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This paper is concerned with the random attractors for a class of second-order stochastic lattice dynamical systems. We first prove
the uniqueness and existence of the solutions of second-order stochastic lattice dynamical systems in the space F = I; x I*. Then, by
proving the asymptotic compactness of the random dynamical systems, we establish the existence of the global random attractor.
The system under consideration is quite general, and many existing results can be regarded as the special case of our results.

1. Introduction

We consider the following second-order stochastic lattice
dynamical system:

i+ EAU+h@) +Au+nqu+ f(w) =g+ Wi(t),
t>0, 1)

u(0) = (t0);ezn = tho 1 (0) = (1i0);e5n = thos

where u = (U);cpn € PP 1t = (i1;);cpn € I” are real-value
functions on R™; & = (&);c» and 1 = (1,);czn are given
vectors satisfying bounded conditions; g = (g)icn € 1%
fw) = (f;(u;));ez» and h(zr) = (h;(14;));cz» are nonlinear
terms satisfying some growth assumptions to be given later;
A is the linear operator on P.In (1), Wt) = Wt,w) =
Vi a;w;(t,w)e;, where a = (a);czn € I ande; € I
denotes the element having 1 at position i and all the other
components 0 and {w,,i € Z"} are independent two-side
Brownian motions.

Lattice dynamical systems (LDSs) are infinite systems of
ordinary differential equations, modeled on an underlying
spatial lattice with some regular structure, for example, the
integer lattice in the plane. Such systems arise as models in
many applications, including image processing and pattern

recognition, electrical engineering laser systems, biology, and
material science; see [1-8] and the references therein. LDSs
in one sense lie between ordinary and partial differential
equations, but very often they exhibit new phenomena not
found in either of these fields. LDSs raise a host of challenges
to the researcher and are of broad interest to scientists and
mathematicians.

So far, various properties of solutions about LDSs have
been studied by many authors, such as the traveling solutions,
the chaotic properties of solutions, and the phenomena of
synchronization (see, e.g., [4, 5, 9]). One of the most impor-
tant problems in mathematical physics is understanding
of the asymptotic behavior of dynamical systems. Global
attractor theory is an important tool to study the asymptotic
behavior of infinite dimensional systems. For dissipative
infinite dimensional dynamical systems given by partial
differential equations, global attractor theory has been well
developed; see [10, 11] and references therein. Recently, the
long-term behavior of LDS has gained the extensive attention.
For the LDSs without noise, the first result on existence of
global attractors was established by Bates et al. in [12]. Since
then, much work has been done for either first-order or
second-order deterministic LDS (see, e.g., [12, 13]).

On the other hand, when modeling real world systems,
stochastic disturbance is probably one of the main resources
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of the performance degradations of the dynamical systems,
since the actual dynamic behavior is very often a noisy
process brought on by random fluctuations from probabilistic
causes. Stochastic systems have found successful applications
in more and more branches of science and engineering.
Random attraction as an interesting dynamic behavior has
received increasing research attention. For stochastic partial
differential equations, Ruelle has initiated the study of global
random attractors in [14]. And the fundamental theory of
global attractors for stochastic partial differential equations
has been established and developed by Crauel, Debussche,
Flandoli, Schmalfuss, and others; see, for example, [15-18]
and the references therein. Very recently, much attention has
been focused on lattice dynamical system with stochastic
noises. Bates et al. [19] first studied the existence of global
random attractor for a class of first-order dynamical systems
driven by white noises on lattice Z. Then, Lv and Sun [20]
have extended the result in [19] to generalized first-order
stochastic systems on the lattice Z¥. For some latest results
on first-order random attractors, we refer readers to, for
example, [21] and the references therein.

For the second-order SLDS with stochastic noises on the
lattice Z or ZF, the existence of the random attractor is
receiving the attention from research community [22, 23].
For example, [22] investigated the asymptotic behavior for
a class of second-order stochastic lattice dynamical systems
and proved the existence of the random attractor for the
concerned second-order SLDS. Paper [23] addressed the
asymptotic behavior of solutions to second-order SLDS with
random coupled coeflicients and multiplicative white noises
in weighted spaces of infinite sequences and discussed the
existence of a tempered random bounded absorbing set and
a random attractor for the SLDS. However, the asymptotic
behavior of second-order SLDS has not yet been fully investi-
gated because of the technical complexity and remains open
and challenging. In this paper, based on the idea of [13, 19],
we aim to prove the existence of a global random attractor
for a class of second-order SLDS (1). It is worth pointing out
that the second-order SLDS considered in this paper is quite
general, and many existing results can be viewed as the special
cases of our results.

This paper is organized as follows. In Section 2, we intro-
duce some basic concepts related to stochastic dynamical
systems and the global random attractor. Meanwhile, we
present some notations and give a simple description of
our system. In Section 3, Some bounded conditions and
assumptions of nonlinear terms are given, and the existence
and uniqueness of solutions of system (1) are established.
In Section 4, we prove the existence of an absorbing set. In
Section 5, we establish the existence conditions for a global
random attractor of system (1), and some concluding remarks
are given in Section 6.

