive the following important relation:
L
2 v

U(x) = Uy(x).

Hence, we have

! L r1 1
/ wypy dy = / (wl + —yw; + \I') wy dy
0 0o \2 2

1, 1, L dl "

On the other hand,
0
/ w, Vo dy —/ wlﬂdy

1d o, 1, dl
= oant o W e gy

o Lpd o, 1, dl
2 [dl/o wrdy =5 (l)] M
Substituting (4.14) into (4.13), we obtain that
I 1
d :f/ 2 4 fzf/ d
Jy wondy =g [t dy-+ iz L dy
1d b,

This finishes the proof of the lemma.

5. A NONLOCAL EIGENVALUE PROBLEM

13

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Let (A, B) be the solution of (1.2) with minimal period L. By Lemma 13 given in the appendix, to

study the stability or instability of (A, B), we just need to consider the following nonlocal eigenvalue

problem
{ Guw — A+ 3bA2) — 2 < Ap> A=Xp, —L<uz<
¢ € AL,
where
XL—{¢€H1 - = |¢ = é(z), ¢ (_§>:¢f (

Since ¢(—z) = ¢(z), we may assume that ¢ (0) = 0 and solve (5.1) for 0 < z < L.

Recall the following relation,

l 2z
= e (1)

(5.1)
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By scaling
21

y=2o By = o) 52)

it is easy to see that (5.1) is equivalent to the following

{®yy—<b+3w?¢—7(féwl¢dy)wl:)\CD, 0<y<l, (5.3)
®,(0) = @, (1) =0, '
where
2 2t
and w; is the unique solution of (2.7). (Note that (5.3) is self-adjoint.)
In this section, we give a complete study of (5.3).
We first have
Lemma 10. A = 0 is an eigenvalue of (5.3) if and only if
I
’y/ w Ly dy = 1. (5.5)
0

Proof: Suppose A = 0. Then we have

oza@—v<[m¢@)m

which implies that
l
o=~ (/ w® dy) £ 4w (5.6)
0

Multiplying (5.6) by w; and integrating, we obtain (5.5) since [ w;® dy # 0 (as otherwise £L& = 0 and
hence ¢ = 0).
U
The following is the main result of this section:

Lemma 11. All eigenvalues of (5.3) are real and

(a) ifyfé wi L™ wy dy > 1, then for all eigenvalues of (5.3) we have \ < 0;

(b) z'f”yfol wi L™ wy dy = 1, then for all eigenvalues of (5.3) we have X < 0 and zero is an eigenvalue
of (5.3) with eigenfunction L 'wy;

(¢) if v [l L™ wy dy < 1, then there exists an eigenvalue \g > 0 of (5.3).

From Lemma 11, we see that ~ fé w L™ w; dy = 1 is the borderline case between stability and insta-
bility of (5.3).
Proof: The nonlocal eigenvalue problem (5.3) is self-adjoint and hence all eigenvalues are real. Let
A > 0 be an eigenvalue of (5.3). We first claim that A # A;, where \; is the first eigenvalue of £ given
by Lemma 8. In fact, if A = A{, then we have

[
v/w@uwza
0
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where @, is the eigenfunction to the eigenvalue \; for the operator £. This implies

l
/ w; Py dy =0,
0

which is impossible since ®; > 0.
So A # 1. By Lemma 8, (£ — \)~! exists and hence A > 0 is an eigenvalue of (5.3) if and only if it

satisfies the following algebraic equation:

1 7/01[((5 — )] dy = 0. (5.7)
Let
o(0) =1 [~ N il dy, £20, 1A
Then p(0) = 1 — v Ji(w,£~ w;) dy and

§(0) == [ (L =6 Pyl dy < 0
On the other hand,
p(t) = —o0 as t — A, t <\
p(t) = +oo as t — A\, t >N\
p(t) =1 as t — +oo.

Thus p(t) > 0 for t > Ay and p(t) has a (unique) zero in (0, A1) if and only if p(0) > 0 which is
equivalent to 1 — 'yfé(wlﬁflwl) dy > 0.
This proves the lemma.

O
6. THE PROOF OF THEOREM 3
Now we can finish the proof of Theorem 3.
By Lemma 11, we have stability of (5.3) if
I
’Y/ (wiL™hwy) dy > 1 (6.1)
0
and instability if
!
”y/ (w £ wy) dy < 1.
0
By Lemma 9, we have
l td(l fowtd
7/ (wiL™hwy) dy = Lap(Jo wi dy) y). (6.2)
0 21
Thus (6.1) is equivalent to
d !
2l — 2 <z/ w? dy> <0 (6.3)
dl 0
which, by definition (3.29), is equivalent to
i
df <0 (6.4)
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Thus, for jup < ' < g1, by Lemma 7(c), the solution with small period I, is stable while the solution
with large period Iy is unstable. For y' < g, the only solution is unstable. When p' = p, we have
f '(I) = 0 which implies that the only solution is neutrally stable.