2. Preliminaries and Equivalent Norm

2.1. Preliminaries. In this subsection, we recall some basic
concepts about random dynamical systems and the definition
of random global attractor (see [17, 19, 24] for details).
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Let (H,| - |;;) be a Hilbert space and (A, #,P) a
probability space. Denote 9 as a collection of random subsets
of H. A continuous random dynamical system (s(t, w)) over
(A, F, P, (0,)cr) is defined as follows.

Definition 1. A stochastic process (s(t)),, is a continuous
random dynamical system over (A, &, P, (0,),cr) if s(t) is
(AB[0,00)xFxRB(H), %B(H))-measurable and, forallw € A,

(S1) the mapping s(:, w)(:) [0,00] x H — His

continuous;
(S2) s(0, w)(:) is the identity operator on H;

(S3) s(p + t,w)(:) = s(t, GPw) o s(p,w)(-) for all p,t > 0
(cocycle property).

Definition 2. A random bounded set B(w) ¢ H is called
tempered with respect to (0,),cp, if, for all w € A,

Jim e P'd(B(6,w) =0, VB>0, 2)
where d(B) = sup, gllxllg.

Definition 3. A random set K is called an absorbing set in &
if, for all B € @ and a.e. w € A, there exists tz(w) > 0 such
that

s(t,0,w)(B(0_w)) cK(w), Vt=>tz(w). (3)
Definition 4. A random set ¢/ is called a global random (2)
attractor for s(t) if the following hold:

(Al) o is a random compact set; that is, w +— d(x, o (w))
is measurable for every x € H, and ¢/ (w) is compact
fora.e. w € A;

(A2) o is a strictly invariant set;

(A3) of attracts all sets in 9; that is, for all B € & and a.e.
w € A one has

tlilgod (s (t.60_,0) (B(6_,)), d (w)) =0, (4)

where d(A,B) = sup,,inf,gllx — ylly is Hausdorff
semimetric (for any A € H, B € H). Also, the collection 9 is
called the domain of attraction of /.

The following theorem is needed to prove the existence of
global random attractor of system (1).

Theorem 5. Let K € 9 be an absorbing set for the continuous
random dynamical system (s(t)),so. Suppose the set K is closed
and, for a.e. w € A, K satisfies the following asymptotic com-
pactness condition: each sequence ¢, € s(t,,0_, )J(K(0_, w))
(whent — o©0) has a convergent subsequence in H. Then,
s(t, w) has a unique global random attractor

dw= ] [Js(t0 0) (K(6_0)). 5)

T2t (W)E2T

Proof. The proof of this theorem is similar to [12], so it is
omitted here. O
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2.2. Equivalent Norm. Let

e { () | 34 < 400,

ieZ"

(6)
u; € Ryi = (i, iy,...,0,) € Z”]».

For all u,v € I?, we define the inner product (-, -) and norm
|l - || as follows:

W)= Yur, P =@w=Yu.

ieZ" ieZ"

In this paper, we assume that the linear operator A in (1)
can be decomposed as

A=A, +Ay+---+A,, A, =DD), j=12,..,n

(8)

where D; and D;f
defined by

: > — I? are bounded linear operators

€)

(Aj”)fzu(fl ..... i) ™ Wi~ iy) ™ Wi 1,0y (10)

Forall u = (14;);cpm, v = (v,);cpn € I%, define the bilinear
forms by

(@ =73 (DD A,
j=1

(1)
n
2
lull; =y |Dju| + Alul®,
j=1

wherey =1 - eg (eand E are given constants).
Now, we prove that the spaces =)0 1) and 2 =
2, 3 | - 1) are equivalent spaces.

Lemma 6. The two bilinear forms (-,-), (,-), in (7) and (11)
are both the inner products, and the resulting norms || - || in (7)
and || - ||y in (11) are equivalent.

Proof. It is easy to check that the two bilinear forms (-, -) and
(-,+), are both the inner products. We now only need to show
that the norms || - | and || - ||, are equivalent. Noticing that

n
2 2 2 2
Mul?® < llully =y [Djul” + Alul?,
j=1

n
2 2 2
lul; = yY |Dju| + Alul
j=1

(12)
n 2 )
< YZ Z lu(il,...,ij+1 ..... i) T Wi pni)| T Alull
j=liez"
2
< (4ny + 1) Jul?,
it follows that the norms || - || and | - ||, are equivalent. The
proof is completed. O

LetF = lixlz,where li =, > [Illy). From Lemma 6,
we know that F = I x I is a Hilbert space.

3. Existence and Uniqueness of Solutions

In this section, we will deal with the existence and uniqueness
of solutions of system (1). For system (1), we make the
following assumption (bounded conditions).

(C1):

0<E<t<E<+00, 0<A<y <7< +00,

(13)
i=(ipiy... i) € 2",

where A, 7, €, and & are known positive constants;
(C2): Foralli € Z", fi(s) € CY(R) and for each of
bounded sets B, sup, | f; (s)| < +00; moreover,

fis)s=qVi(s) 2 |sP? =0, VseR,iez" (14)

i <o (s +1sl), VseR,iez", (15)

where ¢, ¢,, and p are positive constants and Vj(s) =

[ fiwat;
(C3): Assume h; € C((R,A),R).Forallw € A, h;(0,w) =
0. Furthermore, there exist constants « and /3 such that

O<a<h (x,w)<f<+oo, VxeR, weA, ieZ"

(16)
Also, h; satisfies cocycle property
h;(t+71,0) =h; (t,0,0) + h; (1,0),
17)
V1,t 20, weA, ieZ"

(C4):

g= (gi)ieZ” € ZZ~ (18)



(C5): W(¢) is a Brownian motion with values in I* defined
on the probability space (A, #,P), where A = {w €
C(R,?) : w(0) = 0}, Fis a complete o-algebra, and P
is the corresponding Wiener measure on &. To be specific,
W(t) = W(t,w) = Y,cm aw;(t, w)e;, where a = (a;);cm € 2
ande; € I denotes the element being 1 at position i and all the
other components being 0 and {w;,i € Z"} are independent
of the two-side Brownian motions.

Remark 7. As pointed out in [19], the function f(s) = RLY
satisfies condition (C2).

Next, we show the existence and uniqueness of the
solution to system (1) under assumptions (C1)-(C5).

Let ¢ = (u,v)T wherev = s+ eu—-W,u € Pande =
oc/\/(ﬁ2 +4A),and (4p+2)/(4p+3) < e < 1. Equation (1) can
be rewritten as the following equation with initial condition:

¢ =C(p)+E(9)+G(9),
(19)

@ (0) = (ugo 11 + E”O)T >

where

C((P):<e§A—1;€—11—62 —£Al+e>(P’

w
E(g) = ((_EA+E)W—h(v—€u+W)>'

Lemma 8. For all w € A, if conditions (C1)-(C5) hold, then
the operators E and G in (19) map F = I3 x I* into themselves,
and they are locally Lipschitz on F.

Proof. From the above assumptions, it follows that
lf@l =1f - fOF
= Y i)~ fiOF = Y157 @) el

iez" iez" (21)

2
s( sup |f'(r)l> lull® .
re[{lullllul]

By the definition of W(t), for all w € A, we have

Ih(v—eu+W)|? = Z |h; (v; — eu; + aw; (t, a)))|2

ieZ"

- Z 'h: [6; (v; — eu; + a;w; (t, a)))]|2

iez"
2
X |v,» —eu; + aw; (t, w)|

< p Z [v; — eu; + aw; (t, co)|2
ieZ"
<367 (I + € ull® + IW (& w)I?),
(22)
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where 6; € (0,1),i = (i},1,...,i,) € Z". Hence, we can infer
that f(u), h(v—eu+W) € I* forall u = (1;);czn, v = (V;);epm €
P weA.

Let B be a bounded set in F, ®; (uj,vj) =

((ugj)), (vfj)))iezn € B, j = 1,2. Similar to the derivation of
(21) and (22), there exists a constant L(B) dependent on the
bounded set B such that

1G(e) - G @) = | £ (4®) - £ ()}
=Y 1A W®) - £ @)

ieZz"
L@ -u[ < L@ lo: - gl
IE(90) - E(@)[2 = | (v© - eu® + W)
(v e W)

<28 (|49 o )

2 e 2
2B 1+ 1 ler = @7 -
(23)

The above two inequalities imply that E and G are locally
Lipschitz on F, and the proof is then complete. O

Theorem 9. If (CI1)-(C5) hold, then, for any initial data ¢(0) =
(g 11 + €t4y)” € F, there exists a unique local solution ¢(t) =
(u(t), v(t))" of (19) such that ¢ € P, C([0,T), F)), where T
is a positive constant. In addition, for all w € A, we have the
following estimate:

sup [l 0|5 < M, o O3
te[0,T]

T
o (W ol +IW 6wl

+]gl) .
(24)
where
2, 2
Mlzmax{ 1 G )4ny)t+/\ +(2},
20+a p+1 oA
(25)
M, =1 | 5)].

+ — max
A sel=1u(O)] ()]

Moreover, the solution of (19) depends continuously on the
initial data ¢(0); that is, for each w € A, the mapping ¢(0) €
F - ¢(-,w,9(0)) € C([0,T], F) is continuous.

Proof. Taking the inner product (:,-)p of (19) with ¢(t) =
(w(®), vt)T = (u(t), u(t) + eu + W)T € F, we have

(9. 9)r = (C(9),9)p + (E(9),9)r + (G (), 9)p- (26)
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Denote C*(¢) = C(¢) + (_pourw)) and E*(¢)

w
( —(EA+e)W )
It is easy to check that

(9.9)s = (C(9).9)p + (E()9)r +(G(9).9)p
=(C"(9),9)p +(E" (9),9)p + (G (9),9)-

Now, let us estimate the terms of (27). First, we get

(C"(9)9)k

((661&” AM—T]M—EAV+€V—€2u>’<V>)
”(L €u W)>,<l’>> (28)
<< F

=(v—eu,u),

(27)

+ (eEAu — Au—nu — EAv + ev,v)

—wv) - (h(v—eu+W),v).