When gy < i’ < i1, let us compute the amplitude of A:

Az) = 7% wy <2l$> )
Ly —1 L

So the maximum of A(x) is given by

21
A(0) = max A(z) = ————uw;(0)
zel L Iu’ -1
2
Ay

Ly —1
-2 I RK(k)
Lyu —1 1-&
= 27\/5 K (k).
Ly —1
So if I} < Iy, then by (3.12) ky < ko and the maximum of A for [; is smaller than the maximum of A
for ls.
Thus, for py < g’ < py, the solution with small amplitude is stable and the one with large amplitude
is unstable.
This finishes the proof of Theorem 3.

7. INSTABILITY OF OTHER SOLUTIONS: THE PROOF OF THEOREM 2

In this section we will show that all other solutions with minimal period 2/ must be unstable. In fact,
let w be any solution of the following ordinary equation:

w —w+w=0, w0)=w()=0 (7.1)
and consider its associated eigenvalue problem
{£¢:¢"—¢+3w2¢:>\¢, 0<y<l, (7.2)
¢ (0)=¢ (1) =0. '

The Morse index of the a solution w of (7.1) is the number of positive eigenvalues of (7.2).

Since wy; is the unique positive solution of (7.1) it has least energy under all solutions of (7.1) and
hence its Morse index is 1.

We claim that

Lemma 12. All other solutions of (7.1) have Morse indez at least 2.

Proof: Let w # w; be a solution of (7.1). Let A\; > 0 be the principal eigenvalue of w. The associated
eigenfunction ®; can be made positive. By definition,

VPRV 2 _ 3,242 d
= inf Jol(@) +l¢2 Sw ¢l dy
$EH(0,1),670, [} B16 dy=0 Jo 9 dy

(7.3)
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We now show that Ay > 0. There are two cases to be considered.
Case 1. w is a changing-sign solution. In this case, we suppose that w(z) > 0,z € (0,21) and
w(z) < 0,z € (x1, ) where xo < [. We may assume that w(z;) = 0 and w(ze) = 0 if 25 < [ and
w'(z9) = 0 if 25 = 1. Now let ¢(z) = cw(x),z € (0,21) and ¢(x) = cow(x), s € (1, 25). We can choose
the two constants c;, cs such that

l
/ Oy6dy = 0.
0

Then, by simple computations, we have

l /
[ 162+ 02 = 3u?] dy < 0
0
which implies that —A\y < 0 and hence Ay > 0.
Case 2. w is a positive solution. Since w # w;, w must change sign. We may assume that w < 0,2 €
(0,21) and w" > 0,2 € (z1,25). Furthermore, we may also assume that w'(x1) = 0 and w'(25) = 0.
Then similar to Case 1, we take ¢ = ciw (z),z € (0,71) and ¢(z) = cow'(v),z € (v, 29), where the

constants c;, ¢y are chosen such that fé ®,¢pdy = 0. Then, by simple computations, we have

/0 l((czf)? +¢? — 3w’¢*) dy < 0

and hence —Ay < 0 and A > 0. If Ay = 0, then ¢(z) becomes an eigenfunction which satisfies (7.2) and
hence is smooth. This is impossible since ¢ is not smooth at z; (as otherwise w'(x1) = w" (z;) = 0 and
hence w = 1).
O

From Lemma 12 it follows that the Morse index of all other solutions is at least 2. In other words,
problem (7.2) has at least two positive eigenvalues. Let A; be the principal eigenvalue and 0 < Ay < Ay
be the second eigenvalue. Let the corresponding eigenfunctions be &, ®,. Since \; is the principal
eigenvalue, we may assume that &; > 0.

It fol wPs dy = 0, we choose ¢ = P,. If fol wPs dy # 0, then we choose ¢ such that

! !
/ w@ldy—l—c/ wdsy dy =0
0 0
and
(]5 = (I)l + C(I)Q.
In any case, we obtain that fé wody = 0.

Then we have
2

/Ol (@) +¢” = 3u*¢*| dy — v (/Ol wie dy) (7.4)

l !
_ /0 ((¢)? + ¢* — 3uig?) dy <0,
which implies that for any constant v there exists a positive eigenvalue to (5.3) and, by the scaling
argument in Section 5, also to (5.1). Now, by the reduction lemma (Lemma 13), all periodic solutions
of (1.5) which do not have minimal period L must be unstable.
This finishes the proof of Theorem 2.
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APPENDIX: THE LINEARIZED OPERATOR — A REDUCTION LEMMA

In this appendix, we derive the linearized operator to system (1.5) and study some of its properties.

In particular, we show that its eigenvalues must all be real and that the system of eigenvalue equations
reduces to a self-adjoint nonlocal eigenvalue problem. This is similar to our previous paper [8]. For the
sake of completeness, we include all this material in this Appendix.