By condition (C3), we have
e (W v) +(h(v—eu+W),v)

(29)
> a[lvl* — e (B =€) lull V] + & (W,v).

Noticing thaty = 1 — e?, it follows from (29) that

* [24
(C" (), 9)p < = llpll = 5 VI =« (W) + (0 = €) 1l

Pe
+(o—e——)uvn + o el . "
30

Letting 0 = oc/\/(\/ﬁ2 +4A(B + \/ﬁz +4))), we can see
that 4(e — 0)(at/2 — € — 0) = (f%€*)/A, and then

(C" (), 9)p

From Young’s inequality, it follows that

(E" (9)9)p = (((-{AY(—:)W) ’ <Lvl)>F

= W)y + (-§A+e) W, )

< -0 el - % WI* - a(W,v). (1)

< D IWIE + 5 Jul} + (-EAWL) + € (W),
(32)
(G(¢)’¢)F_((f(u)+g>’<v>>p (33)
= (=fW),) +(g.v).
By using Young’s inequality again’ we have
1
(99) % 555 7a ol + Gy

Based on assumption (C2) and the definition of e, it
follows that

-(fw),v)
=—(f(w),u+eu—-Ww)
=—(f@W,u) —e(f W,u) +(f W), W)
=D filw)i—e ) fi(u)u+(f W), W)

i€Z" ieZ"

<- z V —G€ Z Vi (” )
tiezn iez"
+6 ) i7" Jaw; (8)] + Y fuil law; (1)
iez" ie7n
(35)
< - Z V — €6 Z |ui|2‘0+2
Liezn iez"
2p+1 2P+2 2p+2
2P+2,§’n| 2p+2|| |

+6 Z |u;] |a;w; ()] (Holder’s inequality)

iez"
<2 T Vi) + o WP
dt. G’ 2p+2
+ = || I+ = ||W|| (Young’s inequality) .

2 /\
Combining (31)-(35) with (27), we can calculate that

all; |
dt dt Z Vil

ieZ"
(36)
< M, (g + W O + Iw (0)]2*2)

+ (=SAW,v) +e(W,v) —a (W, v).

Since € = ad/(P + 4A), it is easy to check that € < . Also
by condition (Cl), one has

(—EAW,v) + e W, v) —a (W, v) < 0. (37)
Substituting (37) into (36) yields
d ||‘P||F
v (
dt dtl;z:n (38)

< M, (gl + W @I + 1w ©2*2).

From (14) it follows that

ZV(“zo < _Zfz(uz()

ieZ" 1iez

gcl A1 )] lu I,

se[- ||u(0 |I llu(0)1I]



and then a combination of the above inequality and (38) leads
to

2 2 2 / 2
< 0 — 0
"(P"F = “90( )”F " q se[*llur(%)aﬁu(o)ll] |f (S)| I O
t (40)
+M, L (lal* + 1w @I + 1w @)I?*) dr.
Hence, one has
lell: < M g O]
(41)

t
i L (lgl” + 1w @I + 1w @177*?) dr,

which implies that, for all w € A, ||¢(t)||y is bounded. So, for
any T € R", (19) has a global solution on any interval [0, T],
and therefore for all w € A, T > 0, we have

sup [l ()]
te[0,T]
<M, |lp (0|5 (42)

T
+ M, [ (lolf + 1w @ + 1w @) dr,

which indicates that (22) has a global solution ¢ €
Z*(A,C[0,T], F).

Next, we show that the solutions of (19) are dependent
continuously on initial conditions. Let ¢;(0) = (ué’),uig +
eu(()i)) € F and ‘||(pi(Q)||F < 1 and assume ¢;(t) =
(9t 9;(0))) = WP, 4 + e — W(t)) (i = 1,2) are the
solutions of (19), where 7, is a constant.

T

Set Ry = Myrg + M, [ (Igl* + W@ + [W(@)|*?**)d.

Since ¢, (t) and @, (t) are the solutions of (19), we have

Y0000 _ (¢ p,)- () + (E ) - Ele)

+(G(9) -G (o).
(43)

Taking the inner product of (43) with (¢, — ¢,) in F, we
get

1d o> = “i

2 dt = (C(¢2)_C(¢1)>‘P2_9"1)F

FE@)-E@)rp o) P

+(G(9,) -~ G(g1), 5~ ?1)1;-

By Lemma 8, we have

1d g, = il
Ew < (Clgy) -C(e1) 92— 91)p

T 2\
AT
+ \/L(Ro) lps = ¢ "i“
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It is easy to see the operator C(-) in (19) is a linear operator,
and then it follows from assumption (Cl) that there exists a
positive constant C,, such that [|C||; < C,, where C, depends

only on the constants e, E, Al g, and ﬁ Hence, (45) implies
that

d|lp, - o
dr

= 2<Co +ﬁ\j2(1 + %) + \/L(Ro)) o> _‘P1"i'
(46)

Furthermore, by Grownwall inequality, it is clear that

"‘Pz %! ||i‘

< o> (0) = ¢, O

e a2 ) |

for t € [0,T].

(47)

Hence, we have
2
sup [lo, - o
te[0,T]
< |, (0) - ¢, O]

X exp {2<CO+[>’\/2(1+§>+ \/@)T},
(48)

which implies that the solutions of system (19) depend con-
tinuously on the initial data. The proof is now complete. [

From assumption (C5) and noticing 0, .w(t) = w(t +t) -
w(t) (1,t € R), it is easy to see that (A, F, P, (0,),cr) is a
metric dynamical system. Also, from the definition of (6,),cg>
we have

Wt+t,0)=W(t0,w)+W(r,w), Vr,teR. (49)

Now, for any t > 0,w € A, we introduce the map from F
into F as follows:

s(tw) 9 (0) =9 (t,w,9), (50)

where ¢(t, w, @) is the solution of (19) with initial data ¢,
and s(-, w) is continuous for w from [0, co0] X F to F since the
solution of (19) is dependent on initial data continuously.

By (49), (C3), and Theorem9, it is easy to check
that (50) defines a continuous random dynamical system
{s(t, )}150.0ea OVEr (A, F, P, (6,);cr)-
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4. Existence of the Absorbing Set

In this section, we are concerned with the existence of an
absorbing set K(w) for random dynamical system s(t, w)
generated by the stochastic system (19). We first introduce
an Ornstein-Uhlenbeck process in I* on the metric dynamic
system (A, F, P, (0,),cr) (see [19, 24] for details).

Letting y(0,w) = —€ _[_OOO e“"0,w(t)dt (t € R) where € =
al/ (/32 +4A), then y solves the Itd equation

dy +eydt =dW (t), fort=>0. (51)

From the properties of the Ornstein-Uhlenbeck process,
we know that there exists a 6,-invariant set A, ¢ A of full P
measure, and the following properties hold:

(Y1) the mapping s — y(0,w) is continuous for each w €
Ay;

(Y2) the random variable || y(w)|| is tempered;

(Y3) there exists a tempered function b(w) > 0 such that

[y @)™ + 1y (Bw)]” < b (6,0) < b(w) . (52)

Theorem 10. There exist a 0,-invariant set A, € A of full P
measure and an absorbing set K(w), w € A for s(t, w)y,. That
is, for all B € @ and all w € A, there exists Tg(w) > 0 such
that

s(t,0_0) B(6_,w) C K (w), Vt>Tz(w). (53)

Moreover, K € D; that is, for all w € A, there exists T (w)
such that

s(t,0_,w)K(0_,0) C K (w), Vt> Tk (w). (54)
Proof. Letting yw(t) = w(t) = (u(t),v" )" = (u), ut) +
eu(t) — y(8,0))" = @(t) + (0, W(t, w) — y(6,w))", where ¢(t)
is a solution of (19), then, for any w € A, y(w) has properties
(Y1), (Y2), and (Y3). By the Itd equation (51), it can be inferred
that y(¢) satisfies

dy (t) _
TR =C(y) +G(y)

( y (6,0) ) ,
h(v' —eu+y)+ (€A + 2¢) y (6,w)
(55)

Taking the inner product of (55) with y in F, we obtain

1d |y 07
2 dt
= (C(¥),¥)p+(G(¥),¥);

" <<—h(v* - eu+y})’5rez(ng+ 26)y(9tw)> ’ <17*>)F

=(C"(9),9)p +(E"(9),9)r + (G (9),9)-
(56)

Similar to the derivation of (31) and (32), we have
€ W) v)p=(C(¥).y);

+<<—h(v*—oeu+y)>’<1fi>>F (57)

@ * *
oyl = S VI - a(y (Bw),v");

(E" (¥),v); <—||y(9 w)[3 + Ilulli

(58)
+(=£Ay (6,0),v") + € (y (Bw),v"),
where o, E*(-), and C*(-) are defined in (29) and (26),
respectively.
Notice that
_ 0 u
6w =((rueo)- (1)),
= (=f (),v") + (.7 9

= (=f W), i+eu=-y(6w)+(gv).

Similar to the derivation of (35), by condition (C2), (17),
and (4p +2)/(4p + 3) <€ < 1, one has

(=f W), i+ eu—y(6,0))

= (-f W, i) —e(f W,u) + (f W),y (Ow))
- ZV(” Clezvi(ui)
zeZ” ieZ"
TG Z |’/‘i|2p+1 |aiyi (etw)|
iez"
TG Z |“i| |aiyi (Ot“’)|
iez"
=" dtlén () = 4p+41§n ()
(60)
026 (4P+ 3) Z | 2p+2
ip+4 &,
o (2p+1) 3 Ju o2
2p+2 &,
2
2p+2 O'_A 2, 9 2
2p+2 Iy 7 Il +
g€
< dtzeZZ” i () 4p+4ieZZ” i ()
2
2p+2 O_A 2, 9 2
and, by Young’s 1nequality, we also have
‘) ota
(g:v") lal* + == (v

2(a+oc)