To study the linear stability of (1.5), we perturb (A(z), B(z)) as follows:

Ad(z,t) = A(z) + ep(x)e™’,  Be(x,t) = B(x) + epp(x)e, (7.5)
where \j, € C — the set of complex numbers — and

¢7¢ € XL?

where A was defined at the beginning of Section 5.

Substituting (7.5) into (1.2) and considering the linear part, we obtain the following eigenvalue

problem:
¢us+ (1= B)gp —3A% — AYp =9, —-L<az<i
Voo + 201 (AQ)sw = TALY, —L<az<i (7.6)
AL €C, ¢,9 € .
Let
V=21 Ad+ 24 < Ap > +T A1, (7.7)
where
<) >=0.

Equation (7.7) together with (7.6) implies
Vge — TALY = =20 A+ 24" < Ad > . (7.8)
Substituting (2.1) and (7.7) into the first equation of (7.6), we obtain that

/ - L L
Gew — a0 + 3DA% ) — 21 < Ap > A — TALAY = Ao, 5 <T<g, (7.9)
where a and b are given by (2.3).
If 7 =0, then (7.9) becomes
Gue — ad + 3bA%P — 24" < Ap > A= App, —L<z<i )
be X, (7.10)

We now recall the following reduction lemma (Lemma 3 of [8]):

Lemma 13. (a) All eigenvalues of (7.6) are real.
(b) If all eigenvalues of (7.10) are negative, then all eigenvalues of (7.6) are negative.
(c¢) If problem (7.10) has a positive eigenvalue, then problem (7.6) also has a positive eigenvalue.

Lemma 13 implies that the stability and instability properties of (7.6) and (7.10) are the same. Thus
we have reduced our stability problem to the study of the self-adjoint nonlocal eigenvalue problem
(7.10).
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We first prove part (a). Multiplying (7.9) by ¢ — the conjugate function of ¢ — and integrating

over I, we obtain

o [0 ds =~ [+ alof — 30a%0p) dz — 2 | [ (46) (7.11)
AL / Ad d.
I
Multiplying the conjugate of (7.8) by 1 and integrating over R we get
/A&z}dx - b2 /|¢|2dm (7.12)
I
Substituting (7.12) into (7.11) gives
2
o [0 dn [+ alof — 304%00f]de -+ 2| [ (40) do
A ~ 2\ |? ~
AL do+ | ?’ /|wz|2dx = 0. (7.13)
20 I
Taking the imaginary part of (7.13), we obtain
A / 2 T,/ bo|?dz ) =0, 7.14
([P s+ 57z [ Vs (7,14
where A\r, = A\, + v —1\;.
Equation (7.14) implies
A =0 (7.15)

and therefore \j, is real. Since the spectrum of (7.9) coincides with that of (7.6) the proof of part (a)
is complete.
Next we prove parts (b) and (c) of Lemma 13. We use variational techniques. To this end, we

need to introduce two quadratic forms: Let

2 2
Lo = [(16uf? + alol? ~ 34%6P) da+ | [ Ao da| o€ 2 (7.16)

and

Lalg = LIl + 1 [l + A P) i, (7.17)

where 1& is the unique solution of the problem

O TN = =2 Ad + 2 < Ag >, (7.18)
weXL7 <w> 0. |

Observe that for 7> 0and A >0
Lolg] = Llg], L[g] < Li[¢]. (7.19)

To prove (b), we note that if all eigenvalues of (7.10) are neative, then the quadratic form L[] is
positive definite, which by (7.19) yields that £, is positive definite if A > 0. Let A > 0 be an eigenvalue
of (7.6), then, by (7.13), we obtain that

)\/I|¢]2dx+£A[¢] —0 (7.20)
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which is clearly impossible if A > 0. Thus we have shown that all eigenvalues of (7.6) must be negative.

To prove (c), suppose that (7.10) has a positive eigenvalue. Then the eigenvalue problem

— L = min L[] (7.21)
¢€XL,fI 2 de=1

has a positive value puy > 0. We now claim that (7.6) admits a positive eigenvalue.
Fixing A € [0, +00), let us consider another eigenvalue problem

— (N = min Ly[9)]. (7.22)
d)EXL,fI @2 de=1

A minimizer ¢ of (7.22) satisfies the equation
oo — A + 3bA%) — 24" < A > A— A = pu(N)p, ¢ € X, (7.23)

where 1) is given by (7.18).

By (7.19), —p(X) > —pp. Hence pu()\) < puz. Moreover, since 4 is continuous with respect to A in
[0, +00), we see that u(A) is also continuous in [0, +00).

Let us consider the following algebraic equation

h(A) :=pu(A) —=A=0, Xe€]|0,+00). (7.24)

By our assumption, ~A(0) = u(0) = pz, > 0. On the other hand, for A > 2ur, h(A) < pur—A < —pg < 0.
By the mean-value theorem, there exists a A, € (0, pz) such that h(Az) = 0.

Substituting p(Az) = Az into (7.23), we see that A is an eigenvalue of problem (7.6).

Part (c) of Lemma 13 is thus proved.
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