Substituting (57)-(61) into (56), we obtain

o (1 +2 2 i)

ieZ"
1
o+a

-0 ||1l/||§: —2¢c€ Z V; () + "9"2

ieZ"
+ M, (")’ (Gtw)“z + “)’ (Qt“))llzp+2)

+ (=84y (6,0),v7) +2¢ (¥ (B,0) V") -
(62)

By the definition of constant €, we find that 2¢ < «, and
then

(-84 (0i0),v") +2¢ (y (6,0) V") — (y (B@) ,v") < 0.
(63)

Thus, we arrive at

d 2
o (w23 v)

ieZ"

1 2 (64)
L

<oyl -20e Y Vilu) +

iez"
+ M [y @) + |y (B.0)]7").
Furthermore, from Grownwall inequality, it follows that

1
lalf

lwlls < M; yollz e + Py

# M [ 0 (Iy @) + Iy 0.0 )ds
(65)

where

dnypr+ 1> + ¢

M3:max{ 2 , wr +CZ},
p+1 oA

(66)

"l gl
¢ = min {0, .
4p+4
Therefore, it follows from (65) and property (Y3) that
Iy (1,6, v (B0))]7

1
G(0+«)

< M, [y (O )z + lal’

t
+M; JO e ("y (es—t“")"2 + ”)/ (ektw)”2p+2) ds

1
G (0+«)

oty [ (I 00 + by 0.0 de

<M, |y, (97tw)||§ e+ ”9"2

a(y (6,w),v").

Mathematical Problems in Engineering

2 gt 1 2
< Myl (@ + ol
0
+ M, J eTh (w) Pl dr
-t
< M, [lyo(0_ )| e + ——— |’
oNAE 6 (0+a)
¢ M b (w)
2¢, +€

<M, |w (G_tw)"; e %'+ B(w),
(67)

where B(w) = (1/¢(0 + oc))llgll2 + (2M;5/(2¢; + €))b(w) and
B(w) is tempered thanks to the tempered function b(w). Then,
K(w) = {v € Flvlg < B(w)} is an absorbing set for
y(t, w,¢(0)); that is, for all B € & and all w € A, there
exists Tz(w) > 0 such that y(¢,0_,, B(0_,w)) C K(w) for all
t > Th(w).

Let K(@) = {p € Fllplly < B(w) + ly(@)l}; then K(w)
is an absorbing set for ¢(t, w, @) = ¥(t, @, ¢, — (0, y(w))" -
(0, y(6,w) — W(t, w)T). Moreover, K € @. The proof is now
complete. O

5. Existence of a Global Random Attractor

In this section, we will show the existence of global random
attractor related to the random lattice dynamical system
s(t, w) generated by system (19). In order to apply the result
of Theorem 5, we need to prove the following lemmas.

Lemma 11. Let (CI)-(C5) hold and ¢(0) = (uy, u;, + €uy) €
K(w). Then, for any u > 0, there exist T(4,w) > 0 and
N(u, w) > 0 such that the solution of (19) satisfies

Z llopi (£, 60, 5 (G,tw))“; <w VE2T(hw),
llill =N (psw)
(68)

where [ill,, = max,;.,li;|, for anyi = (i}, i5,...,i,) € Z".

Proof. Assume 9 € C'(R", R) is a smooth function satisfying

9()=0, 0<t<I;
0<9(@) <1, 1<t<2 (69)
St)y=1, t=2,

and there exists a constant M, such that [9'(t)] < M,, for t €
R*.
Let y(f) = (u(t), v )T = (ui(t),v;(t))iTezn be a solution
of (55), where v* (t) = u(t) + eu(t) — y(6,0),w € A,,.
Suppose M is a suitable large constant to be defined later.
Sety = (W0, 2) = (W), Z;);ezn> where

1'5i=9<w>”i’ Zi:9<%)vf (70)
M M

foralli ¢ Z".
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Taking the inner product (-, -) of (55) with ¥, we have For simplicity, we denote i = (ig5e- s i+ 1., i,) and
i=(p..sij...,1,). Sincey =1- ¢&, by the definition of 9,
we have

(270) =€ @0+ 6.7,
28 (@), 2 @2m (1) L (em07)

(-EA+2¢e) y —

-
Il
—
<.
—

It is easy to see

(4050), 14 5t .

dt F iez"
(C* ), P)s - [9< “ijﬂm > v; (w, )

= €D+ (o e ) (2)), 9<m)()“

=(v" —eu,w),

ISTRES)

+(e£Au—Au—r]u—fAV* tevt —ezu,Z) S)’Zn: {9<||ij"m> _‘9(%)] (“i.Vi—uiVi')
B i—liez" M M ' '
+(-h(v' —eu+y),2) !
n : S )
< VZ (D]v ,Djw) +A(v, W) - eyz (Dju, Djw) M 3G

2nyM
Mo\, Ve € [0.T], T >0, we Ay

_ = _ - M
— el (u,w) + efj; (Dju, Djz) (74)
n n D~u,D w
-y (Du,Diz) - A(w,z) - &) (D", D7) le( D7)
j=1 j=1
:i «|[9(“?!”‘)—9(%)]%(%—%)
—€& W2+ (-h(v' —eu+y),2) Jlies
" N Lol (i, - )2
<y) (Dy',D;) + <e£ - 1) (Dju,DjZ) M ) \Hi T
j=1 j=1
_2nM,
. c _ lul>, T >0, weA,
+A(v,w) - eyj; (Dju, Djw) ’ )
—ed () - A (u,Z) — Ei (Djv*, ng) Also, similar to the derivation of (75), we get
=1
~E& W2+ (-h(v' —eu+y),2), _
73) ];(Dju, Djz)
where the last inequality follows from assumption (Cl), (9), = S { |: < "l “ ) < l;\![ )jl v (vl* - v )
j=liez

and the definition of operator A in (8).
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Il Y /o« «)2
9(7)(% ) }
> 2Mo 2 T 0, we A,
M
(76)
where [li;[l,,, = max{i; + 1, [lill,}.
It is not difficult to see
v = Yo(Me Vi o
ieZ
||1|| 2
wm)= ) 9 || (78)
ieZ"
lill, e «
w2 =Y 9 = )|l |v]] (79)
ieZ"
V3 |l||
2)= )9 (80)
ieZ"
Substituting (74)-(80) into (73) yields
(C (), ¥);

Zny 2nMOf

© Jull vl +

2nMyey 2,
M lleall™ + [ (81)

Zs(” ) (ol + S 1 P - :2).

ieZ"
Also, it is obvious that

(E" (¥).¥); = <<(—5A ! (zit)wy) (6tw)) ’ @))F

SEC TR

+ ((-EA + 2¢) y (B,w) , Z) .

Next, we estimate the term (G(y), ¥) in (71) as follows:

(G(¥),¥)e = <<f(u(;+g>’(g>>1w

=(fW),2)+(g.2)
= Z <ﬁ(”i)’9<%)ui>

ieZ"
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By assumption (C2), we have

,-én(f"(““)"c’(%)”f) dt;ﬂ (B ) vi ),

(84)
¥ (509( ")) - LB Y. s
i§n<ﬁ( )9<||1|| >;Vi>

< 3 9( ) e (1l il + sl ).

ez

(86)

Furthermore, by Young’s inequality, we know

2 (o0(5¢)4)
(57)

o+a [i] ) 12 1 2
g—zs)(—m WPt Y &2
2 . M ! 2(0+“)|lillsz !

llill,,, =M
1 VA
lully vl < —= lluly + — lIvl”. (88)
* 2V T2

Substituting (72), (81)-(88) into (71) leads to

| 20 (B bl 2|

i€Z"

<oy o( M)y

iez"

20 zs("’" )(v< )

iezZ"

M, ey 2M0nE

|| ully vl + v

< |y1 + Iyi|2P+2>
llill =M il =M

Y gl

il =M

lleell +

+

o+a
(89)

where M, only depends on «, 3, 1, p, A, and ¢,.
Now, setting Ms = max{2rMyn(1 + €)/MA, Myn(2y +
&)/ M}, we estimate

o 0 (B i 2|
ZS<"’" )Ilw,llF—21 ZS<"’” )V( )

iezZ" iezZ"
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]
+ M lyl; + P Y gl
lil, =M

+M4< Z |J’i|2+ Z IJ’:’|2P+2>-
ill,, =M Il =M

(90)

By Grownwall inequality, for all t > Tx = Tx(w), we can
deduce that

> o (B i v @)

ieZ"

e il
< M,e 3(t=Tx) Z 9 <—> ||1/’i (Tx> 0, g (“’))lllzw
ieZ" M

t
+ M, JT T |y (7, 0, v, (w))”lz: dr (91)

1 2 ! (7-t)
Z |gi] +M4J e”

+ —_—
6 (0 +a) =y Tk

X Z (| (6.0) 2P+2+|yi(6Ta))|2)dT,

llill, =M

where ¢;, M,, M,, and M are defined above.
Next, let us estimate each term on the right hand side of
(91). From (65) in Theorem 10 and property (Y3), we find that

e [l
g a1 z 9 (7) lv; (T, 0_,, v (e—fw))"?”

ieZ"

<& 0,y 0@ + — ol

5 (0 +a)

T,
T R (I
0

Ay @) s

L)+ gl e

< M, |y, (6 (0+“)

2M 3 b( ) —(e/2)(t= TK)
2¢ +€

+
(92)

Hence, for any given constant y > 0, there exists T' (¢, w) >
T (w) such that, for all t > T, (¢, w),

- llill,.,
0 5 (W) 10y, ()
i€eZ" (93)

IA
N

1

Using (65) in Theorem 10 and property (Y3) again, we
have

t
[y (movo @l dn

t
- [ e Mo 0l + lol?
Tk

G (a+oc)

T
C:

oM [0 Iy 0, @)
+|y (Bs_tw)”Z) ds] dr

<M, |y, (94“’)”; (t - Tx) e
4M,

€(4c +€) b(w).

+ m ||9||

(94)

Since y,(0_,w) € K(0_,w), from Theorem 10, we have
lyo(O_,w)ll < E(@_tw). So, for any y, there exist T, (¢, w) >
Ty(w), N, (¢, w) > 0,and M > N, (4, w) such that

t
- 1
M, JT T |y (7,0, 9y (@)|[3 d7 < na (95)

By assumption (C4), there exists N, (¢, w) > 0 such that,
for all M > N, (u, w), the following inequality holds:

1 2 _ 1
> lal’<u (96)

6 (0 +a) =y

Let T, be a positive constant to be determined later. When
t > T, + T, we have

t
M, JT e > (I (O )| 7 + |y, (es—t“’)|2)ds

llill, =M

5 (G + 1y, (0 dr

0
_ GT
=M, J e
Tt il =M

M [ e (@@ ¢ @) dr

lill,=M

M [ Y (O ¢ 60 dr

Nill=M
(97)

Choosing T;, > 2/(2¢; + €) In{16M,b(w)/p(2¢; + €)} and
by property Y3, we have

Y S W O

Tt i, =M (98)

1
+1y; (6,0)[*) dr < e
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For the fixed T, from Lebesgue’s theorem, there exist
N;(4,w) > 0and M > N;(y, w) such that

0
I B N CACH
o il =M (99)

2 1
+y; (6,0)] )dT < gt
By setting
T (4 w) = max{T, (4, 0), T, (4, 0), T (4 w) + Ty ( @)},

N* (4, w) = max {N; (4, ), N, (1, @), N; (i1, )},
(100)

then, for t > T'(y, w) and M > N*(y, w), we obtain that

Z lwi (.6, o (94))||12c

llill,=2M

<29

i€Z"

(101)

1l
(B )by .00 0D < 10
It means that if constant N (¢, w) is large enough,

Y e (6000 0.))]5

lill n=N ()
<2 Y (w0 0w O )5+ |y @][*) (02)
Nill,y>N (1.0
< 4y
holds. The proof of the lemma is now completed. O

Finally, we prove the asymptotic compactness of the
absorbing set K(w).

Theorem 12. If assumptions (C1)-(C5) hold, then for any w €
A the set K(w) is asymptotically compact.

Proof. For any w € A, consider the sequence d, =
s(t,, 0, w)x, in s(t,,0_, w)K(0_, w), where x,, € K(0_, w)
and {t,},,cy is an increasing sequence in R* with ¢, — +00
asn — +00.

First, let us show that (d,),, has a convergent
subsequence. Since K(w) is a bounded absorbing set,
s(t,,0_, w)x, € K(w) holds for large n. Then, there
exists a subsequence of {s(tn,B,tnw)xn} (still denoted by
{s(t,, H_tnw)xn}) such that

s (tn,e,tnw) x, — x, weakly in F. (103)

In what follows, we prove that the weak convergence (103)
is actually strong convergence. In other words, we will show
that, for every y > 0, there exists N(y, w) > 0 such that when
n > Ny(y, w),

(104)

”st 0_ w xo'.;g‘u.

Mathematical Problems in Engineering

By Lemma 11, there exist N, (4, w) > 0 and K (¢, w) > 0
such that, for n > N, (4, w),

2 1 2
| (s (0, @) ) [ = g% o3)
il =K, (p0)
Also, since x,, € F, there exists K, () such that
1
I [CON = a (106)

lill =K (1)

Let K(u,w) = max{K,(y, w), K,(¢)}. By (103), we infer

that
((5 (tn’ G—tn) x”)i)llillmsK(/A,w)

in RZnK(y,w)H , (107)

- ((xo)i)ninmsw,w)

as n — 00,

which implies that there exists N, (i, @) > 0 such that when
n> Nz (4, w),

5 Jloleei) s, - Gl = 2

llil,n <K (p00)

(108)

Setting ﬁ(u, w) = max{IA\T1 (4, w), ﬁz(y, w)}, we get from
(105)-(108) that for n > N(‘u, w)

2
(00,00l

= % (s (@) %), - )

Nl <K(ps00)

+ Z "(S (t”’ 6‘%‘”) x")i N (xO)i"F

lill =K (oc0)

(109)

Therefore, we arrive at
s (tn,Otnw) x, — X, strongly in F. (110)
The proof is therefore completed. 0

Finally, the main conclusion follows from Theorem 5,
Theorem 10, and Theorem 12.

Theorem 13. Assume that (C1)-(C5) hold. Then, for any
w € A, the continuous random lattice dynamical system
s(t, w) generated by the general second-order stochastic lattice
dynamical system (1) has a unique global random attractor.

6. Conclusions

In this paper, we have investigated the random attractors in
second-order stochastic lattice dynamical systems. First, we
first proved the uniqueness and existence of the solutions



Mathematical Problems in Engineering

of second-order stochastic lattice dynamical systems in the
space F = lf\ x I. Then, by proving the asymptotic
compactness of the random dynamical systems, we have
established the existence of the global random attractor with
the set of tempered bounded sets. These results could be
further extended to more general nonlinear systems with
uncertainties as in [25-27].
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